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UNAVOIDABLE LANGUAGES,
CUTS AND INNOCENT SETS OF WORDS (*)

by L. Rosaz (1)

Communicated by C. CHOFFRUT

Abstract. — A language X on an alphabet A is unavoidable iff all but finitely many words in A*
have a factor in X. In this paper, cuts (which are basically simplifications of languages in terms of
avoidability) and innocent language (those which cannot be cut) are defined. Their properties, most
of which are related to unavoidable languages, are studied.

1. INTRODUCTION

A language X on the finite alphabet A (that is a subset X of the free
monoid A*, that is a set X of words on an alphabet A) is unavoidable iff
all but finitely many words in A* have a factor in X. This is not to be
confused with unavoidable patterns, such as the square in squarefree words.
See D. R. Bean, A. Ehrenfeucht and G. F. MacNulty {2] or Lothaire [13]
for references on this latter topic.

Unavoidable languages appeared in 1964 in a paper by M. P. Schut-
zenberger (see [19]) where he gave a bound on the maximal length of a
word that avoids a finite unavoidable language. This bound depends on the
maximal length of the words in the unavoidable language. M. Crochemore,
M. Lerest and P. Wender proved later (in 1983) in [5], that the bound given
by M. P. Schutzenberger was the best possible.

Unavoidable languages were explicitly introduced in 1983 by A. Ehren-
feucht, D. Haussler and G. Rozenberg in [6] in a generalization of Higman’s
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340 L. ROSAZ

result [8]. Higman’s theorem states that if A is a finite alphabet, then in
every infinite language {w;|¢ € I} on A, there is a pair (u;, u;) of words
with 4 # j such that u; is a subword of u; (a subword of a word u is a
word v obtained by taking a subsequence of the letters of w. For example
ac is a subword of abc). The generalization by A. Ehrenfeucht, D. Haussler
and G. Rozenberg says that if the partial order relation < is the transitive
closure of:

“u < v iff Jw,y, z withw, 2z € A* and y € X
such that vy = wzandv = wyz2”,

then X is unavoidable iff every infinite language on A contains two different
words v and v such that u < v. One gets Higman’s theorem from this result
by considering X = A.

W. Bucher, A. Ehrenfeucht and D. Haussler generalized the latter result
in [3]. Kruskal in [9] and L. Puel in [16] gave some similar results on trees
instead of words.

It had been conjectured that if X is unavoidable, then there is a word
w in X and a letter « such that X — {w} + {wa } is still unavoidable.
This word-extension conjecture was often called Ehrenfeucht’s conjecture,
though it might be due to D. Haussler. A counter-example to this conjecture
can be found in [17].

In 1984, C. Choffrut and K. Culik published [4] where they recalled
some basic results (An unavoidable language always contains a finite
sublanguage which is unavoidable, recall of the automaton of A. V. Aho
and M. J. Corasick [1], and use of this automaton to decide whether a
given language is unavoidable) and gave some interesting new ones (partial
answer to the word-extension conjecture, uniqueness of the extention of a
word when it exists, first use of some important tools such as bi-infinite
periodic words...). This paper is the one to be read as an introduction to
unavoidable languages.

There are other notions of “unavoidable” in theoretical computer science:
Unavoidable patterns, such as the square in squarefree words, see D. R. Bean,
A. Ehrenfeucht and G. F. MacNulty [2] or Lothaire [13] for references on
this topic; unavoidable words with patterns, see [12]; unavoidable trees,
which were studied by L. Puel in her thesis [16] where she generalized
Kruskal’s theorem [9]; unavoidable subset of an ordered set, see [15].

An unavoidable language X is minimal iff no proper sublanguage ¥ of
X is unavoidable. This paper first gives a simple necessary and sufficient
condition on a finite language Y for the existence of a finite minimal
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UNAVOIDABLE LANGUAGES, CUTS AND INNOCENT SETS OF WORDS 341

unavoidable language X containing Y. This result is used in the proof of
proposition 6.11.

Then, I will introduce cuts: A language X cuts into a language Y in an
elementary way iff [Y = X — {u} where u € X and there is a proper
factor v of u which belongs to X, or if Y = X — {ua} + {u} where
ua € X (a is a letter) and for every letter b # a, there is a suffix wuy
of w such that upb € X, orif Y = X — {au} + {u} where au € X
(a is a letter) and for every letter b # a, there is a prefix u; of w such that
bup € X]. A language X cuts into a language Y iff a finite sequence of
elementary cuts leads from X to Y.

The basic interest of cuts is that if X cuts into Y, then Y is “shorter” than
X, but the set of bi-infinite words avoiding X (that is the set of bi-infinite
words with no factor in X) is the same as the set of bi-infinite words avoiding
Y, so a cut is a simplification when you are interested in the set of bi-infinite
words avoiding a given set of finite words (For example, for unavoidable
languages, you want this set of bi-infinite words to be empty, and if you deal
with symbolic dynamic systems, this set of bi-infinite words is a system of
finite type defined from the finite set of finite words they avoid.)

A language is innocent iff it cannot be cut. The main result for finite
languages X is that there is a unique innocent language X such that the
bi-infinite words avoiding X are the same as the bi-infinite words avoiding
X, and that X cuts into X. Consequently, one gets an algorithm to decide
whether a finite language is unavoidable (It seems that J. P. Duval discovered
this algorithm before I did, but he did not publish it.) By defining eventual
cuts, one gets similar results for infinite languages. One can define strong
equivalence for languages as X ~; Y iff X = Y iff the bi-infinite words
avoiding X are the same as the ones avoiding Y. Another definition, with
not so clear properties, is the weak equivalence: X ~, Y iff the periodic
bi-infinite words avoiding X are the same as the ones avoiding Y.

Various results and properties on these notions will be given in this paper.

I first recall in section 2 some basic definitions on words: on finite words
and languages (length of a word, word &, concatenation, factors, prefixes,
suffixes on finite words, operations +, product, * and * on languages),
and on infinite words (finite factor of a bi-infinite word, periodic bi-infinite
words, notation uZ, equivalence = (equality up to a translation)). I define
unavoidable languages and I give some examples in section 3. A necessary
and sufficient condition for the existence of an enlargement of a language
X into a minimal unavoidable language is given in section 4. In section 5,
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342 L. ROSAZ

cuts are defined, as well as innocent and guilty languages, and their basic
properties are given, which lead to an algorithm to decide whether a finite
language is unavoidable. Section 6 gives further properties of cuts, which
lead to the definition of acquitted X for finite languages X and to strong
and weak equivalences. Section 7 restates the uniqueness of acquitted X for
finite languages X, with a more natural, but longer and more technical proof
than the one in section 6. This section also states that one can get acquitted
X by acquitting on the left, then on the right. Section 8 generalizes the most
important results of the previous sections to infinite languages. This requires
the definition of eventual cuts. In section 9, I give a few open problems.

2. BASIC DEFINITIONS

To begin with, let me precise that I consider that N = {0, 1, ...}, so
that 0 € N (The set {1, 2,...} = N— {0} will be denoted by N*).
I also precise that whenever I write X — Y, where X and Y are two sets,
I implicity assume that ¥ C X.

An alphabet is a finite set whose elements are called letters. The alphabet
is usually denoted by A. A finite word (or for short, a word) on A is a finite
sequence of elements of the alphabet. A word will be denoted by writing its
letters one after the other. Unless otherwise stated, every word, and every
set of words we will talk about, is implicity on an alphabet denoted by A.
The length of a word u, denoted by |« |, is the number of its letters. There
is a word of length 0 which is denoted by €. The number of occurrences of
a letter o in a word w is denoted by | u |o. It is clear that Z |ula = |ul.

, acA
The concatenation of two words u and v, denoted by ww, is the word

obtained by writing the letters of » and then those of v. A factor of a word
u is a word v such that there exist words w and z such that u = wvz. A
factor v of w is proper if it is different from w.

A word v is a prefix of a word u iff there exists a word w such that © = vw.
A word v is a suffix of a word u iff there exists a word w such that v = wwv.

A language is a set of words. Then the set of all the words on an alphabet
A, (which is denoted by A*) with the concatenation product is the free
monoid on A. The set of the words on A of length [ is A! and the set of
the words of length less than or equal to [ is denoted by A<, Sometlmes
the language {u } will be denoted simply by wu.

A bi-infinite word is a Z-sequence of elements in A (An infinite
word is an N-sequence). The set of all bi-infinite words on A is
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denoted by AZ. A bi-infinite word is denoted by (ai);ez or by
cei@ep Gepyl ... G2 Q1 GO A1 G2 ... Qg ...

A finite factor of a bi-infinite word R = (a;); ez is a finite word u such
that there are integers N and N’ such that u = ap ...an/—1.

If the sequence is periodic of period 7', then the bi-infinite word will be
said to be periodic of period T. Such a word X = (a;);cz is given by
(ai)ieqo,.., 7—1}- That word will be denoted by u? where u = ag ... ap_1.

Let 1 = (a1,n)nez and Ry = (a2, )n ez be two bi-infinite words on the
alphabet A. They will be said to be translates of each other iff there is a p
such that Vn € Z, a1 n = a2,n4+p. The notation &) = Ry will be used to
say R; and Ny are translates of each other, and X; # N3 to say they are not.
The relation = is clearly an equivalence relation. From now on, bi-infinite
words will always be considered up to translation. Note that if p, s are words
(not both equal to €), then (ps)? = (sp)Z.

An infinite word is a N-sequence of elements in A. An infinite word can
be denoted by (a;); en. If the sequence is periodic of period 7', then the
infinite word will be denoted by ™, where u = ag ... ar_1.

3. UNAVOIDABLE LANGUAGES

ProrosiTiON 3.1: Let X be a language, then the following two properties
are equivalent:

(1) There is an integer N such that, for every word u in A* of length at
least N, there is a word v in X which is a factor of u.

(ii) For every word R in AL, there is a word v in X which is a factor of R.

Moreover, if X is finite, then the above two properties are equivalent to
the following one:

(iii) For every periodic word X in A%, there is a word v in X which is
a factor of N.

Proof of proposition 3.1: (i) = (ii): Assume —(ii): There is a bi-infinite
word N such that no element in X is a factor of N. Let £ be the set of
the finite factors of N. Elements in X are factors of no word in E. This
language E contains words of every length and therefore (i) is not satisfied.
One has —(i).

(i) = (i): Assume —(i), then there is, for every n € N, a word u,, with
no factor in X and which is of length 2n+1. Let (an,i)neN,ic 7, —n<i<n be
the letters such that u, = an,—n Gn,—n41...An,0 ... Gn,n for every n € N.
Define (@n,i)neN,icz,|i|>n 0 an arbitrary way. Then let Ry, = (an,i)iez
for every n € N. Put the discrete topology on the alphabet A, which
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becomes a compact metric space, and the infinite-product topology on AZ
which becomes also a compact metric space. Thus, one can extract from
(Rn)nen a subsequence (Ny (n))neN Which converges to a bi-infinite word
R = (ai)iez- The convergence of (R4 (n))nen to X implies that each finite
factor of N is a factor at the same position of all but finitely many Ry (,)’s,
therefore is a factor of a word u, for some n € N, and therefore is not in
X. So no element in X is a factor of X. Consequently, (ii) is not satisfied:
One has —(ii).

