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MATHEMATlCALMOOELUNGANONUMERICAlANALYSES
MODÉLISATION MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(Vol 22, n° 2, 1988, p 187 à 216)

ASYMPTOTIC ANALYSIS OF TWO ELLIPTIC EQUATIONS
WITH OSCILLATING TER MS (*)

by Alain BRILLARD (X)

Commumcated by SANCHEZ-PALENCIA

Abstract — /« a bounded, smooth open subset Cl of RN, is disposed an e-periodic distribution
) Tu of identical inclusions (fig 1) Then, the asymptotic behaviour of the solution

uz of each of the two problems

- Awc Tzt
 Uz = f

buc

is studied, through epi-convergence methods
In this way, we simultaneously dérive the asymptotic analysis of Neumann and Dinchlet

boundary problems in open sets with holes Cntical ratios combining the size rz of the inclusions
and the sue of the highly oscillating parameters hE and bE are exhibited

Résumé — Soit Cl un ouvert borné et régulier de RN, contenant une répartition s-pénodique
M Ta d'inclusions identiques (fig 1) Nous étudions, a l'aide des techniques d'épi-convergence,

(*) Received in February 1986, revised in November 1986
(*) F S T , 4, rue des Frères-Lumière, 68093 Mulhouse Cedex, France
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188 A. BRILLARD

le comportement asymptotique, lorsque e tend vers 0, des solutions uz pour chacun des deux
problèmes :

A U e + h z X\\ Tti
 M e = ƒ dam ^ >

- AwE = ƒ

du,
— - + bP up = O

dans

(ME)

foù hz et bz sont des réels positifs).
Nous obtenons ainsi une approche unifiée des problèmes de Dirichlet et de Neumann dans

« des ouverts à trous ». Nous montrons l'existence de rapports critiques liant la taille
rz des inclusions et l'amplitude hz ou bz des coefficients (termes fortement oscillants).

I. INTRODUCTION

A. Two problems in an open set with holes

Let O b e a bounded smooth open subset of RN (N ^ 2 ) and I b e a
smooth open subset of the unit bail 5(1) of RN. Suppose that CL is covered

). At the center
( )

by a regular e-mesh [^J Yzi (/(s) is equivalent to

xzi of each e-cell Yei9 a re-homothetic Tzi of T (re < s/2) is disposed,
according to figure 1 below :

Figure 1.
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Let us first recall the situation of the « crushed ice problem » [19], which will
appear, indeed, as a particular case of the model problems (Ht) and
(Me). Let ƒ be any fixed element of L2(il) and ME the solution of the

Modélisation mathématique et Analyse numérique
Mathematical Modelling and Numerical Analysis



ELLIPTIC EQUATIONS WITH OSCILLATING TERMS

Laplace équation in fie = ( ï \ M Tei, with Dirichlet boundary conditions

189

on

- AuE = f in ftz ,

u£ = o on ane u ({J dTel \ .

The problem is to détermine the behaviour of the solution uz of
(De), when the parameter e goes to 0. Clearly, the limit of the séquence
(we)e dépends on the size re of the inclusions.

When lim—= 0, the following result has been proved via different
E

methods in [2], [9], [18], [19] :

THEO REM 1.1 : The séquence (Peue)E of canonical extensions of
ue, taking the value 0 on the inclusions, converges in the weak topology of

to the solution u0 of:

(1)
- Au0 + CD u0 = f in
u0 = 0 on

where C D is the constant given by

(2) CD = lim — Min |grad w\2 dx
ZN w = 0ondTE JB(E/2)\T£

Ion dB (e/2)

Of course, CD dépends on the size re of the inclusions and, for example, if
N is greater or equal to 3, the change of variables x = re y in (2) shows the
existence of a critical size rl = e N / / ^" 2 ) such that :

1) if lim — = 0, then u0 is the solution of :

- AM0 = ƒ in ft ,
u0 = 0 on 9(1,

(the inclusions are too small to freeze fl),

2) if lim — belongs to 1R+ *, then u0 is the solution of (1), which contains a

« strange term » CDu0 [9],

vol 22, ne 2, 1988



190 A. BRILLARD

3) if lim — = + oo? then u0 is equal to 0. The inclusions are too large and
e ri

fl is frozen.

In [4], [20], a particular case of the third above situation is studied, by
means of asymptotic expansions, that is the case : rz = ke (0 < k < 1/2) :

T H E O R E M 1.2 : Suppose rE = ks (0 <c k < 1/2 ), then the séquence

( — P£ue\ converges in the weak topology of L2(fl) to the function

Ui equal to

(3) «i = Z ƒ ,

where Z is the mean value \Z = Z(y ) dy j o f the solution Z of:

(4) Min i - i \ grad z(y)\2dx- | z ( y ) dy >.
Ynodic [ ^ J y\kT J Y\kT J

o«9(Jtr)

Let us now present the two model équations which will be considered
here :

1) Highly oscillating potentials

uE is the solution of :

— AuE 4 atuz = f in Pi ,
uE = 0 on all ,

where ae takes the values L on l ) TFi l hF -> + oo ) and 0 elsewhere.( he -* + oo j

2) Mixed problem

uz is the solution of :

(Me)

- Awe - ƒ in n e ,

•T-" + bt u£ = 0 on l I are; (n is the outer normal to dTei, bt e R+ ) ,

MP = o on a n .

