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INTUITIONISTIC THREE-VALUED LOGIC
AND LOGIC PROGRAMMING ()

by J. Vauzemees (‘) and A. Strauss (%)

Communicated by J. E. PIN

Abstract. — In this paper, we study the semantics of logic programs with the help of trivalued
logic, introduced by Girard in 1973.

Trivalued sequent calculus enables to extend easily the results of classical SLD-resolution to
trivalued logic. Moreover, if one allows negation in the head and in the body of Horn clauses, one
obtains a natural semantics for such programs regarding these clauses as axioms of a theory written
in the intuitionistic fragment of that logic.

Finally, we define in the same calculus an intuitionistic trivalued version of Clark’s completion,
which gives us a declarative semantics for programs with negation in the body of the clauses, the
evaluation method being SLDNF-resolution.

Résumé. — Dans cet article, nous étudions la sémantique des programmes logiques a l'aide de la
logique trivaluée, introduite par Girard en 1973.

Le calcul des séquents trivalué permet d'étendre trés simplement les résultats de la SLD-résolution
classique a la logique trivaluée. De plus, si on considére des clauses de Horn en autorisant
Putilisation de la négation dans la téte et le corps des clauses, une sémantique naturelle de ces
programmes est obtenue en considérant les clauses du programme comme les axiomes d'une théorie
dans le fragment intuitionniste de cette logique.

Enfin, nous définissons, toujours dans le calcul, une version trivaluée intuitionniste du complété
de Clark, ce qui nous permet d’obtenir une sémantique déclarative pour les programmes avec
négation dans le corps des clauses, la méthode d’évaluation étant la SLDNF-résolution.

I. INTRODUCTION

In this paper we investigate the links between three-valued logic and logic
programming; instead of the more usual model-theoretical approach ([4, 10])
we adopt a proof-theoretical viewpoint, like Gallier’s [5] for classical logic.
For this, we use the three-valued sequent calculus introduced by Girard [7],
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558 J. VAUZEILLES, A. STRAUSS

that is a three-valued version of Gentzen’s sequent calculus [6], and particu-
larly its intuitionistic subsystem.

In section II, we recall some results on SLD-resolution and in appendix A,
we give the proofs of these results using Gentzen’s sequent calculus to show
how we can extend them to three-valued logic.

In section III.1 and appendix B, we define the notions of three-valued
models and Girard’s three-valued logic.

In sections III.2 and III. 3 we show that we can easily extend the resolution
method and SLD-resolution to three-valued logic; the results of these sections
are very close to those of Schmitt [12]. '

In section IIT.4 we show the completeness and the soundness of the
extension of SLD-resolution to clauses containing negative literals (also in
the head of the clauses) with respect to intuitionistic three valued logic; many
expert systems use such resolution and so, it is useful to work out an
exact semantics for these systems. Delahaye announced close results, without
proofs, and using Fitting’s approach in [3].

In section IV, we study negation as failure: we define for each program P,
Comp* (P), which is a three-valued version in Girard’s logic of the Clark’s
completion. Though Fitting [4] and Kunen [10] use three-valued logie to
define semantics for negation as failure, our approach is different.

We show the soundness of SLDNF-resolution with respect to Comp* (P)
in intuitionistic three-valued logic as suggested by Shepherdson [15] (for
programs with variables) and the completeness in the propositional case.

For another axiomatization of negation as failure, using Girard’s linear
logic, see [1].

II. SLD-RESOLUTION

In this section, we recall some results on SLD-resolution. We suppose that
the reader is familiar with these notions. If not, he can consult [5] or [11].
The results that we want to extend to three-valued logic are proved in
appendix A: we adopt a proof-theoretical viewpoint and so, we use Gentzen’s
sequent calculus and we show what results are intuitionistically valid.

If a formula A4 is classically (resp. intuitionistically) provable in a classical
(resp. intuitionistic) theory T, we write T+ 4 (resp. T F; A).

I1.1. DeriNITION: (i) A clause is a formal expression I'F A, T and A being
sequences (possibly empty) of atomic formulae; the meaning of a clause,
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THREE-VALUED LOGIC AND LOGIC PROGRAMMING 559

Ay, ..., A, - B, ..., B
A.1.3).
(i1) A Horn clause is a clause I' A such that A contains at most one atom.
(iii) A definite clause is a Horn clause I' F A where A contains (exactly) one
formula. A definite clause where I' is empty is said to be a positive clause.
(iv) A negative clause is a Horn clause I' F A such that A is empty.
(v) An anti-Horn clause is a formula 4 where A is a conjunction
B; & ... &B,, each B, being a literal, and at most one B, being negative.
The associated-clause of A4 is the Horn clause By, ...,B,_{,B;.;,...,B,F C;

if B;= 71 C; is the negative literal, otherwise it is B;, ..., B, F (if there is no
negative literal).

, 18, as usual, 4, & ... &A4,—>B;v...VvB, (see

I1.2. DerINITION: A logic program is a pair (P, Q) where P is a set of Horn
clauses, and Q a formula of the form 4, v ... Vv 4, each A, being an anti-
Horn clause. We say that Q is the query and we consider for SLD-refutations
the set of clauses obtained by adding to clauses of P the associated-clause of
A; for each 4;. We denote the existential closure of Q by 2Q.

Remark thatif Q= —1 H, v ... v 71 H,, where each H;(= 1 4,) is a Horn-
clause and if P+ Q, then the inconsistency of P\U{H,, ..., H,} may be
checked by SLD-resolution, because all clauses in this set are indeed Horn
clauses. '

We are interested in this form of programs because, in our generalization

to clauses containing negation in their head (part IV), naturally negative N-
clauses appear.

I1.3. Tueorem (completeness): let (P, Q) be a logic program, then,

(1) either P is inconsistent, and there exists at least one SLD-refutation of
P with goal a negative clause of P; no other negative clause is used in the
refutation;

(2) or P is consistent and then,

(i) if Q is a disjunction A, v . .. v A,, each A; being a conjunction of atoms,
and if P+>Q, then P+,Q0 (for some substitution 8) and Q succeeds with
answer including 0 under all computation rules (using SLD-resolution);

(i1) if Q is a disjunction of anti-Horn clauses, and if P+>Q, then there
exists a sequence of substitutions ©,, . .., 0, such that PFQ0,v ... vQ6, and
Q succeeds (under SLD-resolution) with indefinite answers including 0, . . ., 0

ne

Proof: See appendix A: theorem A.4.1; (ii) is first proved in [5]. Remark
that if P is a set of definite clauses, it is always consistent.

vol. 25, n° 6, 1991



560 . J. VAUZEILLES, A. STRAUSS

I1.4. THEOREM (soundness): (i) Let (P, Q) be a logic program with
Q=4,v...vA4, (each A; being an anti-Horn clause). Let n be a SLD-
resolution and (C.8,), ..., (C,0,) the substitutions of associated-clauses of
formulae A,, ..., Ajused inm, then P+-Q6;v ... vQ8,

(ii) Moreover, if P is a set of definite clauses, if each A; is a conjunction of
atoms, and if © is the result substitution, then P+ ;5Q and P+, Q6.

Proof: See [5] for (i); (i1) only one negative clause is used in the refutation,
and this clause is the associated-clause of A4; for some i (1<i<q); then, by
(i) A,0v ...vA,0 is a logical consequence of P and by lemma A.3.4 of
appendix A, it is intuitionistically derivable from P; then Q8 and 3Q are
intuitionistically derivable from P.

