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MATHEMATICA!. MODELLIHG AND NUMEBICAL ANALYSIS
MODELISATION MATHEMATIQUE ET ANALYSE NUMERIQUE

(Vol 29, n° 1, 1995, p 63 à 95)

EXISTENCE OF REGULAR SOLUTIONS FOR A ONE-DIMENSIONAL
SIMPLIFIED PERFECT-PLASTIC PROBLEM (*)

T h i e r r y ASTRUC (*)

Communicated by R TEMAM

Abstract —This work is devoted to the regularity of solutions for a one-dimens tonal
simplified model in Perfect Plasticity

In a first step, we are interested in the stress problem, which is the dual problem to the
displacement one First, we estabhsh the Inf Sup equahty We give then an explicit computation
of the limit load

In a second step, we produce a necessary and sufficient condition, using the stress problem,
for the existence of a regular solution (ie in W1 l) of the displacement problem We can then
introducé the notion of regular limit loads, /lreg, Areg, which are so that if X belongs to
] ~ ieg ' ̂ reg[» tne displacement problem admits a solution u in Wl l which satisfies the limit
conditions In a third step, we apply the theory to some classical examples

Résumé — Ce travail est consacré a l'étude de l'existence de solutions régulières pour un
modèle umdimensionnel simplifié en Plasticité Parfaite

Dans un premier temps, on s'intéresse au problème en contrainte, qui se trouve être le
problème dual de celui en déplacement On commence par établir l'égalité Inf-Sup On donne
ensuite un calcul explicite de la charge limite

Dans un deuxième temps, on produit une condition nécessaire et suffisante, à partir du
problème en contrainte, pour l'existence d'une solution « régulière » (i e dans W1 X) au problème
en déplacement On introduit la notion de charges limites régulières, en deçà desquelles on est
assuré de l'existence de solutions régulières On applique cette théorie à des exemples classiques
de Plasticité

1. INTRODUCTION

This paper is devoted to the study of the regularity of the solutions of
perfect-plastic problems, for a one-dimensional model. For previous works on
plasticity, the reader can consult Suquet [11], Temam [12], Strang Temam [13],
Kohn Temam [8] and Giaquinta Modica [6],
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64 T ASTRUC

In these works, the authors have proved that when the load is not « too
large », there exists a solution to the displacement problem in some
weak sense In particular, u belongs to BD = {u e Ll(Q,RN),
ey( M ) E M } — M is the space of bounded measures on O, and e( u ) is the
symmetrie part of the gradient In the one dimensional case, it reduces to
BV( ]0, 1 [ ) Until now, only very few thmgs are known about regulanty or
uniqueness

The first original resuit m that direction concerns the two dimensional case
with X = 0, and was proved by P Sternberg, G Williams and W Ziemer [10]
Let us note that Kohn and Strang [7] have previously been able to construct
a « regular » solution for the antrplane shear» in the two dimensional case, and
for particular shape of Q and particular boundary data Moreover, the load
X was zero

Here we consider the followmg one-dimensional problem

Inf(P,)= Inf \ fV(u'(r))A-Af f(t)u(t)dt\ (1)
(3

«(0) = a
«( 1 ) = fi

where Wis a convex continuous funcüon which is at most lmear at infimty and
coercive on L l, ƒ is the load, X is a parameter

It is known [12], that there exists a convex subset A of R such that for
Â e / i , Inï(PÀ) > — oo Moieovei ouc can prove the eAistence of solutions
to Inf ( P? ) in a very weak sense , we must introducé a relaxed form of
Inf (P a )

Inï(Pm)= Inf
u G BV(]0

J
and note that Inf ( P ^ ) = Inf (PA) ( ï ^ is the asymptotic function of W,

*F(tx)
which is defined as ï r

o o(x)= hm ——-)
t ~$ •+• °° t

The mam result of this paper concerns the existence of regular solutions for
(1), for X small enough , more precisely, we prove the existence of regular limit
loads Xr, Xr such that for every X in the convex set At — ] — Xr, Xr[,
Inf (Px) possesses a solution in W1 l( ]0, 1 [ ) Let us point out that there may
or may not exist a regular solution for X = Ar, and that Xr may be different
from X^

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modellmg and Numencal Analysis



A SIMPLIFIED PERFECT-PLASnC PROBLEM 65

The plan of this paper is as follows :

— in section 2, we recall the expression of the displacement problem, the
assumptions on W, and the relations which link the displacement and stress
problems We give the explicit expression of the limit load A ;

— m section 3, we look for necessary and sufficient conditions to have a
solution u in Wl' ( ]0, 1 [ ) For that aim, we use a change of variable m the
stress problem We give in Proposition 2 2 a sufficient condition on W* and
ƒ to have a « regular » solution u for ( P ; ) (by « regular », we mean a solution
which belongs to Wl \ ]0, 1[ ) ) ,

— m section 4, we introducé the notion of Convex Set of Regularity and
Regular Limit Loads, and we give some examples.

