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On the Lines of Equidistance of a Family of Surfaces ; 

PROF. C. E. WEATHERBURN, Μ. Α., D. Sc. 

I. Introduction.— This paper is concerned with some properties of 
the lines of equidistance of a singly infinite family of surfaces in Eucli-
dean space. Such a family may be specified by an equation of the 
form © = const., where φ is a point-function in the space occupied by 
the surfaces. I t is also determined if the unit vector η normal to a sur-
face, is given as a point-function in the same space, satisfying· the 
condition of normality 

to n. roin--o. 

The two methods of representation are connected by the relation 

('i) η = ψ V? 

where \/o is the gradient of φ, and ψ is the reciprocal of its magnitude, 
so that 

(3) (Vv)-· 

The surfaces ψ = const, are the surfaces of equidistance for the 
family © = const.; and the curves in which the former intersect the 
latter are the lines of equidistance for the family. These constitute a 
congruence of curves, of which a singly infinite family lie on each 
surface φ = const. The function ψ may be called the distance function 
for the original family of surfaces. For it is evident from (2) that the 
distance along the normal between consecutive surfaces φ and ο -h do 
has the value ψ do. 
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From (2) it also follows immediately, as we have shown (') 
elsewhere, that the direction of rot η at any point is that of the line ο J 
equidistance /trough the point. For 

π>ι η = rot ( ψ V?')= V ψ x V?· 

Thus the direction of rot η is tangential to the surface ψ = const, 
and also to the surface φ = const., and the result follows. 

Further, is we consider the curves which are the orthogonal trajec-
tories of the family of surfaces ν = const., and denote the curvature, 
the unit principal normal and the unitbinorrnal by /·, p, b respectively, 
since η is a unit vector tangent to this curve, we have 

— η χ roi η == η. Vn = /. ρ 
and therefore 

(4; roin = n χ ι./ p) = kb. 

Thus the magnitude οf rot ϊι is the curvature οf the orthogonal trajec-
tory of the family of surfaces. Incidentally also .we have the known 
property that the unit tangent to the curve of equidistance is the unit 
binormal to the orthogonal trajectory of the surfaces. 

The reciprocal of h is the radius of curvature, c, of the orthogonal 
trajectory. In terms of this the unit tangent, b, to a line of equidis-
tance may be expressed 

(5) b = proin. 

2. Congruence of lines of equidistance. — We have elsewhere (2) 
defined the surface of striction, or orthocentric surface, of a congruence 
of curves, as the locus of the points at which the two common normals 
to the curve and consecutive curves are perpendicular. It was there 
shown that this surface is given by the vanishing of the divergence of 
the unit tangent to the curves. Hence, for the congruence of lines of 

(') See art. 2 of a paper by the author On Families of Surfaces, recently 
communicated to the Mathematische Annale n. , 

(-) lu a paper On Congruence of Curves, recently communicated to the 
Tûhoku Math. Journal. 
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equidistance, the surface of striction is found from the equation 

(.) — diν b — div( ρ roi η) = Vp· n>' Π· 
or 

(,Ο) ν^'·ΐ'(Μη = ο. 

Thus : · 

The surface of striction of the congruence of lines of equidistance 
is given by ((>), and is the locus of points at which these curves are tan-
gent to a surface h = const. 

Since /· is the magnitude of rotn, we may also interpret (6) by 
saying that the surface of striction is the locus of points at which the 
magnitude of rotn is stationary for displacement along a line of equi-
distance. 

Again, we defined the limit surface of a congruence ('■) as the locus 
of points at which the two common normals to the curve and conse-
cutive curves are coincident. At such points the foot of the normal is 
stationary for variation of the consecutive curve. In terms of the unit 
tangent, b, this limit surface is given by (a), 

( 7) <liv(b rlivb-+-b X t'oLb) =0. 

I ising the value of b given by (5) we find 

b divb -t- b χ rotb = /.· Vp p2 '*°in χ roi mm 
= — ρ2 rotn. (V rotn). 

