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Abstract. — The w-languages R® such that (1) Pref (R®) R®= R, (2) Suf (R®)= R® or (3) Pref(R®)
Suf (R®)= R® are characterized via properties of the language Stab(R*)={ueZ*:uR°cR® % and
via properties of w-generators of R®. Nicely, each characterization for (1) provides one for (2) and
(3) by replacing “‘prefix”’ by “suffix” and ‘factor’, respectively. Moreover (3) characterizes the
w-languages R® which are left ®-ideals in Alph (R®).

Résumé. — Les w-languages R tels que (1) Pref (R®) R®= R®, (2) Suf(R®)=R® on (3) Pref (R®)
Suf (R®) = R® sont caractérisés au moyen de propriétés du langage Stab (R®)={ueZ*:uR° =R}
et au moyen de propriétés des w-générateurs de R®. Toute caractérisation pour (1) fournit une
caractérisation pour (2) et (3) en remplagant « préfixe » pour « suffixe » on « facteur », selon les
cas. De plus (3) caractérise les w-langages R® qui sont des w-idéaux a gauche de Alph (R®).

0. INTRODUCTION

In this paper, we study properties of w-languages over a finite alphabet Z.
An intuitive motivation may be found in regarding w-languages as infinite
behaviours of process (¢f. [2]). In this way, X is a set of actions. Moreover
the processes are assumed to be controlled by a manager while the users can
only observe the sequences of actions. We shall use this interpretation in the
sequel.

First we study the behaviour of a process when an interruption arises:
could the manager restart the process without “‘disturbing”™ the users, that is,
without asking the users to forget the sequence already seen? Hence the
manager is interested in the rebooting points, that is, the points where the
process may be restarted as if it was in the initial state, but without cancelling
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46 B. LE SAEC, I. LITOVSKY

the action sequence already performed. In other words, given the w-language
L of acceptable behaviours of P, we find the prefixes x of L such that the -
language x L is contained in L. That leads us to consider the greatest language
X such that XL=L. In particular, languages or w-languages L such that
Pref (L) L=L where Pref (L) is the set of all prefixes of L are very convenient
for the manager. Such languages or w-languages L are said to be rebootable.

Next, we consider the following situation: a process P is active and a new
user arrives. Then the manager has to find the access points, that is, the
points x such that the end of any acceptable behaviour beginning with x
remains in L. In other words we are interested in the greatest language X
included in Pref(L) such that X' L=L. So the accessible ®-languages are
convenient for the manager: they are defined by Pref(L)"! L=L. They are
called the suffix-closed w-languages [7].

Finally, we consider the w-languages having both features, being rebootable
and suffix-closed. They are characterized by the following property: one can
substitute any prefix of L for any other one without changing the membership
to L. Such w-langages may be called prefix-switchable. This notion is an
extension of the one of absolutely closed w-languages [7] where the condition
Pref (L)=X* is added.

In this paper, the results concern mainly w-power languages L, that is, ®-
languages of the form R® for some language R. Counterexamples show that
these results do not hold without assuming that L is an o-power language.
The different charactarizations for the w-languages R® are only based on
properties of languages. In this way, the stabilizer Stab (R®) of R® introduced
in [14] as the set {ueZ*:u R®=R®} works well. Indeed each property of R®
is characterized bu a corresponding property of Stab (R®). So the characteriz-
ations state:

R® is rebootable iff Stab (R®) is prefix-closed;

R® is suffix-closed iff Stab (R®) is suffix-closed;

R® is a left w-ideal iff Stab (R®) is factor-closed.

Furthermore, we note that when an w®-language L is not an w-power
language, the stabilizer of L gives no longer reliable characterizations. On
the other hand, by considering only regular w-languages R° (and even deter-
ministic regular w-languages R® for the first characterization below), we link
properties of R® with properties of w-generators of R in the following way:

R® is rebootable iff R®= G* for some language G such that Pref(G) G=G;

R® is suffix-closed iff R®=G® for some language G such that Suf (G) G=G;

R® is a left w-ideal iff R°= G® for some language G such that Fact(G) G=G;

or equivalently iff R®=G* for some ideal G.
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SUFFIX-CLOSED «»-POWER 47

In the non-regular case, we do not yet have results.