2. PRELIMINARY RESULTS

2.1. Définition of the problem

Let us consider the problem

Inf(P,) = Inf \ f ¥(uXt))dt-A\ f(t) u{t) dt\ , (2)

u(0) = a
u(D = ft

where

leR,

and *F is convex, lower semi continuous, proper and such that

¥{x) - x

We suppose hère that W has only a finite number of discontmuity points, but
ît is not difficult to extend the followmg results to a countable number of
points

vol 29, n° 1, 1995



66 T. ASTRUC

Let ( an )n e w* be a finite, non decreasing, bounded séquence such that

i f x e ] - o o l f l l ]

if ^ [a,al+l]

i f x G [<*„, + o o [ ,

where *Fte C1([at _ v at]), and tf^ is either constant or strictly decreasing
and continuous. Let us notice that ^((

fl() ~ ^ - i(a*) sin c e ^ is a convex
and semi-continuous function.

Remark 2.1 : W being convex, Wis non decreasing and we have

suP y ; « inf Î P ; + I .

We defîne then

ï = { f f e r ( ] O , l [ ) , | f f | ^ 1},

Sad(l) = {ae L°°( ]0, 1[ ), a' + ! ƒ - 0 a.e.}.

2.2 ; cr G 5 lOO

PROPOSITION 2.1 :

Let

S U D ( P ! ) = SUD \ - I Y*(a(t})dt+B<j(l)-atT(Q)Y. (3)

N 2.1 :

Proof : We apply the theory of Convex Analysis developped in the book of
I. Ekeland and R. Temam (see [5]) :
Let V and V*, Y and F* be two couples of dual spaces, A : V —» F be a linear
continuous operator, F and G be two convex functions

F : V-»R

G : F -> IR

and F* and G* be their conjugate functions in the sense of Fenchel (i.e.
Vp* e V*, F*(p*)= Supy{ <ƒ>*,/? >-F( /?)}) ; let (P) and (P*) the
two foliowing conjugate problems :
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A SIMPLIFIED PERFECT-PLASTIC PROBLEM 67

and

(P*) = Sup {-F*(A*p*)-G*(-p*)}.
p * € Y*

then

THEOREM 2.2 :

Inf ( P ) (5)

Furthermore, if there exists uö e V swcft f&a? F(uQ) < + oos and if G is
continuous at the point A(u0), then

Inf(P) = Sup(P*) .

Hère we take V- Whl( ]0, 1[ ), F=L 1 ( ]O Î 1[ ) , y* =L°°(]0, 1[) , and
the operator

A: V-> F

The functionals F and G are

r(M)= nu(t))dt
Jo

- 4 f(t)u(t)dt ifwe C
Jo

+ <*> elsewhere ,

where C = { M E WM( 0 ) = a and M( 1 ) = /?} is a convex subset of
W1' l( ]0, 1 [ ). F and G are convex. Using the Theorem of Krasnoselskii (see
[9]), we obtain

• J :G*(a)= V*(a(t))dt.

Hère,

F*(/1*Ö-) =
SM)

elsewhere .

Using Theorem 1.4.2 in [5], we get

-oo se Sup (P*x) ^ Inf (PA) < + oo.

vol 29» n° 1, 1995



68 T ASTRUC

Furthermore, havmg the existence of w0 e V, such that F( u0 ) < + <*>, and
G being continuous at u'o,

and Sup ( P^ ) has at least one solution •

2.2. An explicit expression of the limit load

Let A={l<= WKr\Sad(A) ^ 0} It follows immediately from the
définitions of K and Sad( A ) that A is a bounded convex set containmg 0 (but
we should notice that it is exactly the real line IR if ƒ = 0 ) , thus there exists
(A, A) e R+ such that yl = ]-A, A[ Here below, we give an explicit
expres s ion of A and A

PROPOSITION 2 3

Sup
(a x) e [0 l ] 2 Ja

/ C O *

Proof Let A e yl, and a e Sad(X) n ^
We have </+A/=0, thus V(a,jc)e [0, l ] 2

and o e K, thus

- l - c r ( f l ) ^ - A | f(t)dt ^ l-a(a)

\a(a)\ ^ 1 implies that

\X\ Sup
(a x) e [0 l f

f*f(t)dt 2 ,

Sup
) 6 [0 l f r /(O

(6)

(7)

(8)

(9)

(10)
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A SIMPLIFIED PERFECT-PLASTIC PROBLEM 69

Now, we show the reverse assertion ; if we dénote by G the antiderivative
of ƒ which takes value 0 at zero,

G: [0 ,1 ]

f
Jo

x^ f(t)dt.

We can deflne

[0,l] /Vye [ a i ] ,

[0,1],

G being continuous, Heine's theorem ensures us that neither Bm nor BM is void.

