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Galois Structure of Ideals in Wildly Ramified
Abelian p-Extensions of a p-adic Field,
and Some Applications

par NIGEL P. BYOTT

RESUME. Soit K une extension finie de Q, d’indice de ramification e, et
soit L/K une p-extension abélienne finie de groupe de Galois I et d’indice
de ramification p™. Nous donnons un critére en termes des nombres de
ramification t; permettant de décider lorsqu’un idéal fractionnaire " de
l’anneau de valuation S de L peut étre libre sur son ordre associé A(KT; B*).
En particulier, si tn, — [tn/p] < p™ e, la codifférente ne peut étre libre sur
son ordre associé que si t; = —1 (mod p™) pour tout i. Nous déduisons de
cela trois conséquences. Premiérement, si A(KT'; S) est un ordre de Hopf et
si S/R est une A(KT; S)-extension galoisienne, ol R est I’anneau de valua-
tion de K, alors t; = —1 (mod p™) pour tout i. Deuxiémement, si K = k-
et L = ky4r sont des corps de points de division d’un groupe de Lubin-Tate,
avec m > 7 et k # Qp, alors S n’est pas libre sur 2A(KT'; S). Troisi¢émement,
ces extensions km+r/kr possédent deux structures galoisiennes de Hopf
différentes, mettant en évidence des comportements différents au niveau
des entiers.

ABSTRACT. Let K be a finite extension of Q, with ramification index e, and
let L/K be a finite abelian p-extension with Galois group I' and ramification
index p™. We give a criterion in terms of the ramification numbers t; for
a fractional ideal §p? of the valuation ring S of L not to be free over its
associated order A(KT; P"). In particular, if tn — [tn/p] < p* e then the
inverse different can be free over its associated order only when t; = —1
(mod p™) for all i. We give three consequences of this. Firstly, if A(KT; S)
is a Hopf order and S is A(KT'; §)-Galois then t; = —1 (mod p") for all <.
Secondly, if K = kr, L = kpm4r are Lubin-Tate division fields, with m > r
and k # Qp, then S is not free over A(KT;S). Thirdly, these extensions
km+r/kr admit two Hopf Galois structures exhibiting different behaviour
at integral level.
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1. INTRODUCTION

Let p be a prime number, and let K be a finite extension of the p-adic
field Q,. We write e = e(K/Q,) for the absolute ramification index of K.
If L is a finite normal extension of K, with Galois group I' = Gal(L/K) say,
it follows from the Normal Basis Theorem that L is a free module of rank
1 over the group algebra KT'. Let R (respectively, S) denote the valuation
ring of K (respectively, L), and let p (respectively, ) denote its maximal
ideal. Then S, or more generally any fractional S-ideal B*, is a module
over the integral group ring RT'. In general, 3" is not free over RT. Indeed,
it is well-known that S itself is a free RI-module if and only if L/K is at
most tamely ramified. In this case every ideal P* is a free R[-module (see
[U]). To investigate the RT-structure of §3* more generally, one considers
the associated order

A(KT; P*) = {a € KT | oP* C P}

This is indeed an R-order in the group algebra KT', and " is an 2A(KT; *)-
module.

If K =Q, and L/Q, is any abelian extension, then S is free over its
associated order (see [L]). This is not true for more general K, even if
K is unramified (see [Be]), and there are relatively few cases where the
associated order is known explicitly (e.g. [B-F], [F], [Byl], [T1]). There
are however a number of results on the structure of S or P* as a ZpI-
module, both describing its module structure completely in certain cases
(e.g. [RC-VS-M], [E-M], [E]), and giving more general results regarding
the associated order in Q,I' (e.g. [Bl-Bu], [Bul], [Bu2]). In a somewhat
different direction, the existence of RI'-isomorphisms between fractional
S-ideals was investigated in [By2].

In this paper, we will be concerned only with associated orders in KT,
and will not require any hypothesis on the absolute ramification of K. We
take L/K to be an abelian p-extension with ramification index p™, and we
give in Theorem 3.13 a criterion in terms of the ramification numbers ¢; for
an ideal " not to be free over its associated order. This takes a somewhat
simpler form in the case that P* is the inverse different SZ}K (Theorem

