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INTEGRAL EQUA'I‘ION SATISFIED BY LAME’S FUNCTIONS. 353j

On integral equation satiq/ied by Lamé’s functions
whose order is halfoj an add integer;

Br J.-L. SHABMA.

1. The Lamé’s equation

d" . .(1.1) d—$=[”("+ÙP(”)+BJ)Œ

can be transformed (‘) to
(FS

__
p”(v) dz

'Æ7£' 2”m &; +4[Il(2n—— l)P(")“ B]:=o,

by putting u = 24) and 2 =y[p’(9)]”.
Starting from this Crawford ("‘) has shown that Lamé’s equation

when 2n is an Odd integer, possesses the fundamental integrals

Effi'<“>=[v'<%>T"%b<%>—æ’"+
.,[<>1l<>J

“'” ‘”î‘<">=[w('—;)]‘"Ë[_p(g)_..yî.,[p(g>_e.]"“ï+.....fl_J;
for 7: + âvalues of B given by a certain equation.

 

The object of the present paper is to show that these functions are
also solutions of certain homogeneous integral equations. Such inte— 

(‘) HALPIIEN, Traité des fonctions elliptiques, Vol. II, p. 471.
(=) Lawrence Cuwronn, Quart. Journ. Math., 27, 1895, p. 93—98.
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gral equationsforintegral valuesof nwereconsideredby Whittaker('),
Lambe (’), Ward (") and Sharma (").

Ill
II2. Tascam I. '— The polynomial E

equation
(It) is a solution of the integral

u
.a+æw,

V _"
E::‘(u)=)—rn lpl<_>P,(;)J K1(u, V)Ex'(fl)db

“ . 2

. u
* /v '

H+- — —- — —(e.,
___ ‘ | 3

})
.).

(
_ J)( .. _

><l‘ —n+—,l.n+—;
\ 'À '.). (ea—(‘n)(e—z—ea)

where

iP(‘=£>
— ’…… =-:[»<%>—«i ,

and a: is any point other than sera.

 
  

It is easy to see that K. (æ) satisfies the differential équation
/

(2.2) .r(| —
.l')_l’”-—(N

——

:>
(| — 3.1‘)_\"—— ”.Il (n —

{| >yl':fl,

læ<‘::> -«wllw<3>
_

(et'_et)(e: -C;,)
_ _Before we prove tlns theorem, we establish the follow1ng Lemma

that
(2.3) "’<"— ")=|_J"Œ>‘Pl(ä)_

is annihilated by the operator

 where x stands for 
—II l\l(ll. c').

 

/ —.»_ 2_ Æ_ __ _ ().—
_ -(2.4) D" D"_du* n(N+I)p(U)

…_3
kn(n+1)p(v). 

Difl'erentiating (2 . 3) with respect to 11, we get,

gl_>’ _ 5 ”H) _ l5'. |P(iïj)_“* “(Zi
0 .,_

.I—" (L‘)
l\.…,  

2 
(') WHITTAKBR, Integral equation for Lamé’s functions [Proc. Land. Mat/c.

Soc., (2), XIV, 1935, p. 260-268].
("), (“) LANDE and “’un, Quart. Journ. Math. (Oxford Series), \'ol. 5, n" 18,

1934, p. 81—97.(‘) SEARIA, On integral equation satisjied by Lamé’s functions (Journal de
Mathématiques, Paris, 1937, p. 199-203).
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et

l/

% =n(n+1)p(u)+2n<n— â)p<Ï>2

+K_f;[p<a>—eznw<æ>r_l(n_{>5[»—<g>—e=1w<-z>_K1 4(61—62)2(33—62)2 2 2 K1 (ez—el)(e=_ea) 
Substituting this in (2 . 4) and simplifying, we get

&,[Dä—DEI‘D
KN

=2n<n
- £)(p— (,) + # %[q*(4p-‘+me.,p’+âap)—,fl(4q*+l2eeqî+âaq)]'). ,Aa

1 1 K',[
2 _ ! : r__

.2_<n— E) & Î| [q(6p +12e2p+ 2a) p(6q +uefiq+ za)| =pK_ql 2n<n
— ;) K, +(n — â)K3(1— 3.£)— K';w(l—æ)J

=o by virtue of (2.2)

I_ ” _ " le “ __ 1 » /P—P
—2—

—e,n q_P(; ——e,, }) ; _;4])'+1282p'+4a}),

p"<%)=ô}fl+126,p+ 2a and a=(e._,—e,)(@—e,).

Hence the lemma is proved.
Apply the operator

dt—Îfi
—— n(n + 1)p(u) — B…,

to the integral
a+4m.

