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ON A PAPER BY CASTELLI, MIGNOSI, RESTIVO

JACQUES JUSTIN1 '2

Abstract. Fine and WilPs theorem has recently been extended to
words having three periods. Following the method of the authors we
extend it to an arbitrary number of periods and deduce from that
a characterization of generalized Arnoux-Rauzy séquences or epistur-
mian infinité words.

Resumé. Le théorème de Fine et Wilf a été récemment étendu aux
mots ayant trois périodes. Nous retendons, en suivant la méthode
des auteurs j à un nombre quelconque de périodes et en déduisons une
caractérisation des suites d'Arnoux-Rauzy généralisées ou mots infinis
épisturmiens.

AMS Subject Classification. 68R15.

INTRODUCTION

The Fine and Wilf theorem [5] is a well-known remarkable resuit in Combina-
tories on words [7]. It states that if a word w has periods p and q and has length
\w\ > P + Q — gcd(PîÇ) then it also has period gcd(p, q). Extensions in several
directions has been made. In particular Castelli et al in [2] generalize this theo-
rem to words having three periods and deduce an interesting characterization of
Arnoux-Rauzy séquences [1].

Hère we extend Fine and Wilf's theorem to words having t > 2 periods and
obtain a characterization of generalized Arnoux-Rauzy séquences (or episturmian
words in our terminology of [4,6]).
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Apart from the induction in our Theorem 1.2 and a part of Section 2, we
follow [2] to which we refer.

1. FINE AND WILF'S THEOREM FOR t PERIODS

We use customary terminology for words [7]. If w = ai • • • on, ai E A is a word
over alphabet A with length \w\ — n then w has period p , p a non-negative integer,
if ai = ap+i for i e [l,n — p]. With this définition, 0 and all p > n are periods
of w. Let preffc(iü) dénote the prefix of w of length k. The following lemma is
taken from [2].

Lemma 1.1. Let p < q be positive integers. If the word w has periods p and q
then prefn_p(w) has period q — p (and obviously p).

Now consider a t-uple of non-negative integers, not all 0, p = (pi,P2, • - • ,Pt)-
If Pi < P2 £ • * * < Pt we say that p is an ordered i-uple. The operator R on
ordered t-uples is defined by

where r = min{ï > 1 | pi ^ 0}.
The operator O acting on a t-uple gives the corresponding ordered i-uple. Given

an ordered t-uple p with pt > 0, we define p^ ~ p and, for 0 < i < t} p^ =
OR(p^~1^). We also define \p\ — pi +P2 + * - • +Pt and

m(z,p)= min {/ce [ 0 , t - l ] | p^ } = - • • = pf} = o}

and h(i,p) = |p(m^^)| . Thus h(t - l,p) = gcd(pi,... ,pt) = gcd(p). Then:

Theorem 1.2. Lei a word w have periods p\ < P2 < - • • < Pt, Pi > 0 for 0 < % < t,
pt > 0. If \w\ > f(p) where p_~ (pi, . . . ,p±) and

m = n + E ( t m i i i ) -gcd(2)

then w has period gcd(p).

Proof. The theorem is true for t = 2 (this is Fine and Wilfs theorem). By
induction assume it is true for 2, 3 , . . . , t' — t — 1. If it is false for t then let n
be the minimal integer such that for some word w and some ordered t-uple as
in the theorem we have n — \w\ > f(p) and w has not period gcd(p). Using the
fact that h(i,p) > gcd(p) for 1 < i < t — 2 we see that f(p) > pi- If pi > 0
consider g = p^ = O(pi,p2 — pi , . • • ,Pt — Pi). Clearly q^ — p^ whence easily
h(hQ) = h(i\p) for 1 < i < t — 1, whence f(q) = f(p) — pi. By Lemma 1.1,
v = preïn_pi(w) has periods Pi,P2 — Pi,. • * ,Pt — Pi- As \v\ > f(q) the minimality
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of n gives that v has period gcd(ç) = gcd(p), hence w also has this period, a
contradiction. Therefore p\ ~ 0. Let now q = (p2,Ps, • • • )Pt)- We easily find
m(i,ç) = m(i + l,p) and h(i,g) = ft(î + l,p) for 1 < i < t —2. Also, as m(l,g) = 0
we have ft(l,p) = ƒ(<?)• Reporting in (1) we find f(p) = ƒ(<?). Then as \w\ > f (g)
and Q is a (t — l)-upïe, w has period gcd(ç) = gcd(p), a contradiction. D

Remark. The bound f(p) is tight as the following example shows. Consider the
infinité "cj-Rauzy" or "u;-bonacci" word on N

01020103010201040102010301020105 • ••

lts prefix of length 2t - 1 has periods Pi = 2* - 2*"*, 1 < i < t. For this t-uple p
we easily find f(p) = 2*, therefore \w\= f(p) — 1 and w has not period 1.

