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ON A PAPER BY CASTELLI, MIGNOSI, RESTIVO

JACQUES JusTINn® 2

Abstract. Fine and Wilf’s theorem has recently been extended to
words having three periods. Following the method of the authors we
extend it to an arbitrary number of periods and deduce from that
a characterization of generalized Arnoux—Rauzy sequences or epistur-
mian infinite words.

Résumé. Le théoréme de Fine et Wilf a été récemment étendu aux
mots ayant trois périodes. Nous l’étendons, en suivant la méthode
des auteurs, 4 un nombre quelconque de périodes et en déduisons une
caractérisation des suites d’Arnoux—Rauzy généralisées ou mots infinis
épisturmiens.

AMS Subject Classification. 68R15.

INTRODUCTION

The Fine and Wilf theorem [5] is a well-known remarkable result in Combina-
torics on words [7]. It states that if a word w has periods p and ¢ and has length
|lw| > p+ q — ged(p, ¢) then it also has period ged(p, g). Extensions in several
directions has been made. In particular Castelli et al. in [2] generalize this theo-
rem to words having three periods and deduce an interesting characterization of
Arnoux—Rauzy sequences [1].

Here we extend Fine and Wilf’s theorem to words having ¢ > 2 periods and
obtain a characterization of generalized Arnoux—Rauzy sequences (or episturmian
words in our terminology of [4,6]).
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Apart from the induction in our Theorem 1.2 and a part of Section 2, we
follow [2] to which we refer.

1. FINE AND WILF’S THEOREM FOR t PERIODS

We use customary terminology for words [7]. If w = a1 - - an, a; € A is a word
over alphabet A with length |w| = n then w has period p, p a non-negative integer,
if a; = apys for ¢ € [1,n — p|]. With this definition, 0 and all p > n are periods
of w. Let pref,(w) denote the prefix of w of length k. The following lemma is
taken from [2].

Lemma 1.1. Let p < ¢ be positive integers. If the word w has periods p and g
then pref,,_,(w) has period ¢ — p (and obviously p).

Now consider a t-uple of non-negative integers, not all 0, p = (p1,p2,.-.,pt)-
If pp < py < -+ < py we say that p is an ordered t-uple. The operator R on
ordered t-uples is defined by

R(E) = (0,” 0,00, Drt1 — Pry 5Dt _pr)

where » = min{i > 1 | p; # 0}.
The operator O acting on a t-uple gives the corresponding ordered t-uple. Given
an ordered t-uple p with p; > 0, we define p(o) = p and, for 0 < i < ¢, p(z) =

OR(pti~1)). We also define |p| = p; +pz + -+ + p¢ and
m(i,p) = mm{ke 0,t—1] | p{¥ = :p§k>:0}

and h(i,p) = |2(m(i’2))]. Thus h(t — 1,p) = ged(p1, . .., pt) = ged(p). Then:

Theorem 1.2. Let a word w have periodspy < ps < -+ <p, p; 2 0for0<i<t,
pt > 0. If |lw| > f(p) where p = (p1,...,p:) and

t—2 'L
10 = 725+ Y gy~ 0

then w has period ged(p).

Proof. The theorem is true for ¢ = 2 (this is Fine and Wilf’s theorem). By
induction assume it is true for 2,3,...,t' =t — 1. If it is false for ¢ then let n
be the minimal integer such that for some word w and some ordered t-uple as
in the theorem we have n = |w| > f(p) and w has not period ged(p). Using the
fact that h(i,p) > ged(p) for 1 < i <t — 2 we see that f(p) > pi1. If p1 > 0
consider ¢ = p() = O(p1,p2 — p1,...,pt — p1). Clearly ¢ = p(® whence easily
h(i,q) = h(i,p) for 1 < i <t —1, whence f(q) = f(p ») — p1. By Lemma 1.1,
v = pref,,_, (w) has periods p1,p2 ~p1,...,p —p1. As |v] > f(g) the mlmmahty
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of n gives that v has period ged(q) = ged(p), hence w also has this period, a
contradiction. Therefore p; = 0. “Let now_g = (p2,p3,...,0t). We easily find

m(i,q) = m(i+1,p) and h(i,q) = h(i-{—l,g) for 1 <i<t-2. Also, asm(1,p) =0
we have h(1,p) = f(g). Reporting in (1) we find f(p) = f(g). Then as |w| > f(g)
and ¢ is a (t — 1)-uple, w has period gcd(g) = ged(p), a contradiction. |

Remark. The bound f(p) is tight as the following example shows. Consider the
infinite “w-Rauzy” or “w-bonacci” word on N

01020103010201040102010301020105 - - -

Its prefix of length 2¢ — 1 has periods p; = 2! —2!~*, 1 < ¢ < t. For this t-uple p
we easily find f(p) = 2¢, therefore |w| = f(p) — 1 and w has not period 1.

