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On integral equation satisfied by Lamé’s functions

whose order ts half of an odd integer;

By J.-L. SHARMA.

1. The Lamé’s equation

dary ) ;
(r.1) d—";:[n(n—{—l)'p(u)—'rBjy,

can be transformed (') to

d*s  p'(e) ds

e znma—v—i—[;[n(zn——l)(p(v)—B]:,:o,

by putting u = 2v and 3 =y [ p'(¢)]".
Starting from this Crawford (*) has shown that Lamé’s equation
when 27 is an odd integer, possesses the fundamental integrals

e I [ EOE e MO R e O R

n—t ne? '
(1.3) Fﬁ'(u):l:y'(%)]_"gl_p(%)——eg] -—i—a.[p(%)—eg] '+...+a,l_%‘.
for n 4+ -2‘-va1ues of B given by a certain equation.

The object of the present paper is to show that these functions are
also solutions of certain homogeneous integral equations. Such inte-

(*) Havenen, Traité des fonctions elliptiques, Vol. 11, p. 471.
(*) Lawrence Crawrorp, Quart. Journ. Math., 27, 1895, p. 93-g8.
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356 J.-L. SHARMA.

gral equations forintegral values of n were considered by Whittaker ("),

Lambe (*), Ward (*) and Sharma (*).

m
n

2. Tueorem I. — The polynomial E)}(u) is a solution of the integral

equation
RSN u N o
E;:l(ll):)-m [p’(;)y’(;)] Kl(u’ ‘))Exl(")d(’
« .
where
u+‘— J)(E> . ’J)(/g> . -
SRR TN T TS (s (RPN L el b
l\l(ll,‘ ——f P 2 ":_ P 2 (.’:7) x 1 \ n -t 2,l,n | = o Y

and « is any point other than sero.

It is easy to see that K, () satisfies the differential équation

(2.2) £ — J'))‘”—(H — l)) (1t—3r)y' —an (n — :’))’:0,

[+C) ][+() -

where x stands for - .
(el“‘ el) (e: N ea)

Before we prove this theorem, we establish the following Lemma

that |
v (5 (5)

is annihilated by the operator

—n

(2.3) Q(u, v)= K, (u, o),

(2.3) D;—;—D;-f:(%-tﬁn(nﬁbl)‘p(u)—

J:
e + (1) pe).

Differentiating (2.3) with respect to «, we get,

A /

4 —fw(%) Y |VP(.'::)—@ J)(”)

=75 P (l_l) TR, o(e,— ) (ea— €,) !

2

(') WwirTaken, Integral equation for L.amé’s functions | Proc. Lond. Math.
Soc., (2), X1V, 1935, p. 260-268].

(»), (M Lamee and Warp, Quart. Journ. Math. (Oxford Sevies), Vol. 5, n" 18,
1934, p. 81-97.

(*) Snarua, On integral equation satisfied by Lamé’s functions (Journal de
Mathématiques, Paris, 1937, p. 199-203).
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et

"

% =n(n—+1)p(u) +9"("_ ;)PG)

N 0 I P 6 8 76

+K1 he,—e,)* (e, —e€,)? 2 2/ K, (e,—e.)(e;—e,)

Substituting this in (2.4) and simplifying, we get

$[Di—D:|@®

K
= fzu()l —';:)(p— q) + r" /‘%;[qi(/u)"-l-lfze.,])‘—f—fgap)—p’([lq"+12e2q’+[|aq)]

1 1\ 1t K . ,
— ;<n— ;) p r‘l [q(6p*+12e,p+2a) — p(6¢*+ 126, + 2a)]

y— g 1\ .. / I\ .., oy '
=1 . ‘/l:;n(n — é) K, +(n— 5)[\,([—3.1‘)— K,x(l—.z;)J
— o by virtue of (2.2)

where

/¢

u Y 3 2 A
p=p 3 — €., (/:‘p(g — €4, P- > =4apt+i12e,p°+ jap,

p”(%):ﬁp?—l—lze,p+ 2a and a=(e,—¢e)(e,— e;).

Hence the lemma is proved.
Apply the operator

d?
v n(n+1)p(u)—B,,

to the integral

PRI
’ u 7 ’ - m
= E)r ()] e o,
A
we get,

X+, d? u AN e
f <_"_ Il(ll +")P(”)—'Bm) [P,<;>,})’<;>] Kl(ll, (’)E::l((’)d(’

u'.