The paper is organized as follows. After recalling definitions and notation
(Part 1), we study the rebootable w-languages (Part 2), next we study the
suffix-closed w-languages (Part 3). In Part 4, left w-ideals are investigated
first as rebootable and suffix-closed w-languages, then using finitary ideals,
and finally via their syntactic monoids.

1. PRELIMINARIES

Let X be an alphabet. £* and X® are the sets of all finite words and of all
®-words over Z, respectively. Let L be a subset of a set S. The complement
of L is denoted by ‘L. The union set £* | Z® is denoted by X°. The empty
word is denoted by ¢ and the language Z*\ { a} is denoted by T*. Subsets
of X* X® and X*® are called languages, w-languages and oo-languages,
respectively. The set of letters which occur in an co-language L is denoted by
Alph (L). Let u, v be two wordse . As usual uv denotes the concatenation of
u and v. Let X be a language, and let ¥ be an oo-language. XY denotes the
set {uveX®. ueX and ve Y} and X' Y denotes the set {weZ®:uwe Y for
some ue X } Let L be an w-language. UP (L) denotes the w-language of all
ultimately periodic w-words of L, that is, UP(L)= { we L:w=uv® for some
u,vin Tt}

Let ueX® and X< X*®. A word v is a prefix of u if uev . Let Pref(u)
denote the set of all prefixes of u, and let Pref (X)= \U Pref(x). An co-word

ueX
v is a suffix of u if ueZ*». Let Suf (x) denote the set of all suffixes of u, and
let Suf(X)= U Suf (u). The language Fact(X) of the factors of X is the

ueX
language Pref (Suf(X)). X is said to be prefix-closed, suffix-closed or factor-
closed if Pref(X)= X, Suf(X)= X or Fact(X)= X, respectively.

Let R&X*. The language X is a left-ideal, a right-ideal or an ideal in R if
RX< X, XRS X or RYRcS X, respectively. R is a prefix-free language (or
prefix code) if RX* M R=. R is a semaphore code if R=Z* S\ Z*SX™
for some nonempty set SSX* [3]. R is an ifl-code if every w-word has at
most one factorization over R[16].

The adherence Adh(R) of R is the @-language {we X : Pref(w) = Pref (L) }
(10, 4]. Recall that every adherence is a closed set for the usual topology in
Z°. The limit Lim (R) of R is the w-language { we X : Pref (w) M R is infinite }

For every language RSZX*, the w@-power R® of R is defined by
R®={uy...u,...:u,eR for each n}. An w-generator of R® is a language
G<X* such that G°= R®. An w-generator G of R® is said to be minimal if
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48 B. LE SAEC, L. LITOVSKY

no proper subset of G is an w-generator of R®. The stabilizer Stab (L) of an
w-language L is the language {ueE*:uLgL} {14]. Clearly the language
Stab (L) is a submonoid of X*.

A finite automaton over X is a quintuple &/=(Z, Q, 8, S, F) where Q is
the (finite) set of states, S Q is the set of initial states, FSQ is the set of
accepting states, and & is the next state relation, that is, a function from
Ox X into 22 The automaton .« is said to be deterministic if S is a
singleton and & is a function from Q@ x X into Q. A run of &/ on an w-word
Wi...w,...1san ow-word g, ... g, ... in Q° such that g,€ S and for each
n, ¢u4+1€0(qg, w,). For any run r, let Inf(r) be the set {geQ:g=g, for
infinitely many n}. An ®-word w is said to be recognized by < if
Inf(r) N F#£ S for some run r of & on w [S}. The w-language Biichi-recog-
nized by 7 is the set of all w-words recognized by .27. Such w-languages are
said to be regular. Recall that the deterministic automata are less powerful
than the nondeterministic ones for this recognizing mode. Every o-language
recognized by some deterministic automaton is called a deterministic ®-
language. An w-language is deterministic iff it is the limit of some
language [8].