II. THREE-VALUED LOGIC

III.1. Kleene’s three-valued structures and Girard’s three-valued logic

.In this section we recall some definitions and results on three-valued models
and three-valued logic. The reader can find more details, references and
proofs, in [7] and in [9].

1II.1.1. DermiTion: Let L be a fixed first-order language. A three-valued
structure M for L consists of the following data:

(i) a non-empty set | M|, the domain of M; 4

(ii) for each n-ary function letter £ of L, a function M (f):|M|" - |M|;

(iii) for each n-ary predicate p of L, a function M (p): IM|"— {t, u, f} (i.e.
true, undetermined, false).

— A three-valued structure is binary if it does not take the value u (hence,
it is a binary structure in the familiar sense). -

We shall denote by L[M] the language obtained by adding to L new
constants ¢, for each ce|M|.

III.1.2. DermTion: (i) If 7 is a closed term of L[M] one defines its value
M((2) by: M(c)=c; M(ft; ... t)=M({f) M(z,) ... M(z,)).

(i) If 4 is a closed formula of L.[M], one defines its value M (4) by:

D M(pty ... )=M(p) M(1) ... M(@,));

Informatique théorique et Applications/Theoretical Informatics and Applications



THREE-VALUED LOGIC AND LOGIC PROGRAMMING 561

(2) the values of formulae beginning with a propositional connective are
defined according to the following truth tables:

A B A& B AvB A—B =1 A
t t t t t f
u t U t t u
f t f t t t
t U u t u
u u u u u
f u f u t
t A f t /
u f f u u
S S S / !

(3)—if M(4(¢) is true (resp. false) for some ce|M
MGx, A(x))=t [resp. M(V x, A(x))=f];

— if M(4(¢)) is true (resp. false) for all ce]M\, then M(Vx, A(x))=1
[resp. M(3x, A(x)=f];

— in the other cases M (2x, 4 (x)) and M(V x, 4(x)) take the value u.

, then

III.1.3. DerFiniTioN: (i) The language 3 L is defined as follows:
terms: the terms of L.

formulae: the normal expressions 7?4 and !4, where 4 is a formula of L.
We shall represent an arbitrary formula of 3L by £ 4, n 4, where &, n vary
through the set {2, !}. We use the symbol ° as follows: £°=! if £=7, and
Ee=21 E=1.

(ii) A sequent in 3L is a formal expression I'F A, where I" and A are finite
sequences (possibly empty) of formulae in 3L.

II1.1.4. DEFINITION: (i) The closed formula £ A4 of 3L[M] is valid in the
three-valued structure M iff

— £=!and M (4)=1 (we say that 4 is necessary in M);
— £=7and M (4)+#/f (we say that A is possible in M).
We shall denote this fact by M EE 4 (and M ¥ & 4 otherwise).

(i1) The closed sequent 4,, ..., 4,F B,, ..., B, of 3L[M] is valid in the
three-valued structure M iff:

— if n#0 and m#0: if MEA4, and ... and MF A4, then MEB, or ...
or MEB,;

— ifn#0 and m=0then M¥ A4, or ... or M¥ A,
— ifn=0and m#0 then MEB, or ... or Mk B,
— if n=0 and m=0 the sequent I means absurdity.

vol. 25, n® 6, 1991



562 J. VAUZEILLES, A. STRAUSS

III.1.5. DermuTtion: Let S be a set of sequents of 3L. A three-valued model
M of S is a three-valued structure where any closed instance of a sequent of
S is valid in M. S is 3-consistent if it has at least one three-valued model.

If not, we say that S is 3-inconsistent.

If all closed instances of a formula 4 of 3L are valid in any three-valued
model of a set S of sequents of 3L, we say that A4 is a (three-valued) logical
consequence of S.

Girard has defined the sequent calculus 3LK (resp. 3LI) in the spirit of
Gentzen’s calculus LK (resp. LI); these systems enjoy completeness and
soundness with respect to classical (resp. intuitionistic) three-valued models
and can be extended to second order logic (see [7] and [9]). We present these
systems in appendix B. For the definition of intuitionistic three-valued models
(topological or Kripke three-valued models) see [7].

If a formula A4 or a sequent I'+ A is provable in the theory S in 3 LK (resp.
3LI), we write Sty g Aor Sk T'FA (resp. SF;;Aor Sk;; THA).

III.2. 3-resolution

IIT.2.1. DEerFiNiTION: A 3-clause is a sequent of 3L, containing only formulae
of the form !4, 74, A being an atom (we say that the formula £ 4 is a 3-
atom).

III.2.2. DeriniTioN: — We define the language L2 as follows: variables,
constants, functions symbols are those of L. For each predicate letter of L,
we introduce two predicate letters p! and p? with the arity of p.

— For each formula 4 of 3L, we define a formula (4), of L2 (and we
say that (4), is the 2-translated of A), as follows:

(&p(tla R tn))2: (P&)(tp M tn)
E1A4),=71(6°4),, (EA4&B),=(E4),&(EB),
(EAvB),=(A),v (EB),

(EA— B),=(§°4), > (EB),

E3x, 4(x)),=2x(EA4(x),

EVx, A(x));=Vx(£4(x),

— For each sequent I'- A of 3L, we define its 2-translated (I' F A),: it is

the sequent obtained by replacing any formula occurring in the sequent by
its 2-translated.

— If M is a three-valued structure, we define a binary structure M2 for -
L2 as follows: the interpretation of the constants and of the function symbols

Informatique théorique et Applications/Theoretical Informatics and Applications



THREE-VALUED LOGIC AND LOGIC PROGRAMMING 563

does not change. As for the predicate symbols, we define

M2E(pE)(ty...t,) iff MEEP(t,...t,)

II1.2.3. LeMMA: Let R be the set of all 3-clauses
Ip(xy, oo x) (x4, ..., x,) (for each predicate D).

Let S be a set of sequents of 3L, S2 the set of the 2-translated of the
sequents of S.

(i) if M is a three-valued model of S, M2 is a binary model of S2{J R2.

(i) if N is a binary model of S2\JR2, then there exists a three-valued
model M of S with N=M 2.

Proof: Immediate.

IIT1.2.4. LemmMmA: Let A be a formula of 3L and S be a set of sequents of 3L,
then there exists a set T of 3-clauses which satisfies the following proposition:

A is a logical consequence of S iff T is 3-inconsistent.

Proof: We replace the set S and the formula 4 by their 2-translated S2
and (4),; A4 is a three-valued consequence of S iff (4), is a logical consequence
of S2\UR2; we construct (as usual) a set T’ of 2-clauses so that: T’ is
inconsistent iff (4), is a logical consequence of S2{JJR2. Let T be the set of
3-clauses so that T2=T'—R2; using lemma III.2.3, we obtain the result.

III.2.5. DerFiNiTioN: We define 3-resolution just like ordinary resolution
(which we designate by 2-resolution), but the clauses involved are 3-clauses
instead of ordinary clauses; remark that a 3-atom !4 (resp. ?4) can be unified
with a 3-atom !B (resp. ?B) iff 4 and B can be unified. A 3-atom !A cannot
be unified with a 3-atom ?B.