(1) = (iii) is obvious.

If X is finite, then (iii) = (i):

Assume (iii). Let [ = max |v], K = (card A)! (K is the number of words

on A of length /) and N = (K + 1) [. Let u be a word of length at least N.
The word u can be written ¥ = ug u1 ... u z where for every 4 in [0, k], u
is a word of length [/, and where z is a word. Because there are K + 1 uy’s
and only K different words of length [, two u;’s must be equal, i.e. 37 < j
such that u; = u;. Let w = w; u;41 ... u;—1. Because (iii) is assumed to be
true, there is an z € X which is a factor of wZ. We have now two cases:
o If z is a factor of w, then z is also a factor of u since w is a factor of .
o If z is not a factor of w, then there are an n € N, a suffix s and a prefix
p of w such that z = sw” p. But |w| = (j—i)l2l=m€a)){c lv| > ||,
therefore n mustbe 0 and z = sp(orn=1and s =p = 61,) but then z = w
which cannot happen here since we have assumed that z is not a factor of w).
But pis a prefix of w = u; ... u;_1 and (since z = sp), |p| < |z | <1 = ||,
therefore p is a prefix of u;, which is the same as u;. Since s is a suffix
of w = w;...uj_1, since p is a prefix of u; and since z = sp, one gets
that z is a factor of wu; = u; ... u;—1 u; which is a factor of u. Therefore
z is a factor of w.
In both case, x is found to be a factor of u, and (i) is proved.
Proposition 3.1 is proved. O

Notes 3.2

¢ The implication (iii)) = (i)} is false for infinite languages, see for
example X = {uu|u € A"}, the set of non-¢ squares on the alphabet
A = {a, b, ¢} with the help of [2].

© When X is finite, another way to prove proposition 3.1 is to build an
automaton recognizing finite and infinite words with no factor in X and
then to see that the above three conditions are equivalent to “there are no
loops in the automaton”.

Informatique théorique et Applications/Theoretical Informatics and Applications
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DeriNiTiONs 3.3: A language X is unavoidable iff it satisfies the first two
conditions in proposition 3.1, it is avoidable iff it does not.

Equivalent definitions are:
Let X be a language, then X is unavoidable iff:

o A* — A* X A* is finite: all but finitely many finite words have a factor
in X.

o AL — A~NX AN is empty: all bi-infinite words have a factor in X.

DeriniTION 3.4: Let X be a language and w be a finite or a bi-infinite
word, then w avoids X if no element in X is a factor of w.

Finite unavoidable languages are quite representative of unavoidable
languages thanks to the following proposition:

ProprosITION 3.5: Let X be an (infinite) unavoidable language. There is a
finite sublanguage X' of X which is unavoidable.

Proof of proposition 3.5: This proposition is proved by W. Bucher,
A. Erhenfeucht and D. Haussler in [3] and by C. Choffrut and K. Culik
in [4]. A short proof of this fact is: Let S, be the set of bi-infinite words
containing w as a factor, then Uy ¢ x S = AZ. But with the infinite-
product topology, the Sy,’s are open and AZ is compact, thus there is a
finite sublanguage X’ of X such that |J S, = AZ, that is, which is

we X’
unavoidable.

Proposition 3.5 is proved. [

Examples 3.6

o X = A is unavoidable.

oVn € N, X = A" (The set of the words of length n) is unavoidable.
oIf A= {a, b}, then X = { aa, bab, bbbbbbbbbb } is unavoidable.

Indeed, try to construct a bi-infinite word X which avoids X: all a’s must
be preceded and followed by a b because aa € X, thus must be included
in a factor bab. But bab € X, so there must be no a’s in X, so N has to be
bZ, but then it contains bbbbbbbbbb which is in X. Thus no bi-infinite word
can avoid X, which is therefore unavoidable.

o If A= {a, b}, then

X = {bb, bab, baab, baaab, ..., ba'b, ..., ba"b, ba"t1, a"t?}

is unavoidable.
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Indeed, assume X is a bi-infinite word which avoids X and contains a b.
This b must be followed by an a, because bb is in X. Moreover, there cannot
be more than 1+ 1 consecutive a’s after that b because ba™t! is in X. Thus,
after that b, there are k o’s where 1 < k < n, and those a’s are followed
by a b, so that X contains bak b, which is in X, there is a contradiction.
Thus there cannot be any b in a word avoiding X, so there are only a’s,
but this is also forbidden, since a"*2 is in X. So, no bi-infinite word avoids
X, which is therefore unavoidable.

oIf X ={li,..., L}, X' ={l,..., I} },if l; is a factor of I} for all
7 and if X' is unavoidable, then X is also unavoidable.

o If X C X' and if X is unavoidable, then X' is also unavoidable.

By looking at the last example, one can see how unavoidable languages
can be uselessly big. That leads to define minimal unavoidable languages.

DerniTioN 3.7: Let X be an unavoidable language, it is minimal iff no
proper sublanguage of X is unavoidable, that is iff

Y ¢ X,Y # X] = [Y is avoidable]].
Note that because of proposition 3.5, every minimal unavoidable language
is finite.
See [17] to see how to make systematic inventories of unavoidable
languages.

Note 3.8: To know whether or not a given finite language X is unavoidable,
one can build an automaton recognizing the words with no factor in X,
and see if this automaton has loops. For more details, see A. V. Aho and
M. J. Corasick [1], or C. Choffrut and K. Culik [4]. Another algorithm will
be given in this article.

4. EXISTENCE OF AN ENLARGEMENT OF A FINITE LANGUAGE INTO A
MINIMAL UNAVOIDABLE LANGUAGE

It is the aim of this section to study the following problem: Let Y be a
finite language. Is there a finite language X which is a minimal unavoidable
language such that Y C X?

Note that if one does not ask for a minimal, but for a plain unavoidable
language X, then the problem becomes obvious: The language X =Y U Z,
where Z is any unavoidable language, is an unavoidable language containing
Y. Note also that if Y is infinite, then it is contained in no minimal
unavoidable language X since such a language X cannot be infinite.
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DerintTION 4.1: Let Y be a finite language. The language Y is separable
iff for every y in Y, there is a periodic bi-infinite word R, such that y is the
one and only one element in ¥ which is a factor of V,.

THEOREM 4.2: Let Y be a finite language, then there is a minimal
unavoidable language X such that' Y C X iff Y is separable.

Proof of theorem 4.2:

The necessity of the condition

Assume Y is not separable, then there is a y € Y such that every periodic
bi-infinite word containing the factor y contains also a factorin Y — { y }. Let
X be an unavoidable language with Y C X. Then every periodic bi-infinite
word X has a factor in X which is: '

— either an element in X — Y

—or an element in ¥ — {y}

—or y.

But in the last case, X has also a factor in Y — { y }, so that X always has a

factor in X —{ y }. Therefore, X —{ y } is unavoidable and X is not minimal.
Thus, there is no minimal unavoidable language X which contains Y. [

The sufficiency of the condition

Assume Y is separable: For every y € Y, there is a periodic bi-infinite
word N, such that y is the unique element of ¥ which is a factor of R,.
Let P = {Ry|y € Y}

We will use the following lemma:

Lemma 4.3: Let (Ry)ycy (at that point, Y can be any finite set of index)
be a finite family of periodic bi-infinite words, then there is a finite language
C such that a periodic bi-infinite word R avoids C iff there isy € Y such
that X = Ny (that is, {Ry |y € Y } are the only bi-infinite periodic-words
avoiding C).

Proof of lemma 4.3: Let T, be the smallest period of Ry and T' = max T,.

. yeyY
Let B be the set of the words which are factor of no Ry:

B = {w € A*|Vy € Y, wis not a factor of Ry }.

Let C be the set of the words w € B with no proper factor in
B : C={w € B|[v is a factor of w,v # w|] = [v € B|}
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(that is, C' is the set of the minimal elements of B according to the order
“is a factor of”).

LemmA 4.4: If R and X' are two different periodic words of respective
periods T and T', and if w is a factor of both R and N, then |u| < T +T'.
(Here, “different” means “different up to translation”, that is #.)

Proof: Left to the reader or see [7] or [13]. O
We show now that C is finite:

Let w be a word in C of length at least 2. One can write w = av 3
where o, B € A and v € A*. The words av and v are proper factors
of w, so they are not in B (see the definition of C), therefore there are two
bi-infinite words R, and Rg in {X, |y € Y }, such that av is a factor of
Ny and v is a factor of Ng.

If Ry # Njg: Let T, and T be the respective periods of R, and Ng.
The word v is a factor of both N, and Rg, therefore (see lemma 4.4),
|v| < To + T3, hence |w| < Ty + T + 2.

If Ry = Rg: Let T be the period of X, = Ng (denoted by R from now on),
then [@v and v 3 are some factors of X, but a:v 3 is not] implies |v | < T.
Indeed, assume |v| > T. Let u be the prefix of v of length T. The word
u is a factor of N (because v is a factor of R), of length the period of X.
Therefore X = uZ, and there are k£ > 0 and p € A* such that v3 = ¥ p g8
and such that p 3 is a prefix of u. But v 8 = au” p 8 is not a factor of X,
therefore the last letter of v is NOT «. The word o v is a factor of R, so
awu is a factor of R, so (Jau| =T + 1), awu is a factor of wu, but is not
a suffix of uu (because « is not the last letter of u). Therefore, u can be
written u = uj ug with [u1| > 0, |uz| > 0 and up u; = u. Then |uy | is a
period of R which contradicts the fact that T is the smallest period of ¥.

In both cases, one finds that w must be of length less than 27 + 2. The
length of the words in C is bounded, therefore C is finite.

Let R be a periodic bi-infinite word of period T.

If X = N, for some y € Y, then (by definition of B) no element in B is a
factor of any X, so X avoids B and therefore (because C C B) X avoids C.

If X # R, for every y € Y, then:

Let z be a factor of N of length T 4+ T + 1; by lemma 4.4, z cannot be a
factor of any X, (for y € Y), so z is in B. There is a factor 2’ of 2z which
is in C. Then 2’ is in C and is a factor of R, therefore X does not avoid C.

Therefore, C' satisfies the conditions of lemma 4.3.
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Lemma 4.3 is proved. O

Let C be a finite language satisfying conditions of lemma 4.3. Since Y UC
is finite and since a finite language is unavoidable iff no periodic bi-infinite
word avoids it, one gets that Y U C is unavoidable.

Moreover, every minimal unavoidable language contained in Y U C
contains Y.

Indeed, let X be an unavoidable language such that X C (Y U C). Let
y € Y, then Ry has a factor in X, but y is the only factor of R, in Y, so
no element in ¥ — {y } is a factor of X, and Ry has no factor in C' (because
N, avoids C), so the factor of Ry in X must be y itself, so y € X. This
is true for every y € Y, s0 Y C X.

As a conclusion, Y U C is finite and unavoidable, there is a sublanguage
X of Y U C which is a minimal unavoidable language. This language X
contains Y, so it satisfies the required conditions.

Theorem 4.2 is proved. [

5. CUTS

In this section, I will introduce cuts, and give the properties which lead to
an algorithm to decide whether a finite language is unavoidable. It seems that
J. P. Duval discovered this algorithm before I did, but he never published it.

