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A CHARACTERIZATION OF POLY-SLENDER
CONTEXT-FREE LANGUAGES*

LuciaN ILIED 2, GRZEGORZ ROZENBERG® AND ARTO SALOMAA!

Abstract. For a non-negative integer k, we say that a language L
is k-poly-slender if the number of words of length n in L is of order
O(nk) We give a precise characterization of the k-poly-slender context-
free languages. The well-known characterization of the k-poly-slender
regular languages is an immediate consequence of ours.

AMS Subject Classification. 68Q45, 68Q70.

INTRODUCTION

An infinite sequence (#r(n))rn>0 can be associated in a natural way to a lan-
guage L: #r(n) is the number of words of length n in L. The idea is by no
means new; for instance, in the first ICALP, Berstel [3] considered the notion of
the population function of a language L which associates, to every n, the number
of words of length at most n in L. The notion of the number of words of the same
length is certainly very basic one in language theory and this is why some results
have been proved several times. We recall briefly in the following the history of
such results.

When #1(n) is bounded from above by a fixed constant, such languages are
called semidiscrete in Kunze et al. [11] and slender in Andragiu et al. [1]. The
slender regular languages have been characterized as finite unions of sets of the
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form uwv*w in [11] but the result was not well known and it was proved again
independently by Pdun and Salomaa [16] and Shallit [19]. A similar situation is in
the context-free case. The characterization of the slender context-free languages
as finite unions of sets of the form {wv™wz™y | n > 0} was proved by Latteux
and Thierrin [9] (they called such finite unions iterative languages) but, again, the
result was not widely known and the same characterization was conjectured in [16]
and shown to be true by Ilie [12]. The proof of [12] is completely different from the
one of [9]. The characterization has been strengthened in [10] where some upper
bounds on the lengths of the words u,v,w, z,y are given.

The case when #p(n) is bounded by a polynomial (we say L is poly-slender)
has been considered by Latteux and Thierrin [13] who proved that for context-free
languages the notion of poly-slenderness coincides with the one of boundedness.
Once more, the result was proved again by Raz [17]. In the case of regular lan-
guages, Szilard et al. [20] gave a fine characterization based on the order of the
polynomial which bounds #p(n).

Besides the above mentioned results, there has been recently a lot of attention
devoted to other aspects of slenderness. Some applications of the slender languages
to cryptography are shown in [1], Shallit [19] investigated slender regular languages
in connection with numeration systems, the slenderness of L-languages has been
considered by Dassow et al. [5] and Nishida and Salomaa [15] and Honkala studied
in [7] and [8] a generalization of the notion of slenderness, called Parikh slenderness,
by considering languages for which the number of words with the same Parikh
vector is bounded from above by a constant.

In this note, we consider the situation when the degree of the polynomial bound-
ing #r(n) is a fixed non-negative integer; the obtained languages are called k-poly-
slender. Generalizing the result of [9] and [12], we give a characterization of the
k-poly-slender context-free languages. The structure of the Dyck language is the
base for the structure of these languages. The corresponding characterization given
in [20] for regular languages follows immediately from ours.

POLY-SLENDER LANGUAGES

We first fix some notations. For a word w and a letter a, |w| is the length of
w, |wl, is the number of occurrences of a in w, and p(w) denotes the primitive
root of w. The conjugacy relation is denoted ~; for two words u,v, u ~ v iff
u = pq,v = gp, for some p,q. The empty word is denoted by . For basic notions
and results of combinatorics on words and formal languages we refer to [4,14]
and [18], respectively.

For a language L, denote #1(n) = card({w € L | |w| = n}); this is referred
to as the complexity (function) of L. For an integer k > 0, L is called k-poly-
slender if #1(n) = O(n*). L is poly-slender iff it is k-poly-slender, for some
k>0.

A language L C ¥* is called bounded if there are some words wy,wa, ... ,w,
€ ¥* such that L C wiwj ... w},. It is clear that the class of poly-slender languages
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is the same with the class of languages with the population function polynomially
limited. Therefore, the characterization theorem of [13] can be written as below
(it appears in this form in [17]).