3.10); under a mild restriction on the largest ramification number, QZ}K
cannot be free over its associated order unless t; = —1 (mod p™) for all 7.
Our method requires only knowledge of the ¢;, and does not involve any
explicit calculations with associated orders. We do however make essential
use of Vostokov’s criterion for the RI-indecomposability of S-ideals.
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We give three interrelated applications. Firstly if, for the abelian p-
extension L/K, the associated order 2 = 2(S; KT) is a Hopf order, and
if furthermore S is a Galois A-extension of R, then ¢; = —1 (mod p").
This is already known in the special cases where I' is cyclic of order p?
(see [G]) or elementary abelian (see [By3]). Secondly, we take K = k, and
L = k,p4» to be Lubin-Tate division fields obtained from an extension k of
Q. When m < r, these provide one of the few families of extensions where
the associated order 2 is known explicitly (see [T1]), and in this case S is
free over 2. It is also known that S is free over 2 when m > r and k = Q,
(see [C-L]). We complete these results with Theorem 5.1, which shows in
the remaining case m > r, k # Q, that S is not free over its associated
order. Our final application concerns the comparison of different Hopf
Galois structures at integral level. The Lubin-Tate extensions Km4r/k-
admit both their classical Hopf Galois structure and another Hopf Galois
structure, arising from the Kummer theory of formal groups. In the first
Hopf Galois structure, Theorem 5.1 tells us that S is not free over its
associated order, while in the second structure, S is automatically Galois,
and hence free, over a Hopf order in the underlying Hopf algebra.

2. A NON-FREENESS CRITERION

In this section, we give a very general criterion for a lattice in a module
over a finite-dimensional commutative K-algebra A not to be free over
its associated order. This uses only some rather elementary commutative
algebra.

Let v: K — Z U {00} be the valuation on K, normalised so that v is
surjective. We fix once and for all 4 € K with v(u) = 1.

Let V be a free left A-module of rank 1. An R-submodule M of V is a
lattice if it is finitely generated and spans V over K. The associated order
A(A; M) of a lattice M is defined by

A=A(A;M)={a € A|aM C M}.

Since A acts faithfully on V, it follows that 2 is indeed an R-order in A.
Clearly M is an 2A-module.

THEOREM 2.1. With the above notation, suppose that
(i) A is a local ring;
(ii) there exists a generating set {mi,... ,my} for M as an A-module,
with the property that Am; # M for 1 <i < n.



204 Nigel P. BYoTT

Then M is not free as an A-module.

Proof. Suppose for a contradiction that M is free over 2[. Comparing R-
ranks, M must then be free on one generator, m say. For 1 <7 < n we
have m; = a;m for some a; € 2. Since Aa;m = Am; # M but Am = M,
it follows that «; is not a unit in 2A. Thus each «; lies in the Jacobson
radical J of the commutative local ring 2, and we have

M= iﬁlmi = zn:maim CJM.
=1

=1

Hence M = 0 by Nakayama’s Lemma, contradicting the fact that M spans
the A-module V of rank 1. O

The next result enables us to verify the condition Am; # M in Theorem
2.1 without a complete knowledge of .

LEMMA 2.2. Let m € M, and suppose that there exists o € A such that

(i) am € pM;
(i) am’ & pM for somem' € M.

Then Am # M.
Remark. It is not assumed that o € 2.

Proof. We write M = M/pM and 2 = 2/p®, and use a bar to denote the
image of an element of M (respectively, 2) in M (respectively, ).

As R is a principal ideal domain, there is a basis 7;1,... ,74 of 2 over
R. These elements also form a basis of A over K, so a = Ei ¢;7; for some
¢ € K. Let

j=- llgggd(v(cz))
and let 8 = p’a. Then B € A and B # 0 in 2. Now by (ii) we have o & p2,
and hence ¢; € p for some . Thus j > 0, and it follows from (i) that
Bm = piam € pM, so that 7 = 0 in M. Since M and A both have the
same dimension d over the residue field R/p, this implies that A7 # M,
and hence that Am # M. O

Remark. In this section we could have taken K to be the field of fractions
of any discrete valuation ring R (not necessarily complete, and with no
assumption on the characteristic).



Galois Structure of Ideals 205

3. IDEALS IN ABELIAN p-EXTENSIONS

In this section, we assume that L/K is a finite abelian p-extension, and
we apply Theorem 2.1 to the fractional ideals " of the valuation ring S
of L. This gives a condition on the ramification numbers which guarantees
that §3* is not free over its associated order. The result is strongest, and
also easiest to state, when 3" is the inverse different. Since this is the
case which will be needed for our applications, we will discuss this case
separately before considering a general ideal 3"

We first recall some ramification theory. For this we take L/K to be any
normal p-extension, not necessarily abelian. The ramification subgroups of
I' = Gal(L/K) are defined to be

T;j={yel|(y-1)ScP*}, j>-1

Thus I'; =T, and I'y is the inertia subgroup of I'. Also, I'; = Iy since
L/K is a p-extension. Let vp:L — Z U {oo} denote the valuation on L,
normalised so that vy, is surjective. From [S2, IV §2 Exercise 3(a)] we have

ProposITION 3.1. Ify € T;\I';4; and z € L then

vz ((y = 1)z) > vi(z) + 7,
with equality if and only if (vi(z),p)=1. O
Let |I';| = p™. Thus p™ = e¢(L/K) is the ramification index of the exten-
sion L/K. We assume that L/K is ramified, so n > 1. The ramification

numbers of L/K (in the lower numbering) are the integers ¢ > 1 such that
Tt # IT'iy1. It is convenient to adopt the following notation for these:

(3.2) t; =max{j | IT;| >p"*} 1<i<n.