The idea of cuts is to remove what is obviously useless in terms of
avoidability.

Let X = {ab, baba}, a bi-infinite word which contains a factor baba
contains also a factor ab (because ab is a factor of baba), therefore a bi-
infinite word avoids X iff it avoids {ab}, so that baba has no effect on
the avoidability of the set.

Let {a, b} be the alphabet and let X be {babba, bbb}. A bi-infinite
word which contains a factor babb contains either a factor babba or a factor
babbb. In the latter case, it contains also a factor bbb, since bbb is a factor of
babbb. Therefore a bi-infinite word avoids X = { babba, bbb } iff it avoids
{ babb, bbb}, so that, in terms of avoidability, the last a in babba is useless.

Cuts are going to remove these useless parts. If X cuts into Y, then a
bi-infinite word will avoid Y iff it avoids X.

Let X and Y be some languages on the alphabet A, we consider the
following properties on X and Y:

(1) There are some words u, v € X, such that u # v, u is a factor of
vand Y = X — {v}
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(2r) There is a letter « € A and a word ©u € A* such that:
(u ¢ X,
uc is in X,
) for every B € A, [ # «, there is a suffix ug of u such that Sfug € X and
Y =X — {ua} + {u}

(2l) There is a letter « € A and a word u € A* such that:

(u ¢ X,

au is in X,

< for every B € A, B # «, there is a prefix ug of u such that ug8 € X and
Y =X — {au} + {u}

(37) There is a word u € A* such that:

uég X,

forevery a € A, ua € X

Y =X —uAd+ {u}

(31) There is a word © € A* such that:
udg X,

forevery a € A, au € X

Y =X - Au+{u}

DerintTions 5.1: Let X and Y be two languages, then:

The language X cuts into Y (resp. cuts into Y on the right, resp. cuts into
Y on the left) in an elementary way iff (1), (2r) or (20) is satisfied (resp. iff
(1) or (2r) is satisfied, resp. iff (1) or (2[) is satisfied).

The notation X &Y (resp. X 2y, resp. X cﬁ»tl Y') will be used to say
that X cuts into Y (resp. on the right, resp. on the left) in an elementary way.

The language X cuts into Y (resp. on the right, resp. on the left) in an
almost elementary way iff (1), (2r), (21), (3r) or (30) is satisfied (resp. iff
(1), 2r) or (3r) is satisfied, resp. iff (1), (2I) or (3]) is satisfied).

The language X cuts into Y (resp. on the right, resp. on the left) iff
there is a finite sequence X = Xy, Xi, ..., X = Y such that for all
i € [1, n], X;—1 cuts into X; (resp. on the right, resp. on the left) in an
elementary way.
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The notation X %% Y (resp. X Cu—t;T Y, resp. X CEE;Z Y) will be used to
say that X cuts into Y (resp. on the right, resp. on the left).

Note: If X cuts into Y in an almost elementary way, then X cuts into
Y (proof left to the reader), and therefore (proof also left to the reader), a
definition equivalent to the last of the definitions 5.1 is:

DEerINITION 5.1 (bis): Let X and Y be two languages, the language X cuts
into Y (resp. on the right, resp. on the left) iff there is a finite sequence
X = Xo, X1, ..., Xm =Y such that for all : € [1, m], X;_1 cuts into
X; (resp. on the right, resp. on the left) in an almost elementary way.

Note 5.2: In (2r) and in (2]), the “8 # o’ is not necessary since, by
defining u, = u, one gets that u, is a prefix of u and that u, @ € X. Note
also that the definition of cuts would not be changed if one removed the
condition “u & X in (27), (2r), (3r), (3]). It is for the sake of convenience
that they were included.

Examples 5.3: (The alphabet is {a, b, c})

(aaaa ) aaa
aaab aaab
< ac  cuts into ac on the right in an elementary way by
be be property (2r) with @ = a and v = aaa,
| ccc cce
(aaa )
aaqa
aaab ac
{ ac , cuts into be (OO the right in an elementary way by
L be cce property (1) with v = aaa and v = aaab,
ccc
(aaa ) aaa
ac . ac .
4 be » cuts into be on the left in an elementary way by
L ccc ) cc property (21) with o = cand u = cc,
(aaa )
< Zz L cuts into {aza } on the left in an almost elementary way by
| cc ) property (3]) with v = c.
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aaaaq
aaa
aaab ac
Therefore, ac cuts into be on the right,
be .
cce
cce
aaaa
aaa
ac aaa aaab aaa
cuts into { } on the left and ac cuts into { }
be c c
be
cce
cce

DeriNniTIONS 5.4: Let X be a language, X is innocent (resp. innocent on
the left, resp. innocent on the right) iff it cannot be cut (resp. cut on the left,
resp. cut on the right) except in the obvious way, that is iff [X cuts into ¥V
(resp. on the left, resp. on the right)] implies [X = Y and the sequence of
elementary cuts is trivial: X = Xy = Y.

A language is guilty (resp. guilty on the left, resp. guilty on the right) iff it
is not innocent (resp. on the left, resp. on the right).

Examples 5.5: (Still with alphabet {a, b, c})

(aaaa

aaab
ac is guilty on both sides and is therefore guilty,
be

[ cce

( aaa

{ Z((j is innocent on the right, guilty on the left and is therefore guilty,

cce

\
aaa | . . . . .
{ c } is innocent on both sides and is therefore innocent.

Cuts are a simplification in terms of unavoidability and a convenient tool.
We study now the basic properties of cuts we will use for unavoidable
languages:

PropPOSITION 5.6: Let X and Y be two languages such that X cuts into Y,
then a bi-infinite word R avoids X iff it avoids Y.
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Proof of proposition 5.6: It is enough to prove the proposition in the case
where X cuts into Y in an elementary way (and then one gets the general case
by an easy induction on the length of the sequence). There are three cases:

o case 1: the language YV is X — {v} with u, v € X, u # v, u is
a factor of v

If X avoids X, it avoids Y since ¥ C X.

If X avoids Y, it avoids u (since u € Y'), therefore it avoids v (because
u is a factor of v) and therefore it avoids X (it avoids Y and v, and
X =YUu{v).

ocase2r:Y =X —{ual+{u}withu € A*, o € A, ua € X and
[for every 8 € A, B # a, there is a suffix ug of u such that ug 8 € X].

If X avoids Y, then X avoids X —{ v } (because X —{ua} C Y)andu o
(because X avoids Y and v € Y, so X avoids u, but v is a factor of u ¢, so R
avoids also u @), therefore R avoids X (because X = (X —{ua})+{uva}).

If X avoids X, it avoids X — {ua } (because X — {ua } C X). Assume
N does not avoid w, this means that u is a factor of X. The (or one of the)
occurrence of » in N is followed by a letter 8 € A, so that u 3 is a factor
of R. Now, there is ug suffix of u such that ug 3 is in X (If 8 = «, then
take uq = u), but ug B is a factor of X (because ug 3 is a factor of u 3
which is a factor of X), which contradicts the fact that X avoids X.

Therefore X avoids {u }, so X avoids Y (because X avoids X — {ua}
and {u}, and Y = (X — {uva})+ {u}).

ocase2l:Y =X —{ua}+{u} withu € A*, o € A, au € X and
[for every B € A, B # a, there is a prefix ug of v such that fug € X].

The proof of this case is the symmetric of the previous one.

Proposition 5.6 is proved. [

ProposiTion 5.7: Let X and Y be two languages. If X cuts into Y, then,
for every language Z, [X U Z is unavoidable] iff [Y U Z is unavoidable].

Proof: This is an easy corollary of proposition 5.6. [

ProposITION 5.8: Let X and Y be two languages. If X cuts into Y, then
X is unavoidable iff Y is unavoidable.

Proof: This is proposition 5.7 with Z = (. O

Prorosition 5.9: Let X be a language. If X is innocent on the right (resp.
innocent on the left, resp. innocent) and unavoidable, then X = { ¢ }.
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Proof of proposition 5.9: Assume X is innocent on the right and X # {¢ }.
We show that X is avoidable.

If X = (), then X is avoidable, so we assume from now on that X # 0.
We prove by induction on L € N that there is a word u € A* of length L,
such that u avoids X:

L=0: X #0and X # {e}, so there is a word v € X with v # ¢,
therefore ¢ ¢ X (because if £ € X, then the facts that € is a factor of v,
that € # v, and that €, v € X contradict the innocence of X) and therefore
€ (which is of length 0) avoids X (The only factor of ¢ is itself).

Assume there is a word v of length L which avoids X, we will find a
letter o such that v o (which is of length L + 1) avoids X. Assume that for
every 3 € A, v does not avoid X, this means that there is zg3 € X which
is a factor of v 8. The word z 3 is not a factor of v (because v avoids X and
zg € X), so zg is a suffix of v 3, and since x5 # € (because zg € X and
e ¢ X), there is a suffix ug of v such that g = ug 8. Now let o be such
that |ue | = fineaﬁ |ug | and let u = uq. Then ua = zo € X and for every

B € A, B # a, ug is a suffix of u (because ug and u = u, are suffix of the
same word v and |ug | < |u|) such that ug (= z3) € X. This contradicts
the fact that X is innocent. Therefore, there is a letter 3 € A such that v 3
avoids X, and the induction hypothesis is true for L + 1.

By induction, there are words of every length which avoid X. So X is
avoidable.

The result is the same if X is innocent on the left (by symmetry) and if
X is innocent (because if X is innocent, then it is innocent on both side).

Proposition 5.9 is proved. [

THEOREM 5.10: Let X be a finite language, then the following properties
are equivalent:

(i): X is unavoidable
(i1): X cuts into {e}
(iii): X cuts into {€} on the right
(iv): X cuts into {€} on the left
Proof of theorem 5.10: (iii) = (ii) is obvious.
(ii) = (i) because of proposition 5.8 and because { ¢ } is unavoidable.
(i) = (iii) is proved by induction on L = Z |w]:
weX
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L=0:1If E |w| =0 and X is unavoidable, then X = {e} and the

. weX
result is obvious.

Assume that [[Y" is unavoidable and Z |w| < L] =Y cuts into {e }
weY
on the right], and that X is an unavoidable language with Z |w|=L+1,

then: X is guilty on the right (because { ¢ } is the only un;/(e)i)éable, innocent
on the right language, see proposition 5.9), therefore, there is Y such that
X cuts into Y on the right in an elementary way. But Y is unavoidable
(because of proposition 5.8) and Z jwl| < Z |lw| = L+ 1, so, by

. . . WEY w e X .
the induction hypothesis, ¥ cuts into € on the right. Therefore X cuts into

{e} on the right.

By induction, the property is true for every L.

Therefore (i), (ii) and (iii) are equivalent. By symmetry, (i), (ii) and (iv)
are equivalent and therefore (i), (ii), (iii) and (iv) are equivalent.

Theorem 5.10 is proved. [

Note 5.11: When X is unavoidable, then it cuts into { ¢ } whichever way

you take, because if you cut X into Y, then Y is unavoidable and therefore
it cuts into {e }.

Note 5.12: Proposition 5.10 and note 5.11 give an algorithm to know
whether a given finite language X is unavoidable: write down the elements
in X and cut as long as you can. The language X is unavoidable iff you
can reach { e} and is not if you get stuck before reaching { ¢ }.

