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& MATHEMATICAL MODELLING AND NUMERICAL ANALYSIS
IMOOÉUSATION MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(Vol. 32, n° 6, 1998, p. 747 à 761)

FINITE VOLUMES AND NONLINEAR DIFFUSION EQUATIONS (*)

R. EYMARD 0), T. GALLOUËT (2), D. HILHORST (3) and Y. NAÎT SLIMANE (4)

Abstract. — In this paper we prove the convergence of a finite volume scheme to the solution of a Stefan problem, namely the nonlinear
diffusion équation ut- Aç>(u) = v, together with a homogeneous Neumann boundary condition and an initial condition. This is done by
means of a priori estimâtes in L°° and use of Kolmogorov's theorem on relative compactness of subsets of L . © Elsevier, Paris

Résumé. — On démontre la convergence d'un schéma de volumes finis pour un problème de Stefan, défini par Véquation de diffusion non
linéaire ut — Aç?(u) = v avec une condition aux limites de Neumann homogène et une condition initiale bornée. La démonstration de la
convergence s'appuie sur des estimations a priori dans L°° et sur l'application du théorème de Kolmogorov sur la compacité relative
d'ensembles de L1. © Elsevier, Paris

1. INTRODUCTION

In this paper we prove the convergence of explicit and implicit finite volume schemes for the numerical solution
of the Stefan-type problem

ut(x,t)-tüp(u)(x,t) = v(x9t), for all O, r) e Q x R* , (1)

together with the homogeneous Neumann boundary condition

~^-(x,t)^0, for all (JC, t) <E dQxU*+ , (2)

and the initial condition

u(jc,O) = uo(jc)f for all x G O. (3)

We suppose that the following hypotheses are satisfied:

( i ) Q is a bounded open subset of f8 , with smooth boundary dQ,

( ii ) <p e C{ M ) is a non decreasing loeally Lipsehitz continuous ftmction,

(iii) u0 e LT(Q),

(iv) D G L M ( O X ( 0 J ) ) , foralir>0.

Remark 1.1: The cases of the Stefan problem and of the porous medium équations are both contained in the
hypothesis (4.ii). For example, every function (p, which is constant in an interval and linearly increasing outside
that interval, satisfies the hypothesis (4.ii).

(*) Manuscript received December 20, 1995. Revised September 1, 1997.
C) Laboratoire Central des Ponts et Chaussées, 58 Bd Lefebvre, 75015 Paris and Université Paris Nord, France.
(2) E.N.S. Lyon, 46 allée d'Italie, 69364 Lyon, France.
(3) CNRS and Laboratoire d'Analyse Numérique, Université Paris-Sud (bât. 425), 91405 Orsay Cedex, France.
(4) Université Paris Nord, Institut Galilée, 93340 Villetaneuse, France.
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748 R. EYMARD, T. GALLOUËT, D. HILHORST and Y. NAÏT SLIMANE

Equation (1) is a degenerate parabolic équation. Therefore it is useful to give a définition of a weak solution
u to Problem (1, 2, 3).

DEFINITION 1.1: A measurable function u is a weak solution of (1, 2, 3) if

ue L~(*2x(0, T)), forallT>0,

n (u(x, t) y/t(x, t) + <p(u(x, f)) A^(x, t) + v(x, t) y/(x, t))dxdt +
Q

L MO(X) y/(x, 0)dx = 0, forallT>0,

(5)

where s^T=-\y/^ C21(Q x [0, 7 ] ), ̂ - = 0 on dQ x [0,T},andy/( . , T ) =

The existence of a weak solution of Problem (1, 2, 3) is rather standard. We refer in particular to [9], [10], [11]
and [14]. The uniqueness of the weak solution as it is defined here does not directly follow from these articles.
However one can adapt a method presented in [5] and [7] for the uniqueness proof.

The convergence of numerical schemes to the weak solution of Problem (1, 2, 3) has been proved by several
authors:

(i) A finite différence scheme has been used by [9] to show the existence of a solution to the Stefan problem.
Similar finite différence schemes were used by [2] and [12]. These authors show the convergence of the
scheme.

(ii) Convergence proofs for finite element schemes have been proposed by [13], [15], [6] and [1],
(iii) The framework of semigroup theory has been used by [4] to prove the convergence of a time implicit

scheme, and by [3] for the study of a "co-volume method", which is a special case of a finite volume
method.