Clearly, when hE or be are equal to + oo, (HE) and (Me) coïncide with
(De). When be is equal to 0, (ME) is Laplace's problem in £le with Neumann

M2 AN Modélisation mathématique et Analyse numérique
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ELLIPTIC EQUATIONS WITH OSCILLATING TERMS 191

boundary conditions on the boundary of the inclusions and Dirichlet
boundary conditions on the fixed boundary 3H.

The asymptotic analysis of these two problems will be based on epi-
convergence methods. Let us recall the main properties of this variational
convergence well-fitted to the asymptotic analysis of minimization problems.

B. Epi-convergence [2], [13]

Let (X,T) be a metrizable vector space and (Fe)e be a séquence of
functionals defined on X. Then (Fe)E epiT-converges to a functional F if :

(5) Vjte^ (\uneF
e\(x)= (ümeF

e\(x) = F(x),
\ E I \ Z I

where

(limeF
e) (x) = MinljmFe(xt) , (ïïmeF

£) (x) = Min ïim Fe(xE) ,

or, equivalently if :

T

(6) V x e Z , 3x°-> x lïïn F\xQ
t)^F(x) ,

E £-.0

(7) V X G J , VX E ^JC \jmF*(xz)^F(x).
e e - » 0

The main resuit about this convergence is :

THEO REM 1.3 : Suppose that (F£)e epi ̂ -converges to F and that

xz is an oz-minimizer of Fe(os -• 0 ) that is :

\ e-O /

xeX

Then every r-converging subsequence (xe<)e> converges to a minimizer x of F
and moreover F(x) = lim-Fe'(^e

f)-
e'

Notice that for any problem, the topology T is choosen so that the
séquence (xe)e of minimizers of F£ is T-relatively compact.

Epi-convergence is related to the G-convergence of the linked operators
in the sense of [21], [15] (see [2]). Consequently, the use of epi-convergence
methods gives simultaneously, the limit problem, the convergence of total

vol. 22, n° 2, 1988



192 A. BRILLARD

energy (see theorem 1.3) and the convergence of some mathematical
objects linked to the problems such as eigenvalues of the operators [5] or
solutions of the évolution problems [6].

The following resuit deals with the stability of epi-convergence under
T-continuous perturbations.

PROPOSITION 1.4 : If {Fz)z epi ̂ -converges to F, for every ̂ -continuons
function G, (Fe + G)£ epi ̂ -converges to F + G,

For the asymptotic analysis of (He), a direct method, consisting in the
vérification of (6) and (7) will be used, while for the study of (Me), a
compacity method, using the results of [3], will be presented.

C. Notations

L2(O), H1^), HQ(Q) dénote the classical function spaces.
Co°(fi) dénotes the space of functions which have partial derivatives of

any order and with a compact support in H,
0i is the famih' of the Borel subsets of Vl
& is the family of the open Borel subsets of O,
IA is the indicator function of the set A

0 if x belongs to A ,
+ oo elsewhere ,

XA is the characteristic function of the set A

/ \ = I 1 if x belongs to A ,
XAK } 10 elsewhere,

8F is the subdifferential operator of the convex function F defined on a
locally convex topological vector space V with dual V * :

Finally, let me express my thanks to H. Attouch and F. Murât for
stimulating and very helpful discussions concerning the asymptotic analysis
of (H£). The asymptotic analysis of (Me) was first considered in the Thesis
VI

II. ASYMPTOTIC ANALYSIS OF THE HIGHLY OSCILLATING POTENTIAL PROBLEM

Throughout this paragraph, ut dénotes the solution of (He).

M2 AN Modélisation mathématique et Analyse numérique
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ELLIPTIC EQUATIONS WITH OSCILLATING TERMS 193

LEMMA 2.1 : a) ue is the solution of the minimization problem :

)= Min

where Ffj is the functional defined on Hl(£l) by :

(8) *£(«) = * \ |gradw|2^ + i f azu
2dx- f fudx.

z J n z J f t Ja
b) The séquence (uE)e is bounded in HQ(£1).

Proof of Lemma 2.1 : a) Is an immédiate conséquence of (He).
b) Notice that F£(ue) ^ F H ( 0 ) = 0. Then, use Poincaré's inequality [1]

and the positivity of ae.

Our main resuit concerning the asymptotic analysis of (He) is :

THEOREM 2.2: a) The séquence (F#)e epiw _ H^ayconverges to the
functional FH given by

(9) FH(u) = \ f \gxzdu\2dx + \cH \ u2dx~ f fudx,
z Ja z Ja Ja

where CH is the positive constant given by

(10) ^ Min (Igrad
'- w = 1 on 3S(e/2) J B ( E / 2 )

b) Consequently (see theorem 13) we have :
bl) the séquence (we)e of solutions of (HE) converges in the weak topology

of HQ(D.) to the solution u0 of:

auo + CHuö = f in H

( | grad ut |
2 + ae ui) dx ) of total énergies con-

a /E

| g r a d M 0 | 2 ^ + C H | u$dx.
Ja Ja

verges to :