Now, let X e M be such that

Sup
(a,x) e [0, l ]2 f

*f a

f(t)dt

— Taking X > 0, a e 5M , and x in [0, 1], we get

thus V;te [0, 1] ,

Let

vol. 29, n° 1, 1995
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f(t)dt* f(t)dt
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\ f(t)dt^o
Ja

-2** Al f(t)dt ^ 0.
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i a
- l + A f(t)dt.

cre 5fld(A)



70 T. ASTRUC

— If À < 0, taking a in Bm, and us ing an analogous proces s, we obtain the
whole conclusion of Proposition 1.2. G

2.3. The extremality relation

From now on, we will dénote by d the subdifferential.

PROPOSITION 2.4 : Let u be a solution of Inf ( PÂ ) and a a solution of
Sup (P; ). Then the three following assertions (11), (12), (13) hold for almost
alite [0, 1],

+ W(u\t))- u\t) o(t) = 0 . (11)

a{t) E d P W O ) - (12)

(13)

Proof: Theorem 1.2 implies that Inf (P ; ) = Sup (P*k), from which we can
write

f ¥(u(t))dt-Â f f(t)u(t)dt = PcF(l)-aa(O)- \ ¥*(a{t)) dt.
Jo Jo Jo

Since er e 5 a /A), a\t) = - A/(f ) and V fe [0 , 1]

f (W(u\t))+ *F*(a(t)))dt+ f o\t) u(t) dt = fîcr(l) - OLG(Q) .
Jo Jo

Hence» integrating by parts,

f a\t)u(t)dt = ~ f a(t) u(t) dt + fia(l) - aa(O) .
Jo Jo

Therefore we obtain

[W(u(t))+ ¥*(a(t)) -a(t) u'(t)] dt = Q. (14)
Jo

Using the définition of *F*,

I e
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A SIMPLIFIED PERFECT-PLASTIC PROBLEM 71

We dérive that *F(u\t)) + Y*(a(t)) - u\t) a(t) has a constant sign for
almost ail t e ]0, 1[. Therefore, (14) implies that

for almost every te ]0, 1[.
The assertions (11), (12) and (13) are equivalent since W is convex, lower

semi continuous and proper (see [5]). D

2.4. Computation of ¥*

Remark 23 : W't being non decreasing, it admits a limit on the right of
at + 1 and a limit on the left of al% that we dénote respectively by

PROPOSITION 2.5 :

if \Y\

(F)) if Y

- \-¥(<?[-\Y)) if Y

jf y € ] ^ ( a f l ) , i [ .

Remark 2.4 : W* being continuous since it is convex, Isc and proper, we
can deduce the value of ¥* at the points Y'Jiat) and iff/

g(al + x) from
Proposition (2.5).

Proof: The proof of this Proposition is technical and may be found in [1].D

3. A SUFFICIENT CONDITION ON X TO HAVE A SOLUTION W IN W 1 * ( ] 0 , 1 [ )

In this section, we assume that 1 belongs to ] — A, A[.

3.1. A change of variable for the stress function

Let l e A, a G Sad(X) n K and a G Bm. We can write :

a(x)=X-X f(t)dt
ia

vol 29, n° 1, 1995



72 T ASTRUC

where X equals a(a) Therefore if b belongs to BM, we get for all x in
[0,1]

f f(t)dtü f
va v

f(t)dt, (15)

and we must consider two different cases
— If À ^ 0, VJCG [0, 1]

-f-
va

X^ a(x) =£ X-Â | f(t)dt, (16)

— If À > 0

A
extrema

We shall dénote by ax(X,t) the function aÀ(X, t) = X- À I f(v)dv

X-X\ f(t)dt^a(x)^X, (17)
y a

and then er achieves lts ex trema in a and b

We now define the functional

GA(X) = - f VH^iX, t))dt+ <TX(X, l)fi- aÀ(X, 0) a ,
Jo

and we remark that looking for Sup(P;) is equivalent to maximizing
GÀ(X) We wül then use the point X G [ -1 ,1] as a new variable

The définition sets of Gx dépends on the sign of X

0 , D G = ] - l + A | f(s)ds,l[
J a

j
J

f(s)ds[

since ax G K
Let us suppose that À > 0 (if A < 0, the proofs and the results are

anaiogous)
Gx is continuous on DG, and a e differentiable

PROPOSITION 3 1 GÂ is right and left dijferentiable on DG and Vx e DG

G\ d ( X ) = p - a - f ¥*d(ax(X, t ) ) dt (18)
Jo

G', ( * ) = / ? - < * - f !P;(aA(X, r)) A (19)
Jo
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A SIMPLIFIED PERFECT-PLASTIC PROBLEM 73

Proof: This resuit is a conséquence of Lebesgue's dominated convergence
Theorem. Let us introducé Xo e DG and ƒ, a neighbourhood of Xo such that
/ c DG. Let (/in)n e w be a séquence of non négative reals, such that :

lim hn = <

Let (p (X , t) = — [ ÎP*(cr (X +

Since *F* o o x is convex, it is right and left differentiable on / and for every
tin [ 0 ,1 ] ,

