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R.A.I.R.O.
(7e année, R-2, 1973, p. 39-65)

PROX-MAPPINGS ASSOCIATED WITH A PAIR
OF LEGENDRE CONJUGATE FUNGTIONS 0)

par D. WEXLER (2)

Résumé. — Etant donné un couple 0, s* de fonctions duale s de Legendre, à tout couple
f y S de fonctions duales de Fenchel on associe les applications proxf, proxw

t généralisant aux
espaces de Banach réflexifs les applications prox introduites par Moreau pour les espaces
de Hilbert [17]. Les propriétés de continuité de Vapplication prox® sont en rapport avec les
propriétés de diffêrentiabilité de la fonction Y.

1. INTRODUCTION

Let F and G be real vector spaces, in duality with respect to the bilinear
form <•,•>- Dénote by P0(F), respectively F0(G\ the collection of extended
real-valued functions on F, respectively G, which are proper, convex and
weakly lower semicontinuous. For any Wero(F\ any f€.ro(F) and any
X € F, dénote by Prox^ X the (possibly empty) set of minimum points of the
function u^&(X—u) +f(u); if the set Prox* X consists of exactly one
point, dénote this point by prox* X. Define similarily Piox^Y and prox^F
for W € ro{G\ g € ro(G) and Y e G, This concept was primarily introduced
by Moreau [17] for F= G = Hilbert space, < •, • > as the scalar product
and 0 = V = 2"1 [| . ||2. He showed that : (i) for any feT0(F) and any
X € F, Prox* X consists of just one point and the mapping prox* : F-+F has
certain regularity properties (it is a contraction, a Fréchet gradient mapping
etc.) ; (U) the pairs of conjugate points associated with any pair of Fenchel
conjugate functions/, g may by characterized in a simple way in terms of the
pair of prox-mappings prox*, proxf.

Extensions of results of type (i) were stated by Lescarret [15] in certain
reflexive normed spaces, taking 0 as a composite function of the form <p o || . ||,

(1) This research was completed while the author was working at the Institute of
Mathematics of the Romanian Academy of Sciences, Bucharest.

(2) UER, 47, Université de Paris, VI.
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40 D. WEXLER

where <p is a suitable function R —»- R. Upper semicontinuity property of mul-
tivalued prox-mappings was discussed by Lescarret [16] and other problems
concerning prox-mappings were considered by Castaing [9] and Aris [1].

We are here interested in the following problem : find gênerai conditions
on 0 and ï7, such that the pairs of conjugate points with respect to any pair
of Fenchel conjugate functions/, g may be characterized in terms of the pair
of (single-valued)proxmappingsproxpproxj', which are at least continuous.
We found the following answer to the above stated problem : for reflexive
spaces F9 with G as the strong dual of i% a natural framework is that of normed
reflexive spaces with 0 € ro(F)9 V € F0(G) as any pair of Legendre conjugate
functions. We show in §5 that such pairs 0, T exist for any reflexive normed
space (conséquence of the renorming theorems of Asplund [2] (*)); such pairs
Ô, Y, may arise in a natural way (as in the case of Orlicz spaces) in other
forms than those considered earlier by Lescarret [15]. Thus, our results are
more genera! than, but do not quite contain, the corresponding results stated
in [15].

The proofs of our results in § 3 (characterisation of conjugate points)
consist in an adaptation to our framework of the corresponding results of
Moreau [17]; the proofs in §4 (continuïty properties of prox-mappings) make
an essential use of the gênerai duality between differentiability and rotundity,
introduced by Asplund and Rockafellar [4], as well as of uniform versions
(our lemmas 2, 3, 5 and 6) of certain results of [4]; in § 5 we discuss a few
examples and relate our results to the projection on convex closed sets and to
the theorem of Beurling-Livingstone [5].

2. BASIC ASSUMPHONS

In what follows .F is a reflexive normed space over R; F' is the dual space
normed by the dual norm; G is any space isomorphic (algebraically and metri-
cally) to F'; < • , • > is the canonical bilinear form on F x G. Unless otherwise
stated, all questions related to the topology of F9 respectively G, refer to the
norm topology.

For the theory of topological vector spaces we refer the reader to [8]. As
known, the collection of convex closed sets (as well as that of bounded sets)
in F, respectively G, is the same in all the topologies compatible with the dua-
lity between F and G (in particular in the norm topology of F, respectively,
— by the reflexivity of F, — in the norm topology of G). Hence FQ(F) and
ro((z) do not change if we replace the requirement of lower semicontinuity in

(1) We are thankful to Professor R. T» Rockafellar, who pointed out to us a very
recent result of Troyanski [21], that enables one to construct pairs of Legendre conjugate
functions, which are even Fréchet differentiable.
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PROX-MAPPINGS 41

the weak topology by lower semicontinuity in any topology compatible with
the given duality (in particular in the norm topology).

For the gênerai theory of convex functions, Fenchel conjugacy (for short,
conjugacy) and subgradients we refer the reader to [18] and [13]. Recall that :
if f erQ(F) is Gâteaux differentiable at x, then the set df(x) of subgradients
of/at x consists of exactly one element, denoted by ff (x), which is the Gâteaux
gradient of ƒ at x; the pair of points x € F9 y € G is said to be conjugate with
respect to the pair of conjugate functions ƒ € ro(JF), g e F0(G)9 if

we have

(2.1) f (x) + g(y) = <x,y>oye df(x)

Let A and % be two collections of nonempty bounded sets in F, respecti-
vely G, such that U A générâtes F algebraically, respectively U B gene-

rates G algebraically, and A € A implies — A G A9 respectively B e 3$ implies
— Bç3S. Dénote by S, respectively 75, the topology induced on F9 respecti-
vely G, by uniform convergence of the linear functionals on sets in $ , respec-
tively A. The topologies S on F and 75 on G are locally convex. Hausdorff
and compatible with the duality between Fand G. We shall consider functions
on F, respectively G, which are A —, respectivelly 3i —, differentiable in the
sensé of [4], Recall that if A € -T0(F) is A — differentiable at x and [7 h(x) is
its A — gradient, then h is Gâteaux differentiable at x and [7 h(x) is its Gâteaux
gradient. Indeed, the following two special cases present for us the main
interest :

1) A is the collection of ail singleton sets in F, and 3J is the collection of
ail singleton sets in G; then A —, respectively 3i —, differentiability is Gâteaux
(or weak) differentiability and S respectively 7S, is the weak topology on F,
respectively G\

2) A is the collection of ail bounded sets in F, and $ is the collection of
ail bounded sets in G; then A —, respectively $ —, differentiability is equi-
valent to Fréchet (or strong) differentiability and S, respectively 75, is the
norm topology on F, respectively G.