Theorem 1. [18, 17] A context-free language 1s poly-slender iff 1t 1s bounded.

DyYCK LOOPS

Consider the Dyck language of order k,k > 1, D C {[,,], | 1 < ¢ < k}*.
Dy, is generated by S — S5 | [,S], | €. Consider also a word z € Dy with
lzl;, = |zl}, = 1,1 <1 < k, and some words u,,v,,w, € £*, where X N {[,,], |
1 <1<k} = @. For any integers n, > 0,1 < 1 < k, define the morphism
hog, me: EU{L]L 1<t <k})* — Z*, bya — a, foracl, [(— ur,
. — v, 1<t <k Putz=2z122...22%,2; € {1, | 1 <2 < k}. Then D C ¥*
is a k-Dyck loop if, for some u,, v,, w,, z as above,

D = {hn,, n.(wWozriwizows...zokwak) | Ny >0} - (1)

We shall call z an underlying word of D. (Clearly, z is not unique.) Also, h will
stand for hy,1, 1 and will be called an underlying morphism of D. D is a Dyck
loop iff it is a k-Dyck loop, for some k. Notice that if [ < k, then any [-Dyck loop
is also a k-Dyck loop.

We give below two examples of Dyck loops which will be used also later.

Example 2. For the underlying Dyck word z = [1]1[2(3(4]4[5]5]3(6]6[7]7]2, We con-
struct the Dyck loop

Ly = {a® (ba)™b(ab)?"2b™3 5" 4b™ o475 (aba) b0 07?62 | m, > 0} - (2)

About the underlying morphism we mention only that the images of any of |4 and
]6 are empty.

Example 3. The underlying Dyck word for the Dyck-loop
Ly = {(ab)®™ a(ba)®"2aab™b?™ b aba™ a*"2 a5 a*™ | n, > 0}, (3)

is z = [1[2]2[s]a]a]3[s]5]1 and we assume h(]5) = €.

BOUNDED LANGUAGES

The following result of Ginsburg and Spanier [6] will be essential for our purpose.

Theorem 4. [6] The famuly of bounded context-free languages 1s the smallest fam-
dly which contains all finite languages and 1s closed under the follounng operations:
(1) unzon, (u) catenation, (w) (z,y)*x L = U, 502" Ly", for z,y words.
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Remark 5. Clearly, Theorem 4 is still valid if, instead of finite languages, one
starts from unary languages (that is, languages containing one word only). More-
over, if one starts from unary languages and uses only the operation (ii) and (iii)
from Theorem 4, then what is obtained is always a Dyck loop. Conversely, any
Dyck loop can be obtained in this way. Indeed, this is clear from the definition of
the Dyck loops; the role of the production § — S is the same with the one of
the catenation and the role of a production S — [,S]; is the same with the one
of the operation %, in the sense that we use (u,,v;) % L.

Therefore, we get from Theorems 1 and 4:

Theorem 6. For a context-free language L, the following assertions are equiv-
alent: (i) L is bounded, (ii) L is poly-slender, (i) L is a finite union of Dyck
loops.

Proof. First, (i) and (ii) are equivalent by Theorem 1. Second, (iii) clearly im-
plies any of (i) and (ii). Third, (i) implies (iii) follows from Remark 5 and the
distributivity of the catenation and “x” with respect to union. a

CHARACTERIZATION OF k-POLY-SLENDERNESS

‘We prove in this section our main result, that is, the characterization of the k-
poly-slender context-free languages. In the case of 0-poly-slender languages, such
a characterization was proved in [9] and [12]; using the above notations, the result
of [9, 12] is written as

Theorem 7. [9, 12] A contexi-free language is 0-poly-slender iff it is a finite union
of 1-Dyck loops.

In what follows, we shall generalize Theorem 7 to:

Theorem 8. For any k > 0, a context-free language is k-poly-slender iff it is a
finite union of (k + 1)-Dyck loops.

Before proving the theorem we need several notions and a lemma.