Thus 1 <t; <t <...< 1y, and t; = t;4; for some i if the index of I';4;
in I'; exceeds p for some j > 1.

The inverse different Dzll K 1s the fractional S-ideal defined by
(3.3) Dk ={z € L| Tr/k(2S) C R},
where Try, x denotes the trace from L to K. It can be expressed in terms of
the ramification numbers by means of Hilbert’s formula [S2, IV §2 Propo-
sition 4]:
QZ}K =Pp~v where
(3. 4) oo . n—1 _
w=) (il =1) = (L + D" =D+ Y_(tia — t:) ("™ - 1)
7=0 =1
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Let a € {0,... ,p — 1} be the least non-negative residue of ¢; modulo p.
Then from [S2, IV §2 Proposition 11 and Exercise 3(f)] we have

PROPOSITION 3.5. t; = a (modp) for 1 < i < n, and if a = 0 then

1
P for1<i<n 0O
p—1

ti=

We now recall a result of Vostokov. For any real number z, we write |z ]
for the unique integer satisfying |z| < z < |z] + 1.

THEOREM 3.6. ([V1, Theorem 3], [V2, Theorem 4]) Let L/ K be an abelian
p-extension with ramification index p™. If the largest ramification number
t, satisfies the condition
tn -
th— | =] <p™le
H

then every fractional S-ideal is indecomposable as an RI'-module. [
The hypothesis on t,, is rather mild, as the next result shows.

PRrROPOSITION 3.7. For any normal p-extension L/K with ramification in-
dex p™, we have

123
(38) tn - l—J S Pn_le,
p
with equality if and only if
pte—a
tp = .
p—1

If equality occurs in (3.8) then a = e (mod p — 1) and one of the following
holds:

‘e—a

(i) Iy is cyclic, Try/x(S) =p™R and t; = 4 forl1 <i<mny
/ —

(ii) p =2, and for some k € {1,... ,n — 1} we have

_ple—a
==

ti=1 for1<i<k and ¢t =2e—1 fork+1<i<n.

Moreover L'y, ., is cyclic and I'1 /Ty, ,, is elementary abelian.
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Proof. By [S2, IV §2 Exercise 3(c)], I; = {1} if i > pp_el, 50 tn < pp_el.
As (p — 1)t, = —a (mod p), it follows that
"e—a
(3.9) tn < 22,
-1
pn—l —a
Writing t, = pt’ + a, we therefore have ¢’ < , with equality if and

p—1
only if equality holds in (3.9). Thus

tn -
t"—l?J=(p—U#+a3p"la

with equality if and only if equality holds in (3.9). This proves the first sen-
tence of the Proposition. If equality holds in (3.9) then p™e = a (mod p—1)
since t, is an integer, and hence a = e (mod p — 1). Moreover, since t; = a
(mod p) for 1 < ¢ < n by Proposition 3.5, the above argument, applied to
suitable subextensions L;/K of L/K, shows that, for each 1,

t; — [%J < p*~le with equality if and only if t; = ppe —1a_

If equality holds in (3.8), it now follows from [V1, Proposition 1] that
(i) occurs, except in the case p = 2, t; = 1. In this case, if ¢, = 1 then
equality in (3.8) implies that n = 1, e = 1, and again (i) holds. We may
therefore assume that p = 2, and that for some k € {1,... ,n — 1} we have
tx = 1, ty41 > 1. Let F be the fixed subfield of L under I';,,,. Applying
[V1, Proposition 1] to L/F, we find that Ty, is cyclic and the ¢; for
i > k are as stated in (ii). (Note that our t2 does not necessarily coincide
with Vostokov’s hg, because of our convention (3.2).) Finally, I'y/Ty,,, =
I't,/T'1+t., and this is elementary abelian by [S2, IV §2 Corollary 3 to
Proposition 7]. O

We are now ready to apply Theorem 2.1 to the inverse different 52);/1 K=
P

THEOREM 3.10. Let L/K be an abelian p-extension with ramification in-
dex p™ and ramification numbers t;,... ,t,. Suppose that

(3.11) tn — l%J <p™le.
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If ,’Dz} 5 is free over its associated order thent; = —1 (mod p*)forl1 <i<n.

Proof. We assume that some ramification number ¢ = t; satisfies ¢ Z —1
(mod p™), and apply Theorem 2.1 with M = D;/IK, A= KT,V =1Lto
show that DZ}K is not free over its associated order A. (Note that L is
indeed a free KT-module of rank 1 by the Normal Basis Theorem.) Thus
we must verify conditions (i) and (ii) of Theorem 2.1.