II1.2.6. THEOREM (soundness and completeness): Let S be a set of 3-clauses
and S° the set obtained by adding to S the following 3-clauses Ip v ?p (for each
predicate p occurring in S).

Then S is 3-inconsistent iff the sequent t is provable with 3-resolution from
clauses of S°.

(In fact it is enough to add to S only clauses Ipt?p for each predicate p
such that Ip appears in the right part of a clause, and ?p appears in the left
part of a clause.)

Proof: It is an immediate consequence of soundness and completeness for
resolution in the binary case and of lemma II1.2.3: by lemma II1.2.3, S is

vol. 25, n° 6, 1991



564 J. VAUZEILLES, A. STRAUSS

3-inconsistent iff S°2 is (classically) inconsistent; but, S°2 is inconsistent iff
 is provable by 2-resolution using the clauses of S°2; then a proof of the
sequent + using 2-resolution from S°2 can easily be transformed in a proof
of the sequent F using 3-resolution from S° and vice-versa [replacing each
predicate (p&) by € p].

IIXI.3. Horn 3-clauses

2-resolution is a very expensive process, and therefore, often, we only
consider the subclass of Horn clauses. Similarly, for three-valued resolution,
we will restrict our study to the class of Horn 3-clauses (defined below).

III.3.1. DerNiTioN: (i) A Horn 3-clause is a 3-clause such that the right
part contains at most one 3-atom.

As examples,

14 (x, y), MB(x, ) F1C(x, z) ¢))
14 (x, ), 24 (x, y)+ 2)

(i) A definite 3-clause is a Horn 3-clause where the right part contains
(exactly) one formula (example 1).

(iii) A negative 3-clause is a Horn 3-clause where the right part is empty
(example 2).

(iv) An anti-Horn clause is a formula & A4 where 4 is a conjunction
B, & ... &B,, each B, being a literal, and at most one B, being negative. The
associated-clause to £4 is the Horn clause §B;, ..., EB;,_;, E€Bivy, ...,
&EB,FE°C; if B;= 1 C; is the negative literal, otherwise it is {EB;, ..., EB,F
(if there is no negative literal).

II1.3.2. DermiTioN: We define 3 SLD-resolution (resp. 3 SLD-refutation) just
like SLD-resolution (resp. SLD-refutation) replacing clauses by 3-clauses.

I11.3.3. DerFmNiTiON: A 3-logic program is a pair (P, Q) where P is a set of
3-Horn clauses, and Q is a disjunction £A4, v ... v 4,, each & 4, being an
anti-Horn 3-clause. We say that Q is the query and we consider for 3SLD-
refutations the set of clauses obtained by adding to clauses of P the associated-
clause of € A; (for each i), and clauses !p F 7p for each atom p.

(In fact it is enough to add to S only clauses !p+ ?p for each predicate p
such that !p appears in the right part of a clause, and ?p appears in the left
part of a clause.)

Informatique théorique et Applications/Theoretical Informatics and Applications
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III.3.4. TuHeorEM (soundness and completeness): Theorems 11.3 and 11.4
carry over to 3-logic programs provided we apply 3SLD-resolution to the set
above defined.

Proof: For soundness: as in II1.2.2, we replace each predicate &p by (p &)
and use the result of IT.3. For completeness: if we replace each formula by
its 2-translated, we can use the results of appendix A, and then we easily
draw the conclusions of the theorem; remark that, since we work in extensions
of classical (or intuitionistic) sequent calculus to three-valued logic, all results
remain true.

II1.3.5. Comparison with related work

In [12], Schmitt investigates a three-valued logic; he considers two negations
symbols (~ and /) and four kinds of literals: 4, 1 4, ~4 and ~—1 4
which mean respectively “A4 is true”, “4 is false”, “4 is not true”, “4 is not
false””. Hence they respectively correspond, in our langage, to !4, /71 A4,
71 A4, 24.

He considers 4 and ~ —1 A as positive literals (i.e. our positive literals),
and ~A4 and —1 A as negative literals (i.e. our negative literals); he defines
the implication 4 > B as an abbreviation of ~ 4 v B; a clause is a disjunction
of literals and a Horn clause is a clause containing at most one positive
literal.

He shows that the usual soundness and completeness results for SLD-
resolution (a query being an existential conjunction of positive literals) carry
over provided we apply SLD-resolution to the program augmented by all
clauses 4 o ~ —1 A for all atoms A.

A structure M is a model of a Schmitt Horn clause 4, & ... & 4, = B iff
M is a model of the 3-clause 4,*, ..., 4,*F B* obtained by replacing each
positive literal 4 by the corresponding positive literal 4* in our language.
" Remark that, in this translation, the translated of A > ~—1 4 is A F?4.

But our result differs from the Schmitt’s one in the form of the queries.

III.4. Horn N-clauses. Semantics for programs with negation

In this section, we study classical logic programs with negation. We allow
the negation to appear also in the head of the clauses. We show that the
natural semantics for these programs is three-valued semantics.

II1.4.1. DermNitioN: We define the notions of N-clause, Horn N-clause,
definite N-clause, negative N-clause, just as we have defined the similar notions
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566 J. VAUZEILLES, A. STRAUSS

for clauses: for this, we replace in definition II.1 the term “‘atom” by
“literal”.

As examples,
A(x, y), 1 B(x, y)F1 C(x, 2)
is a definite N-clause;
A(x,y), T AX »E

is a negative N-clause.

II1.4.2. DermiTioN: — We define the language LN as follows: the variables,
constant, function symbols are those of L. For each predicate letter of L, we
introduce the predicate letter p* with the arity of p.

— If ' F A is a N-clause, and if we replace in this clause any negative literal
= p(ty, ..., t) by p*(t;, ..., t,), we obtain a clause (in the familiar sense)
of LN ; we say that the clause obtained is the N-translated of I' + A.

If in '+ A, we replace any literal 4 by !4, we obtain a sequent of 3L, and
we say that this sequent is the 3-translated of T' A.

— If M is a three-valued structure, we define a binary structure MN for
LN, as follows:

MNEp(ty, ..., 1)  iff MED(ty, ..., 1)
MNEp*(t,, ..., 1) iff MEITp(t,, ..., 1)

the interpretation of the constant and of the functions symbols being unchan-
ged.

I11.4.3. DermNiTionN: Let M be a three-valued structure; we say that M is a
three-valued model for a set S of N-clauses iff any 3-translated of a N-clause
of S is valid in M. If S has a three-valued model, we say that S is 3-
consistent; otherwise we say that S is 3-inconsistent.

II1.4.4. LemMma: Let R be the set of all N-clauses of L p(x(, ..., X,),
A p(xy, ..., x)t (for each predicate p of L).

Let S be a set of N-clauses, SN (resp. RN) the set of the N-translated of
clauses of S (resp. R), S* the set of the 3-translated of clauses of S.

() If M is a three-valued model of S*, MN is a binary model of SN U RN.

(i) If T is a binary model of SN\U RN, then there exists a three-valued
model M of S* such that T=MN.

Proof: Immediate.

Informatique théorique et Applications/Theoretical Informatics and Applications



THREE-VALUED LOGIC AND LOGIC PROGRAMMING 567

IIT.4.5. DeriNiTioN: A N-logic program is a pair (P, Q) where P is a set of

Horn N-clauses, and Q a formula of the form 4, v ... v 4,, each 4; being
a conjunction of literals: 4,=B;, & ... & B;,. Then, to construct NSLD-
refutations, we add to P the N-Horn clauses B;,, ..., B, t (for each i) and

the clauses p, 1 pt (for each predicate p).