We assume that there is given a pair of conjugate functions 0 € ro(F)t

W 6 ro(G), which satisfy the following two conditions :
(A) 0 is A — differentiable on F and Y is 5$ — differentiable on G;

(B) <P(OF) = 0 and F &(OF) - OG.

Note that condition (B) is not essential : it is easy to verify that if (A)
holds, the pair of functions

0X : F-> Jt, 0x(x) = 0(x) ~(x,

and its conjugate Wt satisfy both (A) and (B).

n° août 1973, R-2.



42 0 . WEXLER

If each function of a pair 0 € P0(F), W e ro(G) is the Legendre conjugale
(transform) of the other (i.e. 0 and V are Gâteaux differentiable on .F, respec-
tively Gy the mappings [7 0 :F->G9 yW :G-+ F are bijective and

0(x) = < je, (V Ï T 1 (x) >
(2'2) y ( ) < (F * r l (y),y > - *((r *)"x GO),
it follows by (2.1) that 0 , Y'is a pair of (Fenchel) conjugate functions and our
assumptions hold with A — and 3$ — differentiability as Gâteaux differentia-
bility. On the other hand, if our assumptions hold, then 0 and W are (at least)
Gâteaux differentiable, and, by (2.1), the mappings y0 , y W are reciprocal
to each other, (2.2) holds and hence each function of the pair 0, !F is the Legendre
conjugate of the other. Thus, our assumptions are just more spécifie than the
simple requirement that each function of the pair 0 € ro(F)9 W € ro(G) *s the
Legendre conjugate of the other.

From the results of [4], § 4, it follows that the reciprocal to each other
mappings V0 :F-> G and VW : G —• F are continuous from the norm topo-
logy to the 75 —, respectively S —, topology. In the above case 2), V# is a
homeomorphism, VW being its reciprocal homeomorphism. Note that accor-
ding to [4], the Fréchet differentiability of both 0 and V may be expressed in
term of requirements on only one of them.

By W ( 0 G ) = OF and (2,2), W(OG) = 0. Thus W also satisfies (B) and
the functions 0 and W play a symmetrical part. Therefore the results that
follows still hold if we replace F, A, S and 0 by G, % T5, respectively W.

We mention some properties of 0. By Fenchel inequality,

and hence 0(x) ^ 05 Vx € F. By (2.1),

0(x) ==Oo0(x) + W(OG) =

hence 0(x) = 0ox = OF.
According to [20], h e ro(F), int dom h ̂  0 and 8A0O fï 8A(x2) = 0 ,

Vxls x2 €int dom/z with #! 7̂  x2 implies that h is strictly convex on
int dom h (*). Thus 0 is strictly convex on i7, since the mapping V0 is one-to-
one.

According to [19], dom W = G implies that the sets,

are bounded. Since 0 e ro(F), these sets are weakly closed. In a reflexive space,
a weakly closed and bounded set is weakly compact, hence the sets L(y, À),

(1) This assertion was proved in [20] for finite-dimensional J% but the arguments
still hold for any locally convex F.

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



PROX-MÂPPINGS 43

y € G> \€R, are weakly compact. Since F is a Banach space, dom 0 = F
implies that # is norm continuous on F (see [19]).

It is worth mentioning (although we do not make explicit use of this fact)
that the norm and S-topologies on Fcan be related to 0 : it is easy to see that
the function 111.111F defined on F by

is a norm on F, which is equivalent to the initial one || . ||F; it is also easy to
verify that if fr is a filter in F such that lim^r 0 = 0, then & —> OF in the
S-topology (invoke the S-rotundity of 0 at OF relative to OG, which, according
to [4], follows from the 55-differentiability of W at OG, with VW(OG) = OF).

Note that the simple requirements that 0 and W are conjugate to each
other, dom 0 = F and dom W = G (all the more condition (A)) and F reflexive
does not allow to go beyond the framework of normed spaces. As a matter
of fact, if we do not require explicitly the initial reflexive locally convex Hausdorff
topology of F to be a norm topology, the condition dom W = G (G being the
strong dual space of F) yields as above that the set

{u€F;0(u) — 0(OF) ^ 1 }

is bounded, while dom 0 = F yields (since reflexive spaces are barrelled) that
0 is continuous on F. Hence the above set is a bounded neighborhood of OFi

and, by the normability theorem of Kolmogorov, it follows that the initial
topology of F is a norm topology.

3. PROX-MAPPINGS AND CONJUGATE POINTS

F o r any poin ts XÇ.F, x€F, yeG a n d À € R + 5 consider t he sets

B(X, x,y,X) = x — A(X—x, y, A),

By simple calculations we obtain

(3.1) A(x, y, A) = L(y, A + 0(x) -<x,y»-x,

(3.2) B(X9 x, y, A) - X— L(y, A + 0(X— x) - < X— x, y » ,

(3.3) dJ¥(y) = L(

(3.4) A(x9 V<2>(*), A) =

n° août 1973, R-2.



44 D. WEXLER

Since OF€A(x,y9\)9 x€B(X9x9y,X) and VW(y) € BxW(y)9 the sets
A(x9 y9 A), B(X> x, y, A) and d^(y) are nonempty; by the properties of L men-
tioned in § 2, they are also convex and weakly compact. Note that for any
fixed X9 x and y the above sets are increasing with respect to A € R+.

In what follows, feF0(F)9 g€T0(G) is an arbitrary pair of conjugate
functions. For any X e F, respectively Y e G, we define the function &x respec-
tively WY, from F, respectively G, into R U { + oo } by

(u) = &(X— u)+f(u), respectively, WY(v) - W(Y— v) + g(v).

Lemma 1. For any points XeF, xo€ dom f, yo€G and X ̂  0, we have
&x(tt) > ®x(*o) + A - [f(x0) + g(y0)- < x09 y0 >], V u * B(X9 x0, y0, X).

Proof. If either ƒ(«) = + oo or g(y0) = + oo, the above assertion holds
obviously.

Assume u € dom/, y0 € dom g and put ux — x0 — w. Since

we have
— x0) + < WlJy0

and thus

(3.5) 0x(u) >X + 0(X-xo) + ixO9yo>-<u9yo>

By Fenchel inequality,

(3.6) / (w)-<« , j ;o>^-20>o) .

Substituting (3.6) in (3.5) we complete the proof of the lemma.

Theorem 1. For any XeF9 the function &x has a unique minimum point
on F (dénote it byproxf or proxr X). Furthermore, ifx0 € dom ƒ, y0 € dom g
and

A > f(x0) + g(y0) — <x09y0y,
then

(3.7) proX/X€i?(r,*0,3;0,A).

Dual assertions holdfor WY*

Proof. Since the conjugate functions ƒ and g are proper, there exist
x0 e dom ƒ and y0 e dom g. For

Ao =/(^o)

we have 0 < Ao < + oo and, by lemma 1,

(3.8) 0 » > &(xo\ V u i B(X9 x0, y0, Ao).