358 J.-L. SHARMA.

Integrating by parts we get,

/] M u Y 1-n - . o, w\ (v fn ‘ dl‘:x’(() oty
21T (I Q) s () e 5
&4 Sty - , ll\ , ") —"l\' i dz ( ‘ B F,,, ' d
+£ [P (;)P (;)] l(u")('(m—" ,”'I_I)J)(‘)—“ /u) “n (() V.

Now the first expression vanishes because the functions are periodic
and the second integral vanishes because E;'(¢) is a solution of (1.1).
Hence it follows that the integral

- S (M u 0 —n
[ (E)r ()] Kw orew,
*

as annihilated by the operator

‘% —n(n+1)yp(u)—B,,

and it is evidently a polynomial in p( %) — e, of degree 2n. Since the

equation (1. 1) has only one solution of this type viz., (1.2), it follows
that the integral is a constant multiple of E/'(«). Hence

A+ A, N\ |—n
E™(u) = [p’ (f>p'< Y )J K, (u, ) E2 (¢) dv.

o 2 2

3. Tueorem II. — The polynomial F''(u) is a solution of the homo-
geneous integral equation

il u v\]"
F™(u) =xn [p'(—)p’(—)] K.(u, ¢)F2(0)dy
[ 1

2 2

where

1
n—

(" — Nee U b/ —na b0 na 3 o))\,
Kg(u,v)—t[P(D e,][P(;) ._,]5 ><I( +; ,z+2,|-P<é">_:2‘)(;(g;iezj)

\ 2

It is easy to see that K, () satisfies the differential equation

d*K 1 dk T
(3.1) x(l—x)gzg——(n—;)(1—3J)d—w—2/z(1z—;)l\_o

. “/
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L |pG) =[],

- (e, —e,) (e, —¢;)

where

-

To prove this we should establish the preliminary lemma that

o [ (O () s

is annihilated by the operator (2.4).
Proceeding as in the previous article, we get,

' pr_pnhp — L1 — N YK =34 — (1 — 2K
(E(D" D2))®, = K. [zn(n 2)[\24—(11 2>l\3(| 3u)—x(1 z)l\{l,

which vanishes by virtue of (3.1), p, ¢, «, having the same meaning
asin § 2.
The rest of the proof is exactly similar to that given in § 2. Hence

we find that

&+ 4Dy (- " o\ T-n

[ e (E)r(6)] ket Freyan,
b3

satisfies the dilferential equation (1.1). Evidently it is a polynomial

in [p(%)— eg], and is of the form (1.3). Since (1.1) possesses only

one integral of this type, therefore it is a constant multiple of F'(u).
Hence F'(u) is a solution of the integral equation

[ EXION 7N T—n
Fil(u)y=12n [p(%)pk:) l K, (u, v) F2(¢) do.
o -
n+l!

4. The Kernels in both are of the form Zai(u) by(¥).

Therefore the equation in A will be of degree n+é and will

have n + é roots corresponding to n -4 i values of B. Therefore for

each solution of (1. 1) there corresponds one and only one value of A.

3. If El’(«) and E’(u) are two solutions of the equations (1.1)



360 J.-L. SHARMA. — INTEGRAL EQUATION, ETC.

corresponding to B,, and B,, then we have

@Ay -
[ Eemew=f; (7D
2 Vm (m=p).

~

Proof : Suppose it is not zero but is equal to A, then since
from (1.1)

N7 d?
B, E!(u) :| i win + l)‘p(ll)] 1),
Therefore,
X460y
B, A= f EZ (0) B K () dv
o

FERTON
:f ”(;)I({——n(n+l),p(u)|h’”(c)d(
«

Integrating twice as in § 2, it becomes

a4,
:f I’j‘(‘)l——— NV EE |);(|)l DY dy
X

X4 iy
= f E"(v) B, Kl (v)dv = B,A.
x

Therefore,
: BnA = B,A,
hence A = o, since B,, £ B,.
Similar property holds for the second function F;'(u).

6. IfA,, X,, A,, ... are the characteristic values of 7., then

1
n-=
, (u e ) B2 ()
Ko o= (5)p(})] A
- 1

which follows directly from the orthogonal property of § 3. Similarly
for the other function, we get,

n+-

<[ (o ;)| SE