As ,’DZ}K spans L over K, the ring of RI'-endomorphisms of .’DZ} K 18
precisely 2. But ,’DZ/IK is indecomposable by Theorem 3.6, so 2 contains

no idempotents except 0 and 1. As R is complete, this implies that 2 is a
local ring, and condition (i) of Theorem 2.1 is satisfied.

We now turn to condition (ii) of Theorem 2.1. From the definition (3.3)
of Z)Z} x> we have

TIL/K(DZ;K) CR but TrL/K(“p_IQZ/lK) ;Q_ R,
and hence

ﬁL/K(PQZ;K) Cp but 'I‘I‘L/K(P‘p—lgz/lx) Zp.

Thus Try/x(z) is a unit in R for some z € p‘B‘IDZ}K\pﬁDZ}K. Since

z ¢ prZ}K, we may extend z to an R-basis z; = z,z2,... ,2q of SD;/IK.
Let z = Try x(z), and define y; = z; and y; = z; — 27Ty k(z;)z; for
2 < j <d. Then y;....,y4 is again an R-basis of DZ,’K, $0 {y1,... ,¥a}
is certainly a generating set for Z)Z/l % as an ™A-module. We must show, for
each 7, that Ay; # @Z/IK.

Comparing R-ranks, it is clear that if ,’DZ} x = 2y; then DI‘J/I & must be

free over U on the generator y;. If this occurs then y; also generates L as
a free KT-module, and this is not the case for ¢ > 2 since (27 er fy) vi =

Trr/x(y:) = 0. To show that ™Ay; # @Z/IK, we use Lemma 2.2. Let
t=p"b+twith0<i<p"—1. Ift=0 thena=0,so

_ p"e pte—a

p—1 p-—1

by Proposition 3.5, and hence we have equality in (3.8), contradicting
(3.11).
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Since t  —1 (mod p™) by assumption, we therefore have 1 < < p™ — 2.
Let « = p~b%(y — 1) € KT, where v € T'y\I't41. Then, since vp(y1) =
vr(z) = p™ — 1 — w, it follows from Proposition 3.1 that

vp(oy) 2p" —1-w+t 2> —w+p",

so condition (i) of Lemma 2.2 holds for y;. To show condition (ii) of Lemma
2.2, choose y' € @Z}K with valuation 1 — w if w is divisible by p and
valuation —w otherwise. In either case, (vz(y'),p) = 1, so by Proposition
3.1,

ve(oy) =vp()+T< (1 —w)+(p™ - 2) < —w + p™.

Thus oy’ € pD7;y and by Lemma 2.2, Ay, # D/, Hence D7) is not
freeover A. O

COROLLARY 3.12. Let L/K be an abelian p-extension with ramification
index p™ and ramification numbers ty,... ,t,. Suppose that (3.11) holds
and that w = 0 (mod p™). If S is free over its associated order thent; = —1
(mod p™) for1 <i < n.

Proof. We have w = p™c for some integer ¢, so @;}K = p~¢S. Thus QZ}K
and S are isomorphic as RI'-modules. These modules therefore have the
same associated order 2, and if S is free over A then so is D;/l %+ The result
is now immediate from Theorem 3.10. [J

We now apply Theorem 2.1 to a general ideal §3*. In the case h = —w,
Theorem 3.13 below reduces to Theorem 3.10. For any integer h, we write
h for the least non-negative residue of A modulo p™.

THEOREM 3.13. Let L/K be an abelian p-extension with ramification in-
dex p™ and ramification numberst,,... ,t,, and suppose that (3.11) holds.
Let " be an arbitrary fractional S-ideal. Suppose that for some ramifi-
cation number t we have t > h+w. If p divides h, suppose further that
1 # p™ — 1. Then P" is not free over its associated order.

Proof. For any integer ¢, we have Pr+?"¢ = pyeph = Pk 35 RT-modules.
We may therefore assume that —w < h <p"—1-w. Then h+w = h+w,
and Trz x(P*) = R.

We now proceed much as in the proof of Theorem 3.10. Again, the
associated order 2 of P* is a local ring, and there is an element z in P* of
valuation p™ — 1 — w whose trace is a unit in R. As before, this enables us
to construct an R-basis y; = z,92,... ,yq of P* with vy (y1) =p" -1 —w
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and with Try g (y;) = 0 for 2 < i < d. Then 2y; # P* for 2 < i < d.
The result will follow from Theorem 2.1 once we verify that 2y; # P*. We
shall again do this using Lemma 2.2.

