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ON THE PARALLEL COMPLEXITY
OF LINEAR GROUPS (*)

by St. Waack (1)

Communicated by J. BERSTEL

Abstract. — The parallel complexity of the word problem of finitely generated (f.g.) linear
groups over an arbitrary field is investigated. The computation model of Boolean circuits with fan-
in bound 2 is used. It is shown that a f.g. linear group over a field of prime characteristic has a
word problem solvable within depth logn.loglogn using n°® gates. In the case of characteristic
zero the somewhat weaker depth bound logn.loglogn.logloglogn is shown. The word problem
of a f.g. solvable-by-finite linear group is shown to belong to NC*. Using a famous theorem due
to Tits we get that each f.g. linear group which does not contain a noncyclic free group has an
NC* word problem.

Résumeé. — On étudie la complexité paralléle du probleme des mots des groupes linéaires sur un
corps arbitraire admettant un systéme de générateurs fini. Pour cela, on utilise des circuits booléens
comme modéle de calcul. 1l est démontré que les groupes linéaires sur un corps de caractéristique
p possédent un probléme des mots résoluble en profondeur logn.loglogn et un nombre n®® des
portes. En caractéristique 0, on montre la profondeur logn.loglogn.logloglogn, qui est un peu
plus faible. En outre, il est prouvé que le probléme des mots d'une extension d'un groupe linéaire
soluble admettant un systéme fini de générateurs par un groupe fini appartient a la classe NC*.
D’aprés un théoréme célébre de Tits, on obtient que chaque groupe linéaire admettant un systéme
fini de générateurs et qui ne contient pas de sous-groupe libre non cyclique admet un probléme des
‘mots appartenant & NC*.

1. INTRODUCTION

Much effort has been done in the last years to study the complexity of
word problems of finitely generated groups.

It was shown that there exist finitely presented groups where the word
problems have any preassigned space complexity [29 to 32] improving an
analogous result concerning so-called admissible complexity classes [2].

(*) Received April 1989, revised December 1990.
(*) Karl-WeierstraB-Institut fiir Mathematik, Postfach 1304, 0-1086 Berlin, Germany.
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324 S. WAACK

In 1961, G. Higman proved the following remarkable theorem. A finitely
generated group G can be embedded in some finitely presented group H if
and only if G can be recursively presented. In [32] it is shown, that if G is
recursively presented, the finitely presented extension group H of G can be
choosen in such a way that the space complexity of the word problem is not
enlarged. This improves the result obtained in [3].

In [17, 18] exponential lower bounds on the complexity of the word prob-
lem of free groups of finite rank are derived for restricted computation
models.

Finite groups play an important role when studying small parallel complex-
ity classes. Barrington proved, that the word problem of the symmetric group
S is p-complete for NC! [6].

Avenhaus and Madlener discussed several decision problems, for example
the so-called Intersection Problem, and Nielsen reduction algorithms in free
groups. It turns out that these problems are logspace complete for P [4, 5].

Lipton and Zalcstein proved that the word problem of a finitely generated
linear group over a field of characteristic zero is solvable in logspace [21].
Simon proved an analogous result for fields of prime characteristic [26].
These results imply that the word problem of a finitely generated linear group
over an arbitrary field belongs to NC2.

In [33] the parallel complexity of some important constructions in combina-
torial group theory is studied.

We show for a finitely generated linear group G over a field of prime-
characteristic, that the word problem W (G) of G belongs to U-SIZE, DEPTH
(n°W, logn.loglogn). In the case of characteristic zero the depth bound is
only logn.loglogn.logloglogn. This improves the above analogous result
to some extend. If, moreover, G is solvable-by-finite, then W (G)e NC*. Using
Tits’ famous alternative [28] we obtain that the word problem of any finitely
generated linear group has a word problem solvable in logdepth provided
that it has no noncyclic free subgroup.

As corollaries we get, for example, that the word problem of a finitely
generated free group belongs to U-SIZE, DEPTH (n°‘Y, logn.loglogn),
whereas the word problem of a finitely generated polycyclic group belongs
to NC'. This improves the result due to Lipton and Zalcstein in the case of
polycyclic groups.

Although the word problem of a f.g. free group can be solved within
logarithmic bounded parallel time by parallel random access machines, it is
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ON THE PARALLEL COMPLEXITY OF LINEAR GROUPS 325

unlikely because of Barringtons result [6] that it belongs to NC*. Conse-
quently, the word problem of a f.g. linear group which is not solvable-by-
finite is probably not contained in NC!,

Muller and Schupp gave a very interesting characterization of those groups
which have context-free word problems [24]. In general it is known that
context-free languages belong to NC?. As to context-free word problems we
show using the result of [24] and [13] that they are NC!-equivalent to the
word problem of a f.g. free group and consequently belong to U-SIZE,
DEPTH (n° ™, logn.loglogn).

2. PARALLEL COMPUTATION MODELL, WORD PROBLEMS

We assume familiarity with what might be termed “standard” complexity
theory such as can be found in [16] and [34]. In particular, an O (logn) space-
bounded deterministic Turing machine will be referred to as a logspace
transducer having only inputs of the type 1” in the context of circuits.