Revue Française d*Automatique, Informatique et Recherche Opérationnelle



PROX-MAPPINGS 45

Since # x is weakly lower semicontinuous on the nonempty and weakly
compact set B(X9 X09 y0, Ao), it has a minimum point x on this set. Then
3>x(*o) > #*(*), since x0eB(X9x0iyö;X0)t Thus, by (3.8), &x(u) > &x(x\
V u $ B(X, x09 y o, Ao). Hence x is a minimum point of # x on all of F. The
uniqueness of the minimum point follows imediatly from the strict convexity
of 0.

As was shown, x € B(X, x0, yOi Ao), and, all the more x € B(X, x0, y0, A),
for any A > A0.Thus (3.7) holds.

REMARK 1. In order to prove the existence of a minimum point, we could
refer the reader to Moreau [18], section 7, since inf&x(u) is the value of the

u€F

inf-convolution 0 O ƒ at X. We gave a direct proof because in § 4 we shall
make use of lemma 1 and (3,7).

EXAMPLES 1. If ƒ is Gâteaux differentiable on F, then the mapping
IdF + V Wo Vf(IdF is the identity on F) on Fis bijective and

(3.8a) p rox^ = [IdF + V P o Vf]"l(X)9 V

As a matter of fact, since prox^X is the unique minimum point of the
Gâteaux differentiable function $>x and <PX € P0(F), the équation V 0x(u) = 0o
has for any X € F a unique solution, which is just prox^X This équation is
equivalent to

2. Taking f=0 in example 1 we obtain prox^Z = 2"lX,
3. Assume that ƒ = < •, y > , with y € G. Then by example 1, the mapping

prox/ is the translation by — V W(y) :

^X— V ¥(y\

Proposition 1. For any X€i% the points prox^Z and V$(I—prox rZ)
are conjugate with respect to the pair of conjugate fonctions ƒ, g.

Proof. Put x = ptOKf X and y = V 0(X— x). Since x is a minimum point
of &x, we have

0ÂXu + (1 - X)x) > 9j{x), V « € F, V A € [0,1].

Taking into account the convexity of/, we obtain

0(X—x + X(x — u)) — 0(X—X) > A(/(x)—ƒ(«)), V « e F , VA€[0, 1]

and thus

(3.9) \-i[€>(X—x + X(x — «)) — 0(Z— *)]

> f(x) ~f(u), V«€F,V A

n» août 1973, R-2.



46 D. WEXLER

Since 0 is Gâteaux differentiable at X — X, with V &(X — x) = y9 (3.9)
yields

(3.9 a) ƒ(«)>ƒ(*) + <u — x,y>, V w e F

and that means y € 3 f(x).

(3.9 cz) shows that proposition 1 expresses in fact the variational inequality
associated with the problem of minimizing the function &x.

The theorem below gives a full characterisation by means of prox-mappings
of pairs of points which are conjugate with respect to the pair of conjugale
functions ƒ, g.

Theorem 2. For any two pairs of points (x, y), (X, F) from Fx G the folio-
wing three assertions are equivalent :

(i) ƒ(*) +g(y) = <x,y>, and x + VW(y) = X,y + V &(x) = Y ;

(ii) x = proxrX5 y = prox^F, and Y = V &(x) + V &(X—x) ;

(iii) x = p r o x ^ y = prox^Y, and X = V ¥(y) + V !P(F—j).

/; (i) => (ii). We have

«) ~ «K^- *) + Au) —Ax), V u € F.

By the Fenchel inequality, f(u) > (u,y > —#0>)5 V M Ç F , andthus, by (i)

Au)—A*)> <u
Hence

(3.10) <Px(u) — &x(x)^&(X—u)

By simple calculations

ini (0(X— u) + < u — J C , J > > ) = < X— x, y >

— sup(< X— u,y>— ®(X—ü))= < X—x,y> —W(y) = &(X—
u€F

We used the fact that, according to (i), the pair X—x, y is conjugate
with respect to the pair of conjugate functions <P, W. Hence, by (3.10),
®x(u) —*x(*) > 0, V u € F, and thus X = prox^Jf.

By means of dual calculations (for WY) we obtain y == prox^F.

By (i), X = x+ VW(Y—V0(x))9 hence F = V0(x) + V $ ( I - x ) .

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



PROX-MAPPINGS 47

For the implication (i) => (iii) we have only to note that dual calculation
to the above one yields X^ V W(y) + v V(Y—y).

(ii) => (i). Put y1 = V0(X—x). By proposition 1,

(3.11) f(x)+g(yl) = <x,yiy,

Hence, by the implication (i) => (ii) proved above,

(3.12) x

where

(3.13) X1 = x

and

(3.14) Yx = V 0(x) + V <P(Xt — x).

By (3.13) and V ï P = (V^)" 1 , Xt = X Then by (ii) and (3.14), Yx = y.
Hence, by (3.12) y± = j , and (3.11)5 (3.13) show that (i) holds.

Dual calculations yield the implication (iii) => (i).

As in [17], the above theorem yields some corollaries concerning the
range of prox — mappings.

Corollary 1. For any a€F,

pxox-l(a) = a + V Y@f(a)).

(In particular this set is empty if and only if df(d) — 0 . )

Proof. If X € a + V ^ / ( a ) ) , there is y € 9/(Ö) such that X=a
Hence, by theorem 2, Ö == prox^.

Assume now that X Ç. F is such that proxyjf= a. Put y = V ̂ ( Z — a).
By proposition 1, j€3 / (a ) and, by (V^)" 1 = V1?, X=a + VW(y).

From corollary 1 follows imediately

Corolïary 2. P rox^ is the set of points at whichf is subdifferentiable.

Corollary 3. The set of minimum points off coïncides with the set offixed-
points of the mapping proxy.

Proof Let x be a minimum point of/. Hence x € Bg(OG). By theorem 2,
x = proxjZ, where X = x + V ̂ (Oç) = JC, and thus x == prox^oc.

Assume now x — proxrx By proposition 1, it follows x € dg(OG) and
thus x is a minimum point of/.

REMARK 2. Corollairies 2 and 3 show that the set p r o x ^ and the set of
fixed-points of proxx do not depend on 0.

n° août 1973, R-2.



48 D. WEXLER

4. CONUNUITY PROPERTJDES

We shall now investigate some continuity properties of prox-mappings
under various assumptions on 0 and W. As in § 3, ƒ € ro(F), g e ro(G) is
an arbitrary pair of conjugate functions.

Theorem 3. The mapping prox/ : F—> Fis continuous from the norm topo-
logy to the S — topology.

Proof. Let X be any point in F and V any S-neighborhood of OF.
Since S is a locally convex topology, there exists a convex S-neighborhood
W oï OF, with WCV.

