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THEORY OF NON-ANALYTIC FUNCTIONS OF A COMPLEX VARIABLE. 3o2n

Theory of non-analytic Functions of a complex Variable;

By B.ROHEDRICK, Louss INGOLD
. ain W. D, A. WESTFALL.

;

1. Introduction. — This paper is concerned with the extension of
the classical theory of functions of a complex vaviable obtained by the
removal of the restrictions imposed by the Cauchy-Riemann equations.
Only certain very general continuity and differentiability conditions
are retained.

The analytic theory is regarded as being equivalent to the theory
of a special type of transformations from a pair of variables (&, v) to
another pair («, v). The removal of the above restrictions permits
much more general transformations to be considered in the same way.

‘The paper is written (as is the classical theory) in the language of
function-theory rather than in the language of transformations. It is
certainly true, as is often insisted (), that the study of such transfor-
mations can be made without the use of complex variables. Itis equaily
trué, however, that the study of evén an analytic function is only a
study of its components, which ave real functions, and that the com-
plex variable is, therefore, in no way essentially involved.

The theory of analytic functions, however, is already developed,
and it has seemed to the authors that the results of that theory can be
much more conveniently utilized in the present paper if the same phra-
seology is employed; furthermore the use of the complex vaviable
makes it possible to compare the results of this paper with those of the

(1) See Picann, 7raité d’Analyse, vol. 1, p. 1.
Journ. de Math.. tome 1I. — Fasc. 1V, 1923 43
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special analytic case, and to better recognizc the true position of this
special theory in relation to the more general theory.

The word function is employed in the general sense defined by
Dirichlet. A complex variable w is a function of the complex variable
5 in a given region R if there exists a value of ¢ corresponding to each
value of 5 in that region. The ordinary technical terms of function-
theory, as multiple-valued, single-valued, etc., are used with their
usual meanings.

The two outstanding properties of analytic functions wich lead to
the Cauchy-Riemann equations are the conformal property, and the
equivalent property of possessing a unique (') derivative.

In the case of non-analytic functions it is natural to inquire, in con-
nection with the first of these properties, how the angular distortion
at a point is related to the directions of the sides of the angle.

It is found that for a fixed angle in the plane of the independent
variable there are, in general, two directions for the initial side cor-
responding to which the angular distortion takes on extreme values.

These directions vary with the angle, but are perfectly determinate
even in the limiting case in which the angle under consideration
approaches zero. For this special case the two characteristic direclions
coincide with certain directions discovered by Tissot in connection
with mapping problems.

A similar study is made in regard to the difference quotient. It is
found that there are two directions at each point in the plane of the
independent variable along which the square of the limit of the abso-
lute value of the difference uotient takes on extreme values. It is
particularly interesting to note that these directions coincide with the
directions of the special case mentioned above.

The lines which these two directions determine (here called charac-
teristic lines), are studied by means of the fundamental uantities E,
F, G, defined precisely as the fundamental quantities of diflerential
geometry. The lines are somewhat similar to lines of curvature. A\

(') Tt is customary to say that the derivative does not exist in case the limit
of the difference quotient is not unique. There are, however, occasional depar-
tures from this practice, ‘
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distinction between analytic and non-analytic functions is that the
characteristic lines of the former become indeterminate. This is com-
parable, in differential geometry, to the case of the sphere, whose lines
of curvature becomc indeterminate. The indicatrix of differential geo-
metry is analogous to Tissot’sindicatrix, which becomesa circle in the
analytic case.

The notion of the ellipticity of a function is introduced. This is the
absolute value of the difference between the semi-axes of Tissot’s indi-
catrix. The ellipticity can be used as measure of the divergence of a
function at any point from an analytic function.

A second approach to the study of this theoryis made through the
Beltrami equations. Use is made of the result that any two complex
functions on a given surface are analytic functions of each other. By
considering the special case in which the given surface is a plane a
complete classification of functions is obtained. IFunctions of the same
class in a given region are the functions which ave defined in that
region, and which are analytic functions of each other. I'rom this
point of view analytic functions defined in a given region simply
constitute one of these classes.