We adopt the usual definition of a fan-in two Boolean circuit family in
which the n-th circuit has » inputs and 4 (n) outputs where /4 (n) is a nonde-
creasing polynomially bounded function. Observe, that with this definition
depth O (logn) implies polynomial size.

We use the logspace uniformity of circuits, namely we require a logspace
transducer be able to compute the description of the circuit family {a, ), cn
in the following way. Given the input 1" it computes a description of the
circuit o,

DeriNtTioN: (i) U-SIZE, DEPTH (n°™), d(n)) is the set of all functions
f:{0, 1}* - {0, 1}* computable by a uniform Boolean circuit family (o, »
in which a,, has size polynomial in » and depth O (d (n)).

(i) NC*= U-SIZE, DEPTH (n° "), (logn)"),

NC= NC~.
k

We say that a function f'is computable in logdepth if f e NC!.

Intuitively, NC is the set of functions computable superfast on a parallel
computer of feasible size. The correspondence between uniform circuit size
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326 S. WAACK

and Turing machine classes is among others given by the inclusions
NC! ¢ 1*=DSPACE (logn)* <« NC?2 < ... = NC c P*.

For details see [9 to 12].

For each problem we assume reasonably binary encoding of the problem
instances. The letter »n stands for the length of this encoding. Since we shall
consider identities

R B N L T .
in matrix rings {see Paragraph 4) and
wWyw,. . wy=1

in groups, we have the number N as well. Obviously, » and N are polynomi-
ally related.

Following {12] in the context of a particular problem instance of binary
length n, we say that an integer m is tiny if |m| < n° where ¢ is a constant.
As to inputs, we assume that integers are specified in binary notations, except
when an integer is tiny, in which unary notation is used. As to outputs,
integers are represented in binary.

DerintrioN: The function f: {0, 1}* — {0, 1}* is NC' reducible to the
function g: {0, 1}* — {0, 1}* if and only if there exists a logspace uniform
circuit family (o, ) which computes f with depth (e¢,)=O (logn) where, in
addition o the usual gates, oracle nodes for g are allowed. An oracle node

is a node which has some sequence yy, ..., y, of input edges and some
sequence z4, ..., z, of output edges with associated function

- 2)=8 0 - )

For the purpose of defining depth, the oracle node counts as depth
flog (u+v)).

Now we mention some results concerning the parallel complexity of arith-
metic operations, some of them we need later.

2.1. TueoreM (iterated addition) [8]: Finding the sum of m integers of
k bits each can be done by uniform circuits of size (m.k)° and depth
O(logm+logk). ®

2.2. THEOREM (multiplication, division) [8, 25}: Let a and b be two m-bit
integers. NC' contains the problem of computing a-b, whereas computing [a/b)
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ON THE PARALLEL COMPLEXITY OF LINEAR GROUPS 327

is contained in

U-SIZE,DEPTH (n° ™, logn.loglogn).

2.3. ProPoSITION [7]: Let a be a any integer and let m be a tiny (relative to
the problem size n of the encoding) integer. Computing amod m is contained
in NC*.

2.4. THEOREM [7]: Let a,, . . ., a, be any integers, and let m be a tiny integer.
NC! contains the problem of computing a,- . .. -a,mod m.

Now we turn to the algebraic backround of word problems. First we
consider free groups. Let A={ay, ..., a,}, m = 2. Assume that {4 ) is the
free group on A. Each element of { 4 ) can be represented as word over the
alphabet

A=A40{ai', ..., a,')

(The symbol “0” denotes the disjoint union.) Given two words w,; and w,
over 4. It is well-known that w, is freely equal to w,, i.e. w, and w, define
one and the same element in the group { 4 ) iff w, can be transformed into
w, by a finite sequence of the following rules:

(i) replace a;a; ' by 1; (ii) replace a; 'a; by 1; (iii) the inverse of (i);
(iv) the inverse of (ii), where 1 denotes the empty word, which equals the
neutral element of {4 ).

A word w is called freely reduced iff neither rule (i) nor rule (ii) can be
applied to w. Each group element of (4 ) has a unique freely reduced
representation over A.

In general, a group G is called recursively presented iff there are a finite
set A and a recursive enumerable set R={r1, 3, F3, } < A* such that
G = ( A )/cl(R), where cl(R) denotes the smallest normal subgroup contain-
ing the set R. We say that G has a recursive presentation {4 | R) and we
also write G=({4 | R).

The word problem of G={A|R) is the following language
W(EA|R))={weAd*|w=1in G}. We remark that the complexity of
W({A|R)) does not depend an a special recursive presentation if only
complexity classes are considered which are closed under NC? reductions.
This follows from the fact that a homomorphism of finitely generated mono-
ids can be computed within logdepth. Thus we are justified to speak about
the complexity of the word problem of a group.
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328 S. WAACK

Let G={x, x5, ..., x, | R} be a recursive group presentation, let # < G
be a subgroup. Assume 1=g,, g,, g3, -.. be a representative system for
right cosets modulo H in G, i.e. G=\J H.g;. Then for each element ge G

there is a representative ge{g;, g,, g3, - ..} such that g=h.g, he H. The
following theorem due to K. Reidemeister [22] is well-known.

