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Non-vanishing of n-th derivatives of twisted

elliptic L-functions in the critical point

par JACEK POMYKALA

RESUME. On note L{™)(s, E) la dérivée n-itme de la série L de Hasse-Weil
associée a une courbe elliptique modulaire E définie sur Q. On évalue dans
cet article le nombre de tordues Eg, d < D, de la courbe elliptique E telles
que L™ (1, Ey) # 0.

ABSTRACT. Let E be a modular elliptic curve over Q and L(")(s, E) denote
the n-th derivative of its Hasse-Weil L—series. We estimate the number of
twisted elliptic curves E4,d < D such that L") (1, E;) # 0.

1. Introduction

Let E = E/Q be a modular elliptic curve over Q with conductor N
defined by the Weierstrass equation y*> = f(z) and let D be defined as
follows:

D = {d — square-free : 0 < d = —v% (mod 4N) for some v prime to 4N}.
For any d € D we consider the twisted elliptic curve E; given by the

equation —dy? = w(z) . We denote by L(s, E) and L(s, E4) the Hasse-
Weil L-functions associated to the curves E and F4, respectively.

The celebrated Birch and Swinnerton-Dyer conjecture (see [B-S]) asserts
that the rank of the group of rational points of E/Q is equal to the vanishing
order of the associated Hasse-Weil function L(s, F') at s = 1. Kolyvagin [Ko]
has proved that

E/Q has rank equal to zero if:
1) L(E,1) #0,
2) There exists d € D such that L(s, E4) has a simple zero at s = 1.
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FE/Q has rank equal to one if:

1’) L(s, F) has a simple zero at s = 1.

2’) There exists d € D such that L(1, E4) # 0.

The condition 2’) is true according to Waldspurger’s theorem (see [Wa]).

The condition 2) has been proved to hold for infinitely many d € D (see
[B-F-HJ, [M-M]).

Iwaniec [Iw] has also proved a quantitative result on this condition. Let
N(D)=#{deD,d <D: L'(1,E,;) #0}.
He has obtained the estimate
N(D)> D%~

with arbitrary € > 0.

The above exponent is improved to 1—¢ in [P-P]. Here we will generalize
this result to the n-th derivative of L(s, E4) where n is an arbitrary non-
negative integer.

In this connection let w = w(FE) be the sign in the functional equation
(see (1)). We define

No(D)=#{d €D, d< D: L™(1,E,) #0}.
We will prove

THEOREM 1. Let ¢ be an arbitrary positive real number and n be a fixed
non-negative integer. Then we have as D tends to infinity

N.(D) > (n+|w—1|)D*.

where the constant implied in the symbol > depends on n and €.

Our result is based on a recent large sieve type estimates over fundamental
discriminants obtained by Heath-Brown [HB] (see Theorem 3 of [P-P]) and
the method applied by Iwaniec in [Iw].
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2. Outline of the proofs

For Re s > 1 the corresponding L-functions are given by
L(s,B) =Y _axk™,  L(s,Ba) =Y xa(k)ark™>,
k=1 k=1

where x4(-) = (=2) (the Kronecker symbol) is a real character to modulus d
prime to 4N. They have the analytic prolongation to the whole complex
plane, where they satisfy the equations

(g)aI‘(s)L(s, E)= w(g)z‘sr(z —5)L(E,2 - ), (1)
(g)sl‘(s)lz(s, Eq) = wd(d;/;ﬁ)z—srm —8)L2-s,Ea),  (2)

where w and wgq = =*1 are suitable constants depending on the reduction
of E at the primes dividing N, which satisfy the equality

wqg = de(—N). (3)
From (1) and (2) it follows that

ord L(s,E) ord L(s,Ed)
w=(-) =, = (-

Theorem 1 is a consequence of the following two theorems.

THEOREM 2. For any integer n > 0 we have the asymptotical equality

"I, E)F(L) ~eal() [ Ft)dt Dn D", D — o,
dzs:D d (Y) C. / as o0

where F is a smooth function compactly supported in R* with positive
mean-value and the star (*) above means that the summation is restricted
to d € D. The (nonzero) constant L(1) is described in [Iw], while

cn:{%(l—w)c ifn=0 )

w(-2)""1c ifn>1
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VI (-5)
C=— 1 —_—— X
mN pBV p?
x #{d (mod 4N):d = —v* (mod 4N),(v,4N) = 1}.

(5)

The proof follows the idea exploited in [Iw] (cf. also [M-M] and [P-S]).
We postpone it to sect.3.

Along the same lines as Theorem 3 of [P-P] we obtain

THEOREM 3. Let € > 0 and n be a fixed non-negative integer. Then we
have

*

3 IL™ (@A, By <. DM
d<D

Now from Theorem 2 and Theorem 3 we obtain by an application of the
Cauchy-Schwarz inequality that

(n+lu-1)D D) < Y 1ML, Bl < (3 1201, B)P)* Na(D)}
d<D d<D

hence
N.(D) > (n+|w—1|)D'"2%

and Theorem 1 follows.

3. Proof of Theorem 2

For n > 0 we introduce the approximate functions

An(X,xa) = Z Om Xd;m) Va (2WXm) (6)
m=1
with
) =5 [ Exas ™

(3/4)
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where we integrate over the line Re s = 3.