Many theorems of the usual theory of analytic functions can be
ceneralized to apply to functions of any one class. Thus there exists
in each class a theory almost coextensive with the analytic theory. No
attempt has been made here to push this generalization to its conclu-
sion, but to illustrate this possibility, the method is applied to onc or
two of the more important theorems of the ordinary theory.

Finally, it should be mentioned that throughout the paper only
those regions are admitted in which the functions under consideration
are free from singularities. A future paper is contemplated which will
include a study of the properties of non-analytic functions in the
neighborhood of their points of discontinuity, together with exten-
sions of the ideas of the present paper.

2. Dircetions of maximun and minimum angular distortion. —
One of the most prominent distinctions belween analytic and non-
analytic functions lies in the fact that in the case of analytic functions,
the correspondence between the planes of the dependent and indepen-
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dent variables preserves angles. 1n the case of non-analytic functions,
it is of interest to inquire in what maoner the amount of distortion
of angles at a point varies as the sides of the angle vary in direction.
This question will now by investigated.

We denote, as usual, the independent variable by 5 = x + zy and
consider the function

(n W= -+ v =f(z3).

Let w and ¢, the real and imagivavy parts of w, and also their first,
second, and tlmd partial derivatives ( ) be dssumed to be continuous
in the regions considered.

- Weintroduce the fundamental quantities E, ¥ and G, delined as

follows :

(2) J‘I:(ﬂﬁy-{—(ﬂ-)g, (4)11\-' ( .>:, l‘__()u ’)”+i‘_’_.‘)f.
(O Jdw ()y Jy dedy dady

These quantitics ace, of course, nol independent. Since they ave
obtained from a certain representation of Lhe plane, they must salisfy
the partial differential equation K = o where K is the expression for the
Gaussian curvature of the differential form Ede+ 2 F dedy + Gdy=.

Now consider two directionsin the s-planc determined by tanf) = £
and tang =m, where the angles 0 and 2 are measured from the
£-axis, and suppose that the angle a="0— ? remains lixed while m

and / vary; then we have,
. h—m
d tangt —= A o= ———.
(3) 1 = fune

Denote by the angle in the «-plane corresponding to «. An easy
coml putdlxon glves

, tan B = k(1 m) EG—T7) .
(4) M= WX Th - [A(G—B) 28] m + (G —Fk) m?

[n the usual manuner the following cquation is obtained for the
values of m2 which yield extreme values for tan 8 when they exist.

(3) [AM(G—=E)4+2F1m*—2(G—E—a2kF)ym~k(G—E)—2F=o.

If the coefficient of 72* in this equation does not vanish, it is numeri-

(") The curvature K introduced below involves the third derivatives of « and ¢.
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cally equal to the term independent of 7 but opposite in sign. The
solutions of (5) are then real and are the negative reciprocals of each
other. The corresponding directions are therefore perpendicular to
each other. We shall call them the principal directions of the func-
tion w with respect to the angle .

If the solutions of equation (5 ) are distinct, then one of the solutions
corresponds to a maximum value of tan 3 and the other corresponds to
a minimum. The general proof of this statement is omitted on account
of its length. The proof for the case that is of particular interest to us
is given in § 7.

Lf the coefficient of /2? vanishes, we shall say that the directions
parallel to the axes are the principal directions. These also correspond
to maximum and minimum values of tan 8.

In case the coefficients of both m and m? vanish, equation (5) dege-
ncrates altogether, and we shall say that any two orthogonal direc-
tions are principal directions for this case. Here it nray be seen that
I = 0 and E = G, so that tan 3 is independent of n2. We collect the
results for the various cases mentioned above, in the following theorem.

Turoren 1. — For any function w of the complex variable = there
exist, through cach point of the s-plane, two principal directions
with respect to any fived angle a. These directions are perpendicu-
lar to cach other.

3. Special cases. — There are several interesting special cases of
equation (3). .
(a) If G = V), the equation becomes
m+nkm—1=o,

and is independent of the fundamental quantities, so that for all such
functions, the principal directions [or a given value of & al a given
point are the same.

() If F = o, the equation becomes
Am*—am—£f=o,

and is again independent of the fundamental quantities.
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(¢) 1f ais a right angle, & becomes infinite and the limiting form of
the equation is then

(G—EYm*+{Fm— (G—E)=o.