2.5. THEOREM: (i) The subgroup H is generated by words set
{gix;@x) ™ | i=1,2,...,j=1,2, ..., 1}

Esnecially it holds that

gixy (gix; DT =g Txy (g x; Tx) T T

(i) Let w=x3-x2- ... -x{N, e;e{l, =1} a word, which belongs to the
subgroup H. Then w is equal to w,- ... -wy, where
W= x°1. x%2. . x%-1.x%. x°%1. x2- . x% L
wy=xilexi2e e xgolxgexiexize ooxigmh. B

It follows from 2.5 that if the subgroup H is of finite index in G, then H
is finitely generated, too.

2.6. TueoreM (M. Hall [14]): Let G be a finitely generated group. If H is a
subgroup of finite index in G, then H contains a subgroup K characteristic (and
consequently normal) in G with finite index in G. W

A group G is called nilpotent iff G,=1, for some d. (G, =G, G,,.,=[G,;, G],
where [4, B] is the subgroup in a common extension of 4 and B generated
by the commutators [a, b], ac 4, be B.)

A group is called solvable iff there is a finite tower of groups
G=G,> G, > ... > G,=1 such that G,,, is normal in G; and G,/G,,, is
abelian. If G;/G,,  is cyclic, for each i, then G is called polycyclic.

A group is called solvable-by-finite iff it contains a solvable subgroup of
finite index.

It is well-known that finitely generated nilpotent groups are polycyclic.

The following theorem was independently proved by Auslander [1] and
Swan [27].

2.7. THEOREM: Each polycyclic group has a faithful representation of finite

degree over the ring of integers Z. M

Let K be a field. GL(k, K) is the group of all invertible k X k matrices
over K. Moreover, we consider the subgroup T'(k, K) of all upper triangular
invertible matrices.
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ON THE PARALLEL COMPLEXITY OF LINEAR GROUPS 329

A group G € GL(k, K) is called triangularizable, iff it is conjugate in
GL (k, K) to a subgroup of T'(k, K).

It is an easy exercise to show that T'(k, K) is solvable. The following
theorem due to Mal’cev 23] supplies an important information on the struc-
ture of solvable linear groups.

2.8. THEOREM: A solvable linear group over an algebraic closed field K
contains a triangularizable normal subgroup of finite index. M

2.9. Remark: Let 4,, 4,, ..., AyeGL (k, K) be matrices, such that

Ai=(a§l’)1)j,le(1, el k)’ al’ld A:(aj’l):Al.Az‘ . 'AN. Then
—V ) 2 (N)
a1 Zaj, prQurng s Guyeg, v
"

where the sum ranges over all sequences
p=y, iy )e{l, 2, .o kYT

If all A; are upper triangular matrices, it is sufficient to take nondecreasing
sequences p only. The number of nondecreasing sequences belonging to
{1,2, ..., k¥ is equal to <k+N 2>=<k+N—2>.

N-1 k—1

Now let us turn to a theorem which allows us to apply Mal’cev’s Theorem

in our context.

2.10. THEOREM: Let G be a finitely generated group, and let H < G be a
subgroup of finite index.

The word problem of G is NC*-equivalent to the word problem of H.

Proof: The assertion W (H) <yct W(G) is clear. Let us turn to prove
W(G) <nct W(H). By M. Hall’s Theorem we may assume that H is a normal
subgroup of the group G. Since our considerations do not depend on a
special recursive presentation, we may select an appropriate one. We shall
use the notations and assertions of Theorem 2.5.

Let {x,, x5, ..., x, | R) be a recursive presentation of H. Let K be the
finite quotient group G/H. K has a presentation given by the multiplication
table, namely

Chy kg oo kg [ ki ky=ky jy ki =1).

Moreover, there is a homomorphism 1 : G — K, kern = H. We fix elements
g:€G,i=1,2, ..., s such that n(g)=k, fori=1,2, ..., [, and g,=1. The
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330 S. WAACK

set

{gl’ g2a ] gs}

forms a representative system for the right cosets modulo H in G.
If ge G, then g is the unique element g; such that n (g;)=n(g)-
The following relations are fulfilled in G.

gixjgi_lzyi,j’ i=1,"'3sa j=1a"'3r

g2:8;=2; j&q, jy i=1, ...,s, j=1, ..., r
where y; ; and z; ; belong to H, i.e. can be represented as words over
{xy, X5 ..., x, x; ', x5, ..., x7'}. Now it is no problem to verify that G
has the following presentation

CXps vves Xy 815+ - -5 & | R, gixjgi_lzyi,j3 8i8i=% ;8 )
We define the projection
T ({xli 15 EENEY xri 1} D {gb . '3gs})*_>{g1: R gs}*

by

and the bijection
B: {g1, 82 - > &)* = {ky, ko o, kJF
by
g~k for i=1, ..., r.

We observe that $en defines the group homomorphism n. Moreover, we
have the multiplication map

B {glagz’ ”wgs}*_’{ghgb "*»gs}
defined by

nig:, 8, --- 'git)=gl iff n(g, &, --- &)=k
we({xf!, ..., x 1 0O{gy, ..., g})* we get w=pe-m(w).
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ON THE PARALLEL COMPLEXITY OF LINEAR GROUPS 331

We consider the input word
w=wywy...wye({xE, L xF Y0 {g, oL g DY

of length N. We shall describe an NC'-circuit using oracle nodes for the
word problem of H which decides whether w=1 in G. Before doing so we
observe that

~ {wn(wl ceewopwi(pen(wy e oL owiZ )Tt it w,=x*!
wi=

Z:

Ji-1s i if w=g, and Hem(wy oo o Wi_)=gj_ -

Step 1. We check whether w belongs to H. The method is to check the
identity (Bem)(w)=1 in K.