( u , P _"l=f [p(;)p(—J} KAuw)Eft'<v>4m
1

we get,

a+""’n » '-—n

£” (%——n<n+»>p<u>—B…)[p(%)p(â)] K.<uw)E2‘(v>dv

=£ :(5052
— n(n + l)p(V) ——

B…) [p'<%)p'<â)]—HK1(“,V)}EÏÏ'(V)d"-
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Integrating by parts we get,

Ô / ,
' —n 4_…

‘
/ , '—n

_ dl‘:Z'
, m+'.m1

%ællv (%)» <â>J … …11.……_|p <‘—:>p <:)| … … M- - - :x“+“”. _

/
(l\

I " —"K ’
{l.—,

( ' B Fill » ([
+fa [p (;)p (a)] .<u,«>(-Æ—n n+r)a><«>—

…) …… v.

Now the first expression vanishes because the functions are periodic
and the second integral vanishes because EZ‘(9) is a solution of (1 . I).
Hence it follows that the integral

â-—+—Hul
/ u , V _" ‘f [p (;)p (Q)] …… V)“«îî‘(*’)dv,

“
as annihilated by the operator

 
d—li2

— n(n + l)p(u) — B…,

and it is evidently a polynomial in p<%> — e2 of degree 2n. Since the

equation (! . 1) has only one solution of this type viz., (1 .2), it follows
that the integral is a constant multiple of EZ'(u). Hence

a+tw, , —_,,
_ _EZ'(u)=Ï—m [P'(%>Pl<ä>l k‘(“) ")‘3çi'(‘i)dl"'

1

5. Tnsonm Il. — The polynomial FZ'(u) is a solution of the homo-
geneous integral equation

:::—Hm, .

u p _"
FZl(u)=)\m [PI(—>P,<—)] K.;(ü, (’)FZ'(V) d‘)

a .
2

Il—

K,(u, v)={[p<%)—e,] [p<î> —
e…Îlä

?

><
F(—

n + à, !, n +â; |p((îÿ::) (ÎLES—î eJ>_ -_ _
2 -\

_
 

  
').

It is easy to see that K…(æ) satisfies the differential equation
(PK 1 dK 1 ,

(3.1) x(l—æ)Ü—(n—5)(1—3w)%—2n(n—;)l\_o..
,]
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'p<l{_î>_egil[p(â>_eil.(”|_ (32) (et _ (:_—;)

where .

 '
To prove this we should establish the preliminary lemma that

v=[v<ë>w<â>l“"ew
is annihilated by the operator (2 . 4).

Proceedingas in the previous article, we get, [ ._,_ ._) _I)——(/ _l ' . _! -» _q._‘ __ “Il
(DÎ(D“ D.,)Œl—

k._. [2n(n 2)l\.;+(lt 2>l\._,(l avc) .L(l 1)l\2]_.

which vanishes by virtue of (3. 1), p, q, œ, having the same meaning
as in @ 2.

The rest of the proof is exactly similar to that given in 52. Hence
we find that a+uo, -

u 0 _n[ lp’<7>p'(—)] Ka<u,v>Fçr(v>dv,
; 1 z 2

satisfies the difi'erential equation (1 . 1). Evidently it is a polynomial
in [p(%>— ea], and is of the form (I .3). Since (1.1)possesses only
one integral of this type, therefore it is a constant multiple of FT(u).

Hence FZ‘(u) is a solution of the integral equation
a+tw, , \ __nFill(u)=)sm [p'<%>p’kZ)l K.:(ll, V) F:? V) (19.

a .

n+â

4. The Kernels in both are of the form Ea,-(u) bi(v).

Therefore the equation in X will be of degree n+â and will
have n + à roots correspondingto n+

%
values of B. Therefore for

each Solution of ( 1 . !) there corresponds one and only one value of 1.

5. If Ej‘](u) and EÇî(u) are two solutions of the equations (1.1)
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corresponding to B… and B,,, then we have

a+bm,
_»[ Eîî‘tv)lüii(v)dv=l° ("‘/">

1 l,}… (m :p).\
Proof : Suppose it is not zero but is equal to A; then since

from (1 . 1
?rl

du“-‘
— n(n + |Lp(u)] l"'t/l). B… l‘ljj‘ ( U) :|

Therefore, : t—Lùt,

B…A =f 1550») B… l«3;ç‘(m d.-
« a+tm,

d"‘:f l‘]{j(V)' Æ—__—__—ll(ll+l)p(ll)IEZ'(6‘)(Ï('.a

lntegrating twice as in ($ 2, it becomes
a+tm,

=f l"‘(t)l——— -n(n. —l)p‘(l)ll‘lfj(t'ldtl
a+ th),:] E;ç‘u«)B,,lâç;(mdv:B,,A.

Therefore,
B… A : B,,A,

hence A = 0, since B…7£ B,,.
Similar property holds for the second function FZ‘(u).

6. If )…, )\._., 7… . . . are the characteristic values of 7., then
1"+;

v
, , u , mr «° E::' …Mu, v>=lp (;)p (?,)l Ë_(x)e—(—’

—

|

which follows directly from the orthogonal propertyof 3“ 5. Similarly
for the other function, we get,

1a+-
K=(u, p)=[p’<_>Pl(‘_’>]" 2L_),_”'(;fl£è‘ï(

(u)