Finite volume schemes have first been developed by engineers in order to study complex coupled physical
phenomena where the conservation of extensive quantities (such as masses, energy, impulsion...) must be carefully
respected by the approximate solution. Another advantage of such schemes is that a large variety of meshes can
be used. The basic idea is the following: one intégrâtes the partial differential équations in each control volume
and then approximates the fluxes across the volume boundaries. In this paper we prove the convergence of an
explicit and an implicit finite volume scheme to the weak solution of Problem (1, 2, 3). Note that the function
u satisfies the conservation law

f l n (6)f u(x,t)dx=l uo(x)dx+n v(x,t)dxdt,
JÜ JQ JQJQ

for all t e [0, T]. The approximate solution computed by the finite volume method exactly satisfies a discrete
analog of equality (6).

Nonlinear diffusion équations appear in a number of applications such as the modelling of flows in porous
media and problems related to oil recovery. The finite volume method is the most popular method among the
engineers performing computations in these application fields. Therefore it is of crucial importance to be able to
present convergence proofs for precisely this method.

As far as we know, this article gives the first convergence proof in the case that a finite volume scheme on a
gênerai mesh is used for the space discretization of a degenerate parabolic équation. Our method is based on rather
simple a priori estimâtes which are discrete versions of continuous estimâtes. It could certainly be extended to
a large class of linear and semilinear parabolic équations.

We present the proofs in the case of the explicit scheme and show in several remarks how they can be extended
to the case of the implicit scheme (which is easier to study). As in [6], a functional convergence property, which
is proved here in a gênerai setting, is being used.
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FINITE VOLUMES AND NONLINEAR DIFFUSION EQUATIONS 749

An error estimate for a stationary uniformly elliptic diffusive-convective problem is given by [8], In the case
of uniformly parabolic équations for which the existence of a smooth solution is known, one can also prove an
error estimate in a discrete space corresponding to Hl(Qx0, T). We will do so in a forthcoming article.

2. FINITE VOLUME SCHEME FOR A NONLINEAR PARABOLIC EQUATION

In this section, we construct approximate solutions to Problem (1, 2, 3). To this purpose, we introducé a time
discretization and a finite volume space discretization. Let 2T be a mesh of Q. The éléments of 2T will be called
control volumes in what follows. For any (/?, q) e 2T2 with p ^ q, we dénote by cnn—pr\q their common
interface, which is supposed to be included in a hyperplane of IR , which does not intersect neither p nor q. Then
m( epq ) dénotes the measure of e for the Lebesgue measure of the hyperplane, and n dénotes the unit vector
normal to epq, oriented from p to q. The set of pairs of adjacent control volumes is denoted by
S> = {(p,q)t ÏÏ2

yp^qym(epq)^0}, and for ail p e 3\ N(p)={qe ST, (ƒ?, $) e S) dénotes the set of
neighbors of p. We assume that there exist h > 0 and xp e p, for ail p e 2T, such that:

( i ) ô(p)^K forallpeST,

r - Y I
Xq Xp\

where S(p) dénotes the diameter of control volume p and m(p) its measure in RN. We dénote by

dpq- \xq-xp\ the euclidian distance between xp and xq9 and we then set Tpq-—j .

Remark 2.1: For any domain Q with smooth boundary dQ, it is possible to build meshes which satisfy the
previous hypotheses. For example, let us consider, for any h > 0,

, . k i h

Xu = ' f 1

Xh is a finite subset of Q. For all x e Xh9 we define:

e ^ , | y - x | < _ m i n \y-z\\. (8)

We then note that, for h small enough, ST = [px, x ^ Xh} vérifies the hypotheses (7).

Remark 2.2: Another example of a mesh which satisfies the hypotheses (7) is the followingrlf N="2 and if
2T is the dual mesh of a P1 triangular finite element mesh, Tpq is an element of the rigidity matrix of an elliptic
problem [3].