Put x = proxrX and y = V <P(X — x). Since W is 3S-differentiable
at y with V V(y) = X—je, it follows by [4] that 0 is S-rotund at X — x,
with respect to y. Hence, there is S > 0 such that

(4.1) A(X—x, y ,S) C _ 2"J PF.

Since ^ is norm continuous at X—x, there is 77 > 0 such that

0(X—X + u)^ S/4 + 0(X—x) and < u, y > ̂  S/4,

for any w in the bail 2(OFy rj) with centre OF and radius 17. Indeed, we can
choose 7] so that

(4.2)

holds too. Then, taking into account that the pair X— x> y is conjugate with
respect to the pair of conjugate functions 0, W,

(4.3) 0(X—x + u) — ̂ X—x + u,y}^Sf2-W(y)> V u € E(PF, IJ).

Let w be any point in i7(6>F, 07). By proposition 1, y €. 9/(x). Hence, by
theorem 1,

(4.4) ptoXjiX +u)<= B(X + u, x, y, S/2).

By (3.2), (4.3) and (3.3),

B(X + u, x, y, S/2) C X + 2(0F, , ) -

Hence, by (3.4) and (4.4),

(4.5) ptoxjiX +u)e proxrZ + 2(0Fi rj) — A(X—x, y, S), V u €

It follows by (4.1), (4.2), the coavexity of W and WC F that

proxr(X + ü) e pxoXfX + F, V u € £(0f, 1?).

Revue Française & Automatique, Informatique et Recherche Opérationnelle



PROX-MAPPINGS 49

REMARK 3. For any XçF, there is a norm neighborhood of X, on which
the mapping proxr is bounded (invoke (4.5) and the fact that, as noted in 3 §>
the set A{X—x, y, S) is bounded).

Proposition 2. If 0 is majorized on any bounded set in F, then prox/ is
bounded on any bounded set in F.

Proof. Let K be any bounded set in F. Choose x0 € dom f y0 € dom g
and put

K =ƒ(*<>) + S(yo) — < *o> Jo > •
By theorem 1, proxr XçB(X, xo,yo, Ao), V l ç £ Since 0 is majorized on
K— x0>

k = sup { Ao + O(X— x0) — < X— x0, y0 > } < + oo.
X€K

Thus, by (3.2), B(X, x0> y09 Ao) C Z — L(j05 ^), V X € ̂ , and it follows

proxr X € K— L(y0, k\ V X G ̂ .

Since L(y0, k) is bounded, prox .̂ is bounded on K

Lemma 2. For any function h e ro(F), with dom h = i% rt^ following five
assertions are equivalent :

(i) A w majorized on any bounded set in F ;

(ii) for any p > 0 a«^ OTy bounded set K in F, the set U d*h(x) is

bounded in G ;

(iii) for any bounded set K in F the set U dh(x) is bounded in G ;
x€K

(iv) h is Lipschitz on any bounded set in F ;
(v) h is uniformly norm continuous on any bounded set in F.
Proof The implications (ii) => (iii), (iv) => (i) and (iv) => (v) hold obviously,
(i) => (ii). Since h is weakly lower semicontinuous on F and/i (x) > — oo

V x 6 i7, h has a lower bound on any weakly compact set in F. In a reflexive
space, any bounded set is weakly relatively compact. Hence h has a lower
bound on any bounded set in F and thus h is bounded on any bounded set
in F.

Let K be any bounded set in F. Dénote by / the function conjugate to h.
Since / € F0(G\ there is y0 € dom /. Put W = S{0F, 1) and

Mi = sup {h(x + u) — h(x)— < u,yo> }.
(x,u)€K*W

Since h is bounded on any bounded set in F, 0 ^ fi1 < + oo. Put r = max
(ft, pi) and K = r " 1 ^ . It follows

n° août 1973, R-2.



50 D. WEXLER

Let x be any point in K and put

« = <*>>><>> — Kx) — l(y0).

According to [4], proposition 3,

It follows FC2[3P^)—7 0 ]° 5 VxeK. Taking polars,

drh(x) c y o + 2V° - y o + Z(pGi 2r), V x € K,

and thus (ii) holds.
(iii) => (iv) Let K be any bounded set in F. By (iii),

m = sup { | | j ; | | G : y € Bh{x)9 x € K } < + oo.

Let jcl5 x2 be any points in K. By dom A = F, dh(x±) ^ 0 and dh(x2) ^ 0 .
Choose y± 6 8/Ï(^I) and j ^ 2 € dh(x2). Hence

For u~X2 — xx and w = x t — x2 it follows

h(x2) — hix,) > < x2 — Xi, ̂ i > , ft(xt) — h(x2) ^ < Xi — x2J y2 > .

Hence

A(*2) — ̂ (^i) > —m ||^2 — ̂ I | |F and h(x2) — h(xt) ^ m \\x2 — xx\\ F

Thus \h(x2) — Kx^l < m\\x2 — xt\\ F, VxeK and (iv) holds.

(v) => (iii). Let K be any bounded set in F. Choose r > 0 and y0 e dom /.
Since h is uniformly norm continuous on any bounded set in F9 there is p > 0
such that

h(x + u) — h(x) < r/2, V x £K, u$Z(OF, p).

Put W = 2?(0F, />). Indeed, we can choose p such that < w, j 0 > < r/2,
VueW, holds too. Put V=r~xW. It follows

As in the final part of the proof of the implication (i) => (ii), we obtain

and thus (iii) holds. This complètes the proof of lemma 2.
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We shall say that the function h € F0(F) is A — differentiatie uniformly
on the nonempty set K in F, if h is Gâteaux differentiable on K and, for any

lim sup
AjO (u,x)€A*K

h(x + Au) — h{x) _ . .
-^—i ( — — < x, Vh(x) >X

Lemma 3. If h is A — differentiable uniformly on Ky then for any
— neighborhood B of OG there exists S > 0 such that

( 4 . 5 a ) { v £ G

w^ere / is the function conjugate to h.

The duality between uniform A -differentiability and « uniform
75 -rotundity » stated in lemma 3 can be proved in the same way as the
duality between A -differentiability and 73 -rotundity, see [4],

We can now prove a uniform version of theorem 3.

Theorem 4. Assume that 0 is majorized on any bounded set in F and W
is 3i -differentiable uniformly on any bounded set in G. Then, on any bounded
set in F, the mapping prox/ ; F^F is uniformly continuons from the norm
topology to the S -topology.

Proof Let K be any nonempty bounded set in F and V any S -neigh-
borhood of OF. There exists a convex S -neighborhood W such that W C F.