For three words w, w,v such that u and v are non-empty, we say that w links
u with v, denoted link(w, w, v), iff p(u)w = wp(v); it means that there are words
p and ¢ such that p(u) = pg, p(v) = ¢p, and w € (pg)*p. The idea is that w links
u with v when in words of the form u™wv™ the period |p(u)| is continued over w
throughout v™ (u™wv™ is a prefix of p(u)¥), that is, one cannot really distinguish
w there. Notice that, when w is empty, link(u, €, v) means precisely that u and v
are powers of the same word, in accordance with the intuitive meaning of link.

The following lemma will be a very useful tool in the proof.

Lemma 9. Consider the words x; € X1, y; € ©*, and some non-negative integers
n;, mi. Denote w = yorT ' y125%y2 ... 20 yr, W = yoxy125%Y2... 20"y, and
assume that link(z;, y;, ziy1) holds for noi. Then there is a constant Ny, depending
only on the lengths of the words x; and y;, such that, if all n;, m; are larger than
Ny and there is i with n; # m;, then w # w'.
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min
Without loss of generality, we may assume n; > my. If (n1 — my)|z1| > |vi| +
|z122|, then, by Fine and Wilf’s theorem and the choice of Ny, p(z1) ~ p(z2)
and, if p(z1) = pq, p(z2) = gp, then y1 € (pg)*p. This means link(z1,y1,z2), a
contradiction. Otherwise, by the choice of Ny, we get, for some s > 0, 27* ™™y, =
y1p(x2)® thus again link(z1,y1, z2), contradicting our assumption. The lemma is
proved. J

Proof. We prove that Ny = %(ma.x lyi| +4 max|z;|) is good. Assume w = w'.

Proof of Theorem 8. One implication is obvious. For the other, the basic idea is
to do the construction in Theorem 4 in a certain way, that is (roughly), anytime
“x” is applied, the highest power of n in the complexity function #p,(n) associated
with the language L is increased by one and, anytime catenation is applied to
two infinite languages, the highest exponent in the complexity of the resulting
language is the sum of the former two. Let us consider a context-free language L
which is k-poly-slender. Then, by Theorem 6, L is a finite union of Dyck loops. If
L contains no [-Dyck loop with [ > k£ + 1, then we are done. Assume then there
is such a loop, say D, and that it has the form in (1) with [ instead of k. We may
assume, with no loss of generality, that w;v; # €, for any 1 < i <[, as otherwise we
have a Dyck loop of smaller order. We shall consider very much in the sequel the
links made by w; between the two adjacent images of h, h(z;) and h(z;+1). But
those images of A which are empty have no interest for the language (this is why
link is undefined when the first or the third component is empty) and therefore, for
any 1 <14 <20 —1, we define next(i) as the smallest j > 7 + 1 such that h(z;) # €.
If there is no link(h(2;), WiWit1 - - . Wnexe(i)—1, P(Znext(s)))> then, by Lemma 9, any
two different tuples of n;’s (n;’s are all assumed large enough — the complexity
order is not affected) give different words of D. Therefore, #p(n) # O(n!=2),
which contradicts the fact that L is k-poly-slender. Consequently, there are such
links.

We then group together the linked powers and apply Lemma 9 to those. In order
to make things clear, we define two relations on the set {i | 1 < i < 21, h(z;) # €}.
(Recall that the positions ¢ with h(z;) = € are ignored.) The first is chain(i, next(z))
iff link(h(2:), wiwit1 . . - Wnext(i)—1> P(Znext(i)))- We say that i and j are in the same
chain iff chainﬁ(i,j), where chain® is the equivalence generated by chain. The
second is syst(é,7) iff chainu(i,j) or 2; = [p,2j =|p, for some 1 < p < [. We say
that i and j are in the same system iff systf(i, j), where syst! is the equivalence
generated by syst.

For the Dyck loop in (2), we have the following classes of chain®: {1}, {2, 3},
{4,5,7}, {8}, {9}, {10}, {12}, {13,14} and the classes of syst! (unions of the
former ones): {1,2,3,12,13,14}, {4,5,7,8,9}, {10}.