^ W * o > O ) S < ( ^ ( X 0 , f ) ) ^ ^ (X o , f) (20)

^n(X0, t) ^ <F*g(ax(XQ + ^n, O ) ^ ÎP;;(^(XO + hn, O ) (21)

From (17), we have Vf e [0, 1 ] , VX e ƒ :

- f
Ja

Since *f* is convex, its derivatives are non decreasing, and for all X G /
Inf { W*} ^ 5P* ( cr̂ ( X, t ) ) ^ Sup {*F*'} (22)

X-À j /(s)ds ^ CT/X, f)

Inf { ÏP;} ^ ^ ' ( ^ ( X , f ) ) < Sup {!P;} . (23)

From these, we obtain a uniform bound on (pn(X0, t)

\(pn(X0, t ) \ =S A . (24)

The hypothesis of Lebesgue's dominated convergence Theorem being verified,
we get

lim [l <pn(X0,t)dt=[l ( lim q>n(X0,t))dt.

B u t l i m ^ n ( X 0 , t ) = W^{ax{X0, t ) ) a n d

f <pn(XQ,t)dt~±-[GÀ(X0 +hn)-GA(Xö)l.
J 0 nn

Since ( /in )n e ^ is arbitrary, Gx is right differentiable, and for all Xo G DG,

f1 *-G'Xd(Xö)=p-a- \ *Fd(ax(X0, t)) dt. (25)
Jo

vol. 29, n° 1, 1995



74 T ASTRUC

We obtain the same result for the left derivative, taking (hn)n e N a. séquence
of négative reals, and obtain that Gx is left differentiable and

f1 *
••P-a-\ W (ox(X0,t))dt. (26)

Jo
D

3.2. A key result

PROPOSITION 3.2 : Let 1 ^ 0 , if

•I'
lim G\ JX) ^ 0 and lim G\ XX) ^ 0, (27)

^ l X-> (- 1 + A /(S)^)+

then Inf ( PÀ ) /ia5 ar Zea r̂ one solution.
We need the following Lemma for the proof of this Proposition :

LEMMA 3.3 : Let ƒ be a continuons function on [a, b], right and left
differentiable on ]#, b[, such that

fd and fQ are non decreasing

lim /^(x)<0
x -> a+

lim fg(x)>0.

Then there exists x0 in ]ÖE, b[ such that

A proof of this lemma can be found in [1], and is based upon a generalized
form of the fundamental calculus Theorem.

Proof (of Proposition 2.2) :
The supremum of GÀ, under the assumptions above, can be achieved on

DG or on its boundary.
1.

lim G'?g(X)<0 and limt G'Ad(X)>0.
X ~* * x ( i
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A SMPLIFIED PERFECT-PLASTTC PROBLEM 75

Using lemma 2.3, we know that there exists Xo in DG such that

Since Xo is in DG> \aA(X0, • ) | never takes the value 1 and then
W*(aA(Xö, - ) ) is well defined.

Let (c,d) e M2 be such that

and define

v : [0, 1]

Remark 3,1 : In f act, the previous définition means that
v(t) e d¥*(aA(X0, t))9 for alrnost every t in [0, 1] .

Let now u be the antiderivative of v which equals a at 0.

« : [0, 1] - » R

Jo

Jo

= a + ƒ?— a

Since v(t) e d^^a^X^ t))fu and aA verify the extremality relation. Thus,
M and aA are solutions of Inf (Px) and Sup (P*x).

2.

lim G ^ ( X ) = 0 or liin

i
vol. 29, n° 1, 1995
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Then, G, has lts supremum at 1 or at ( - 1 + A f (s) ds) Let us assume

that h m G'x g(X) = 0 , since G'x g and G^ f / a re decreasing,

hm G' ;f l(X) = O=> hmm
1 I /<s)*)+

As a first step, we shall prove that

hm [ W*g(ox(X^t))dt=[ hm <F;Ox(X,0)^ (28)
x -» i

Since we assume hm G\ AX) = 0, we have

fi - a = hm
x -» î

which ïmplies that the left hand side of (28) is fînite

Let (Xn)n e N be an arbitrary mcreasing séquence of [0, 1] such that

(Tx(X091) > - 1 , and hm Xn = 1
n -4 + »

Then, by Fatou's Lemma

I'
Jo

f hm
J o x ^ +

Furthermore, *Fg(a;( , t) ) is non decreasing and continuous with respect to
X m a neighbourhood of 1 We have then for (n, t) e N x ]0, 1 [

^ K C ^ ' O M hm <P*g(cJk{Xn,t))

We now apply Lebesgue's theorem, to obtain

hm [ V ; ( a A ( X n , 0 ) ^ = f hm *P*g(crx(Xn,t)) dt
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A SIMPUFIED PERFECT-PLASTIC PROBLEM 77

Since Xn is ïncreasmg, for every Xo < X < 1, there exists n0 e M such that
Xn{) _ j ^ X ^ XnQ, and by the non decreasing behaviour of ï7*, we get

^ hm ^(^(^,0)
n —> + oo

Lebesgue's Theorem ensures that

hm f' ÎP^(^(X,O)*= f ta ^'(a A (X,0)^. (29)
x -» i Jo Jo x -> r

We now construct a solution of Inf (Px)>

Let i? : [O, 1] •-> R

r ^ hm V*g(ox(X,t)).
x ~> r

From above, we know that i; G Ll(]0, 1 [ )

Let w: [O, 1] ^ IR

f'
? —» u(s

Jo

We can see that u e L°°( [O, 1] ) and
hm S^Ok

+ a .