By proposition 2, the set Ko = { X— proxr X : X € K } in F is bounded
and hence, by lemma 2, the set V ̂ (^0) in G is also bounded. Thus W is
3 -differentiable uniformly on V <P(K0). It follows by lemma 3 that there
exists S > 0 such that, for any y e V &(K0)

Hence
(4.6) A(X— proxr X, V&(X — proxr X), §) C _ 2

Since, by lemma 2, $ is uniformly continuous on any bounded set in F,
there exists 77 > 0 such that

0(z + ü)-0(z) ^ 8f4^u9yy ^ 8f4,W z^KO9V yeV0(Ko)9V u^2(OFi7j).

Indeed, we can choose 77 such that (4.2) holds too. Then, using the fact that
the points X—proxrX, V &(X—proxrZ) are conjugate with respect to
the pair of conjugate functions &9 W,

&(X—proxf X + u) — < X—proxr X + u9 V &(X — proxr X) >
(4.7)

< S/2 — !P(V<Ê(X — proxr *)), V i a , V w
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Let now X be any point in K and u any point in £(OF9 77). Put x — prox / X
and 7 = V 0(X — x). As in the final part of the proof of theorem 3 we obtain

V, V XeK, V u eZ(OF,<rj) ;

we have only to use (4.7) and (4.6) instead of (4.3), respectively (4.1).

Lemma 4. Assume that on any bounded set in F the function 3> is majo-
rized and, on any bounded set in G, the mapping V W is Lipschitz of order ƒ?,
0 < j8 ̂  1. Let Ko be any nonempty bounded set in F, Ao any real number,
Ao > 0, and put Mo = V &(K0) + 2(0G, Ao),

: („„ P

1 < m0 < + 00 and

(4.7 a) ^ f c Vfl^) , m0X
fi+1) C i7(0F, 2/WoA )̂, Y x 6 ̂  V A € ]0, Ao].

Proof. By lemma 2, the set M o in G is bounded and hence mQ < + 00.
Since V ¥*" is one-to-one, m0 > 1.

Let je be any point in j ^ o , A any point in ]0, Ao] and put y = V &(pc). Let y
be any point in 2(0G, 1). By the Lagrange formula, there exists 0, 0 < 9 < 1,
such that

)? \v>.

Hence, by ̂  = V Wv)7

Aü) — ¥(y)— < x,\v> = < VW(y+e\v) — x,Xv>

It follows
1 {weG:V(y+w)

By [4], Proposition 3 (with a = 0, since y =

— Ï'O')— < *, w

^ + « ) - ^ ( j c ) - < u,y>

and hence 27(0^ (moA^)"1) C 2^4(JC9 V (P(^), mQX^+1)°. Taking polars, we
obtain (4.7 a).

We can now prove a Lipschitz version of theorem 3.

Proposition 3. Assume that on any bounded set in F the function 0 is
majorised and, on any bounded sen in G the mapping A W is Lipschitz of order
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j8, 0 < j8 < 1. Then on any bounded set in F the mapping prox / is Lipschitz
of order |S/fl3 + 1).

Proof, Let K be any bounded set in F containing at least two points. By
proposition 2, there exists a bounded set £/ C j? such that

(4.8) prox/Zet/ , VXtK.

Since the set K— U is bounded, by lemma 2, there exists m > 0 such that

(4.9) |*(i/2) — <&K)| ^™| |w 2 — W l | | F , VUl€K—U, Vu2eK—U.

Put
Ao - sup { (2m|| JST2 - Xt\\F)m/î+1): (Xu X2)eKxK}9

hence 0 < Ao < + oo. By lemma 4 with ^ 0 = K—proxr K, 1 < m0 < + oo
and

— prox / X, V# (X— proxr J^5

(4.10) C Z (0F? 2w0A^), V X € iC V A € ]03 Ao],

Let now X l5 Z 2 be any two points in K, Put x± = prox / X1? JC2 = prox /

, j i — V 0(Xt — Xi) and y2 = V d>(Z2 — x2). Choose

Since m0 > 1, A €]0, Ao[. Put S = m0X^+1 and e = 2m0A
A, hence

§ = 2m I I X i - ^ H F and c « 2 i » o ( 2 « w ô y / W + 1 ) | | ^ 2 - J f | |

By (4.9),

(4.11) j ^ ( Z 2 —1«) — 0(XX — u)\ < 8/2 , V W £ [ /

and by (4.10),

(4.12) A(XX — XU yl9 S) C 2(0F, c).

By proposition 1, yx € 3/(x t). Hence, by lemma 1,

(4.13) <PXl(«) > * X l ( ^ ) + 8,VW«t B(XU xuyu 8).

By (4.8), xx € U and thus, by (4.11),

(4.14) 0x%(Xl) < <PXl(xx) + S/2.

By (4.11)5 &x£u) > <PXI(II) — S/2, V « € C/ and hence, by (4.13),

(4.15) 0X2(u) > 0Xl(xt) + S/2, Vue U\B(XU XU yu S).
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Since x2 is the unique minimum point of 0XQ on U9 we deduce by xx € U,
(4.14) and (4.15) that x2 $ U\B(Xuxuyx,8). Hence x2 €B(Xx,xx,yu S)
and thus

x2t=xt—A(Xx~xuyu8).

It follows by (4.12) and the expression of e and S that for any Xx and any
X2 in K,

We shall now investigate the function f : F—> R, f(X) = Ö^ (prox/
associated with ƒ. Since

(4.15a) ƒ(*) = inf {<P(X-«) + /(ii) : ! ! € * } ,

ƒ is the inf-convolution (P D ƒ of 3> and/.

Theorem 5. The function f is finite, convex, norm continuous on F and
its conjugate ƒ * is the function W + g. Furtherrnore, if W is Fréchet dijferen-
tiable on G, the function f is &-differentiablé on F and

V ƒ = V0 o (IdF — proxr).

Proof Since 0 is norm continuous, the inf-convolution ƒ is the conjugate
of W + gy see [18], section 9. Hence f is convex. By the same argument it
followSj according to [18], section 4, that ƒ is norm upper semicontinuous
on F. Hence, by [8], chapter II, ƒ is norm continuous on F. Since ƒ is the con-
jugate of W + g and W + gçrQ(G), f*=W + g.

To prove the final assertion of theorem 5 consider two arbitrary points
X, X± in F and put x = prox/X, xi=pxoxfXu y = V $ ( I — x), and

V0(X)
By proposition 1.

(4.16) ƒ(*) + g(y) - < x, y > and

By Fenchel inequality, ƒ(X) + f*(y±)

It follows by ƒ * = ̂  + g and (4.16)

(4.17) ƒ(X) > < X9yt > + f(pct) -

Since yt =

and substituting in (4.17),

(4.18) ƒ(*) - f(Xx) > < X- Xuyx >.
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Symmetricaily, ƒ(X^ — f(X) ^ < X± — X,y >

and hence

(4.19)

By (4.18),

(4.20) f(X1) — f(X)—<X1—X9y> ^ <X1-X,yx-y>.

