RAIRO. ANALYSE NUMERIQUE

TETSUHIKO MIYOSHI

Numerical stability in dynamic elastic-
plastic problems

RAIRO. Analyse numérique, tome 14, n°2 (1980), p. 175-188
<http://www.numdam.org/item?id=M2AN_1980__14_2_175_0>

© AFCET, 1980, tous droits réservés.

L’acces aux archives de la revue « RAIRO. Analyse numérique » implique
I’accord avec les conditions générales d’utilisation (http://www.numdam.org/
conditions). Toute utilisation commerciale ou impression systématique est
constitutive d’une infraction pénale. Toute copie ou impression de ce fi-
chier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=M2AN_1980__14_2_175_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

R AIR O Analyse numérique/Numerical Analysis
(vol 14, n° 2, 1980, p 175 a 188)

NUMERICAL STABILITY
IN DYNAMIC ELASTIC-PLASTIC PROBLEMS (%)

by Tetsuhiko Mivosr (')

Communicated by P A RAVIART

Abstract — The purpose of this paper is to prove the conjecture based on the engineering intuition
that the plasticity has no influence on the numerical stability of step-by-step integration schemes to
solve dynamic problems We consider a typical formulation of the elastic-plastic nibration problem and
give a rgorous proof-of this conjecture for a certain approximating scheme which 1s widely used in the
practical computation

Résumé — Le but de cet article est de démontrer la conjecture (basée sur 'intuition des Ingénieurs)
selon laquelle la plasticité n’a pas d’ influence sur la stabilité numérique des schémas d’intégration pas a
pas pour résoudre les problémes dynamiques On considére une formulation type du probléme de
vibration élastoplastique, et on démontre rigoureusement cette conjecture pour un schéma
d’approximation trés couramment utilisé dans les calculs pratiques

INTRODUCTION

For simplicity we consider two-dimensional problem. Let Q be a bounded
domamin (x,, x,) plane with boundary dQ and T the time interval (0, 7). We use
the notations u_, and u to denote the derivatives with respect to x, and time ¢,
respectively.

By u, €, 0 and o we denote the displacement (u,, u,), the strain (€,,, €55, €4,),
the stress (041, 055, 01,) and the parameter representing the center of the yield
surface (o, ®%a3, Oyy).

The dynamic elastic-plastic problem is formulated by the following
conditions.

(1) Equation of motion:
pu,—Y o, ,=0 m TxQ,
J

where p is a positive constant and 6,;, =0,
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176 T. MIYOSHI

(2) Initial-boundary condition: For simplicity we assume
u;(0, x)=0, u; (0, x)=u? (x),
u;(t, x)=0, xely,
Y. 0(t, x) cos (n, x;)=0, xely,
7

where 0Q=1,uTI; and »n is the outward normal to 6Q2. We assume that I',
consists of closed curves with positive length. {u?(x)} are given functions
vanishing on I'y.

(3) Strain-displacement relation: We assume that the strain is small.
€11=Uy g, €22=Ujz 3, €12=Uy+ Uz ;.
(4) Yield condition: We employ von Mises’ condition:
fHo—0)=(011—011)> +(022 —®22)°
—(011—a11) (G2 —z)+3(0 12— y5)* =7,

where r, is a given positive constant.
To introduce the flow-hardening rule we use the following notation.

af=< o 9 of )

6011 6022’ 60'12

Also we use * to denote the transpose of a vector. * B’ and || B||, denote the
inner product and the norm of vectors. The inner product and norm of (vector)
functions in L, (Q) are denoted by (8, B') and || B||, respectively.

Now let dg, de,, de, and doc be the total strain increments, plastic strain
increments, elastic strain increments and the stress increments. Then we assume
the followings.

