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EXISTENCE FOR A STATIONARY MODEL
OF BINARY ALLOY SOLIDIFICATION (*)

by Ph. BLANC (0, L. GASSER (2) and J. RAPPAZ (2)

Communicated by J. DESCLOUX

Abstract. — A proof of existence is given for a stationary model of alloy solidification. The
System is composed ofheat équation, soluté équation and Navier-Stokes équations. In the latter,
Carman-Kozeny penalization of porous medium models the mushy zone. The problem is first
regularized and a séquence of regularized solutions is built thanks to Leray-Schauder's fixed
point Theorem. A solution is then extracted by compactness argument

Résumé. — Une preuve d'existence pour un modèle de solidification d'alliage est donnée. Le
système est composé de l'équation de la chaleur, de celle du soluté et de celles de Navier-Stokes.
Dans ces dernières, la pénalisation des milieux poreux de Carman-Kozeny modélise la zone
pâteuse. Le problème est tout d'abord régularisé et une suite de solutions régularisées est
construite grâce au théorème de point fixe de Leray-Schauder. Une solution est ensuite extraite
par un argument de compacité.

In a macroscopic approach, the solidification of a binary alloy is governed
by the heat and soluté équations coupled with Navier-Stokes équations. The
latter ones contain a penalization term so that they apply not only to the zone
where the alloy is liquid but also to the zone where both liquid and solid states
coexist This is the so-called mushy zone.

Since the liquid and mushy zones are a priori unknown the évolutive
problem is very hard to handle mathematically, even for a simpler case [5]. We
consider hère the stationary problem and we prove an existence resuit using
Leray-Schauder*s homotopy Theorem (see Theorem 10.3, p. 222 in [7]). This
work extends [4] and [2] to the alloy case.

The outline of this paper is as follows : Section 1 is devoted to a description
of the physical model. In Section 2, the assumptions on the data are stated and
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688 Ph. BLANC et al

the définition of a weak solution is given. A regularized problem is studied in
Section 3 and our main existence resuit is established in Section 4.

To complete this introduction, we give some notations. We dénote by
Wm'p(Q) the space of functions in LP{Q) whose derivatives up to the m-th
order are If -integrable. For p ~ 2 we shall write Hm(Q). The space
Hl

0(Q) is the completion of C^(Q) with respect to the norm || . ||Hi. For

JQ

(f|g)fl =[ f .g dQ =( ^f

g e (Lq{Q))n where p and q are conjugate exponents
(p~ l + cf 1 = 1 ). Moreover, the study of Navier-Stokes équations requires
the space 'V(Q) = {u e (Hl

0(Q))n\div (u ) = 0} equipped with the norm
/2 !

conciseness of writing, we note

and

ÏQ dQ for feLp(Q),

for f e ( L ' ( f l ) ) n ,

W 2
%J Q ï = 1

. dû

1. MODELLING

Let us consider the solidification in a domain £2 of a binary alloy composed
of a principal compound (say Aluminium) in which there is a soluté (say
Silicon at 7 %). As time goes on, three domains Q%, Qm and Qs gradually
appear, evolve, or disappear within Q. The first domain is fully liquid, the
second is a fine mixing of both solid and liquid, and the third is fully solid (see

Figure 1.1. — Domains with a macroscopic box.
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BINARY ALLOY SOLIDIFICATION 689

The mixing is due to the dendritic growth of the solid into the liquid, whose
proportions are given by the solid fraction fs and the liquid fraction
ft=l —fs. In the folio wing, Qm% = Q\QS will refer to the domain not fully
solid (Le. fully liquid or with a mixing).

An averaged variable is introduced as a convenient treatment of the mixing.
Take a macro scopic isothermal box containing a part of the dendritic zone (see
fig. 1.1). We dénote by eg and cs the concentrations of the soluté in the liquid
and solid, and define the mean concentration c by the relation

Clearly in Q% we have fs = 0, in Qs we have fs = 1 and in üm, the solid
fraction fs will take a value given by a phase diagram describing the phase
changes (see fig. 1.2). The température of the alloy in 9 with 9F and 9E being
the fusion and eutectic température respectively.

(0;0) Ys(6) Y/(6) g

Figure 1.2. — Phase diagram.

