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DECIMATIONS AND STURMIAN WORDS (*)

by Jacques Justin (') and Giuseppe PiiLLo ()

Abstract. — Standard Sturmian infinite words have a curious property discovered by G. Rauzy. If
in such a word we delete all occurrences of each letter, except every pth one, then we get the same
infinite word. This property and several generalizations are studied here. In the last part a short
and self-contained theory of Sturmian words, using only combinatorial arguments, is presented.

Résumé. ~ Les mots Sturmiens standard infinis ont une curieuse propriété découverte par
G. Rauzy. Si dans un tel mot on supprime toutes les occurrences de chaque lettre sauf celles
de rang multiple de p, alors on retrouve le mot infini initial. On étudie cette propriété et plusieurs
généralisations. Dans la derniére partie on donne une présentation courte et autocontenue de la
théorie des mots Sturmiens qui n’utilise que des arguments combinatoires.

INTRODUCTION

Infinite Sturmian words have been studied under various names for a
long time (see [2, 4, 9] for historical notes). They can be defined either
algebraically or by combinatorial properties of their factors (the equivalence
is proved in [10]). The first way is probably more powerful as it allows
for instance to make use of the properties of continued fractions. However
the theory can be constructed without algebra, using only combinatorics
of words. This is sketched in part 4 where we give a short self-contained
presentation of known results and proofs, mostly from [5], [10] and cited
papers.

In order to illustrate the power of the algebraic way, we consider in Part 2 a
curious property of standard Sturmian words observed by Rauzy [15]. Given
any positive integer p, if, in an infinite standard Sturmian word on {a, b}, we
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272 J. JUSTIN, G. PIRILLO

keep every pth a and delete all other a, and similarly for b, then we obtain
the same infinite word. This follows immediately from the description of a
Sturmian word by the intersections of a line with the lines of a square grid
[6, 16], description which is equivalent to the algebraic definition [6]. Rauzy
also suggested in his paper that the converse is true: an infinite word invariant
under all such “decimations” is standard Sturmian, and even it suffices that
the word be invariant under two decimations, modulo p and ¢ say, with p and
g multiplicatively independent. We give a complete proof of the converse
(Theorem 1) and show that the weaker hypothesis is not sufficient. Indeed
an infinite word satisfying the weaker hypothesis either is Sturmian or can
be deduced from a “periodic Sturmian” word by a suitable construction
(Theorem 2). Some extensions are also given (Theorem 3 and Part 3).

1. PRELIMINARIES

1.1. Words [14, chap. 1]

Throughout this paper, A = {a,b} will be a two-letter alphabet. The
free monoid A* generated by A is the set of the (finite) words on A. If
u = u(1)u(2)---u(m), u(@) € A, is a word, its length is |u| = m. Also
|u|q (resp. |ulp) is the number of occurrences of a (resp. b) in u. Last u
will denote the reversal of u, i.e. the word u(m) - - - u(2)u(l). A word equal
to its reversal is a palindrome.

In the same way an infinite word is a function s : Ny — A where N, =
N\ {0} is the set of positive integers. It is written s = s(1)s(2)---s() - - -,
s(1) € A. The set of infinite word is A“. For a finite or infinite word ¢, the
factor t(0)t(i + 1) ---t(j) of ¢ will be denoted by ¢(¢,7). If 7 = 1, this is a
left factor. Right factors of finite words are defined symmetrically.

An infinite word s is periodic if for some p € N4 and for all + € N,
we have s(z + p) = s(¢). In this case s can be written s = wu--- = u* for
some u € A, |u| = p. The smallest integer p having this property is called
the period of s. An infinite word ¢ is ultimately periodic if it can be written
t = vs with v € A* and s € A, s periodic.

Remark 1: Doubly infinite words, which are not used here, are defined in
the same way as functions from Z to A.
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DECIMATIONS AND STURMIAN WORDS 273
1.2. Infinite Sturmian words [3]

DerNITION 1: Let p, « be real numbers with p € [0,1] and o € [0,1]. A
Sturmian word (in the wide sense) is an infinite word s given

a) either by

b) or by

sy = {5 ot el ~lotnel =0

By Sturmian word it is often (but not always) meant that « is irrational.
In this case we shall say proper Sturmian. When « is rational, then s is
periodic and will be called here periodic Sturmian. In particular when o = 0
(resp. o = 1) we get the word aaa--- = a* (resp. bbb - -- = b“).

DEeRINITION 2: A Sturmian word is standard (or is the characteristic sequence
of a) when p = 0 in Definition 1.

1.3. Cutting sequences [6, 16]

Let Ozy be a cartesian coordinates system for the Euclidean plane.
Construct the grid consisting of lines H, : y = j and lines V, : x = 1,
for all 7,5 € N4. Its vertices are M,; = V,N H,. Consider a line D : y = Bz
with 0 < 8 < oo. Label its intersections with lines H, by a and with lines
V. by b. If D meets H, and V, at the same point M,,, we label it by ab or
ba with the convention that all such points are labelled in the same way (this
the case if and only if 3 is rational). The sequence of the labels (the “cutting
sequence”) when z grows from 0 to infinity is an infinite word s. This one
is standard Sturmian, and all standard Sturmian words, except a* and b“,
can be obtained in this way. This definition is equivalent to Definition 2
with a = 1/(8 + 1).

More generally if we construct in the same way the cutting sequence for
any line with positive slope we get a Sturmian word, and all Sturmian words
given by parallel lines have the same set of factors because they correspond
to the same « of Definition 1.

1.4. Now, with the same grid as in 1.3 consider a strictly increasing
continuous function f : [0,00[— [0, 00[ such that f(0) = 0 and f(z) is not
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274 J. JUSTIN, G. PIRILLO

an integer for all 7 € Ny, and let C be its representative curve. If we label
the intersections of Cy with lines H; and V; as in 1.3 we get an infinite
word ¢. We say that f, or C; defines ¢ or is a defining function or curve
for ¢. For instance when £ is irrational the half-line y = Bz, z > 0, defines
a standard proper Sturmian word.