We next group together all powers in the same chain. For (2) this means that
we write it as

L= {a2n1 b(ab)n1+3n2 pratSnatns  dns (aba)'ﬂ3 bSne a™? bn2+2n7 | n; > 0}_
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Now, the application of Lemma 9 gives a different result in the sense that the
powers in the lemma are no longer single powers of our Dyck loop but linear
combinations of those in the same chain. This means for (2) that any new tuple
(2n1,n1 + 3n2,ng + 5ng + ns,4ns, ng, 3ne, n7, N2 + 2n7) (recall that we assume
the elements large enough) gives a new word. Incidentally, for (2), we get such a
new tuple exactly when the tuple (n;)i1<i<7 is new, due to the fact that the three
systems corresponding to the classes of systf, namely

2n1 =0 n3+5ns+ns =0 { 3ng=0

ny+3n2 =0 4ns =0

ny =10 ng =0 (4)
ng+2ny =0

have only trivial solutions. (It is worth noticing that the unknowns in the above
systems are not the exponents but rather the differencs of these for two different
descriptions of the same word.)

However, this need not be the case in general. As an example, consider the
loop in (3). There are links and we have the classes of chain®: {1,2}, {3,4,5},
{6,7,8,10} and only one class of syst!: {1,2,...,8,10}. We write Ly as

L2 — {a(ba)2n1+3n2aabn2+2n3+n4aba2n1+3n3+n4+n5 I n; > 0}

and, because the matrix of the associated system has more columns than rows,
the associated system has also non-trivial solutions.

Consider then, in the general case, the systems associated with the equivalence
classes of syst!) as seen in the above example. (Notice that each system has as
many equations as the number of classes of chain® in the respective class of systh.)
As we noticed, if all such systems have trivial solutions only, then we have the
same situation as in the case of no links. Thus, the same contradiction with the
k-poly-slenderness of L is obtained. Therefore, there are systems which have also
non-trivial solutions.

Consider one class of syst!, say [t0]systt such that its associated system, say

t
Zaijnj = O, fOI‘ all 1 S 1 S S, (5)
=1

has also non-trivial solutions. Here s is the number of chains (classes of chain')
in [ig]systt and ¢t is the number of n;’s involved, that is, the number of pairs [;];
involved.

Let us show first that s <t + 1. We can view the class [io]s,s as a graph with
s vertices, which are the chaines, such that two vertices are connected by an edge
only if there is a pair [;]; connecting them according with the definition of syst ([;
is in one chain and }; is in the other). As the graph is connected, there are at least
s — 1 edges, hence there are at least s — 1 pairs [;];, which means ¢ > s — 1.
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Assume that s =t + 1 (as, e.g., in the first system in (4)). The matrix of the

system A = (aq;)1<,<s, has one or two non-zero elements in each column and at
155<t

least one in each ro_vfr._ Therefore, there is a row with exactly one non-zero element.
The matrix obtained by eliminating the row and the column corresponding to this
element has the same properties as A. Inductively, we obtain that rank(A)=t and
hence the system (5) has only trivial solutions, a contradiction. Therefore, s < ¢
and rank(A) < t. If we denote the columns of A by A,,1 <4 < ¢, then there exists
a non-trivial linear dependence of A,’s, say

r s
Z czA_h = Z dzAk,a
1=1 1=1

where ¢,’s and d,’s are positive integers. Recall that we are interested in the
values of the vector Z:=1 n,A,, for all n, > 0. Denote J = {j, | 1 < ¢ < r},
K ={k, |1<i< s}; we may assume J N K = (). We claim that the following
equality holds:

r

t T
{anAzlnzZO} = U ZQzA]1+Zmz
1=1 q=1
Q

=1

T
+Y my(cA,) | m 20,0< ¢ <c~13- (6)
=1
17
The inclusion “D” is obvious. Let us prove the “C” part. Consider some fixed
(n1,m2,... ,m) and put, for any 1 <i <7, ny, =n ¢, +¢,0<gq, <c, — 1. Take
g,1 < ¢ <, such that n;q = min{n;z | 1 <i<r}. We have then