On one hand, this diagram gives, for a given température 9 e (9E, 9F), the
concentration ys(0) of the soluté for which the solid alloy begins to melt and
the concentration y%(9) of the soluté for which the liquid alloy begins to
solidify. On the other hand it indicates the concentrations of soluté in solid and
liquid phases which can coexist at the thermodynamical equilibrium. The
mushy zone corresponds in the phase diagram to points inbetween ys(0) and

We assume that the process of solidification holds at the thermodynamical
equilibrium. In the mushy zone, where y?(0) < c < ys{0) and
0E< 9 < 9F, we have
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690 Ph. BLANC et al.

and therefore

We extend fs by 1 and 0 in the solid and liquid zone respectively. We have seen
that in the mushy zone we had cg — yç(O) ; clearly c$ = c in the liquid zone.
Denoting by v the velocity field and by p the pressure our model ( P ) reads

div(v) =0 ™&mt> (1.2)

v = 0 i n ^ . , (1.3)

- AQ + v. V0 = 0 inQ , (1.4)

- Âc+ v . Vcf = 0 inQ , (1.5)

The term F(c, 0) is hère the external force acting upon the liquid. Using
Boussinesq's approximation, it is given by F(c, 0) —
Pë(C\(0 - 0r) 4- C2(cf - c r)) where p is the mean value of the density,
g is the gravity, Cx and C2 are two real constants, and 0r, cr are référence
température and concentration. This System is completed by Dirichlet's bound-
ary conditions for v and 0 and Neumann's boundary conditions for c. We set
v = 0 on èQmî, 0 = 0ô and dn c = 0 on dû. We finally mention that the
penalization term K(fs)\ with K(x) = CQ x2/( 1 - JC)3 which appears in
Navier-Stokes équations and which accounts for the mushy effect is due to
Carman and Kozeny. We refer to [1] for a complete description of this model.

2. ASSUMPTIONS AND WEAK FORMULATION

Throughout this paper we assume that Q, yv, yf, F, K and 0ö satisfy the
assumptions mentioned below. The first concerns the domain Q :

J Q ci Rn where n = 2 or 3 is an open, bounded,

l^connected set with a boundary dQ of class C .

Concerning the solidus and liquidus curves, we assume :

ry, ,y ,areofclassC l([0 £ ,0F]) ,

(fiY) \ they are strictly decreasing, ys < yt on [0E, 9F),

[
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With respect to F we assume :

691

f F : IR2 -> R" is uniformly Lipschitz
F [ continuous and F( 0, 0 ) = 0 .

The penalization will not be restricted to Carman-Kozeny's term. We assume
here :

tfisofclass C (-oo, 1),
K is nondecreasing, K E= 0 on IR_ and

Observe that Carman-Kozeny's penalization

K(x) =

for xe [0,1), can be extended to (-«>, 0) by 0 and so satisfies the
hypothesis. We finally assume that the boundary condition 0ô satisfies

i
forsomePe (0, 1)
and 06 ^ 0 on dQ .

The same symbol 0ô dénotes a function in W2' (&) whose trace on SQ is
precisely 0ô.

To define the weak formulation of Problem ( P ) we need a précise définition
of the solid fraction/J,. Let &s, &m and (9% be the open sets given by figure 2.1.
We recall that

0 m<9(,

1

and we extend^ to the boundaries of &i by

fs(0,0F)=l, fs(c,6E) = l,

vol. 29, n° 6, 1995
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Q

(0;0) Y,(6E) c

Figure 2.1. — Sets of phase diagram.

for ail c e (yT(ö£) ; y$(0E)]* and by continuity otherwise. For technical
reasons we set fs(c,0) = l for (c ; 0) e [R2 \&S u ^ u ( ! ? f . Moreover it
follows from the phase diagram that the soluté concentration c% is given by
a(c, 6) where

in

We extend a to C?m u ©p by continuity. For the comparison principles to hold,
the extension of a to IR2 is not fully arbitrary. Level sets of extended a are
shown in figure 2.2 (where 0 < a < yî(9E) ).