1.5. Decimations

The kind of decimations considered here is as follows. Let p € N, and let
s be any finite or infinite word. Number 1, 2, - - - the successive occurrences
of a in s and similarly for b. Delete all occurrences of a except those whose
number is a multiple of p, and similarly for b. We get a finite or infinite
word ¢t = A,(s). When s is finite, ¢ is a shorter word (which may be the
empty word); when s is infinite, ¢ is infinite. If £ = s, then s is invariant
under A, This decimation modulo p or p-decimation A\ is a transformation
of A% U A*. The set {Ap;p € N1} endowed with composition is a monoid
isomorphic to the multiplicative structure of N,.

Remark 2: For p,q € N4, 7,5 e N, 0 < i <p, 0<j < q, we could
also define a generalized decimation A, ; , ;) by deleting all occurrences of
a and b except those whose number is congruent respectively to ¢ modulo
p and to j modulo q.

Remark 3: Another perhaps more natural kind of decimation modulo p
seems to have been considered here and there. When applied to s it gives
s(p)s(2p)s(3p) - - -. If s is Sturmian, the new word is not Sturmian in general
but has some nice properties. As allusions to such decimations will occur
in Remark 6 and at the end of the proof of Theorem 5 we shall call them
here blind decimations.

Remark 4: The definitions of Sturmian words, cutting sequences and
decimations may be easily extended to doubly infinite words.

2. DECIMATIONS OF STANDARD STURMIAN WORDS
2.1. The first theorem gives a characterization of standard Sturmian words

THEOREM 1: An infinite word is invariant under all decimations if and only
if it is standard Sturmian.

Proof of the if part [15]: Let s be a standard Sturmian word. If s = a* or
s = b it is trivially invariant under decimations. If not, s can be obtained
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DECIMATIONS AND STURMIAN WORDS 275

as the cutting sequence for some line D : y = Sz with 0 < 8 < co. Now,
given any p € Ny, if we delete in the grid all lines H, except when j =0
mod p and all lines V; except when 7 = 0 mod p, the cutting sequence of
D with the new grid is exactly A,(s). Now if we perform on D and the
new grid an homothetic transformation with center O and ratio 1/p we get
the initial configuration. So Ap(s) = s.

Proof of the only if part: Now s is invariant under all decimations and we
have to show that it is standard Sturmian. If s is a® or b* this is true. If not,
a and b occur infinitely many times in s and we can write s = ujusus - - -
with u, = @™b and n; > 0 for all : € N,. Construct a defining function
f for s as follows.

Let 0; = |uqug - - ui|lg = n1 +ng + -+ +n;, for i € Ny,

If n, > 0 and n;y1 > 0 put f(i) = oy + 1/2.

If n; > 0 and n;41 = 0 put f(i) = oy + 1/4.

If n;, = 0 and n;41 > 0 put f(i) = oy + 3/4.

Also put f(0) = 0. Let 0 = 45 < 47 < %2 < --- be the sequence of
the 4 such that f(:) has been defined. Now linearly interpolate between O
and point (71, f(¢1)), between points (i1, f(z1)) and (i2, f(é2)) and so on.
This gives f and its representative curve Cy. Function f has the following
property whose proof is postponed.

LemMA 1: The ratio f(x)/z has a limit B €]0,00[ when x approaches
infinity.

Now put # = 1/(+ 1) and choose an integer m > 1. Let € be a positive
real which will be defined later. By Lemma 1 there exists a real £ such that
(B—€)z < f(z) < (B+€)z for z > £ Then the curve Cy lies between lines
D' :y=(B-¢€zand D" :y = (B+¢€)x for z > £ Now let p be an integer
such that p > £/6. As s is invariant under p-decimation, the curve C, image
of C; by the homothetic transformation with center O and ratio 1/p is also
defining for s. This curve lies between D' and D" for z > £/p, hence for
z > . For € small enough we have 0 < (8—¢)/(8+1) < (B+€)/(B+1) < 1.
SoCy, D', D" and D : y = Bz do not cut the grid for z < #. Without loss of
generality assume that 3 — € and 3 + € are irrational and consider two cases.

a) B is irrational. If € is small enough, there is no vertex of the grid
between D' and D" for 0 < z < m. So Cy, D', D” and D have the same
cutting sequence for 0 < z < m, that is the left factor wjus - - - uy, of s is
a left factor of the standard proper Sturmian word defined by D. As m can
be taken arbitrarily large, this one is s.
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276 1. JUSTIN, G. PIRILLO

b) 8 = ¢/d, ¢,d € Ny, (¢,d) = 1. Then D : y = Bz has two cutting
sequences which are standard periodic Sturmian words vxyvzyvzy--- =
(vzy)~, with xy = ab or zy = ba and |vzyl, = ¢, jvzyly = d, for some
suitable v € A*. Reasoning as in case a) we see that C,, D', D" and D have
the same cutting sequence for x < m except the fact that when D passes
through a vertex M,4,., 7 € N4, then the cutting sequence gives ba for
line D' because D' crosses V,4 before H,. while the cutting sequence for
D" gives ab. For C, the corresponding letters may be ab or ba depending
of the position of C; near M,;,.. It follows that s = vwivws --- with
w; € {ab,ba} for © € N4. But w; corresponds to the (ic)th occurrence of
a and the (id)th occurrence of b in s. So, as s is invariant by i-decimation,
w; = wy for i € N4, so s is standard periodic Sturmian.

Proof of Lemma 1: Recall that |ujug - - u;|q = o7 and |ujug -+ uily = @
and put o;/i = §; for i € N4. Let p,q be any positive integers. As
s is invariant by p-decimation, when we perform this one on the left
factor ujuz - - -upy of s we get ujuz - --uq. Consequently o4 = |0pg/p]
that is 0 < opq — pog < p, or 0 < 6pg — Og < 1/¢. In the same way
0 < bpqg — 6p < 1/p. Hence —1/q < 65 — 6, < 1/p. So the sequence of the
6;, ¢ € N, satisfies the Cauchy condition and has a limit, 3 say, § < oo.
Clearly also 8 > 0 because, as a occurs in s, we have 6, > 0 for some p
and, by the inequality above, 6,4 > 6, for all g.