Let L be any o-language. We use the syntactic congruence of L in X*
defined in [1] by u=xu’ iff for every v, w,, w, in £*, we have (1) w, uw,v"€ L
iff w,u'wy,v°eL and (2) v(uw,)*e L iff v(u' w,)*€ L. The set S (L) of x-
classes is a monoid, called the syntactic monoid of L, which is finite if L is
regular [1]. We denote by m the morphism which associates each word with
itsa-class. Note that this notion of syntactic monoid for w-languages is
different from the one considered in [7].

2. REBOOTING

Let L be an o-language. The language Stab(L) is the greatest solution of
the equation XL =L since Stab(L)={ueZ*:uLcL}. In this part, the goal
is to characterize the w-languages such that Pref(L) is the greatest solution
of this equation, that is, such that Stab (L)=Pref (L).

DeriNiTION 2.0: Let YSZ*®. Y is said to be rebootable if Pref(Y) Y=7.

If L is regular, then Stab (L) is'a regular and constructible language. That
is, given an automaton which recognizes L, one can construct an automaton
recognizing Stab (L) [12]. Hence, one can decide whether L is rebootable.

From now on, we consider only w-power languages. We try to characterize
those w-power languages R® which are rebootable via properties of the
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SUFFIX-CLOSED o-POWER 49

stabilizer of R® and via properties of m-generators of R®. We need the
following lemmas.

LemMA 2.1: Let ReX" and let LS X®. Then L= RL implies L= R®.

Proof: Let we L. Then w=r, w, for some r, € R and w, e L. In this way,
one can constuct a sequence of words r,e R such that r, ... r,w,=w for
every . Hence Pref (w)=Pref(r, ... r,...), thatisw=r, ...r;... W

LEMMA 2.2.: Let R® be an w-power language, and let G be any w-generator
of R®. Then the language G\G (Stab(R*)\{¢}) is also an w-generator of
RC.

Proof : Let us denote G’ the language G\ G (Stab(R*)\{&}). As G'=G,
G G°. Now as GG’ U G’ Stab(R®), GG°<(G' U G’ Stab (R®)) G°. Hence
G® = G’ G° since Stab (R®)) G® < G°. Thus G°® = G'® by the previous lemma. W

In the general case, the languages G\ G (Stab (R®)\{ € } ) are not minimal
wo-generators of R®. However, whenever R® is rebootable, they are ifl-codes
and therefore minimal w-generators of R®. Hence one can states the following
result.

ProprosiTioN 2.3: Let R be a rebootable w-language. Then each w-generator
of R® contains an w-generator of R® which is an ifl-code.

In other words, whenever R® is rebootable, all minimal ®-generators of
R® are ifl-codes. Of course, this condition is necessary but not sufficient. The
set R=ab is a counterexample. A first characterization of the rebootable
w-languages is given below.

ProrosiTION 2.4: Let R be a language in X*. The following conditions are
equivalent:

(i) R® is a rebootable w-language.

(ii) Stab(R®) is a prefix-closed language.

Proof : The implication (i) = (ii) is immediate since Stab (R®)=Pref(R®).
Conversely, we have R*<Stab(R®) and Pref(R®)=Pref(R*). Hence
Pref (R®) = Pref (Stab(R®)). And since Stab (R®) is prefix-closed,
Pref (R®) = Stab (R®). As Stab (R®) < Pref (R®), R® is rebootable. H

Remarks: (1) For any o-language L, the fact that L is rebootable implies
that Stab (L) is prefix-closed. However, the converse does not hold. As an
example, let L be the w-language a* b®. Then Stab (L)=a* which is a prefix-
closed language. While L is not rebootable.
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50 B. LE SAEC, 1. LITOVSKY

(2) Of course, if R is a prefix-closed language, R® is a rebootable w-
language. While R® may be rebootable without any w-generator being reboot-
able. Indeed, let R be the language a* b. Then R® is rebootable. However,
every prefix-closed w-generator of R® would contain the letter a, this is a
contradiction!