Before proving the theorem 2.2, let us give more precisely the value of
CH.

vol. 22, n' 2, 1988



194 A. BRILLARD

PROPOSITION 2.3 : The constant CH given by (10) has the following values
(N === 3) which depend on the limit of the critical ratios : r e /e J V / ( / v"2 ) and

N-2

.» k l

rN-2

— -> + 00
8 * £

CH-0

CH-0

CH-0

c„-o

CH - Min

f r

\kx |gradw|2 dx +

+ k2 ) (»v-l)2dx|
*- i j

CH - k2 meas (T)

CH k, CapR*(T)

= ki Min

w = 1 on 7

|grad w\2 dx
" " \ ̂

Cw — + oo

a/ Proposition 2.3 : Write x = r£ y in (10). Then,

(lObis) C H = lim Min x
e w = lon35(e/2)

\ e* Js(e/2re)
|grad w\2 dy +

Proof of Theorem 2.2 : Let we be the solution of the local minimization
problem occurring in (10) and dénote C(e) the quantity given by :

(11) C ( e ) = J ^ (|gradWe |2 + flEWe
2)^ =

Min

Ion 85(e/2)
B(e/2)

(|grad w \2 + ae w2) dx .

Then >ve may be extended e-periodically in a function still denoted by
wz equal to 1 in [^J YEl\B

l(e/2). Let us admit for a moment the following

properties of this function vve.

M2 AN Modélisation mathématique et Analyse numérique
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ELLIPTIC EQUATIONS WITH OSCILLATING TERMS 195

C (z\
PROPOSITION 2.4 : Suppose that lim — ^ < + oo, then :

a ) (WZ)E converges in the weak topology of Hl(£l) to the constant
function 1.

( dwe \

£ I converges in the strong topology of H~ (H ) to the
constant CH given by (10),
and let us verify the two assertions (6) and (7) which become in this case

w - /fo(ft)

(6) VpeT/tKa), 3v°e *vïmiF*H(vö
z)^FH(v),

E->0 e

(7) Vi> e Hè(n) , Vt;E *v Urn F*H(ve)^ FH(v) .

lst step : vérification of (6) when lim — ^ <: + oo.

First consider a smooth function v in Co°(fl) and let v°e be equal to
vwE where we is the solution of (11).

Proposition 2.4. a) implies that (v°E\ converges to v in w - HQ(ÇI).

(|grad w£\
2 + a£ wl) dx - fv

JB^B/I) Ja

From Proposition 2.4. a) and the regularity of v, one obtains

FH(P°E) = h \ Iê r a d v 12 dx + \ V v2(xEi) x
2 Ja 2 t

( | grad wG |2 + a£ w
2) djc - fvdx +

e/2) Ja

vol. 22, n° 2, 1988



196 A. BRILLARD

where o£ is a quantity which converges to 0 when e goes to 0. Then, write

| 2 / f r + ! V EN V2(X ï X

î r 2 9 \ r

i r . i r 9

/ 1 f 2 2 \

because P is smooth. The définition of CH(10) implies

«. genera*
There exists a séquence (vn)n of functions in Co°(H) which converges to v in
the strong topology of HQ(Q). By the previous argument, for each n :

hence

{FH is continuous for the strong topology of
From the diagonalization argument of CoroUary 1.16 [2], one dérives the

existence of a séquence (n(e))E growing to +oo, such that : (vn^we)e

converges to v in the weak topology of /fo(n), and

lrK(«)W8)^FH(t?). Thentake v°e = vn(e)we.

oo.2nd step : vérification of (7) when ï ï ï n — ^ < +

Let v be any element of HQ(Q.) and (vn)n a séquence of functions in
Co°(n) converging to v in the strong topology of HQ(Q). Then, for every
séquence (ue)e converging to v in the weak topology of HQ(O,), we write

Fïi(Ve) *> Fk(vn we) + (BF*H(vn w8), PE - vn wt)

M2 AN Modélisation mathématique et Analyse numérique
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ELLIPTIC EQUATIONS WITH OSCILLATING TERMS 197

where

(BFft(vn we), ve - vn we) = grad (vn we). grad (v, - vn we) dx +
Ja

Jn Ja

= grad u„ . grad (re - ün we) we dx
Jn

f
4- £ ( - Awe + az wB) vn(vE - vn wz) dx

i JB'(e/2)

f a
ê f

+ 1 -r-"üB(t?e-ünwfi)dae(x)+ f(ve-vnwe)dx
7 UB^/I) bv Ja

grad we. grad Ü„(I;6 - vn wE) dx .

Jn

From the définition of w£ and Proposition 2.4, one deduces

ïim F M O > ^w(ü«) + grad vn . grad (u - vn) dx +
e Ja

+ CH f »„(!?- O *f+ f f(V-VH)dx.
Ja Ja

Then let n go to + oo. The properties of (t>n)„ give the conclusion.