(5) Flow rule [4]:
1
dap=ds—d£e:H6faf* do,

where 1 (> 0) is assumed to be constant, for simplicity. The relation between do
and dg, is given by Hooke’s rule do=Dd¢,, where

1 v O
E 1—v
— 1 0 ,z——— .
D el B <v 2>
0 0 Vv
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DYNAMIC ELASTIC-PLASTIC PROBLEMS 177

(6) Hardening rule: We assume Ziegler's hardening rule [S]. In this rule the
center a must satisfy

do=(c —a)dy,

where dp is a non-negative function.

The function dp is determined automatically by the condition that the stress
point must be on the yield surface during the plastic flow. Because, if ¢ remains
on the yield surface, then the vector do — do must be orthogonal to the normal of
the surface at this point:

0f*(do —do)=0.
Substituting the equation on da into this equality we have
of* do
dp=———.
(c—w)*of
“Therefore the hardening rule is written as follows:

af* do

da=(0—d)m.

The matrix D is symmetric and positive definite. Hence do can be explicitly given

in terms of de as

Dofof* D
=(D—-—D"Yd (. S A—
do=( }de, D'n+6f*D6f

The identity (c —o)* df = f holds. Hence, taking time ¢ as the parameter of the
increments, our problem is to solve:

pl;i—zcij,j=0 in TXQ,
j
6=Ds, a=0 in elastic region,
Of* ¢

G=(D—D)i,  &=(c—0a) ff

under the strain-displacement relation and the initial-boundary condition.

in plastic region,

1. A FINITE ELEMENT APPROXIMATION

The concepts ““elastic’ and “plastic” are not yet defined for the problem
formulated above. We can, of course, introduce some physical definitions.

vol. 14, n°2, 1980



178 T MIYOSHI

However, mathematically, these concepts are very difficult to define Because, to
define them we need a certain information about the solution before seeking 1t
On the other hand, for getting information about the solution, the problem itself
must be posed already This dilemma arises especially when we pose the
problem beyond the moment when yielding (or unloading) occurs This will be
one reason why the variational mequality 1s introduced 1n [1] (see, however, [3])
For a certain discrete systems, however, this dilemma does not occur

We consider one of the simplest finite element methods For simphcity, we
assume that Q1s a polygonal domamn By Q we denote a regular triangulation ot
the closure of Q We assume that the end point of ', 1s always the node of Q Let
{ ¢, } be the precewise linear finite element basis which takes 1at thenode p The

approximate value of u, at the time step n(=0, 1, 2, ) 1s sought 1n the form
u,(n)= Z uf(n)@,,
peP

where P 1s the set of nodes n Q—T,
The equation of motion 1s approximated as follows

(DD, u,(n), @)+ ) (5,(n), @,,)=0, peP, 11

where D, and D, denote the forward and backward difference operators with
time 1ncrement At, respectively

The wmitial condition 1s approximated by u,(0)=0, u,(l)}p=Atu?(p) The
strain-displacement relation 1s the same as that given before, so that the
approximate strain 1s constant over each element Approximate stress and
function « are also constant on each element, as defined later

Tointroduce a discrete stress-strain relation, let us take an arbitrary element e
and consider things on 1t

DermnviTiON 1 (1) By the yield surface of step (0) (or the initial yield surface) for
element e, we mean the ellipsoid in E3 defined by

{1eE3 f2(1—a(0)=r3}

(2) Wesay { cn+1),an+1) } 1s determuined by the elastic rule, if ¢ (n)1s1n or
on the yield surface of step (1), and { o (n+1, a(n+1)} and the yreld surface of
step (n+ 1) are determined by the following rule

2a D,e(n)=CD,c(n) (C=D""),

(25) D, a(n)=0,

(2.) The function defining the yield surface of step (n+1) 1s
fPr—am+1)=Max(r3, Max[f*(c(m+1)—a(m+1)))

m<n
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DYNAMIC ELASTIC-PLASTIC PROBLEMS 179

(3) Wesay { o(n+1), a(n+1)} is determined by the plastic rule, if o (n) is on
the yield surface of step (n), and if { 6 (n+1), a(n+1)} and the yield surface of
step (n+ 1) are determined by the following rule.

ofx D,c(n)

(3a) Dts(n)zaf" +CD,G(n),
(35) D,a(n)=(c(n)—a(n))m_lf)'w,

(3.) The function defining the yield surface of step (n+1) is
ffr—an+1)=f*(cm+1)—am+1)),

where f,, and df, are the values of fand 6 fat { o, o } ={ & (n), o (n) }, respectively.