Let t =p®b+7 and let o = p~%(y — 1) € KT where v € T';\I't+1. Then
by Proposition 3.1 we have

vr(ay)) > (" —1-w)+t>h+p" -1

since T > h + w. Thus ay; € pP"*, and condition (i) of Lemma 2.2 is
satisfied for ;. To check condition (ii), take 3’ € 3" with valuation A if
(h,p) = 1 and with valuation h+1 otherwise. In either case (v (y'),p) =1,
$0

vp(ay') =vr(y) +T<h+p" -1

by Proposition 3.1, since by hypothesis ¢ < p™ — 2 if p divides h. Thus
ay' € pPh, as required. O

We illustrate Theorem 3.13 with some special cases.

COROLLARY 3.14. With the notation of Theorem 3.13, suppose that (3.11)
holds. Let *B* be an arbitrary fractional S-ideal.

() If t; = —2 (mod p™) for some i, then P* cannot be free over
A(KT;P*) unless h = —~1 —w or — 2 —w (mod p*).
(i) If t; = —1 (mod p™) for some i, then P* cannot be free over

A(KT; ") unless either h = ~1 —w (mod p™) or h =0 (mod p).
(iii) Ift; = —1 (mod p™) for all i, then P* cannot be free over A(KT'; P*)
unless either h = —1 (mod p") or h =0 (mod p).

Proof. (i) and (ii) are immediate from Theorem 3.13. (iii) is a special case
of (ii), since if t; = —1 (mod p™) for all  then w = 0 (mod p™) by (3.4). O

Remarks. (i) Our method gives no information on the excluded ideals in
Theorem 3.13. For a ramified cyclic extension of degree p, Ferton [F] has
determined the structure of all ideals over their associated orders. Assuming

that ¢; < p_e . 2, it follows from her results that when ¢; = —1 (mod p)

the ideal " is free if and only if » = 0 or p—1 (mod p), and when ¢; = —2
(mod p), the ideal P* is free if and only if A =p — 3 or p — 2 (mod p). In
these cases, Corollary 3.14 therefore gives all the ideals which are not free
over their associated orders. In the case p =7, e = 3, t; = 1, however, P"*
is free if and only if ~h = 0,1,5 or 6 (mod 7), but Theorem 3.13 only tells
us that " is not free if A =2 (mod 7).
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(ii) Burns [Bu2] has recently obtained necessary and sufficient conditions
for the existence of an ideal " which is free over its associated order
A(Q,T;P*) in Q,T. For a totally ramified abelian p-extension (p # 2)
satisfying (3.11), this occurs if and only if either ¢; = 1 for all 4, or I is
cyclic and e = 1.

(iii) If we relax the restriction that L/K be a p-extension then the asso-
ciated order will no longer be local, as it will contain the trace idempotent
of the maximal subgroup of I' of order prime to p. We can therefore no
longer apply Theorem 2.1 directly. We can however still show that certain
ideals are not free over their associated orders. To do so, let F/K be the
maximal p-subextension of L/K, and let I = Gal(F/K). If P is free
over 2A(KT;J"), then Tryz, (PP is free over its associated order in KTI,
since L/F is at most tamely ramified (cf. [By-L, Lemma 6]). We can then
apply Theorem 3.13 to Trz,; ("), noting that if L/F has degree m then
t;(L/K) = mt;(F/K) for 1 <1i < n by [S2, IV Proposition 14]. This could
be used to obtain a general criterion that guarantees B* is not free over
its associated order, although such a result would be rather cumbersome
to formulate.

4. OCCURRENCE OF HOPF ORDERS AS ASSOCIATED ORDERS

In this section, we investigate the ramification numbers of abelian p-
extensions L/K for which the associated order A(KT'; S) is a Hopf order in
KT

We endow the group algebra KT with its usual structure as a Hopf
algebra over K. Thus the comultiplication A: KI' — KT ®g KT, the
augmentation ¢: KI' — K and the antipode o: KT' — KT are the K-linear
maps determined by

A()=7®7, er)=1, o(y)=~""1 foryel.

An order A in KT is called a Hopf order if these operations make 2 into a
Hopf algebra over R. For this, it is sufficient that A(2A) C A @ A, where
A g A is identified with a lattice in KT ® ¢ KT in the obvious manner,

Let 2 be any Hopf order in KT. Then S is a tame 2A-extension of R
in the sense of [C] if and only if 2 coincides with the associated order
A(KT;S) of S. When this occurs, S is automatically free over 2 (see [C,
Theorem 2.1}, or, for non-abelian T, [C-M, Corollary 1.2]). If moreover the
map

§:5®r S — Homp(®,5),  ({(s®1))(a) =s(at) fors,te S, ac
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is bijective, then we say that S is a Galois 2A-extension of R. If the Hopf
order 2 is a local ring then any tame 2-extension is automatically Galois
(see [W]; cf. also Theorem 4.4 below).