III.4.6. DerFiniTioN: We define NSLD-resolution just like resolution for
Horn N-clauses; so, we can extend ordinary unification to literals (positive
and negative).

II1.4.7. Tueorem (completeness): Let (P, Q) be a N-logic program; then,

(1) either P is 3-inconsistent, and there exists at least one NSLD-refutation
of P with goal a negative N-clause of P or R (with the notations of lemma
II1.4.4); no other negative N-clause is used in the refutation;

(2) either P is 3-consistent and then, if Pt ;x3Q, then Pr;,2Q and
Pt ,,Q0 (for some substitution 0) and Q succeeds with answer including ©.
. Moreover no clause of the form p, —\ pt is used in the proof.

Proof: (1) if P is a 3-inconsistent, then PN (U RN is (classically) inconsistent
(lemma III.4.4); there exists a SLD-refutation; then we easily transform this
SLD-refutation into a NSLD-refutation, replacing any p* by —1 p;

(2) if P is 3-consistent then PN | RN is (classically) consistent; then we
can apply the results of section II to obtain a SLD-refutation that we
easily transform into a NSLD-refutation. The fact that 5Q and Q9 are
intuitionistically derivable from P, comes from the fact that the proofs of
appendix A can be carried over Girard’s three-valued logic (see appendix B).

II1.4.8. THEOREM (soundness): Let (P, Q) be a N-logic program with
Q=A4,v ...V A, (each A; being a conjunction of literals). Let m= be a NSLD-
refutation and © the result substitution, then either P is 3-inconsistent and only
a clause p, "1 pt is used in w, or P is 3-consistent and then, no clause p, "1 pF
is used in the NSLD-refutation and P+, ,;35Q and P+, ,Q6.

Proof: Replace any clause of the NSLD-refutation by its N-translated; we
obtain a SLD-refutation. By results of section II, only one negative clause is
used; if the negative clause used is p, p*} for a predicate p) then PN {U RN
is 2-inconsistent (with notations of definition III.3.4) and hence, P is 3-
inconsistent (lemma III.4.4); if the negative clause is the N-translated of a
clause B,, ..., B,F we easily obtain the result. To prove the intuitionistic
derivability, we proceed just as in theorem I1.4.
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IIT1.4.9. Remark

If we consider a 3-consistent set of Horn N-clauses P and if we add a
positive N-clause F 4, A being a literal, a NSLD refutation of the above set
of N-clauses corresponds to the query ?3 B with B=—1 4 if 4 is a positive
literal, and 4= — B otherwise; many substituted-clauses of 4 can occur in
the NSLD-refutation and then we obtain an indefinite answer (that is,
substitutions 0,, ..., 6, where 7B6, v ... v B6, is a logical consequence of
P).

I11.4.10. Comparison with related work

In [3], Delahaye studies the semantics of programs with negation possibly
in the body and in the head of clauses. He considers Kleene’s three-valued
connectives for 1, &, v and defines, as Kunen in [10], a new connective o,
for implication: 4 > B is false if 4 is true and B is false or undetermined,
and A > B is true otherwise. Using Fitting’s methods [4], he announces
correction and completeness results. Remark that M is a three-valued model
of a Delahaye’s clause 4, & ... & A4, > B (A4,, ..., A,, B being literals) iff
M is a three-valued model of our 3-translated !4,, ..., !4,F!B of the N-
clause 4;, ..., 4,}F B.

IV. NEGATION AS FAILURE

In this section we define the completion Comp* (P) of a general program P
with respect to intuitionistic 3-valued logic, in the spirit of Clark’s completion
Comp (P); we show the soundness of SLDNF-resolution with respect to
Comp* (P) in intuitionistic 3-valued logic.

If P is propositional, then we also obtain the completeness of SLDNF-
resolution with respect to Comp* (P).

We define as usual the notion of SLDNF-resolution: see, for example [11]
or [15]; we use their terminology, particularly concerning computation rules.

We suppose that we have in L a predicate “=", whose intended interpret-
ation is the identity relation.

IV.1. DeriNiTION: Let P be a normal program, that is a set of clauses
Ly, ..., Likp(ty, ..., ¢)
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The 3-valued translation of this clause is defined to be:
'Ly, .., 1L Fp(ty, ..., 1)
and the normal form of this clause is defined to be:
3y =6& . &x,=t, &L, & .. . &L)Fp(xy, ..., X,)

if y4, ..., y, are the variables of the original clause.

If the n-place predicate p occurs m times (m>0) in the head of a clause in
P, and if the normal form of these clauses are: E;tp(x,, ..., x,) (for
1<i<m) then the completed definition of p is the set of the m 3-valued
translations of the clauses, and of the “completed-sequent™ of p:

WXy .., x)F?E, v ... VE,

If the n-place predicate p does not occur in the head of any program
clause, then the completed definition of p is the set containing only the 3-
clause: 7p(xy, ..., x,)F.

IV.2. Dermution: We define CET (Clark’s equational theory) to be the set
of 3-clauses:

(1) F!x=x for each variable x;

(2) 't (x)=xt for each term ¢(x) different from x in which x occurs;

3) 'xy=y, .. L=y, oo x)=f(yy, - .., y,) for each func-
tion f;

@ Ix;=y, .., %=y, Ep(x, ..., x)FEP(yy, ..., y,) for each predi-
cate p;

) f(xy, . x)=f(y1s - - -, ) Hl1x;=y, for each n-place function f and

for each i (1Zi<n);
©) 1 f(xy, ..., x)=gy, ..., ¥yt for all pairs of distinct functions;
(7) ?x=yF!x=y for all pairs of variables.

Axioms (1)-(6) are the usual ones; axioms (7) say that the equality relation
‘=""1is 2-valued.

<
o

IV.3. DermniTioN: Let P be a normal program. The intuitionistic 3-valued
completion of P, denoted Comp* (P) i$ the union of the completed definitions
for each predicate p and of CET.

1V.4. Prorosition: Let P be a normal program, then Comp* (P) is consistent.
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Proof: This is an easy consequence of [15] (theorem 36) because Comp* (P)
is a three-valued consequence of the three-valued Clark’s completion Comp (P)
used by Kunen (see IV .10).

IV.S5. DerFiNiTiON (Shepherdson [14]): The notions of success tree and failure
tree of a query Q (Q being a conjunction of literals) are defined recursively
as follows:

Basis:

— if Q is “success” (“‘fail”’) then the tree consisting of the single node Q
is a success (failure) tree for Q.

Inductive step:

— if L; is the chosen literal of Q, and if L, is a positive literal which does
not match any clause of P, then the tree with a single “fail” node hanging
from the root is a failure tree for Q;

— if L; is a positive literal which matches one or more clauses of P, and
if Q,, ..., Q, are the resulting derived queries, then a success tree for Q is
a tree consisting of a success tree for some Q, hanging from the root Q; a
failure tree for Q is a tree consisting of failure trees for each of Q;, ..., Q,
hanging form the root Q;

— if L; is a negative ground literal —1 A4, a success tree for Q is a tree
consisting of a failure tree for 4 and a success tree for Q' hanging from the
root Q, where Q' is the query obtained from Q by deleting —1 4; a failure
tree for Q is a tree consisting of a failure tree for A4 and a failure tree for Q’
hanging from the root Q, or a success tree for 4 hanging from the root Q.