Now, as 1/4 < f(i) — 0; < 3/4, we have also, for 7 integer,
lim f(2)/i = B.
71— 00

Last by the definition of f, f(z)/z is homographic, hence monotonic, for
z € [t—1,4], 7 € N;. So xli)rgof(x)/x =39

Remark 5: The representation of Sturmian words by cutting sequences
leads easily to the following generalization of the if part of Theorem 1.

a) If we perform a generalized decimation of the type A(pﬂ-;p;j), p € Ny,
0 < 1,7 < p on a (possibly doubly infinite) Sturmian word, the new word is
Sturmian with the same set of factors. b) The set of all Sturmian words is
globally invariant under any generalized decimation.

A noteworthy case of a) is the following. Let s be a standard Sturmian
word and SI = A(Z’O’z’l)(s), S” = A(Z,I,Z,O)(s)’ S/" = A(2,1,271)(3). Then
if w’ (resp. w”, w"') is any left factor of s’ (resp s”, s"') then w'aw’ (resp.
w"bw"”, w"w") is a palindrome factor of s. This follows from the fact that
if s is the cutting sequence of line D, then s’ for example is the cutting

sequence of the parallel D’ to D passing through point (1/2,0). Consequently
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DECIMATIONS AND STURMIAN WORDS 277

if we extend the grid to the whole plane, the symmetry of the figure with
respect to point (1/2,0) shows that w'aw’ is a factor of the cutting sequence
of D' with the extended grid, hence is a factor of s.

2.2. Here we generalize Theorem 1 to the case where s is invariant by a
subset of all decimations. Recall that two integers, x,y are multiplicatively
independent if » = y*, X\, u € N implies A = p = 0.

Let H be a submonoid of the multiplicative structure of N. We define
an equivalence relation as follows

p=q mod H if and only if pHNgH #10
We have

THEOREM 2: Given a multiplicative submonoid H of Nt containing at least
two multiplicatively independent elements, an infinite word s is invariant
under at least all p-decimations such that p € H if and only if either s is
standard Sturmian or it can be deduced from a standard periodic Sturmian
word t, different from o* and b*, as follows. Let t = (vab)” with |vab| the
period of t. Then s = vwyvwavws - - - with w; € {ab,ba} for i € Ny and,
forall t,5 € Ny, 1 = j mod H implies w; = wj.

Proof of the if part: If s is standard Sturmian, it is invariant by all p-
decimations, by Theorem 1. If s has the second form given in Theorem 2,
then ¢ is the cutting sequence of some line D : y = Bz, with 8 = ¢/d,
(¢,d) =1, ¢,d € Nj. Line D passes through all vertices My; i, 1 € N4.
The first one being My, we have |vab|, = ¢, |vably = d. Give My, ; the
new label w;, for ¢ € N4. Then the new cutting sequence is s. Now, given
p € H, if we delete all lines H; except when j = 0 mod p, and similarly
for lines V;, the remaining cutting sequence, that is Ay(s), will be equal to
s if Mg; i and Mgy, cip are labeled in the same way for all 7 € Nt and
this is true because 7 = ip mod H.

Proof of the only if part: The proof follows that of the only if part of
Theorem 1. Function f is defined in the same way and has the following
property whose proof is postponed.

Lemma 2: We have xlingo f(z)/z = B for some 3 €]0, 0|

If § is irrational, then we get that 3 is a standard proper Sturmian word
as in case a) in the proof of Theorem 1.

If (8 is rational, we get that s = vwjvwy --- with the notations in the
statement of Theorem 2. Then let 4,5 € Ny be such that ¢ = j mod H.
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278 J. JUSTIN, G. PIRILLO

Then ip = jp' for some p,p’ € H. As Ap(s) = s by hypothesis we must
have w;p = w; and similarly w;,» = w;, whence w; = w; and this achieves
the proof in the case ( is rational.

Remark 6: Here is the simplest example of a non Sturmian word
invariant by 2- and 3- decimation. Taking for v the empty word we put
s = wiwpws - - - with w; = ab if s € {2*3*; X\, u € N} and w; = ba if not.
So s = (ab)*baabba(ab)?(ba)?ab(ba)® - - -. Note also that if we replace ab
by = and ba by y we get an infinite word zzzzyzy--- on {z,y} which is
invariant by the blind decimations (see Remark 3), modulo 2 and modulo 3.

Proof of Lemma 2: With the same notations as in the proof of Lemma 1,
we show in the same way that the sequence (6), h € H has a limit §.
Now let € > 0 be arbitrary small and let p,q be two multiplicatively
independent elements of H. As {p*¢*; )\, € Z} is dense in Ry there exist
e,g9,h,k € Nsuch that 1 <p~¢¢9 < 1+eand 1< p'g~ < 1+ e. Now,
for any integer i > pfq*, let m = p¥q¥, z,y € N be maximal such that
m < 1. We have x > e or y > k. Suppose for instance z > e. Then
m < p*eq¥tY < m(1l + ).

Let n = p*~¢g¥1t9. As m is maximal we have m < i < n < m(l + ¢).
So, considering the left factors ujusg - - - u;, and so on of s we have

om S 0 < Op, that is méy < 16; < noy,
whence 6, /(1 + €) < 6 < (1 + €)éy. Consequently
B/(1+¢) <lim inf 6; <lim sup & < (1+¢)B.

As € is arbitrarily small it follows lim §; = 3, whence lim f(z)/z = (.
T

72— 00

2.3. It remains to consider the case where H, as defined in Theorem 2.2,
does not contain multiplicatively independent elements. In this case the proof
of Lemma 2 does not work and this property of f must be introduced as
an hypothesis or, equivalently, s must have a density, with the following
definition.