Thus by (4.19) and (4.20)

(4.21) 0

Let now X be any point in F, A any set in A and put X — prox r X,
y = V <P(X—x). For any u € ̂  and any À > 0, put

AM), yUtX - V ̂ >(Z + Au

By (4.21),

sup — < sup

Assume An | 0. Since W is Fréchet differentiable, S is the norm topology
of F. Hence, by theorem 3, ||xMiAn —JC | | F -> 0 uniformly with respect to u
in the bounded set A. According to [4], the mapping V 0 is continuous from
the norm topology to the 75-topology. Hence yUf\n-*-y in the TS-topology,
uniformly with respect to u eA. It follows < u,yuXn — y > ->-0 uniformly
with respect to u£A. Hence

Iim sup
A|0 u€A

f(X+Xü)-fXQ < u } _

and this complètes the proof of theorem 5.

REMARK 4. By theorem 5, prox7 = ldF —VWo Vf. This is in our frame-
work the substitute of the fact that in the framework of Moreau [17], proxr
is a gradient mapping.

As in [17], the above theorem yields some corollaries.

Corollary 1. Assume that W is Fréchet differentiatie on G and let f
andfx be two arbitrary functions in ro(F). Then prox^ = prox/ if and only if
fi = / + c o n s t .

Proof Assume prox/x = proxj. By remark 4, Vft = Vƒ and hence
ft = f-\- a , where a = const. Dénote by g9 gx the functions conjugate
to ƒ, respectively ft. By theorem 5, W + gx = W + g — a. Hence gx — g — a
and this yields f1=f-\-(X.
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The reciprocal implication follows imediately from the définition of prox-
mappings.

Corollary 2. Assume that # is Fréchet differentiablé on F. For a function
<p : F—>R the following two assertions are equivalent :

(i) <p € ro(F) and <p is more convex than <&(i.e. there exists a convex function
f : F - > R such that <p = d> + ƒ ) ;

(ii) the function *ft, conjugate to <p is 3-differentiabIe on G and there exists
g€.ro(G) such that

(4.22) V r̂ = W o (Idc - proxj).

Proof. (i) => (ii). Since <p € ro(F)and 0 is norm continuous, by ƒ = <p — #
we conclude that ƒ € P0(F). Dénote by g the conjugate off, hence g € ro(Gf).
According to [18], section 9, the function conjugate to <p is the inf-convolu-
tion W D g- Hence ift = W Q g and in order to prove that (ii) holds we have
only to apply theorem 5 (with G and V replaced by F, respectively 0).

(ii) => (i). By theorem 5 the inf-convolution g = W[Jg is 3-differentiable
on G and

Hence, by (4.22), Vif/ = Vg and it follows if/ = g — c where c is a constant.
Taking conjugates, 9 = # + ƒ - ( - ŝ where ƒ is the function conjugates,
to gy and thus (i) holds.

Lemma 5. Assume that h € ro(F) is majorized on any bounded set in F.
Then, for any convex norm-neighborhood B of OG, any bounded set KC F
and any S > 0, there exist a norm nieghborhood W of OF and e > 0 such that

dxh(x + u) C dêh(x) + JBS V ^ I 5 VfieïF, VAe[8 — c, S + c].

. Let C/ be a bounded norm neighborhood of OF and put

Af = U {3 A A(x):x€^+ C/,A< 2S}.

Since the set K + U in F is bounded, by lemma 2, the set M in G is also
bounded. It follows that there exists p > 28 such that M — MC- pB. Choose
e > 0 such that 2c < Sf(p + 1). By lemma 2, there exists a norm neighbor-
hood W of OF such that W C £ƒ and

Since M is bounded, we can choose W such that

<M,J ;> < €/45 V « € ^ V j € M

holds too. Further on the proof follows as that of proposition 5 of [4].
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Lemma 6. If on any bounded set in F, the function h € ro(F) is majorized
and uniformly &-dijferentiabley then, on any bounded set in F, the mapping
V h : F—> G is uniformly continuous from the norm topology to the *S-topology.

Proof Let K be any bounded set in F and V be any TS-neighborhood
of OG, There exists a convex 'B-neighborhood B of OG such that B + BC V.
By lemma 3, there exists S > 0 such that (4.5 a) holds, / being the function
conjugate to h. By lemma 5 and V h(z) € d\h{z\ V ze F, V A > 0, there
exists a norm neighborhood W of OF such that

(4.23) Vh(x + u)

Since h(x) + Z(V h(x)) = < x9 V h{x) >, we have for any x e K,

v) — lC7h(x)) — <x,vy ^ S } .

Hence, by (4.5 a) and (4.23),

V h(x + u) eV h(x) + B + B <Z h(x) + V, V x € K, V u € JF.

We can now make theorem 5 more précise under certain additional
assumptions.

Theorem 6. Assume that on any bounded set in F, the function 0 is majo-
rized and uniformly A-differentiable and, on any bounded set in G, the
function ¥̂  is uniformly Fréchet dijferentiable. Then on any bounded set in F, the
u nction f is majorized and uniformly Jk-dijferentiable.

Proof Since on any bounded set in F the function 0 is majorized, it follows
immediately by (4.15 a) that on any bounded set in F the function ƒ is also
majorized.

In order to show that on any bounded set in F the function ƒ is uniformly
f̂c-differentiable we have only to return to the final part of the proof of theo-

rem 5 : invoke theorem 4 instead of theorem 3 and lemma 6 instead of the
continuity of the mapping V $ :F~>G from the norm topology to the
IS-topology.

5. EXAMPLES AND FINAL ÏŒMARKS

Note first that if F is a Hubert space over R, G = F, < ., . > as the scalar
product, and 0 = W = (1/2) ||. ||2, we are in the framework considered
primarily by Moreau [17], The assumptions of all our theorems hold. Theo-
rems 1 (the first part), 2 and 5 reduce to the corresponding results of [17].
Concerning proposition 3, we point out that it furnishes a weaker result than
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the corresponding one of [17] (the xnapping proxr is a contraction), obtained
by means which seem spécifie to Hubert spaces. That is why we think that
our proposition 3 may be improved.

We shall now discuss a few examples that seem to motivate our frame-
work and the investigation of the various continuity properties of prox-
mappings in § 4.

EXAMPLES. 4. We show now that if the norms ||. ||F and ||. ||G have some
smoothness properties (for the gênerai theory of smoothness of the norm we
refer the reader to [10] and [11]) and <p, i/r is a pair of Young conjugate func-
tions on R, then the pair of composite functions 9? o ||. |jp., ifs o ||. ||G satisfies
our conditions (A) and (B).

Let a be any function R+ —> R+5 which is continuous and strictly increa-
sing ou R+) with a(0) = 0 and a(X) -> + 00 as À—> + 00. The reciprocal
function b : R+ —> R+ possesses the same properties as a. The functions 9
and ip from R onto R+,

Jo
=\ b{t)dt

are differentiable, strictly convex andeven on R ; in addition <pf(O) = $'(0) = 0.
They form a pair of (classical Young) conjugate functions on R.