However, in the gênerai case, 2T cannot be seen as such a dual mesh.
The functions uQt v and <p satisfying the hypotheses (4), the explicit finite volume scheme is then defined by

the following équations, in which k > 0 dénotes the time step.
(i) The initial condition for the scheme is

(9)

(ii) The source term is taken into account by defining values vp such that

vol. 32, n° 6, 1998



750 R. EYMARD, T. GALLOUËT, D. HILHORST and Y. NAÏT SLIMANE

Vp = km( ) \ v(x9t)dxdt, for all/? e gr, forallneM. (10)

(iii) The explicit finite volume scheme is defined by

i vn for allp e 2T, for all n e fcl , (11)
qeN(p)

where we set (pp
K = (p(un

p), for all p e ST and n e N. Equation (11) formally corresponds to integrating the
équation (1) on the element px(nk, (n+l)k) and defining a suitable approximation of the flux function
across dp.

Scheme (11) allows to build an approximate solution, u^ k : Q x R+ >-» M by

Uartk(x, t) = un
p, for all x e p , for all t e [nJk, (w + 1 ) * ) . (12)

We define in the same way the approximate tp^- k of <p(u) by ^ fc(jc, f) = #?(% ̂ (̂x, ï ) ) , for all

Remark 23: The implicit finite volume scheme is defined by

up
+l-un

p
m(p) T y\ T (<pn + l-<p" + l)=m(p) v" forall/?e2T, farallneM. (13)

The proof of the existence of w^+1, for any ne N, can be obtained using the following fixed point method:

un
p
 + uo = un

p, fora l lpeST, (14)

and

n + \,m+ \ n
UP Up

qeN(p)

Equation (15) gives a contraction property, which leads first to prove that for all p e 9", ((P(up+1'm))mG M
converges. Then we deduce that ("p + 1 ' m ) m e ^ converges as well.

We shall see, in remarks, that all results obtained for the explicit scheme are also true for the implicit scheme.
The function Uaj- k is then defined by % k(x, t)~up

 + l, for all x e p, for all t e [nk, (n + 1 ) k).
The mathematical problem is to study, under hypotheses (4) and (7), the convergence of «^ k to the weak

solution of Problem (1, 2, 3), when h -^ 0 and k -> 0.

3. A PRIORI ESTIMATES

3.1. Maximum principle

LEMMA 3.1: Under the hypotheses (4) and (7), let T>0, U= \\uo\\L~{Q) + 71MIL-Ci3x(o T)y
<p(a) — (p(b)

- sup j . Assume that the condition
-u^atb =s u a~b

T L S I Ï Ï , (16)
B

M2 AN Modélisation mathématique et Analyse numérique
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FINITE VOLUMES AND NONLINEAR DIFFUSION EQUATIONS 751

is satisfied. Then the function u^ k defined by (9), (10), (11) and (12) vérifies

Proof: Let T> 0. Let p e 2T, ne M. The scheme (11) can be written as:

n n\ / n ny

Therefore, under condition (16), w* + 1 is then an affine combination of u1^ q e 2T, with all coefficients positive,
and their sum equal to 1. Hence the foliowing inequality can be deduced:

Using (19), for n = 0,... [T/k], where we dénote by [JC] = max{n ^ x}, and peST, gives

KI ^ ll«ollL"(̂ ) + :rlll}IL"(r3x(o,n)' w h i c h l e a d s t 0 i

Remark 3.1: Under more regularity hypotheses on the mesh, there exists a value C > 0 which does not depend
on h such that the condition (16) is satisfied by any k < Ch2.

Remark 3.2: In view of (17) we deduce that there exists a function u e LT{Q X (0, T)) and a subsequence
of (uaj- k) which we dénote again by (% fe) converges to u for the weak star topology of L°°{Q x (0, 71)).

Remark 3.3: Estimate (17) is also true for the implicit scheme, because the fixed point method guarantees (19),
without any condition on k

3.2. Space translates of approximate solutions

We first define the following hypotheses and notations.

( i ) T is a given real value with T > 0,

(ii) U=\\u0\\L~(Q) + T\\v\\L~(QxiOiT)

(in) B= sup T a — b
(iv) a is a given real value with 0 < a < 1,

( v ) k < Tis a given real value with k ^ ( 1 - a ) , for allp e 2T,

B y T
jLmJ pq

qeN(p)

( vi) ŵ  is given by the définitions ( 9 ), ( 10) and ( 11 ) for ailp e £T and n e N. ^
Next we present an estimate of the function ç?(% fe) in a discrete space corresponding to the continuous space
L2(0, T\Hl(Q)). However, we remark that since the function (p{u^ k) is piècewise constant, it does not belong
to L2(0,T;H\Q)).