DeFmNITION 3: An infinite word s has density vy if |s(1,m)|a/m has limit
v as m approaches infinity.

Then we have

THEOREM 3: Let p be a positive integer and H = {p)‘; A € N}. Then

a) an infinite word is standard proper Sturmian if and only if it has an
irrational density and is invariant under Aj;
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b) an infinite word can be deduced from a standard periodic Sturmian
word in the way indicated in Theorem 2 if and only if it has a rational density
different from 0 and 1 and is invariant under Ap.

Remark 7: It is easy to construct an infinite word without density which
is invariant under some p-decimation. For instance [15], with p = 2, this
is the case of aba’b?a*b*ab0d . ...

Remark 8: An example of case b) of Theorem 3 is the well-known Thue-
Morse infinite word abbabaab - - - which is obtained from a by iterating the
substitution: ¢ — ab, b —— ba. It is invariant under A4 (not difficult to
see), has density 1 and has the form given in the Theorem with v being
the empty word.

3. FURTHER RESULTS

Now we study two extensions of Theorem 1. First we shall say that an
infinite sequence (s,) of infinite words s;, 7 € N4 converges towards the
infinite word ¢ if given any m € N there exists ¢g such that, for all ¢ > g,
s, and ¢ have a common left factor of length at least m. We have then

THEOREM 4: Let an infinite word s have density . Then

a) if vy is irrational the sequence (Ap(s))pen, converges towards the
standard proper Sturmian word with density ~;

b) if v €]0, 1] is rational, let (vab)” be one of the two standard periodic
words with density vy, then there exists an infinite word t = vx1yivT2ys - - -
with z,y, € {ab,ba} and an infinite subsequence of (Ap(s))pen, which
converges towards t;

c) if v = 0 (resp. v = 1) the sequence (Ap(s))pen, converges towards
b (resp. a*).

Proof: The proof follows that of the only if part of Theorem 1.

If v = 0 (resp.y = 1) then, clearly, the sequence of the A,(s) converges
towards 6“ (resp. a“). If not, we put 3 = v/(1 — ) and construct a
defining function f for s as in the proof of the only if part of Theorem 1.
As xlgrgo f(z)/z = [, reasoning in the same way when [ is irrational,
we get part a) of Theorem 4. When 3 is rational let ¢ = (vab)“, where
|vab| is the period, one of the two standard periodic Sturmian words with
cutting sequence y = fz. Then given any m € N4 we get that for p
large enough A,(s) has a left factor of the form vy 1yp,10Zp 2yp,2 - - - With
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ZpiYp,i € {ab,ba}. Now for infinitely many values of p, xp1yp1 has the
same value z1%1 and, among these values of p, for infinitely many, zp 29y 2
has the same value z2y2. Continuing this way we get an infinite word
t = vr1y1vray2 -+ Ty € {ab,ba} and a subsequence of (A,(s))peN,
converging towards it. <

The proof of Theorem 5 will make use of a famous Theorem of van der
Waerden in the following form [14, chap. 3].

THueoreM (van der Waerden): Given a finite alphabet A and a positive
integer n, there exists an integer m such that each word on A with
length at least m contains an arithmetic cadence of order n, that is a
factor of the form zujzug - -- Tup—1% for some v € A and u, € A* with
lua| = [ua] = -+ |un—al-

Given a finite or infinite word s, denote by Fac(s) the set of its factors.

DEFINITION 4: An infinite word s is uniformly recurrent if for any u € Fac(s)
there exists an integer m such that u € Fac(v) whenever v € Fac(s) and
[v] > m.

We have then

THEOREM 5: Let s be an infinite word. Then s is Sturmian if and only

if it is uniformly recurrent, it has a density, and for each p € Ni,
Ap(Fac(s)) C Fac(s).

Proof of the only if part: It is well known (and easily deduced from
Definition 1) that any Sturmian word is uniformly recurrent and has a density.
It remains to show that when s is Sturmian, Aj,(Fac(s)) C Fac(s). Let u €
Fac(s). Then for some 4, u is a left factor of ¢ = s(7)s(i+1)s(i+2) - - -. Hence
Ap(u) is a left factor of A, (¢). So Ap(u) € Fac(A,(t). Clearly ¢ is Sturmian
and Fac(t) = Fac(s). Also, by a) of Remark 5, Fac(Ap(¢)) = Fac(t). So
Ap(u) € Fac(s), whence Ap(Fac(s)) C Fac(s).

Proof of the if part: Let v be the density of s. If + is irrational then, by
Theorem 4, (Ap(s))pen, converges towards the standard proper Sturmian
word, ¢ say, with density . Observe that for each p the left factors of A,(s)
belong to Ap,(Fac(s)), hence to Fac(s). It follows that Fac(¢) C Fac(s).
Now let u € Fac(s). Then there exists m such that u occurs in every factor
v of s with length at least m. Take for such v a factor of t. It follows
that w € Fac(v), hence u € Fac(t), whence Fac(t) = Fac(s). Consequently
s is proper Sturmian.
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DECIMATIONS AND STURMIAN WORDS 281

If v €]0,1[ is rational, there exist (Theorem 4) an infinite word
t = vriyvz2y2 - -+, iy, € {ab,ba}, and an infinite subset H of Nj
such that (A,(s))pen converges towards ¢. As before, we show that
Fac(t) = Fac(s). Now put vab = X,vba = Y. Then ¢ can be written
t=z12023 -, 2, € {X,Y}. Now, by the Theorem of van der Waerden, for
any n > 2 there exists m such that any factor z;--- z;4s, of ¢ contains
a cadence of order m. This means that for any ¢ € N there exist
z€ {X,Y} and j,r e Ny suchthat : < j < j+(n—1r <i+m
and 2j = zy4p = -+ = Zjt(n—1)r = Z-

Take 7 > m and consider the factor w = 2)_r412j—r42 - 2j4(n_1)r Of L.
By r-decimation of w we get

Ar(w) = 2240 - Zy4(n—1)r = Z"

(Indeed applying r-decimation to w is equivalent to applying blind
decimation modulo 7 to w considered as a words on {X,Y}. This is a
generalization of what was observed in Remark 6).