3rd step : when lim —̂ —- = + oo.
e e*

In this case (see Proposition 2.3), r£ is bigger than \r£ for every \ in
/?+ *. Then, for every u in HQ(CL) :

where F^)X corresponds to the case re = \rf. Then, for every u in
HJ(fi):

H Ü F K . ) - te.PK.). ^ l Y ^ Ï S T a ^ n T

The assertion (5) is verified with FH = I ^u = Omay •
Let us now prove the properties of the solution wz of the local problem,

exposed in Proposition 2.4.

vol. 22, n 2, 1988



198 A. BRILLARD

a) From the définition of wt (or its extension), one dérives

(12)

The séquence ( x i ) yEI\jS
l(e/2))e converges, in the weak topology of

L2(fl) to the strictly positive constant Vol (Y\B(1/2)) (see Lemma 4.1 of
[20]). As soon as (wE)E is bounded in H a ( n ) , and therefore strongly
convergent in L2(Q), the assertion a) is a conséquence of (12).

In order to prove that (wE)E is bounded in Hl(fï), we notice that (11)
implies

f
B(E/2)

where We is the solution of the Dirichlet problem :

= U in

(l'ó) < we = 1 on

[W£ = 0 on hB{rJ2).

W£ is easily computable in terms of radial functions (see [9] p. 114). From
the positivity of aE and Theorem2.2 of [9], one deduces that (vwE)e is
bounded in Hl(CL).

b) The solution wz of (11) satisfies

f— Aw, + a, w. = 0 in
(14) l
v ; \w£ = 1 on
We first deduce from (14) that wt is positive in 2?(e/2) (multiplying (14) par
w~, the négative part of w£ and integrating by parts [1]). With the same
idea, we prove that

(15) wE^WE in B(z/2)\B(rE/2)

where We is the solution of (13)).
Since we = WE = 1 on 6^(e /2) , (15) implies

&0.

Then, Lemma 2.3 and Lemma 2.8 of [9], imply that ( V — l )
\ i 6 v 9^'(e/2)/

converges in the strong topology of

M2 AN Modélisation mathématique et Analyse numérique
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ELLIPTIC EQUATIONS WITH OSCILLATING TERMS 199

This limit, whose computation is not necessary, for the proof of
Theorem 2.2, may be calculated in the following way :

For every v in C Q ° ( O ) :

f f
(16) grad we . grad (vwe) dx + az vw^dx =

Ja Ja

— Y (— Awe + aE w£) vw£ dx

i JB\Z/2)

t JèBl(E/

Jn

E/2)

;(Igrad w

because v is smooth. Using the same argument as in step 1 of the proof of
Theorem 2.2, one dérives

dwe Ç
< £ — ,v) - CH \ vdx = oz

i öv 8B'(E/2) Ja

and therefore, for every v in Co°(fi)

„ dWt f
lim<X f v) = Cff u ^JC.

£ , "V 35'(e/2) Jft

One can improve the result of convergence exposed in Theorem 2.2b) in the
following way.

PROPOSITION 2.5 :

a) If CH = 0, then (we)e converges to uQ in the strong topology of
//(Ka).

b) /ƒ C# = + oo, tóew («E)e converges to 0 m ^ e strong topology of

c) IfCH is finite, but not 0, then (ue — we uo)e converges to 0 in the strong

topology O / W Q ' 1 ^ ) . And, ifuoisin Cl(Ct), thatis, ifT and f are sufficiently

smooth so that u0 is in C 1 ^ ) , then (we - wz uo)e converges to 0 in the strong

topology ^

Proof of Proposition 2.5 :
a) and b) are simple conséquences of assertion b) in Theorem 2.2.

vol. 22, n° 2, 1988



200 A. BRILLARD

c) Take v in Cl{Ü) n Hl(Cl) and compute

(17) f (\grad(uz-wEv)\2 + aE(ue-wev)2)dx =
Jn

f 2 , 2
Jn

+ ( | g r ad wt\
2 + <ze(we)

2) i?2 dx + 2 grad w e . grad i>we u Ó/X
Jn Jn

+ |grad v\2 (we)
2 dx-2 (grad vve . grad we r + ae we vwj dx

Jn Jn

— 2 grad wE . grad vwe dx .
Jn

One can pass to the limit in (17) using Proposition 2.4 a) and b),
Theorem 2.2 b) and the idea exposed in the computation of (16)

(grad ( w e - we)2 +
Jn

+ fle(we- wei?)2)rfx -> (|grad (M0 - u ) | 2 + CH(u0 - v)2) dx .
e -+0 J €ï

From the inequality

and the density of smooth functions in HQ(Q), we get the conclusion. If
u0 is in Cl(Ù), then we take in the above computation v = u0.

Let us conclude this section giving some results of convergence concerning
the mathematical objets linked to (He). From [6], we deduce

THEOREM 2.6: Given f in L 2 ( ( 0 , r ) ; n ) and g0 in H,J(n), let
uz be the solution of:

BuJx, t)
A M 8 ( X , 0 + « . M B ( ^ 0 = ƒ(*»') Ï»

Me(.»O) = go(.) m

M2 AN Modélisation mathématique et Analyse numérique
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ELLIPTIC EQUATIONS WITH OSCILLATING TERMS 201

then (ue)E converges in the strong topology ofL2((0, T) ; Q) to the solution
«o of:

duo(x, t)
\f - Auo(x, t) + CHuQ (x, t) = f(x91) in ac]0, T[ ,ot

uo(x,t) = Q for t>0,xondQ.