The values of tan 3 corresponding to the values of m which satisfy
this equation reduce to
2/ (EG —F?)
VG —Ep+4I7]

(d) 1f both E= G and F = o, the equation degenerates. In this
case it can be shown that « and ¢ satisfy the Cauchy-Riemann equa-
tions, or it can be seen that the expression for tan? reduces to
k, and the function in this case will be said to be analytic at the

point (*).

A. The limiting case k =o. — If we consider the limiting case in
which the angle a reduces to zero we see from formula (4) that tan3
also vanishes. In this case, instead of considering the maximum and
minimum values of tan 2, we may consider the maximum and minimum
values of the limit of g:—*;, as « = 0. The corresponding form of équa-
tion (5) can be obtained by simply putting k = o in that equation,
which gives

Fm?—(G—E)Ym—F=o.

The values of m satisfying this equation correspond to maximum
and minimum values of %, where ¢ is the angle in the w-plane cor-
responding to the angle 0 in the s-plane.

A detailed discussion of this limiting case will be given in the next

(1) We shall use the expression analytic at a point P> in this sense, even
when the function is not analytic at any other point in the neighborhood of I'.
This concept seems to be interesting and to be capable of development. Thus, if
a function is analytic at each point of a set (E), it follows immediately from the
continuity conditions already assumed that the function is analytic at every
point of the first derived set (E'). In particular, if a function is analytic at a set
of points that ave dense in any region (or on any curve) the function is analytic
throughout that region (or on that curve) provided the continuity conditions
remain true. '
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few articles, where the equation for 7 derived above will be obtalned
in a different connection.

8. Directional dérivatives of functions. — Instead of studying the
vaciation in the distortion of angles, the variation in the value of the
limit of the difference quotient may investigated. It will be convenient
to regard this limit as a derivative associated with a given direction,
and to use the usual notation for a derivative. The limit will be called
the directional derivatice of w.

By definition

div — lim Au+ide
ds s=e A +1Ay

The assumptions that have been made concerning the functions u
and ¢ permit the use of the law of the mean for functions of two
variables. Thus we have,

du du
All—————J—A —;/A_}’""Rl.
A= 99, % Ay
Ae Py Az +Ey-A)+R,,

where the remainders, R, and R,, are such that

By the use of these formulas we obtain

il_‘—‘[‘)l du o L0v) \
= |oe T (dy + d.z*) +m d)’J (1 +m?)

+i[—‘£+m e du )’du (14 m?
ox dy  dwx _”0_)' ),

where A3 is supposed to approach zevo in such a way that %—E appro-

aches the limit 2. The discussion can be easily modified to suit the

case in which Az approaches zero
iy PP S zero.

By squaring and adding the real and imaginary parts of %‘;—) we
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obtain

div

P Haoml 4+ m*(E+G)+ 202l 4- miG K 4-aml 4-Gm®
dz| — - ’

(14 m?)? 1=~ m?

Ny e N . . dag? ]
This last expression is seen to be equivalent to —= where s and 5

ave the corresponding dilferentials of arc length in the s-plane, and
in the w-plane, respectively.

6. The principal directions for the dericative. — We have already
considered the distinction belween analytic and non-analytic functions
based upon the conformal property. A further fundamental distinction
between them consists in the fact that the directional derivatives of
the latter at a given point are not unique, but depend on the manner
in which the increment of the independent variable approaches zero.

It is of intevest, then, to know in what way these direclional deri-
vatives vary as the method of approach 1o a point varies, and in parti-
cular, to know whether the absolute value of the derivative regarded
as a function of m, takes on maximum and minimum values. This
question will now be considered.

IFor convenicnce we wrile
dwl?  E+ol'm4 Gm® )

(0) "=laEl T 1 -+ m?

The quadratic equation in m which determines the extreme values
of r, when they exist, is

() F+(G—E)m —Fm*=o.

Thisis the special limiting casc of equation (5) which was considered
in § 4. That this should be so may be seen by noticing that from
equation (4) we have

hm
k=o K r

If F does not vanish equation (7) determines two mutually ortho-
gonal dircctions. These are the principal directions of the funclion
with respect to a sero angle. \\ e shall call them simply the principal
directions of the function w.
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These directions for any non-conformal transformation of any sur-
face were discovered by Tissot (') in conuection with mapping
problems.