As w € Fac(s) we have A,(w) € Fac(s). So, as n is arbitrarily large,
there are in s occurrences of arbitrary large powers of vab (or vba). As s
is uniformly recurrent, this implies that s = so(vab)* for some right factor
s9 of vab. Consequently s is periodic Sturmian.

Last when v = 0 (case v = 1 is similar) s = b because if a occurs
in s, it occurs in each factor of length m for some m € Ny because s is
uniformly recurrent, whence |s(1,km)| > k, ie. |s(1,km)|/m > 1/m for
all ¥ € Ny and v > 1/m, a contradiction.

Remark 9: Tt is not possible to delete the hypothesis that s is uniformly
recurrent in the if part of Theorem 5. Indeed let wy, ws, - - - be an enumeration
of all the words and let ¢ be an infinite word with arbitrary density -,
irrational for instance. Let t = g1 g2 - - -, g; € A*, be a factorization of ¢ and
put s = g1wigaws - - -. Clearly if the |g;| increase with sufficient rapidity then
s has density v. Also Fac(s) = A* whence, for all p, Ap(Fac(s)) C Fac(s).
However, s is not Sturmian.

4. STURMIAN WORDS WITHOUT ALGEBRA

In order to present a complete theory it would be necessary to consider
Sturmian words in the wide sense and also doubly infinite Sturmian words.
This is done in details in [5, 10] but, as periodicity introduces some
complications in the presentation, we limit ourselves, here, to proper Sturmian
words.
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Hereafter the alphabet remains A = {a,b}. If y € A, we denote by ¥
the other letter of A. For an infinite word s, Fj,(s) will denote the set
A™ N Fac(s) of all its factors of length n. Recall [1].

DEFINITION 5: A factor w of the infinite word s is special if ua and ub
are factors of s.

Clearly, the number of special factors of length n is |Fny1| — |Fn(s)].
The following proposition is well known.

ProPOSITION 1: Let s be an infinite word, then

1) if for some m € Ny, |Fiu(s)| < m, then s is ultimately periodic with
period p < m and, for all n > m, |Fy(s)| < m;

ii) if s is periodic with period p then | F,(s)| > nforn < pand |F,(s)| = p
for n > p.

Proof of i): Let g be minimal such that | Fy(s)| < ¢. Then |Fg_1(s)| > ¢—1
whence |Fy_1(s)] = ¢ and |Fy(s)| = ¢. If for some n > g we have
|Fr—1(s)] = ¢ and |F»(s)| > ¢ then |Fj,_1(s)| must contain at least one
special factor, z, say. But then the right factor of length ¢ — 1 of x is also a
special factor. But F,_1(s) contains no special factor as |Fy_1(s)| = |Fy(s)|-
Consequently, for all n > g we have |F,(s)| = ¢. Now, given any n > q—1,
consider the factors w = s(t,t+n—1) of s for 1 < ¢ < g+1. As |FR(s)] = g,
two of them must be equal, say w; = w, for some ¢ < r in [1,q + 1]. So
s(i) = s(i+r—t) forall ¢ € [t,t +n — 1]. Now, for infinitely many values
of n, the pair (¢,7) is the same. Consequently for these values of ¢ and 7
we have s(i) = s(i +r —t) for all i > ¢, so s is ultimately periodic with
period at most r — t < m.

Proof of ii):

As s is periodic with period p, then s = % for some word u of length p.
If for some n < p we have |Fj,(s)| < n, then s is (ultimately) periodic with
period at most n, which is impossible. So |F},(s)| > n for n < p. Also, by
part i), |Fy,(s)] = p for n > p. &

DeriniTiON 6 [3): A finite or infinite word s is balanced if for all
u,v € Fac(s), |u| = |v| implies ||u|q — |v]o] < 1.

PrOPOSITION 2: If the infinite word s is balanced, then, for all n € N,
|Frn(s)] < n+ 1
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Proof: If the conclusion is false, let ¢ be minimal such that |F,(s)| # ¢+1.
As |Fo(s)| = 1 we have g > 0. Also [Fy(s)| > |Fy—1(s)| = q. Suppose
first that |Fy(s)] > ¢ + 2. Then F,_;(s) contains at least two special
factors, v and v, say. So ¢ — 1 > 1. Put u = zv/, v = yv/, z,y € A,
', v € Fy_3(s). As v and v' are special factors of s they are equal
because |Fy_1(s)| — |Fy—2(s)| = 1. So u = zu/,v = yu/, © # y. Hence
zu'z,yu'y € F(s), that is s is not balanced contrarily to the hypothesis. So
we must have |Fy(s)| = ¢ whence, by Proposition 1 and by the definition
of q, [Fr(s)] £ n+1 forall n € Np. &

ProposiTioN 3 [5): For an infinite word s the following conditions are
equivalent

1) s has exactly one special factor of length n, for all n € Ny,
i) |Fna(s)l =n+1, forall n € Ny;
iii) s is balanced and is not ultimately periodic.

Proof: 1) <= 1ii) is trivial as the number of special factors of length n
is |Fny1(s)| — [Fu(s)l.

i) = iii). Suppose by contradiction that s is ultimately periodic, say
s = ut with u € A* and ¢ infinite periodic. We have |Fy,(s)| < |u| + |Fn(2)|
for all » € N4. So, by ii) of Proposition 1, |F},(s)| is bounded in contradiction
with [Fp(s)] = n + 1.