6. FURTHER STUDIES OF CUTS

This section is devoted to natural questions one can ask oneself about cuts.

The main results of this section are, first that for every finite language X,
there is a unique innocent language X such that X cuts into X, second the
equivalence between (where X and Y are two finite languages):

MHX =Y.

(2) for every bi-infinite word N, ([R avoids X] iff [N avoids Y])
and third the equivalence between:

(3) For every finite language Z, X U Z is unavoidable iff Y U Z is
unavoidable.

(3") For every language Z, X U Z is unavoidable iff Y U Z is unavoidable.
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(4) For every periodic bi-infinite word X, ([N avoids X] iff [R avoids Y]).
The languages satisfying (1) and (2) will be defined to be strongly
equivalent.

The languages satisfying (3) and (4) will be defined to be weakly
equivalent.

LEmMa 6.1: Let Y be an innocent language, and v be a finite word which
avoids Y, then there is a bi-infinite word X such that N avoids Y and such
that v is a factor of N.

Proof of lemma 6.1: If ¢ € Y (which in fact would imply Y = {¢}),
then v cannot exist, because every word contains € as a factor, so one can
assume from now on that ¢ ¢ Y.

One builds by induction some letters ai, ..., ar,...and by, ...,
by, ...such that the word defined by vy, = ar, ... ay vb; ... by, avoids Y:

L = 0: No letter needs to be built and ug = v avoids Y.

Assume (a;)i<r, and (b;);<r, are built so that uy, = ar, ... ajvby ... by,
avoids Y.

Assume that for every letter 8 € A, there is a word zg € Y which
is a factor of ur . Because uy, avoids Y, zg is not a factor of uz, and
therefore x5 must be a suffix of uy, 8. Since zg # € (because zg € Y and
€ ¢ Y), there must be a suffix ug of uz such that z3 = ug . Let o be
such that |uy | = max |ug | and let u = uq, then v € Y and for every

letter 8 # a, ugB € Y and wug is a suffix of u (because they both are
suffixes of uz, and |u| > |ug|). This contradicts the innocence of Y, so
there is a letter by,41 such that no word in Y is a factor of uy, by, that
is, such that uz br4; avoids Y.

By a symmetric reasoning (on the left, using uy, by 4+ instead of uy), there
is ar+1 such that ar4q (ur bp41) avoids Y.
Therefore, (a;)i<r+1 and (b;)i<r+1 are built with the required property.

By induction, (a;);en+ and (b;);en- are built and it is easy to see that
the bi-infinite word X = ... ap ... agay vb1 by ... by ... avoids Y.
Lemma 6.1 is proved. [

COROLLARY 6.2: Let Y be an innocent language. For every y € Y, there
is a bi-infinite word Ry which avoids Y — {y }, but contains y as a factor.

Proof of corollary 6.2: Because Y is innocent, no 3y € Y — {y} is a
factor of y, so y avoids Y — { y }. The language Y is innocent, so Y — {y }
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is also innocent. Therefore corollary 6.2 is a consequence of proposition 6.1
with (y, Y — {y }) used instead of (v, Y).

Corollary 6.2 is proved. [J

Note 6.3 on corollary 6.2: The words XN, are not stated to be periodic and
in fact cannot be. Consider for example Y = {ab, ba }.

DEerINITIONS 6.4: Let S be a set of bi-infinite words, then S and S are
defined as:

S={u € A*|VR € S, u is not a factor of N}.
S={ue S|Vv e A*, [v € S and v is a factor of u] = [v = u] }.

S is the set of the words that never appear as a factor of a word in S,
and S is the set of the minimal elements of S for the order “is a factor
of” (S is the subset of S consisting of all the words u such that no factor
of u (except u itself) is in S).

ProposITION 6.5: Let Y be an innocent language and S be the set of the
bi-infinite words avoiding Y, then Y = §S.

Proof of proposition 6.5: S is the set of the bi-infinite words which avoid
Y,soVy € Y, VR € S, y is not a factor of X, and therefore y € S.
So Y C&S.

Lets € S ,assume s € Y, then s avoids Y (Indeed, assume it doesn’t,
then there is ¥y € Y which is a factor of s. Since y € Y and s € Y, y
cannot be s, so y is a proper factor of s, but since y € S, this implies
that s € S has a proper factor in S. This contradicts the definition of 3).
So thanks to lemma 6.1, there is a bi-infinite word X which contains sasa
factor and avoids Y. Because X avoids Y, N is in 5. Because s € Scs
and S is the set of the words which are factor of no word in S, s is not a
factor of N, but X was assumed to have s as a factor. There is a contradiction,
therefore if s € S then s € Y, so that S ScyY.

Assume now that S # Y, thenthereisz € Y-S.Butz € Y.soz € 5’,
therefore = has a factor y in 5 (It is straightforward to see by induction on
| s| that every word s in S has a factor s in S, butScY,soy €Y.
Soz,y € Y, x #y (because z & S and y € §) and y is a factor of z.
This contradicts the innocence of Y, so S=Y

Proposition 6.5 is proved. [

THEOREM 6.6: Let Y be a finite language, then there is a unique innocent
language Y such that Y cuts into Y.
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Proof of theorem 6.6: An easy induction on Z | z | shows that there is
€Y

an innocent set Y such that Y cuts into Y. Assume now that ¥ and Y are
two innocent languages such that Y cuts into Y and into Y. Then thanks to
proposition 5.6 (and because Y cuts into Y and into ?’) for every bi-infinite
Word R, ([R avoids Y] iff [N avoids Y]) and ([N avoids Y] iff [N avoids
Y 1), so that ([X avoids Y] iff [X avoids Y D. Therefore S and S', the sets
of bi-infinite words avoiding respectively Y and Y are the same. So thanks
to proposition 6.5: Y =S = 5 =Y. Therefore, there is a unique innocent
language Y such that Y cuts into Y.

Theorem 6.6 is proved. [

Dernition 6.7: Let X be a finite language, we will call acquitted X
the unique innocent language given by theorem 6.6. Acquitted X will be
denoted by X.

ProposITION 6.8: Let X and Y be two finite languages, the following two
propositions are equivalent:

HX =Y.

(2) for every bi-infinite word R, ([N avoids X] iff [N avoids Y1).

Proof of proposition 6.8: (1) = (2): According to proposition 5.6
(using that X cuts into X), [X avoids X] iff [N avoids X] and similarly
[X avoids Y] iff [R avoids Y], so that if X = Y, then [R avoids X] iff
[N avoids Y.

(2) = (1): Let Sx, Sz, Sy, Sy be the sets of the sets of the bi-
infinite words avoiding respectively X, X, Y, Y. Property (2) means that
Sx = Sy. Thanks to proposition 5.6, ([N avoids X] iff [N avoids X))
and ([X avoids Y] iff [N avoids Y]), so that Sy = S and Sy = Sy.
Therefore S iS?. But X and Y are innocent, so thanks to proposition 6.5,
X=585=585=Y.

Proposition 6.8 is proved. [

DeriNtTION 6.9: Two finite languages X and Y are strongly equivalent iff
they satisfy the properties of proposition 6.8. The fact that X and Y are
strongly equivalent will be denoted by X ~ Y.

Note 6.10: One could get properties “on the right”, which are similar to
the previous ones, by considering infinite words instead of bi-infinite ones.

ProposiTION 6.11: Let X and Y be two languages, then the following two
properties are equivalent:
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(3) For every finite language Z, X U Z is unavoidable iff Y U Z is
unavoidable.

(3") For every language Z, X U Z is unavoidable iff Y U Z is unavoidable.

If X and Y are finite, then the above two properties are equivalent to
the following one:

(4) For every periodic bi-infinite word R, ([X avoids X] iff [N avoids Y]).

Proof of proposition 6.11: (3') = (3) is obvious.

(3) = (3'): Assume (3). Let Z be a language. If X U Z is unavoidable,
then (see proposition 3.5), there is a finite sublanguage of X U Z which is
unavoidable, so there are some finite sublanguages X’ and Z’ of X and Z
such that X’ U Z’ is unavoidable. Since X’ C X, X U Z' is unavoidable.
Since Z' is finite and (3) is assumed to be satisfied, Y U Z’ is unavoidable.

Since Z' C Z, Y U Z is unavoidable. By a symmetric argument, if Y U Z
is unavoidable, then X U Z is unavoidable. So (3') is satisfied.

(4) = (3) is straightforward since a finite language is unavoidable iff no
periodic bi-infinite word avoids it.

-(4) = —(3): Assume for example that there is a periodic bi-infinite word
R which avoids X, but not Y, then according to proposition 4.3, there is a
finite language Z such that every periodic bi-infinite word, but R, contains
a factor in Z. Since N avoids X and avoids Z, it avoids X U Z which
therefore is not unavoidable. Since Y does not avoid Y, there is y € ¥V
which is a factor of X. Every periodic bi-infinite word contains a factor in
Z U{y} (R contains y and every other word contains an element in Z)
and Z U {y} is finite (since Z is finite), so Z U {y } is unavoidable, and
therefore Z U Y is unavoidable. So (3) is not satisfied.

Proposition 6.11 is proved. [J
Note 6.12: (4) = (3) is not true if X or Y can be infinite. See for example
X ={e}and Y = {uu|u € AT} the set of the non-e squares on the

alphabet { a, b, ¢}, with the help of [2]. On the other hand, ~(4) = —(3)
is valid even if X or Y is infinite.

DEeriNITION 6.13: Twe finite languages X and Y . are weakly equivalent iff
they satisfy the properties of proposition 6.11. The fact that X and Y are
weakly equivalent will be denoted by X ~,, Y.

PrOPOSITION 6.14: Let X and Y be two finite languages. If X and Y are
strongly equivalent, then there are weakly equivalent.

vol. 29, n°® 5, 1995



360 L. ROSAZ

Proof: Obvious. [

Example 6.15: Let A = { a, b} and n be an integer. Let X = { 2" b} and
Y = {ba" }, then X and Y are weakly, but not strongly equivalent.

Proof of the statement of example 6.15: To prove that o™ b ~,, ba™, one
can use any definition of weak equivalence.

Proof 1: Let X be a bi-infinite periodic word, then X avoids a™ b iff X = aZ
or X avoids a”. Indeed, if X = af or X avoids a”, then X avoids a™b. If
N+ a and R contains a” as a factor, then (X contains a™ as a factor and is
periodic) there is a word u such that X = (a™ u)?. Since X # aZ, u contains
the letter b, so can be written u = a* bv, so R = (a” a* bv)? = (a™ (a" b) v)?
contains a” b as a factor. By symmetry, X avoids ba™ iff X = aZ or X avoids
a”, so N avoids a" b iff X avoids ba"™.

Proof 2: Let Z be a finite language.

If Z contains no power of a, then a’ avoids both Z U {a"b} and
Z U {ba"}.

If ¥ € Z and a” is the smallest power of a in Z, then let Z' = Z—{ a* }.

If k < n, then (a* is a factor of a” b) ZU{a"b} = Z' U{d*, a" b} cuts
into Z' U {a*} = Z, and similarly, Z U { ba" } cuts into Z’ U {a*} = Z.
Therefore, Z U {a™b} is unavoidable iff Z is unavoidable iff Z U {ba" }
is unavoidable.