This can be done by iterated finite table look-up since the multiplication
table of K is finite. Consequently O (log N)= O (logn) depth is sufficient.

Step 2: V&ie compute w,, for all i=1, 2, ..., N, in parallel. More precisely,
computing w; means:

(i) checking whether or not w;e {x{*, ..., x*'};

(i) computing pem(w;. ... .w;_)=g;_,;

(iii) applying one of the relations g;x,g; '=y,, in the case of
wee{x{!, ..., x; '}, or applying one of the relations g;g,=z; ; g, ;) in the
case of we{g, ..., &}

(i) can be done by a finite table look-up. Consequently, constant depth is

enough. As to (ii) we remark, that it is similar to Step 1. Step 2 (iii) is again
a finite table look-up.

Step 3: We take an oracle node for the word problem of H and check
whether w, w,...wy=1in H.

Step 4: We accept iff the computations of Step 1 and Step 3 are accepting
computations. W

2.11. Remark: We make use of finite tables in the proof of 2.10. For
example, we have the multiplication table {k,.-kj=k, @y of the finite
group K. Clearly, a logspace transducer can compute this table. Moreover,
the transducer can describe a circuit which “looks up in the table” to find
the element k; corresponding to (k;, k;). If the table is finite, the look-up
computation can be carried out in constant depth (finite table look-up).

The “look-up” process is a proper NC' computation in the more general
case that for each input length n we have a table tab, such that there is a
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332 S. WAACK

logspace transducer which computes the function 1" — tab, (see [12]). Again
we make use of this principle in 4.1.

Finally we mention finitely generated context-free group languages in this
paragraph. A formal language L is called a finitely generated context-free
group language if and only if L= W (G) is a context-free word problem of a
recursive presentation G=( X | R).

2.12. THEOREM: A finitely generated group has a context-free word problem
if and only if the group has a free subgroup of finite index.

Proof: See [24] in connection with [13]. @

2.13. THEOREM [34]: A finitely generated free group is Z-linear of degree two.
Moreover, it has a faithful representation over a field of prime characteristic.

2.14. THEOREM [28]: A finitely generated linear group is either solvable-by-
finite or contains a noncyclic free subgroup.

3. SOMETHING FROM COMMUTATIVE ALGEBRA

The proofs in this paragraph which are not carried out can be found in
[19]. A ring is always a commutative one if there is no different specification
made.

NortaTions: We use the following nonstandard notations. If
X=(X,, ..., X,) is a vector of independent variables, Y another variable
which is independent from the vector X, then A denotes the polynomial ring
Z2X]=2{X,, ..., X,

If p is a prime, and if as usual F, is the prime field of characteristic p,
then A, denotes the ring F,[X].

o, denotes the canonical ring homomorphism A — A resulting from the
canonical projection Z — [F,. This map can be extended to 5,: A[Y] - A [Y]
in the natural way. The image of a polynomial G(Y)eA[Y] under the
homomorphism GP is frequently denoted by G°».

Let F, be the finite field of characteristic p with p" elements. Let

= - .., L) el . Then we assign to each polynomial G (X) € A an element
G (€) of the finite field F, which is obtained by substituting ({;, . . ., (,) for
Xy, ..., X,,). We denote the resulting ring homomorphism A, — F - by p,.

This map can again be extended to A,[Y] — F[Y] which we denote by 5c'
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3.1. On polynomials

3.1.1. Let R be a ring. Then M (k, R) is the ring of all k X k matrices over
R. GL (k, R) is the group of units of M (k, R). If a is an ideal of the ring R,
the radical r (a) of the ideai a is defined to be {xeR | x*€a, for some k = 1}.
The radical of an ideal is again an ideal in the ring R. Obviously, we have a
ring homomorphism R/a — R/r(a).

Let y: R— S be a ring homomorphism. Then we have a homomorphism
of noncommutative rings M (k, R) - M (k, S) defined by (r; ) = (¥ (r; ). If
we restrict this homomorphism to GL (k, R), we get a group homomorphism
GL (k, R) » GL (%, S).

If a is an ideal in R, the extension a® of a is defined to be the ideal in
S generated by V(a). Obviously, ¥ induces a ring homomorphism
y: Rfa— Sfa®. The extension of a principle ideal generated by an element
reR is again a principle ideal generated by ¥ ().

Let K be a field,

8—1

F(Y)eK[Y], FXN)=1+73 f.¥
i=0

be a polynomial. Let a=F(Y).K[Y]. Since K[Y] is a principle ideal domain,
r(a) is a principle ideal. Let F(Y) be the uniquely determined generator of
r(a) with leading coefficient 1. Assume that K is the splitting field of F, i.e. F
is assumed to split over K into linear factors. Then F(Y) is determined by
the following two properties,

(1) If o is a root of F(Y), then « is a root of F(Y) and vice versa.