ProrosiTiON 2.5:. Let R be a rebootable language in L. Then R is a
rebootable w-language.

Proof: if R is a rebootable language, R is a semigroup and thus
Pref (R®)=Pref (R). Hence R® is rebootable. B

For the converse, we consider only the regular w-power languages. Note
that regular rebootable w-power languages may be nondeterministic, as shown
by the following example.

Example 2.6: Let R be the regular language ac (a* b)*+ a. As Pref (R)SR™,
Pref(R*) R®= R®, that is, R® is rebootable. On the other hand, it is easy to
verify that R is not a deterministic regular -language.

LemMA 2.7: Let R® be a deterministic regular w-language. There exists an
integer n such that for each w-generator G of R®, Stab (R®) G" is an w-generator
of R®. Moreover, if o is a deterministic automaton recognizing R® then n can
be chosen such that n—1 is the number of states of .

Proof . For each integer n>0, G" < Stab (R®) G". Hence G®<(Stab (R®) G)°.
Now, let & =(Z, Q, {s}, T, 8) be a deterministic automaton Biichi-recogniz-
ing R®, we denote Card(Q)+1 by n. Given we(Stab(R?)G?)°, we can
write w=u; vy ...u;v; ... where for each 7, u,ePref(R®) and v, G". As
u; v, ... u; v € R®, for each i, the set

Ex(Q@(s, uyvy ... v u), )NT#D

where Ex(8(g, x; . .. x,)) denotes the set { g€ 0:¢'=8(qg, x, . . . x;) for some
iin{l,...,n}}. HenceweR®>. W

Thus for the deterministic regular o-power languages, we obtain the follow-
ing characterization:

Prorosition 2.8: Let R® be a deterministic regular w-language. The following
properties are equivalent:

(1) R°® is a rebootable w-language.

(i1) R® has a rebootable w-generator.
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Moreover, if R® is rebootable and recognized by a given deterministic finite
automaton &/, then from s one can construct a finite automaton recognizing
a rebootable w-generator of R°.

Proof : The implication (ii) = (i) is stated in Proposition 2.5. It remains
to prove the implication (i) = (ii). In view of Lemma 2.7, for any w-generator
G of R®, Pref(R®)G" is an w-generator of R® for some n. Furthermore,
Pref(R®)G" is  rebootable. Indeed, we have the equality
Pref (Pref (R®) G") = Pref (R®) and thus the equalities

Pref (Pref (R®) G") (Pref (R®) G") = Pref (R®) (Pref (R®) G")
= (Pref (R®) Pref (R®)) G" = Pref (R®) G"

since Pref(R®) is equal to the monoid Stab (R®). Furthermore, we can con-
struct regular @-generators of R® [12]. Hence we can construct regular reboot-
able w-generators of R®. M :

3. SUFFIX-CLOSED ©o-LANGUAGES R®

Given an o-language L, we consider the points of L where one can access
while remaining in L, that is, we find the prefixes x of L such that x"! L L.
This set of cancellable prefixes is {xePref (Ly:x? LgL} and it is easy to
verify that it is equal to Stab (°L) M Pref (L). We are interested in w-languages
in which every prefix is an access point. Therefore, we investigate the o-
languages such that Pref (L)< Stab (°L).

DerFiniTION 3.1: Let L be an o-language in Z°. L is said to be suffix-closed
if (Z*)”'L=L, that is, if Suf(L)=L.

Let us note that (X*)~! L= L is equivalent to (Pref (L)) ! L= L and that the
suffix-closed languages are characterized by the fact that Pref (L)< Stab (°L).