[fF = o0 and E #£ G, wc shall say that the directions parallel to the
axes arc the principal directions. [fF = o and E = G we shall say that
any two orthogonal directions are the principal directions. Thus in
all cases we have the following theorem.

Tukorem 1L - For any function of the complex variable s there
extsts, throwgh cach point of the s-plane, a pair of principal direc-
tions. These directions are perpendicular to each other.

The pair of principal directions through a point is unique except at
points for which = G and I = o.

The curves determined by the solutions of the differential équa-
tion (7) will be called the characteristic: lines of the function w-.

7. The maximum and minimum values of r. — The equation (7)
regarded as an equation for 2 may be written in either of the forms

F4+Gm K+ aFm+Gm: i F+Gm
= 5 , E+Fm=——.
m 1 m m

—_
(o]
~

Let A dcnote either of the values of m satisfying equation (7) and
let z denote the corresponding valuc of . Then from equations (8)

F oG, ,
(9) p=0 or - p=ERo D

The elimination of A leads to the equation
(10) p'— (E+4-G)p— 12 =o,

The two solutions of this equation, when different, will be called
the principal expansion factors of the function w-.

iquations (9) can be solved for E and G in terms of 5, 2, and I
When the resulting values are substituted in equation (6), the expres-

¥

(") Tissor, Sur les cartes géographiques (Comples rendus, 1849).
Journ. de Math., tome Il. — Fasc. 1V, 1023, Af/i
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sion for r reduces to

. ‘(m——‘A\)'-"
(- ! ’—‘owrl(l-{-—m"")

From this it follows directly that if X is the positive solution of
equation (7), then ¢ is the maximum of » at points where I is positive,
and the minimum where I is negative. This may be seen also by

. dr ¢ .
computing —— from equation (11).

If F = o while G £ E, the equation (6) for 7 becomes

L+ Gm?
==
1+ m?

from which we see that if G is positive and greater than I, r =L isa
minimum corresponding to m = o, and that r= G is a maximum
corresponding to m = », If G isnegative the maximum and minimum
values are interchanged. The argument is similar if E> G. Thus in
every case we have proved the following theorem.

Turorem L. — The value of r at cach point of the z-plane, cor-
responding to one of the principal directions vs a maximum, and
the value corresponding (o the other principal direction is a mini-
mum, swhenener the solutions of equation (10) are distinct.

8. Fundamental property of characteristic lines. — The charac-
teristic lines form a special orthogonal system of lines in the z-plane.
The lines of the «-plane corresponding to them also form an ortho-
gonal system. This suggests the problem of determining the conditions
which an orthogonal system must satisfy in order that the corres-
ponding system may also be orthogonal. Let p(x,y)= const.,
¢ = const., be an orthogonal system of curves in the z-plane which
corresponds to an orthogonal system in a-plane. Along one of the
curves ¢ = ¢, « and ¥ may be regarded as functions of p, and along
p =c they may be rcgarded .as functions of ¢. Similarly, in the
w-plane, « and ¢ along one set of the corresponding curves may be
regarded as functions of p and along the other set, as functions of ¢.
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The conditions of orthogonality in the two planes are

dx Jdx  dy dy du du  Je go

opog Topdg ™ wpagtopag=" .

The second of these may be written in the form
(Jude, o0 dpy oude , 2udy
dr dp " Jdy dp)\ox dg " dy (7/7)

(Sodz, e dyy(onom e ory
dx dp ~ Jdv dp ) \dx dq 0)’0}/_> -

b

or
P dx ox F de dr - dy Qﬁ) % dy dy _
ap g Jdp dg T dp dq op 9g

and by means of the first equation this can be reduced to

NN Jdx dy )
#(5) —e=mg o —r(G) =

or to a similar equation with p replaced by ¢. Now along one of the
curves ¢ = ¢,
dg dz  dq dv _

o dp + dy dp

By means of this formula the equation above reduces to

9 0y dg g\t _
<0)—> —(G— L)d )Tv——] (():c) =0

The function p satisfies the same equation. These equations show

_ dJdq
that m = — <3§~

ing value computed from p=¢, both satisfy equation (5). These
curves are therefore the characteristic lines. lhus we have proved the
following theorem.

