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LOCAL TRANSITION FUNCTIONS
OF QUANTUM TURING MACHINES*

MASANAO OzAawAa 2 AND HARUMICHI NISHIMURA 12

Abstract. Foundations of the notion of quantum Turing machines are
investigated. According to Deutsch’s formulation, the time evolution of
a quantum Turing machine is to be determined by the local transition
function. In this paper, the local transition functions are character-
ized for fully general quantum Turing machines, including multi-tape
quantum Turing machines, extending the results due to Bernstein and
Vazirani.

AMS Subject Classification. 68Q05, 81P10.

1. INTRODUCTION

Feynman [5] pointed out that a Turing machine cannot simulate a quantum
mechanical process efficiently and suggested that a computing machine based on
quantum mechanics might be more powerful than Turing machines. Deutsch in-
troduced quantum Turing machines [3] and quantum circuits [4] for establishing
the notion of quantum algorithm exploiting “quantum parallelism”. A different
approach to quantum Turing machines was taken earlier by Benioff [1] based on the
Hamiltonian description of Turing machines. Bernstein and Vazirani [2] instituted
quantum complexity theory based on quantum Turing machines and constructed
an efficient universal quantum Turing machine. Yao [11] reformulated the quantum
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circuit models by singling out the acyclic ones and showed that a computation by a
quantum Turing machine can be simulated by a polynomial size quantum circuit.
The search for an efficient quantum algorithm for a well-studied but presumably
intractable problem was achieved strikingly by Shor [10], who found bounded error
probability quantum polynomial time algorithms for the factoring problem and the
discrete logarithm problem.

In this paper, foundations of the concept of quantum Turing machines are
examined. In Deutsch’s formulation [3], a quantum Turing machine is defined to
be a quantum system consisting of a processor, a moving head, and a tape, obeying
a unitary time evolution determined by local interactions between its components.
The machine is then allowed to be in a superposition of computational configura-
tions. Deutsch [3] pointed out that the global transition function between compu-
tational configurations should be determined by a local transition function which
depends only on local configurations. Bernstein and Vazirani [2] found a simple
characterization of the local transition functions for the restricted class of quantum
Turing machines in which the head must move either to the right or to the left at
each step. Since the above characterization constitutes an alternative definition
of quantum Turing machines more tractable in the field of theoretical computer
science, it is an interesting problem to find a general characterization valid even
when the head is not required to move or more generally when the machine has
more than one tape. The purpose of this paper is to solve this problem, while for
this and foundational purposes we also provide a completely formal treatment of
the theory of quantum Turing machines. Extending the Bernstein—Vazirani the-
ory (2], the computational complexity theory for general quantum Turing machines
defined by the conditions given in this paper will be published in our forthcoming
paper [8].

The paper is organized as follows. In Section 2, quantum Turing machines are
introduced along with Deutsch’s original formulation. We extend Deutsch’s formu-
lation to the case where the head is not required to move every step. In Section 3,
the local transition functions of quantum Turing machines are introduced along
with Deutsch’s requirement of operations by finite means and the problem of the
characterization of local transition functions is formulated. In Section 4, quan-
tum Turing machines are formulated as mathematical structures and we prove a
characterization theorem of the local transition functions of quantum Turing ma-
chines. We adopt here the column vector approach, where the characterization is
obtained from the requirement that the column vectors of the transition matrix
are orthonormal. In Section 5, we prove an alternative characterization theorem
of the local transition functions along with the row vector approach. In Section 6,
the characterization is extended to multi-tape quantum Turing machines.

2. QUANTUM TURING MACHINE AS A PHYSICAL SYSTEM

A guantum Turing machine Q is a quantum system consisting of a processor,
a bilateral infinite tape, and a head to read and write a symbol on the tape.
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Its configuration is determined by the processor configuration q from a finite set @
of symbols, the tape configuration T represented by an infinite string from a finite
set Y of symbols, and the discretized head position £ taking values in the set Z of
integers. The tape consists of cells numbered by the integers. The head position
& € Z stands for the place of the cell numbered by £&. We assume that ¥ contains
the symbol B representing the blank cell in the tape. For any integer m the symbol
at the cell m on the tape is denoted by T'(m). We assume that the possible tape
configurations are such that T'(m) = B except for finitely many cells m. The set of
all the possible tape configurations is denoted by ©#. The set ©# is a countable
set. Thus, any configuration C of Q is represented by a triple C = (q,T,&)
in the configuration space C(Q,%) = Q x ©# x Z. The quantum state of Q
is represented by a unit vector in the Hilbert space H(Q,X) generated by the
configuration space C(Q, ¥) so that the vectors in H(Q, X) can be identified with
the square summable complex-valued functions defined on Q x L# x Z. The
complete orthonormal basis canonically in one-to-one correspondence with the
configuration space is called the computational basis. Thus, the computational
basis is represented by |C) = |q, T, ) for any configuration C = (¢, T, €) € C(Q, Z).

In classical physics, physical quantities are represented by real-valued functions
defined on the phase space coordinated by the configuration and the generalized
momentum. In quantum mechanics, they are called observables and represented
by self-adjoint operators on the Hilbert space of quantum states. The procedure to
define the observables from the classical description of the system is usually called
the quantization. In order to define the observables quantizing the configurations,
we assume the numbering of the sets Q and X such that @ = {qo,... ,qg-1} and
¥ = {00,... ,0/5|-1}, where we denote by |X| the number of the elements of a
set X. We define observables g, ff’(m) for m € Z, and é representing the processor

configuration, the symbol at the cell m, and the head position, respectively, as
follows:

Q-1 |21
d=Y_ nlg)(gnl, T(m)= Y nlononl, €= &)l
n=0 n=0 E€Z

The computation begins at ¢ = 0 and proceeds in steps of a fixed unit duration 7.
The dynamics of Q are described by a unitary operator U on H(Q,Y) which
specifies the evolution of the system during a single computational step so that we
have

Ut =0U' =1, [g(n7)) = U"(0))

for all positive integers n.