(4) Assume that o (n) is in the yield surface of step (1) and the point o (n+ 1)
determined by the elastic rule from { o (n), a(n) } is outside of the yield surface of
step (n). If 0f (6 (n+1)—o (1)) = 0, then { 5 (n+1), a(n+ 1)} is determined by
the following rule. In this case we say that it is determined by the elastic-plastic
rule: Choose 0, (> 0) so that the point

c(n)=cn)+0,(c(n+1)—cn), 1.2
comes on the yield surface of step (n). Define
fn :fl{c,u}={5(n),rz(n)} ’
afn =afl{o',a}={3(n),u(n)} . (1 . 3)

Clearly 3f,* (6 (n+1)— o (n)) > 0, Then { o (n+1),0.(n+ 1) } is determined by the

following rule. Put g (n)=¢(n)+ C(c (n)— o (n)).

(o (n+1)— 5 (n)
n

(4) elr+1)—tm=2af, +C(o(n+1)—o(n)),

3 (o (n+1)—35(n)
Atf,
(4.) The function defining the yield surface of step (n+1) is
fPr—am+1)=f2(c(n+1)—a(n+1)).

(45) D,o(m)=(c(n)—a(n)

»

Remark 1: Let the symmetric matrix 5’(n) be defined by

B’(n:—w_—.
n+of*Dof

vol. 14, n°2, 1980



180 T. MIYOSHI
Then, (4,) is written also as follows.
(40) Do (m=[D~(1-6,)D' (] D.&(n).
To see this, we first remember the following relations:
en+)—em)=Cc(n+1)—o(n) = é—nC(c—s(n)—c(n))= g:(g(n)—s(n)).
Inverting relation (4,) we have
o(n+1)—o(m=(D—D' () ((m+1)—c®).

Substituting the identity & (n) — o (n)= D (g(n) — € (n)) into this equality, we have

o(n+1)—c(m) =DEnr+1)—en)—D' () ((r+1)—c(n).
Since e(n+1)—e(n)=(1-0,) (e(n+1)—e(®), (4,) follows.

ReMARK 2: The cases 6,,=1 and 6, =0 stand for the elastic rule and the plastic
rule, respectively.

REMARK 3: When the elastic-plastic rule is applied, the vector 6 (n + 1)~ & (n) is
transversal to the yield surface at the stress point o (n). This is the case also for the
vector & (n+ 1)— o (n). This is proved as follows:

sgn 8f,* (5 (n+1)— o (n)=sgn 8£,* (5 (n+1)— o (n)

- - Daf, af*D
=sgn of* DD,s(n):sgnaf,,*[D— ——f,fw—["—_—:‘D,e(n)
n+éf,* Déf

sgndf,* [D—D'(n)]D,e(n)

=sgn("7,,*il)vl) T N V|

=sgn 0f,* (o (n+1)—c(n).

The relation between the stress and strain increments is given by:

Discrete stress-strain relation:

Naturally, ¢ (0)=a(0)=0.

(A) Let {c(n+1), a(n+1)}(n=0) be determined by the elastic rule as far as
o (n) is in the yield surface of step(n). If 6 (n+ 1) is still in the yield surface of
step (n), then, we define

{om+1), a(n+)}={cm+1),a@n+1)}.

R.A.LLR.O. Analyse numérique/Numerical Analysis
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(B) Assume that o(n) is in the yield surface of step(n) and that o (n+1)
determined by the elastic rule comes on or outside of the yield surface of step (n).
Then, { o(n+1), a(n+1)] is determined by,

(B,) the elastic-plastic rule if 6f#* (5(n+1)—o(n))=0, and otherwise by the
elastic rule, i.e.,

(B,) {om+1), am+)}={cm+1),am+1)}.