If k>mn,then ZU{a"b} = Z'U{aF, a™b} cuts into Z' U {a"} (By
induction on k : k£ = n : because a™ is a factor of a” b, if kK > n, because
ak = ak="=1) g q, so Z' U {a¥, a"b} cuts into Z' U {aF~1, a®b} by
using the cut (2r) with a = a, u = a*=1 and up = a™), and by symmetry,
ZU{ba"} cuts into Z'U{a™ },so ZU{a" b} is unavoidable iff Z’' U{a" }
is unavoidable iff Z U { ba™ } is unavoidable.

Now a” b », ba™ because R = (a;);cz With a; = a fori <0 and a; = b
for ¢ > 0 avoids ba™, but not a™ b (or because they are distinct singletons and
every singleton is innocent). The statement of example 6.15 is proved. O

THEOREM 6.16: Let A = {a, b}, let uw and v be two words on A,
the singletons {u} and {v} are weakly equivalent iff [u = v] or if
[there is an integer m such that {u,v} = {a™b, ba™} or such that
{u,v} = {d"a, ab™}].

Proof of theorem 6.16: 1t is obvious that if u = v, then {u} and {v}
are strongly and therefore weakly equivalent, and it is easy to see from
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example 6.15 and some symmetry considerations that
if {u,v} = {a"b, ba™} or if{u,v} = {b"a, ab™},
then v and v are weakly equivalent.

Assume now that v and v are weakly equivalent, but different. We have
to show that {u, v} = {a"b, ba" } or {u, v} = {b"a, ab™ } for some n.

Let T be an integer, then there is at most, up to translation, one bi-infinite
word, periodic of period T, containing w as a factor iff [T' < |u|]. Indeed:

Assume T < | u|. Let up be the prefix of » with length 7. If X is of period
T and contains u as a factor, then it contains ur, and therefore (|up | =T
the period of X) X = (ur)Z. So there is only one (up to translation) periodic
bi-infinite word of period 7" that might contain u as a factor.

Assume T = |u| + k, with k£ > 0, then R, = (uaF)? and ¥, = (ub*)?
are two words of period T' containing w. Furthermore, R, # XN, (Indeed,
if u = ul with |ug| = |up|, then there are as many a’s in ug
as in up, but B, = (ua®), Ry = (wb*)Z, |ua®| = |ub¥| = T and
|uaf |, = |ule + k # |ula = |ubf|s). So there are at least two words of
period T containing u as a factor and which are different up to translation.

One has the similar property for v and therefore

|u| = max{k € N|. There is at most, up to translation,
one bi-infinite word which is periodic of period 7T,
and which is a factor of u }
= max {k € N|. There is at most, up to translation,
one bi-infinite word which is periodic of period T,
and which is a factor of v}
(because u ~ 4 v, so a periodic bi-infinite word N
contains u as a factor iff it contains v as a factor)

= |v].
So w and v have the same length.
Now vZ is periodic of period |v| and contains v as a factor, therefore

(Ju| = |v| and u ~y, v), v? is periodic of period |u | and contains u as a
factor, but uZ is also periodic of period || with u as a factor, but there
is at most one bi-infinite word which is periodic of period || and which
contains v as a factor, therefore uZ = vZ, and since |u| = |v|, this implies
that there are some words ¢ and s such that u = st and v = ts.

Moreover, s # € and ¢t # ¢ because u # v.

Let L = |u| = |v|. The word ® = (ua’)? contains u as a factor and is
periodic, therefore (since u ~y, v), X contains v and (X is periodic of period
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2L and |v| = L) there is a word w of length L such that ® = (vw)Z. Now
|ual | = |vw|(= 2 L) and (uaX)? = (vw)?, therefore there are as many a’s
in ua® as in vw, that is |ual |, = |vw |q. Since |ua® |s = |s|a +|t]a + L
and |vw], = |tsw e = |t]a + |8|a + |wla, one has |w|, = L = |w] so
w = a¥ and (ual)? = (val)Z.
Therefore, there is an integer k, such that ua® = af v or such that
k

vake = a¥« yu (Indeed (ual)? = (va®)? implies that there are words s’ and

k

t' such that ua®” = ¢'s' and va®? = s't'. Because |#'s'| = 2L, one has
|s'| > Lor|t|>L.If |s'| > L, then let k, = |t/ |(< L).

From val = &'t one gets that ¢ = a* and s = wal~*«. From
ual = t' ¢, one gets that ual = ak= val=Fe, so that ua*> = aF=v. If

|t'| > L, one gets a number k, such that vaks = ¥ u in a similarly way).

Note that k, # 0 (because k, = 0 would imply that v = v).

The latter result can be rewritten: there is an integer k, # 0 such that
stake = ak= ts or such that tsa®> = a¥e st. A similar reasoning shows that
there is an integer kp # O such that stb** = b* ts or such that tsbFs = bk st.

Since stak= = ak=ts forces the first letter of s to be an a, while
stb = bF» ts forces the first letter of s to be a b, those two conditions
are incompatible, so there are integers k, and kp with k, # 0, ky # 0,
such that staks = a* ts and tsbF = b¥* st or such that tsaf> = a¥= st and
stb*» = bk ts. For symmetry reasons, we can assume that staks = ke ts
and tsb*> = bk st.

If s is not a power of a, then a®= is a prefix of s (because stake = gke ts,
so s is a prefix of a¥e or aFe is a prefix of s, but s prefix of a*s would
contradict the hypothesis that s is not a power of a) and also a suffix of a
(by a symmetric argument). Since s is not a power of a, this implies that
there is a word 2, such that s = ake 2z, ak=. So, either there is an integer my
such that s = a™= (and m, # 0 because s # €) or there is a word 2, such
that s = a¥= z, a¥=. Similarly, either there is an integer m; # O such that
t = b™ or there is a word 2, such that ¢ = b** z, b¥s.

o If s = a™= and b™>, then u (= st) = a™= b™ and v (= ts) = b™* a™.

o If s = a™= and t = b 2, b*, then the equation tsb* = b* st becomes
bke 2, bFs g™Ma ke = Bk gMa bRy 5, bR that is 2y bF @™ = @™ ¥ z,. This
last equation forces a™= to be a prefix of z,, so there is a word w
such that z, = a™= w, and the equation 2z, b** a™= = a™= b** 2z, becomes

k

a™e qwp bR gMe = g™e kb gMa gy, that is wp b* @™ = b a™e wy. So
there is an integer p such that w, = (b* a™)P (Because, by induction
on |w]|, the relation wb® @™ = b¥ a™ew forces w = (a™=b*)P
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for some integer p: This is true if |w| = 0, and if |w]| # 0, then
the relation wb® a™e = b¥ g™ w forces b a™= to be a prefix of
w, so w = b a™= ' and the relation wb* o™+ = bF» g™e w become

w' b o™e = bks gMe | 50 by an induction, w’ = (b** a™=)P" and therefore
w = bk g™ ' = (bks g™e)P'+1), Therefore

2y = a™e wp = @™ (bF g™ )P,
t = bk 2 pke — pke gka (bk‘b aMe )P pks = (bkb a™Me )P+1 bkb,
= gt = g™ (bkb ama)p+1 pke — (a™e pks )p+2
and
v = ts = (bk" ama)p+l R g — (bk" aMe )p+2.
o If s = ak= 25 gk and t = b™s, one concludes that there is an integer p

such that u = (k= b™s }P*2 and v = (b™ aF+)P*2 by a reasoning symmetric
to the previous one.

o If s = a¥e 2z, a®« and t = b** 2, bF* | then the equations staFs = a¥= ts
and tsb** = b* st become

ake 24 aFe bFs 2 ks gka = gke pRv 5 pRe gka 5, ke
and
bk 2p b ake 2, aFe P = pFe gFe 5, gk B 2 b ,
that is:
Zq aFe bR 2y bR = bR 2, BFe gFe 2, (1)
and
2y bF aFe 2, aFe = aPe 2, o= bF 2z 2)

One shows by induction on N that
Either 6% (a¥= 5%}V is a prefix of 2,
or 3n, such that z, = b* (ke p*s)"e
and
Either oFe (6% ¥« )N is a prefix of z,
or Iny, such that z, = a¥= (b gk )ne

N = 0 : The equation (1) forces b to be a prefix of z, while the
equation (2) forces aks to be a prefix of zp.

Assume the proposition is true for N.
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If z, = bF (aF= b**)"e for some integer n, (rank N) then
2 = bk (a’“d bk")"“ for the same integer n, (rank N + 1).

If 2z, = a¥e (b* a¥=)" for some integer ny (rank N) then
zp = a¥a (bF a®e)" for the same integer ny (rank N + 1).

If b (a®= b**)N is a prefix of z, and 2z, = a¥e (b¥ o)™ then there
is a word wg such that z, = b (ak° b*)N w, and the equation (1)
induces that z,ake b = b (gFe bR )N oy, oo bR is a prefix of
bko gFa (bFs gFe)mo phs gka prs (gFe pko)N 4y, 5o that wy ok« bF* is a prefix of
(a%= bRe)ne+2 4y, . Therefore either w, = ¢ and one has z, = b* (ak« bFs)ne
with ng = N or a¥« b* is a prefix of w, and b* (ak= b%+)N+1 is a prefix
of z, = bF (ak= bF*) wy,.

If aFa (b* aFe )N is a prefix of z, and z, = bF* (a*e b%»)"=, then one can
conclude by an argument symmetric to the one in the previous case.

If 6% (ak< b%¢)N and ake (b% a¥=)N are respectively prefixes of z, and
zp, then there are words w, and wp, such that z, = b* (ake b%)N 1, and
2p = aFe (bkb ak“)N wp. If wg = € or wp, = €, then z, = b (aka bkb)”“ with
ng = N or z, = ake (bk" aka )™ with ny = N, and the situation has already
been considered, so we can assume that w, # & and that wp # €. The
equation (1) induces that zq a®e bk = bFe (gke bre)N 4, ake boe is a prefix
of b* ke (bFs k)N 4y b¥s ke 2,4, so that

wq a®e b* is a prefix of a¥= wy b o= 3)

and the equation (2) induces that

wp b ¥ isa prefix of bke w, ake b 4)

From (3), one gets that w, = a’a, lg < kq or that a®= is a prefix of wg.

From (4), one gets that wy, = b, I, < ky or that b* is a prefix of w,.

But w, = a'+, I, < k, is impossible because of (3) and because wj begins
with a b. For similar reason, wp, = b'*, I, < ky is impossible. Therefore a*e is
a prefix of w, and b is a prefix of wy, now (3) again shows that a*= b¥ is a
prefix of w, and (4) shows that b a*= is a prefix of w, so b** (ak= bFe yN+1
is a prefix of z, = b* (a¥= b¥+)N w, and o= (b* a*<)N*1 is a prefix of z.

The proposition is true for N + 1.

So the proposition is true for every V.

For large N’s (for example, N > |z,|, N > |z|), b (ak= b%)V
cannot be a prefix of z;, nor ae (6% a*<)N be prefix of z, therefore
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there are some integers m, and np such that z, = pke (ak“ bk")"a and
zp = aFe (b% ake)me, therefore s = ae z,ake = (ake bFs)net1gke and
t = bk g bk = (bk" ak“)"""'1 bk so that u = st = (ak“ bkb)" and

v =ts = (b% a¥)" with n = n, + ny + 3.