If S is a Galois 2-extension of R then by [By3, Proposition 2.11], DZ} K=
g~ 1S for a certain R-ideal g , and hence

(4.1) w(L/K)=0 (mode(L/K)).

Furthermore, it is known that the ramification numbers must satisfy certain
congruence conditions:

PROPOSITION 4.2. Let L/K be a totally ramified p-extension with rami-
fication index p™, and let I' = Gal(L/K). If S is a Galois extension of R
over some Hopf order 2 then
(i) t; = —1 (mod p*) for 1 < i < n. In particular, with the notation of
Proposition 3.5, a =p — 1.
(ii) If T is elementary abelian of order p™ then t; = —1 (mod p™) for
1<i<n.
(iii) IfT is cyclic of order p? then t; = t; = —1 (mod p?).

Proof. (i) and (ii) are [By3, Theorem 3 and Corollary 6.3]. For (iii), see
[G, remarks after Theorem 11.3.2]. O

As noted in [By3], these congruences suggest that, more generally, if S
is a Galois extension over a Hopf order then ¢; = —1 (mod p™). We shall
prove this in Theorem 4.4 below, as a consequence of Corollary 3.12. First,
we consider certain Hopf orders which are not local rings.

PROPOSITION 4.3. Let T be a cyclic group of order p™ and let 2 be a Hopf
order in KT containing the trace idempotent

ér = iﬂZ'y
P ~v€r

Then 2 is the unique maximal order in KT, and is unramified as an R-
algebra. Moreover, the absolute ramification index e of K is divisible by

(p—1)p™~*.

Proof. Since Er lies in the ideal of integrals of 2, and (1) = 1, it follows
as in the proof of [By3, Corollary 1.7] that 2 is an unramified R-algebra.
Hence 2 is the unique maximal order in KT'. As K-algebras,

KT =[] K ®q, Q,(¢)
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where (,: is a primitive pith root of unity. Since the maximal order in
this algebra is unramified, the maximal order in each component must
be unramified. In particular, K ®q, Qp({y~) contains an unramified or-
der, so K((p»)/K must be unramified. Thus e = e(K/Q,) is divisible by

e(Qp(Gn)/Qp) = (p— D)p™~1. O

THEOREM 4.4. Let L/K be an abelian p-extension with ramification index
p™ and Galois group I'. If A = A(KT; S) is a Hopf order then one of the
following holds:
(i) S isa Galois 2-extension of R, andt; = —1 (mod p™) for1 < i < n;
?
(ii) S is not a Galois A-extension of R, t; = I% = 0 (mod p™) for
1<i<n,andT; is cyclic.

Proof. If S is a Galois -extension of R and t, — |t./p] < p" e then (i)
holds by (4.1) and Corollary 3.12.

Before dealing with the remaining cases, we show that L/K may be
taken to be totally ramified. Let L; = L'* be the inertia field in L/K,
and let S; be its valuation ring. Then L/L; is totally ramified of degree
p™, with Galois group I';, and L/L; has the same ramification numbers
t1,... ,tp a8 L/K. Let A; = S; ®g (AN KT';1). Then A; is a Hopf order
in L1I'y. Our assumption is that S is a tame 2A-extension of R, and this
implies that S is also a tame 2;-extension of S; (see [By3, Remark 5.4]).
Moreover, by [By3, Theorem 2], S is a Galois 2-extension of R if and only
if it is a Galois ;-extension of S;. Thus K may be replaced by L, so
there is no loss of generality in assuming that L/K is totally ramified.

We next show that (i) again holds when S is a Galois -extension of R
but ¢, — [tn/p] = p"le. Here a = p — 1 by Proposition 4.2(i), so

_p"e—a _ p"e B
- op-1 p-1
by Proposition 3.7. Moreover, one of (3.7)(i), (3.7)(ii) holds.

We claim that (3.7)(ii) cannot hold. Thisis clear if n = 1. If n > 1
then, since L/K is totally ramified, it has a normal subextension L'/K
of degree p? with ramification numbers t;, t;. Let I = Gal(L'/K). The
valuation ring S’ of L’ is a Galois 2'-extension of R, where the Hopf order
2’ is the image of 2 in KT’ (see [By3, Lemma 4.5]). As I has order p?, it
is either elementary abelian or cyclic of order p?. Thus t; = —1 (mod p?)
by Proposition 4.2(ii) or (iii). Hence ¢; # 1, and 3.7(ii) does not hold, as
claimed.

tn 1
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We are therefore in the case 3.7(i). Since Trp;x(S) = p"R, it follows
that & is in A, so e = 0 (mod (p — 1)p™~!) by Proposition 4.3. Thus for
1 <7 <n we have

p'e

t; =
p—1

—-1=-1 (modp")

and (i) holds.