The subsequent relations are given by the following procedure.
(C) If o(n+1)is on the yield surface of step(n+ 1), then determine {5 (n+2),
a(n+2)} by the plastic rule and

(C,) define {c(n+2), a(n+2)}={c(n+2), a(n+2)} if
of¥v1(c(n+2)—oc(m+1) 20,

and otherwise

(Cy) determine { o (n+2), a(n+2)} anew by the elastic rule.
(D) If o(n+1) is in the yield surface of step(n+1), then return to the
procedure (A) — (B), replacing n by n+ 1.

ReMARrk 4: There are three cases that the elastic rule is applied.

(1) o(n)isin the yield surface of step (n) and o (n+ 1) determined by the elastic
rule is so too.

(2) o(n)ison the yield surface of step (n) and & (n+ 1) determined by the plastic
rule satisfies

f¥(c(n+1)—om) <O. (1.4)
This case corresponds to unloading.
(3) o(n)isin the yield surface of step (n) and & (n+ 1) determined by the elastic
rule is outside of this yield surface. However, the following inequality holds.

f*(c(n+1)—o(n)<O.

REMARK 5: Suppose that { 6 (n+1), & (n+ 1) } is determined by the plastic rule
and the condition (1.4) holds. Then unloading occursand { o (n+1), a(n+1) } is
determined by the elastic rule. In this case the following inequality again holds.

of¥(c(n+1)—o(n)<O.

2. STABILITY OF THE FINITE ELEMENT SCHEME

In the preceding section we posed a discrete initial value problem. A discrete
solution {u(n), o(n), a(n)} (n=1) is thus determined step-by-step. We seek a
criterion to ensure the stability of this solution, by means of the energy method.

vol. 14, n°2, 1980



182 T. MIYOSHI

LemMaA 2.1: (1) The vectors 0f and c —a satisfy

2 -1 0
fof=S(c—aw), 28= (-1 2 o).
0 0 6

(2) For any n=0, holds

D,e(n)= % SD,a(n)+CD, o (n).

(3) If o (n+1) is determined by the plastic rule, then
ofx (Do (n)—D,a(n)=0.
(4) If o (n+1) is determined by the elastic-plastic rule, then
af ¥ o+ )—o(m—[a(n+1)—am)=0.
where o (n) and 0}",, are those defined by (1.2) and (1.3).
(5) The yield surface expands monotonically.
(6) Let f' and Of" be the values of fand 6f at { o, a}={c’, o'} respectively,
and put k= f/f'. Then
(c—)*df' =k(c'—a')y*df.

Proof: We prove (5) and (6). During the elastic deformation, the yield surface

is unchanged or expanding. If { 5 (n+1), a(n+ 1)} is determined by the plastic
rule, then we have

Sari—f2=0(fD*[D,om~-D,am)At+f*(D,c(n)—D,a(n)At>.
The first term of the right side vanishes by (3) of this lemma. Hence f2,, = f2.
The situation is the same in the elastic-plastic case too. This proves (5). By (1):
1

of'= 5 8(o'—).

Therefore we have

] ! 1 1 ’ ? f
(c—a)*of =F (o—a)*S(cy’—oz’)=J;(c —a )*S(o—a)zf (o' —a)*of,
which proves (6).

RemARrk 6: The expansion of the yield surface is inevitable as far as we employ
Ziegler’s formula as it is, exept one-dimentional case (vibration of a rod). The

R.A.LLR.O. Analyse numénique/Numerical Analysis
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situation is the same for Prager’s rule (see the last remark on this rule). Since we
assumed so called the kinematic hardening, this may have some influence on the
accuracy of the computed solutions. We think, however, that it does not harm
the solution desperately by the reasons that (a) if the computed solution is stable,

the expansion of the radius of the yield surface is at most of O (\/E ) in
totality (b) it is proved that, as At — 0, the computed solution will converge to
the solution of a semi-discrete system (the case that “time” is continuous). We
also remark that the expansion due to elastic deformation [the case (3) and
possibly (2) of Remark 4] will be negligible, since such case will be rare in the
practical computation.