(i) F(Y)is a separable polynomial, i.e. it has no multiple roots. Obviously,
if F(Y) is separable, then r(a)=a.
3.1.2. Let R and S be entire rings, and let {y: R - S be a ring homomor-
6—1

phism. Let F(Y)=Y*+ Y f,.Y' be an element of R[Y]. The discriminant is
i=0
defined to be

Q(F): H (a’i_ ij)z:
i<j
where oy, ..., o5 are the not necessarily distinct roots of the polynomial F
in an algebraic closure of the quotient field of R. Obviously, the polynomial
F is separable iff 2 (F) is different from O.% (F) is a symmetric function in
the roots a4, ..., as. Consequently, & (F) can be expressed as a polynomial
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334 S. WAACK

in the elementary symmetric functions which are up to sign the coefficients
of the polynomial F. We get that &2 (F) can be represented as a polynomial in
Jfos + - -» f5—; with integer coefficients, and consequently & (F¥ (Y)) =V (2 (F)).

3.1.3. The Euclidean Algorithm: Let G[Y}eR(Y) be another polynomial.
Then there are unique polynomials Q (¥), R(Y)eR[Y] such that G=F-Q+R
and the degree of R is less than 8.

3.1.4. LemMA: Let a=F(Y)-R[Y] be the principle ideal generated by F(Y).
Define the matrix B(F) to be

0 0...0 —f,
1 0...0 —f,

0 1...0 —fs
0 0...1 —f5_,
Let R(Y), P(Y)eR[Y] be polynomials such that

@ PM=Y p ¥, Mzb-1

51
@ii) R(Y)= z v, ¥'=P(Y)mod F(Y).
i=0
Then
) Po 0
ry D1 M=5+1 0
= : + ) [B®).
i=1
Fo—2 Ps—2 0
Fg—1 Ps—1 Ps+i—1

Proof: By 3.1.3 R[Y]/a is a free R-module of rank 8. The sequence
1, Y, Y%, ..., Y""! forms a basis. The element ¥ supplies an R-endomor-
phism ¢ of the R-module R[Y}/a. The matrix B(F) represents this endomor-
phism with respect to the basis 1, ¥, Y2, ..., Y*~! It remains to remark
that ' (P41 Y D =pssicy . P70 B

3.1.5. LemMma (Lipton’s Interpolation Lemma [20]): Let K be a field, and
let g(X, X5, ..., X,)eK[X,, X,, ..., X,]. Assume that the degree of g in
each variable X; is bounded by t,. Let, for i=1, ..., m, T, S K, such that
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| T;| > ;. Define T=T, xT,% ...xT, = K™ Then g is identical to 0 if and
only if g(£)=0, for all teT.

3.2. Separable field extensions

3.2.1. TueorEM: If k is a perfect field, any finitely generated field extension
K of k contains a separating transcendence base which can be selected from
any set of generators of K over k.

Proof: See [36], Chap II, Theorem 30 and Theorem 31. M

Remark: 1t is well-known that prime fields are perfect. Remember that if
we have an extension k & K of a field k, a transcendence base {X;} of K/k is

called a separating transcendence base iff K is a separable algebraic extension
of k({X;}).

3.2.2. THEOREM (Theorem of the Primitive Element): Let K be a finite
separable extension field of the field k. Then there is an element o€ K which
generates K as an extension field of k, i.e. K=k(a). R

3.2.3. ProprosITION: Let o be algebraic over k, and let F(Y) be the irreducible
polynomial (with leading coefficient 1) of o over k. k(o) is a separable algebraic
extension of k if and only if F(Y) has no multiple roots (i.e. F is a separable
polynomial). 1

3.2.4. Let P be a prime field, K be a finitely generated extension field of P.
We use 3.2.1 up to 3.2.3. There is a transcendence base X=(X,, X,, ..., X))
and an element y such that

K=P(X,, X,, ..., X,) Il
8—1

If F(Y)=Y*+ ) f;.Y' is the minimal polynomial of y over P(X), then F is
i=0
separable. Define

B:{ A=Z[X] if x()=0
A=F X if x(K)=p.

We may choose the primitive element y in such a way that its minimal
polynomial F(Y) has coefficients belonging to B.

Define b=F(Y)-B[Y], which is an ideal in B[Y]. Then K is the quotient
field of B[y]=B[Y]/b. More precisely, we get using the Euclidean Algorithm
the following. Each element from K can be represented as a fraction G (Y)/g,
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where G (Y)eB[Y], geB, the degree of G(Y) in Y is less than 8, and since B
is factorial the coefficients of G and g are coprime. This representation is
unique up to multiplications by units of B.

3.3. Finite fields

3.3.1. Let p be a prime number. Let F,=Z/p-Z. In a fixed algebraic closure
of F, there is exactly one Galois field F,, for each natural number r, which
has exactly p" elements. It is the splitting field of the polynomial Z?" —Z.
Hence [ is a normal extension of F,. Moreover, it is separable. The multipli-
cative group (F)* is cyclic.

If F,s is another Galois field of characteristic p, then we have a tower of
finite extensions

[Fp (e ler < [Fps

if and only if » divides s.