LEMMA 3.2: Under the hypotheses (4), (7) and (20), there exists a positive function Fv which only dépends on
Q, 7, <p, uQ, v and a such that

[Tik]

vol. 32, n° 6, 1998



752 R- EYMARD, T. GALLOUËT, D. HILHORST and Y. NAÏT SLIMANE

Proof of lemma 3.2: We first remark that the condition (2O.v) is stronger than (16). Therefore, the result of
lemma 3.1 holds, i.e. \un

p\ =S U, for all /? e 2T, n = 0,... [T/k]. Let us multiply the équation (11) by kup, and
sum the result over n = Q,... [T/k] and p e 2T. We obtain

K-Kf]

^ ^ 2
^ n = 0

We now handle the second term on the left-hand-side of (22). We first remark that

J ((p(x)-ç?(c))dx^fB(<p(d)~ç(c)f9 forallc^e [- U, U] .

[T/k] [T/k] \_Tlk]

n = Ope?T P n = 0 p e 2T q e N(p) pq q P P n = Q peV

Next we consider the first term on the left-hand-side of (22). We have

In view of (11) we deduce from Cauchy-Schwarz inequality that

/ n + l n \2 ^ , 2 / 4 , \ \ / l "V^ T- z' n « \ \ " , " K I / ^ / i \

(«p ~up) ^k (l+a) \( ^ ^ ^ 2 , y
M ( ^ - ^ D ) 1 + " T T " I • (24>

Using again Cauchy-Schwarz inequality gives

Using (2O.v) we obtain

Relations (23) and (26) lead to

(27)

(28)

Indeed let us assume, for instance, that c<d (the other case is similar); then, one has <p(s) 5* h(s), for all
s e [ c , d ] , w h e r e h ( s ) - ( p ( c ) f o r s e [ c , d ~ l ] a n d h ( s ) = (p(c) + ( s - d + l ) B f o r
s G [d— l, d], where / is defined by lB = q?(d) — (pic), and therefore

= y ô (<p(d) — (p(c))2 , (29)

M2 AN Modélisation mathématique et Analyse numérique
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which then yields (28).
r

Let 0G C(IR) be defined by <p(x) = x<p(x) — <p(y) dy, where x o e R is an arbitrary given real value.

Then the foliowing equality holds.

[\)-<pn
q)dx. (30)

We have therefore, using (28), (30) and the equality 2 2 T (<P(un) - é{un)) = 0,
V N ( ) Pq q P

[Tik] [77*]

n = 0 p <£ & q <= N(p)

Since k < T we deduce from (17) that the right-hand-side of équation (22) satisfies

'Hlrvoxro.™- (32)— PP
O pe ST

Relations k<T, (22), (27), (31) and (32) lead to

(33)

which concludes the proof of the lemma. Next we deduce the following result.

LEMMA 3.3: Under the hypotheses (4), (7) and (20), there exists a positive function Fv which only dépends on
Q, T, <p, uQ, v and a such that

f l 2 h ) F l , (34)

for all ÇeMN, where Q^ = {x e Q, [x + t x] c O}.

Proof of lemma 3.3; Let Ç G RN. For all x e Q^ and for all (p,q) e <?, we dénote by E(x,p, q) the function
whose value is 1 if

1. the segment [x-f £, x] intersects p, q and e .

2. the value cpg defined by cpq = j t r • npq vérifies cpq > 0,

else E(x,p,q)~ 0. For almost every xe Q, we dénote by p(x) the element /? of 2T such that x e /?. For almost
every XG O^, and te (nk,(n + l)k), we have

_ Ü(<Pq~<Pp)- (35)

Using Cauchy-Schwarz inequality, we get

r
pq

vol. 32, n° 6, 1998



754 R EYMARD, T GALLOUET, D HELHORST and Y NAIT SLIMANE

For all (/?, # ) e <f, the property cpq dpq = j i j •(xq — xp) holds. Therefore we have

2 ^ ( ^ A ^ ) c ^ =-r | r - (x ( j c + o - x ( j t ) ) . We then deduce

2 EUp,q)cpqdpq^\t\+2h. (37)

Using (36) and (37), we get

(<pn-(pnf
• (38)

J
The value E(x,p,q) dx is the measure of a set of points of O which are located inside a cylinder, whose basis

E(x,p,is e and generator vector is — £. Thus E(x,/?, q) dx ^ m(e ) c |£|, because cpQ is the cosine of the angle

bet ween £ and n . Then we finally get

l , 2 2 ^ < ^

which, using (21), gives (34).