IV.6. Lemma: (a) If p(sy, ..., 8,) and p(ty, ..., t,) are not unifiable then
CETFy,7s,=ty, ..., 2s,=1t,F
®) If p(sy, ..., s,)yand p(ty, ..., t,) are unifiable with mgu
0= (xy/ry, ..., X4 /1)
then
CET 3 !s,=t,, ..., s, =t,Flx;=r (for1<i<k)
and

CET ks !x,=ry, .., Ix,=rFls;=1¢ (for1Zizn)

Proof: An adaptation of the proof of Lloyd [11] (lemma 15.1).
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IV.7. TueoreM: SLDNF-resolution is sound with respect to Comp* (P) in
intuitionistic three-valued logic, i.e. suppose that Q is a conjunction of literals:

if Q succeeds with answer 0 then Comp* (P) |5, +1Q6;
if Q fails then Comp* (P) 5, +F!1—713Q.

Proof- This theorem and its proof are suggested in [15] (theorem 39) but
Shepherdson says that he is “not sure exactly how to formulate that”. We
use an induction on success and failure trees:

Basis:

(1) Q is the positive literal M, and M matches with a clause |+ A4, i.e. there
exists a mgu 0 of A and M, then since !4 is a sequent of Comp* (P), then
Comp* (P)F 5, F!1M6;

@) if M=p(s,, ..., s,) is the chosen positive literal of Q:

— if p does not appear in the head of any clause of program P: then the
complete definition of p s ?p(xy, ..., x,)F; thus obviously
Comp* (P) 5, ? M} and Comp* (P) F5,F!—12Q;

— if M does not unify with the head of any clause of P, then suppose
that the 3-valued translations of the clauses with head p are:
'Ly, o, 'L F'p(tiy, ..., t,); if  the completed-sequent of p is:
Ww(xy, ..., x)F?E, V... VE, then, by lemma IV.6.
CETF;,72(s,=t;; & ... &s,=t,)F for each i (1=i<m); hence,
CETF; 7?5, =4, & ... &s,=1;, & L; 1 & ... & L, | for each i (1 £i<m); and
hence, using the completed-sequent of p: Comp* (P)F5,?p (s, ..., sk and
then Comp* (P) 5, H!113Q.

Inductive step:

— if M; is the chosen positive literal of Q which matches one or more
clause of P: M;=p(sy, ..., s,);

(i) let Qy, ..., Q, be the resulting derived queries and suppose that we
have a success tree for one Q;; then if Q=M , & ... &M, if p is a mgu of
p(sy, ...,s)and of p(¢;4, ..., t;,) and if

Q=M &. . .&M; &L & .. &L, &M; & . ..&M

r>

by induction hypothesis, Comp* (P) F;,+!Q; o (if Q, succeeds with answer
o), then, using the clause !'L;,, ..., 'Ly F!'p(ty, ..., t;), We see that
Comp* (P) k5! Q0 (with 6=p-0);
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(i) letQ=M,& ... &M, and Q, ..., Q, be the resulting derived queries
and suppose that we have failure trees for all Q;; then, by induction hypo-
thesis,

Comp* (P)F5,F!—15Q,  [for each i(1<i<p)l,
and

Q=M & ... &M; &L, & ... &L, &M;  &...&M)p.

[if pisamguof p(sy, ...,s,)and of p(¢;4, - .., t;,)]; then using lemma IV.6
and axioms 7 of CET,

CETF;,7s,=t;,&...&s,=t,Flx;=ri& ... &x,=r;
then, we prove that:

Comp*(P) 3 7aM; & .. . &M;_ &s,=t;, & ... &s,=t,

&L & ... &L, &M; & ... &M,
P95 (M & .. &M, &L, & .. &L, &M, & . ..&M)p;

therefore, Comp* (P)F;,!—13Q;

— if M is the chosen ground negative literal 7 A4, and if 4 has a failure
tree and Q' a success tree, Q' being the query obtained from Q by deleting
—1 A, then by induction hypothesis, Comp* (P)t;,F!Q'6 and Comp*(P)
FaF1Q6; '

— if M is the chosen ground literal 71 4, and if 4 has a failure tree and
Q' (defined as above) has a failure tree, then by induction hypothesis,
Comp* (P)F 5, +F!—12Q’, then Comp* (P)F 5, F113Q;

— if M is the chosen ground negative literal 7 4, and if 4 has a success
tree, then by induction hypothesis, Comp*(P)l;,F!4 and therefore,
Comp*(P)F 5, F!1—123Q.

IV.8. LeMMmA: Let P be a propositonal normal program and Q be an atom: if
Comp* (P) & 5, +1Q then Q succeeds under SLNDF-resolution; if Comp* (P)F 5,
F1—1 Q then Q fails under SLNDF-resolution.

Proof: If all clauses of P are propositional, then the completed-sequent of
a proposition p is ?p+F?E, v ... VE, with Ei=L,, & ... & L,,,; we define

the classic-completed definition of p as the union of the set of the m 3-valued
translations of the clauses with head p and of the set of the 3-translated of
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N-clauses (see section IIT) obtained from the completed sequent (N-clausal
form of the sequent ! E,; & ... &1 E, F!—1p).

Example: Let r, sk p and ¢, 71 ut p the clauses with head p. Then the
classic-completed definition of p is the set of six N-clauses: !r, ! s+!p and
't, I77uk!p (the two 3-valued translations) and !—r, ! 2bH!—71p; 17w,
lubt=p; s, I tHIp; s, tuk 1 p.

If p does not appear in the head of any program clause, the classic-
completed definition of p is F!— p.

We define Comp¢ (P) as the union of the classic-completed definitions of
all propositions p occurring in P together with CET.

Remark that Comp¢ (P) is a set of 3-translated clauses of N-clauses. Then:
if Comp* (P)} ;,F!Q, then Compc (P)F; x F!Q and by results of section III,
Colmpc P) 1—3', F!1Q; moreover, the deduction only uses the cut and
exchange rules (see lemma B.1.3); also, if Comp*(P)F;,F!T1Q,
Comp,. (P) 5, + ! Q; we transform this proof to obtain a proof by “hyperre-
solution’”: i. e. we extend the usual notion of hyperresolution (see for example
[16]) to formulae ! 4 where 4 is a literal; then by induction on the proof of
F1Q (or of F!—1 Q), we construct a success (or a failure) tree for Q.

IV.9. TueoreMm: If P is a propositional normal program, then SLNDF-resolu-
tion is complete with respect to Comp* (P) in three-valued intuitionistic logic
i.e. if Q is a conjunction of literals: if Comp* (P)F 4, +!1Q then Q succeeds
under SLNDF-resolution, if Comp* (P)F 5+ ! Q then Q fails under SLNDF-
resolution.