The Galois field F,- can be represented as follows. Since F, is the unique
extension of F, of degree r, for any irreducible polynomial ®, ,(Z)eF,[Z]
of degree » we have

Fpr=F,1Z)/(®,,,(2) F,12).

Moreover, all these polynomials @, ,(Z) are separable ones. Because of the
fact that the extension F, < F, is normal, each irreducible polynomial
¥ (Z)eF,[Z] the degree of which divides r splits over F, into linear factors.

Let 8 be a positive natural number. Define 8*=1.c.m. (1, ..., ). It follows
from the above considerations that F s+ is the splitting field of all polynomials
of degree less than or equal to 8 with coefficients in &% .

By the Euclidean Algorithm each element of [+ can be uniquely represented
by a polynomial with coefficients in F, of degree less than r.

3.3.2. Addition in F, can be carried out by componentwise addition of
the (natural) coefficients modulo the prime p.

3.3.3. As to multiplication in [, we have the following situation. Let ® be
a generator of the cyclic group (F,)*. To each nonzero element o of F, we
assign a discrete logarithm [, (o) with respect to ® such that @@ =q.

If we consider a product o, - ... -ay, and if all factors «; are different
from 0, we can compute the product as follows.

(i) Compute the discrete logarithm /, (a,) for all factors.
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(ii) Compute Y I, (o;)modp™—1.

(iii) Compute the element of F, which belongs to the number resulting
from Step (ii).

3.3.4. Lemma: Let D(X,, X,, ..., X,)eA, be a nonzero polynomial.
Assume that the degree of D in any variable X; is bounded above by 9. Let
MeN. Assume that p" 2 M™ ' .0+ M.

Then there are subsets T, S [, Ti| =M, i=1,2, ..., m, such that the
polynomial D (X) has no root belonging to T, % ... X T,.

Proof. — We prove the claim by induction on the number of variables.

Case: m=1.

Let D(X,) be a polynomial of degree < 0. Hence D has in & at most 0
roots. Since |F|=p" 2 M+86, the claim follows.

Casem 72 m+1.

]
Consider D(X, X5, - o, Xpy Xy )= 2, di(Xy, ..., X,))- Xi 1. There is
i=0
an index i, with d;_ (X, . .., X,,) different from 0. Since

P M0+ M > M0+ M,

there are subsets 7, 75, ..., T, < F

[
m =

| T;|=M, such that

p"

Dty ty oo oy by Xy 1)

is not the zero polynomial, for all #;,e T;. Each of these M™ polynomials has
at most 0 roots in F . Hence F, has at least M elements which are not such
a root. Define T, ; to be this set. H

8—1
33.5. Let F(Y)=Y°+ ), fi- Y'eF,[Y] be a polynomial. Define &* to be
i=0
lL.e.m. (1, 2, ..., d), and assume that 6* divides r. Then F(Y) splits over [,
into linear factors. Define a to be F(Y)-F,[Y]. Let F[Y] be the polynomial
with leading coefficient 1 (see 3.1.1) such that r(a)=F[Y]-F[Y].

In particular, we have that if F is separable, F equals F.
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Lemma (Evaluation-Interpolation): Assume oy, o,

.., as€F to be the

pairwise different roots of the polynomial F. Define A(F) to be

2 A—

1, o, af, N 1
2 A—

1, o, o3 e, oy
2 A—

1, o, o ., Oy

Then:

1

1

1

(i) det(A(F) =[] (o;— ), and consequently A(F) is invertible.

i<j

(i) Let G(Y)eF,[Y] be another polynomial. By

the Euclidean Algorithm

there are unique polynomials Q(Y), R(Y)eF ;[Y] such that G=F.Q+ R, and

the degree of R is less than A.

If
R(Y)= i r. Y
i=0
then
ro G(ay)
¥y G (d‘Z)
c ) =am =[A@E
Fa—2 G (as-1)
Fa— G (aA)
(Interpolation-Formula)
and

R ()

Fo

R(ay) ry

: =AB |
R(os—y) Fa-2
" R{ay) Fa-1

(Evaluation-Formula)
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R(o,)
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R(Q‘.A—1)
R(x,)
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(i) The map F[Y)/(F(Y).F[Y]) - (F,)* defined by

R(xy)
R(a)
R(Y) - :
R(os—y)
R(2y)

is an isomorphism of rings.

Proof: Claim (1) is standard. Claim (ii) follows from claim (i), the Euclidean
Algorithm, and the well-known fact that a polynomial over an entire ring of
degree less than A is uniquely determined by its values on a set of
cardinality A. Claim (iii) follows from (i) and (ii). H

3.4. On polynomials 11

In addition to the general agreement of this paragraph let us introduce the
following notation. Let B be either A or A .

As usual let F(Y)eB[Y] be the following polynomial

6—1

F()=Y+Y f-Y.
i=0

The coefficients of F are polynomials f;=f; (X, ..., X,,) either with integer
coefficients or with coefficients in F,.