And from [5], we deduce :

THEO REM 2.7 : Let <$é'e (resp. j* 0 ) ^e ^e operator assodated to
(H.) (resp. to (Ho))

s/e u — — Aw + az u

(resp. D (.s/o) = H2 O H^ <stf0
 u = - A w + c H U) *

séquence of eigenvalues of sé\ converges to the séquence of
eigenvalues of jtf0 in the following sense. lf (Xe tk)k (resp. (X^)^) is the
nondecreasing séquence of eigenvalues of sé\ (resp. sé§) and if ut k is an
eigenvector assodated to Xe k then :

a) (Xe k)E converges to \k ;
b) the eigenspace Ek assodated to Xk is the limit in KuratowskVs sense [17]

and for the strong topology of L2(£l) of the subspace generated by
(uek, wÊ,* + i> •••> MEjfc + m) if m is the multiplicity order of \k.

Let us précise the connections between the two problems (Hz) and
(De). Let ae k be the oscillating potential defined on O by :

h onl̂ jre(-, k r * ,

0 elsewhere,

and let F^ be the functional associâted to this oscillating potential

**(«)=4 f |gradwj2^ + i f aehu2dx- f fu dx(u e H^(CÏ)) .
z Jn z Jn Ja

From Theorem 2.40 of [2], one deduces that when h goes to + oo, the
séquence (F%)k epiw _ Hi(a)-converges to the functional Fe defined on

\ | g r a d W | 2 ^ + / „ i ( n e ) ( W ) - f
Jn Ja

\ \ ( e ) ( W ) - f fudx.

vol. 22, n° 2, 1988



202 A. BRILLARD

(Notice that FE is the functional associated to the problem (De).)

Hence, a diagonalization argument [2] implies the existence of a séquence
( M £ ) ) E g° ing to + oo, such that the séquence (F£(e))e epiw_ Hi(n^converges
to the epi-limit of (Fe)e i.e. to the functional F defined on HQ(Q,) by :

F(**) = l [ |grad u\2dx + \cD \ u2dx- [ fudx
2 Ja 2 Ja Ja

(where CD is defined in (2). Notice that Fis the functional associated to (1)).
The Proposition 2.3 gives some information about the séquence

(h (e ))e : if JV is greater or equal to 3, then the last column in the array shows
that the séquence (h(e))e has to be choosen so that :

hm — = + oo ,

and since the critical size rc
z is equal to

III. ASYMPTOTIC ANALYSIS OF THE MIXED PROBLEM (Afe)

In this section ue dénotes the solution of

— Awe = ƒ in Piz

= 0 on dû, .

LEMMA 3.1 :

a) There exists a linear continuous operator P* pont H
(Hl

m(aE) = {u e H\£lz)/u = 0 on dCî} ), into H^(fi), satisfying

b) uE is the solution of the minimization problem :

Fh{uz)= Min FJEr(M)

M2 AN Modélisation mathématique et Analyse numérique
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ELLIPTIC EQUATIONS WITH OSCILLATING TERMS 203

where F M is the functional defined by :

(18) M(W) = 5 \grad u\2dx + -bzY u2dWN_x{x)- fudx,
JnE

 z JbTti Jat

dHx _ i (. ) denoting the Hausdorff measure of the regular N — 1 dimensional
manifold 3Tei.

c) (PEue)e is bounded in HQ(Q).

Proof of Lemma 3.1 :

a) See [22], [10], Note that such an operator is not unique. However, in
the sequel we will choose one among them. The results obtained below do
not depend on such a choice.

b) Is an immédiate conséquence of (Me).

c) Is a conséquence of a) and b), and the positivity of bE.

r£
A) The case lim — = 0 : a low concentration of inclusions.

e 8

Our main resuit of convergence is :

THEOREM 3.2 :

a) The séquence (FJ^)e defined by (18) epiw _ Hi^ayconverges to the

functional FM

1 f . l Ç o f
^ M O O ^ Ö |gradw| id* + - C M u1 dx - fudx,2 Ja 2 Ja Ja

where C M is the constant

(19) CM = lim J -L Min x
e [ 6 w = londB(z/2)

9 f 9 \ 1
|grad w\z dx + be w (x) dH^_1(x)\ \ .

B(e/2)\T£ JöT£ / J

b) The séquence (PeuB)e converges in the weak topology of Hl(£l) to the
solution u0 of:

- Aw0 + CM u0 = f inft,
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Moreover the séquence

verges to

A. BRILLARD

|2

Ja

f
| grad uE |

2 dx + bz V

M ïsfidx
Jn

con~

As in Proposition 2.3, depending on the limit of the critical ratios
r?-2/sN and bBr?~ 1/eN'29 the values of CM are :

PROPOSITION 3.3 : If N s= 3,

eN/(N-2) e ~

£N/{N-2) fCi

, I CO
eN/(N-2) e ]

CM-0

c„ = o

M = 1 [

à l'infini

1 grad u 2 dx

JdT J

, » ^ + »

C», - 0

^M ~ >^iv"2cap (T)

C M - +oo

Proof of Theorem 3.2 : One can apply the same « direct method » as the
one given in the Proof of Theorem 2.3. One has now to take wz the solution
of the following minimization problem

(20)
B(E/2)

f

Min ( f
londB(e/2) \ J B(e/2)

f
J d

and to dérive, for this function w£y properties similar to the ones given in
Proposition 2.4 (see [7]). However, we present hère a different method
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based on a « compacity argument » and a décomposition of the functional

F M into a quadratic term - | grad u\2 dx and the « constraints »
2 Jne

^ è u2dHu2dHx_l(x). We will point out that the limit constraints still
i

keep the same expression in the two cases : lim rE/e = 0 and
E

re = ks (0 < k < 1/2). Indeed, only the limit of the quadratic term is
changed.