3. LOCAL TRANSITION FUNCTIONS

Deutsch [3] required that the quantum Turing machine operates finitely, <.e.,
(i) only a finite system is in motion during any one step, (ii) the motion depends
only on the quantum state of a local subsystem, and (iii) the rule that specifies
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the motion can be given finitely in the mathematical sense. To satisfy the above
requirements, the matrix elements of U are required to take the following form?:

6(¢, T(€),q', T"(€),1) g =¢+1
(¢, T,¢Ulg,T,€) = 6(q,T(),q',T"(£),0) if&=¢ (3.1)
5((], T(&):QI7T,(£)> —1) if 5/ =§-1

whenever T'(m) = T'(m) for all m # &, and (¢’,T",&'|U|q, T, &) = 0 otherwise, for
any configurations (¢, T, ¢) and (¢',7",£'). The above condition ensures that the
tape is changed only at the head position £ at the beginning of each computational
step, and that during each step the head position cannot change by more than
one unit. The function 6(q,T'(¢),q’,T'(£),d), where ¢,¢' € Q, T(£),T'(€) € %,
and d € {—1,0,1}, represents a dynamical motion depending only on the local
observables § and T(f)‘ It follows that the relation 6(q,0,q¢’',7,d) = ¢ can be
interpreted as the following operation of Q: if the processor is in the configuration g
and if the head reads the symbol o, then it follows with the amplitude ¢ that the
processor configuration turns to ¢’, the head writes the symbol 7, and that the
head moves one cell to the right if d = 1, to the left if d = —1, or does not move
if d = 0. We call § the local transition.function of the quantum Turing machine Q.

The local transition function é can be arbitrarily given except for the require-
ment that U be unitary. Each choice defines a different quantum Turing ma-
chine Q[4] with the same configuration space C(Q, ). Thus, if we have an intrin-
sic characterization of the local transition function ¢, quantum Turing machines
can be defined formally without referring to the unitary operator U as a primitive
notion.

From equation (3.1), the time evolution operator U is determined conversely
from the local transition function § by

Ulg, T,€) = Y 6(a,T(€),p,7,d)p, T¢ € + d) (3.2)
p,7,d

for any configuration (g, 7, &), where T is the tape configuration defined by

ifm=2¢,

Te(m) = { ;(m) if m#¢&.

Now we can formulate the characterization problem of local transition functions
of quantum Turing machines: Let & be a complez-valued function on Q X X X Q
x 3% x {—1,0,1} and let U be the operator on H(Q,X) defined by equation (3.2).
Then, what conditions ensure that the operator U is unitary?

This problem is answered by the following statement: The operator U s unitary
if and only if § satisfies the following conditions.

IThis condition is a natural extension of Deutsch’s condition 3] to the case where the head
is not required to move.
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(a) For any (q,0) € Q X %,

3 (6(g,0,p, m )] = 1.

p,7,d

(b) For any (4,0),(¢,0") € Q x = with (q,0) # (¢', "),

> é(d,0',p,7,d)"6(q,0,p,7,d) = 0.
p,7,d

(c) For any (q,0,7),(¢',0',7") € Q x £2, we have

Z é(q”a/)p)T/)d_ 1)*5((1) a,0, T, d) =0.
P€Q,d=0,1

(d) For any (q,0,7),(¢',0’,7") € Q x £2, we have

z 6(qls C’I)P) T/’ _1)*5(q’ a,p, T, ]-) = 0.
PEQ

The proof will be given in the next section. If it is assumed that the head
must move either to the right or to the left at each step (two-way quantum Turing
machines), condition (c¢) is automatically satisfied. In this case, the above state-
ment is reduced to the result due to Bernstein and Vazirani [2]. In Section 5,
we will also characterize the local transition functions of multi-tape quantum
Turing machines.

In order to maintain the Church-Turing thesis, we need to require that the uni-
tary operator U is constructive, or that the range of the local transition function é
is in the computable complex numbers. From the complexity theoretical point
of view, we need also to require that the matrix elements of U are polynomially
computable complex numbers, or that the range of the transition function ¢ is in
the polynomially computable complex numbers.

4. QUANTUM TURING MACHINE AS A MATHEMATICAL STRUCTURE

In order to formulate the notion of a quantum Turing machine as a formal
mathematical structure rather than a well-described physical system, we shall
introduce the following mathematical definitions. A Turing frame is a pair (@, X)
of a finite set @ and a finite set ¥ with a specific element denoted by B. In what
follows, let (@, X) be a Turing frame. Let ©# be the set of functions 7' from the
set Z of integers to X such that T'(m) = B except for finitely many m € Z. The
configuration space of (Q, %) is the product set C(Q, ) = Q x T# x Z.

For any (p,7,d) € Q@ x & x {—1,0,1}, denote by C(p, 7,d) the set of configura-
tions (p, T, €) € C(Q, ) such that T(§ —d) = 7. Let (p,7,d) € @ x L x {—1,0,1}.
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We define the transformation «a(p, 7, d) from C(Q, X) to C (p,7,d) by

Oé(p, 7y d)(Q: T’ 5) = (p> Tga§+d) (4'1)

for all (¢, T,&) € C(Q,%). It is easy to see that a(p, 7, d) represents the operation
such that the processor configuration turns to p, the head writes the symbol 7, and
then moves with |d| step to the direction d. We define the transformation 8(p, 7, d)
from C(Q,X) to C(p,7,0) by

Bp,7,d)(q,T,€) = (p, T{_g,€ — d) (4.2)

for any (¢,T,€&) € C(Q,X). It is easy to see that B(p, 7, d) represents the operation
such that the processor configuration turns to p, the head moves with |d| step to
the direction —d and then writes the symbol 7. The following proposition can be
checked by straightforward verifications.

Proposition 4.1. (i) Letd € {~1,0,1}. If(q,0) # (¢',0') € QX then C(qg,o,d)N
C(¢,0',d) =0 and
cen= U cgoa.
(2,0)EQXZ
(i) Let (¢,0,p,7,d) € Q X x Q x ¥ x {—1,0,1}. We have

B(q, 0, d)a(p,7,d)C = C
for all C € C(q,0,0) and
a(p7 T, d)ﬂ(q? g, d)Cl == C/

for all C' € C(p,T,d).

(iii) The mapping alp, T, d) restricted to C(q, o,0) has the inverse mapping B(q, o, d)
restricted to C(p,T,d), i.e.,

a(g,l,)d)
C(q,0,0) (a,0.d) Cip,T,d).
Pk

A configuration (g, T, &) is said to precede a configuration (¢’,7”,¢’), in sym-
bols (¢, T,&) < (¢, T",&), if T'(m) =T'(m) for all m # & and |’ — £| < 1.

Proposition 4.2. For any C,C’ € C(Q,Y), the following conditions are equiva-
lent.
(i) C <C". _
(ii) There is some (p,7,d) € Q@ x ¥ x {—1,0,1} such that C' = a(p, ,d)C.
(iii) There is some (g,0,d) € @ x ¥ x {—1,0,1} such that C = B(q,0,d)C".
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Proof. Let C = (¢q,T,¢) and C' = (¢, T",¢).

(i) = (ii): If (i) holds, we have C' = a(q’,T"(£), & — &)C so that (ii) holds.