In every case, one finds that there are some positive integers nq, ng, n
such that w = (a™ b™)" and v = (b" a™=)".

Assume n > 2, then (aPet1pm% (gPe pe)"—2 gne pre+1)Z avoids v but
not u, this contradicts the assumption that v ~y, v, so n = 1, u = a™ b™
and v = b™ g"e.

Assume now that ng > 2 and that n, > 2, then (a™ b ab)? avoids v,

u=ab™ u=a"b
or which

v = ba"e

but not u, so ng = 1 or ny = 1, that is n
v=>b%q

is what we wanted to prove.

Theorem 6.16 is proved. [J

7. SOME DIRECT PROOFS ON ACQUITTED X

The first aim of this section is to give a direct proof of proposition 6.6,
stating the uniqueness of acquitted X . This proof is more natural than the
one given in the previous section, but it turns out to be quite tedious and
bulky because of the high number of cases which are to be considered, even
though it is not very difficult.

The second part of this section states that one can get acquitted X by
acquitting first on the left, then on the right (or conversely).

ProposITION 7.1: Let X be a finite language, then there is one and only
one language X (resp. X', resp. X ) of words which is innocent (resp. on
the right, resp. on the left) and such that X cuts into X (resp. into X on
the right, resp. into 71 on the left).

Proof of proposition 7.1: The following lemma is the core of the proof
of proposition 7.1:

LemvA 7.2: Let X be a finite language. Assume Y and Y' are two
languages such that X cuts into Y and into Y' (resp. on the right, resp.
on the left) in an elementary way, then there is a language Z such that both
Y and Y' cut (resp. on the right, resp. on the left) into Z.
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Proof of lemma 7.2: Only the skeleton of the proof will be given. I will
just indicate the different cases to be considered, and for each of them, what
the set Z is. Readers interested in details can look in [18] (It is not very
difficult to make out those details, it is just very long and tedious).

Assume X cuts into Y and into Y’ on the right in an elementary way.

Should Y and Y’ be interchanged, we can split the problem in three main
cases.

Case 1

There are u, v in X such that u # v, uis a factor of v,and Y = X —{v },
and there are u/, v’ in X such that «' # o/, «/ is a factor of v/, and
Y = X — {v'}, and we can assume that |v'| < |v|. This case subdivides
in three cases:

Case 1.1: v = v': The conclusion is obvious with Z =Y =Y".

Case 1.2:u=v: Z=X—{v,v} =Y - {J/} =Y —{v}.

Case1.3: v #vandv #u: Z=X—{v,v' } =Y —-{J}=Y'-{v}.

Case 2

There are o in A and u in A* such that ua € X, such that for every
letter 3 # «, there is a suffix ug of u such that ug 3 € X, and such that
Y =X —{ua}+ {u}, and there are ', v' in X such that v’ # v/, «/
is a factor of v/, and Y = X — {+' }.

If uw € X, thenlet v =ua: u, v € X, u is a factor of v and
Y=X-—-{ual+{u}=yex X —{ua} =X —{v}. This situation has
already been studied in case 1. Therefore, one can assume from now on that
u ¢ X. This case subdivides in five cases:

Case 2.1: wa = v' and v is a factor of u :
Z = X-{J} =Y - {u}
Case 2.2: ua = v' and v/ is not a factor of u: The word v’ is a factor of

v/ = u a, but not a factor of w, therefore there is a suffix u, of u such that
U = uq a. Because |uq |+ 1= |uga|=|v|<|V]|=|ua|=|u|+1,
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one has u, # u. Now ug is defined for every § € A, including for 8 = a.
Let @ be such that |ug| = max |ug|.
BeA
There are now two subsubcases:
Case 2.2.1: uzg = u :
Z=X—-—{uva,ualt+{u}=Y—-{uvat=Y —-{ua}+{u}.
Case 2.2.2: ug # u :

Case 2.3: ua = u :

Z=X-{ua, Y} +{u}=Y-{v} =Y —{ua}+{u}

Case 2.4: There is a letter 8 # « such that ug 3 = v'. There are two
subcases:

Case 2.4.1: v/ is a suffix of v/ and v # € :

Z=X-{uo, V}+{u} =Y -{J} =Y —{ua}+{u}

Case 2.4.2: ' is not a suffix of v/ (or «' = ¢):

Z=X-{ua, v} =Y —{u, v} =Y — {ua}

Case 2.5: v # ua, v # ua and for every letter 8 # o, ug 8 # v’ :

Z=X—-{uo, V}+{u} =Y -{J} =Y —{ua}+ {u}

Case 3

There are o in A and u in A* such that ua € X, such that for every
letter 3 # «, there is a suffix ug of u such that ug3 € X and such that
Y =X —{ua}+{u}, and there are ¢/ in A and v in A* such that
v o € X, such that for every letter 8 # o, there is a suffix ug of o
such that w8 € X and such that Y/ = X — {v'o’} 4+ {«'}, and one
can assume that |u| > |u/].

The situation when v € X or ' € X or both, has already been studied
in case 1 or 2. Therefore one can assume from now on that v ¢ X and
w ¢ X. This case subdivides into four cases:

Case 3.1:ua=vd : Z=Y =Y".
Case 3.2: u = v but ua # v'd :
Z=X-{ua, v} +{u} =Y - {dd} =Y ~{ua}l.
Case 3.3: v/ is a suffix of u, but v/ # u (so that |v' | < |u]) :
Z=X-{uvo,vd}+{v} =Y - {u, v} +{v}=Y —{ua}.
Case 3.4: v is not a suffix of u :
Z=X-{va, o }+{u, v/} =Y—{d}+{v} =Y —{ua}+{u}.
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So, if X cuts into Y and into Y’ on the right in an elementary way, then
one can find in every case a language Z such that both Y and Y’ cut into
Z on the right. By symmetry, if X cuts into Y and into Y’ on the left in an
elementary way, then one can find a language Z such that both Y and Y’ cut
into Z on the left. If X cuts into Y and into Y’ in an elementary way, then

either X cuts into Y and into Y’ both on the right, or both on the left
in an elementary way, but then we already know that there is a language
Z such that Y and Y’ cut into Z both on the right, or both on the left,
so that Y and Y’/ cut into Z,

or (should one interchange Y and Y'), X cuts into Y on the right, but not
on the left, and X cuts into Y’ on the left, but not on the right. Therefore
one is in the

Case 4

There are o in A and u in A*, such that ua € X and for every
letter B # o, there is a suffix ug of w such that ugfs € X, and
Y = X —{ua}+ {u}, and there are o/ € A, ' € A* such that
o' v € X and for every letter 8 # ¢/, there is a prefix up of u such that
Bug € X,and Y = X — {a'u'} + {u'}.

If w € X, then u, ua € X, uis a factor of uar, Y = X — {ua},
so X cuts into Y on both sides, which contradicts “X cuts into Y on the
right, but not on the left”, so u ¢ X. For similar reasons, v’ ¢ X. This
case subdivides in six cases:

Case4.1: u=v andua=d'v: Z=Y =Y/,

Case 4.2: w = v and va # v :
Z=X—-{va,dv}+{u} =Y - {dv} =Y - {ua}

Case 4.3: ¢ = v # u :

Z=X—{ua,d}+{e}=Y-{u,d} +{e} =Y —{ual

Case 4.4: € = u # v : This case is the symmetric of the previous one.

Case 4.5:u # e, v #e,u#u,uva #du :

Z=X-{dv,ua}+{d, u}
=Y - {dv}+{d}=Y" ~{ua}{u}.

Case 4.6: u £ e, v # e, u# v, ua=ad v :

From u # ¢, v/ # € and ua = o v/, one can deduce that there is a word
v such that v/ =va and u = o' v, so that ua = o/ v’ = o/ v . For every
letter 8 # a, ug is a suffix of u = av', so either ug = o' v, or ug is a
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suffix of v/, and for every letter 3 # o/, u’ﬁ is a prefix of u' = v a, so either
ufB =va, or ub is a prefix of v. There are now four subsubcases.

Case 4.6.1: For every letter 8 # o, ug is a suffix of v and for every letter
B # o, ujp is a prefix of v :

Z=X-{dva}l+{v}
=Y - {dv}+{v}=Y —{va}+{v}

Case 4.6.2: There is v # « such that uy = o/ v (= u) and for every letter
B # o, uj is a prefix of v :

Z=X-{dva, dvy} +{v}
=Y - {dv}+{v})—{d vy}
= (Y —{d'vy}+{dv}) - {dv}+{v}) —{val}.

Case 4.6.3: There v # o, such that u/, = va (= v’) and for every letter
B # o, ug is a suffix of v'. This case is just the symmetric of the previous one.

Case 4.6.4: There is v # « such that uy, = u (= o/ v) and there is 7' # o
such that v, = v’ (= va).

Z=X-{4yva, dva, dvy}+{d v, va}
= —{yYva}+{va})-{d vy}
=" —{dvy}+{dv}) - {+¥va}

So, in every case again, one can find a language Z such that both ¥ and
Y’ cut into Z, so lemma 7.2 is proved. O

LemMa 7.3: Let X be a finite language. If Y and Y' are two languages
such that X cuts into Y and into Y’ (resp. on the right, resp. on the left),
then there is a language Z such that both Y and Y' cut (resp. on the right,
resp. on the left) into Z.

Proof of lemma 7.3: Lemma 7.3 is proved by induction on Z |z |
z€X

oIf 3 |z|=0,then X =0 or X = {e} and the result is obvious.
zeX

o Assume the result is true for every language W with E |lwl < L,
weEW
assume that X, Y and Y’ are some languages such that Z |z|=L+1,
z€X
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and such that X cuts into Y and into Y’ (resp. on the left, resp. on the
right). We prove the result is true for X.

If Y = X, the result is obvious with Z = Y'.
If Y = X, the result is obvious with Z = Y.

If Y # X and Y’ # X, then there are some languages Yy, Y{ such that
X cuts into Yy and into Y (resp. on the left, resp. on the right) in an
elementary way, such that Yy cuts into Y (resp. on the left, resp. on the
right) and such that Y cuts into Y’ (resp. on the left, resp. on the right).
Then, thanks to lemma 7.2, there is a language Z such that both Yj and Yj
cut into Z (resp. on the left, resp. on the right).

Now, Z ly| < Z |z| < L +1, and Y cuts both into Y and into Z

S Yo € X
(resp. on the left, resp. on the right), so thanks to the induction hypothesis,

there is a language Zj such that both Y and Z cut into Zy (resp. on the
left, resp. on the right). For symmetric reasons, there is a language Z; such
that both Y’ and Z cut into Z{, (resp. on the left, resp. on the right). But
Z lz| < Z |z| < L+1, and Z cuts into Zg and into Z{, so thanks
z€Z zeX

to the induction hypothesis again, there is a language Z such that both Zj
and Z(, cut into Z (resp. on the left, resp. on the right). Now Y cuts into Zg
which cuts into Z, so Y cuts into Z, and Y’ cuts into Z; which cuts into
Z,s0 Y’ cuts into Z too. The language Z satisfies the required property, so
the induction hypothesis is true for L + 1.