) : <g%> computed from ¢ = ¢ and the correspond-

Turoren V. — The only orthogonal system of curves in the
s-plane which corresponds, by means of -a given non-analytic
Sfunction i, to an orthogonal system in the w-plane, is the system
of characteristic lines of the function w (').

(") For a geometric proof of this theovem sece Darboux, Legons sur la théorie
générale des surfaces, vol. 111, p. 49. :
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9. The Beltrami Equations. — The Cauchy-Riemann cquations
have been generalized by Beltrami to apply to a complex function on
any surface. These generalized equations arc valid for complex
functions in a plane. \We have, therefore, for any function & =« + /v
of the complex variable 5 the following equations :

du _ (E *_ g .‘"1) 1, [I=yic =),

da Jy da

Jdu f Lo Jde
Y N DAY o B A B

Jdy | (I ar G ‘)J’) Hl

and also the equalions obtained from these by interchanging the
functions « and v..

From these equations « may be eliminated by cquating the two
expressions for the second partial derivative of « with vespect to .«
and y. This is permissible, since the sccond derivatives of « and ¢ are
assumed to be continuous. Similarly, ¢ may be eliminated. When the
eliminalior is performed, it is found that « and ¢ both satisfy the
following partial differential equation of the second order :

G a0 E 98 2F o6

W) FUETT o T T deuy

dy N Tor | 'y e dv

If, in the equation just obtained, the quantities I, I¥, and G are
replaced by three quantities proportional to them, the equation would
obviously remain unaltered, since in each term the factor of propor-
tionality would occur in both numerator and denominator.

Ifisa solution of equation (i2), the solution u satisfying Beltrami’s
equations given above is determined except for an additive cons-
tant.

10. Classification of functions. — The generalized Laplace equa-
tion obtained at the close of the previous article may be used as the
basis of a very convenient classification of functions. Itis well known
that all functions on a given surface are analytic functions of each
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other ('). This is true, in particular, for functions in a plane. It
follows that all functions whose real and imaginary parts satisfy equa-
tion (12) ave analytic functions of each other. All such functions
which are defined throughout a given region c.wcept at @ seé of points
whose derived set is finite, will be said to belong to the same class in
that region.

Since the ratios of the quantities LI, I, (i, determine equation (12),
these ratios determine the class to which a function belongs; thus if

-~ ~

1

we write p = 5 ¢ = %1, we may say that any function whose [unda-
mental quantities determine the ratios p and ¢ belongs to the
class (p, ¢).

The following statements are easily proved :

FEvery function (subject to the continuity and differentiability
conditions previously specified) belongs to a definite class, in a given
region,

No function belongs to two different classes i the same region.

The totality of analytlic functions ina given region constitule @
separate class, the class (o,1).

There extst functions belonging to every class in a given region.

Equation (12) will be called the differential cquation of the class
determined by the quantities I, F, (5, appearing in its coeflicients.

1L, The ellipticity of a function. — In order to picture move
vividly the behavior of a function in the neighborhood of a point, an
ellipse may be constructed whose axes lie in the direction of the
characteristic lines at that point, and whose semi-major and semi-minor
axes are equal to ‘the principal expansion factors. The ellipse con-
structed in this manner has been called Tissol’s indicatrie.

The semi-axes of Tissot's indicatrix are obtained fromequation (10)
ol § 7. In order to determnine under what circumslances the indicatrix
reduces to a circle we form the discriminant of this equation, which
is, (I + G)*— 4(EG —1Ir*). This can be reduced to (G — I2)2 + 412,
so that the discriminant vanishes only if G = Il and IV = O.

(") See Pcarn, Traité d’Analyse, vol. N, p. 9. The restriction which we
have introduced below, that the functions have a common region of detinition,
should be included here.
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1f these equalions hold only at certain points, such points will be
called analytic points of the function. These points may be isolated,
or they may {ill out a curve in the z-plane, or’ they may cover an
entire region of the plane. In any case, they form a closed set. WWhen
they cover an entire region R the function is analytic in R.
. Since the two principal expansion factors are equal at analytic

points, we have equalion
pP1— fa== 0.

In the neighborhood of analytic points (assuming continuily) the
difference of the priucipal expansions becomes smaller and the func-
tion behaves more and more like an analytic function. The absolute
value of the difference betwecn the solulions of equation (10) may be
taken as the measurc of the divergence of the function from an ana-
lytic function.