Finally, we consider the case where S is not Galois. Since L/K is totally
ramified, [By3, Theorem 5] gives all the assertions of (ii) except for ¢; = 0
(mod p™). The same result shows that 2 is the maximal order in KT'. This
implies that the trace idempotent £r again lies in 2, so by Proposition 4.3
we have e =0 (mod (p — 1)p®~1), and hence t; =0 (mod p™). O

Now (3.11) fails in case (ii) of Theorem 4.4, so Theorem 4.4 and Corollary
3.14(iii) together give

COROLLARY 4.5. Let L/K be an abelian p-extension for which (3.11)
holds, and suppose that A = A(KT';S) is a Hopf order. Then a fractional
S-ideal P cannot be free over A(KT;P*) unless either h = 0 (mod p) or
h=-1 (mod p™). O

5. LUBIN-TATE EXTENSIONS

Let k£ be a finite extension of Q,, and let o be its valuation ring. Let
7 be a fixed generator of the maximal ideal in o, and let ¢ = p’ be the
cardinality of the residue field o/7o. A formal power series f(X) € o[[X]]
is a Lubin-Tate series associated to k and ~ if it satisfies the two conditions

f(X)=7X (mod X?o[[X]]), f(X)=X? (mod mo[[X]]).

By standard theory, as given for example in [S1], there is then a unique
1-dimensional formal group F over o with f(X) as an endomorphism. The
endomorphism ring End(F) of F is canonically isomorphic to 0, and, writing
[a](X) € o[[X]] for the endomorphism corresponding to a € o0, we have
[*}(X) = f(X).

Let k° be a fixed algebraic closure of k, and let p°¢ be the maximal ideal
of its valuation ring. For n > 0, let G, = ker[r"] = {z € p° | [x"](z) = 0}.
Then G, is an o-module, where addition is via the formal group F, and
where a € o acts via [a](X). For n > 1, let k, be the field obtained by
adjoining all elements of G, to k, and let o,, be the valuation ring of k.
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Then k,, is a totally ramified abelian extension of k£ of degree

(g — 1)g"~ !, and any element of G,\Gnr-1 generates the maximal ideal
of 0,. The isomorphism between o and End(F) induces an isomorphism
between (0/(1 + 7™0))* and Gal(k,/k).

In this section, we consider extensions L/K obtained by taking K = k,
and L = k4, for integers r,m > 1. Here we have I' = Gal(L/K) =
Ur /U™, where U denotes the subgroup 1+ ™o of the units of k. In the
case m < r, Taylor [T1] determined the associated order A = A(KT, S) of
the valuation ring S of L, and showed that S is free over . In fact, Ais a
Hopf order (see [T2]). In the case m > r, Chan and Lim [C-L] showed that
S is again free over its associated order when k = Q. We now show that
these are the only cases where S is free:

THEOREM 5.1. Let K = k,, L = k4, and I' = Gal(L/K) be as above.
Ifm > r and k # Q, then the valuation ring S of L is not free over its
associated order in KT'.

Proof. The extension L/K is totally ramified of degree ¢™ = pf™. We first
determine its ramification numbers. It follows from [S1, p. 156] that, in
the isomorphism between I' and UZ/U;**", the ramification subgroup T;
corresponds to (Uf N UZUPT" /U if ¢*=' —1 < j < ¢* — 1. Hence the
ramification numbers ¢; of L/K are given by

th =..=t5 = ¢ -1,
tre1 =... =ty = q""l -1,
t(m—l)f-}-l = ... = tmf = qr+m—1 - 1.

By (3.4) we have DZ}K =P~ where

m-—1
w=(t1 +1)(g™-1)+ Z (tigs1 —tig) (@™ = 1)
=1
m—1
=¢ (" -1+ (-7 g™ - 1)

=1
= (g — Dhmg™* "1,

As r > 1, we conclude that w = 0 (mod ¢™). Also t; = ¢" —1 % -1
(mod ¢™) since m > r by hypothesis. Corollary 3.12 then shows that S is
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not free over its associated order, provided that (3.11) holds, i.e. that
tmf f~1_m-1
(5.2) tmf — e <p’¢g™ e

It remains to verify that (5.2) holds whenever k¥ # Q,. Since t,,; =
¢"t™ 1 —1and e=e(K/Q,) = (¢g—1)¢" te(k/Q,), we may rewrite (5.2)
as

(p - Dp g2 < pf TR (g - De(k/Qy),

which simplifies to p — 1 < (¢ — 1)e(k/Q,). Clearly this inequality holds
unless ¢ = p and e(k/Q,) = 1, and these last two conditions together imply
that k =Q,. O

Remarks. (i) As t; #0,—1 (mod ¢g™) for m > r, it follows from Theorem
4.4 that the associated order is not a Hopf order, even in the case k = Q,.