t
Zn,AZ = anA +Z =)+ @) A, + ol z:cZ e
=1

=1
ng

= Z%Aﬁ +Zn1A -}—z:(nk1 +n) dy) A, +Z —n, ) (¢ 4,,)

zeJUK z;éq

and the inclusion is proved. Now, in any set in the right-hand side of (6) we have
essentially combinations of ¢ — 1 vectors instead of ¢ as we had initially, that is, in
the left-hand side of (6). But, one A, less means exactly one pair of parentheses less
in the underlying Dyck word 2. That means, the I-Dyck loop we started with can
be written as a finite union of (I —1)-Dyck loops just because | > k+1. (Precisely,
we proved that D can be decomposed as a union of r [T/_, ¢, (I — 1)-Dyck loops.)

The above reasoning can be iterated, if needed, and therefore concludes the
proof. O
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We next give some examples of the construction in the proof of Theorem 8.

- Example 10. Consider the 5-Dyck loop in (3) which we have already discussed
in the proof of Theorem 8. The matrix of the unique associated system is
23 000
A=101 2 1 0
2 0 3 11

We have the following simple relation between the columns A;,1 < i < 5, of A:
Az = 2A4 + As. It implies that

5 5
i=1 i=1
i£3
which allows us to write Ly as
Ly = {a(ba)?™ F3m2gqpm2atms gpgZmitmstma | iy > 0}
The pair of parentheses [3]3 disappeared. But L can be still reduced as the new
matrix, say B = (By By Bs B4) = (A1 A2 A4 As) has still more columns than rows.

After noticing the linear combination 3By + 2B3 = 2B + 8By, we get, according
with the proof of Theorem 8,

4
{Z miBi l mi > 0}

i=1

2 1

U U {q1B1 +q3B3 + p2Bs
q1=04¢3=0

+P3(233) + psBs | p2,3.4 > 0}

U U U {q1B1 + @3 B3 + p1(3B1)
q1=0g3=0

+p2B2 4+ paBs | 124 > 0}

Therefore, we obtain the following decomposition of L, as a finite union of 3-Dyck
loops:

2 1
Ly=J L, UUUL”
1=0 =0 =0 5=0
where, for any 0 <1 <2,0<5<1,

= {a(ba)*(ba)3P2aab’ bP2+2p3 g 2i+i g2pe-+pa | p2,3,4 > 0},
L”» {a(ba)? (ba)oPr+3P2 aabTbP2 aba?' 7 aSPL P4 | py 5 4 > 0},

which cannot be reduced further as #r,(n) = ©(n?).
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Example 11. Consider the 4-Dyck loop
Lz = {a™a™ba™a™ba™a™ba"™*a™ | n; > 0}
As above, we reduce it to

Ly = {a™a™ba™ba™ba™a™ | mi24 > 0}

U {a™ba™*a™ba™a™ba™ | ma 34 > 0}
We would like to notice that the 3-Dyck loop
Ly = {a™a™ba™a™ba™a™ | n; > 0},

which is actually very similar with Ls cannot be reduced. The (essential) difference
is that the columns of the matrix corresponding to L4 are linearly independent
whereas the ones of L3 are not.

CONSEQUENCES

The first of the consequences of Theorem 8 is the characterization of k-poly-
slender regular languages. We say that the k-Dyck loop D in (1) is degenerate
if, for any 1 < ¢ < k, at most one of the words u; and v; is non-empty.

We get then immediately from Theorem 8 the following result which has been
proved in [20].

Corollary 12. For any k > 0, a regular language is k-poly-slender iff it is a finite
union of degenerate (k + 1)-Dyck loops.

Consider next, for a language L, the following smoothening of the complexity
function #r(n):

#r(n) = max #1(1).

‘We have then from Theorem 8:

Corollary 13. For any poly-slender context-free language L, there exists a k > 0
such that #,(n) = O(nk).

This means there is nothing in between integer powers, e.g., there is no context-
free language the complexity of which is of order ©(n34), ©(logn), ©(nloglogn),
etc.

We would like to thank the anonymous referees for useful remarks concerning especially
the clarity of the proof of Theorem 8 and for pointing out the references [11] and [9].
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