(i) = (ii1): Suppose that (ii) holds. Since C € C(q,T(£),0), by Proposition 4.1 (ii)
we have

B(a,T(£),d)C" = B(q,T(§),d)ex(p, 7,d)C = C.
(iii) = (i): If (iii) holds, we have C = (p, T'¢ _4,& — d) and hence §’ = { = d and
T(m) =T'g_4(m) =T'(m) for m # ¢’ —d = & so that (i) holds. a

The quantum state space of the Turing frame (Q, X) is the Hilbert space H(Q, )
spanned by C(Q, £) with the canonical basis {|C)| C € C(Q, %)} called the com-
putational basis. A local transition function for (Q,Y) is a function from Q x &
x@Q x ¥ x {—1,0,1} into the complex number field C.

In what follows, let & be a local transition function for (@, X). The evolution
operator of § is a linear operator M on H(Q, X) such that

Mslq,T,6) = 8(q,T(€),p, 7, d)lp, T , € + d) (4.3)

p,7,d

for all (¢,T,¢) € C(Q,%); the summation med is taken over all (p,7,d) € Q
x ¥ x {—1,0,1} above and in the rest of this section unless stated otherwise.
Equation (4.3) uniquely defines the bounded operator Ms on the space H(Q, %)
as shown in Appendix A.

Let (q,T,€), (¢',T',¢) € C(Q,%). The following formula can be verified from
equation (4.3) by straightforward calculation.

(q,,TI,£,|M5|q,T,€> — { g(q7T(§)aq )T (5)?5 - g) loftl(lqe}g,ige)'_< (q )T )g )7
(4.4)

A configuration (g, T, £) is said to be locally like a configuration (¢’,77,¢) if ¢ = ¢’
and T(é+d)=T'(¢' +d) for alld € {-1,0,1}.

Lemma 4.3. For any Cy,Cy € C(Q,X), if they are locally like each other, we
have

(C1|Ms M[|Cy) = (C2| M5 M| Ca).

Proof. Let 7—1,70,71 € X. Suppose that a configuration C' = (p,T”,¢’) is such
that T'(¢' — d) = 74 for all d € {—1,0,1}. Since every configuration locally like C’
also satisfies the above condition, it suffices to show that (C'|MsM g |C’) depends



386 M. OZAWA AND H. NISHIMURA

only on p, 7—1, Ty, 71. By Proposition 4.2 and equation (4.4) we have

CMsMilcy = S [(C|Ms(C)

cec(Q,x)

= ) [{C'|Ms|C)
[oE{ol

= Y [(C'|M5|8(q,0,d)C")[?
g,0,d

= ST, € IMslq, T4 — B
q,0,d

= D 16(a. TG g€ ~ d),p, T'(€' — d), d)|?
q,0,d

= > 15(g,0,p,7a,d).
q,0,d

The first equality above follows from Parseval’s identity.
Thus, (C'|MsM g |C"y depends only on p,7_1, 79, 71 and the proof is completed.
O

For the case where the head is required to move, a proof of the following lemma
appeared first in [2]. The following proof not only covers the general case but also
simplifies the argument given in [2].

Lemma 4.4. The evolution operator My of a local transition function § is unitary
if it is an isometry.

Proof. Suppose that M;s is an isometry, i.e., M(;Ma = 1. Obviously, MaMg is a
projection. If (ClMgMgIC‘) = 1 for every C € C(Q,X), the computational basis
is included in the range of M(;Mg and then, since the range of any projection is a
closed linear subspace, we have M5Mg = 1 so that Mj is unitary. Thus, it suffices
to show that (C|MsM g |C) =1 for every C € C(Q, ). To show this, suppose that

there is a configuration Cy € C(Q, X) such that (ColMgM;(ICo) =1—€withe> 0.
For any n > 2 and d € {—1,0,1}, let S(n,d) be the set of configurations such that

S(n,d) = {(¢,T,§) € C(Q,X)| T(m) = B for all m¢{1,...,n}
and £ € {1—-d,...,n+d}}.

Let

A= > [(C'|Ms|C)|? (4.5)
(C,C")eS(n,0)xS(n,1)

and we shall consider evaluations of A in terms of the numbers of elements of
the sets S(n,0) and S(n,1). It is easy to see that if C € S(n,0) and C < C’
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then C’ € S(n,1). It follows from equation (4.4) that (C'|M;s|C) = 0 for any
pair (C,C’) with C € S(n,0) and C’ ¢ S(n, 1) so that the summation over (C,C’)
€ S(n,0) x S(n, 1) in equation (4.5) can be replaced by the summation over (C, C")
€ S(n,0) x C(Q, ). By Parseval’s identity, we have

A= > (C|\MsIC)? = ) (CIM]Ms|C).
(C’,C’)GS(n,O)xC(Q,Z) CES(n,O)

Since Mj is an isometry, we have
A =[5(n,0)].
Let S(Cp) be the set of all configurations in S(n, —1) locally like Cy. Then, S(Cp)

C S(n,1). By Lemma 4.3, (C'IM@M}|C”) =1—efor all C" € S(Cy). Thus, we
have

A < 3 (CIMsIO)2 = > (C'|MsMf|C)
(C,CNHeC(Q,Z)xS(n,1) Cc’eS(n,1)
< (1-€)|S(Co)l +18(n, 1)| — |S(Co)| = 1S(n, 1)| — €| S(Co)]-

The cardinalities of S(n,d) and S(Cp) are given by |S(n,d)| = (n + 2d)|Q||Z|™
and |S(Co)| = (n — 2)|Z|"~3. Therefore, we have

"2 @IQIIBI — e(n — 2)) = S(n, 1)] - €lS(Co)| — 1S(n,0)| 2 0

for all n > 2. But, for n > 2 + 2¢7*|Q||Z|3, this yields an obvious contradiction
and the proof is completed. O

According to discussions in Section 3, a quantum Turing machine can be defined
as a mathematical structure (Q, X, d) consisting of a Turing frame (@, %) and a
local transition function ¢ such that the evolution operator Mj is unitary. The
following theorem characterizes intrinsically the local transition functions that give
rise to quantum Turing machines.

Theorem 4.5. The evolution operator My of a local transition function § for the
Turing frame (Q, %) is unitary if and only if & satisfies the following conditions.
(a) For any (q,0) € Q X %,

Z lé(q> a,p, T, d)|2 =1.

p,T,d
(b) For any (g,0),(¢',0") € Q x & with (¢,0) # (¢',0"),

> 6(d,0’,p,7,d)*6(q,0,p,7,d) = 0.

p,7,d
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(¢) For any (q,0,7),(¢',0',7") € Q x L2, we have

> 4,0 \p7',d—1)"6(q,0,p,7,d) = 0.
p€Q,d=0,1

(d) For any (g,0,7),(¢',0’,7") € Q x X2, we have
> 8, o',p, 7, ~1)*8(q,0,p,7,1) =0
peQ

Proof. Let § be a local transition function for a Turing frame (Q,Y). Let C =
(¢,T,€) € C(Q,X). From equation (4.3) we have

(C|M]Ms|C)
= > > 8q,T©),0, 7, d) (g, TE),p,7,d) 0, T &+ d'|p, T, € + d)
p,7,dp’ T ,d
= > 16(¢,T©),p, 7 d).
p,7,d

Since for any o € ¥ there are some T € ¥# and ¢ € Z such that T(¢) =
condition (a) holds if and only if (C]MgM5|C) =1 for any C € C(Q, X).
Let C = (¢, T,¢) € C(Q,X) and C" = (¢, T", &) € C(Q, X). From equation (4.3)

we have
(C'|M{Ms|C)
=3 3 6. TE). P, 7, d) 6, TE),p T, A, T’ € + dlp, T7, € + d)

p,7dp’, 7! d!