Define the ideal b in B[Y] to be F(Y)-B[Y]. If we consider an element of

the ring B[Y]/b, we shall always assume that it is given by its unique
8—1

representative Y, g;. Y* of degree less than & (see 3.1.3, 3.2.4).

i=0

3.4.1. LemMa: Let A, A,, ..., AyeGL (k, B[Y]/b). Let F(Y)eB[Y] as
before.

(i) If for all entries

8—-1

PM=3 p(X).Y
i=0
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of the matrices A, A,, ..., Ay the degree of p;(X) as well as of f;(X) in X;
is bounded by 7, for i=1,2, ...,8—1,j=1,2, ..., m, then for all entries

81

0m=% ¢(0-¥

of the product A, -A,- ... - Ay in GL(k, B[Y]/b) the degree of q;(X) in X is
bounded by t-6- N, for all i, j under consideration.

(i) If, moreover, B=A, and if the integer -coefficients of p;(X),
i=1,2, ...,8—1, are bounded in absolute value by v, the coefficients of q;(X)
are bounded in absolute value by 2*~, where  is a number which does not
depend on N.

Proof: The proof is pure routine. It proceeds in two steps. In the first step
we consider the matrices 4; to be over B{Y] and multiply them. Secondly
we apply 3.1.4 to compute the representative mod F(Y). The details are
omitted. W

3.4.2. LEMMA: Let p(Al)=H p, where the product ranges over all primes
pPEM.

There is a constant \ such that p.(M) = 2™,

Proof: See[15]. N

3.5. The correctness Lemmas

The aim of this section is to prove two lemmas which ensure the correctness
of the algorithms of Paragraph 4. Let

\PN(TI’ Tz, ey T2N)=T1‘T2‘ e 'TN—TN"FI'TN‘FZ. e ’TZN’

NeN, a sequence of polynomials belonging to Z [{T; | ie N}].
Let us turn to the first lemma. Let F(Y)e A[Y]

3—1

F(N=Y+Y £i(X)-Y
i=0

be a separable polynomial. Let 9 (F)e A be the nonzero discriminant of F.
Let co(2 (F)) be the least common multiple of the integer coefficients of
9 (F) regarded as a polynomial in X.
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If b=F(Y)-A[Y] is the ideal in A[Y] generated by F(Y), if p is a prime,
and if o,: A[Y]— A [Y] is the canonical projection, then we define b, to
be b°=F°»(Y)-A,[Y], and we have 6,: A[Y]/b— A [Y]/b, (see 3.1.1).

Nortation: The image of a matrix A€ GL (k, A[Y]/b) under the canonical
map GL (k, A[Y]/b) > GL(k, A,[Y]/b,) resulting from o, (see3.3.1) is
denoted by 4P,

3.5.1. LemMA: Let Ay, A,, ..., A, yé GL (k, A[Y]/b) be matrices such that
the assumptions of 3.4.1 are fulfilled.

Then (l) ‘PN(AI, A2a LIRS | AZN)=0 l.fflPN(Aglp)9 A(Zp)’ AR ] A(ZPI)V)=O’ for all
primes p, where p does not divide co(2D (F)), and p is less than or equal to

[((x+1). N+log, co (2 (F)))/N], where ¥, and A are the constants from 3.4.1
and 3.4.2.

(1) If p does not divide co (2 (F)), then F°r(Y)e A [Y] is separable.

Proof: (i) The only-if-part follows from the fact that the canonical map
Mk, A[Y]/b) - M (k, A,[Y]/b,) is a homomorphism of noncommutative
rings.

Let us turn to the if-part. For 1, 1, € {1, 2, ..., k}, let

8—-1

oM=Y ¢.(0.¥
i=0

be the unique representative mod F(Y) of the (14, 1,)-entry of
Yy(4,, 4,5, ..., A, 5)- By 3.4.1 the absolute values of the integer coefficients
of g;(X), i=0, 1, ..., §—1, are bounded by 2*'", By 3.1.3

6—1

0P (V)= ), 0,(¢:(X)). Y
i=0

is the wunique representative modF°»(Y) of the (1, 1,)-entry of
W, (4P, AP, ..., A%)) the degree of which is less than 8. By the assump-
tion, Q°(Y)=0, for all primes p under consideration. Consequently, the
integer coefficients of the polynomials ¢;(X), i=0, 1, ..., 8—1, are equal to
zero mod p. Using the well-known Chinese-Remainder-Theorem claim (i)
follows.

(i) By 3.1.2. 2 (F°»(Y))=0,(2 (F)). Since p does not divide co(Z (F), no
coefficient of 2 (F) vanishes under the reduction. MW
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We turn to the second lemma. We assume that

8—-1

F)=Y+ Y f(X).YeA,[Y]
i=0

is separable. Let 0 be a natural number such that the degree of 2 (F) in any
variable X is less than 0.

Ifb=F(Y)-A[Y], (=@, & - -5 GEFD,
s A, Y- Fyl1],
then we define the ideal b (§) to be

8—1

be=F"C(Y)-ler[Y]=<Y5+ > ﬁ(C)'Yi)pr'[Y]
i=0

(see 3.1.1).
Furthermore we have (see 3.1.1 and 3.3.9)

r(®@Q)=F[Y]-F,[Y],
and
pe: AL [Y]/b— F [Y]/r (B(©)).

NotaTion: The image of the matrix 4 GL (k, A,[Y]/b) under the canoni-
cal map

GL (k, A, [Y]/b) = GL (k, F-[Y]/r (b (5)))

resulting from p, is denoted by 4 (().