Hence the equation of the limit surface becomes 

(8) div[p2 rotn. C\7 rotn)] = o. 

If ̂ denotes differentiation in the direction of the line of equidistance, 
this may be expressed more concisely 

( 8') '"^(7· 77s = o. 

(1 ) Loc. cit., art. h. 
('■ ) See art. 6 of a paper On Isometric Systems of Curves and Surfaces, 

recently communicated to thê Amer Journ. of Math. 
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Since Lhe tangent Lo a line of striction ίκ parallel to rotn, it follows 
that 

A necessary and su fficient condition that the lines of equidistance 
may constitute a normal congruence is that rotn.rot jo in vanish iden-
tically. 

If this condition is satisfied, the surfaces orthogonal to these curves 
have b as unit normal. 1 fence the first curvature (or mean curvature) 
of a surface of this family has the value (1 ), 

J =—clivb = —Δρ. roin = ~ V/,·. rotn 

and the second curvature (or Gaussian curvature) is given by ('-), 

·>. Κ = <liv(b ilivb + b χ 1'oib) 

= — div| f rotn. (SJ roin)| 

=
 _div(^rotn) 

and vanishes at the limit surface of the normal congruence. 

δ. Family of lines on any surface. — The lines of equidistance on 
any one surface φ = const, constitute a singly infinite family. In 
dealing with these it will be convenient to make use of the two-para-
metric differential invariants, whose theory the author has developed 
in a previous paper (a). We shall use a suffix ί to indicate thai the 
invariant is a two-parametric invariant for the surface φ — const. 

First consider the line of striction of the family of curves of equi-
distance on the surface. We have elsewhere ( ') considered some pro-

(') See the author's Differential Geometry, p. 226. 
i'1) Differential Geometry, p. 261, or art. 2 of a paper On Families oj 

Carves and Surfaces, recently communicated lo the Quarterly Journal of Pure 
and Applied Math. 

(:!) On Differential Inraria.nls in Geometry of Surfaces, elc. (Quarterly 
Journal of Math., vol. 30, 1920, p. 230-269). 

( v) Some new Theorems in Geometry of a Surface ( The Mathematical 
Gazette, vol. 13, Jan. 1926, p. i-G). 
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perties of a line of striction, and have shown that it is given by the 
vanishing of the two-ρ ara metric divergence of the unit tangent to the 
curves. Now since for any vector, V, perpendicular to n, 

div V = 1/Y div 2 (Y v), 

and divroln vanishes identically, it follows that 

<li\ ,(\};/.b ) = ο 

and therefore 
b. ι ψ\7,/.' -f- /.' V-j'7 ) -f- ψ /·"div2b = <>. 

The second term is zero, because b is parallel to the curve ψ = const. 
Also, since b is the unit tangent to the curve, div2b vanishes on the 
line of striction, and the équation of this line may be expressed in the 
form 

b. y, /.' = <>, 

or, since b is tangent to the surface ο = const., 

b») b. y/.·--»). 

Thus the line of striction is the locus of points at which /.· is stationary 
lor displacement along a line of equidistance. Hence, 

The line of striction of the curves of equidistance on any surface is 
the intersection of that surface with the surface of striction of the con-
gruence. 

The lines of equidistance will be a family of parallels provided (' ) 
div

L
,b vanishes identically. It follows then, as we have pointed out 

elsewhere (s), that 

A necessary and sufficient condition that the lines of equidistance on 
any surface may be a family of parallels, is that k be constant along 
each such curve. 

The geodesic torsion (i. e. the torsion of the geodesic Langent), τ, of 

(') On Families of Curves and Sur faces, art. 7. 
('-) On Families of Surfaces, art. 2. 
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a line of equidistance is given by (1 ) 

τ ~ b, roljb = ( ρ roin). rot.,( ρ roi η) 

= p2(rotn). roi., ruin. 

Hence the curves of equidistance wilt be lines of curvature provided 

( roin). roL roin = <». 