Remark 3.4: This lemma gives an estimate for the translates of ̂  k in space. The following paragraph gives
an estimate for the translates in time.

Remark 3.5: Estimate (21) also holds for the implicit scheme, without any condition on L One multiplies (13)
by u^l : the last term on the right-hand-side of (23) appears with the opposite sign, which considerably simplifies
the previous proof. therefore estimate (34) can also be proved for the implicit scheme.

3.3. Time translates

We now study the translate in time of function <p^ k.

LEMMA 3.4: Under the hypotheses (4), (7) and (20), there exists a positive function F2, which only dépends on
Q, r , <p, w0, v and a such that

Ji2
(40)

for all r e (0 ,7 ) .

Proof of lemma 3.4: Let TG (0, T) and te (0,T~r). Since <p is locally Lipschitz continuous with constant
B, one has

[ (<p^k(x,t+r)-(p^k(xit)fdxdt^B f A(t)dt,
JQX(07T-T) ' ' Jo

(41)
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where, for almost every te. (0, J - T ) ,

% , * % * ( * , 0 ) (uar ̂ t+ry-Uor k(x,t))dx. (42)
Q

=
J

Using the définition (12), setting nQ=[t/k] and nx = [ ( r + T ) / & ] , we get

A ( 0 = E M P ) ( ^ 1 - ^ ° ) ( < - ^ ° ) , (43)

which also reads

2 ^ O S + l - u B ) . (44)
n e N,

t<(n+ 1 ) k s£ t + r

We now use the scheme (11), and we get

We now gather by edges and we get

We can then use the inequality 2 ab sS a + b2. We get

A(O ^ 2A0(t)^jAl(i)+A2(t)-}-A3(t) , (47)

with

and

p e 3T

We introducé the function x s u c n t n a t z ( t r u e ) = 1 a n ^ ^(false) = O. We have, for all te U+ and n
) ^ ) . Therefore

r~T < v 3 v «o «o 2 f ( f l°+ i )*.
_ • (52)

vol. 32, n° 6, 1998



756 R. EYMARD, T GALLOUET, D. HILHORST and Y NAIT SLIMANE

The property

2 *((/i + l ) * - T ^ r < ( n + l ) * ) < a = 2 x(0
J nok ne M n e ftl J (no-n- 1) k + z

gives, using (21) and (52),

AJt) dt ̂  TF, . (54)
Jo

We get exactly in the same way

AXt)dt*kïFx. (55)

We now turn to the study of A2( t ) dt. We have
Jo

/•r-T [T/k] çT-.x

A2(t)dt^^k 2 ^ ( < - < ) 2 X«n

P-
Jo

J o K = 0 p e « e ST J o

(56)

Because / ( ( « + 1 ) ^ - T ^ r < ( n + 1 ) jt) J ? = nün ( T - T , (n + 1 ) Jfc)-max (0 , ( / I + 1 ) A : - T ) < T , we
Jo

get

)dt^rF}. (57)
Jo

We have in the same way

_ . (58)
p e « e ST

Using Equations (54)-(58), we conclude (40).

Remark 3.6; Estimate (40) is again true for the implicit scheme, without any condition on k.

3.4. Relative compactness in L2 (Qx(0,T))

In this section, we show how estimâtes (17), (34) and (40) can be used to dérive a strong convergence property
in L2(Qx(0, T)).

LEMMA 3.5: Let (fm)meN be a séquence of functions of L2(Q x (0 , T)) which vérifies
1. there exists Ml>0 such that for ail m e (\J, | | /m | |L- (ÖX(0 r ) ) ̂  Mv

2. there exists M2 > 0 such that for ail m e N and TG (0, T),

f (fm(x, t + x)-fm(x, t)fdxdt < TM2,
/flx(OJ-t)

M2 AN Modélisation mathématique et Analyse numénque
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3. there exist M3 > 0 and a séquence of real positive values (h ) M with lim h = 0 such that for
* m —^oo

all m e N , ( f (JC + £91) - f (x, t))2dxdt ^ |£|( If I + & ) M,, fcr a// <̂  e RN
9 where

r/ien r/iere exwtó öt subsequence of (fm)mG ^ which converges for the strong topology of L ( ( 3 x ( 0 , I ) ) to
an element of L2(0, T; Hl(Q)).