2. A CHARACTERIZATION OF EPISTURMIAN WORDS

Let us say that an ordered t-uple p is good if m(1, p) = m(2,1_)) =---=m(t—-1,p)
and ged(p) = 1. When p is good, easily f(p) = (p1 +---+pt — 1)/(t — 1) and
this value is an integer. Let A be a t-letter alphabet. We denote by t-PER the
set of the w € A* having periods pi,...p; such that p = (p1,...,p:) is good
and |w| = f(p) — 1.

Now let us shortly present infinite episturmian words [4,6]. An infinite
word t € A¥ is episturmian if the set of its factors is closed under reversal and for
any £ € N there exists at most one factor of length ¢ which is right special in t (a
factor w is right special if uz, uy are factors for at least two different letters x,y).

As episturmian words are uniformly recurrent and as we are interested here only
in factors, we limit ourselves to the consideration of standard episturmian words.
Let s be a standard episturmian word and let u; = ¢ (the empty word), us, us, . ..
be the sequence of its palindromic prefixes. Then there exists an infinite
word A(s) = 2122 --- ,x; € A called its directive word such that for all n € Ny
(the set of positive integers),

Un41 = (unxn)(+)

where the right palindromic closure (4) is defined by: w(*) is the shortest palin-
drome having w as a prefix [3]. When every letter of A occurs infinitely many
times in A(s), s is A-strict or.is a characteristic Arnoux-Rauzy sequence over A.
For a € A let ¥, be the morphism given by

Ya(a) = a, Ya(z) =azx for z€ Az #a.

Let

Hn = w:z:l"pa:g e '%n, Ho = Id
and

hn = pin(Tn+1)-
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Then we have the useful formula up41 = hn—1u, and more generally (una;)(+) =
tn—1(z)un for z € A. We also denote by w, the morphism 4, %a, - - - ¥a,, for any
V=ay---an, a; € A. These notations will be kept hereafter. We have:

Lemma 2.1. The ordered t-uple p different from (0,...,0,1) is good if and only
if, for some v € A*, p= O(Ju ()] | z € A).

Proof. Firstly let p be good. If ;2(1) = (0,...,0,1) then p = O(|pe(x)| | = €
A)). Otherwise by induction on m(t — 1,p) we have p) = O(juw(z)| | z €
A) for some w € A*. Thus p1 = |pw(¥)| = |pwy(y)| for some y € A and, for
i > 1, pi — p1 = |pw(2)| for some letter z # y. Thus p; = |pwy(2)| and p has
the desired form. Conversely if p = O(|po(2)| | © € A), let v = wy, y € A,
then |1, (2)] > |po(y)|, z € A whence p; = |po(y)| = |pw(y)| and easily for ¢ > 1,
pi — p1 = | (2)| for some letter z # y. Thus 1_3(1) is good whence p is good. [

Indeed this is an application of the Rauzy rules, each (1, (z) | z € A) is a Rauzy
t-uple or standard t-uple.

Let t-ST be the set of all palindromic prefixes of standard episturmian words
in A¥. Then:

Theorem 2.2. The sets t-PER and t-ST are equal.

Proof. Firstly let up+1 € t-ST be a palindromic prefix of s standard episturmian.

For any £ € A (Unt12)) = pn(2)unt1 = Uniipin(z). Thus u, has periods
the |un(x)|. By Lemma 2.1 the ordered t-uple p of the |un(z)| is good. It remains
to show that |un,y1] = f(p) — 1. This follows easily from Proposition 3.16 in [6]
and more precisely from the formulas

[unt1] = lhn-1] + [An—2| + - + |hol

and for z € A

@l =1+ 3 |l

1€[0,n—1],zi417#T

Thus un,+1 € t-PER.
Conversely suppose w € t-PER. Thus there is a good ordered t-uple p giving
t periods for w. By remark 5.1 of [2] extended to ¢ letters there exists, up to
a renaming of the letters, exactly one word in t-PER corresponding to p. By
Lemma 2.1 p = O(|un(z)| | z € A) for some standard episturmian word s. Thus
as proved just above u,yi has periods the |u,(z)| and is in ¢t-PER. Therefore
Up+1 IS w up to a renaming, thus w € ¢t-S7T.
O
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