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TOWARD A SEMANTICS FOR THE QUEST LANGUAGE (*)

by Fabio Acesst (1) and Franco Barsanera (1)

Communicated by G. LoNGo

Abstract. — A model is given for the second order lambda calculus extended with inheritance,
bounded quantification, recursive types, constructors and kinds. This language can be viewed as the
core of the QUEST language defined by Cardelli [7]. Types are interpreted as intervals of partial
equivalence relations. In such a model the meaning of the operator , the constructor of recursive
types, turns out to be the natural one i.e. the least fixed point operator.

Résumé. — Nous proposons un modéle du second ordre du lambda calcul étendu a I’héritage,
la quantification bornée, les types récursifs, les constructeurs et les genres. Ce langage peut étre
vu comme le noyau du language QUEST défini par Cardelli [7]. Les types sont interprétés comme
des intervalles de relations d’équivalence partielle. Dans ce modéle, le sens de I’opérateur 1, le
constructeur de types récursifs, se trouve étre I’opérateur naturel de plus petit point fixe.

INTRODUCTION

Because of its relevance in the field of object-oriented programming, the
theoretical computer science community is currently making more and more
efforts in investigating the syntax and sematics of languages extending second
order lambda calculus with notions of subtyping. In [9] second order lambda
calculus was extended in order to support both parametric and subtype
(inheritance) polymorphism by means of bounded quantification.

According to the naive view of inheritance often adopted in the
informal justification of type constraint rules, types are regarded as
standing for collections of values which interpret the run-time behaviour
of programs, subtyping being interpreted by plain set-theoretic inclusion.
A more refined view, in which types are modeled as partial equivalence
relations (i.e. relations which are symmetric and transitive but not necessarily
reflexive), was taken in [6]. The relational approach has several advantages,
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514 F. ALESSI, F. BARBANERA

one of them being the possibility of overcoming the difficulties caused
by extensional equality betwen terms, which is not achievable by an
interpretation of types as sets of values (see [19]).

Partial equivalence relations are also the basis of other models for
extensions of second order lambda calculus, where the interpretation of
each type is built as a relation over a model D for the underlying language
of untyped terms, as a limit (in a suitable sense) of a denumerable sequence
of approximate relations built following the structure of D. This method,
introduced in [12, 13] and exploited in [10] and [3] yields an interpretation
not only of bounded quantification and inheritance, but of recursive types as
well. The elegance of the construction finds a limitation in the fact that it does
not support an extension to include the kind level, essentially because of the
non-monotonicity of the type constructor — (w.r.t. set theoretical inclusion).

In order to overcome this drawback, in [11] a technical tool was devised:
the intervals and their particular ordering. This device was originally
developed to overcome the difficulty of the non-monotonicity of type
constructors in models where types are viewed as ideals. The particular
ordering among intervals allows us to define monotonic type operators
over intervals out of non-monotonic ones over ideals. The idea of types as
intervals of ideals is used in [14] to interpret a notion of “modal” types in
a type assignment setting. Types as intervals are also used in [18] to model
a language consisting of second order lambda calculus with subtyping,
bounded quantification, existential types and a fixed point operator for terms,
but not types. The model in [18] has the interesting property of being weakly
extensional but not extensional.

What we do in the present paper is to use partial equivalence relations (in
the style of [10] and [3]) and their properties, together with the technical
device of intervals which is proved to be useful even when partial equivalence
relations instead of ideals are considered. We model types as intervals of
partial equivalence relations, managing to produce a model for the second
order lambda calculus with subtyping, bounded quantification, recursive
types, kinds and constructors (higher order operations on types). We call
this language p-FunK. It follows from the properties of intervals and their
ordering that in our model of y-FunK all the type constructors are continuous
functions: an important consequence of this is that in the model a kind is
given to each constructor constant present in the system (—, V< and u).
Besides, the operator p is interpreted in a very natural way, i.e. as the
minimal fixed point operator over the space of continuous functions.
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TOWARD A SEMANTICS FOR THE QUEST LANGUAGE 515

An apparently odd feature of this model is that the ordering among
intervals is the one defined in [11], while in order to model subtyping we
use a different ordering, similar to the one defined in [18]. Nonetheless
the Amber rule [8], stating the good behaviour of y with respect to the
“subtyping relation ordering”, turns out to be sound in the model in spite
of the fact that p is the minimal fixed point operator with respect to the
“ordering for constructors”.

As in [18], in order to be able to associate a domain of objects to each
type, we take as “real” types only the maximal intervals, i.e. those intervals
that correspond to partial equivalence relations. However, in order to obtain
the good properties of the operator y, we must have the possibility of
interpreting a type even as an interval and not only as a maximal interval.
We overcome this difficulty by extending the syntax with a predicate over
types that is inperpreted as a predicate of maximality over intervals. This
is not a real drawback indeed, since if we can derive a type for a term we
can always derive the maximality of it simply by assuming the maximality
of all the free type variables occurring in it.

We can look at p-FunK as a relevant fragment of the powerful language
QUEST of Cardelli [7]. A semantics for this language has also been proposed
in [8]: although Cardelli and Longo succeed in modeling the whole F,,
inheritance and bounded quantification, they lack an interpretation for u.

Among the most recent works on modeling significative fragments of the
QUEST language it is worth mentioning [1], which is an elegant categorical
version of a model for a fragment of QUEST. Of course more constructors
could be added to our formal system, and its semantics could be easily
extended to encompass these as well. For instance, records and variant types
can be dealt with in our framework using a type free domain including
summands for records and variants.

Section 1 gives the syntax of u-FunK and Section 2 the formal definition
of model. The domain over which we define partial equivalence relations,
the basis of our model, will be described in Section 3. The definition of
interval of partial equivalence relations and the interpretation of types and
constructors using intervals are done in Section 4. The model of all u-FunK
is in Section 5. Section 6, 7 and 8 will be devoted to the proofs of some
non trivial theorems. In Section 9 we present a counter-example to a natural
extension of our model to higher order types.

The present paper is an extended version of [2].
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516 F. ALESSI, F. BARBANERA

1. SYNTAX OF p-FunK

In this section we shall describe the language p-FunK as an extension
of the second order A-calculus where a (syntactic) relation of subtyping,
denoted by <, is defined between types, and where there are also recursive
types (built using the p operator), bounded quantification and kinds.

As usual, the expression M [N/z] will denote the term obtained by
replacing the term N for the variable z in M.

DerINITION 1.1 (Kinds, Preconstructors and Preterms). The set of Kinds is
defined by the following rules.

K ::=Type| K = K.

The set of preconstructors is defined by the following rules.

C:=t|Top| — |u| VY<|M:K.C|C(C)

where t ranges over the set of constructor variables.
The set of preterms is defined by the following rules.

M:=z|Az:CM|M(M)|At£C.M|M(C)

where x ranges over the set of term variables.

In the following we shall abbreviate —CC with C — C, V<C (At :
Type.C) with V¢ £ C.C and p (At : Type.C) with ut.C.

We shall call constructors the preconstructors which have a kind. Types

will be the particular constructors which have kind Type. Terms will be the
preterms which have a type.

We define three sorts of judgments:
a) typing judgment T+ u : (

stating that the term (constructor) u has type (kind) ¢. If a judgment of
this sort is about a term (a constructor) it will be called term- (constructor-)
judgment.

b) subtyping judgment T+ 17 < o

stating that there exists an subtype relation between the types 7 and o.
¢) totality judgment T + Max (o)

stating that the type o is maximal.
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Remark: Let us give briefly the motivation for the introduction in the
syntax of the predicate on types Max() and of the judgments (¢). In our
model, if we wish to associate a domain of objects to a type we have
to model it not with an arbitrary interval, but with a maximal interval. In
such a way it can be assimilated to a profinite partial equivalence relation
(the particular partial equivalence relations we use in our model) and then
be associated to a domain of objects in the standard way. However, if we
forced types to be interpreded directly as maximal intervals we would lose,
as stated in the introduction, the properties of the operator p. What we do
is then to distinguish at the syntactic level the types as non-maximal and
maximal (the ones for which it is possible to prove that the predicate Max ()
holds). The maximal types will be indeed our “real” types since to them we
are able to associate in the model a domain of objects. It is worth to stress
however that using this syntax machinery is by no means restrictive, since,
as it will be clear from the type formation rules, we can always obtain, given
a derivation for a type, a derivation of the maximality of it only by assuming
the maximality of the type variables we use in the derivation for that type.
Moreover if we use the usual condition of contractiveness of functions on
types, by using on them the p operator we always get maximal types (see
the remark at the end of this section and Lemma 8.1).

At this point one could wonder why one is forced to distinguish between
maximal and non-maximal types at the syntactic level. Would it not be better
to use the intervals to construct the recursive types and then simply throw
out the non-maximal intervals from the final model?

The motivation for our choice lies in the fact that we wish to model as
wide a fragment of the QUEST language as possible. It would be hopeless
to try and interpret kinds (for instance Type =>Type) and constructors if
we considered Type to be the set of maximal intervals. If we did so the
interpretation of a kind like Type =>Type would have no structure and, due
to this fact, one would have no natural way to interpret in it the constructors.

In the sequel we shall use:

A, A’ ... as metaviables for kinds,
o, T, - - - as metavariables for constructors,
M, N, - .- as metavariables for terms.