Proof of lemma 3.5: We first extend the définition of /m, for m e N, by the value 0 outside of
Qx(0, T). Using the measurability of the boundary dQ of Q, we get that, for all £ G IR*,
m(Q\Qç) ^ |f| m(dÜ). Therefore we get, for m e M,

f

We also get, for all TG ( - r,

ƒ..,„
Therefore the séquence (fm)mGM satisfies the hypotheses of Kolmogorov's theorem. Thus there exists a

22(subsequence of (fm)me ^ which converges for the strong topology of L (£2x(0, 71)).
Let ƒ be the limit of such a subsequence. It satisfies, for all Ç G RN,

(f(x + Ç,t)-f(x,t))2 dxdt ^ |Ç|2 M3 because the séquence (/im)me ^ converges to zero as

m^oo, Therefore, for all e > 0, denoting Üe = {x G Q, B(X, E ) c fl}, we get that ƒ G L2( 0, T ; /f ]( i3£ ) ), with

11/11 L2(O TH'CQ)) ^ \/NM3 + m(Q) TM\. Therefore /E L2(0, T;H\Ü)), with

4. A FUNCTIONAL CONVERGENCE PROPERTY

We now show a property which is necessary in the next section.

THEOREM 4.1: Let U>0 be a given constant, and (p € C( [— U> [/] ) a non decreasing function. Let
Ne M*9 and let E be a bounded open subset of MN. For any n G N, let un e LT(E) such that

(i) ~U^un^U a.e., for all n G N;
(ii) there exists u G LT(E)^ such that (un)nGM converges to u for the weak star topology of L°a(E);
(üi) there exists a function 0 e LÏ(E) such that ((p(un))ne N converges to 0 for the topology of Ll(E).
Then 0(x) = <p(u(x)), for a.e. xeE.

Proof of theorem 4.1: First we extend the définition of <p by <p(v ) = ç?(- U) + v + U for all
v<-U and (p{v) — (p{U) + v~U for all v > U, and dénote again by <p this extension of q> which now
maps IR into IR, is continuous and non decreasing as well.

Next we define a± ; R •-> IR by a_(f) = inf{üe R9<p(v) = t}9 and a+(t) = sup {t? G M,<p(v) = t}> for all
te U.

Note that the functions a± are strictly increasing and that
(i) a_ is continuous from the left and therefore lower semi-continuous, that is

OL(t) ^ liirünf a_(x) , (59)

vol. 32, n° 6, 1998
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(ii) a+ is continu ous from the right and therefore upper semi-continu ous, that is

a + ( 0 3* limsup a+(x) . (60)

Thus, for a.e. x e E

a _ ( 0 ( x ) ) < lim^inf a_(^(w n(^))) ^ limsup a+(<p(un(x))) ^ a+(0(x)) . (61)

We multiply the inequalities (61) by a non négative function y/ e Ll(E) and integrate over E. Because
Fatou's lemma can be applied to the séquence of L1 positive functions

( . ), we get

a_(^(x))y/(x)dx^liminf\ a_(<P(un(x))) y/(x) dx . (62)
JE n~*°° J£

and in the same way, we get

limsup f a+(<p(un(x)))v(x)dx^ f a+(&(x)) y/(x) dx . (63)
n^°° JE JE

By the définition of the functions a_ and a+, the following inequalities hold.

«_(?>(«„(*))) ^ un{x) ̂  a+(<p{un(x))) , (64)

which, combined with (62), (63) and the convergence of ( wn)n€ w to u for the weak star topology of L°°(£'),
implies that

Ĵ :
a+(0(x))W(x)dx. (65)

Thus a_(c^(jc)) ^ M(X) S£ a+(cP(jc)) for a.e. x e 2?, which implies that 0(x) = <p(u(x)) for a.e. x e £". That
complètes the proof of Theorem 4.1.

5. CONVERGENCE

We now prove the following result.