=> *8(¢, T'(),p, 7, d)*6(q, T(€),p, 7, d),

where the summation >_" is taken over allp € Q, 7,7’ € £, and d,d’ € {-1,0,1}
such that 77 = ’T, and E+d=¢ +d.

For any k € Z, let C(k) be a subset of C(Q,X)? conmsisting of all
pairs C = (¢, T, &) and C’' = (¢/,T",¢') with C # C’ such that T(m) = T'(m) for
all m & {£,¢'} and that & — € = k. Tt is easy to see that if C # C’ and

cchg U cw

ke{0,£1,£2}

then (C’lMgMglC’) = 0. We shall show that condition (b), (c), or (d) holds
if and only if (C'|M]M;5|C) = 0 holds for all (C,C") € €(0), (C,C") € C(1),
or (C,C") € C(2), respectively.
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For any (C,C’) € C(0) with C = (¢,T,¢) and C' = (¢, T",§), we
have T; = T'; and £ +d = ¢ +d' if and only if 7 = 7/ and d = d, so that we
have

(CMIMsIC) = 38\ T, b7, d)"6(a, T(E), p, 7, d).

p,Td

Since for any (g,0),(q’,0') € Q x ¥ with (q,0) # (¢’,0’) there are configura-
tions C = (¢, T,¢) and C' = (¢/,T",¢') such that (C,C’) € C(0), T(§) = o and
T'(¢') = o', condition (b) holds if and only if (C’'|M]M;|C) = 0 for all (C,C") €
C(0).

For any (C,C') € C(1) with C = (¢,T,€) and C' = (¢',T",¢'), we have T{
— T, and £ +d = € +d if and only if 7 = T'(€), 7 = T(¢'), and (d,d)
€ {(0,-1),(1,0)}, so that we have

<CllM(;rM5|C> = Z 6(ql’Tl(£l)’p’T(£/)ad_ 1)*6(Q7T(£)3p7 T'(f),d).

p€Q,d=0,1

Since for any (q,0,7), (¢',0’,7') € Q@ x X2 there are configurations C = (g, 7, £) and
C' = (¢',T',¢) such that C,C’" € C(1), (T'(€),T'(¢)) = (o,7), and (T'(£'),T(&"))
= (¢/,7'), condition (c¢) holds if and only if (C’IM;'M5|C) = 0 for any (C,C")
€C(1).

For any (C,C’) € C(2) with C = (¢,T,¢) and C' = (¢',T",¢'), we have T
—T'] and £ +d = ¢ +d if and only if 7 = T'(€), 7' = T(¢'), d = 1, and d' = —1,
so that we have

' Mimslcy = S8, TN, p, T(E),-1)"6(q, T(&),p, T'(€), 1)

pPEQ

Thus, condition (d) holds if and only if (C”IM;’M(;]C) =0 for all (C,C") € C(2).
Since M t;ths is self-adjoint, M;s is an isometry if and only if (C’ |MgM5|C)
= (C'|C) for any C = (q,T,¢&), C' = (¢',T',¢') € C(Q,X) with £ < &'. Therefore,
we have proved that conditions (a—d) hold if and only if M; is an isometry. Now,
Lemma 4.4 concludes the assertion. O

A quantum Turing machine M = (Q,%,6) is called unidirectional, if we
have d = d’ whenever 6(q,0,p, 7,d)é(q’,0',p,7’,d’) # O for any q,¢' € Q, 0,0, 7,7’
€ 3, and d,d’ € {-1,0,1}. It is easy to see that conditions (c) and (d) are au-
tomatically satisfied by every unidirectional quantum Turing machine. Thus, if
every quantum Turing machine can be efficiently simulated by a unidirectional
one without error, complexity theoretical consideration on quantum Turing ma-
chines can be done much easier. For two-way quantum Turing machines, this was
shown by Bernstein and Vazirani [2]. For general quantum Turing machines de-
fined by the above conditions, the positive answer will be given in our forthcoming
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paper [8], including extension to multi-tape quantum Turing machines defined by
the conditions of Theorem 6.2.

5. ALTERNATIVE APPROACHES TO THE CHARACTERIZATION
OF LOCAL TRANSITION FUNCTIONS

Hirvensalo [7] gave the following set of conditions for a local transition function &
to give the unitary evolution operator (see also [6]):
(H-a) For any (g,0) € @ x X,

> 16(g,o,p, T d)* = 1.

p,7,d

(H-b) For any (q,0),(¢',0") € @ x T with (g,0) # (¢',0"),

> 8(do',p,7,d)"6(q,0,p,7,d) = 0.
p,7,d

(H-c) For any (p,7,d), (0, 7,d") € @ x X x {—1,0,1} with (p,7,d) # (p’,7',d'),
we have

> dg,0.p,7,d)"6(g,0,p0,7,d) = 0.
(q,0)€EQXE

(H-d) For any (q,0,7),(¢',0',7") € @ x 2 and d # d’' € {-1,0,1}, we have

Y b(g,0,p,7,d)*6(¢', 0", p,7',d') = 0.
peQ

However, the above set of conditions consists of only a sufficient condition, not a
necessary one. To show this, let @ = {0,1}, ¥ = { B}, and define a local transition
function ¢ as follows.

§(0,B,0,B,-1)=0, §(0,B,0,B,0)=1/2, &(0,B,0,B,1) = —1/2,
§(0,B,1,B,—-1)=1/2, §(0,B,1,B,0)=1/2, §(0,B,1,B,1)=0,
5(1,B,0,B,-1)=0, &(1,B,0,B,0)=1/2, &(1,B,0,B,1)=1/2,
§(1,B,1,B,-1)=1/2, &(1,B,1,B,0)=-1/2, §(1,B,1,B,1)=0.

Then, J satisfies conditions (a—d) of Theorem 4.5 and hence gives the unitary
evolution operator, but does not satisfy Hirvensalo’s conditions. In fact, § does
not satisfy condition (H-c), since

(0, B,0,B,0)*5(0, B,1, B, —1) + 6(1, B,0, B,0)*5(1, B, 1, B, —1) = 1/2,
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and & does not satisfy condition (H-d), since
§(0,B,0,B,0)*6(1, B,0,B,1) + 6(0,B,1, B,0)"6(1, B,1,B,1) = 1/4.