= a + hm F >P*g((Tx(Xn9t))dt
n -> +oo JO

= a + / ? - a

And, almost everywhere,

hm
x -y i

vol 29, n° 1, 1995
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since ï^is continuous on the left of every point of discontinuity of *F*9 and
since *Fg o ax is non decreasing in X.

Hence, v( t) e dW*(ax( 1, t) ) a.e . Thus u and ax are respectively solutions
of(PA) and (/>*). D

Now, if A < 0, we have a similar result :
PROPOSITION 3.4 : If X < 0 and if

hm G i

then Inf ( P i ) has at least one solution.

3.3. Example

We ïllustrate the previous result by treating a famous example, which
appears in the calculus of variations :

Let W ' R -^ R

Let ƒ * [0 1 ]

It is not difïicult to see that

We assume that A = 2, ƒ? = a.
The computation of ^* gives

W** [- 1, 1]

K6 W"(]0
w(0) = a

(30)
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Sup(Pi)= Sup \f\-o\t)dt+a{a(\)H"
Hère a2(t)=X-2 f(s)ds

Jo

- a ( O ) ) J .
79

(31)

i.e. aJt) =
X if /e

G /
2

= Y Vl -X2 A + f Vl - ( X + 1 - 2 O 2 -

+ a(a2(l)-ff2(0))

x - X V X+\-2t dî

iWl-(X+l-2ï)2

lim
x -» r

lim
-^ o+

The assumptions of Proposition (2.2) are verified. The computation of Xo,
Xo being such that G'2(XQ) = 0 gives us a solution of I n f ( P A ) . In this
example, this computation requires the resolution of a sixth order équation.

In fact, W* being Cl( ] - 1, 1[ ), u is unique, and we have

u(t) = a

ï e 1.2'

3.4. The necessity viewpoint for condition (27)

PROPOSITION 3.5 : Let us suppose that X > 0.

vol. 29, n° 1, 1995



80 T. ASTRUC

1. If lim G'Ag(X) > 0 and

( a ) meas(Bm)=0

Inf ( Px ) possesses at least one solution if and only if

f Inf(a!P*(ffA(l,O))dr«£-a (32)

f
J

f. (33)
Jo

(b)

Inf ( PA ) possesses at least one solution if and only if Wn is linear.

2, If limé
 Glg(X^ < 0 and

( - 1 + A

( a ) meas ( B^ ) = 0

Inf (P^) pos^e^es a? least one solution if and only if:

r r
Inf(d*F*(ax(-l+A\ f(s) ds, r ) ) ) ât ^ fi - a (34)

P - a ^ f S u p ( ö ï / * ( a a ( - 1 + A f f ( s ) d s , t ) ) ) d t . (35)
Jo Ja

( b )

Inf ( ̂  ) possesses at least one solution if and only if *FQ is linear.

Proof : We give the details for case (1), the proof of case (2) may be done
in a similar way. Let us suppose that lim G\ g{X) > 0 and
meas (Bm) ^ 0. We will dénote lim G'x g(X) by e. Two cases may occur :

— Either Wn is strictly convex.

Thus ô ï 7 * ( l ) = { +oo}. The extremality relation implies that if M is a
solution, u\t) belongs to èl¥*(ox( 1, 0 ) , f° r almost every f in [0, 1],

r
We would have u'(t) dt ~ + °°, from which we dérive a contradiction,

Jo
— Either Wn is linear, hence d*F*( 1 ) = [an, + <»].
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Let us dénote by (Xl)l ^ t ^ k the increasing séquence of the points of
discontinuity of Ö7*, and define the following sets and reals

T= \J r,
i ^ A.

A( = meas ( Tt

Let us point out that we will need the following equality

lim *F*(ax(X7t))=- ¥^(aÀ(l,t))
x -> r

for every t & Bm, proved in section 2.2. At this stage, we are once more led
to distinguish two cases (i and ii).

0 If E
t = 1

Let (d be in [0, 1] such that /u = -

Vf e [O, 1]\7\B„

and

M: [0, 1] - > R

fr

It is easy to check that u is a solution of Inf (PÀ) :

u'e dF*(<7A(l,0), Vre [0,1]

« e W l l !(]0, 1[)

u(0) = a
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and

But

J[0, l]\7\öm

Therefore

T ASTRUC

- b' 4 *7 + f < O / L O)
J[0, l]\7\Bm

- lim f &g(<Tx(X,t))dt

Jfc

1=1

if

k

Let JU be such that \i - e - ^ Xt{ b* — b~ ), and ( v, u ) be defined as

u: [O, 1]

Vr efl„.