We want to show that a certain quadratic quantity with respect to D, u and the
strain is bounded by the initial energy and this quantity can be regarded as an
measure of the energy of the system. By ||u||? we denote ) (pu;, u;).

LemMma 2.2: For any n (1) holds
D{HD,u(n)I|§+ % (Sa(n), a(n+1)+(Caon), 0(n+1)):|§0. 2.1)

Proof: Replacing ¢, by (D,+ D;)u;(n)in the both sides of (1. 1) and adding on
i, we have

D;||D,u(m |3 +(c(n), (D,+ D7) e(n)=0.
Thus, taking into account (2) of lemma 2.1, we have

0=—(c(n), (D,+D5) e()+ % (o(n), S(D+D;) a(m)
+(o(n), C(D,+ D7) o(n))

:D;|:||D,u(n)]|§+ %(Soc(n), a(n+1)+(Com), c(n+1)]

n %(o(n)—a(n), S(D,+D3) a(n).

The problem is thus to show that the second term of the right side is non-

negative. Define (u, v)e=j u* vdx and put

e

Q.=(c(m)—a(n), S(D,+D;) a(n).,

for an arbitrary element e. We shall show that Q,=0 holds always.

(1) Both 6 (n) and o (n+1) are determined by the elastic rule. In this case,
clearly Q,.=0.

vol. 14, n°2, 1980



184 T. MIYOSHI

(2) Both o (n)and o (n+ 1) are determined by the plastic rule. By (3) of lemma

2.1, we have
(c(m)—an), 6f,-1)e=(c(n—1)—a(n—1), f,-1).20.
Therefore
Q.=(c(m—an), df,).0fxD:c(n)
+om)—am), 0fu-1). 0f5-1D,c(n—1)20.

(3) o(n) is determined by the elastic (resp. plastic) rule and o (n+ 1) by the

plastic (resp. elastic) rule. Q,.=0 is proved samely as in the case (2).

(4) o(n) is determined by the elastic rule and o (n+ 1) by the elastic-plastic
rule. By (6) of lemma 2.1, we have

(oW —a(n), af,) .=k, (5 (n)—a(n), 3f).
=kn(c () —a(n), 3f)e+k, (M) —c(n), 3f).20.
Therefore, by remark 3, we have

af¥(c(n+1)—a(n)

0.
At

Q.=(c(m)—a(n), af,).

)%

(5) The case that o (n) and o (n+ 1) are determined by the plastic and elastic-
plastic rule, respectively, does not occur.

(6) o(n) is determined by the elastic-plastic rule and o (n+ 1) by the plastic
rule. We have the identity

(W) —a(n), 3fp-1)e=(0(n—1)—a(n—1), 0f,—1).
+(om—o(n—1)—[am—am—11 8f ).

This is non-negative, since the first term of the right side is non-negative and the
second term vanishes by (4) of lemma 2.1. Therefore

of ¥-1(c(m)—c(n—1)
At

Q.=(cm—am), of,_1).

+(c(m—am), Ifn).0f s D, c(m20.

(7) The case that o (n) and o (n+ 1) are determined by the elastic-plastic and
elastic rule, respectively, is now evident. Hence the lemma is proved.

Let us introduce E, and R, defined by
1 1
Ey=[[ Do 5+ 5 (e @} +atr+ DR+ 5 (fo@le+ o ¢+ D),

1 1
R,= EHHD'“(")“.%At2+§”Dtc(”)H(2? At?,

R.A.LR.O. Analyse numérique/Numerical Analysis
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where |6 ||2=(Co, o), ||o||? =(Se, ). Then inequality (2.1) is written as

D:(E,—R,)=0. 2.2)

In order to prove that E,—R,, is a positive quadratic form, we first prove the
following inequality.