If the norms | | . | |F and || ,||G are A —, respectively 3i —, differentiable
on F\{ O F }, respectively G\{ OG } , then the pair of functions& = 9 o || ,||F)

W = x/j o |[. Ij G satisfies our conditions {A) and (JS).

Proof It is easy to verify that 0 e ro(F), W e F0(G) and that they are
conjugate to each other (see also [18], section 14). <P(OF) == *P(OG) = 0 holds
obviously and an immédiate calculation shows that <P and W are Fréchet
differentiable at OF, respectively OG, with V <P(OF) = OG, V ̂ (OQ) = OF;
then, for any y e G, y ^ OG, any » EG and any À > 0 we have (by the
Lagrange formula for if/)

- *w _ b

where c ( j , v, À) is a real number placed between | | j | | G and \\y + Av||G. Since
Ij. ! G is S-differentiable at y and ift' is continuous at | | j | G , it foliows that W
5S-differentiable at y, with

(5.2)

Similarly, 0 is ^t-diflferentiable on F.

Note that these functions <P and W are bounded on any bounded set in F,
respectively G and thus proposition 2 applies.
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If the norm || , | |c is uniformïy smooth (Le. uniformly Fréchet dififerentiable
on any bounded closed set in G\{ OG }), then W isuniformly Fréchet differen-
tiable on any bounded set in G.

Proof First, the function W is uniformly Fréchet differentiable on any ring

Kp
r = { y € G : r < \\y\\ G ^ p }. with 0 < r ^ p < oo (take account of

n\\y\\o)

which follows by (5.1) and (5.2); then invoke the uniform Fréchet differentia-
bility of the function ||. j | G on Kp

r, </>'(|MIG) < <A'0>)>v y 6 KP
T, and the uniform

continuity of ifi' on any bounded interval in R, which follows from the conti-
nuity of ifi' on R). Next, choose p > 0 and e > 0 arbitrarily. By (5.1) and the
continuity of ip' at 0, there exist r, 0 < r < p and Aj > 0, such that

A"1 \¥(y + Xv) — V(y)\ < c/2, VyeZ(Oa,r), VveZ(OG, p), VA €]O, AJ.

By the continuity of V W in the norm topologies (guaranteed, according
to [4], by the Fréchet differentiability of W on G) and V W(OG) = OF, it
follows that we can choose r such that

v, V W(y) >| < c/2, Wy e2(OG, r), Vv 6 Z{OG, p)

holds too. Thus

(5.3) sup — < v,

Since 0 is uniformly Fréchet differentiable on the ring K?, there exists Ao,
0 < Ao < Aj such that

(5.4) sup

By (5.3) and (5.4) it follows that W is uniformly Fréchet differentiable on
any bounded set in G.

The above statements enable us to furnish various examples when our
propositions and theorems hold (with &9 W defined as above). For istance :
if the norms | j . ||F and ||. ||G are smooth (Le, Gâteaux differentiable except at the
origin), then (A) and (B) hold with A- and Sb-differentiabïlity as Gâteaux diffe-
rentiability (hence S and *G as the weak topologies) ; if the norms ||. ||F and ||. || G

n° août 1973, R-2.



60 D. WEXLER

are uniformly smooth, then (A) and (B) hold with &- and %-differentiabUity as
Fréchet differentiabïlity {hence S and 73 is the norm topologies). In the latter
case all of our theorems and propositions apply. except proposition 3.

Recall that if M is a non empty convex closed set in F and ƒ is its indicator
function (i.e. ƒ (x) = 0, if x € F and f (x) = + oo, if x $ F), then (for 0, W defi-
ned as above) prox7Z is the projection of X on M (i.e. the unique
minimum point on M of the function MBu l-> ||Z—u\\F). Thus, from our
results one can as well dérive various continuity properties of the projection
on M mapping, corresponding to certain smoothness properties of the norms
|| • || F? || • || G- F° r instance, if | j . ||F and ||. ||G are smooth, then by theorem 3,
the projection on M mapping is continuous from the norm topology to the
weak topology.

Finally, note that according to a resuit of [21] and the renorming theorems
of [2], every reflexive normed space has an equivalent norm || • ||F, which is
Fréchet differentiable and whose dual norm [| • ||é is a l s o Fréchet differentiable
(except at the origin). Putting 0 = <p o || • ||F', W = ijs o || • ||£, we see that in
reflexive normed spaces it is always possible to construct pairs of Legendre
conjugate functions which satisfy our conditions (A) and (Z?)5 with &~ andSb-dijfe-
rentiability as Fréchet differentiability (hence S and^S as the norm topologies).
Note that for these 0 and W, theorem 5 and its corollaries apply.

Invoking theorems 2 and 3 (for the above 0 and W), we may see that for
any f e F0(F), the graph ofdfis homeomorphic to F (and to G) : as a matter of
fact, the mapping (x. y) 1—*- x + V W(y) from the graph of 3/to F is bijective
and norm-to-norm continuous in both directions.

5. We shall now indicate an example when proposition 3 applies. Let T
be any locally compact space, \i any positive Radon measure on T and p, q
any reals with^ > 1 and/?~ * + q~l = 1. As usual, II is the set of (classes of)
real-valued measurable functions x such that the quantity

I/P

is finite. Put F'= II with the norm || • ||p, G = II with the norm \\q\ the
canonical bilinear form is as usual

< x,y > =

Put 0 = Jp~1 | | • ||5 9 Y = q'1]] • ||J. Since the norms ||.||p and ||.||4 are
uniformly smooth, this example may be considered as a special case of example 4
with a and b defined by a(A) = [A^"1 sgn A, b(X) = lAj9"1 sgn A. From

~* 11 Tl IP î "" 11 Tl I £ "-̂  Tl Tl y \ * - T > \ / T l • - ¥ >
P 1 1 •" 3 2 ^ l " 2 s * " 1 ^ **~9 2 ^ ••*•»
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with equality if and only if À2 = l^i^"1 sgn Xt it follows

with equality if and only if y = [x^"1 sgn x. Hence, by (2.1),

Similarily, VW(y) = | j f ~* sgn y.

Assume 1 < p < 2. From the elementary inequality

M1*'1 sgn v — \u\p * sgn u

it follows that

)||, < 22-'|;c2 - x.llr1, V x, € U, V

Thus the mapping V3> : LP —>Lq is Lipschitz of order p — 1 on all of Lö.
Assume now /? > 2. In this case there exists k > 0 such that

sgn*;— \u\p 1 sgn M

Let xl5 x2 be any two functions in Lp. From the above inequality,

(5.5) | | \ l !