Now, suppose by contradiction that s is not balanced and let n be minimal
such that for some u,v € F,(s) we have |u|, — [v|q > 2. Clearly n > 2
because n = 2 would imply Fy(s) = {aa,bb,ab} or F3(s) = {aa,bb,ba}
and s would be aa---ab” or bb---ba”. So, by the minimality of n,
u = av'a,v = bv'b with [u|q — [V/]|a > 0. Let v/ = 2123+ - Tp—2,v’ =
YIY2 - Yn—2,Ty,Yi € A. If v # o' let k be minimal such that T # yg.
If 2z, = a,yx = b, then |az1---zgle — [bv1---yxle = 2 and n is not
minimal. If 2 = b, yx = a, then |az1---2k|a = |by1-- - Yr|a. Whence,
deleting these two left factors of u and v, we see that n is not minimal.
Consequently v’ = »'. Now if u’ is not a palindrome, let k¥ be minimal
such that z, # z,_1_¢. If 2 = a and z,_1_; = b for instance, we have
laz1 - - Zkla — |Tn—1—k - ZTn—2bls = 2 and n is not minimal. The case
zp = b and z,_1_ = a is similar. Consequently v is a palindrome.

Now, as u'a and u'b are factors of s, u' is special. As, by i), there
is exactly one special factor of each length, either au’ or bu’ is special.
Suppose for instance au’ is special. Then bu'a is not a factor of s. Let
s5(i,% 4+ n — 2) be an occurrence of bu' in s and put w = s(i,i + 2n — 3).
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We can write w = zox1 - --Z2n—3 Where zp € A,z0 = b,z,—1 = b and
T1T3 - Tp—2 = u'. We claim that au’ is not a factor of w. Suppose by
contradiction that av’ = zpTiyq ~-:L'k+n_2'for some k € [1,n — 1]. Then
we have zp, = a and z,,_1_;, = Tp—1 = b in contradiction with the fact that
v is palindrome. Consequently, as au’ ¢ Fac(w), all s(i+k,i+k+n—2),
0 < k < m—1 are non-special. As there are exactly n — 1 non-
special factors of length n — 1, we have, for some r < ¢ in [0,n — 1],-
sG+ri+r+n—2)=sE+ti+t+n-—2).

Observing that any non-special factor z of s has only one prolongation,
za or zb, in s, we get that s(¢ +r+n —1) = s(t +t+n — 1). Also
sG+r+1,i+r+n—-1)=s(t+t+1,i+¢t+n—1). So all factors
of length n — 1 of s(i + r,%2+ ¢t + n — 1) are non-special. Continuing this
way we get s(¢ +7r+mn) = s(i + ¢+ n) and so on, whence for all m > r
s(i +m) = s(i+m+t—r). So s is ultimately periodic, a contradiction.
Consequently s is balanced.

iii) = i). By Proposition 2, |Fj,(s)| < n+ 1 for all n € N4. As s is not
ultimately periodic, by i) of Proposition 1, |Fy,(s)| = n + 1. &

DEerINITION 7: Arn infinite word s is proper Sturmian if it satisfies the
(equivalent) conditions of Proposition 3.

This combinatorial definition is equivalent with the algebraic one
(Definition 1 with « irrational) as proved in [10]. That an infinite word
satisfying the algebraic definition, with « irrational, has the properties stated
in Proposition 3 is easy to see, and is recalled in [12] for instance. This
follows from the fact that {na— |na|;n € N4} is dense in [0, 1]. For proving
the converse, the first step [10] is the proof that an infinite word having the
properties of Proposition 3 has a density (see Proposition 8 below).

ProposiTioN 4: If s is proper Sturmian, then u € Fac(s) implies
u € Fac(s).

Proof: Remark first that if w is any factor of s, then w occurs infinitely
many times in s, because otherwise we should have s = zt¢, for some
z € A*, t € A“ with |Fac|(t)| < |z, and then ¢, hence s, would be
ultimately periodic.

Now, by contradiction, let n be minimal such that |u| = n, u € Fac(s)
and u ¢ Fac(s). Clearly n > 1, so let u = zvy, z,y € A,v € Fr_3(s). We
have vz, yv € Fac(s) and yvz ¢ Fac(s). Hence Jvz,yvZ € Fac(s). So ¥ is
special. Also the reversal of 3v and yv, that is vy and vy are factors of s,
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so v is special. Consequently as there is one special factor of length n — 2,
v = v, that is v is a palindrome. So ¥ ¢ Fac(s) implies © # y, whence
zvz € Fac(s) and yvy € Fac(s) and s is not balanced, a contradiction with
Definition 7. $

ProposiTiON 5: If s is proper Sturmian, it is uniformly recurrent (see
Definition 4).

Proof: If s is not uniformly recurrent there exist a factor u of s and an
infinite sequence (g,),en, of factors of s of strictly increasing length such
that u ¢ Fac(g,). Infinitely many of the g, have the same leftmost letter, =
say. Among them infinitely many have the same left factor of length 2, za’
say. Continuing this well-known construction we get an infinite word ¢ such
that Fac(t) C Fac(s) and u ¢ Fac(t). It follows that |Fj,(¢)| < |u| whence
t is ultimately periodic by i) of Proposition 1. Without loss of generality
we may assume that ¢ is periodic, with period p, say. Let m be minimal
such that. s(1,m) is not a factor of ¢ (such a m exists as s is not periodic),
and let M = max(m,p). Let for some h € Ny, s(h,h + M — 1) be a
factor of ¢. Then, as s is not periodic there exist integers ¢ and g with
1<i<h<h+M-—1<1i+q—1,such that s(i,i + g — 1) € Fac(¢) and
s(i—1,i+q—1) ¢ Fac(t) and s(3,i+q) ¢ Fac(t). Put s(i—1,i+q) = yu,
withy,z € Aandw = z129 - - - 24, z, € A. Clearly,q > M+h—i > M > p.
As t has period p, 2pwzg4+1—p € Fac(t). Soy # zp and 2 # z441-p. So w is
a special factor of s. Also, as, zpw and yw are factors of s, by Proposition 4,
wxp, wy € Fac(s). So w is special and w = w, whence zp = T¢+1—p and
y = z. So we have ywy,ywy € Fac(s), in contradiction with property of
s to be balanced. ¢

ProvposiTiON 6: If the infinite word< s and t are uniformly recurrent (proper
Sturmian, for instance), then < ither Fac(s) = Fac(t) or ™ 7 ™ Fac(t)
is finite.