A context of constraints is a set C of type constraints of the form t £ o
where ¢ (called the subject of the constraint) is a type variabe and o (called
the type of the constraint and such that ¢ ¢ F'V (o)) is a type. In a context
of constraints there are no two constraints with the same subject.
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518 F. ALESSI, F. BARBANERA

A basis is a finite set B of assumptions of the form wu; : (; where u;
(called the subject of the assumption) is a term- (type-) variable and (; is
a constructor (kind) and such that no two distinct variables have the same
constructor (kind).

A context of maximality assumptions is a set S of statements (maximality
assumptions) of the form Max (), where ¢ (called the subject of the
maximality assumption) is a type variable.

If H is a context of constraints (or a basis, a context of maximality
assumptions) and v is a type constraint (or, respectively, an assumption, a
maximality assumption), H, v will denote H U {v}.

A context for y-FunK is a triple I' = C; B; S where C is a context of
constraints, B is a basis and S is a context of maximality assumptions.

FV (T) is the set consisting of the subjects which occur in I' and of the
type variables in the types of the type constraints in I".

Let us define now what is a valid context.

This definition depends obviously on the formation rules we shall define
below.

& valid the empty context is a valid context.

C; B, t: A; Svalid if C; B; Swvalid C; B, S+ A : Kind and
t ¢ FV(C; B; S)

C; B, z : 0; S valid if C; B; S valid, C; B, Sk 0:Type; Max (o) and
xz ¢ FV(C; B; S)

C,t < 0;B,t: Type; S valid if C; B; S valid, C; B; S - o : Type
and t € FV (C; B; S)

C, B, S Max (%) valid if there exists A s.t. C; B; S valid, C; B;
SFA:Kindand C; B; S+t : A.

We shall group the rules of our system according to which sort of judgment
they allow to form and according to the sort of terms involved.

In the following I' + U; U’ will be short for T'+ U and T' + U”.

Axioms and start rules

(Az-Type) I' F Type: Kind if T is a valid context.
(Az-Top) T' + Top: Type if T is a valid context.
(Az-—) I' F — : Type =Type =Type if I is a valid context.
(Az-Y<) T I V< : Type =(Type =Type) =Type if ' is a valid context.
(Az-p) '+ p : (Type =Type) =Type if T is a valid context.
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(Start-C) C,t<0;B; SFt<o if C,t < o; B; Sis a valid context.
(Start-B) C; B, u:(; Skt wu:( if C; B, w: ;S is a valid context.
(Start-S) C;B; S, Max (t) F Max (t) if C; B; S, Max () is a valid context.

Rules for constructor and kind formation

I'A:Kind TFA :Kind
I'FA= A :Kind

(Kind-form)

C;B; SFA:Kind; A':Kind C;B,t:4;Sto:A
F'FAt:Aoc: A= A

(= -Intro)

F'to:A=> A7 A

(= ~Elim) F'For: A
Rules for type constraints
I'o: Type I'+o:Type
<-Top) ————>—  (S-Refl) ———l7—
ETP) Frogme EFN TEo<
'Folm;7<p TFo<o <t
<- = = <. =Y,7T =
(5 rans) Fhosp (=) 'to! =7 ZLo—r
(§-V<) C,B,Skaéa/ C7t§U;B)t:Type;S|_TI§T

= C;B;SFVtZo 7 SVtSor

(£ ) C; B, t: Type; St o : Type
="# C; B; Sk pto=out.o/t]

(ut.oc = o [ut.o/t] stands for pt.o < ofut.o/t]and o [ut.o/t] £ pt.o)

C; B; SFMax(o); Max(r) C,sS<t; B;Sko <7
C; B; St us.oc S ut.r

if s ¢ FV (1) and t € FV (o).

(Amber)
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Rules for maximality

(Max-V<) I'Max (V<) if I'isawalid context.

(Max- —) TI'F Max(—) if I'isawvalid context.

C; B, t:A4; S, Max(t) F o : A'; Max (o)
C;B;SFA= A’:Kind
C; B; SFMax (At: A.0)

(Max-abstr) {

Fto:A= A5 7: A; Max (0); Max(7)
'+ Max (o)

(Max-appl)

't o : Type; Max (A s : Type.o)
'+ Max (u(As: Type.o))
(x) o is contractive in s iff
1.(t € FV (o) = T F t : Type)l.
2. o is either a type variable different from s or a function type or a
constructor application whose reduced form is contractive in s or a recursive
type whose body is contractive in s [17].

(Max-p) if ois contractivein s (x)

Term formation rules

C;B;Sko:Type; 7:Type C;B,z:0;,SFM: 7

(= -Intro) C:B;SFAzx:0M:0—T7
. I'M:0—>7;N:o
(= -Elim) TFMN:r
{ C; B; S+ Max(o); o : Type; 7 : Type }
< . . . » .
(¥-Intro) C,t<0;B,t:Type; S, Max(t) - M : 7 itt ¢ FV (B)

C;B;SFAtLoM:Vtlor

' This condition in the definition of contractiveness i§ not present i_n the system of {17], since
in that system it is not possible to have kind variables of kind different from Type.
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TOWARD A SEMANTICS FOR THE QUEST LANGUAGE 521

'FM:VtZ o p S o; Max(p)

(V-Elim) LHMp:Tp/t]

I'M:o0; 0 L7 Max (1)
'EM:T1

Remark: Notice that the restriction of rule (Max-4) to contractive types
is necessary to obtain the soundness of p-FunK with respect to the model
we shall present. In this model it will be possible to apply the p operator
to all the constructors from Type to Type; for instance it is possible to
model even types like p ¢.t where ¢ is a variable of kind Type = Type. The
contractiveness is however needed if we want to obtain, using the y operator,
maximal types, i.e. the ones we use as “real” types; in fact the condition
(t € FV (0) = L'+t : Type) for contractiveness fails trivially for ut.t.

The restriction to contractive types is of no relevance from a practical point

of view. It can cause some problems only in certain higher order systems,
where it might be difficult to decide whether a type is contractive or not.

(Subsump)

2. SEMANTICS OF p-FunK

Let us define now what is the formal semantics for p-FunK. This will be
given in the style of [6], from which we have taken the following definition.

DerFINITION 2.1 (Kind frame): A Kind Frame is a tuple
KIND = (Kinds, U : Kinds — Set, {®4 a' | A, A’ € Kinds},
Max (—), Type, Top, =, =3, <, Vg, L )
such that
1. Kinds is a set.
2. Uis a total map from Kinds to Set.
3. = :KindsxKinds — Kinds.

4. P4 4 U(A> A") — (U(A) — U (A)) is an injective map for all
A, A" € Kinds.

S. Type € Kinds and Top € U (Type).

6. Max (A) € U (A) for all A € Kinds.

7. = € Max (U (Type=> Type=> Type)).

8. W € U((Type=> Type)=> Type).

9. V<€ Max (U (Type=> (Type=> Type)=> Type)).

vol. 28, n° 6, 1994



522 F. ALESSI, F. BARBANERA

10. £ is a partial order over U (Type) with Top as maximum.
The following additional conditions must be satisfied.
Let 3, v, 6, € € U (Type) and F, G € U (Type=> Type).
(i) If 5Ly and §< ¢ then v — § < B — & (soundness of rule (£ - —))

(i) If S<y and for all p< B F(p)SG(p) then V<Y FLV<BG
(soundness of rule (£ —V<))

(iii) If a) B< v implies F (8)< G (v) and
b) F, G € Max (Type=> Type)
then u F'€ 1 G (soundness of rule (Amber))

(iv)Max (A= A") = {F € U(A=2A4)|Vo € Max(A)F (o) €
Max (A")}

where

7'~ 6 denotes Prype, Type (Prype, Type = Type (=) (7)) (6),
V<y F denotes ®rype o, Type, Type (H) (F)

with

H = P@rype, (Type= Type)= Type (Ve) (v)

and
p F denotes Prype . Type, Type (L) (F).

When there will be no ambiguity we shall write Type for U (Type).

DerINtTION 2.2 (Kind Interpretation): A kind-interpretation [—] is a function
from kind expressions to Kinds, such that the following conditions are
satisfied:

e [Type] = Type
o [A = A] = [4]=>[4].

A constructor-environment is a map 7n from constructor variables to

U U4

A€Kinds
As usual, given a constructor-environment 7, 7 (u| — t) denotes the
following constructor-environment

fs=t
otherwise.

nwl= 06 ={,6

Informatique théorique et Applications/Theoretical Informatics and Applications



TOWARD A SEMANTICS FOR THE QUEST LANGUAGE 523

DermvitioN 2.3 (Constructor-Interpretations): A constructor-interpretation
[ ] in a given kind frame is a function from derivable constructor-judgments
and constructor environments which satisfies the following conditions:

oe[C'Ft: A]l, =n()

e [I' + Top], = Top

o [I' F—: Type = Type = Type], ==

o [I' - p: (Type = Type) = Type], =K

o [[' F V< : Type = (Type = Type) = Type], = Vg

o[+ or : Aly = Quqquy (T Fo: A= AL (T F7: Aly)

¢[C;B; Sk At :Ac: A= A, = @ﬁ],m (),
where f € (U([A]) — U([A'])) is defined by f(u) = [C; B, t : A;
St o Ay —t)-

We say that a constructor environment 7 satisfies a context I' (n = T') iff

ayforallt: AeT n((t) € U([A])

b)if Max(t) €T'and t £ o € ' then n(t)< [T F o : Typel]y.

Note that this definition is not circular because when we introduce ¢ in
a derivation t is fresh.