Since |*a — x t |
f 6 Lp/ï, ( ^ l + |* a | ) '~ f € L'11'-» and the ieahp/q,p/(p—q)

are conjugate to each other, by the Hölder inequality it follows

(5.6) f (|^| + \x2\y-« \x2-x^diL< « |*t| + |*a| ||;-« \\xz-Xi

JT

By (5.5) and (5.6)

and V 0 is Lipschitz on any bounded set in LF.

(1) In order to prove this inequality consider the functions y, and y2 from [0,l[ into R,
X) (l + A P I ) / ( I + A ) 1 W) (1 A P ^ / C I A ) 1 d t k i t t
() po s q y , d y2 from [ , [ R,

Xl(X) = (l + AP-I) /(I + A)^-1, z.W) = (1 - AP-^/CI - A)^-1 and take into account
that for any A e [0,l[ we have %ÂX) < 2 2 - P , y.f(A) < 2^? .

(2) In order to prove this inequality consider the function y8 : tO,l[^- R, xM =
(1 - fr-i)l(\ - A)(l -h A)^ a and put k = sup {zs(A) : A € [0,l[], hence 22-*> < /c < + oo ;
then, take into account the estimâtes for Xi and ys.
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Thus the conditions of proposition 3 hold in this example.

6. In all of the above examples 0 (and W) is a composite function of the
form <p o ||. ||, where <p is a function R —• R. It is easy to imagine pairs of
functions which satisfi conditions (A) and (2?) but are not of the above type
(for instance put F — G = R", n > 2, and define 0, y by

where />,, ^ are given reals with pj > l^pj1 + qj1 — 1 and at least two of
the pj are different).

Other types of pairs &, W arise in a very natural way in Orlicz spaces (for
the theory of Orlicz spaces we refer the reader to [12] and [14]). Let T and \i
be as in example 5 and <p, ip as in example 4. Assume in addition that both
functions <p and ifs satisfy the condition (A2) of [14], (denoted by (A) in [12]).
For any measurable real-valued function z, put

= f <pozd}jL,W(z)= f
JT J

(the above intégrais are in the sensé of [12], i.e. essential intégrais in the sensé
of [7], chapter 5). The Orlicz space L9, respectively l/9 is the space of (classes of)
functions z9 such that &(z) < + oo, respectively W(z) < + oo. Under the
Orlicz norms ||-| |^ respectively ||.||^, L9 and IÎ are reflexive Banach
spaces, each of them being isomorphic (algebraically and topologically) to the
dual space of the other. The canonical bilinear form on L9 X IÎ is given by

< JC, y > = x y dju. Thus F — if with the Orlicz norm ||. ||9 and G = IÎ with

the norm || • ||^, dual to ||. \\9, satisfy the conditions of § 2.

Since <p satisfies condition (d2), there exists k > 0 such that X<p'(X) < k<p(X)9

VA € R (see [14]). On the other hand, 0 < \<p'(\), VA € R. Hence

0 < x(<p' o x) < k(<p o ^ V

and thus x(<p' o x) is an integrable function, V x € if. Since the functions 9,
îff are differentiable and conjugate to each other on R,

(5.7) <p(Ai) + <A(A2) ^ AXA2 , VAi € R, VA2 € R,

with equality if and only if A2 = 9/(^1) (which is equivalent to Ax = ip
Hence

ipo(<p'ox) = x(<p' ox) — <p o x9 V

and thus ^'ox € i / 5 V x € L*. Similarily ï/r'07 € L*, V y
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By(5.7)9

with equality if and only if y = <p'ox (which is equivalent to x = $' o y). Hence
the functions # and W are conjugate to each other and B&(x) = {<p'ox},
BW(y) = {ip'oy }, Since dom 0 = l / 5 the function <P is continuous on L ^
see [19]. According to [18], section 10, the continuity of $and B0(x) = {ç)'ox}}

implies that 0 is Gâteaux differentiable at any x € lf with V <£(#) = <p o x.
Similarily, y is Gâteaux differentiable at any y€Lf with V W(y) = f o x Then,
by the continuity of tp and iftf on R, arguments similar to those used in [14],
theorem 17.3, yield that the mappings V^and V ̂ are continuous from the
norm topology to the norm topology, Hence, by [4], 0 and !P are Fréchet
differentiable on F, respectively G. Thus our conditions (A) and (B) hold
with Jkr and 55-differentiability as Fréchet differentiability (hence S and TS as
the norm topologies),

7. We shall now express a Beurling-Livingstone type theorem in terms of
prox-mappings. We replace the conditions on the mapping T : F—> G in [5]9
[6], [3], by the requirement that T is the gradient mapping of a function 0
such that 0 and its conjugate W satisfy our conditions in § 2 (i.e. 0, Wfa a pair
of Legendre conjugate functions) : kt P be a closed subspacë in F and Q its
annihilator in G. For any couple (f, rj) in F X G there exists a unique couple (/?. q)
inP x Q such that

(5.8)

As a matter offact,

(5.9) p =

where the conjugate to each other functions f \ g are defined asf(u) = (u,'qy if
u € P, ƒ (M) = + oo if u £ P and g as the indicator function ofQ + rj.

Proof Let p and q be defined by (5.9). Obviously p € P and q € Ö- By
theorem 2, the pair —p, y + q is conjugate with respect to the pair ƒ, g and
—p + V W(r) + q) = f. This equality yields immediatly (5.8).

To prove uniqueness, assume that/?' € P, q' € 6 satisfy

(5.10) V 0 ( f + / ) - * ? + <?'

By jp' € P, f ' € 6 it follows that the pair —/*', ij + ## is conjugate with res-
pect to the pair/» g. Then by theorem 2,

—/?' = prox -̂Z, where X = — />' + V ÎPifo + #')•

By (5.10) it follows X = f, hence /?' = /?. Then by (5.8) and (5.10), q' = #.
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If the functions 0 and W are Fréchet difFerentiable on F, respectively G,
theorem 5 may be used to express the pointsp, q in a form different from (5.9).
The continuity properties of prox-mappings furnish some continuity properties
of the mapping (£, 77) I—> (p, q), where (p,q) Ç.P X Q is the unique solution
of (5.8). For instance : if 0 and W are Fréchet dijferentiable, then the mapping
(£5 u) 1—*" Cps <Ù is norm-to-norm continuous with respect to éach argument (to
prove continuity with respect to the first argument invoke theorem 3 and the
norm-to-norm continuity of V $ ; to prove continuity with respect to the
second argument, replace F and P by G, respectively Q and take into account
the uniqueness of p, q satisfying (5.8)).

As above, one may prove the following more gênerai statement : let P be
a convex closed cône in F and Q = P°. For any couple (£, 77) € F x G there
exists a unique couple {p, q) e (— P) X Q, such that

r] + q and </>,?> = 0;

p and q are defined as above by (5.9).
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