Thus, conditions (H-d) and (H-c) are not necessary.

The conditions in Theorem 4.4 are obtained from the requirement that the
column vectors of the evolution operator are orthonormal in the matrix represen-
tation in the computational basis. Hirvensalo’s conditions mix requirements for
column vectors and for row vectors. In the rest of this section, from the sole re-
quirement that the row vectors are orthonormal, we shall obtain a set of necessary
and sufficient conditions for the unitarity of the evolution operator.

The proof of the following lemma is similar to that of Lemma 4.4.

Lemma 5.1. The evolution operator Ms of a local transition function & is unitary
; T
if MsMg = 1.

Now we give another characterization of the local transition functions that give
rise to quantum Turing machines.

Theorem 5.2. The evolution operator Ms of a local transition function & for the
Turing frame (Q, ) is unitary if and only if & satisfies the following conditions.
(a) For anyp € Q and 7-1,70,71 € %,

Z |5(Qaayp’7-dad)|2 =1.

g€Q,0€%,de{~1,0,1}

(b) For any p,p’ € Q with p #p’ and any 71,70, 71 € 3,

Z 5(q’a’pl’7d’d)*6(% o,D, Td,d) =0.
4€Q,0€T,de{~1,0,1}

(¢) For any p,p’ € Q and 19,71 € %,

E 5(an)PI,Td,d_ 1)*5(q,0',p,7d,d) =0.
gq€Q,0€X,d=0,1

(d) For any (p,7),(®',7') € Q x X with T # 7’ and any d € {-1,0,1}, we have

Z 5(‘17 U’pl»7/>d)*5(q’ a,p,T, d) =0.

gEQ,0€X

(e) For any (p,7),(p',7") € Q x & with 7 # 7' and any d = 0,1, we have

> g0, 7,d=1)"é(q,0,p,7,d) = 0.
gEQ,0€X
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(f) For any (p,7),(p’,7") € Q X L, we have

Z 5(‘17 U>pl> Tla _1)*5((17 a,p, 7, 1) =0.
g€Q,0€T '

Proof. Let § be a local transition function for a Turing frame (@,%). Let
C=(p,T,¢ €C(Q,X). From Proposition 4.2 and equation (4.4), we have

Milp,T,&) = > [CNCIM{IC)

C'eC(Q,%)

= Y (CIMslchy|C)
C:C'<C

= Y (C|Ms|B(g,0,d)C)*|B(g, o, d)C)
q,0,d

= > (p,T,&|Mslq, T 4, € — d)*|g, T 4,€ — d)
q,0,d

= Y 6(q, TE (€ — d),p, T — d),d)*|q, T g, € — d)
q,0,d

= Z J(Qa0>paT(§_d)ad)*lqug—d7£—d>' (51)
q,0,d

From equation (5.1) we have

(C|M;sM{|C) > > 8g,0,p,T(¢—d),d)*8(d,0',p,T(E—d),d)

q,U,d q’1a,!d’
x(q', T¢ 4, & — d'q, TS 4,€ — d)
= Z Ié(Q)U)p:T(g_d))d)lz'

q,0,d

Since for any 7_1,79, 71 € ¥ there are some T € # and ¢ € Z such that T'(¢ — d)
= 74, condition (a) holds if and only if (C’|M5M§|C) =1 for any C € C(Q, X).

Let C = (p,T,¢) € C(Q,X) and C' = (p/, T",¢') € C(Q, X). From equation (5.1)
we have

(CIMsMJIC') = 3 Y 8(do" 0\ T'(€ — d),d')"6(q,0,p, T(€ — d),d)

q,0,dq',0’,d’
X (qa Tga—dv 5 - dlqla T,g’—d’a gl - dl)
= Z **5((1’ g, p/a Tl(gl - dl)a d/)*é(Q) g, D, T(f - d)> d)a

where the summation " is taken over all ¢ € @, o0 € %, and d,d’ € {-1,0,1}
such that T¢ ; =T"¢ _4 and { ~d =¢' —d'.
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For any k € Z and d € {-1,0,1}, let A(k) be a subset of C(Q,%)? consisting
of all pairs C = (p,T,¢) and C’' = (p/,T7,¢) with C # C', T =T’ and £ — ¢
=k, and B(k,d) be a subset of C(Q,X)? consisting of all pairs C = (p,T,£) and
C'= (@, T,¢) with T # T’ and £ — ¢ = k such that T(m) = T'(m) for
all m # € — d. Tt is easy to see that if C # C’ and

(C,C')¢( U A(k))u( U B(k,d))

ke{0,£1,%2} (k,d):|k—di<1

then (C|M;M}|C"y = 0. Let B(0) = B(0,1) U B(0,0) U B(0,—1) and B(1)
= B(1,1) U B(1,0). We shall show that condition (b), (c), (d), (e) or (f) holds
if and only if (C|MsMJ}|C’) = 0 holds for all (C,C") € A(0), (C,C") € A(1),
(C,C") € B(0), (C,C") € B(1), or (C,C") € A(2) U B(2,1), respectively.

For any (C,C") € A(0) with C = (p,T,¢) and C' = (p',T,§), we have T¢ 4
=T¢ 4 and { —d = ¢ —d' if and only if d = d’, so that we have

<C|M5Mglcl) = Z é(q) a, p,: T(£ - d), d)*(s(q’ o,D, T(é - d)’ d)

q,0,d

Since for any p,p’ € Q with p # p’ and any 7_1,79, 71 € ¥ there are configura-
tions C = (p,T,€) and C' = (p/, T, &) such that (C,C’) € A(0) and T'(§ —d) = 74
for all d € {—1,0,1}, condition (b) holds if and only if (C’|M5M;’|C") = 0 holds
for
all (C,C") € A(0).

For any (C,C") € A(1) with C = (p,7,¢§) and C' = (p/,T,¢’), we have T¢_,
=T _ g and§{—d=¢ —d ifand only if (d,d') € {(1,0), (0, —1)}, so that we have

CMMicy= S bg,0.0,T(E ~d),d—1)*8(g,0,p,T(€ — d), d).
ge€Q,0€x,d=0,1

Since for any p,p € @ and T,71 € X there are configura-
tions C = (p,T,¢) and C’ = (p/, T,¢’) such that (C,C") € A(1) and T({ — d) =74
for all d € {0,1}, condition (c) holds if and only if (C|MsM, g |C"y = 0 holds for all
(C,C") € A(1).