THEOREM 5.1: Suppose that the hypotheses (4) are satisfied and let T>0 ,

B= ^ s u g

L^r a G ( 0, 1 ) be a given real value. Let ( 2Tm, km ) m e N k û séquence of meshes and time steps such that there
exists a séquence of positive real values (hm)m&N with

— for all m e N, hypotheses (7) are satisfied with £T~Wm and h = hm;
— the séquence (hm)mfE M converges to zero;
— for all m G N, km satisfies the condition (20.v) for 3'=<3~m and k^km.

For all m<E N, let um = uWJc be given by (9), (10), (11) and (12), for 2T = 9~m and k = km,
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Then the séquence ( um )m e N converges to the unique weak solution u ofProblem (ly 2> 3) in thefollowing sense.

(i) (um)mGM converges to u for the weak star topology of V°{Q x (0, T))7

(ii) (ç>(«m))mew converges to <p(u) e L2(0,T; H\Ü)) for the strong topology of L2(Ü X (0, T) ) .

Proof of theorem 5.1: We first remark that by (20.v) the séquence (km)mG py converges to zero. Because of the
lemmas 3.1, 3.5 and theorem 4.1, we can extract from the séquence ( wm)me N a subsequence (u

M(m)^mG N s u c r i

that there exists a function we L°°(Üx(0, T)) with

(i) (^A/(m))mG Î I converges to u for the weak star topology of LT(Q x (0, T)),

(ii) (<K"M(m)) ) m e N converges to (p(u) for the strong topology of L2(Q x (0, T)).
Next we show that u is a weak solution of Problem (1,2, 3).

We multiplyLet me N. We use the notations 2T = 3"M(m), h - hM(m) and k ~ kM{my Let T> 0 and y/ G
(11) by ky/(xp, nk), and sum the result on n — O,... [T/k] and p e 9". We obtain

TP _i_ 'T" TT
1

1 l m " 1 " i2m~~ Â3m '
(66)

with

[Tik]

p e

[27*]

and

(67)

(68)

[37*]

¥(xp,nk)m(p)vn
p. (69)

We first consider 7̂  m. We have that

[27*]

* ) - « , 0)) .

(70)

Let us suppose k < T (it is necessarily true for m large enough). We remark that
M™ + 1 < £ / + r | | ü | | L - ( u x ( 0 > r ) ) . Since 0 < T- [T/k] k<K there exists a positive function Clr which
only dépends on y/, T and Q such that | ^ ( ^ , [T/k] k)\ ^ Cx k. This leads to the convergence of Tlm to

- u(x,t)y/t(x,t)dxdt-\ uo(x) y/(x, 0) dx, as m —> <*>, in view of the convergence of
Jo J f3 Jü

(uM(m)^meN ^OT m e weak star topology of L (Qx(0, T)), and of the convergence of

| v M° ^ ( V 0 ) ^ . e p ) to Ko( . ) V̂ ( •. 0) for the topology of

We now study T2m, This term can be rewritten as

i

(71)
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It is useful to introducé the following expression.

[T/k][T/kj ji(„+l)jfc /»
r2m= 2 <p(uaFk(x,t))Ay/(xJnk)dxdt

Ay/(x,nk)dx (72)

[ra] /»

« = 0 (z?, ö) e ö we.
Vy/(y,nk) .n dy .

Because of the convergence of (<p(uM(my))meN for the topology of L2(Q x(0, T)) to <p(u), the term

^2m converges to ç?(u(x, t)) Ay/(x, t) dx dt as m -> », The term 7 ^ + 7 ^ can be written as
Jo *J*2

[77*]

n = 0 (p, q) ç. S

with

(74)2
pq

In view of the regularity properties of y/, there exists a positive function C , which only dépends on y/, such that
\Rn I ^ C h. Then, using the estimate (21), we conclude that T2 +T'2 —» 0 as m —> 00. The property

^3m ~* I ^ ( ^ ' 0 v(x* t) dxdt as m —» 00 results from convergences in L 1 ^ x (0, T)) .
Jo J42

Therefore M is the unique weak solution of Problem (1, 2, 3) and the full séquences (um)meN and
m))m£N converge.

Remark 5.1: In the linear case (q>( . ) = . , i.e. in the case of the heat équation), the estimâtes on space and
time translates of (p{ uw k) are not necessary in order to only obtain a weak star convergence of Uaj- k to the unique
solution of (5).

Remark 5.2: This convergence proof is quite similar in the case of the implicit scheme, with the additional
condition that ( km )m e N converges to zero, since condition (2O.v) does not have to be satisfied.
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