The geodesic curvature, /.·,,, of a line of equidistance is given by (*). 

/,·,,= n. roi,,b=:n. rotb. 

since the normal resolute is the saine for these two invariants. Thus 

(10) /.·., = η. ι·οΐ(ρ rotn) 

and the lines of equidistance will be geodesies provided 

n. rol(p rol Π) = υ. 

Tiie second curvature, K, of a surface φ = const, may be neatly ex-
pressed in terms of the two-parametric invariants of the functions ψ 
and ο on this surface. For, since p, b are uniL tangents to orthogonal 
curves on the surface, we have (:I) 

Κ = <liv
a

( ρ divp -+■ b divb ). 

On substitution of the values (') 

b = proin. p'=— ρ \7a l«»i?rψ. 
this reduces to 

(IJ) Κ —div,(\7., logp -+■ 0\}9 log·}'), 

where θ is given by 

\,,= f ! I'?,(■'■) — WJii.r) J i(x) log pin/j -f- ψ ) ri() 

The lines of equidistance and their orthogonal trajectories on the 

(') Mathematical Gazelle (loc. cit., ρ, /|)· 
(5) Ibid., p. 4· 
(:i) Ibid., p. 5. 

(4 ) On Families of Surfaces. art. 2. 
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surface ο = const, will constitute an isometric system of curves provi-
ded θ is a function of ψ only ('). In this case, if we write 

F = F O/Y dY, 

the equation (ι i) becomes 

( 1 ) Κ = (liv. μτικίο ( Ιομρ -+- IV. 
= ν®( ·+- '°£Ρ '· 

Then, also, any orthogonal system of curves cutting these at a 
variable angle, ω, will also be isometric provided ('-) 

Vr.r,)—o. 

h. Lame- Family of surfaces. — The necessary and sufficient con-
dition that a family of surfaces may form part of a triply orthogonal 
system, may be expressed in terras of the distance function, ψ, in dif-
ferent ways. We have shown in another paper that, in terms of two-
parametric differential invariants, one manner of expression is by the 
équation (:>) 

divqn χ \7n. νψ) = ο, 
or 

( i.'5) (Iiv(n χ νψ) = ο. 

in which we have dropped the suffix 2, 'the invariants being' now ail 

two-parametric, and the function defined b^ (') 

νψ =— (Vn). νψ 

may be interpreted geometrically as follows. If the two-parametric 
gradient, is resolved into components in the principal directions 
for the surface, and these components are multiplied by the principal 

(' ) On ■ Isometric Systems of Curves and Surfaces, ai l. 1. 
(-) I bid., arl. 2. 
Ο See yVrt. k- of a paper by the author On Lamé Families of Surfaces, re-

cently communicated to the Annals of Mathematics. 
(1 ) In a paper by the author On small Deformation of Surfaces, etc. (Ottar-

terly Journal of Math., vol. 50, 1925, p. 277). 
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curvatures in these directions, the resultant of these is the vector \7ψ· 
Now, since the two-parametric rotation of η vanishes identically ('), 
we may write (13) as 

( j j η. ΐΌΐνψ — ο. 

Then, since both νψ and its rotation are tangential to the surface, 
it follows that νψ 1s the gradient of some scalar function (a), or else 
is zero; and conversely. Hence the theorem : 

A necessary and sufficient condition that a family of surfaces may 

form part of a triply orthogonal system is that the vectorKJfy may be the 
two-parametric gradient of some scalar function. 

For instance, in the case of a family of parallel surfaces, ψ is cons-
tant over each surface, and both VJ^and νψ vanish identically. Simi-
larly for a family of planes the principal curvatures are zero, so that 

νψ again vanishes, and ( 14) is satisfied. In the case of a family of 
spheres the principal curvatures are equal and constant for each sur-
face. And when the two components of νψ are multiplied by the same 
constant, c, the resultant vector is the gradient of οψ. Fach of these 
families is therefore a Lamé family, as is well known. 

(') lhid.,\). v.\o. 
(!) Ibid., p. a58. 