For any (C,C") € B(0,1) with C = (p,T,¢) and C’' = (p',T",§), we have T¢_,
=T pand{—d=¢(—d ifandonlyif d=d =1, because T(§ —1) # T'(£ — 1)
and T¢ 4(¢§ — 1) = T'{_4(€ — 1). Thus we have

(CIMsM{ICy = > 8(g,0,0,T'(€ — 1),1)*6(g,0,p, T(€ — 1),1).
gEQ,0ED

Since for any (p,7),(®’,7) € @ x ¥ with 7 # 7' there are configura-
tions C = (p,T,¢&) and C' = (p/,T",¢') such that (C,C") € B(0,1),T(§ — 1)
= 7, and T"(§ — 1) = 7/, the case d = 1 of condition (d) holds if and only
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if (ClMgMngC”) = 0 holds for all (C,C’) € B(0,1). Similarly we can show the
case d = 0 or d = —1 of condition (d) holds if and only if (C|Ms;M]|C") = 0
holds for all (C,C") € B(0,0) or B(0,—1). Thus condition (d) holds if and only
if (C|MsMJ|C") = 0 holds for all (C,C") € B(0).

For any (C,C") € B(1,1) with C = (p,T,€¢) and C" = (p/,T",¢’), we have T¢_,
=T'7 g and £ —d=¢ —d if and only if d = 1 and d’ = 0, because T'(¢ — 1)
#T'(—1) and T 4(§ — 1) = T"{_4(€ — 1). Thus we have

(CIMsMJIC"y = > 8(g,0,0/,T'(€ —1),0)*6(g,0,p, T(¢ — 1),1).
gEeEQ,0ET

Since for any (p,7),(p’,7) € Q x ¥ with 7 # 7' there are configura-
tions C = (p,T,&) and C' = (p/,T7,¢') such that (C,C’) € B(1,1),T({ - 1) =
7, and T/(¢ — 1) = 7/, the case d = 1 of condition (e) holds if and only if
(C|M5M§|C”) = 0 holds for all (C,C’) € B(1,1). Similarly we can show the
case d = 0 of condition (e) holds if and only if (C|MsM gIC’ y = 0 holds for all
(C,C") € B(1,0). Thus condition (e) holds if and only if (C|Ms;M}|C") = 0 holds
for all (C,C") € B(1).

For any (C,C') € A(2) U B(2,1) with C = (p,T,¢) and C’' = (p',T",¢'), we
have T¢ ;, =T'¢_y and § —d = ¢ —d' if and only if d = 1 and d' = —1, so that
we have

(CIMJMTIC/ Z 6(‘170 p T,( - 1) _1) 6(q70 D, (§ - 1): 1)
qEQ,0€D

Since for any (p,7),(p',7') € @ x I there are configurations C = (p,T,&) and
C' = (p/,T',¢') such that (C,C") € A(2)U B(2,1),T((-1) =7, and T({ - 1)
= 7/, condition (f) holds if and only if (CIMgM;' |C")y = 0 holds for all (C,C")
€ A(2) U B{(2,1).

Since MM is self-adjoint, MM} = 1 if and only if (C|MsM]|C") = (C|C")
for any C = (p,T,¢), C' = (p/,T",¢') € C(Q,X) with & < . Therefore, we have
proved that conditions (a—f) hold if and only if MsM, ; = 1. Now, Lemma 5.1
concludes the assertion. O

6. MULTI-TAPE QUANTUM TURING MACHINES

In the preceding sections, we have discussed solely single tape quantum
Turing machines, but our arguments can be adapted easily to multi-tape
quantum Turing machines, which are quantum analogues of multi-tape determin-
istic Turing machines.

First, we explain how to adapt our arguments to multi-tape quantum Turing
machines by considering two-tape quantum Turing machines. A two-tape quan-
tum Turing machine is a quantum system consisting of a processor, two bilateral
infinite tapes with heads to read and write symbols on their tapes. In order
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to discuss local transition functions, we adapt the formal definitions as follows.
Let (@,%1,X2) be a triple, called a two-tape Turing frame, consisting of finite
sets @, X1, and ¥, with specific elements By € £; and By € ¥. The configu-
ration space of (Q,X1,¥s) is the product set C(Q, %1, X2) = Q X E# X Ef x Z2.
Thus, the configuration of a two-tape quantum Turing machine @ with the frame
(Q,%1,32) is determined by the processor configuration ¢ € @, the first and
second tape configurations T} € Efe, T € Ef, and the head positions &, € Z,
&2 € Z in the first and second tapes. The quantum state space of (Q, X1, 22) is the
Hilbert space H(Q, X1, X2) generated by C(Q, 21,32). A local transition function
for (Q,%1,X2) is defined to be a complex-valued function on Q@ x £ X Q x & x
{-1,0,1}2, where & = ; x ¥. The relation §(q, (01, 02),p, (11,72), (d1,d2)) = ¢
can be interpreted as the following operation of Q: if the processor is in the con-
figuration g and if the head of the i-th tape (i = 1, 2) reads the symbol o;, then it
follows with the amplitude c that the processor configuration turns to p, the head
of the i-th tape writes the symbol 7; and moves one cell to the right if d; = 1, to
the left if d; = —1, or does not move if d; = 0. The evolution operator of ¢ is a
linear operator Ms on H(Q, X1, ¥2) such that

Mslg, (Th, Tz), (61, €2))
= Z 6(q) (T1(€1)> T2(§2))apa (Tla7-2)a (dl,d2))|pv (Tlg ) ng;), (51 + dl: 62 + d2))

for all (q,(T1,T2), (£1,€2)) € C(Q,%1,%2), where the summation is taken over
all (p, (11,72),(d1,d2)) € @ x & x {—1,0,1}2. Then, local transition functions of
two-tape quantum Turing machines are characterized as follows.

Theorem 6.1. The evolution operator My of a local transition function & for the
two-tape Turing frame (@, X1, 22) is unitary if and only if & satisfies the following
conditions.