By induction, the result is true for every finite language X, whatever

Z |z | is.
reX
Lemma 7.3 is proved. [
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By an obvious induction on Z |z |, there is an innocent languages X
zeX
such that X cuts into X. Assume X’ is another one. Then X cuts into X
and into X X', 0 by lemma 7.2, there is a language X X7 such that both _X and
X' cut into X", but X and X'’ are innocent, therefore X = X” = X/, and
therefore there is a unique innocent language X, such that X cuts into X.
The same proof can be made with X" and with X'

Proposition 7.1 is proved. [

- = ="

ProposiTiON 7.4: Let X be a finite language, then X = X =X

Proof of proposition 7.4:

LEMMA 7.5: Let X be a finite language which is innocent on the left, guilty
on the right, then there is an innocent on the left language Y such that
Y # X and such that X cuts into Y on the right.

Proof of proposition 7.5: X is guilty on the right. The existence of words
u, v € X such that v # v and wu is a factor of v would contradict the
innocence of X on the left, so there is a letter « € A and a word u € A*
such that u o is in X and such that for every letter 8 € A, 8 # «, there
is a suffix ug of u such that ugf € X.

Let X' = X —{ua}+ {u}, then X cuts into X’ on the right. Let
Xy={v e X'|vAuand uisafactorof v} andlet Y = X' — X,,, then
X' cuts into Y on the right (by a sequence of deletion using the cut (1)), so
X cuts into Y on the right, and it is clear that X # Y.

Note that if a word z is in Y and is different from u, then it is in X.

We have to show now that Y is innocent on the left. Assume Y is guilty
on the left, then:

o Either there are distinct words v’, v' € Y such that ' is factor of v'.

If v # u, v/ # u, then u, v/ € X and this contradicts the innocent
on the left of X.

If v/ = u, then v # usov € X, and ¢/ is a factor of v« (because v’ is
a factor of u = v’ which is a factor of ua) and ua € X, this contradicts
the innocence of X on the left.

If &' = u, then v/ € Y is a contradiction because u is a factor of v’ and
Y=X-X.=X —{v € X'"|v#u, uis factor of v}.

oOrthereisaletter @ € A and awordu € A* such that @7 € Y and
for every letter 3 # @, there is a prefix ug of @ such that Eﬁﬁ €Y.
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oo If @ # u, and for every letter B # @, Eﬂﬁ # u, then @auw € X
and for every letter § # @, Eﬂﬁ € X. This contradicts the innocence of
X on the left.

colf@u=u,thenletd =ua. Thenad =aua=ua € X, for every
letter 8 # @, Ug is a prefix of % (because ug is a prefix of @ which is a
prefix of 4) and ﬁﬂ[—a € Y, and since ﬁﬂ‘ﬁ # u (= @u), one has Eﬂﬁ € X.
This contradicts the innocence of X on the left.

oo If there is 7 such that Yuy = u, then:

If wy = 7w, then let Uz = W, then YU = YUy = v € X, and for
every B # 7, 3 is a prefix of @ (It is true if B # @ and it is true if
B = @). Since ¥ o and for every letter B # 7 BT T, belongs to X (because
Eﬁﬁ €Y, Bﬂ'ﬁ # YUy = u SO ,Bﬁ[—, € X), the innocence of X on the
left is contradicted.

So one can assume that %y # %. Since Uy is a prefix of %, there is a letter
~v and a word w such that 7 = uy yw.

oo olIf v = a, then let 45 = U5 = Uy 7, then aw € X (because
au € Y and @T # Uy = u), forevery 8 & {@, 7}, Ug is a prefix of &
and ,Bu— € X (because ,Bu € Y and Bﬁ # YUy = u) and Uy = Uy ¥
is a preﬁx of 4 = uy yw, and Nl = 7u7'y =uy =ua € X. This
contradicts the innocence of X on the left.

© 0 ¢ If v # a, then recall that there is u,, suffix of v such that u, v € X.

© ¢ 0o If uy # u, then (because u is a suffix of u = FUy), uy is a suffix
of Uy, therefore u., «y is a factor of Uy and therefore of @us vy w = @u. But
uyy € X, &% € X (because @U € Y, QU # JUya = Uu), Uy Y # QU
(because of their length) and this contradicts the innocence of X on the left.

© 0o olf uy = u, then let 45 = Uy, then auw € X (because
aU # Yuy =u), forevery 8 & {@, 7}, 7 is a prefix of 7 and ﬁﬂ[—a € X
(because BHB € Y and BEE # YUy = u) and Uy = Uy v is a prefix of
U = Uy yw, and Yy = YUyy = uy = uyy € X. This contradicts the
innocence of X on the left.

Lemma 7.5 is proved. [J

Now, we can prove proposition 7.4 by induction on Z |z |.
zeX

If Z |z| =0, then X =@ or X = {e} and the result is obvious.
zeX
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7

Let us assume that V' =Y for every language Y such that E ly| < L.

yey
Let X be a finite language satisfying Z |z| =L+ 1, then:
z€eX
If X is guilty on the left, let ¥ = X', then Y |y| < L (because X
yeY
is guilty on the left, so Z lz| < Z z| = L+ 1), and therefore, by
zeX zeX
'I"
induction hypothe31s Y =Y. Smce Y is innocent on the left, 7V =v.

As a conclusion, X =Y Y =Y = _l =X.

7’

If X is innocent on the left and on the right, then X =x=X

If X is innocent on the left and guilty on the right, then thanks to
lemma 7.5, there is an innocent on the left language Y which is distinct
from X, such that X cuts into Y on the right. Since Z ly| < L, one

yey
7’
has V' = Y The language X is innocent on the left so X = X' and
therefore X' =X The language X cuts into Y on the rlght therefore

= Y The language Y Y 1s innocent on the left, so ¥ = Y' and therefore
Y =7 . Recall that Y =Y. The language X cuts into Y, therefore
Y:X.ThereforeX :7 =Y = Yl =Y =X.
By symmetry, X =X
Proposition 7.4 is proved. [

§. CUTS AND INFINITE LANGUAGES

The aim of this section is to study cuts on infinite languages, and to try
to give a definition of “X eventually cuts into Y, and of “acquitted X
for infinite languages, which generalizes in a satisfactory way the results we
have for finite Ianguages.

To begin with, recall that the definitions of elementary cuts, of cuts,
of guilty and of innocent languages (see section 5) are valid for infinite
languages, and that the following propositions are valid for infinite languages:

PropoSITION 5.6: Let X and Y be some languages such that X cuts into
Y, then a bi-infinite word N avoids X iff it avoids Y .
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ProposITION 6.5: Let X' be an innocent language and S be the set of the
words which avoid X, then X = S:

Recall (see definition 6.4) that if S is a set of bi-infinite words, then S i§
the set of the words that never appear as a factor of a word in S, and that S
is the set of the minimal elements in .S for the order “is a factor of”.

We can state now the following proposition which is the beginning of an
attempt of a generalization of proposition 6.6:

PROPOSITIO_N 8.1: Let X be a language, then there is a unique language,
denoted by X and called acquitted X, which is innocent and is such that a
bi-infinite word X avoids X iff it avoids X.

Proof of proposition 8.1: Let S be the set of bi-infinite words avoiding
X, then:

— The language S is innocent, indeed:

The assumption that there are s, s' € S, s # s’ such that s is a factor of
s', is absurd because of the definition of S.

Assume that there is sa € S (s is a word, a is a letter) such that for
every letter b # a, there is a suffix s, of s such that spb € S, then s cannot
be a factor of a bi-infinite word in S (because if it is, this factor has to be
followed by a letter «, so that sa, if & = a, or sq @ if @ # a, is a factor
of that bi-infinite word in S. This contradicts the fact that sa € S or that
spb € S for every b # a, and the definition of S). Therefore s € S, and
there is a factor s’ of s which is in 3, then §’, sa € S, s’ # sa and § is
a factor of sa. This contradicts the definition of 3.

— Let X be a bi-infinite word, then R avoids S iff X € S, that is iff
N avoids X, indeed:

IfX € S, then according to the definition of S, no word of S and therefore
no word of S is a factor of X, so the word X avoids S.

If X ¢ S, then N does not avoid X, so there is £ € X which is a factor
of X. Because S is the set of bi-infinite words avoiding X, and S the set of
the words which are avoided by S, one has X C S, and therefore there is
z' € § such that 2’ is a factor of z. The word z’ is a factor of X (since z
is a factor of R), so the bi-infinite word X does not avoid S.

So § is innocent and a bi-infinite word R avoids X iff it avoids 5. We
have to prove now that S is the only language satisfying these properties.

If X is an innocent language such that for every bi-infinite word X,
N avoids X iff it avoids X, then S is also the set of bi-infinite words
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avoiding X, so thanks to proposition 6.5, X =38, 50§ is the only language
satisfying the required properties, so by defining X = S.

Proposition 8.1 is proved. [

We would like now to say that X cuts into X in some sense. Regular cuts
will not work because one might need infinitely many cuts to go from X to
X, so there is a need to define eventual cuts.

DeriNiTions 8.2: Let X be a language, a sequence of cuts from X is a
sequence of languages S = (X, )nen such that X = X, and such that for
every n € N, X, cuts into Xp41.

Let X be a language and S = (X;);en be a sequence of cuts from X,
then Xs sup and Xg inf are defined as follows:

XS,supz{y € A*IVN e N,3n> N,y € Xn}

and

Xg,inf"—"{y € A*|E|N€ N,Vn>N,y € Xn}

Let X and Y be two languages, then, X eventually cuts into Y iff there is
a sequence S = (X;); en of cuts from X, such that X5 sup = X5 inf =Y.

ProrosiTion 8.3: Let X be a language, S = (X;)i e N be a sequence of cuts
from X, and X be a bi-infinite word, then the following three propositions
are equivalent:

(1) X avoids X.

(2) X avoids Xs sup-

(3) R avoids X5 int-

Proof of proposition 8.3: (2) = (3): one has Xs inf C Xs sup, S0 if
X avoids Xg sup, it avoids Xg inf.

(1) = (2): If X avoids X, then let z € Xg sup. Because of the definition
of Xs sup, there is an integer n such that z € X,. The language X cuts
into X, and R avoids X, so thanks to proposition 5.6, X avoids Xy, so
that z is not a factor of R. Since this is true for every x € Xg sup, the
word R avoids Xg sup.

(3) = (1): If X does not avoid X, then there is z € X which is a factor
of N. There is a sequence of words (zn), en such that zg = z and such
that for every n € N, one has z, € X, and z,+1 is a factor of z, (This
sequence can be built by induction, using the fact that if y € Y and Y cuts
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into Z, then there is 2 € Z which is a factor of y, this statement itself being
proved by induction on the number of elementary cuts necessary to go from
Y to Z). Now by an argument on the length of the z,’s (and using that each
Zp41 is a factor of z,,), one can see that there is an integer N such that for
every n > N, one has =, = zp, so that zy € X, for all n > N, therefore
zn € Xs,inf, and since z v is a factor of x which is a factor of R, one has
that z, is a factor of N. Therefore, ® does not avoid Xs int-

Proposition 8.3 is proved. O

PropOSITION 8.4: Let X be a language, then X eventually cuts into X.