(ii) The proof of Theorem 5.1 gives very little information about the
associated order. In [By5] we determine the associated order explicitly in
the case r = 1, m = 2, under the hypothesis e > ¢2.

6. COMPARING HOPF GALOIS STRUCTURES

In this final section, we consider the implications of Theorem 5.1 for the
integral module structure in field extensions admitting more than one Hopf
Galois structure. If L/ K is any finite extension of fields which is normal and
separable, then of course L is a Hopf Galois extension of K over the group
algebra KT of T' = Gal(L/K). Greither and Pareigis [G-P] investigated
when, given a finite separable field extension L/K, there exists a Hopf
algebra H making L into a Hopf Galois extension of K. If this occurs,
then L is necessarily a free H-module of rank 1. Some, but not all, non-
normal extensions admit a Hopf Galois structure. It is common for a given
extension to have more than one Hopf Galois structure, corresponding to
different Hopf algebras H. Indeed, it is shown in [By4] that if L/K is normal
of degree n, and if (n, ¢(n)) > 1 (where ¢ is the Euler totient function), then
there are always non-classical Hopf Galois structures admitted by L/ K, in
addition to the classical one corresponding to H = KT

Now let K again be a finite extension of ,. If L/K admits more than
one Hopf Galois structure, we may consider the integral module structure
for each of the corresponding Hopf algebras. The valuation ring S of L has
an associated order in each of these Hopf algebras. Just as in the classical
case, this might or might not turn out to be a Hopf order. The question
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then arises as to how the integral module structures for the different Hopf
algebras are related.

This was briefly considered by Childs and Moss [C-M], who investigated
the non-normal extension Q3 (v/2)/Q;. Here there are precisely two Hopf
Galois structures. Both Hopf algebras are commutative and cocommuta-
tive. In the first Hopf Galois structure, the associated order of the valuation
ring S = Zo[+/2] is a Hopf order, while in the second it is not. Both associ-
ated orders are, however, maximal orders, and S is free over its associated
order in both structures.

The extensions k,,+r/k, of the previous section provide a large family
of examples where we can compare Hopf Galois structures at integral level.
One Hopf Galois structure on ky,4r/k, is the classical one, and for m > r
the behaviour of S in this structure is given by Theorem 5.1. The same
extension Km4+./kr can also be endowed with a Hopf Galois structure by
means of the Kummer theory of formal groups, as developed in [C-M, §3].

We resume the notation of the previous section, so in particular K =
km and L = kpqr. Let w, € G,\Gr-1, and let w,,+, be any zero of
[*™)|(X) — wy. Then Wmyr € Gmtr\Gm+r-1, and w, (respectively, Wm+r)
generates the maximal ideal of R = o, (respectively, of S = 0p4+,). Now
G, is the kernel of the formal group homomorphism [7™] : F — F defined
over R (in fact, defined over o). It follows by [C-M, Theorems 3.5 and 3.1]
that S is free, and indeed is a Galois extension, over some Hopf order 2.
The dual Hopf order to 2 is o[[X]]/([7™](X)), which may be viewed as a
Hopf order in the Hopf algebra Mapg, (Gm, k°) of functions from G, to k¢
respecting the action of the absolute Galois group Qx = Gal(k°/K) of K.
Thus 2 itself is a Hopf order in a form of the group algebra kG,,, namely
in the Hopf algebra (k°G,,)?¥ of fixed points in k°G,, under Qg (acting
simultaneously on k¢ and G,,).

If m < r we may identify I' with G,, via the Kummer isomorphism

where —r denotes subtraction in the formal group F. In this case we also
have G,, C K, so 2 can be viewed as a Hopf order in KT'. Thus form < r,
the Kummer theory approach specialises to the classical situation, and we
recover the freeness assertion of Taylor’s result [T1].

If m > r, however, then G,, ¢ K and we obtain a new Hopf Galois
structure in which the integral module structure exhibits better behaviour
than in the classical case. We summarise the above discussion, along with
Theorem 5.1, in our final result:
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THEOREM 6.1. Let k be a finite extension of Q,, let m > r > 1, let K = k,
and L = k4, be the corresponding division fields for a Lubin-Tate series
for k, and let T' = Gal(L/K). In the classical Hopf Galois structure for
L/K, corresponding to the Hopf algebra H, = KT, the associated order
2, of the valuation ring S of L is not a Hopf order, and if k # Q, then S
is not free over ;. The extension L/K also admits another Hopf Galois
structure, corresponding to the Hopf algebra H, = (k°G,,)*¥ , in which the
associated order 2, of S is a Hopf order. In this structure, S is a Galois
As-extension of the valuation ring R of K, and S is a free 2-module of
rank 1. O
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