Let us first recall the following « compacity theorem » :

THEOREM 3.4 [3] : Let Eq be the family o f quadratic energy functionals on
l

Eq = {®/®(u) = f £ a„ D, uD, u dx ; al} = a„ and V£ € RN

Let !F be the family of unilatéral constraints :

^ ^ Ü+/ i)Vi? e H^: B-+F (v, B) is a positive

outer regular Borel measure,

Ü)VÜ> e &,v ^ F (v, (Ù) is lower semicontinuous

on Hl(£l) and proper, convex,

iii)Vu, v e H^(ft), Vo> e G : u I tt - v I w => F(u, <o) =

), Vcoe © :

F(inf (M, Ü), Ü>) + F (sup (M, f) , Ü > ) ^ F ( W , Ü>) + F ( U , CD)}.

(<£„)„ &e ö séquence in Eq. Let (F\)n and (Fl)n be two séquences in ^
such that Fl is decreasing and F% is increasing (with respect to v in

Suppose there exist z and (zn)n converging to z in the strong topology of
L2(O), such that

^n(^n) -> ^(^) > Ffan> B) = Fl(zn9 B) = 0 forevery B in m .

^ r/zere ex/sf a subsequence still denoted n} <ï> m £ g 5 F1 and
F2 in &9
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F1 decreasing and F2 increasing and a rich family M ofBorel subsets ofQ,
in G [14] such thaï:

(*»)» épis_L2{çl)-converges to O ,

(<!>„ + F£(., B))népis_L2{ayconverges to <t> + F ' ( . , 5 ) /or iï in # ,

(*B + F^(., B) + F^(., fl))B épis_L2W-converges to O +

+ F^inf („z ) , 5 ) + F2(sup (M *), * ) .

We have the following représentation theorem for the functionals of < \̂

THEOREM 3.5 [12], [3] : For every F in # \ there exist y,, v Radon measure
(positive), and ƒ : H x J8 -• IR U {+oo}, Borel measurable with respect to
the first variable and convex, lower semicontinuous with respect to the second
one} such that :

F( v,B)= ! f(x,
JB

(v is the quasi-continuous representant of v) and if F is decreasing (resp.
increasing) then f is decreasing (resp. increasing) with respect to v.

Let us corne back to the proof of Theorem 3.2a).

lst step : Décomposition of F^ (18) and use of Theorems 3.4 and 3.5. We
write :

Fhiu) = &(u) + F e >, H) + F2
z(uy ft) with

(21)

|gradW |2dx,

{u,B)=b^ \ u + 2dH*N^(x).
i JBr\bTsi

One difficulty is that (<ï>e)e is not uniformly coercive on / /Q(H) . But this is
not really a problem, because

— the existence of the extension operator Pe (Lemma 3.1 a)) guarantees
that the epi-limit of (F^X is + oo outside HQ(£1) (see [2], p. 163),

— we may add a small perturbation
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and then let n go to +00, after the study of the limit constraints. So, let us
apply Theorem 3.4 with <ï>e defined in (21).

Take ze = z = 0. (xnË)e converges in the strong topology of L2(fl) to 1,
therefore (4>E)E epi^.^i^^-converges to <ï> :

| g r a d w | 2 ^ .
a

2nd step : Détermination of the limit constraints F1 and F2.
We first show, using the e-periodic distribution of the inclusions in

(Me) that the measures |xx and |x2 appearing in the limit functionals
F1 and F2 (Theorem 3.5) are « invariant under translations » [7]. As
Fg, Fg, <ï>e are positively homogeneous of degree 2, F1 and F2 are also
positively homogeneous of degree 2. In f act from these properties and the
more spécifie formulas (21), one dérives :

u~2dx,
B

F2(u7B) = C'M\ u + 2dx
JB

for a constant C'M in R+.

3rd step : Computation of C'M.
From Theorem 3.4, one deduces that

( 2 2 ) c ^
meas

In order to prove the equality between C'M and CM, we have to use the
solution we of the local problem (19) [7].

Remark 3.6 : One advantage to use such a compacity argument is to
détermine the epi-limit of (<ï>e)e. In the case just considered, we saw that

(<ï>e)£ epi-converge to O : O(w) = - |grad u\2 dx, thanks to the conver-
2 Ja

gence of (xaEX t o 1 m t n e strong topology of L2(H). As we will see in the
next subsection, when re = ke, (xne)e converges only in the weak topology
of L2(ü>) to a constant. Hence, the epi-convergence of (<Ê>e)£ is modified,
while the limit unilatéral constraints F1 and F2 are the same.