R

r
M is a solution of Inf (P i ) , since

[0,1]

M2 AN Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numencal Analysis



A SIMPLIFIED PERFECT-PLASTIC PROBLEM 83

and

k k

1=1 1=1

Let us assume that we are in case La), Le. that lim G7 n(X) = £> 0 and
x -» r A-9

 #,
meas (Bm) = 0. On the complementary set of T, Wg(ox( 1,0) =

W*Xo}( 1, ?) ), and then

f
J[0, [0,

2
t = 1

If u is a solution for Inf (P^), u and er verify the extremality relation, and

Vr e [0, 1 ]\7\Bm, u\t) = T;'(a/ 1, t))

i = i Jr f = i

Then, by adding the two inequalities,

r1

u(t)dt

These last inequalities provide a necessary condition for Inf ( PÀ ) to have a
regular solution. In f act, this condition is also sufficient. Indeed, let
fi e ]0, 1[ such that

and Ü G L j( ]0, 1 [ ) defined by
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|>;'(a,aO) V? e [0,l]\7\Bm

Let then w be defined by

u(t) = a+ \ v(s)ds V f e [ O , 1 ] . (38)
Jo

u e W M ( ] 0 , l [ ) , « ( O ) = a, and

u(l) = a+ f ü(j)ds+ 2 f
J [o, i]\nö„, ( = i JT,

2
l = 1

=0-

Once more, u is a solution of Inf

One can remark that

Vr

hence

f Inf {dW*{ a?{ l,t))}dt<P-a-e
J[o.i]

Sup {ô^(aA( 1, O)} dt ̂  fi- a - e +
c° 1]

k
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Then, condition (37) is equivalent to :

f lnf{d^*(ejÀ(l,t))}dt^fi-a^ | Sup {dY*(aÀ( 1, t))} dt.
J[0, 1] J[0 1]

D

4. THE CONVEX SET OF REGULARITY AND THE REGULAR LIMIT LOADS

4.1. A = 0 .

We want to prove here that there always exists a solution for (P o ) .

PROPOSITION 4.1 : Inf (Po) has at least one regular solution.

Proof:

•)
Inf(P0) = Inf \ *F(u(O)dt\ (40)

«e W"(]O,i[) ^
«(0) = a
« ( 1 ) = fi

Sup(P*) = Sup {(p-a)X- <F*(X)}. (41)
Xe [- 1,1]

The extremality relation is here

!F*(X)- W{u(t))-Xu\t)=0 (42)

or equivalently

u\t) e d<F*(X) (43)

We must distinguish two cases :

1. If hm Wd\ Y) ̂  p-a and hm ¥**( Y) ^ f$ - a ,
y -> ( - i ) + y -» ï

then we can construct a regular solution of Inf ( PQ ) as we did in Proposi-
tion (2.2).

2. If hm «F*(y)<j8-a or hmy-*(-i)+ i F * ( F ) > j 5 - a .
y -» r

Assume that we are in the first case, then G'o 0and G'ö d are non négative, and
Go takes lts supremum at 1.

Since G is constant, the extremality relation becomes

) . (44)
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We must consider separately the situations (a) and (b) below
(a) Wn is stnctly convex. Then

on ]V'n(an),i{

and hm ï /
g ( F ) = + oo which is m contradiction with the assumption

above.
(b) W'n is constant, we must distinguish two cases .

i. hm
X - » a~

Then ¥*(¥) = anY-Wn{an) on Wn^(an)A[

and hm W^Y)^an with ÎP*( 1 ) - an - Wn(an).
y-> r

ii. hm

ï3^ „ j is stnctly convex.
Then

on

hm ÎP^(y) = flB with

hm y ( y ) < £ - a « " (45)
_• r [ *Pn is constant.

We finally get

In this case, [an, + oo] c a*P*( 1 ), thus ^ - a
We can take « linear with value a and ƒ? at 0 and 1 respectively. Then

w G Wl l( ]0, 1[ ), and M is a solution for (F o )
In the other case, ï.e. hm WA (Y) > B — a, one can venfy that

Y -> ( - i ) +

a t > P — a, and !FQ IS constant. D

4.2. The convex set of Regularity

Let

A+
c = {A e ]0, ! [ / Gx vérifies conditions ( 27 )} \j {O}

yl+ = {X G ] » A, 0[/ GA venues conditions ( 27 )} u {0},

PROPOSITION 4.2 : There exists ( I r , Ar) e (R + ) 2 such that

1 VA e Ar=~\ — A,Ar[, InfCP^) possesses at least a solution,
2. {A e ] — A, A[\yl, Inf (Px) possesses a solution } «5 a? most countable.
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For the proof of this Proposition, we will need the following Lemma :

LEMMA 4.3 :

A+
c is an interval ofU .