DerINITION 2.4: (Kind Models): (1) A quasi-kind model is a kind frame for
which a constructor interpretation is defined.

(1) A kind model is a quasi-kind model in which rule (Max-x) is sound.

DErINITION 2.5 (Frames): A frame for p-FunK is a pair
FRAME= (KIND, DOM) such that
1. KIND is a kind model
2.DOM = ({Dom"® | a € Max (Type)}, {Xaq,5|a, b € Max (Type)},
{xs|f € Max (Type = Type)}, {la,5|a, b € Max (Type), a< b})
such that:
@) for all @ € Max (Type) Dom? is a set.
(i) for all @, b € Max (Type) there is a set of functions from Dom?® to
Dom?®, denoted by *[Dom® — Domb]*, such that there exists a bijection
Xa,b © Dom®>? — x[Dom® — Dom?] « .

(Notice that — € Max (U (Type=> Type=> Type)) and then, since a— b is
a maximal element, Dom?~? is defined).
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524 F. ALESSI, F. BARBANERA

(iii) for all f € Max(Type=>Type) and for all b € Max(Type), if
F = ®1ype Type (f) then there exists a subset

*| H Dom” % C H Dom? ()

a€Max (Type), a<b a€Max (Type),a<b

such that there exists a bijection

xf: Dom"Z0F _ H Dom” (9]«
a€Max (Type), a<b

(iv) for all a, b € Max (Type) s.t. a< b we have I,  : Dom® — Dom.

A term environment satisfying a context I' with respect to 1 is a map §
which to each term variable = such that z : ¢ € I (and T' o : Type)
associates an element of Dom[I™o:Typeln,

An environment satisfying a context I is a pair (7, £ ) where 7 is a context
environment and £ is a term environment, both satisfying I'.

DEFINITION 2.6 (Term Interpretations): A term-interpretation [—] in a given
frame is a function from derivable term-judgments and environments which
satisfies the following conditions:

o[C;B,z:0; St z:0]ye =E(=)
o[L'FMN :7)n ey =Xo,p([TEM:0— 7]y ) ([TFN:alne)
where a = [I' I o : Type], and 8 = [I' - 7 : Type],
®Xa,p([C; B; Sk Az :0.M:0 — 7]y e) ) =
[C;B,z:0;SEM: 7]y ¢ |-p)
where a = [['F o : Type]y, B8 = [I'F 7 : Type], and p € Dom®
o[ Mp:7lo/tlline) =
xf([['F M : VY S 0.7](y,6) ([T + p : Typely)
where f = Ay € H.[T' k- 7 : Type], (y)-,) and [['F p: Type], € H,
with H = {8 € Type |B<[I' F o : Type],}
o xf([C; B; SEAt S o.M 1Vt S 0]y, 6 (V) =
[C, t <5 05 B, t: Type; S, Max () b M : 7]y (¢]oy),¢) for v € H
and f = X € HT F 7 : Type],(tj—y), with H = {8 € Type|B<[I'
o Type],}
o[+ M : ptolim e =[LFM:oluto/t]]ye-
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TOWARD A SEMANTICS FOR THE QUEST LANGUAGE 525

Notice that the above definition of term interpretation makes it possible
to prove that equational rules of the calculus like (o), (3) and () are sound
w.r.t. to any model.

3. A TYPE-FREE STRUCTURE

Our model will be based on a suitable type free model D satisfying the
equation

(%) D= A+ (D — D]

where A is a countable flat domain of atoms (e.g. integers), + represents
coalesced sum and [D — D] the space of all continuous functions (w.r.t.
Scott topology) from D to D.

For technical reasons we shall assume that the solution of equation (x)
is obtained as an inverse limit of a chain of embeddings of finite cpo’s.
This will allow the set of intervals of PPER’s, to be defined below,
to be a Scott domain. Thus we take D to be a profinite domain in the
sense of [15]. Embedding-projection pairs of the form (i € [D; — Ds],
j € [D2 — Dq]) are pairs of continuous functions such that for all d € Dy
and e € Dy j(i(d)) = d and i (j (e)) C e. The construction is described,

for instance, in [16]. We may define in the usual way a denumerable
family (¢n : Dn — D, ¥p : D — Dy )neo of embedding-projection
pairs, where each D, has finite cardinality. These introduce a notion of
approximation on the domain D as a denumerable family of continuous
mappings (—), : D — D, where each (—),, is the composition ¢y, © ¥r.

Via embedding-projection pairs we identify each D, with its isomorphic
image ¢, (D) € D. So we get an ascending chain (Do & Dy & -- )
of domains. By means of such an identification we manage to simplify our
arguments in several of the following proofs, being it possible to get rid of any
explicit reference to the embedding-projection pairs { ¢pn 0 ¥y, ) : Dy — D.

As a direct consequence of starting from a finite cpo. A we get the
finiteness of each D,.

The following properties of D and (—), can easily be verified (see, e.g.,
(4D

PropositioN 3.1: Forall d € D and n, m € w
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l.dg = 1p

2. (dn)m = (dm)n = dmin(n,m)

3.d = U{dnln € w}

If fe[D— D]andd, e € D, then

4. fn+1 (dk) = fn+1 (dn) for n § k

5. (fr+1(dn))n = fat1(dn) for n S k

6. fn+1 (dn) = fn+l (d) = (f (dn))n

7. f=fariff Vd € D f(d) = (f(dn))n
8.dee = n]glw (dn+1 (en)).

These and some other useful properties of the notion of approximation
will be used in the sequel without explicit mention.

4. A KIND MODEL

In this section we shall build a kind model for y-FunK and a constructor
interpretation for it, using the domain D built as in the previous section.

We shall interpret types as intervals of relations over the domain D and
constructors which are not types as functions over such intervals. Some
conditions are needed on the relations we use. As it will be shown in detail
in what follows, the use of intervals is needed only as a technical tool in
order to obtain the continuity (with respect to the Scott topology) of the
type constructors —, V<, and p.

From the syntax of p-FunKk it is clear that we can consider only maximal
types (which can be viewed simply as relations) as real types. This is not
a restriction, as pointed out previously.

The notion of approximation defined on D will turn out to be a fundamental
tool in the proof of a relevant property of intervals, namely that the application
of the operator p to a maximal contractive type yields a maximal type. This
property can be proved by induction on the level of each approximation,
following [12], {13], [10] and [3].

A nice feature of our interpretation is that the meaning of the operator y
is the fixed point operator on a space of continuous functions.

The following definition introduces the class of profinite partial equivalence
relations (in analogy to profinite domains, see [15]), which will be the basis
of our model.
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DeriNiTION 4.1 (Profinite partial Equivalence Relations) : A Profinite
Partial Equivalence Relation (PPER) is a binary relation R over the domain
D such that

1.(L, 1) € R
2. R is symmetric and transitive
3. R is w-complete:
if {di}icw and {e; }ie. are increasing chains in D such that Vi € w (d;, e;) €
R then (|| d;, | |ei) € R
(3 2

4. R is closed under approximations:

(z,y) e R=>Vn€w(zn, yn) € R.

Notation: From now zp, Yn, Tm ... for ¢, y € D will always denote
the approximations of z, y in D, (or Dy,). z;, ¥;, x; will denote instead
elements of sequences.

In the previous section we have defined D as the solution of the domain
equation

D;.A—[-[D—>D].

It is then possible to show that in such a case we case we can characterize
PPER’s by replacing conditions 3. and 4. in Definition 4.1 by the following
condition:

3. (z,y) € R Vn € w(zn, yn) € R.
On PPER’s we can define some standard operations.

DEerNITION 4.2: Let R and S be two PPER’s.
() R — S =pes {(z, ¥)|[(u, 2) € R=> (zou,yez) €S}
(ii) Dom (R) =pet {[z]r | (=, ) € R} where [z]g = {y|(z, y) € R}.

DerNiTioN 4.3: Let P, P’ be PPER’s and let n € w. We write P<i, P’
whenever the following two conditions are satisfied:

.LPCP
2.If (d, e) € P’ then (dn, €,) € P.

In the following P, will be the relation {(d., en)|(d, €) € P} =
P N (Dy x Dy).

Moreover the following abbreviation will be used ([r, R| )n = [rn, Rxl,
for [rp, Rn] PPER’s.
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Observe that the intersection of an arbitrary family X of PPER’s is
profinite, so the set of PPER’s is a complete lattice with respect to inclusion.

Prorosition 4.4 [10]: For P € PPER and n € w :
P &P
Gi) P, € PPER

(iii) P,<ln Ppy1-

Let us consider now the operator which, given two PPER’s, returns
the function space between them, as defined in Definition 4.2. It is
straightforward to check that this operator is not continuous with respect
to the Scott topology (it is not monotone in the first argument). It is possible
to gain the continuity of such an operator, beside other things, if we consider
intervals of PPER’s and not simply PPER’s. This technical tool will allow
us to have the continuity of the other operators as well.

Let us introduce, in the style of [11], the formal definitiion of what an
interval of PPER’s is.

DerNITION 4.5 (PPER-Intervals). (i) A PPER-interval [a, A] over D,
where a, A € PPER and a € A € D, is the set of all PPER’s P such
that a S P C A.

(ii) Cartwright’s ordering € among PPER-intervals is defined in the
following way:

la, A] Sc (b, B} iff [b, B] € [a, A] assets,i.e.a S band B & A.

It is now easy to check that with respect to the ordering C¢ the interval
(L, 1)}, D x D] is the minimum, while maximal elements are all the
intervals of the form [A, A]. Then there exists a one-one correspondence
between PPER’s and maximal PPER-intervals.