Proof: Let Q=0 & ... & Q, (each Q, being a literal):

— if Comp*(P)F ;+!Q then, for each i (1=Zi<p) Comp*(P)F 5, +H!Q;
then, by lemma IV .8, if Q; is an atom, Q; succeeds under SLNDF-resolution,
and if Q;= 71 A4;, A, fails under SLNDF-resolution. Then, Q succeeds under
SLNDF-resolution;

— if Comp* (P)F;,+!7Q, then. Compc(P)Fsxt!A4,v...v A4, with
A;=71Q;if Q, is an atom, or else (if Q, is a negative literal) Q,= —1 A4;; by
the results of appendix B (lemma B.1.3), Compc(P)F; !4, for one k
(1£k=p); hence, Comp* (P)} 5, +!A4,; then, by lemma IV.8, if Q, is an
atom, then Q, fails and hence, Q fails; if Q,= —1 4,, 4, succeeds, and then
0O, and Q fail.
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Iv.10. Comparison with related work

It is well known that if negation as failure (SLNDF-resolution) is sound
with respect to Clark’s completed Comp (P) in classical logic, it is not complete
(see for example [11] or [15]).

For example, if we consider the program P with the unique clause =7 4+ 4
(in Prolog: A:——1 A), then the formula 4 — A4 is an axiom of Comp (P)
and, since Comp (P) is inconsistent, 4 is a consequence of Comp (P) but the
query A does not succeed.

Shepherdson ([13] and [14]) shows the soundness of SLDNF with respect
to Clark’s completed Comp (P) in intuitionistic logic, but, as the above
example shows, we have not the completeness, even for the propositional
case and in intuitionistic logic.

Kunen [10] considers a three-valued version of Comp (P): in the completed
definition of a predicate p(x,, ..., x,) <> E, v ... Vv E,, the equivalence takes
the value true if the two members take the same value, and takes the value
false otherwise. Kunen proves the soundness of SLDNF with respect to this
classical three-valued logic and the completeness for the propositional case.

Kunen does not define a proof-system for the specific version of three-
valued logic that he uses; but we can translate Comp (P) into our system,
replacing each axiom p(x,, ..., x, )< E, v ... Vv E, by the four sequents:

VE v . VE Flp(xy, ..., x,)
PE.v .. . VE FIp(xy, ..., X,)

'p(xy, -, x)FIE V... VE

m

M(xy, s x)F2E v ... VE

m

We obtain a system Compg (P) and, since each three-valued structure is a
(classical) model of Comp (P) iff it is a (classical) three-valued model of
Compy, (P), and each (classical) three-valued model of Compy (P) is an intu-
itionistic model of Comp* (P), Comp* (P) is consistent; moreover, our comple-
teness result is entailed by Kunen’s completeness result while our soundness
result entails Kunen’s soundness result. )

Informatique théorique et Applications/Theoretical Informatics and Applications



THREE-VALUED LOGIC AND LOGIC PROGRAMMING 575

APPENDIX A

A. GENTZEN’S SEQUENT CALCULUS AND HORN CLAUSES

In this paragraph we define Gentzen’s sequent calculus, and we show
some properties of logic programs consisting of Horn clauses, using proof-
theoretical methods. Most of these results have been previously proved, by
similar or other methods, in [5].

A.1. Gentzen’s sequent calculus

In this paper L stands for a fixed first-order language; we assume the
language L has some fixed set of constant, function and relation symbols,
and formulae of L are defined in the usual way, using 7, &, v, —, ¥, 3.

We define, as usual, the notions of substitution, closed instance of formula,
interpretation, and model of a set of formulae.

A.1.1. DerniTioN: We define the formal system LK:

(1) A sequent in LK is a formal expression I'+ A, where I' and A are finite
sequences (possibly empty) of formulae in L.

(ii) The sequent calculus LK is defined as follows:
(1) axioms: A+ A for cach atomic formula 4;
(2) logical rules:

— conjunction
I'tA, 4 AHII, Br
I,AFA I, A& B
A, THA
ATFA e _BTFA
A&B, THA A&B, THA
— disjunction
I'tA, 4 T'HA, B

—7T1l Vv — T4V
THA, AvB THA, AvB

A, TFHFA B,AI-IIl
AvB T,A-A Il
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— negation

THA, A A TFHA
e | —r
= A, TFA TFA,— 4

— implication

THA, A B, AtII A, TFHA B
| =S

A-B T, AFA T I'tA,A—> B
— for all
A A
®, 't IV (*%) T'FA, A(x) 'Y (%)
Vx, A(x), T+HA THA,Vx, A(x)
— there is
Ax), TFA 15(%) THA, A(0) £3(*%)
ax, A(x), TFA TFA 2x, A(x)

(*) we have the following restriction on variables: x not free in ', A.
(**) ¢ is an arbitrary term of L.

(3) structural rules:

— weakening
THA W THA .
A, THFA THA A
— contraction
A, A, THA T'FA, A, A
—~———1C ———r
A TFA THA, A
— exchange

II,A,B,TI—AIE I"I—A,A,B,Hr
II, B, A, T+HA I'tA, B, A, 11

(4) cut

THA, 4 A, AFIT
I'AFA T

Cut
(we say that A is the cut-formula).

Informatique théorique et Applications/Theoretical Informatics and Applications



THREE-VALUED LOGIC AND LOGIC PROGRAMMING 577

A.1.2. Terminology and notations

(i) We define, as usual the notion of proof in a formal system.

(ii) The rules (1), (2) and (3) are the cut-free rules; a cut-free proof is a
proof using only the cut-free rules.

(iii) The logical rules are divided into right rules and left rules according
to the fact that the main formula (for example in »& the main formula is
A & B) appears in the right part or in the left part of the sequent.

(ivy If we want to indicate the use of exchange rules, we shall often write
instead of

T'FA
means that I+ A’ has been obtained from I' F A by a finite number

'EA
(possibly zero) of exchange rules; for example,
THA A A, AFTI
I,AFA, TI
with one application of cut have been used.

Cut means that finitely many exchange rules, together

A.1.3. DEFINITIONS:

(i) If M is a structure (or interpretation) for L, we define the language
L[M] by adding to L new constants ¢ for all ce|M|, and we associate, a
value M (¢) [resp. M (4)] to each term ¢ (resp. formula 4) of L[M]. We use
the notation M F 4 for M (4)=1(i. e. true) and M ¥ 4 for M (4) =£ (i. e. false).

(it) The closed sequent A,,..., 4,FB, ..., B, of L[M] is valid in the
structure iff:

~ ifn#0and m#0:if MFA, and ... and ME A4, then MEB, or ... or
MEB,;

if n#0 and m=0 then M¥ A, or ... or M¥ A4,;
— if n=0and m#0 then MEB  or ... or Mk B,;

— if n=0 and m=0, the sequent - means absurdity.

A.1.4. DeriniTioN: Let S be a set of sequents of LK. A model M of S is a
structure such that any closed instance of a sequent of S is valid in M. S is
consistent iff it has at least one model.

We denote by SLK the extension of the calculus LK obtained by adding
the sequents of S to the axioms of LK. We say that SLK is a theory and
that the sequents of S are the proper axioms of the theory. If a sequent I'+ A
is provable in SLK, we write Sk, T'FA.
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A.1.5. TueoreM (soundness): The rules of LK preserve wvalidity of the
sequents: i.e. if all closed instances of the premisses are valid, all closed
instances of the conclusion are valid. )

Thus, if S is a set of sequents, and if the sequent I' F A is provable in SLK,
T'F A is valid in any model of S.
A .1.6. TuEOREM (completeness): If all closed instances of a sequent I+ A of
LK are valid in all structures for L, then I F A is provable in LK.
A.1.7. TueoreM: '+ A enjoys cut-elimination (i.e. the cut rule is redundant:
if a sequent of LK is provable, it is cut-free provable).