Let us finally conclude this subsection by pointing out that similar results
vol. 22, n° 2, 1988
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as those exposed in Proposition 2.5, Theorem 2.6 and Theorem2.7 are
available in this case [7],

B) The case : re = ke(0 < /:< 1/2) : a high density of inclusions.

THEOREM 3.7 : The séquence (Pe we)E converges in the weak topology o f
to the solution «hom o f the « homogenized problem »

(23) where

M i n y h o m ( g r a d M ) dx + —^ u2dx - \ fudxl \ d y ) \
ffj(O) Un z Jn Jft \ J y \ r / J

tere

7hom(*)= Min f \gFidw(y)+x\2dy (xeRN)
\weH\Y\T) JY\T

I w

CM is given in (19) :

rl(Y\T) JY\T
w Y-penodic

Moreover the energy

(f
converges to

;tom(gradwhom)d* + C w

Ja Ja

Proof o f Theorem 3.7 : As we already pointed out in Remark 3.6, we
have only to détermine the epi-limit of (<&8)E. But in this case

where \ is the characteristic function of Y\T. In order to détermine the
epivv_L2^n)-limit of (*ï>e)e5 we use the same idea as the one exposed in the
proof of Theorem 1.20 of [2], based on the density of piècewise linear
fonctions in H\fl) [16].

Let us conclude this subsection by giving a proof, by epi-convergence
methods, of Theorem 1.2 concerning the case « re = ke, be = + oo »,
obtained by means of asymptotic expansions in [4] and [20].

THEOREM 3.8 : When rt = kz (0 <c k < 1/2 ), be = + oo (Dirichlet bound-
ary on the inclusions).
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a) I — Pe ue J is bounded in L2(Cl) (P£ is now the canonical extension

operator from H\{£lz) into HQ(£1) by 0 on the inclusions).

b) ( — Pewe ] converges in the weak topology of L2(Q) to Z f where
\ e /e

Z is the mean value of the solution Z of:

Min J l f | g radz | 2 00^- f z(y)dy) .
I z Y-periodic ( * J y\kT J Y\kT J
I z = 0 on 3 (kT) N

Moreover, I — |grad ue\
2 (x) dx \ converges to Z f2(x) dx.

\ £ J a e /e Jn

c) The séquence (G8)e defined on HQ(£1) by

e/ x e2 f 2 / x f

^ (u) = -y I grad w | (JC) ax H- /^(ne)(M) ~ I fudx

epiw_L\çiyconverges to the functional G defined on L2(Ci) by
W

-2dx~ I /wJx .(M) = — f u2

2zJn

Proof of Theorem 3.8 :
a) This is a conséquence of the following Lemma, whose proof is

obtained by means of changes of variables.

LEMMA 3.9 : There exists a positive constant C (Y) such that for every u in
l ) , u = 0 on kT:

II U II L\Y) ̂  C ( y ) II S r a d U II (L2(Y)f *N '

For every u in Hl(YJ, u = 0 on Tz:

IIu IL2(YE) ^ C ( y ) 8 l l ê r a d u II (L2(ye))
WxiV •

From Lemma 3,9 and Lemma 3.1 b), with « bÈ = + oo », one deduces :

(24) f |gradu£ |2^^||/|iL2(fie) | |ue | |L2(n8)

«11/11 L\Cl) C ( y ) e II ë r a d "e II (1Ï(O.))* * * •
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From (24), we

and Lemma 3.9

infer

1 's
implies

A BRILLARD

rad u e | 2 dx^ C (( ƒ, Y) e2 ,

c) The two assertions (5) and (6) become in this case :

(25) VveL\n), 3vt>0- » : B5 G«(»,i0)« G(») ,
8 E

W - L2(f t)

(26) Vt> e L2(fl) , Vüe ^ v : Hm Ge(vE) =* G(i?) .
E e

Let Z be the solution of the minimization problem (4), and Ze be the

Ye-periodic function defined in the 8-cell Yz by Ze (x ) = Z ( - ) . Ze satisfies

= i in Ye\Te,

z£ = o on are.

(Ze)e converges in the weak topology of L2(fï)to Z = Z(y)^y. Now?

»iy\fcr
for every v in Co°(n), let vt0 be defined by :

(27) ".,0 = ̂ 1 .

Then, the séquence (ve 0 ) e converges to u, in the weak topology of
L2(fl). The computation of Ge(PevE0) gives

2ZZ

+ 2 grad f . grad Z e t?Ze <

+ £ |gradZe|
2p2^J-i

An intégration by parts and the properties of Ze give

limGe(Pet?e>0) = G(v).
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For v in L2(Q,), we choose a séquence (vn)n of smooth functions converging
to v in the strong topology of L2(O), and we use a diagonalization argument
similar to the one used in the proof of theorem 2.2. So (25) is proved. Take
any séquence (fe)£ converging to v in the weak topology of L2(fl). One may
suppose

(28) lïme2 |grad ve\
2 dx < + oo

otherwise, (26) is automatically satisfied. We choose a séquence (vn)n of
smooth functions converging to v in the strong topology of L2(O) and use a
subdifferential inequality :

w h e r e

( 2 9 ) < , >

e2 f
grad vn . grad (v£ - (i>„)e,o) ZE dx

grad Z e . grad (i;8 - (vn)e0) vn dx

e2 f- -

e2 f
+ —

Z J

From the properties of Ze and (27), (28), the first term of (29) converges to
0. An intégration by parts of the second term of (29) gives :

lim(bG£((vn)eiö),v£~(vn)^0) 3*1 f (v-vn)vndx- f f(v-vn)dx.