PPER-int will denote the set of all PPER-intervals over D.

It is not difficult to check that a directed set in PPER-int is a set of
intervals {[r;, R;][¢ € I} such that {r; |7 € I} is a directed family of
PPER’s and {R;|: € I} is a filtered family of PPER’s, i.e. given i, j € T
then there exists k € I such that Ry & R; & R & R;. This fact will be
used in the following without explicit mention.

PPER-int with the ordering & ¢ is a Scott domain.

THEOREM 4.6: The partial order PPER-int, = (PPER — int, C¢) is a
Scott domain.
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The proof of this theorem will be the topic of Section 6.

Any function F' from PPER-int to PPER-int is naturally associated to a
pair of functions from PPER-int to the set of PPER’s, i.e. we can associate
F with (F*, F~) where if F ([a, A]) = [b, B] then F* ([a, A]) = b and
F~([a, 4]) = B.

Let us define some relevant operations over PPER-int.

Let [PPER-int — PPER-int] be the space of continuous functions from
PPER-int to PPER-int.

Dernirion 4.7: (i) [—] : (PPER-int) x (PPER-int) — PPER-int is
defined in the following way:

[a, A][—][b, B] = [A — b, a — B], where — on PPER’s is defined in 4.2.

(i) [V<] : PPER-int — [PPER-int — PPER-int] — PPER-int is defi-
ned in the following way:

V<1 (b, B)(F)=1[[) F*((a, a]), (] F~ (la, a])]
aCB aCh
where [b, B] € PPER-int and F € [PPER-int — PPER-int].

(iii) [¢] : [PPER-int — PPER-int] — PPER-int is defined as the fixed
point operator over

[PPER-int — PPER-int].

THEOREM 4.8: The functions [—], [V<| and [y are continuous.
The proof of this theorem will be given in Section 7.

Then by means of the technical device of intervals and of their ordering
C¢ we manage to obtain the continuity of operators. It is easy to check that
the ordering ¢ cannot be used to model also the relation of subtyping.
For this purpose we introduce now a new ordering between intervals similar
to the one defined in [18].

DerFINITION 4.9 (The Ordering Spr): Let [a, A], [b, B] € PPER-int.
[a, A] Su[b, B] iff a Sband A C B.
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It possible now to define a kind frame
KIND = (Kinds, U : Kinds — Set, {®a A’ |A, A’ € Kinds},
Max (), Type, Top, =>, =, <, V<, L)
for p-FunK based on PPER-int.

DEerINITION 4.10 (The PPER-int kind frame): The PPER-int kind frame is
the kind frame defined in the following way:

Kinds  is the set of all Scott domains built by means of the function
space operator out of the Scott domain PPER-int.

U is the forgetful map between Scott domains and Sets.

D4, 4 is the identity over the space of functions from U (A4) to U (4').

Type is the Scott domain PPER-int.

Top is the interval of PPER’s [{(.L, 1)}, D x D]J.

= is the function space constructor over Scott domains.

Max (A) is the set of all the maximal® elements of U (A), where the defi-
nition of maximal element of U (A) is inductively given in the
following way:

e the maximal elements of Type are the maximal elements of
PPER-int

e the maximal elements of A=> A’ are the functions mapping
maximal elements of U (A) into maximal elements of U (4’).

- is [—] of Definition 4.7.
< is the ordering Cjy.

V< is [V<] of Definition 4.7.
(23 is [u] of Definition 4.7.

We have now to prove that the definition above is indeed the definition
of a kind frame, ie. that it is correct and that the conditions (i)-(iv) of
Definition 2.1 hold.

For the correctness what we first need is the continuity of Vg, => and
W, proved in Theorem 4.8. The correctness of the definition of [ follows

directly from this. For the correctness of V< and = we need also to
have that

— € Max (U (Type = Type = Type))

2 Notice that the name “maximal” is not related, except for Type (and this justifies the name),
to the notion of maximality w.r.t. the order of kinds as Scott domains.
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and
V< € Max (U (Type = (Type = Type) = Type)).

These facts are stated in the following lemma, whose proof will not be
given since it is quite easy.

LemMma 4.11: In the kind frame defined above:
(1) rule (Max- —) is sound, i.e. = € Max (U (Type = Type = Type)).
(ii) rule (Max-V<) is sound, i.e.

V< € Max (U (Type = (Type =Type) = Type)).

THEOREM 4.12: The PPER-int kind frame is a kind frame.

Having Lemma 4.11 the only interesting part of the proof of the above
theorem is the soundness of the rule (Amber) which will be given in
Section 8.

We can define now a kind interpetation and a constructor interpretation
for p-FunK based on the PPER-int kind frame: it is sufficient to apply
Definitions 2.2 and 2.3 to the PPER-int kind frame. We call these the
PPER-int kind interpretation and the PPER-int constructor interpretation.

We can now prove that the PPER-int quasi-kind model defined above is
indeed a kind model, i.e. that rule (Max-u) is sound. The proof is done by
induction on the level of approximation, using the fact that for contractive
types the approximated interpretation at level n + 1 of ¢ — 7 is completely
determined by the approximated interpretation at level n of o and 7, as
follows easily from Proposition 3.1. (see [12]).

LemMMa 4.13: Rule Max-p) is sound in the PPER-int kind frame.
The proof of this lemma will be given in Section 8.

With Theorem 4.12 and Lemma 4.13 the proof of the two following
theorems is quite straightforward.

THEOREM 4.14 (Soundness of Max Rules): If we derive I' - Max (o) then
in the interpretation above [I' \- o : A], € Max (A), i.e. the rules concerning
Max are sound.

THEOREM 4.15 (Soundness of SRules): If we derive I' - o < 7 then in
the interpretation above [I' - o : Type], < [I'+ 7 : Type], ie. the rules

concerning < are sound.
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5. A MODEL FOR y-FunK

As the last step of our model construction, we define a frame and a term
interpretation for p-FunK.

Let us first recall that a maximal PPER-interval corresponds to a PPER,
then in what follows we shall not distinguish between them.

It possible to define a frame for p-FunK FRAME= (KIND, DOM) based
on the PPER-int kind model. Let us first recall what DOM has to be in
FRAME.

DOM = ({Dom” |a € Max (Type)}, {Xaq,|a, b € Max (Type)},
{xf|f € Max (Type=> Type)}, {I, 5| a, b € Max (Type) and a < b}).
DEeFINITION 5.1 (The PPER-int frame). The PPER-int frame is the frame
defined in the following way:

1. KIND is the PPER-int kind model

2. Dom? is Dom (a)

3. x[Dom® — Dom?]* are the functions from Dom® to Dom® represented
by elements of Dom®~? ie.
f € «[Dom® — Dom®}*

iff there is [d]a—p such that for all [e]. f ([e]) = [d o e]s.

4. Xq,p is the function which associates to each element of Dom*~ b the
represented function from Dom® to Dom?.

5. H Dom? (9)]x is defined in the following way:

a€EMax (Type), a<lb
g € *| H Dom? (9]«
a€Max (Type), a<b
iff dc€ Dst.[clx € Dom* and Vp € Max (Type)

with p S b we have g (p) = [c]p, where k = ﬂ Ft (a).
a<lb

6. xr is defined in the following way: xs ([dlv<pr) (¢) = [d]f (q) Where
a € Max(Type), a < b.

7. I, p is defined in the following way: if a < b then I, p ({d]a) = [d]s-

It is not difficult to check that x, 5 and xs are bijections. To explain
informally the definition of | H Dom’ {®))x in point 5. above,

a€Max (Type),alb
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we may say that the action performed by an element, d, of its type on
another type (that is on a PPER) consists in forming the equivalence class,
with respect to that type, of d.

To define the term interpretation for p-FunK we shall first give an
interpretation for derivations of judgment, i.e. an interpretation for judgments
depending on the way these are derived, taking into account the possible use
of rule (Subsum) as last rule in the derivation. This interpretation of derivation
turns out to be also a constructor interpretation since it is possible to prove
that different derivations for the same term yield the same interpretation (see
[5]). Moreover this interpretation will satisfy the conditions of Definition 2.6.

Notice that in this interpretation the subderivations concerning Max are
not relevant.

DEFINITION 5.2 (Derivation Interpretation): Let (n, &) be an environment.

Given a derivation II of a term-judgment I' - M : ¢ we define its
interpretation in the environment (7, £ ) satisfying I, [II/T'F MN : 7]y ¢y
by induction on the depth of II.

Base case

We have derived C; B, z : 7; S F z : 7 using rule (Start-B)
[II/C; B, z:7; Sk : 7](n ¢y = &(2)-
Induction cases

e Last rule is (—-intro).

Then, using the induction hypothesis, we define
[II/C; B; SEAz:0.M 10 — 7]y ¢
= ch,lb (Ald) €a.[II;/C; B, z:0; SF M : T]](mf(xl—’[d]))

where a = [ - o : Type], and b = [I' F 7 : Type],.
e Last rule is (—-elim).

Then, using the induction hypothesis, we define

[II/T+ MN : 7']](,,’5)
= Xa,b ([[HI/F FM:0— T]](n,{)) ([[H2/P FN: Uﬂ(mé))

where a = [I' F o : Type], and b = [ F 7 : Type]y.
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e Last rule is (V-Intro).
Then, using the induction hypothesis, we define

[/C; B; SEAt S o.M :Vt S o]y g = X5 (A€ HK)
where f = AB € Type.[C; B, t: Type; S+ 7 : Type], (1 p),

H = {c € Max(Type)|c<[C; B; S I o : Type],}

and

K =[I;/C, t £ o; B, t: Type; S, Max (t) b M : T](y4-a), &) -

e Last rule is (V-Elim).