By the functional equation (2) we have

_ dv/Ny\-2s r'(1-s)
L(l + s, Ed) = ‘U)d( o ) L(l -8, Ed)m
Therefore
1 T(s) r X \*
> / L(1+s,Ea)— (5;) ds
o D(1-38)T(s) (20X
wq 1-35)T(s) /27 X\
= — L(l1-s,E d
2mi / 1-s, “)r(1+s) sm (d2N) d
(—3/4) s)
Wq I'(-s) r27X\*
= ——= L(1 - kbl
o / (1—s Ba)—2 (d2N) ds
(—3/4) )
_(_qyn+1 Wd I'(s 2w\~
= (-ym 2 / L(1+ 8, Ba)—3 (d2N/X) ds

(3/4) )
d‘N
= (—1)n+1'wdAn(—.X—,Xd).

Hence defining

Ga(s,d,X)=L(1 + S’Ed)I‘(s) (X).s

s® 27

we obtain by the Cauchy theorem

1 1
Tes G.(s,d,X) = oy / Gn(s,d, X)ds — 307 / Gn(s,d,X)ds
(3/4) (-3/4)

d’N
= An(-X7 Xd) + (_1)nwdAn (T7 Xd) .

By the definition of D we have wg = wx4(—N) = —w for any d € D. Hence
letting X = dv/N we obtain

24, (dVN,xa) ifn= 9-;—1 (mod 2)
res Ga(s,d,dVN) = (8)

0 ifnz—wT—l (mod 2).
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On the other hand the residuum of G, may be expressed in terms of the
derivatives L(®) (s, Eq), k = 0,1,2, ..., by means of the Laurent expansions

Is)=s +y+ms+...,
X\ =, &
(5) =Xt

k=0

where —v is the Euler constant and b; = bx(X) = 4 (In %)k
Namely we prove

Lemma. For any n > 0 we have

(n)
Tes Gan(s,d,X) = bg -I-'—S—"—Pi)
n—1
L=1=0(1,E
+ Z(bzn + Z %nbz—m) — (_ l),d)-
1=0 m=0 ’

Proof. We have

Gn(s,d,X) = s‘"(z M ) (s'l + f:'yksk) (ibksk)

k=0
_ - (ZL( (1, Bq) k)(ibksk 1+kas ).
k=0 k=0 k=0

where

k
fe=> brye-t.

1=0

The expression in the second bracket is equal to
b, ibkﬂs" + ifksk by f’:(f,c + bit1)s®.
5 k=0 k=0 5 =0

Hence

Ga(s,d, X) = 57 (2 ZL( )(1 Ea) k+2cks ),

k=0
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where X
L -0(1, Eg)
cr = Z(fz +bi41) ———
— (k=1
Therefore
1,E
es Gn(s,d, X) = bo——(;l———dl—%— Cn—1
= bg M-'—Z(b +f)L(n - l)(l Eq)

as required.

. 1 X\! . .
Since b;(X) = i (]n ﬂ) we obtain asymptotically

= L(»=0(1, E,)
res Gn(s,d,X) ~ sz(X)w—, as X — oo. (9)

By (8) and the Lemma we obtain the formula

"(1,Eq)
Zb,(d\/— )————).

24, (dVN, xq) ifn= wT+1 (mod 2) (10)

0 ifn= 92_—1 (mod 2),

as d — 0o. Next we sum both sides of the above equality multiplied by the
weighted function F(£) over the numbers d € D. The contribution of the
right-hand side of (10) is evaluated on the basis of the results on square-free
sieve obtained in § 7-§ 9 of [Iw]. Precisely we have

Z 24,(dVN, Xd)F ~cD / (t)B.(tDVN) dt, (11)
deD

where

B,,(X):% / L(s +1)F(s)(27r) ds,
(374)
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the constant c is defined by (5) and the series L(s) is defined in §9 of [Iw].

In order to find the asymptotical behaviour of the right-hand side of (11)
we denote

Go(s, X) = L(s +1)F(j)(27r)

and apply the contour integration to obtain

Bn(X)=§% / Gn(5,X)ds
(3/4) )
= res Gn(s,X)+—2-7—r; / Gn(s,X)ds

) (-1/4)
= 168 Ga(s, X) +O(X ™14,

Applying the asymptotical equality (9) with G, replaced by G, we ob-
tain

Bn(X) ~ Ebl(X)L " z()v) bu(X)L(1) ~ %(lnX)"L(l), as X — oo.
1=0 )

Hence the right-hand side of (11) is asymptotically equal to

L1)2p / F(t) ™ (:DVE) dt ~ D(1) 2 / F(t) d¢ D(In D)™

Therefore in view of (10) we obtain the asymptotic equality

1,By) _/d
3 sz(d\/_ ———(l)—!d)F(B) ~

d<D I=0

) / F(1)dt D(nD)" ifn= 1= (mod2)

~y

0 ifn= w_;_l (mod 2).

Hence we obtain immediately that the constant ¢y in Theorem 2 is equal
to (15%) ¢, where c is the constant defined by (5).

Assuming that

ZL(")(I,Ed) — ~ckL(1) / t) dtD(In D)*
aeD



Non-vanishing of n-th derivatives of twisted elliptic L-functions 9

where ¢, are some constants we see that they have to satisfy the equality

n ¢ ifn= wtl (mod 2)
n 2
2 (k)c'c = w-1 12)
k=0 0 ifn= —— (mod 2).

To complete the proof of Theorem 2 it remains to prove that (12) holds
with the constants c; defined by (4). Indeed we have

£ (D)= ()5 ()
- (-G E ()

k=1
l-w w n
—c< 5 —5((—1) —1))
c if nszi;——l— (mod 2)
- . w-—1
0 if n=— (mod 2)

as it is claimed. This completes the proof of Theorem 2.
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