(1) For any (q,0) € Q x X,

Z |5(q7 0.7p7 T, (dl, d2))|2 = ]_'
pEQ,TER,d1,d2€{—1,0,1}

(2) For any (q,0),(¢',0") € @ X X with (q,0) # (¢, 0"),

Z 5((1/, U/)p) T, (dl, d2))*6(q, a,p, T, (d]_, d2)) =0.
PEQ,TEX,dy,d2€{~1,0,1}

(3) For any (q,0,72),(q',0',75) € Q x ¥ X Zg,

Z 6(qu‘7,)p’ (Tl?Té)) (dlvd2 - 1))*6(Qa o, D, (7’1, 7-2)7 (dl, d2)) =0.
PEQ,T1EX
dy€{-1,0,1},d2=0,1
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(4) For any (g,0,72),(¢’,0',15) € Q x £ x g,

Z 5(q,a UI, D, (Tl7 Té)v (dl’ _1))*5((1) a, P, (7-1, Té)v (dlv 1)) =0.
PEQR, T E€X1,d1€{-1,0,1}

(5) For any (q,0,7),(¢',0',7") € Q x %2,

Z 6(ql’ U,7p) Tl: (dl - 1> 1))*6(‘1’ o,p, T, (dla —1)) =0.
P€Q,d1=0,1

(6) For any (g,0,7),(¢',0',7") € @ x 2,

Z 5(¢' o', p, 7, (d1 — 1,d2))*6(q,0,p, 7, (d1,d2 — 1)) = 0.
P€Q,d1=0,1,d2=0;1

(7) For any (q,0,71),(¢',0',71) € Q x ¥ x Xy,

Z 6((],, Ul)pa (T{a 7-2), (dl - 17 d2))*5(Q> g,D, (Tla T2)a (dla d2)) =0.
PEQR,T1ED)
d1=0,1,d2€{—1,0,1}

(8) For any (q,0,7),(¢,0’,7") € Q x X2,

Z 5(q/’0,7pa T/, (dl - 1;d2 - 1))*6(‘],0,}7, T, (dl,dz)) =0.
PEQ,d1=0,1,d2=0,1

(9) For any (¢,0,7),(¢',0',7") € Q@ x X2,

Z é(qla 0,7 D, T,a (dl - ]-a _1))*5(Q) a,p, T, (dl’ 1)) =0.
PEQ,d1=0,1

(10) For any (q,0,7),(¢',0',7') € Q x £2,

S 6 o', (~1,1))"8(g,0,p,7, (1, 1)) = 0.
PEQ

(11) For any (g,0,7),(¢,0’,7") € @ x 22,

Z 5((1/’ 0/7p> T,: (_17 d2))*6(Q> o,p,T, (1a dz - 1)) =0.
p€Q,d2=0,1

(12) For any (QaaaTl)v (q’,a’,'r{) € Q X L X 217

Z 5(q/,0,,pa (7-137-2)7 (—1,d2))*(5(q,0,p, (Tl,Tz), (1,d2)) = 0
PEQ,T2€X2,d2€{-1,0,1}
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(13) For any (q,0,7),(q,0',7'") € Q x £2,

> 8(d,0p 7, (1, da — 1))*6(g,0,p,7, (1,d2)) = 0.
PEQ,d2=0,1

(14) For any (q,0,7),(¢,0',7") € Q x X2,

Z 6(‘1/7 Ul,p, T,a (_1’ _1))*6(Qa o,p, 7, (17 1)) =0.

PEQ

If each head is required to move either to the right or to the left at each step,
conditions (3, 5-9, 11), and (13) are automatically satisfied. It is also easy to
see that conditions (3-14) are automatically satisfied by unidirectional two-tape
quantum Turing machines, for which (d;, ds) is uniquely determined by p in the
non-zero amplitude (g, o, p, T, (d1, d2)).

The proof of Theorem 6.1 is analogous to the proof of Theorem 4.5. Let C(k1, k2)
be a subset of C(Q, X1, £2)? consisting of all pairs C = (q, (T1,T2), (£1,&2)) and
C' = (¢, (T, T3), (£, &) with C # C” such that T;(m;) = T;/(m;) for m; & {&, €]}
and that & — & = k; for ¢ = 1,2. This plays a role similar to C(k) in the proof of
Theorem 4.5. In the proof of Theorem 4.5, we showed that condition (b, ¢), or (d)
holds if and only if (C'| M M;s|C) = 0 holds for all (C,C”) € C(0), (C,C") € C(1), or
(C,C") € C(2), respectively. In the case of Theorem 6.1, we can show similarly that
for (ky1,k2) € ({0} x{0,1,2})U({1,2} x {0, +1, £2}), condition (5k; + k2 +2) holds
if and only if (C’'|M]M;|C) = 0 holds for all (C,C") € C(k1,kz). For example,
condition (2) holds if and only if (C’'| M} M5|C) = 0 holds for all (C,C") € C(0,0).
(This is the case of k; = k; = 0.) Moreover, it is trivial that condition (1) holds
if and only if (C|MgM5|C') =1 holds for all C € C(Q, X1, 22), and that if C # C’
and

(€, C) ¢ U C(ky, k)
(k1,k2)€{0,+1,+2}2
then (C’ |M}M5|C) = 0. Since M} M is self-adjoint, Mjs is an isometry if and
only if we have (C'IM;'M5|C) = (C'|C) for any C = (q,(T1,T2),(&1,&2)), C' =
(0, (T, T3), (61, &) € C(Q,%1,%2) with & < & or with & = {] and & < &.
Therefore, we can show that conditions (1-14) hold if and only if Mj is an isometry.
We can also show that M, is unitary if it is an isometry by a similar argument
with the proof of Lemma 4.4. Thus we can prove Theorem 6.1.

We now consider k-tape quantum Turing machines. In what follows,
@ abbreviates (a1,...,ax). For j € {0,...,k — 1}, let d<; = (a1,...,a;) and
ds; = (aj41,...,ax). For any set S = {i1,...,im} C {1,...,k}, let @S]
= (@iys--- 1 0i,)and S = {1,... ,k}\S. Moreover, for any tuple (as,, ... ,as, ), the
symbol (ai,, ... ,ai,)" denotes (aray,...,arm)), where {I(1),...,I(m)}
= {i1,...,im} and I(1) < --- < I(m). Extending the arguments for the two-
tape quantum Turing machines, the local transition functions of k-tape quantum
Turing machines can be characterized as follows:
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Theorem 6.2. The evolution operator Ms of a local transition function § for the
k-tape Turing frame (Q,X1,X2,... ,Xk) is unitary if and only if § satisfies the
following conditions.

(1) For any (¢,0) € Q@ x X,

> 16(g,,p, 7, d)|* =1

peQ,7ex,de{—1,0,1}*
(2) For any (g,5),(q',0") € Q x X with (q,5) # (¢',0"),

3 (¢, o, p, 7, d)*6(q,,p, 7, d) = 0.
PEQ,7ED,de{—1,0,1}*

(3) For each j € {1,... ,k} and Dsp—j = (Dg—j41,-.. ,Ds) € {1,2} x {0, %1,
+2}971, the following condition holds. For any (q,&,7]S(Dsk— I, (@,
7' [S(Dsk—j)]) € Q@ X T X Hz‘eS(EM,j) %, we have

> 8d,0p (FIS Dk, 7 1S(Dsk—3)))', (d<k—g & 55-5))"
x8(q, &, p, (FIS (D k-, FIS (Dsk—3)))", (dek—jr d>h—3)) =0,

where the summation is taken over p € @, T[S (D>k_])] € HzeS(DM 5 %,
d<k -j € {-1,0, l}k—], and d>k 9,d>k —j € {-1,0, 1}] such that d>k —j
—d sk_j = Dsg_ —j. Here, S(D>k_J) ={ie{k—j+1,...,k} D; #0}.