Figure 2.2. — Level sets of extended a.
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BINARY ALLOY SOLIDIFICATION 693

DEFINITION 2.1 : Under the assumptions (Hü), (H ), (HF), (HK) and
(Hôâ)t the triple (v ; 6 ;c) e T T ( O ) X (Hl(Q) n ° 2

solution to Problem (P) if the relations

((v . V) v|w)o-rf 4- (*(ƒ,( c, 0)) v|W)^ f = (F(c, Ö)|w)o-f

) ö = 0 ,

^ = 0 ,

all xvei^iQ) with s u p p ( w ) c ^ m e , <p <=_Hl
Q(Q) and

moreover if v = 0 m fl5> Ö ̂  0, 0 ^ c

0-60eHl
ö(Q)y cdQ~cQ where cg is a data satisfying

cg ^ meas (Q) y$(6E). The two sets Qs and Üm2 are defined by

flwf ={xe fi|(c(x);ö(x))e 0m u (9, \d&s) .

The remaining part of this work establishes the theorem.

THEOREM 2.2 : There exists a weak solution to Problem (P).

3. A REGULARIZED PROBLEM

In this section we introducé a regularized problem and we prove an
existence resuit using Leray-Schauder's homotopy Theorem. For
es ( 0, 1 ], let $£ e CQ ( M2 ) be a family of mollifîers. Functions fs and a£ are
regularizations of fs and a given by fs ~ $ * fs and a = $E * a,

THEOREM 3.1: For each es (0,1] there exists a triple
(ve;tf£;c£) G rT(Q) x (H](Q))2

y where 0E-0ôe Hl
0(Q) and

l ' = c , verifying Problem ( P£ ) :

, 0 ï ) | w ) o , (3.1)

(3.2)

o + ( v,. Va£( c,, 0E) |i/ )fl = 0 , (3.3)

vol. 29, n° 6, 1995
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for ail w e ^(Q), ç? e H\{Ü) and rj G Hl(Q). Moreover any solution
(v£ ; 6e ; ce) G i^(Q) x (Hl(Q))2 of the above problem is bounded by a
constant independent of e.

Remark 3.2 : It is interesting to note the following non-trivial result (see
[3]) : let v£ e (Hl

0(Q))2 with div (ve) = 0 and 0£ e L2(Q) be given, then

équation (3.3) has a unique solution cE G Hl(Q) such that c£dQ = c .

Theorem 3.1 will be a conséquence of the following lemmata. We first
introducé four operators and prove that they are well-defined and satisfy
continuity and compactness properties. Let % be the product space
-r~(Q)x(Hl(Q))2 and let Gl : / -^ (L3 / 2(r3))\ G2 : ^->L3 / 2(I2), and
G3 : x ~> L3/2(Q) be three operators defined by

G^v, ö , c ) = - ( v . V ) v - A ' ( ^ ( c , 0 ) - e ) v + F(c, 0) , (3.4)

G2(v, 0 , c ) = - v . V Ö , (3.5)

G3( v, 0, c )= - v . Va£( c, 0 ) . (3.6)

We further introducé the operator

G:X^X

( v ; 0 ; c ) ^ ( u ; Ô ; c )

where ( u ; 0 ; c ) G ^ i s the unique solution to the system

v((u|w))û=(G1(v,0,c)|w)û l (3.7)

, (3.8)

, (3.9)

for all WG i^(Q), <p G alto) and / /G H\Q), which also satisfies the
f

p l
conditions 0 - 0ó e Hl

0( Q ) and

Clearly (ve ; 0e ; ce) is a solution of (3.1)-(3.3) if and only if it is a fixed
point of the operator G. In the following, we prove that G has at least one fixed
point and consequently the first part of Theorem 3.1 will be established.

LEMMA 3.3 : The operators Gv G2 and G3 are well-defined and continuous.

Proof: Since VG iT(Ö) and n = 2 or 3, then VG (L6(Ü))n and
( V . V ) V G (L (Q))n. The continuity of G, is a conséquence of the
Lipschitz-continuity of the functions K(J^( . , . ) — e) and F( . , . ) seen as

M2 AN Modélisation mathématique et Analyse numérique
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functions from U2 into IR and Un respectively. To check the continuity of
G2 and G3 in % with respect to the product norm, we take a séquence
( vm ; ®m ' cm ) G X con verging to ( v ; 0 ; c ) e x- Using Hölder's inequality we
get

| v - vJ| ( L . ( û ) ) .

and therefore

Jirn^ || G2(v ; Ô ; c ) - G2(vm ; ön ; cm) | | L „ ( O ) = 0

which proves the continuity of G2.
The continuity of G3 follows from the relations

lim || (3, a£(c, 0) - d, «e(cm, Om))v.Vc\\Lm = 0 , (3.10)
ftl —7 O° v '