[/r+=Mp:r [p/t]|<n,£)
= x5 (/T + M :Vt L o.1]iy,e) [T F p: Typely)

where f = AB € Max (Type).[C; B, ¢ : Type; S, & 7 : Type], (tj—p)-
e Last rule is (Subsump).
Then, using the induction hypothesis, we define

/T F M : 7]y ¢ = Ias (/T M : 0]y ¢))

where a = [[' F o : Type],) and b = [I" F 7 : Type],.

We can prove that this definition is correct taking into account the shapes
of the term formation rules, Lemmas 4.14, 4.15 and the fact that D is a
model of pure A-calculus (this assures that the functions defined above using
the metalinguistic abstraction A are well defined).

It is easy to see that, in genperal, a term judgment can be obtained by
several different derivations. This means that to obtain a term interpretation
for p-FunK from the derivation interpretation it is necessary to prove that
the interpretation of a derivation of a term judgment depends only on the
term judgment itself. This property, called coherence, can be proved by a
cumbersome induction on derivations, following [6].

THEOREM 5.3 (Soundness). The rules of u-FunK are sound in the PPER-int
model.

The only difficult cases to be considered in the proof of the above theorem
are the ones taken into account in Theorems 4.14 and 4.15.
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6. PPER-int IS A SCOTT DOMAIN

This Section will be devoted to the proof of Theorem 4.6.
To prove that PPER-Int is a Scott domain we need some results about the
complements in D x D of the PPER’s, which we will refer to as Co-PPER’s.

In particular, we will prove that the set of Co-PPER’s forms a Scott domain
with respect to set-theoretic inclusion.

DEFINITION 6.1 (Co-PPER’s): Let D be a Scott domain. A set R* € D x D
is a Co-PPER iff R = D x D\R* is a PPER.

Lemma 6.2: A set R* & D x D is a Co-PPER iff the following conditions
are satisfied:
@ (z,y) € R* & (y, z) € R*
@) (z,y) € R* & (y, 2) € R* = (z, z) € R*
(iii) (z, y) € R* & 3n € w.(zn, yn) € R*.
Proof: =) Let R* be the complement in D X D of a PPER R. Let us
prove that conditions (i), (ii) and (iii) are satisfied.
D@ yYerR &z y¢Re(y,z) g Re (y, 7) € R
(ii) Let (z, y) € R* and (z, 2) € R*. If we assume (y, z) ¢ R* it
follows that (z, y) € R by the transitivity of R and the fact that (z, 2) € R,
(y, z) € R.

Thus we get (y, z) € R*.

(i) (=) If Vn € w (zn, yn) € R*, then (z, y) € R (because
Vn € w(zn, yn) € R). Therefore (z, y) € R* = IAn € w. (zn, yn) € R*.
(<)Let(z,y) € R*. Then (z,y) E R=>VnEw(Tn, yn) ER=>Vn€w
(ZL‘n, yn) g R*.

<) Similarly to case =). O

Remark: Note that, due to the (iii) (<) point of the above lemma, if

a, b) € R* for a, b € Dy, then R* captures all pairs (x, y) such that
p
Zp, = a and y, = b.

Lemma 6.3: Let {R} |t € I} € Co-PPER. Then U R} is a Co-PPER.
1€l
Proof: Trivial, since the intersection of PPER’s is a PPER. [J

From Lemma 6.3 it follows that Co-PPER is a consistently complete cpo
with respect to the set-theoretic inclusion. To prove that it is also algebraic
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we need to isolate a basis of finite elements in Co-PPER’s. For this purpose
we introduce the notion of n-minimal Co-PPER.

DermiTION 6.4: Let Q* € D x D be a Co-PPER and n € w.
(1) Qr & D x D is the relation defined by

1.Vu, v € Dy. (u, v) € Qy, & (v, u) € Qp,

2.Vu, v, w € Dy. (u, v) € Q} & (v, w) € QF = (u, w) € Q},

3.Vz,y € D. (z, y) € Q, & (ZTn, yn) € Q}

(i) Q" is n-minimal off Q* = Q}, (thatis (z, y) € Q* < (Zn, yn) € Q).

The above one is not a good definition unless one proves that @, is indeed
a Co-PPER. That is what we shall do in the following Lemma 6.5.

We denote with (Co-PPER),, the set of n-minimal Co-PPER’s.

Remark: In order to give an intuition about what a minimal Co-PPER Q*
is, consider that the natural way to approximate @* amounts to taking its
truncation at level n, namely @* N (D, x D,). But this is not a Co-PPER
(see the previous remark). However we manage to complete Q* N(Dy, X Dy,)
to a Co-PPER @)}, by adding all the pairs which are approximated by some

of its elements. ()7, is minimal in the sense that it is contained in every
Co-PPER R* containing Q* N (D, x D).

Lemma 6.5: (i) Let Q* be a Co-PPER. Then Q}, is a Co-PPER as well.
() @ & Q.
i) @* = |J @

new
Proof:
(i) (=, y) € Qn & (Tn, yn) € Qn & (yn, 7a) € Qr, & (¥, 7) € Q.

(z, y) € Qn & (y, 2) € Qn = (Tn, Yn) € Q1 & (Yn, 2n) & Qp,
= (zn, 2n) € Qy = (z, 2) € Q.

We have then proved that conditions (i) and (ii) of Lemma 6.2 hold.
Condition (iii) of the same lemma holds trivially. Thus Q7 is a Co-PPER.

(i) Let (z, y) € Q. Then (zn, yn) € Q*, so by the remark after
Lemma 6.2 (z, y) € Q*.

(iii) The left to right inclusion follows by (ii). For the converse, let
(z, y) € Q*. By Lemma 6.2 there exists m € w such that (z, ym) € Q*,
hence (Zym, Yym) € Q},. By definition of @}, it follows that (z,y) € @QF,. O

Informatique théorique et Applications/Theoretical Informatics and Applications



TOWARD A SEMANTICS FOR THE QUEST LANGUAGE 537

Lemma 6.6: Vn € w(Co-PPER), has finite cardinality.

Proof: The map Q*~Q* N D, x D, is a bijection between (Co-PPER),,
and binary relations over D, satisfying (i) and (ii) of Lemma 6.2, of which

there exists only a finite number because of the finiteness of D, . Therefore
(Co-PPER),, is a finite set. [

Lemma 6.7: Let Q* € (Co-PPER),. Then Q* is a finite element in
(Co-PPER, C).

Proof: Let Q* C LJ R, where { R} | ¢ € I} is a directed set of Co-PPER’s.
el

Let @ = Q*N(Dy, x Dy,). The number of pairs (z, y) such that (z, y) € Q

is finite. Thus there exists j € I such that @ & R} and hence Q* & (R))n

because Q* is a n-minimal Co-PPER. Now, by Lemma 6.5 (ii), we have
that (R), © R;. O

THEOREM 6.8: (Co-PPER, <) is a Scott domain.

Proof: By Lemma 6.3 it follows that Co-PPER is a consistently complete
cpo. Besides, by Lemmas 6.5 (iii) and 6.7 Co-PPER is algebraic. Lemma 6.6
guarantees that the basis of finite elements is countable. [

In order to be able to give the full proof of Theorem 4.6 we have still
to show that (PPER, €) is a Scott domain, and to this a further technical
lemma is needed.

LEMMA 6.9: Let R= {R;|i € I} be a direct family of PPER’s. Then the
lub of R, UR is the PPER defined by the following condition:

(z,y) € UR® VYn € w i € I such that z, R; yn.
Proof: Clearly if S is a PPER such that Vi € T R; € S, then URC S.
Thus what we need to prove is only that UR is a PPER, i.e. that conditions

1-4 of Definition 4.1 are satisfied. We shall check only condition 3 since it
is the only one not trivial.

Let {zk}kew and {y*}rec. be two increasing chains in D such that
Yk € w(zk, y*) € UR.

We must prove then that (I_J zk, |__| y*) € LR, ie.

kew k€ew
(%) Vnew JieL((| ] 2", (| ] ¥*)n) € Ri.
kew kew
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Let £ € w. From the definition of UR it follows:
Vnew 3i € Isuchthat ((z%)n, (v*)n) € R, .

Because of the finite cardinality of D,, there must exist k£ such that

(U 2*)n = (") and (I_I ¥*)n = (yk)n

kew kew

Hence condition (x) is satisfied. [

TueoreMm 6.10: (PPER, C) is a Scott domain with U (PPER),, (Where
ncw
(PPER)n, = {P N (Dy x Dy) | P € PPER}) as set of its finite elements.

Proof: By Lemma 6.9 PPER is a cpo. Its completeness follows by the
fact that PPER is closed for arbitrary intersection, by defining, for each
R, S € PPER, RUS =n{P € PPER|RUS C P}.

To prove its w-algebraicity first notice that an element of (PPER), is of
the form P, = PN (D, x Dy,) with P € PPER and hence a finite subset
of D x D. (PPER), is a set of finite elements of PPER. It remains now to
show that, for each P € PPER, P = U P,,; this is done by the following

new
equivalences
(z,y) e P&
Vnew. (zn,yn) EPSVnew. (zn, yn) € Phe (z,y) € U P,.

new
Notice that because of the finiteness of Dp, the elements P, are
countable. [

Theorem 4.6 can now be proved starting from theorems 6.8 and 6.10 and
by proving that PPER is isomorphic to (X, &x), defined below, which, by
Proposition 6.12, is a Scott domain.