2. A CHARACTERIZATION OF EPISTURMIAN WORDS

Let ussay that an ordered t-uple p is good if m(l,p) = m(2,p) — • • • = m{t— l,p)
and gcd(p) = 1. When p is good, easily f(p) = (pi + - • • + pt ~ l)/(* — 1) and
this value is an integer. Let A be a i-letter alphabet. We dénote by t-PER the
set of the w G A* having periods pi, . . .pt such that p = (pi,...,Pt) is good
and \w\ = /(p) — 1.

Now let us shortly present infinité episturmian words [4, 6]. An infinité
word t G Au is episturmian if the set of its factors is closed under reversai and for
any £ G N there exists at most one factor of length £ which is right special in t (a
factor u is right special if ux, uy are factors for at least two different letters x, y).

As episturmian words are uniformly récurrent and as we are interested hère only
in factors, we limit ourselves to the considération of standard episturmian words.
Let s be a standard episturmian word and let u\ = e (the empty word), u^ tX3,...
be the séquence of its palindromic préfixes. Then there exists an infinité
word A(s) = x\X2 • • • ,Xi G A called its directive word such that for ail n 6 N+

(the set of positive integers),

where the right palindromic closure (+) is defined by: w^ is the shortest palin-
drome having w as a prefix [3]. When every letter of A occurs infinitely many
times in A (s), s is A-strict oris a characteristic Arnoux-Rauzy séquence over A,
For a G A let ipa be the morphism given by

ipa{à) = a, V'a(^) = Û X for x e A,x ^ a.

Let

and
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Then we have the useful formula u n + i = hn-\un and more generally
fjLn^x{x)Un for x G A. We also dénote by \iv the morphism ipai^a2 * * *^a^ for any
v = ai • — an, ai e A . These notations will be kept hereafter. We have:

Lemma 2.1. The ordered t-uple p different from (0 , . . . , 0,1) 25 good if and only
if, for some v G A*, p = O(\JJLV(X)\ \ x G A).

Proof. Firstly let p be good. If g(1) = (0, . . . ,0,1) then p = O(\fi£(x)\ \ x G
A)), Otherwise by induction on m(t — l,p) we have p^ = O(\fiw(x)\ | x G
A) for some w e A*. Thus p\ = \tiw{y)\ = lM«;y(2/)l f°r some 2/ G A and, for
i > 1, pi — pi = \fj,w(z)\ for some letter z ^ y. Thus Pi = \fJ>wy(z)\ &nd p has
the desired form. Conversely if p = O(\fj,v(x)\ | x G A), let v = wy, y G A,
then |/iv(z)| > |Aiv(2/)|, 2r € A whence pi = |/xv(2/)| = |Mw(y)| and easily for i > 1,
pi — px — |̂ 4V(2;)| for some letter z ^ y. Thus p^1^ is good whence p is good. D

Indeed this is an application of the Rauzy rules, each {fiv{x) \ x G A) is a Rauzy
t-uple or standard i-uple.

Let t-ST be the set of ail palindromic préfixes of standard episturmian words
in A". Then:

Theorem 2.2. The sets t-PER and t-ST are equal

Proof. Firstly let un+i G t-ST be a palindromic prefix of s standard episturmian.

For any x G A (un+ix)(+ï = /zn(x)un+i = un+ifin(x). Thus un has periods
the \fjbn(x)\. By Lemma 2.1 the ordered t-uple p of the \nn(x)\ is good. It remains
to show that |t/n+i| — f(p) — 1- This follows easily from Proposition 3.16 in [6]
and more precisely from the formulas

u n + i | = jftn-xl + \hn-2\ H h \ho\

and for x E A

Thus u n + 1 G t-PER.
Conversely suppose w G t-PER. Thus there is a good ordered t-uple p giving

t periods for w. By remark 5.1 of [2] extended to t letters there exists, up to
a renaming of the letters, exactly one word in t-PER corresponding to p. By
Lemma 2.1 p = O{\fin{x)\ \ x G A) for some standard episturmian word s. Thus
as proved just above un+i has periods the |^n(a?)| and is in t-PER. Therefore
un+i is w up to a renaming, thus w G t-ST.

D
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