Remark 4.1 : Inf (PQ) possesses at least a solution ; as a conséquence, we
may assume that 0 is in A* .

Proof (of Lemma 4.3) :
Let X > 0, X e A' , and Xx e ]0, X[.

1. Then Xx f(s)ds<X f(s)ds and then
i a Ja

<7Ai(X, t) > ax(X, t) VX e DG, Vt e [0, 1] .

Since W* is convex, we get

f ¥*g(aXi(X,t))dt> f <F*g(ax(X,t))dt andthen G\x (X) < G'x g(X)

VX e Dr ; hence

Finally

lim G\x§(X)< lim
x -^ r z -̂ - r

lim G'Xi€(X) ^ 0 .
: -» r

2. Here we have

lim G\ XX) = lim

/(.y)j5<A f(s)ds andthen

/(j)dy,/)<(7A(X + A f(s)ds,t)

Ja
for all X in D c , for every r in [0, 1],

f fis) ds)
'a

lim.

x - > ( - 1 + A,
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Fmally

hm G'?d(X)>0

x -> ( - i + A » I f(s)ds) +

One can see, usmg Proposition 2 2, that Inf (P^ ) possesses at least a solution
Aj is m A\ Moreover, smee A* is bounded in R, it possesses an upper bound,
that we will dénote by Xc

Fmally,

D

Remark 4 2 Xc may or may not belong to A*

Proof (of Proposition 4 2) Let us take X in [0, X[, and let us assume that
X £ A+

c , i e

lim G^ff(X)>0 or l lmf Gx d(x) < °
1 + A f(Odt)*

Tu fix the ideas, wc assume that hm G} JX) > ö We nius>t distinguish
x-* i 9

two cases

1 First, let us assume that meas ( Bm ) ^ 0, and

(a) * r̂t is stnctly convex

\/X > Xc, Inf (PA) has no solution (cf Proposition 2 5, case 1 b)

Ar =AC

(b) Wn is lmear

VI > Ac, Inf ( Px ) possesses at least a solution,

A\ = [0, ! [

2 Let us suppose now that meas ( Bm ) = Ö

Proposition 2 5 tells us that meas ( T) ^ 0
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W e def ine TXl as TÀi = {te [ 0 , l]/aÀ( 1, t) = Xt}.

Let us point out that

Let A= Inf {Xi+X-X} and let S > 0 be such that
1 e f̂ I - i

^ • (46)

f
v a

4 fis) ds
v a

Let Xo e [Ac, A], (2, /!/) e [/l0 — J, Ao + <î] and let ( /, j) G ( ^ ) ,
0 < / ^ j < k. We argue by contradiction, and assume that

j-X^l-rl f(s)ds-l+À \ f(s)ds
va J a

= (A-A') \' f(s)ds.

Since j & i, À 2* X\ and 1 - À' ^ 2 <5,

Ja

from which we dérive a contradiction.
Hence

VAne [A, A],

0 < 2 ̂  J < Jfe ,

7\f n Tx,tj = 0. (47)
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Let then ( ^ / ) 1 ^ i ^ i v ^ e a n o n decreasmg séquence in [Ac, A], such that

We have then [Ic, I ] = / U ty - &> ^ + <*[
Let yl; = { l € [Ay - ô, Ij +JSX/Inf (Px) possesses at least a solution}, and

let

T,= U rA-
1 A
U

1 e

Ts is a subset of [0, 1], hence meas (Ts) ^ 1. VA e Af meas (Tx) & 0.
Let Lp be {l e ^ / r ^ y *2 meas (TA) < j } .
Lp is finite, smce otnerwise meas (Ts) ^ meas ( K^J Tx) ^ + «>.

Let L0 = { l e >17, meas ( TA ) ^ 1} ;

TS= I J

Ihen yl is a countable union of at most countable sets, i.e A IS at most
countable. __

{X e [0, X]\A} IS at most countable. Indeed, this set is the union of
the Aj.

The other case» i.e. lim& G^ d(X) < 0 is dealt with m the

X -^ ( - I + A f(t)dt)+

same fashion, usmg meas (BM) mstead of meas (Bm)
One can deal with the négative X^ m the same fashion O

4.3. Some famous exemples

In this subsection, we present three examples :
1 the rigid-plastic model,
2. a strictly convex fonction,
3 the elasto-plastic model.

4 3 1. The rigid-plastic model
For the ngid-plastic model, the functional W is

¥(X) = \X\ . (48)
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The computation of ï7* gives

^ f + ~ if | y | > i

0 elsewhere.

91

(49)

Then

if \X\

) = [0, +oo]

ô ! P * ( - l ) = [ - o o , 0 ] >

and

^ ( y > = + ° ° i f Y = l

[ 0 elsewhere

ƒ - oo if y = i
9 y 0 elsewhere.