DerNITION 6.11: (X, Cx) is the posed defined in the following way:
—-X = {(R, S*)| R € PPER, S* €Co-PPER and RN §* = J}.
—(R, §*) &x(Q, T")iff RE Q&S & T

ProposiTion 6.12: (X, Cx) is a Scott domain.

Proof: We first prove that (X, Cx) is a cpo.
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Let us consider an ascending chain {(R;, S})}icw.- In order
to prove that (U R;, U S;) is the lub of the chain we must

1Ew 1Ew

check that (|__| RN (U S;) = &. By contradiction, let (z, y) €
1€w 1EW
(l_l R;)n( U S;), then there exists n € w such that (zn, yn) € U S;.
€W 1Ew 1€w
Hence (zn, yn) € S for a certain k € w. If (z, y) € I_l R; then
. AS%
(Tn, yn) € I_l R;. Hence (zn, yn) € Rp for a certain h € w [since

1EW
| | Rin(Dn x D) =] Rin(Dy x Dy)). Now, if m > h, k, then
1 cw
(iu:l, Yn) € Ry NS}, Cf)ntradiction with the definition of X.

Once we know that (X, € x) is indeed a cpo, Lemmas 6.7, 6.8 and
Theorem 6.10 allow us to infer that it is also w-algebraic, with the pairs
(P, Q%) as finite elements, where P, € (PPER), and Q}, € (Co-PPER),.

To be a Scott domain X has now only to be proved to be bounded
complete. Then let (R1, S7) and (R2, S5) be such that there exists a bound
(R, §*) € X for them. This means that Ry, R2 € R and S, S5 € S. Since
(R, S*) € X we have that RNS* = & and hence (RiUR2)N(STUS) = D.
We can now conclude that (R1 U Ry, ST US5) € X. It is immediate to check
that such an element is the lub of (Ry, S7) and (Ry, S3). O

Proof of Theorem 4.6: The thesis of Theorem 4.6 follows now by showing
that (X, Cx) is isomorphic to (PPER-int, C().
Let us consider the map « : PPER-int— X defined as follows:

a([r, R]) = (r, R*) (R* being the complement of R in D x D, and
hence a Co-PPER).

It is immediate to check that a is an isomorphism. [J

Remark: Notice that a directed set {[r;, Ri]}ic in PPER-int is such
that {r;}ic. is a directed set in PPER and {R};c., is a directed set
in Co-PPER, that is {R;}ic. is a filtered set in PPER. In particular
U{[ri, Riltiew = [U{ri}icw, N{Ri}ie]-

7. CONTINUITY OF THE TYPE CONSTRUCTORS

In this fairly technical section we shall prove that the constructors —
and V< are continuous over PPER-int. The proof for the type constructor
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w4 will not be given since it follows immediately by the interpretation of u
as least fixed point operator.

Continuity of the type constructor —.

Let us begin with a technical lemma showing that the operator — is well-
behaved with respect to lub’s of directed sets and intersections of filtered
sets of PPER’s.

Lemma 7.1: Let R= {R; | i € I} be adirect set of PPER’s, Q= {Q; |j € J}
be a filtered set of PPER’s and S be a PPER. Then the following properties
hold:

(i) S — (UR= | |(S — Ri)
el

S — (N@= (]S — Q)
JjeJ

(i) (UR) — S = [ (Ri = 5)

1€l

(v) (NQ) — S = | | (@ — 9).

jeJ

Proof: We only prove (iii) since the proofs of the other properties are
quite similar.

The proof that LULR— S C ﬂ (R; — S) is immediate since R; € UR=

1€l
UR— S € R; — S. To prove the opposite inclusion it is sufficient to show
that, due to the w-algebraicity of PPER

Vnew [)(Ri — S)N(Dyx Dy) S (UR— S) N (Dy x Dp).

el
Let (z, y) € ﬂ (R; — S)N (Dy x Dy). To prove that (z, y) € UR— S
el
let (d, e) € UR.

Then Vm € w3i € I. (dm, em) € R;. In particular there exists j €
such that (dn_1, en—1) € R;. Since (z, y) € (R; — S), by the assumption
that (z, y) € ﬂ(Ri — S), we get (xod,_1, yee,_1) € S. By the

el
properties of the domain D, (zed, yee) = (z®d,—1, y ® en—1) and hence
(red,yee) € 5. O

ThHeEOREM 7.2: [—] : (PPER-int) x (PPER-int) — (PPER-int) is
CONLINUOUS.
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Proof: Let {[r;, R;]|i € I} be a direct set of PPER-int and [s, S] a
PER-int. Then

U ([Tir R4] - [57 S])
el
= L' ([Ri —s, i = S))
el
=[URi—>8, ﬂr,’——nS']
el i€l
by the remark after the proof of Theorem 4.6
= [(ﬂ R;) — s, (LI r;) — S] by (iii) and (iv) of the previous lemma
iel i€l ‘
=[] Rl —1s 8]
el 1€l

= (LJ [’riv Rﬂ]) - [5’ S].

el

In a similar way, by using (i) and (ii) of the Lemma 7.1, it is possible to
prove that

| (s, S1 = i, R) =1[s, 8] = | |Iri; Rs]. O
iel iel
Continuity of the type constructor V<.
We turn now our attention to the V< constructor.

To prove the continuity of such a constructor we need some extra
mathematical apparatus (which is linked to Lawson topology of Scott
domains: see e.g. [11], [18]).

Let 7" denote the infinite oriented complete binary tree.
Let {e5 |n € w} be a numbering of the finite elements of PPER-int.
A path in T is intended starting always from the root.

We label now the edges of T in the following way: at the level n, we
label with e, each edge which descends rightwards and with —e,, each edge
which descends leftwards.

To each element x of PPER-int it is associated a path in 7": corresponding
to a level n, the direction is fixed according to if e, &,z (rightwards) or
én % cx (leftwards).
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It is worth pointing out that, although for each element of PPER-int there
exists a corresponding path in T, the vice versa fails: for example if e,
and e, are two incompatible finite elements (i.e. e, Ll ey, is not defined)
a path descending rightwards at levels n and m cannot correspond to any
element.

We say that a subtree T of T is uniform iff every internal node has
two sons.

Notation: For a given path 7 in T, we write e, € w descends rightwards
at level n. Otherwise we write e, € 7 (or e, & 7).

DEerINITION 7.3: @) A path 7 is consistent iff there exists x € PPER-int
which satisfies it, i.e. e, € T & e, Scx.

Let m be a consistent path in 7.
by Ur =g4¢ U {e|e € w}.

¢) m is maximally-consistent iff there exists a maximal element x € PPER-
int which satisfies it.

d) Let d € PPER-int. 7 is d-maximally-consistent iff there exists a
maximal element z € PPER-int such that d Sz and z satisfies .

e) Given a PPER R a path is R-maximally consistent iff itis [{(L, 1)}, R]-
maximally consistent.

LEmMA 7.4: Let (d, e) € Dy, X Dy,. Then the set of the n-minimal Co-PPER’s
Qy, such that (d, €) € Q3 is finite.

Proof: Immediate consequence of Lemma 6.6. [

Notation: Given a path 7 in T, m, will denote the sub-path of = going
from the root to the level n.

Lemma 7.5: Let m be a path in T associated to a non-maximal element
x = [r, R] € PPER-int. Then there exists a finite sub-path p of © which
is not maximally consistent.

Proof: If [r, R] is non-maximal, i.e. r is strictly contained in R, then there
exists an element (z, y) in D x D such that (z, y) € R and (z, y) & 7.
The latter fact implies that there must exists an n such that (zn, yn) & 7,
while (z,, yn) € R.

Let P be the PPER generated by (25, yn) and let {Q}|i € I} be the
set of n-minimal Co-PPER’s containing (zy, y»), which is clearly a finite
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set. Besides, let us denote by @; the complement of Q¥ and consider the
following PPER-intervals:

{(L D}, @] (el
[P, D x D].

These intervals are finite elements in PPER-int. Moreover we have that:

{(L, L)}, Qi) €c'[r, R] [R € Q; fails because (25, yn) & Qi)-

[P, D x D] €c(r; B] [(@n, yn) € Pbut (zn, ya) € 7).

Then it holds (%) [{(L, 1)}, Q;] and [P, D x D] are not in .

Let us consider now a maximal interval [S, S].

We have two possibilities: (Zn, yn) € S or (n, yn) € S.

In the first case we have P € S € D x D and hence [P, D x D] & ¢[S, S].

In the second case (zn, yn) € D x D\S (= S*). Let us consider S}, this
a n-minimal Co-PPER such that (z,, y») € S;. Hence there exists 79 € I
such that Q% = S;. For such ¢ we get that

{(L, L)}, Qio] EclS, Sl

What we have shown is then that for each maximal element [S, S] the
following holds:

(%) [P DxD]&els, Slordie I{(L, L)}, Qi] &[S, S

Let us consider now the numbering of finite elements of PPER-int.