At?
R, —2—(DDts(n),D,a(n)). (2.3)
Let us introduce the quantity 3’(71) defined by

D' (n)=(1—0,) D'(n).
Then the stress-strain relation and a-strain relation are written respectively as

D,o(n)=(D—D'(n)) D, (n),
D,o(n)=nS ' CD’(n) D,&(n),
if we take 8, and o (n) suitably (see remarks 1 and 2). We shall substitute these

relations into R, and derive the desired estimate. Let us start from the identity

% R,=n||S"! Cs’(n) D,s(n)[|52+||(D—§’(n)) D.e(n)||2.

Expanding :(he second term of the right side we have
(C(D=D'(n)) D,&(n), (D—D'(n)) D, & (n)
—(DD, (n), D,e(m)—2(D’ (n) D& (n), D, &(n)
+(D'(n) CD'(n) D,&(n), D, (n)).
Let us put
S.=n||S~1 CD’(n) D,e(m)||2 —2(D’ (n) D,&(n), D,&(n)
+(D'(n) CD'(n) D, £(n), D, & (n).
—(nD’(n) CS~' CD'(n)—2D"(n)
+D'(n) CD'(n)) D,e(n), D& (n),

vol. 14, n°2, 1980



186 T. MIYOSHI
so that

2
Az R,=(DD.,e(n), D;e(n))+S,.

S, is non-positive. To prove this, put 4,=n +0f¥D 6]’,,. Then, since

Dof,8f*D

D' (n)=(1-8,)

2.4)

n

and 8f*S~'af,=0f*(5(m)—a(n)/f,=1, we have

bll

( )

Yl

nD'(n) CS™ CD'(m)=n(1-8,)

Therefore S, can be written as follows:

Su= ([MA S ]i'm)D,s(n).Dze(n))

+((D' (n) CD’ (n)= D’ ()] D,&(n), D, &(n)).

Since D’ (n)is non-negative definite, the first term of the right side is non-positive.
This is the case for the second term too. Because, substitute (2.4) into this term.
Then we have

1-—
second term =

([1— N fA af"—l) [0, DD, s (M) <0

n

S, is hence non-positive, and inequality (2.3) holds well.
The next theorem is our final conclusion.

THEOREM: Let h be the maximum length of the sides of all triangles of Q. There
are positive constants & and ¢ such that if

At?

72—>0’

1-¢
then for any n (=1) holds the following inequality:
1
c||Dou(m||2+ n (la@)||2 +||ec(r+1)|2)

1
+5(l et ]2+ o+ D] D]

R.A.L.R.O. Analyse numérique/Numerical Analysis
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Proof: It is known that there is a positive constant & such that

é;(DDz«S(n), DtS(n))éé—tz | Deum||3. (2.5)

Therefore
2 Atz 2
”Dtu(n)Hp_an 1_€h_2 “Dt“(n)”p'
Put c=1—§At?*/h? and use (2.2) and lemma 2.2 to get the conclusion.

ReEMARK 7: As is already seen in the above proof, the stability in the sense of
energy is independent of the existence of the plasticity. The constant & appearing
in the condition (2.5) is estimated in [2].

RemMaRrk: On Prager’s hardening rule.
If we assume Prager’s hardening rule

do=vyde,, (2.6)

where y is a positive constant which characterizes the material, then the
associated flow rule changes the form slightly.

Let us assume that the plastic part of the strain increment is parallel to the
normal of the yield surface, i.e.,

de , =0 fd.. 2.7)

The function d\ can not be chosen arbitrary. Because, if the stress point
remains on the yield surface, the following condition must be satisfied.

Of*(do—do)=0. 2.8)
Therefore, substituting (2.6) and (2.7) into this identity, we have

_ of*do
vlosli

The flow-hardening rule takes the following form in this case.

dr

of* do
lrme

dc=|:D Dafof*D

..'y||6f“i+af*Daf}d8, da=df

We can derive an finite element scheme based on this rule which is similar to
that analyzed in this paper. It is important that the stability criterion given in the
above theorem is a sufficient condition also for this scheme. The plasticity has no
influence on the numerical stability (in energy) in this case too.
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