Proof: Suppose Fac(s) NFzc(t) is infinite and let w be any luc.or of 5. As s
i> uniformly recurrent, we have, for any sufficiently long w € Fac(s)NFuc(t),
1 € Fac(1v), whence u € Fac(t). So Fac(s) C Fac(t), and counversely, so
Fac(s) = Fac(t). ¢

ProrositioN 7: Given a proper Sturmian word s, let w pe a word su: . wnat
u ¢ Fac(s) and Fac(u) \ {u} C Fac(s). Then there exists a fz:.. 1« of s
such that |u| = |v| and ||ulg — |v]a| > 7
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Proof: Clearly |u| > 1 because a,b € Fac(s). So let u = zwy,
T,y € A,w € A*. As zw,wy are factors of s, the same holds for zwy
and Zwy. As s is balanced it follows that z = y. Also w is special because
wy,wy € Fac(s).

Now, the special factor of length |w|+1 must be zw or Tw. As Twz = u is
not a factor of s, Tw is special, whence ZwZ € Fac(s). So putting ZwT = v
we have ||ulq — |[v|a] = 2. ¢

ProposiTION 8: i) A proper Sturmian word has a density; ii) two proper
Sturmian words have the same density if and only if they have the same set
of factors.

Proof of i): Let s be proper Sturmian. Put M (n) = Sup{|uls;u € Fy(s)}
and m(n) = Inf{|ulq; v € F,,(s)}. As s is balanced, M (n)—m(n) < 1. Also,
if v is the special factor of length n—1, va, vb € F,(s). So M(n)—m(n) =1
for all n € N4. Put D(n) = M(n)/n and d(n) = m(n)/n. Let p,q € N4.
As any factor of length pg is the product of p factors of length g we
have pm(q) < m(pq) < pM(q), or d(q) < d(pq) < d(q) + 1/q. Similarly
d(p) < d(pg) < d(p) + 1/p. It follows —1/p < d(p) — d(q) < 1/g. So
the sequence (d(p))pen, satisfies the Cauchy condition and has a limit, -y
say. Clearly (D(p))pen, has the same limit. Now, if u, is the left factor
of s of length n, d(n) < |uple/n < D(n). So lim |unla/n = -y, that is
s has density ~. e

Now, with a view to part ii), we prove that for all p € Ny, d(p) <
v < D(p). As d(p) < d(kp) for any arbitrarily large integer k, we have
d(p) < v and similarly v < D(p). Suppose, for instance, by contradiction,
that v = D(p). Let u be a word of length p such that |u|, = m(p). As s is
(uniformly) recurrent, there are infinitely many occurrences of u, and among
them we can choose two that occur at positions congruent modulo p. We then
have a factor w = wvu with |v| = kp for some k, for which M ((k+2)p)—1 =
m((k+2)p) < lwla = 2ula+[v]e < 2m(p)+M(kp) < 2M(p)—2+kM(p).
Therefore M ((k + 2)p) < (k+ 2)M(p) hence D(p) > D((k + 2)p) > 7,
and this is a contradiction.

Proof of i1): If s and t are proper Sturmian, denote by M, M; the functions
M relative to s and ¢ respectively, an so on. Clearly, if Fac(s) = Fac(t)
then Dg(n) = Dy(n) for all n, so s and ¢t have the same density.

Conversely, if s and ¢ have density «y, we have, for all n € Ny, ds(n) <
- v < Ds(n) i.e. mg(n) < ny < Ms(n), and similarly m¢(n) < ny < Mi(n).
So ms(n) = mi(n) and Ms(n) = My(n) for all n € N. It follows that
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if u € Fac(s) and v € Fac(t) with |u] = |v|, then ||u|s — |v|a| < 1. Now,
suppose by contradiction, that Fac(s) # Fac(t). Then, by Proposition 6,
there exists a factor w of s and ¢ and a letter = such that wz € Fac(s) and
wz ¢ Fac(t). So, by Proposition 7, we have, for some v € Fac(t), |v| = |wz]
and ||v|q — |wz|e| > 1, a contradiction.

The following definition is equivalent with Definition 2.

DEerINITION 8: A proper Sturmian word is standard if each of its left factors
is the reversal of a special factor.

ProprosiTION 9: Given a proper Sturmian word there is exactly one standard
proper Sturmian word with the same set of factors.

Proof: This follows trivially from Propositions 3i), 4, 5 and from the fact
that the special factor of length n — 1 is a right factor of the special factor
of length n.

The last proposition allows to recover by combinatorial arguments a
description of standard Sturmian words given in [17, pp. 65-68] where it
is shown that [0; gg, g1, - ..], with the ¢; as below, is the simple continued
fraction representing o of Definition 1 (see also [4] and a construction due
to Rauzy [13, 15]).

ProposiTION 10: Let s be a non ultimately periodic infinite word. Then the
following conditions are equivalent

i) s is standard proper Sturmian;

ii) there exists a sequence (g;)ieN Of positive integers such that, putting
Xo=a Yo=band forali €N, Xiy1 = XET'Y,, Yip1 = XY, we
have s = X1 XoX3---.

Proof: Proof. i) = ii). Let gy = Sup{n € N;a" € Fac(s)}.If go = 1 then
aa ¢ Fac(s), whence ba%~1bh = bb € Fac(s). If go > 1 then ba™b ¢ Fac(s)
for n < go — 1 because s is balanced; also, as bb ¢ Fac(s) and s is
not ultimately periodic, ba%~'b € Fac(s). Clearly ba®~! is a special
factor of s, hence a%~1b is a left factor of s because s is standard.
So, putting X7 = a®~1p V7 = a%b, we have s = X1Z17Z, - - -, where
Z; € {Xi,Y1} for ¢ € Ny. Let s5 = Z1Z3--+, so that s = Xjs1.
We shall show that sj, considered as an infinite word on the alphabet
Ay = {X1,Y1} is standard proper Sturmian. First, s; € A{ is not ultimately
periodic because, otherwise, s € A“ would be ultimately periodic. Now
if s; is not balanced, reasoning as in the proof of Proposition 3, we
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find w € AY such that X1 WX1,Y1WY; € Fac(s;). It follows that, for
some Z,Z' € Ay, ZX1WX; and Z'Y1WY; are factors of Xis1 € AY.
Consequently ba%~1pWa%~1p and a%bWal are factors of s, which is
impossible as s is balanced. So s;, considered as an infinite word on Aj,
is proper Sturmian. Now let W & A] be any left factor of s1. Then,
X1W € A% is a left factor of s, and as s is standard proper Sturmian,
bX1W,baX1W € Fac(s). So X1W € A} and 1W € Aj are factors of
s1, whence W (with respect to Aj) is special, and s; € A is standard
proper Sturmian.