Note that condition (3) of Theorem 6.2 contains 2 x Z?;é 57 conditions (the

number of different pairs (7, Dsk_ 7)) Thus, the local transition functions of k-tape
quantum Turing machines can be characterized by

k—1
1+1+42x Y 5 =1+ (1/2)(5* +1)
=0

conditions.

Multi-tape Turing machines are often used for theoretical consideration in com-
plexity theory [9] because it is often easier to construct a multi-tape machine than
a single tape machine in order to realize a given algorithm. Hence, multi-tape
quantum Turing machines can be expected as useful tools for quantum complex-
ity theory. In such applications, it appears to be a tedious task to check that a
constructed local transition function satisfies the unitarity conditions. However,
it should be noted that restricted classes of multi-tape machines are characterized
much more simply; the unidirectional multi-tape machines are characterized by
only two conditions, conditions (1) and (2) in Theorem 6.2.
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APPENDIX A. THE BOUND OF Mj;

Theorem A.1l. Let § be a complex valued function defined on @ X ¥ X Q X T
x{—1,0,1}. Then, there is uniquely a bounded operator Ms on H(Q,X) satisfying
equation (4{.3). The operator norm of Ms is bounded by V5K |Q||Z|?, where

1

' 3
16(q,0,p,, d)|2) :

K = max (
(q,a)eQxE (p,T,d)EQXEX{—l,‘O,l}

Proof. For any C = (¢q,T,&) € C(Q, %), let |F(C)) be defined by

=Y 6(¢,T(&),p, 7, d)|p, T¢ £ + d),

p,7,d

where (p, 7,d) varies over the finite set @ x £ x {—1,0,1}. Then we have

IFOMN? =D 18, T(E),p, 7, d)|* < K*.

p,7,d

By the Schwarz inequality, we have
{ECHFON] < IIFCEHI - IHFEOH < K

for any C,C’ € C(Q,X). For any (p,7) € Q x , let y9(p,7) be the mapping
on C(Q, %) defined by
'YO(p, T)(%T, é.) = (pa Tg,é.)

According to equation (4.1), we have vo(p,7) = a(p, 7,0). By Proposition 4.1(iii), .
Yo(p, ) is a bijection between C(g,7,0) and C(p,7,0). Thus, the operator

Ao mig,0) = Y (F(0,m)O)F(C)o(p, 7)C)C)

CeC(q,0,0)

is bounded and its operator norm is at most K2. By Proposition 4.1(i),

> Apmigo)= D (F(w(e7)C)F(C)ho, r)C)C,

(g,0)€QxXXT CeC(Q,%)

so that the operator

Ao(p,m) = D (F(0(p, m)C)F(C))ho(p, )C)(C

Cec(Q.X)
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is bounded and its operator norm is at most K2|Q||Z|. Moreover,

A() = Z Ao(p, 7')

(p,7)EQXET

is also bounded and ||4o|| < K?2|Q?|Z|2.
For any (p,7,7') € Q x £2 and i = +1,+2, let v;(p,7,7') be the mapping
on C(Q, X) defined by

%, 7 T )@, T,€) = (p, T {1, € + 1),

’

where T; [, ; is the tape configuration defined by

. T if m=¢,
Tp(m)=q 7 it m=¢+1,
T(m) ifm#6E+i.

For any (g,0,0') € @ x £2? and i = +1,+2, let C(q,0,0’,%) be the set
Clg,0,0",1) = {(¢,T,€) € C(Q,%)| T(§) = 0 and T(§ +14) = o'}.

It is straightforward to check that ~y;(p,7,7’) is a bijection between C(q,0,0’,1)
and C(p, 7', 7,—1). Thus, for each i = +1,+2, the operator

Ailp,m,75q,0,0) = > (F(ulp, 7 m)O)NF(C)nlp, 7, 7)C)C]
CeC(q,0,0',3)

is bounded and ||A;(p,7,7';q,0,0")|] < K2. For any i € {+1,+2}, we can verify
easily that if (q,01,02) # (¢',0%,0%) € Q x X2, then C(q,01,02,1) NC(q', 0%, 0%,1)
=0 and '

C(Q,%) = U Clq,0,0",1).

(g,0,0")€QxX2

Thus, we have

Z Az(p7 T, T’;q,O’, al) = Z (F(f)ll(pa T, TI)C)lF(C»I’YZ(pa 7, T,)C><C|7
(g,0,0")EQ X2 Ccel(Q,x)

and the operator

Ailp, )= Y (F(nlp, 7, 7)C)NF(C))hi(p, 7, 7)C)(C
cec(Q,5)
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is bounded and its operator norm is at most K?2|Q|||?. Moreover,

Ai = Z Ai(p’T,T/)

(p,7,7)EQXT?

is also bounded and ||A4;]| < K2|Q[?|Z|%.
Now, for ¢ = 0, £1, 2, let

S(C,4) ={(¢', T",¢) € C(Q, X)| & ¢ = i and T(m) = T'(m) for any m & {£,£'}},
where C = (¢,T,€) € C(Q,X). Let
A= Z > > (FE@)FE©)IC)(Cl.
i=—2 C'€S8(Cyi) CEC(Q,T)
Since for any C’ € S(C,0) there is uniquely a pair (p,7) € @ X X such
that C" = vo(p, 7)C and for any C’ € S(C, i), where i = 1, £2, there is uniquely
a triple (p,7,7') € Q x £2 such that C’ = ;(p,7,7')C, we have

A

> Y- (FOolp, 1)O)E(C) o (p, )C)C

(p,T)EQXET CeC(Q,T)
+ > > > (FOilp,m, m)C)F(C)) (o, 7, 7)C)C]
ie{xl,4+2} (p,7,7")EQXE2 CeC(Q,T)
= Ap+A1+A_1+A+A
is bounded and we have

|4l < K2[QIIZ)? + 4K3|QP*|Z|* < 5K2|QP(Z[*.

Moreover, if C" & ;g 41 42 S(C, ), then (F(C")|F(C)) = 0. Thus,

A= Y (FCFE)C)HC.

C’,CeC(Q,x)

For any |[¢) € H(Q,X), we have

2

> (C)IF(©)

cec(Q.n)

> @WICNCR)(F(C)|F(C))

C',CeC(Q,n)
(Yl Afp)
5K |QPP|S]14)]* < oo

IN
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Now, let Ms be an operator on H(Q,¥) which transforms |[¢)
t0 > cec(o.n)(CIWIF(C)). Then, Ms is a unique bounded operator satisfying
equation (4.3) and

IIMs]| < VBK|Q|IZI%.
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