There exist ng, ni(¢ € I) such that e,, = [P, D x D], ep, =
(L, D}, Qi

We fix m € w such that np < m, n; < m (i € I), whose existence is
guaranteed by the finiteness of I, and consider the sub-path p = mp,. From
(%) and (x*) it follows that m,, cannot be maximally consistent. [

DEerFNITION 7.6: Let e be a finite element of D and g : PPER-int— D
a continuous function (D is a Scott domain). Let + € PPER-int, R be a
PPER and T’ a sub-tree of 7.

(i) T' is a z-g-witness tree for e iff
1. T" is finite, uniform and an initial subtree of 7.
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2. For every path in 7' which ends with a leaf and is z-maximally
consistent it holds e C g (Um).

(i) T is R-maximally consistent iff it is a [{(L, 1)}, R]-g-witness tree.

LemMa 7.7: Let g : PPER-int— D be continuous, e € D (i.e. e is a finite
element of D) and © € PPER-int. Besides, let us assume that the following
holds: e C N{g(2) |z Scz & z is a maximal.}

Then there exists a x-g-witness tree T' for e.

Proof: We prove this lemma by contradiction.

Let us assume that such a tree does not exist and consider the subtree 7"
of T defined in the following way: for each node N we erase all the node
below N if the path 7 to [V satisfies at least one of the following conditions:

1. w is not z-maximally consistent.

2.e C g(um).

The so obtained tree 1" is clearly uniform. Moreover it must be infinite
(otherwise it would be a z-g-witness tree for e).

Let us now take any infinite path 7 in T’ (which exists since otherwise
T' would be finite and hence a witness tree). We claim
(1) Um exists in PPER-int.
(i1) Um is maximal
i)z Sc U
To prove (i) it is enough to see that {Ury, |n € w} is a direct set. For
(ii), if Um were not maximal, then it would exist, by Lemma 7.5, a finite

sub-path 7' not maximally consistent, and then, by the definition of 7" all
nodes below 7’ should be erased, contradiction.

To prove (iii) let us assume z ,@_C Li7. In such a case it should exist a finite
element d € PPER-int such that d Sz & d gc L. Let us consider now the
level k such that (in the numbering of finite elements of PPER-int) e = d.

Let p be a path in T descending down to k-th level: clearly z cannot
satisfy the path p U (—eg).

Therefore every path that, up to level n + 1, coincides with p U (—eg)
is truncated in 7" (and therefore finite). Thus if e, = d ,Q-_C U it follows
—ey € m, a fact which implies that 7 is finite, contradiction. Then z Co U
and Llr is maximal.
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By the definition of 7" we get Vn € w e C g (Umy,). By the compactness

of e it follows e C g¢(Ur), a thing that contradicts the hypothesis
e C Mg (2) |z Scz & z is maximal} by (i), (ii) and (iii).

Therefore it must exists a z-g-witness tree for e. [

CoROLLARY 7.8: Let g : PPER-int— D be continuous, e € D°, S € PPER
and e C N{g ([R, R])| R & S}. Then there exists a S-g-witness tree.

Proof: Immediate from the previous lemma (by considering =z =
[{(L, D} S). O

LemMA 7.9: Let w be a finite path in T and let € PPER-int with x = UX,
where X = {zy | k € w} is a direct set. Moreover let us suppose that it does
not exist any maximal element z such that:

1. z satisfies «.

2.z Coo.

Then there exists n € w such that no maximal element z satisfies 1. and
the condition

2.p zp Sz

Proof: 1t is not restrictive to assume X being an ascending chain.

Let us suppose that V& € w there exists a maximal element z; such that
zy satisfies (1) & (2)g.

We construct an element ¢ in the following way: suppose that we have
already build a prosecution 7'~! of 7 up to a level i. We now build a
prosecution 7¢ by descending rightwards from the end of 7'~ 1 if there exist
infinite indexes j; such that z;; satisfies 7*=1U{e;}. If such condition is not
fulfilled we set 7' = 7*~1U{—e;}. The union of all the paths 7¢ is an infinite
path 7’. Clearly there exists Lin’ because the set {Ur; | ¢ € w} is ascending.
We set ( = Ur'. We claim that ¢ is maximal. In fact, if it was not the case,
by Lemma 7.5 it should exist a finite path not maximally-consistent. This
contradicts the fact (true by definition of () that for each level 4 there exist
infinite maximal elements consistent with ;.

Moreover we have that z Co(. In fact let e be a finite element such that
e Scoz. Then there exists A € w such that e Scxg, if £ > h. Now let
us consider in 7' the i-th level for which e = e;. There are infinite &k € w
such that e € -z, so that e; € 7. Therefore e S¢ U 7w’ = (. Finally, it
is easy to check that ( satisfies 7. So we have got a contradiction with
the hypothesis. [1
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CoroLLARY 7.10: Let 7 be a finite path in T, R a PPER and {Ry |k € w}
a filtered set of PPER’s such that ﬂ Ry = R. Moreover, let us assume that

kew
there is no maximal element z = [S, S] such that:

1. z satisfies .

2.8 C R.

Then there exists n € w such that no maximal element satisfies condition 1.
and the condition

2.0 S C Ry

Proof: Immediate from the previous lemma by considering the intervals
[{(L, L)}, B] and [{(L, L)}, Re]. O

ProrosiTiON 7.11: Let g : PPER-int— D be a continuous function, e € DO
and z € PPER-int with x = U{zy |k € w}.

Moreover let us assume that e C M {g (z) |z Scz and z maximal}.

Then there exists n € w such that e C N{g (2) |zn & z & z is maximal}.

Proof: From Lemma 7.7 it descends that there exists a z-g-witness tree 7"
for e. By definition of witness tree it follows that each path 7 that reaches a
leaf is such that one of the following two conditions is satisfied:

(1) m is not z-maximally consistent

(i) e C g (Um).

Let us consider now the set {p; | j € J} of all the paths satisfying (i). J is
obviously finite because T” is a finite tree. From Lemma 7.9 it follows then

Vj € J Jk; such that p; is not zx, maximally consistent.

Let n be such that Vj € Jky, Ceozn.

pj is not z,-maximally consistent and hence, given a maximal element z
such that z,, S¢z, the path associated to z must coincide, in its initial part,
with some path 7, in 7" such that 7, is z-maximally consistent.

Therefore, from definition of witness tree, it follows e C g (U).
But Um, &cz, so e C g(z) and therefore

e C M{g(2)|zn Scz and z is maximal}. [
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ProposiTION 7.12: Let {fn, : PPER-int— D|n € w} be a direct set
of continuous function such that Ll fn = f. Then, for any PPER S,

new

l_l H In (["'} T]) = I_-l f ([Tv T])

n€w rCS r&s
Proof: (C) is immediate.

To prove the opposite direction let e be a finite element such that

e C r‘ f ([r, r]). Then there exists a S-f-witness tree 7’ for e. Let
T CS

H = {pj|j € J} be the set of all the paths which are S-maximally

consistent. Then, from the definition of witness tree p € H => e C f (Up).

Let » : PPER-int — D be the function defined in the following way:

_Je if dpeH UpCex
h(z) = {_L otherwise

Clearly h is finite and h C f. Therefore there exists n € w such that h C f5.

For every [r, r] maximal such that r € S let us consider the path p, € T”
such that p, = T' N 7, where 7, is the infinite path of [r, r]. We get now

et fn (Upr) - fn (Umr) = fo ([, 7])-

Therefore e C I—I fr,r])=e - I_I I—‘ fu ([, r]). O

1SS new ;CS
ProposiTioN 7.13: Let f : PPER-int — D be a continuous function and
R= {R, |n € w} a filtered set of PPER’s such that \R= R.

Then | | [ £(r D= [T £(r, 7))
new vCR, rCR
Proof: (E) is trivial.

For the opposite direction let e be a finite element in D such that e C

’—l f ([r, r]). Since, by assumptions, [{L, L}, R] = I_' [{L, L}, Rnl,

rER new
there exists n € w such that e C r] f ([r, r]) (by Lemma 7.11). Therefore

1SR,
ec || [] £ ). O

new yCR,
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THEOREM 7.14: [Vg] : PPER-int—[PPER-int— PPER-int]—PPER-int is
well defined and continuous.

Proof: First of all let us prove that [V<] is well defined.

Given y = (s, S] € PPER-int and f € [PPER-int— PPER-int] we have
that V< (y) (f) = [r] r(r, ), '—I £~ ([r, r])]. It is straightforward to

rgs rCS
check that V< (y) (f) is an interval.

Let us now first verify that V< (y) is monotonous and continuous in
[PPER-int— PPER-int].
For the monotonicity let f, g € [PPER-int— PPER-int] with f C g, i.e.
Vz € PPER-int f+ (2) C g* (2) C g™ (2) T £ (2). Then [ | f* ([r,7]) T
= = = ‘s =
l_l gt ([r, 7)) C ﬂ g ([r, 7)) C I—l f~ [r, 7]), i.e. the monotonicity of
rCS s s
V< (y) in [PPER-int—PPER-int] holds.
For the continuity let { fy, }ne. be an ascending chain in [PPER-int—PPER-
int] such that I_| fn=1r

new
We need to prove that U V< (¥) (fn) = V< (¥) (f) ie
new
(1) L T] =11 £ )
new rCS rcsS

) (1] fo =11 £ (-

new rCs rCs

(1) follows immediately from Proposition 7.12.
To prove (2) it is easy to check that

MM =111 % D=7 )

new rCs rCs HEwW rCs
We are then now left with the proof of the continuity of V<, since the
monotonicity can be trivially verified.