Now repeating the argument on s; € Ay with ¢; = Sup{n € N ; X7 €
Fac(s1)} and Xy = X{‘l—lYl, Y, = XBY7, we get s1 = X952 where sg is a
standard proper Sturmian word on the alphabet Ay = {X3,Y>}. Continuing
this way, we get s = X381 = X1 X980 = --- = X1 X2 X3---.

i) = i). As s = X1 X3 X3---, we can define s; € A by s = X357 and
s; = Xiy184+1 for 2 € Ny. As all X;,Y; are products of factors equal to
X1,Y1,wehave s = 212, - -+, Z; € A1 = {X1,Y1}. Observing that 4; is a
prefix code [14, chap 1] or simply that the occurrences of b in s are markers
indicating the positions of factors X1, Y7, we are allowed to consider s; and
X1s1 as infinite words on the alphabet Aj. In the same way, s; and X;s,
may be considered as infinite words on A; = {X;,Y;} (when useful, we
precise the alphabet by writing “on A;” or “€ A" or “€ A}”).

It follows also that if bfb (resp. fb), f € A*, is a factor (resp. a left factor)
of s, then there exists a unique W € A7 such that fb = W and, moreover
that W is a factor (resp. a left factor) of s; (resp. of X1s1) € A7. Observe
also that X, and Y7 are factors of X;, for all « > 3, whence it follows that
a and b occur infinitely many times in s and that ba?b € Fac(s) if and only
if p = ¢qp or p = go — 1. Obviously, similar remarks apply to all s;.

First, we show that s is not ultimately periodic. As a and b occur infinitely
many times in s, if s is ultimately periodic with period p, say, we have
s = f(bg)“, f,g € A*, |bg| = p. Then there exist U,V € A} such that
fo=U, gb=V and Xys1 = UV¥ € AY. Letting |V| be the length of V'
with respect to Ay, we have |V|go + |V]y, = |gb] = p. So |V] < p, with
equality only if V' = X" for some m € Ny and go = 1, that is X7 = b,
whence s = fb“, an impossible case. As the period p1 of s1 € AY is a
divisor of |V| we get p1 < p. Similarly all s, € AY are ultimately periodic
with strictly decreasing periods. This being impossible, we conclude that s
and all s; are not ultimately periodic.
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Now we prove that s is balanced. For each ¢ € N4, if 5; € A? is
balanced, let n; = oo and if s; is not, let n, be minimal such that there
exist U,V € Fy, (si) with |U|x, —|V]x, > 1. Suppose by contradiction
that s is not balanced. Then there exist n minimal and u,v € Fac(s) with
n = |u| = |v| and |u|, — |v]|s > 1. As previously we get u = afa, v = bfb,
f € A*. Also f contains at least one occurrence of b because if f = aP,
then p+2 < gp and p > qg — 1, a contradiction. So f has a left factor of the
form a?b and, as af,bf € Fac(s), p = go — 1. Similarly, ba?~! is a right
factor of f. As bfb € Fac(s), we have then fb = W € A}, W € Fac(s1)
and W = X{H X, for some H € Aj}. Also afaa,aafa ¢ Fac(s) because
a®t! ¢ Fac(s). So afab € Fac(s). Moreover as a®b is not a left factor
of s, bafab € Fac(s). Hence afab = aXja%b = Y1HY7 is a factor of
s1 € A}. Consequently, by the definition of n1, |[W| > n1. As |fb] > |W|qo
we get n > ny + 1. Similarly n; > n2 and so on. This being impossible,
s is balanced and similarly all s, are.

Consequently, s and s; are proper Sturmian. It remains to show that
s is standard, that is af,bf € Fac(s) for any left factor f of s. It
suffices to consider the left factor f = X;X3---Xpy4q1 for arbitrary
h € N. We claim that, considering F' = X2X3---Xpy1 as a word on
Ay, if XiF,Y1F are factors of s; € AY, then af,bf € Fac(s). As
YiF = aX1Xo-- Xp41 = af € A" we have the result for af. Also,
as s1 is uniformly recurrent, Z X1 F € Fac(s1) for some Z € A;. Hence
bX1F = bf € Fac(s).

Repeating this argument, we get that af,bf € Fac(s) if XpXp41 and
Y3, Xh+1, considered as words on X3, are factors of s, € A}, and this
can be verified as follows. By a remark above, YthYh is a factor of
sp if and only if p = ¢, or p = g, — 1. So XpXp41 = X,g"Yh and
Y Xpi1 = YhX,‘{”_th are factors of sj,.

In conclusion, s is a standard proper Sturmian word.

OTHER RESULTS

Among the features of Sturmian words that have been or can be studied
without the help of the algebraic definition, let us mention: the description
of the palindrome factors [8], the fact that, if s is proper Sturmian, the Rees
quotient monoid A*/(A* \ Fac(s)) has the weak permutation property Py
(see [11]), the particular case of the Fibonacci word, and above all, two
important subjects, the characterization of the morphisms of A* that leave
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the set of all Sturmian words globally invariant [2], and the properties of the
“finite Sturmian words”, that is the factors of (infinite) Sturmian words [7, 9].
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11.

12.
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14.
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16.
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