One can then compute the left and right derivative of Gx. If A is non négative,

a) meas (£ m ) ^ 0

| ^ - a i f - f
va

a') meas(Bm) =

- oo elsewhere .

f - a if - 1 + A

oo elsewhere.
f
Ja

b) meas

\P-CL if - 1 + A | f(s)ds<X ^

oo elsewhere.
/ :

b') meas (BM) =

r' - a if - 1 +A | f(s)ds ^ X

oo elsewhere.
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The existence of regular solutions dépends then on ƒ? - a. In fact, Propo-
sitions 2.2 and 2.4 do not provide any solution if /? ^ a.

— If f}= a, u = p is solution of Inf (ƒ>,), for all À in [0, I [ .
— If /? ^ a, the assumption of Proposition 2.2 are never satisfied. The only

possible solutions are provided by Proposition 2.5.

(a) fi > et
Then hm G\ a > 0,

i. meas (Sm) ^ 0

ii. meas ( Z?m ) = 0

(b) p < a
Then hm G \ . > O ,

/U)^)+
X - » ( - 1 + X

ï meas (BM) =£ O

11. meas ( BM ) = O

The négative part of A can be treated m the same fashion.

4.3.2, A stnctly convex function
Let us consider once more the foliowing example, given in Section 2.3

«F(X) = V l +*2 • (50)
The computation of !P* gives

if | y | > i

Then

v
if

= {+oo}
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Four cases could happen :

1. meas (Bm) ^ 0 and meas (BM) ^ 0.
In this case, we have

lim G'Àg(X)=-oo<0
x -> r

lim.

x -> ( - î + x f{t)dtT

Proposition 2.2 tells then that in inf (Px) possesses at least a regular solution
for ail X in [ 0 , I [ . Finally

2. meas (Bm) = 0 and meas (£ M ) ^ 0.
In this case, we have

lim

x -> ( - î + x KOdt)+

Let us call A = f(t)dt.

From X - AA =1 cr/X, T) ^ X, one can find

X- XA (51)

At last,

(52)

The right hand side of these inequalities is a continuous function w.r.t. X, and
its limits when X goes to 0+ is — oo. Then, for X small enough, this expression
is négative. In fact, the bound is

1 - • — a
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Let now Â be greater than Xt Then,

hm G'kg > O .
x -» r

But ï7*1 is differentiable on ] - 1, 1[, and meas (Bm) = 0 Hence,

f Inf ( a ^ ( o - i ( l J r ) ) ) ^ ^ ^ - a = f Sup ( d ^ C ^ C 1, t))) dt
Jo Jo

In any case, Proposition 2 5 does not pro vide any solution to I n f ^ )
y^+ _ |-Q J r

3. The two other cases, and the case À < 0 can be treated m the same way

Remark 4.3 • The solutions are ail provided by Proposition 2 2

4 3 3 The elasto-plastic model
The functional W for the elasto-plastic case is given by

1*1 «i
- i either

The computation of F̂*1" gives

Then

fI|F|2 if |F

I + oo either

= {X) if

= [1, +oo]

( 5 4 )

and

{+oo if F= 1

Y else,

f-oo if F = - 1

[ Y else ,
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lim G')g(X)=p-a- 1 + A l f(s) ds dt,
^ 1 JO Ja

l l T ï l

X -> ( 1 + X

G ^ / X ) = / ? - « + 1 - A [
f J a

H'
o Ja

f(s)dsdt

1 If | / ? - a\ > 1, the denvatives of GÀ do not take the value 0, and the
existence of solutions is a conséquence of Proposition (2 5), cases 1 b and 2 b,
since *P0 and *P2 are hnear , ît gives the same resuit as the rigid plastic case

2 If \fi-a\ ^ 1, being small enough, the two denvatives can have
opposite sign Let A > 0,

f1 P
I I ƒ ( s ) ds dt

( a ) if ^ - a ^ l - 2 ^ - ^ , let \ = I

(b) elselet I . = ,} " ( / ?~

fi'
JO Ja

In the second case, the hmits of the denvatives have opposite signs if and only
if À is smaller than Ap and then (Px) could have a solution One can deal with
the second limit m a same way

| [ f(s)dsdt
I f P - O L ^ - 1 + 2 ^ 4 , then À2 = À ,

f(s)ds
J a

else I 2 = fllf f
Jo Jr

Let A, = min {A,, A2}
One can define kt in a same way, À being négative Then

1 If meas (Bm) = 0 and meas (£M) = 0 then Ar= ] - Â , I ;[
2 If meas(fim) =0 and meas (BM) = 0 then /( r= ] - I , Â , [
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3. If meas ( fim) =^0 and meas (BM) = 0 then Ar = ] - kg Â[.
4. If meas ( £ m ) ^ 0 and meas (BM) ^ 0 then Ar = ] - A, A[.

Remark 4.4 : The elasto-plastic bar is a mix of the two previous cases.
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