Let n go to + oo : (26) is proved.

IV. FURTHER RESULTS

First, notice that all the preceding results are still true when the laplacian
operator is replaced by a second-order elliptic operator with constant
coefficients, that is a linear operator from HQ(Q) in to H~ 1(Q) defined by :

ij
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where the matrix (aï;)iy is constant symmetrie and positively definite [9],
Let us present some results connected to the Stokes system and which

may be obtained by similar technics.
In [8], [11], was studied the asymptotic behaviour of an incompressible

fluid slowly flowing in the porous medium Oe with Fourier conditions on the
boundary of the inclusions Tzl.

Let iïF be the solution of :

— Awe + az ue = - gradpe + ƒ in fi ,

div uz = 0 in XI ,

where the potential ae takes the two values

h£ on the inclusions ,
0 elsewhere .

Our main resuit concerning the asymptotic behaviour of üc is :

THEO REM 4.1 :

(ue)Ê converges in the weak topology of (HQ(£1))N to the solution
u0 of

- Aü0 + CsüQ = grad/?0 + f in a ,

div w0 = 0 in £1 ,

where Cs is the symmetrie matrix given by

(Cs)kt - lim | — grad wk
e . grad w{ dx +

e l e J B(e/2)

+ -4; \ w? • vpp dx \, (k,

vPg being the solution of the local minimization problem

(30) Min | ( | grad w \2 + az \ w \2 ) dx ,

canonical vector of RN).
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Ü ( | grad üe 1
2 + az | üt |

2 ) dx \ converges to
Ü I e

f |grad Ü0\
2 dx + £ f ( C 5 k (uo)fc (wo> dx ,

Jn k( Ja

(pe)e converges in the weak topology of L2(Q,)/R to the limit pressure

Po-

Sketch of the proof: When T is equal to B (1 ), the solution vv* of the local
problem (30) is computable in terms of radial functions (see [8] for similar
computations). When T is a subset of B(l), we conjecture some pointwise
estimâtes similar to those obtained by Marchenko and Hruslov in [18].

Ist step : For a smooth function v in (Cf3(fl))JV and divergence-free in d ,
we set

£ in B'(e/4) ,

(31) » _
() in

and suppose that for every k

(32) ^

c

Then, (32) implies C

As in the proof of Theorem 2.2, one obtains :

lim

= f |grad?|2^+^ f
Jn a Ja

For a function v in (HQ(Ù))N and divergence-free in ft, use a diagonalization

argument (see proof of Theorem 2.2).
Take v in (HQ(£1))N and divergence-free in ft, then two séquences

(tJe)e and (vn)n converging to v in the weak or strong topology of
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(HQ(Ü,))N, with vn smooth. As in the proof of Theorem 2.2 (second step),
we have to pass to the limit on the term :

Jn

JB'(e

f {grad (ynt. grad (ve - (vje) + ae(vnt (». - (vnfc)}dx =
Jn

grad vn . grad (Se - ÇSnft) dx+^Y, ^n)k ( ^ ) x

grad wk
z . grad (ve - (vn)°e) dx

f

f -ft r* / - NOX ^
x J fl6w;.(t?e- (ü„)ï)dA: =

= I grad ü„ . grad (vc - (v„fP) dx +

f

(33) + . * J r f ( . / 4 ) \ 9y q'Vl

using the Euler équation associated to (30).

The first term of (33) converges to i grad vn • grad (v — vn) dx, when s
Jn

goes to 0. The second term of (33) converges to 0, thanks to (32) and the
smoothness of vn. In order to pass to the limit on the third term of (33), we
first need the foUowing interpolation lemma (see [8]).

LEMMA 4.2 : For every v in Cx(îî)? there exists v* in C^Ö) such that

v*(x) = v(xei) in Bl(e/4) for i = 1 to / (e ) ,

|| grad f f || (Loo(n)yv ss C || grad v || (L<o(n))*, for a constant C independant of

v and e.

(t?e*)g converges to v in the strong topology of L 2(H).

The third term of (33) may be written as :

C ( 3vP^ \

i JaB((e/4) \ dV I
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This is the reason why appears Bl (s/4) instead of Bl(e/2) in (30) and (31).
Under the assumption (32) :

~* (Cs)k ( t r ie fc-th column of the matrix C5),

thanks to the explicit computations (compare to Lemma 2.3 [9]).
Then, the third term of (33) converges to

Finally, let n go to + oo. Theorem 4.1 a), b) are proved.
In order to study the behaviour of the pressure, take $ in (C^°(fi))N and

compute

<gradpe, $2) = pz div $ dx
Ja
( )

(gradwe,grad $^ + aewg$^)^x+
Ja Ja

where $° is associated to $ by (31).
Then, one obtains :

[ \impe J div <p dx = grad w0 . grad $ <ix
in \ E / Ja

kt Ja Ja

— p0 div $ dx .
Jn
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