Since Suf (R®)=Suf(R) R®, it is immediate that:

LEMMA 3.2: Let R be a suffix-closed language, then R® is a suffix-closed o-
language.

However, it may happen for some suffix-closed and deterministic regular
o-languages R® that R® has no suffix-closed w-generator, as shown by the
following example.

Example 3.3: Let R be the regular prefix-free language a*ba. As
Suf (R)=R+a+e¢, Suf(R) RS R™. Hence, R° is suffix-closed. R is obviously
regular. Furthermore, R®=Lim (R"), that is, R is deterministic [8]). However,
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52 B. LE SAEC, I. LITOVSKY

no w-generator of R® is suffix-closed. Indeed every w-generator would contain
a or b. Thus a® or b° would belong to R®, a contradiction!

In other words, the suffix-closed w-generators do not characterize the
regular suffix-closed w-languages R®. Instead, they are characterized via
suffix-closed languages by the following proposition. '

ProPOSITION 3.4: Let R be a language in X¥. The following properties are
equivalent:

(i) R® is suffix-closed.

(ii) Stab (R®) is suffix-closed.

Proof: Assume that R® is suffix-closed. Let ueStab (R®). We have u R®S R®
and for any suffix #’ of u, also v’ R°S R®. Hence u’ € Stab (R®). Conversely,
as Rc Stab (R®), Suf (R)< Stab (R®). On the other hand Suf (R®)=Suf(R) R®,
hence Suf (R )< R®. N

Remark: If L is not an o-power language, the fact that Stab(L) is suffix-
closed does not imply that L is suffix-closed. Consider L=a" b° for example.

On the other hand, by definition, the fact that R® is suffix-closed implies
that Stab (‘(R®)) M Pref (R®) is prefix-closed. Unfortunately this last condition
is not sufficient. Consider for example R=ba*, where Stab (‘(R®)) M Pref (R?)
is reduced to the set {&}. Nevertheless, we shall see that it can be completed
to a sufficient condition.

LeMMa 3.5: Let R be a language in T*. If R® is suffix-closed then each w-
generator of R® contains a prefix-free w-generator of R®. Furthermore each
prefix-free w-generator of R® is contained in Stab (‘(R®)) M Pref (R?).

Proof: Let G be an w-generator of R®. By Lemma 2.2 the language
P=G\ G (Stab(R*)\ {&}) is an w-generator of R®. We prove that P is a
prefix-free language. Assume that there exist ¥ and ve P such that uu'=o.
As ¥ R°cu ' (R®), we have ' R°cSR®, that is, u' eStab(R®). Now, the
definition of P implies that «'=¢. Hence P is prefix-free. Now, for each ue P,
R°cu™ ' (R®) = Suf (R®)= R®. Hence u~ ! (R®)= R®, thus

P<Stab ((R*) N Pref(R°). W

In other words, if R® is suffix-closed, then all minimal w®-generators of R®
are prefix-free languages. This condition is necessary, but not sufficient,
consider R=ab for example.

ProPOSITION 3.6: Let R be a language in £F. The following properties are
equivalent:
(i) R® is suffix-closed.

(ii) Stab(“(R®)) N\ Pref(R®) is prefix-closed and contains an ®-generator of
R®.
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Proof: If R® is suffix-closed, by Lemma 3.5 Stab (‘(R®)) M Pref(R®) con-
tains an o-generator of R®. Furthermore, let u e Stab (°(R®)) N Pref (R®) and
let u' ePref(u). If u' ¢ Stab (‘(R?)), u' we R® for some we‘(R®). Since R® is
suffix-closed, this is a contradiction! Hence Stab ((R®)) N Pref(R®) is
prefix-closed. Conversely, let G be an ®-generator of R®, such that
G =Stab (°(R®)) N Pref (R®). We have Suf(G®)=Suf(G) G°< (Pref (G)) ™! G°.
Since Stab (‘(R®)) M Pref (R®) is prefix-closed, we obtain the inclusion
(Pref (G)) ! G* < G®. Thus R®=G" is suffix-closed. W

Example 2.6 shows that regular w-power languages may be nondeterminis-
tic. In contrast to this, for the regular suffix-closed w-power languages we
have the following result.