Proof of proposition 8.4: Let us define (Xy,)n en by induction:
—Let Xy = X,

— Assume X, is built. If X, is innocent, then let X, 11 = Xy. If X, is
guilty, then X, 11 is the language obtained by cutting one of the shortest word
which can be possibly cut, and by removing a word rather than shortening
one whenever there is a choice. More precisely:

Let us define the word cut by the elementary cut Y Wz by u
if Z =Y —{u},bywsif Z=Y —{ua}+ {u} and by au if
Z =Y —{au}+ {u}. Let [ be the minimum length of the words in
Xy, which can be cut. If there is a word u satisfying |« | = [ and such that
X, cuts into X, — {u} in elementary way, then let Xp41 = X, — {u}.
Otherwise, there are words u, v and a letter a, satisfying |v | = [, such that
v = au or v = ua and such that X,, cuts into X, — {v} + {u}. In that
latter case, let Xp41 = Xn — {v} + {u}.

We prove now that X5 sup = Xs inf and that it is innocent. If there is NV
such that X is innocent, then for every n > N, X;,, = Xy, and therefore
Xs,sup = Xs,inf = Xy and is innocent. So we can assume from now on
that X, is guilty for every n, so that X, cuts into X, 41 in an elementary
way for every n € N. Let us prove now that for every L € N, there is a
subset Uz, of ASL, and an integer ny, such that for every n > ny, one has
X, N ASL = U (Note that this implies that Uz, = U, N A<V if L < I').

This is proved by induction on L:

L = 0: The only word of length 0 is €. If € is in no X, then the
proposition is true for L = 0 with ng = 0 and Up = 0. If e € X for some
integer IV, then an induction on n shows that ¢ € X, for every n > N (you
need to use that if Y cuts into Z in an elementary way and € € Y, then
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€ € Z, which is pretty clear from what the cuts are), so that the proposition
is true with ng = N and Uy = {e}.

Assume L > 0 and that there are a sublanguage U of ASL and an
integer ny, such that for every n > ny, one has X, N ASL = U, Let
Zn = X, N AT for every n, then:

(a) For every n > ny, the word cut by X, cuf Xn41 is of length at
least L + 1 (because if X, < Xn41 cuts a word of length less than L,

then X, N ASL # Xpy1 N ASL, which contradicts the fact that there are
both equal to Ur).

(b) There is @ > ny, such that no word in Uy, is a factor of Zz (Indeed, if
u € Uy is a factor of a word z € Z, for n > ny, then, since u, z € X,
the language X, cuts into X,, — { 2z }. Since there is no elementary cut

Xn 'y cutting a word of length less than L (because of (a)), since
cut

|z| = L+1 (so that X, = X, — {2} is a cut removing a word of length
less than L + 1) and because of the way (X, ), en has been defined (The
word cut is among the shortest which could be cut, and a word is removed
if possible), there is 2/ € Z, such that X, 41 = X,, — {z' }, therefore
Znt+1 = Zn — {2'}. Therefore, if n > ny, and if there is a word in Uf,
which is factor of a word in Z,,, then one has card (Z,+1) = card (Z,) — 1,
but this cannot happen for every n > ny, since the Z, are finite, so that
the card (Z,)’s are finite integers. Therefore, there is @ > ny, such that no
word in Uy is a factor of Zz).

(c) For every n > 7, no word in Uy, is a factor of Z,, (By induction on
n: this is true for n = 7 thanks to (b). Assume it is true for n, but not for
n + 1, so there is a word z which is in Z,,41, but not in Z,, and a word v in
Uy, which is a factor of z. Since z € Zp41 — Zp, one has z € Xp41 — Xy,
and since X, cuts into X, 41 in an elementary way, this means that there
is a word w and a letter ¢ such that w = za or w = az and such that
Xn41=Xn—{w}+ {2z} Now u and w are in X,,, and u is a factor of
w (because u is a factor of z which is a factor of w), so X,, also cuts into
Xpn—{w}. The cut X, X, —{wl+{z} and the cut X, X, —{w}
cut the same word, but the first one replaces it by z, while the second one
removes it. Therefore, the fact that X,,41 = X, — {w } + { 2z} contradicts
the way the (Xp)n e N have been built (It contradicts the fact that preference
was given to removals, rather than to shortenings), so no element in Uy, is
a factor of a word in Z, for n > n).
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(d) For n > 7, one has Z,, C Zp41 (Indeed, if Z, ¢ Zn+1, then the cut
Xn cut Xn+1 cuts a word z in Z,.

If X541 = Xpn — {2z}, then there must be u in X,, which is a factor of z.
Since |u| < |z| = L+ 1, one has v € Uy. This contradicts (c).

If Xny1 = Xn—{2}+{v}, for a word v such that there is a letter a with
z=av or z =va, then |v| < n (because |v| < |z|=L+1),v € Xpt1,
v &€ X, (otherwise, the cut would have been X, cuf Xn+1 —{2z}) and
n > ng, s0v € Xpi1 NASL = Up and v ¢ X, N ASL = Uy. There
is a contradiction.

(e) Therefore Zy, is increasing, and since card (Zy) is bounded (There is
only a finite number of words of length L + 1), there is a number ny 41 > 7,
from which it is constant, so for every n > ny4i, one has

X, N ASEH = X, N (ASE U ALY
= (XoNASHYU (X, n ALY = UL N Z, = UL N 2y,

so the proposition is true at rank L + 1 with Uy U Z,
Now Xs sup = X5,int = X. Indeed:
For every L, there is my such that for every n > ny, one has
Xn N ASL = Uy, and therefore X sup N ASY = X o N ASE (= Up),
and since this is true for every L, one has Xs sup = X, inf-

L+1*

Now Xs sup = Xs,inf is innocent. Indeed, assume it is not, then there is a
nite sublanguage Y of Xs g, which is guilty, let L = max , then there
guag , sup guilty s Y

is a language Z such that Y cuts into Z in an elementary way, and this cut
cuts a word of length less than L. Let W = X,,, — Y, then X,,, =Y UW
cuts into Z U W, and this cut cuts the same word as Y <% Z does, that is, a
word of length less than L. On the other hand, X, N n.+1 cuts a word
of length at least L + 1 (because X, N ASE = X,,, 11 NASL (= Uyp)), but
this contradicts the way the (X5 ), e N have been built (It contradicts the fact
that one always cuts one of the shortest word which can be cut).

So Xs sup = X5, inf is innocent, and thanks to proposition 8.3, a bi-infinite
word avoids X iff it avoids Xg sup, therefore, thanks to proposition 8.1,
Xs,sup = Xs,int = X, and proposition 8.4 is proved. O

Remark 8.5: It is tempting to define simultaneous cuts, so that X
simultaneously cuts into X in a finite number of steps. The first idea
would be to say that X simultaneously cuts into Y in an elementary way
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if there is a set I of indices, some disjoint languages (X;); ¢, and some
disjoint languages (Yj);c 1, such that X = |J X;, such that Y = |J ¥;

i€ 1€l
and such that X; cuts into Y; in an elementary way for every i € I, then

to say that X simultaneously cuts into Y iff there a finite sequence of
elementary simultaneous cuts leading from X to Y. Unfortunately, X might
fail to simultaneously cut into X with that definition. Consider for example
X= U {a"bt"ab"}u( | {a"b"a"b™a})). One can see

n €N, n>2 OSmSn
that foreveryn € N, {a”b"a” "t }U( |J {a"b"a™b™a}) cuts into
0<m<n
{a™bd™a™}, and that therefore X eventually cuts into | {a"bd"a" }.

nEN,n>2
Since the latter language is innocent, this is X . Now the reader can check that
no other cut that the ones inside { a® " a” p"t1 JU( |J {a™b"a"b™a})
0<m<n

are possible, so, to go from X to X, one needs to cut each

{a"bma” "YU ( U {a"b"a"b™a})

0<m<n

into { a™ b" a" }, this requires n + 1 steps for a given n, so the whole thing
requires sup{n + 1|n € N, n > 2}, that is infinitely many steps to go
from X to X.

To avoid such phenomena, one could thing to replace “X; cuts into Y; in an
elementary way for every ¢ € I” in the above definition by “X; cuts into Y;
forevery ¢ € I”. Then the X in the above example would simultaneously cut
into X. Unfortunately, there are still examples of languages Y which would

not cut into Y, such as Y = |J {ab"ab"} (Note: 0 € N). The reader
neN

can check that Y = |J {ab"a}, and that Y fails to cut simultaneously
_ neN
into Y with the latter definition.

9. OPEN PROBLEMS

Finiteness of the set of the enlargements of a language

See section 4.

Let Y be a finite language. Let us call complements of Y, the
finite languages Z such that Y U Z is minimal unavoidable. There are
usually infinitely many different complements of a language Y, they
might be infinitely many different innocent complements (For example,
if Y = {aa, bb}, the innocent complements are the Z = {u} with
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u € (b+¢)(ab)*(a + €), |u| > 2. They are infinite in number and
they are all innocent.)

Open problem 9.1: Let Y be a finite language. Is it possible to give a
finite number of complements of ¥ which would represent (in some sense
to be defined) all of them?

I would look for a property such as: Let Y be a finite language, then there
is a finite number of complements (Z;);¢(1,n,] of ¥, such that if Z is a
complement of Y, then there is an integer ¢ € (1, ny] such that Y U Z cuts
into Y U Z;. (Consider Y = { aaa, aab, bbb, bba } to see that one cannot
replace Y U Z; by Y U Z;).

Enlargement into a non-extendible unavoidable language

An extendible unavoidable language is an unavoidable language X such
that there is *+ € X and some letters a1, a2, ..., Gn, ... such that
X —{z}+{za1ay ... an } is unavoidable for every integer n. It was
believed that every unavoidable language, but { e}, was extendible. It is
known now that it is not the case (see [17]).

Open problem 9.2: Let Y be a finite language. What is a necessary
and sufficient condition on Y for there exists an enlargement of Y into a
non-extendible unavoidable language?

A necessary condition is: For every y € Y, there are at least two different
periodic bi-infinite words R, and X, such that y is a factor of both R, and
N’y, and such that y is the only element in Y to be a factor of R, and the
only one to be a factor of Nj.

This condition is not sufficient as one can see by considering the example
Y={ab}.
Weak equivalence

See section 6.

It is not clear what the weak equivalence is. I would like first to see
some examples of weakly equivalent languages whose weak equivalence
cannot be deduced from the strong equivalence and the equivalence between
a™b and ba" (For example, {aaab, aabaab} ~,{baaa, baabaa } is not
interesting because one can deduce it from strong equivalence and one-word
equivalences, by

{ aaab, aabaab} ~s{aaad, baabaab }~,{baaa, baabaab }

~s{baaa, baabaa }~y{aaab, baabaa}).
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Open problem 9.3: Is it possible to describe the weak equivalence in
general, the weak equivalence for languages of bounded cardinality? Is there
something finite in the set of the languages weakly equivalent to a given
language X?

I am also surprised not to be able to find a short proof of the fact that
u ~pv iff u = v or {u, v} ={a"b, ba"} or {u, v} = {b"a, ab”}
(see theorem 6.16).
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