Let {yn }new With y, = [sn, Sn] be an ascending chain in PPER-int such
that |__| yn =y =[s, 5], ie U $p = s and ,—I S, =S.

new new new
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What we have to prove is then that, given f &€ [PPER-int—PPER-int],
LI ¥< @a) () = V< @) (), ie

new

(1) LT 7= 17
new »CS, rcs

and

2 [1 117 a=1]r @D
NEW rCs, r&s

(1) follows immediately from Proposition 7.13. To prove (2) we have
only to check that H |—| f=(r, ]) S r] f~ ([r, 7]), since the other

new rCs, rCs
inclusion trivially holds. Let p € D x D and be a finite element such that

pé I—If_ ([r, 7]). Then there exists 7' C ssuchthatp & f~ ([*',7]) = p €
rCs

¥ ([, 7']), where f*~ ([r', r']) = Dx D\ f~ ([, ']) (f*~ is continuous

on Co-PPER). Hence, since p is finite, we have that there exists a finite

element [¢, C] in PPER-int, with ¢ € ' € C, such that p € f*~ ([¢, C)),

hence p € f~ ([¢, C]). Since c is a finite PPER there exists n' such that

¢ € sp and then [¢, C] Selsp N7/, s N 7).

Therefore p & f~ ([sn' N7/, sp NT']) > p & ﬂ I_I f=(r, ). O
new rCs,
THEOREM 7.15: [u] : [PPER-int—PPER-int]—PPER-int is a continuous

function.

Proof: Trivial. [

8. THE PPER-int KIND FRAME IS A KIND MODEL AND RULE (AMBER)
IS SOUND

Let us firstly deal with the proof that the PPER-int kind frame is indeed
a kind model, i.e. rule (Max-u) is sound.

LemMma 8.1: Let f : PPER-int— PPER-int be a function defined by a maximal
and contractive type, i.e. f = Ad € PPER-int. oy, (t/a) where it holds Max (o)

and o is contractive in t.
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Then

() V[r, R] € PPER-int (f (I, R]))nt+1 = (f ([ra; Ba]))n+1

(i) p f is a maximal element of PPER-int.

Proof: (1) See [10].

(ii) Let [r, R] be the least fix point of f. Then [r, R] =
I ([ry R)), f~([r, R])], i.e. we have

1.7 = ft([r, R))

2.R = f~([r, R).

Let us first prove by induction that Vn € wr, = R,.

The base case n = 0 is trivial.

For the induction step rp41 = (f* ([rn, Rn]))ny1 and Rpy1 =
(f™ ([rn, Ra]))ns1 by Q).

By the induction hypothesis 7, = R,. Since f maps maximal elements in
maximal elements it follows that (ft ([rn, Bn]))n+1 = (f~ ([rn, Ba]))nt1
ie. Tpn4+l1l = Rn+1. O

Proof of Lemma 4.13: Immediate from the above lemma. [J

Let us turn now our attention to the proof that the rule (Amber) is sound
in our model.

LemMA 8.2: Let f : PPER-int—PPER-int be a function defined by

f=Ad€ PPER-int. 0, (y/qy where Maz (o) and o is contractive in t.

Then ¥n € w (" (1))n = (f" (I2))n, where I = [{(L, 1)}, {(L, L)}]
and I = [{(L, 1)}, D x DJ.
Proof: By induction on n.
The base case n = 0 is easy, since each approximation at level 0 is
{(L, L)}
Let us assume the thesis for n holds.
Then (f"*! (I1))nt1 = (f (f* (11)))ns1 by definition
= (f (/" (Z1))n))n+1 by Lemma 8.1
= (F((" (12))n)nta
by the induction hypothesis
= (f (f* (122)))n+1
= (" (B)ns1. O
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THEOREM 8.3: (i) Let f, g : PPER-int—PPER-int be as the Lemma
above and such that f < prg, ie. for each maximal element z we have
f(z) = mg(2)).

Then pf < mug.

(ii) The rule (Amber) is sound.

Proof: (i) We have that, by defining Iy = [{(L1, L)}, {(L, L)}] and
L = [{(J-7 J—)}7 D x D]y

pwf=1] )
new
= LI (f" (I3))n (by algebricity of PPER)
ncw

= |_| (f" (1)), byLemma 8.2

ncw

= || [((H @))ns (P (E))al:

ncw

Analogously pg = | | [((g%)" (11))n, ((97)" (11))ul-

new
From the condition f < j7g it then follows

Ve w((fH)" (1)) € ((97)" (11))n and hence uf Sarpg.

(i) Immediate from (i). 0O

9. LIMITATIONS OF A NATURAL EXTENSION OF THE PPER INTERVALS
APPROACH

Using the Interval of PPER’s we have managed to perform a step forward
in the direction of modeling the full QUEST system. This at the cost of
extending the system with a “maximality” predicate. This extension of the
syntax however does not introduce, as we have pointed out, any essential
limitation to the expressive power of QUEST.

What p-FunK lacks with respect to the QUEST language is higher order
quantification, i.e. given a constructor ' : K = Type where K : Kind it is
not possible to use the function [ to build an infinite product type (denoted
in the following by Vi F).

It might be thought that we could introduce higher order quantification
in our system since the model we proposed seems to easily support such
an extension by means of a natural generalization of the semantics of V< :
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given a function F' : K — PPER-int, where K is the interpretation of K,
a natural way of modeling Vg F' is the following:

vk F=[ [] F*@, [] F-@)

z€Max (K) z€Max (K)

Unfortunately such an extension, does not work since, in general, the
constructor Vx is not continuous.

The aim of what follows is to present a counter example to the continuity
of Vg if it is defined as above.

Counter example to the continuity of Vy

To prove that the semantics of PPER interval cannot be extended in the
natural way we prove now that

Vitypemstype] : ((PPERint — PPERint] — PPER.int) — PPERint

is not continuous.

To present this counter example with a sufficient level of detail some
preliminary notions and Lemmas are necessary.

Notation: Vo will denote V[rype_rype]-

Let {p; | ¢ € w} be an enumeration of the finite elements of D x D and let
P, be the smallest PPER containing {p1, ---, pn }. For each k € w we define:

{L, L}, Dx D] if zCc[Py, Dx D]
« otherwise

gk(w):{

where « is a fixed maximal interval.
Let us prove some properties of the functions gy.

It is easy to check that, by definition of gz, for each maximal
element z € PPER-int g (z) = «. It then follows that g €
Max ([PPER-int = PPER-int))

LemMma 9.1: For each k € w gy is a continuous function.

Proof: Let z = Lla:,
€W
If  &c [P, D x D] then there is nothing to do. Otherwise it has to exist
a finite element e € (PPER-int)° such that ¢ Scz & e Lc[Py, D x D].
We have that ¢ Scx = 35 € w. e Scxj. Then e Cewj =z Lo
[Py, D x D} = gx(zj) = a. O
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LemmMA 9.2: Let e be a finite element of PPER-int such that
e =[r, D x D] S¢[D x D, D x D). Then there exists k* € w such that, if
k 2 k* then g (e) = [{1, 1}, D x DJ.

Proof: Since r has to be a finite subset of D x D, necessarily there exists
k* € w such that 7 € Py.. Hence if k 2 k* we have that e S ¢ [Px, D x D]
and then gx (e) = [{L, L}, Dx D]. O

Let E = {e;li € w} S(PPER-int)° be an ascending chain such that
UE = [D x D, D x D].

Let us consider the functionnals F;, : [PPER-int — PPER-int] — PPER-int
defined, for each n € w, as follows:

Fo(f)= {f(en) if Yz €PPER-ntf(z)Sco
() {Oc otherwise

(« is the maximal element in the definition of the g;’s).

LemMa 9.3: Vn € w F, is continuous.
Proof: Let f = LI fj with {f; |7 € w} directed family of continuous
JEw
functions.
If Vo € PPER-int f(z) Sca then

Fr(f)=f(en) = U fi(en) = |__| Fn (f5)-

JEw JEw
Besides, if 37 € PPER-int such that f (z) £ca then u fi (z) €ca

JEw
and hence there exists j € w such that f; () Sca. Therefore

|| F(fi) =0 O
JEw
Using the above lemmas we can now prove that ¥ is not continuous.

It is easy to check that the family F' = {F, |n € w} is increasing in n € w
and therefore there exists LIF' and besides, V f € [PPER-int — PPER-int]

UF ()= L] Fa(f)

neEw
_[f(IDx D, D x D)) if Vz € PPER-int f (z) Sca
- o otherwise
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If f is a maximal element of [PPER-int — PPER-int] and Vz €
PPER-int f (z) Cca then it necessarily has to be f ([D x D, D x D]) = a.
Hence V f € Max ([PPER-int — PPER-int]) U F (f) = «.

In particular, if @ = [S, S| we have that

(V2 (UF)* = [ L] E)*T () =s.

feMax ([PPER-int—PPER-int]) n&w

Nonetheless U l—l (F)T(f) =[{L, 1}, D x D].
n€w feMax ([Type—Type])
To prove this let us consider the previously introduced function gg.
We have that Vz€ PPER-int g (z) Sca and hence Fy, (gx) = gk (€n).

Besides, for a given n by Lemma 9.2 there exists k* such that
g (en) = [{L, L}, D x DJ.
Therefore Fy, (gx+) = [{L, L}, D x D] and then V3 is not continuous.

We have then shown that if one whishes to use the PPER intervals as a
basis for a model for an extension of p-FunK something more subtle that
the natural generalization of our semantics for Vi has to be given.
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