A .1.8. Remark: The above theorem is Gentzen’s famous Hauptsatz. Conse-
quently, we have a subformula property: for any cut-free proof of a sequent
Ay, ..., A, b By, ..., B,, each formula occurring in the proof is a subformula
of one A; or of one B,;.
A.1.9. THEOREM: Let S be a set of sequents of LK closed under substitution
(.e. if I'(x)F A(x)€S then, for each term t, T (1) F A(¢)€S).

If a sequent is provable in SLK, then any closed instance of this sequent is
valid in any model of S (soundness).

If a sequent T'+ A of LK is valid in any model M of S, then it is provable in
SLK (completeness). Moreover there is a proof in which all cut-formulae occur
in some sequent of S; hence, any formula occurring in this proof is a subformula
of a formula occurring in S, or in '+ A.

A .2. The intuitionistic case

A.2.1. DerFiniTionNs: (i) A sequent of LI is a formal expression I'+ A such
that I is a finite sequence (possibly empty) of formulae of L, and A is empty,
or consists in one formula of L. We say that I"+ A is an intuitionistic sequent.

(ii) The sequent calculus LI is the subsystem of LK obtained from LK by
using the following restrictions:

— all sequents considered are intuitionistic sequents;

— we consider as rules of LI only the rules of LK which, applied to

intuionistic sequents, yield intuitionistic sequents [with an exception for the
rule (Iv)]:

A THFA B,A}-Alv
AvB T, AFA

(b) the only right structural rules are (r W) [because (r E) and (r C) necessi-
tate more than one formula on the right].

(@) for logical rules: the rule (lv) is replaced by
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(i1)) We define SLI from LI, as we have defined SLK from LK. If a sequent
I't Ais provable in SLI, we write Sk, I'F A,

A.2. Horn clauses

In the following part of this section let S be a set of Horn clauses, closed
under substitution.

A .3.1. Lemma (Girard [8)]): If the clause T+ A is provable in SLK, then there
exists a Horn clause T'+ A’ provable in SLI, and any formula A occurring in
I is a formula of T and if A’ is not empty, it consists of one formula A of A;
moreover, no weakening nor contraction rule is used in the proof.

Proof: By theorem A.1.9, there exists a proof of I'+ A where all the cuts
are on formulae occurring in a sequent of S; first, remark that, by subformula
property, no logical rule is used in the proof; we construct, by induction on
the proof D, a proof (D) and we verify that the conditions of the theorem
are fulfilled:

— if D is an axiom we set t(D)=D;

— if the last rule of D is a structural rule:

P
T kA,
THA
we set :(D)=1(P);
— if the last rule of D is a cut:
P Q
I'tA, A A,AH‘ICut
I, AFATI

by induction hypothesis, we have proofs ¢(P) and ¢(Q) of sequents I'; F A,
and A, FIT;; if A, #A4, we set t(D)=¢(P); if A,=A4 and A does not occur in
A, we set t(D)=1(Q); if A,=4 and A occurs n times in A,, then we set:

t(P) t(Q)
o I, kA A A, c
t A ut
1 (D) I, A,H1I,

and we apply cuts: using ¢(P) and ¢(D), we define ¢,,,(D); finally,
t(D)=1¢,(D).
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Remark that if a negative clause of S has been used, then A’ is empty, and
only a negative clause is used in the proof ¢ (D).

A .3.2. CoroLLARY: We denote by SLI° the sybsystem of SLI, having as only
rules the exchange and cut rules. Let S be a consistent set of Horn clauses:

(1) if the closure of a positive clause - A is valid in any model of S, then + A
is provable in SLI’,

(1) if the closure of a negative clause At is valid in any model of S, then
I'k, I being a sequence containing only occurrences of A, is provable in SLI".

Proof: (i) By theorem A.1.9 and lemma A.3.1 the sequent } or the
sequent A4 are provable in SLI. Since S is consistent, F is not provable
(soundness of SLK and thus, of SLI); hence, we obtain the result, since if an
axiom A+ A is used, the only rule that we can apply is a cut, therefore we
can suppress it;

(ii) it is an immediate consequence of A.1.9 and A.3.1.

A .3.3. LEMMA: The lemma A .3.1 remains true if A is a sequence of formulae
built with &, v, 3.

Proof: By the subformula property, the only logical rules possibly used
are: (rtv), (r2v), (r &), (ra); so, the proof of A.1.2 has to be completed:
— if the last rule is (r1 v ):

P
CHAL A4
THA, AvB

by induction hypothesis, we have a deduction z(P) of a sequent I'"+ Aj; if
A] is not A, we set ¢ (D)=t (P); otherwise, we set:

t(P)
I'+4

tMM): ———
®) I'tAv B

— if the last rule is (#2 v ), the proof is similar;
— if the last rule is (r &)

P Q
L bA, 4 AT, B o
T, A FA,TI, A&B
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by induction hypothesis, we have proofs ¢#(P) and 7(Q) of sequents I'} F A
and A} FIIj; if Al is not 4, we set ¢(D)=:(P); if A} is not B, we set
t (D)=1(Q); otherwise we set:

1(P) Q)
¢ (D): TiH4 Ali-Br&
T, Aift4 &B
— if the last rule is (r3)
P

1—‘ll F A19 A (t)
T,FA, 3x, A(X)

rs

by induction hypothesis, we have a proof z(P) of a sequent T'} - A}; if A} is
not A (¢), we set (D)=t (P); otherwise we set:

t(P)
t(D) M rs
I'ikFax, A(x)
A.3.4. CoroLLARY: Let S be a consistent set of Horn clauses. If any closed
instance of a formula 3x,...3x, Ay v ...V A, each A; being a conjunction
of atoms, (4;= B, &. . .& By) is valid in any model of S, then there exists an
index i (1=i<n) and terms t,, ..., t, such that B, (t,, ..., t,) (for each k,
1<k<l) is provable in SLI°.

Proof: It is a consequence of properties of intuitionistic calculus: by
theorem A.1.9 and lemma A.1.4 the sequent F3x;...3x, 4,v...VA4,
is provable in SLI (without using contractions nor weakenings), then by
induction on the proof, we construct the required proofs: remark first that,
by the subformula property, all rules (r&) are applied before (r1v) or
(r2v), and that these ones are applied before (r3) rules; then, by induction
on the proof we may delete all (r&), (r1 v), (r2v), (r3) rules; and we obtain
the proofs.

A.3.5. Remark: The above corollary is not true if one of the By’s is a
negative literal; take, for example for S, the Horn clause: p(a), p (b)F; then
Faxp(x) is valid in any model of S, and thus, is provable in SLK, but not
in SLI; so, there does not exist a term ¢ such that p(7) is provable in SLI
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(neither in SLK). A proof in SLK of }3xp(x) is the following:
p(a), p(b)+

r—

pB)Fp(a)
r—i

F=p(a), Tp(b)

ra
Fap(a), 3x1p(x)

rs
Faxp(x), sxp(x)
rC

Faxp(x)

A.3.6. LemMA: Let S be a consistent set of Horn clauses. If any closed

instance of a formula 3x,...3x, Q (with Q=A, v ...V A, each A; being
an anti-Horn clause: see definition I1.1) is valid in any model of S, then there
exists tuples of terms (tyy, ..., tyg), .., (s - . ., ty,) satisfying the following
property:

FQ (/%15 - -5 llq/xq)3 ces QB fxgs - ooy tkq/xq)

is provable in SLK.