Jirn^ || ( 92 a
£( c,0)-d2 a( cm. 0m ) ) v . V01| L,C(fi) = 0 . (3.11)

To ease the reading, we set

Since d{ a\ . , • ) is continuous, there exists a subsequence gf̂  of gm such that
Êffc converges to 0 almost everywhere in Q. Further
\gk\^(2\\dxa\\L->{Ui)\\.Vc\f12 almost everywhere in Q. So
lim llfifjfcll/,!̂ ) = 0 by Lebesgue's Dominated Convergence Theorem. We

complete the proof of (3.10) by observing that the séquence gm itself con-
verges to 0 in L ( Q ). The proof of (3.11) is very similar. •

LEMMA 3.4 : The operator G is well-defined continuons and compact.

Proof : It follows from Proposition 2.3, p. 30 in [9] for Stokes problem and
from standard regularity results for the inverse of the operator - A that the
operator G is continuous from x into ( W2'3/2(Q) )" x ( W2'm(Q) )2. For
n ^ 3 the embedding W2'V2(Q) <ZH\Ü) is compact and G is compact.

The a priori bounds for fixed points of operator AG, À G [0, 1] are direct
conséquences of the next lemma. The case À = 0 being trivial, we only
consider the cases X e ( 0 , 1 ] ,

vol. 29, n° 6, 1995
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LEMMA 3.5 : Let ( \ x ; Ox ; cx) e X &e afixedpoint ofXG, X e ( 0 , 1 ] . Then
the following estimâtes hold almost everywhere in Q :

X ess inf 0, ^ 0, < X ess sup 0., (3.12)

À E + s. (3.13)

Proof: First we notice that 0x = X9Ô on the boundary d£2. If we set
w ~ X ess siip 9Ô (considered as a constant function on dû) and if we
consider [9À - w] + as the positive part of 0x - w, we have
[0x - w] + G Hl

0(Q). By choosing <p = [9X - w] + in the équation
corresponding to (3.2) in which we have replaced ve . V0e by X\x. V0X, we
obtain

Consequently

and we use the fact that for v e
( v . V^|(/ /)^ = 0 holds to conclude that

and (/• G H\Ü) the relation

Hence [#A - w] + = 0 and 0x ^ X ess sup 95 almost everywhere in Q, The

lower bound is proved similarly using the test function
(p = \

L
C

= \ 92 — X ess inf 0 1
J _L J _

Concerning the concentration équation we note that for all

Using the test function ^ = [cx - y^(9E) - e] + G H\Ü) in the équation
corresponding to (3.3) in which we have replaced ve • Vac( ce, 0e) by
X\x • VaÊ( cA, ö ; ), we get

and hence [cx - - e] + is constant. Since cx dQ =
JJ Q

^ meas (^2) y^(0E), we have [cA - y?(9E) - e] + = 0 and
bound holds. Finally we use the value ccE(c,0) = 0 for all
the test function ^[cA + e]_ to check the lower bound.

the upper
- e and
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LEMMA 3.6 : The operator G has a fixed point.

Proof: We check that any fixed point of XG, X G [0, 1] is bounded in
X- We choose w = vA in équation

(see (3.8)) and using the relation ( vA . V ) vA . vA dü = 0 we conclude that
Ja

vil v, ||2^(ö) + HKtfic» dx)-e) vx|v,)Q = A(F(cx, 0x)\vx)n .

Since K( . ) is non-negative and F has the Lipschitz property we get

vi lv j l^o, ^(11^11^, , ,+ l|ÖJ|L>(fl))||vJ|a»(O))..