The expression

lo1—p2l=0,

will be called the ellipticity of the function. (iiven a set of points I’,,
P, ..., P,, ... that have a limit point P, if the ellipticity at I’; is g,
and if lim ¢;= o, the function is analytic at P.

i>w

AL, The indicatriz for functions of the same class. — If \wo
functions belong to the same class in a given region, the indicatrix of
one of them is related to the indicatrix of the other in a very simple
way. The indicatrix, at a given point, is determined by the values of
the principal expansion factors. Since the quantities E, I, G, for two
functions of the same class are proportional, it follows from the form of
cquation (10) that the principal expansion factors for one function
are proportienal to those ol another of the same class. It is assumed
that the factor-of proportionality neither vanishes nor becomes infinite
at the poinl under consideration. Thus we obtain the following
theorem.

Turoren V. — The indicatriz of any function is similar to the
indicatriz of any other function of the same class, al poinls for
which the factor of proportionalily beeween the fundamental quan-
tities neither vanishes nor becomes infinite,
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13. The proportionality factor. — We have already noted that
the fundamental quantities E, F 'and G, must satisfy the differential
equation K = o, where K is the expression for the total curvature of

the differential form :
Kde*+ oF dedy + Gdy?.

The equation K = o, written out, is

L
2l Z(TJ dy — T v Jy\I oz T oy "Eiox)|T "

If we substitute 2I5, A, A6, for E, I, G5, in this equation, we
obtain equation (12) withlog Ain the place of ). As a vesult, therefore,
we obtain the following theorem.

Tuvonex VL. — The logarithm of the factor of proportionality
of the two sets of fundamental quantities that belong to tvo func-
tions of the same class must satisfy the differential equation of the
class.

Vi. The class of a function of a function. - Let W, =U, +:1V,
and W,= 1/, -+ 7V, be two functions of s of the same class. We¢
wish to consider how theyare related when they are regarded as func-
tions of a function w = 2 + fv.,

Since the two fanctions (as functions of ) are of the same class,
E, = AE,, ', = AF,, (i, = A(,. The variables are now Lo be changed
from the pair (., )) to the pair («, ). The formulas for the new
values of the fundamental quantities are ’

(dl ) oF, ()s dv G )v)"

e \ oy oz dy "<0r, ’
asi—/i E G — T

Ji ) dv Jdv ()")'-‘

ey . k. <()‘ 2l ox d +(h’<()1 ’

eg— /3 ¥, Gy— F}

with the corresponding formulas for £, /., and 2, g..
In the lirst of these formulas we may replace E,, I,, (i,, on the

. . 1N g ~ .
right by their values, AL,, &I',, AG,. The vesult is = limes the second
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expression on the right. Thus

)\e [
—.-:,—} = —; or e = k Cay
Ji Ja
02 .
where &k = <L—. Similarly

(2j3
fi= Sy, and &= ks,

Hence we have the following theorem.

Tucoven VII. — 1f W and W, are o functions of the same class
when regarded as functions of some variable s, then they are also
of the same class when regarded as functions of any [funclion

of =.

« A8, Functions delermined by bhoundary values. — As mentioned
in Lhe introduction, it is possible to generalize many theorems of the
analylic function theory so as to apply to functions of any given class
in a given region. As an illustration of this applicalion of our theory
we give a generalization of the well-known theorem concerning the
determination of a function by means of ils values on a given boun-
dary.

Let w =9(z) be a non-analytic function of a certain class in a
region including the closed region R, and consider the function

F(z)=A(n),

where A is analytic. F(z) is then determined by its values on the
boundary of a closed region R’ in the «-plane. If now, the closed
region R’ corresponds uniquely by means of the function & = »(3),
to the closed region R in the z-plane, then the function F(z) is deter-

mined by its values on the boundary of the region R. Wearc thus led
to following theorem. '

Tugoren VI — I/ by means of a non-analytic function w=9(z),
there is a unique correspondence betwween a closed region R of the
3-plane and a closed region R’ of the w-plane, then there is one and
only one function V' (3) of the class determined by o(3) which takes
on given values along the boundary of R.

—— G ——