Proof: By theorem A . 1.9, the sequent F3x,...3x,, Qis provable in SLK
and we can choose the proof such that any cut-formula occurs in a sequent
of S. Observe that, by the subformula property, only (r—), (r&), (r1v),
(r2v), (ra), are used as logical rules in the proof and that (+ —) rules are
used, for any right occurrence of a formula, before (r&), (r&) are used
before (r1v), (#r2v) rules and the latter before (r2)-rules; then delete in the
proof all applications of a (r3)-rule and weakenings or contractions so that
the main formula is existential; we obtain a proof of a sequent

FQ U 1/X0, - s tig)Xg)s o o s Qra]Xy, - - -5 liglX,)-
Then, by soundness of SLK, the closure of the formula

Q(tyy/xg, o sty x)V o VO (g Xq, - ooy biglXy)
is valid in any model of S.
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A.4. SLD-resolution

In this section, we use SLD-resolution. We suppose that the reader is
familiar with this notion. If not, he can consult [11] or [5]. We define in the
same way as Gallier the notion of logic program (see II.2).

A.4.1. TueoreM (completeness): Let (P, Q) be a logic program; then,

(1) either P is inconsistent, and there exists at least one SLD-refutation of
P with goal a negative clause of P; no other negative clause is used in the
refutation;

(2) or P is consistent and then,

() if Q=4,v ...V A, each A; being a conjunction of atoms B;: if the
query 3Q is a logical consequence of P, then it is an intuitionistic consequence
of P and there exists at least one n-uple (t, . . ., t,) of terms of L satisfying
the property that Q(t,/x,, . .., t,/x,) is a (intuitionistic) logical consequence
of P; for any such n-uple there exists one SLD-refutation with answer
substitution © and a ground substitution p with the restriction of 8°p to
(X135 - - .5 Xp) being (t1/xy, . . ., t,/x,)

(i) if Q=A4,v ...V A, is a disjunction of anti-Horn clauses, then if the
query 3Q is a logical consequence of P, there exists a sequence,
(ty1s - s tig)s - - s (15 - - -5 tiy) Of n-tuples of terms of L satisfying:

Q(tll/xls R th/xq)v e VQ(ll/xlb R ] tkq/xq)

is a (classical) consequence of P; moreover, there exists a SLD-refutation and
substitutions 0., . .., 8, and a ground substitution p with the restrictions of
8,°p, ..., 0°pto(xy,...,x,) being respectively

(tll/xla R ] th/xq)> LR (tkl/xls R tkq/xq)'

Proof: If (P, Q) is a logic program, let S be the set (in general infinite) of
all clauses obtained by substitution from clauses of P. If we consider a proof
in SLI° (or in SLI), only a finite number of clauses of S occur in the proof
and these clauses are in the form C6, C being a clause of P, and 6 a
substitution. Remark that a proof of the sequent F in SLI° can be transformed
into a SLD-refutation with goal, the only negative clause used in the proof:
we prove this fact for propositional calculus, then we extend it to first-order
logic using lifting techniques (this tool is well-known and we don’t develop
it here); thus,

(1) if P is inconsistent we get the result by lemma A.3.1 and the above
remark;
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(2) if P is consistent;

(i) by corollary A.3.4, there is an index i so that for eachj (1</<1)
B;;(t,/xy, . . ., t,/x,) is provable in SLI° (if we suppose that

A=B; &...&B;)

and only definite clauses are used in the proofs; then, if we add to S the
closure under substitution of the negative clause B, ..., By, I, we obtain a
set S’ and we easily construct a proof in S'LI° of the sequent }; this proof
can be transformed into a SLD-refutation satisfying the conditions of the
theorem,;

(ii) by lemma A .3.6, there exists a proof in SLK of the sequent
}‘Q(tll/xp LRI th/xq): AR Q(tkl/xia s tkq/xq)'

If we suppose that we add to S all substitutions of clauses obtained from
negations of formuale 4; (1<i<n), we obtain a set S’ of Horn clauses and
we construct easily a proof in S'LK of the sequent F. But, since all clauses
in S’ are Horn clauses, we have a proof in S'LI° of the sequent I (by
lemma A.3.1), and therefore a SLD-refutation.

APPENDIX B

B. THREE-VALUED SEQUENT CALCULUS

B.1. Classical and intuitionistic three valued sequent calculus

B.1.1. DeriniTiONs: We suppose that the .language 3L is defined as in
III.1.3. We define the formal system 3LK (we use notations of section III
and &, n vary through !, ?):

(1) axioms: EA+E A and ! A+ 7 4 for each atomic formula 4;

(2) logical rules:

<
— conjunction
THAEA A}-H,é’;Br
[LAFA ILLEA & B
EA, THA & EB,T'FA
EA& B TFEHA EA& B, THA
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— disjunction
T'HAE4 . T'tAEB .
I'tA, EAV B T'tAEAVB
EA, THA Z‘,B,A}-Hlv
EAVB, T, AFA T
— negation
THA EA EA, THA —
£ A4, THA I'tA A
— implication
T'tAE A4 EB, AFIIL EATHAEB
1- 22 2 y
EA—- B, T,AFA T T'FA,EA— B
— for all
EAM), THA IV (*%) T'FA, E4(x) v ()
EVx, A(x), TFA T'HFAEV X, A(x)
— there is
EA(x), THA I(*) THFA EA(D) rs(*%)
Ex, A(x), THA I'tA,Eax, A(x)

(*) we have the following restriction on variables: x not free in T, A.

(**) tis an arbitrary term of L.

(3) structural rules

— weakening
THA
EA, THA
— contraction
EA,EA, THA
EA, THA
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— exchange

LEA EBTHA o THAEAEBT o
ILEB EATFA TFA EB, EA,TI

(4) cut

THA E4 EA, AFII
I, AFA, &

Cut

We define the intuitionistic three-valued sequent calculus 3LI from 3 LK,
just as we have defined the sequent calculus LI from LK.

B.1.2. DEFINITIONS AND THEOREMS: We define classical three-valued structu-
res and models (see I1I1.1.4). For intuitionistic three-valued models, see 7).

Theorems A.1.5, A.1.6, A.1.9 (soundness, completeness, cut-elimin-
ation) can be extended to 3LK (and 3LI).

B.1.3. LemMa: Let S* be a consistent set of 3-translated of Horn N-clauses
of a set S (see definition 111.4.2); if S*Fyx P! Ay v ... v A, each A; being a
literal, then S* 3, F1 A, for one k (1Zk<p).

_Proof: 1t is a consequence of lemma A.3.4: replace (as in III.4.2) in
the proof (in S*3LK) of +! 4, v...v A4, each literal p(t,, ..., t,) by
p*(t,, ..., t,) and remove all symbols “!”’: we obtain a proof in SLK; apply
corollary A.3.4 to obtain a proof in SLI of F 4, or of F Bf (with 4,=71B,)
(for one k such that 1<k=<p); then replace in the proof each atom
p¥(ty, ..., t) by '—p(t,...,t) and each atom p(t,...,¢) Dby
1p(ty, - . ., t,): we obtain the required proof.
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