Poincaré's inequality and estimâtes (3.12) and (3.13) allow us to conclude that
there exist a constant C independent of X such that

We finally choose <p- 6X- X6Ô and rj = cx in équations

to prove that 6X and cx are bounded in Hl ( Q ) uniformly with respect to X. This
lemma is now a conséquence of Leray-Schauder's homotopy Theorem. •

Proof of Theorem 3J : As said before, the first part of Theorem 3.1 is
immédiate since a fixed point of G is a solution of Problem (Pe). Moreover,
it is easy to see that any solution ( v A ; 0 e ; c e ) e x °f Problem (PE) is
uniformly bounded with respect to e. •

4. EXISTENCE OF A WEAK SOLUTION

We are now in position to prove our main resuit. As a conséquence of
Theorem 3.1, for e e (0 ,1] , any solution ( v£, öe, ce) G X of Problem (P e) is
uniformly bounded in x with respect to e, By compact embeddings, there exists
(y ; 0 ; c) e x an<i a séquence, still indexed by e» such that

v£ -~>v stronglyin(L4(&))\

0c -» 9 strongly in L2( Q ) ,

ce —> c strongly in L2( Q ) ,

Vve --Vv weaklyin(L2(O))w ,

0e —0 weaklyini/ !(fl) f

ce —*c weakly in H ! ( Q ) .
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Furthermore, thanks to Theorem 14.1, p. 201 in [8] and Proposition 6, p. 683
in [6] there exists a real a e (0, 1 ) and a non-negative real M such that

Because of Arzela-Ascoli's Theorem, there is a séquence such that

0, -> 0 in C°(O) ,

We check now that ( v ; 0 ; c ) G / i s a solution to Problem ( P ) . Recall that
and let w e ( C Q C ^ ) ) ' 1 with

its compact support J f Œ £2mf. Note that for a certain Se (0 , ©o), and for
every x e J f ,

fs(c(x\0(x))<l-S.

Due to the uniform convergence of fs towards fs on any compact subset of
&mt, there is an eô such that for all e e (0, eâ) and for ail x G J?f\

^ ( t ( ) , ï ( ) ) |

Consequently K(fs(ce, 6E) - e ) converges to K(fs(c, 6) ) in C°( Jf" ). Using
the properties of the subsequences and passing to the lirait in the velocity
équation (3.1) we are led to

By density and définition of ir( Qm% ), this équation holds for any
w G 1^(ömf ) with supp ( w ) c flmf.

To check that v — 0 in Qs, take a compact set 3C cz f2v. Since the solid
domain is open, there is an 8^ > 0 such that

whenever £ G (0 , e^). Choosing w = ve into the regularized velocity équa-
tion (3.1) and using Hypothesis (HK), it cornes

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



BTNARY ALLOY SOLIDIFICATION 699

where C is an independent of e. As s vanishes, K{ 1 -E) blows up and
compels || vJ| ( L2 ( j r ) )» to converge to 0. Consequently v = 0 in J?T and the
arbitrary choice of 3 r means that v = 0 in Qs,

The convergence in the heat and soluté équations are standard. The con-
ditions 0 ^ 0 and 0 ^ c =£ yç(OE) follow at once from Lemma 3.4. The
proof of our main resuit is now complete.

REFERENCES

[1] N. AHMAD, 1995, Numerical Simulation of Transport Processes in Multicomponent
Systems Related to Solidification Problems, Thesis EPFL.

[2] G. AMIEZ, P.-A. GREMAUD, M. PICASSO, 1990, On a Penalty Method for the
Stockes Problem in Régions With Moving Boundaries, Report DMA-EPFL N.
14.90.

[3] Ph. BLANC, L. GASSER, 1993, Existence o f a Stationary Solution o f a Binary Alloy

Problem, Report DMA-EPFL N. 09.93.

[4] J. R. CANNON, E. DIBENEDETTO, G. H. KNIGHTLY, 1980, The Steady State Stefan
Problem with Convection, Archive for Rational Mechanics and Analysis, 73,
pp. 79-97.

[5] J. R. CANNON, E. DIBENEDETTO, G. H. KNIGHTLY, 1983, The Bidimensional

Stefan Problem with Convection : the Time Dependent Case, Comm. in Partial
Dijferential Equations, 14, pp. 1549-1604.

[6] R. DAUTRAY, J.-L. LIONS, 1987, Analyse mathématique et calcul numérique pour

les sciences et les techniques, tome 2, Masson.

[7] D. GlLBARG, N. S. TRUDINGER, 1977, Elliptic Partial Dijferential Equations of

Second Order, Springer

[8] O. A. LADYZHENSKAYA, N. N. URAL'TSEVA, 1968, Linear and Quasilinear Elliptic

Equations, Academie Press.

[9] R. TEMAM, 1984, Navier-Stokes Equations, North-Holland.

vol. 29, n° 6, 1995