CoRrOLLARY 3.7: Let R be a regular language in L*. If R® is suffix-closed
then R® is a deterministic regular w-language.

Proof : By Lemma 3.5, R®= P* for some prefix-free language P. Now since
P is prefix-free, P®=Lim (P*). Hence R® is regular and deterministic. H

Remark: If L is not an w-power language L may be suffix-closed, regular
and nondeterministic. Consider (a+ b)* a® for example.

Now we are able to characterize the regular suffix-closed ®-languages R®
via their @-generators.

PropoSITION 3.8: Let R be a regular language in . The following properties
are equivalent.

(1) R® is suffix-closed.
(it) R°=G" for some language G such that Suf (G)G=G.

Moreover, if R® is suffix-closed and recognized by a given deterministic finite
automaton s, then from &/ one can construct a finite automaton recognizing
a suffix-closed w-generator of R®.

Proof : If R® is suffix-closed, by Lemma 2.7 the language G = Stab(R®) R"
is an o-generator of R® for some computable integer n>0. Now G satisfies
Suf (G)G=G. Indeed G<Stab(R®). Hence, in view of Proposition 3.4,
Suf (G)< Stab(R®). Thus Suf(G)G<=Stab(R®)G=G and so Suf(G)G=G.
Furthermore an automaton recognizing G can be constructed. If R®=G®
for some language G such that Suf(G)G=G, R® is suffix- closed
Suf (GY)=Suf(G)G*>. N
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54 B. LE SAEC, I. LITOVSKY

4. LEFT »-IDEALS R®

Now we consider the w-languages which are both rebootable and suffix-
closed. They are characterized by Pref (L) Suf(L)=L. In fact, we prove that
they are nothing but the absolutely closed w-languages studied in [7]. More-
over in the case when L= R®, they are exactly the left w-ideals [7] of the
form R®. Then these w-languages R® are characterized, first by using the
properties of being rebootable and suffix-closed, then via ideals of £*, finally
using the syntactic monoid of R® in the sense of [1].

DEermiTioN 4.1: [7] An w-language L is said to be a left w-ideal in X* if
*L=1L.

That is the equality Stab(L)=ZX* characterizes the left w-ideals. Since
Stab (L) is a monoid, one can also note that L is a left w-ideal iff Stab (L) is
a left-ideal. Moreover, as in the case of languages, L is a left w-ideal in
Alph (L) iff °L is a suffix-closed w-language.

DerINITION 4.2: An o-language L is said to be absolutely closed in X* if L
is both a left w-ideal in X* and a suffix-closed w-language.

The following proposition characterizes the w-languages which are both
rebootable and suffix-closed.

ProposiTioN 4.3: Let L be an w-language such that X=Alph(L). The
following properties are equivalent:

(i) Pref(L)Suf(L)=L.

(i1) L is absolutely closed in *.

Proof: Assume that Pref(L)Suf(L)=L. As gePref(L), L is suffix-closed.
Now, given a letter x in X, since L is suffix-closed, xwe L for some we X,
And since L is rebootable, xeStab(L). Now as Stab(L) is a monoid, we
obtain Stab(L)=ZX*. That is L is a left-ideal in X* and therefore L is
absolutely closed in £*. The converse is obvious. W

Hence every w-language L which is both rebootable and suffix-closed, is a
left w-ideal in (Alph (L))*. Conversely, all left w-ideals L are rebootable since
Stab(L)=X* and X* L= L. However, they are not suffix-closed in general.
For example, L=(a+ b)* ba® is a left w-ideal with a®e Suf(L) L. In contrast
to this, the left w-ideals of the form R® are always suffix-closed as stated in
the following lemma.

LemMMA 4.4: Let R be a language in . If R® is a left w-ideal then R® is
suffix-closed.
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