3.5.2. LemMA: Let Ay, A, . . ., A, yeGL (k, A,[Y]/b) be matrices such that
the assumptions of 3.4.1 are fulfilled. Let r be a natural number such that I. c. m.
1,2, ...,8) divides r and p" is greater than (v-8-N+1)""'+7-8-N+1.

Then

W4y, ..., A, 5)=0

iff Py(4,0), - .., 4,5 (@) =0 in GL(k, F[Y)/r(b(Q))) for all (eF .

Proof: The only-if-part is clear since there are homomorphisms of matrix
rings under consideration.
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Since p" = (t-6- N+ 1)" 1 +1.5. N+ 1, there are subsets
T,CF, |T|zt8-N+1,

such that the discriminant 2 (F) has no root belonging to
T=T,xT,*%...%xT, (see 3.3.4). Since D (F*)=p, (D (F) (see 3.1.2), it fol-
lows that 92 (F¥) is different from 0. We have by 3.1.1 that

r®Q)=bQ=P(Y)-F (Y], forall {eT.

Let

8-1

oM= 3} ¢ Y
i=0

be any entry of Wy (4, ..., 4,4)- By 3.4.1 the degree of all ¢g;(X) in any
variable X; is bounded by t-3- N. By 3.1.3 the unique representative of degree
less than & mod F¢(Y) of the corresponding entry Wy (A4, (0), ..., 4, y©))
is

-1

(V)= 3. ¢:(0) Y,
i=0

for all LeT. For all {eT, Q" (Y) is known to be zero. This is the case iff
q;(©)=0, i=0,1,...,8—1. It follows from 3.1.5 that g¢,(X)=0, for
i=0,1, ...,5—1. Consequently, Q(¥)=0. W

4. THE MAIN LEMMA

4.1. We make use of the notations of Paragraph 3. Let again B be either
the ring A or the ring A, and let

-1

F(Y)=Y*+ Y, f;(X).Y'eB[Y]
i=0

be a separable polynomial which is irreducible over the quotient field of B.

Define the ideal b in B[Y] to be F(Y).B[Y]. For each natural number we
assume Wy (T, ..., T, 5) to be the polynomial

Wy (T, Ty .., To)=T, Ty ... - Tn=Tys1 Tysz - -Tan
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in the variables T7; (see 3.5). Let us denote by W the whole sequence
(¥y | NeN). Let co(2(F)) be the least common multiple of the integer
coefficients of the dicriminant 9 (F) (see 3.5).

Suppose #at to be a finite subset of GL(k, B[Y]/b). In line with

Paragraph 3 we assume.
3—1

— If P(Y)=) p;(X)-Y' is an entry of an element of .Zat, then the

i=0
degree of the polynomials f;(X) and p,;(X) in X; is bounded by a natural
number 1, for i=1, ..., 8—1,j=1, ..., m.

— If B=A, moreover the integer coefficients of p; and of f; are bounded
in absolute value by v, i=1,2, ..., 86— 1.

In this paragraph we consider the parallel complexity of the following
evaluation problem &7 (¥, .#at) with its problem instances &7 (¥, #at),
NeN.

INPUT: 4 sequence (A,, 4, ..., Ay y)eMat’Y

1, if Wy(4,4,, ..., 4,)=0

OUTPUT: { 0, otherwise.

4.2. Main lemma
@) If B=A,, then &7 (¥, #at) belongs to
U-SIZE,DEPTH (n° Y, logn-loglogn).
(II) If B=A, then &7 (¥, .#at) belongs to
U-SIZE, DEPTH (n°Y, logn -loglogn-logloglog n).
(III) If #at = T(k, B[Y]/b), then &7 (¥, .#at) belongs to NC*.

Proof.

4.2.1. The method: If B=A, let PRIME, be the set of all primes not
dividing co (2 (F)) which are less than or equal to

I:(x+ 1)-N+log, co(@(F))]
L

where y and A are the constants from 3.4.1 and 3.4.2 (see 3.5.1). If B=A,
then PRIME, = {p}.
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For all primes p e PRIME,, let r be the minimal natural number such that,
P28 N+1)"" *+1-8-N+1 and the L.c.m. (1, 2, ..., d) divides r. For
all vectors {=(y, ..., )elF}, let #,, be the canonical isomorphism
Fr [YY(F, (Y)-F[Y]) = (F,)* defined in 3.3.5. We compute

Py (F,, (AP Q) ..., F o (AFX Q).

We agree that A{”’= 4, in the case of B=A .

We accept iff ¥y (F, (AP Q), ..., F, (A7 (@) =0, for all p, and for
all § under consideration.

The correctness of the method follows from 3.5.1 in connection with 3.5.2
or from 3.5.2 in the case of characteristic p.

Elements from the field [F, are represented as vectors of dimension r over
F, (see 3.3). Scalars from F, are always given in binary representation of
their canonical representative belonging to {0, ..., p—1}. Since p"=N°®),
any element of F, can be written down on a Turing tape within space
O (log N). Clearly, the same is valid for any polynomial over F, of degree
o(r).

4.2.2. Logspace Tables: The following information ((i)-(vii)) are computed
by a logspace Turing transducer having input 1" and are hardwired in the
circuit.

(1) Compute the set PRIME,, and for each prime pe PRIME, the natural
number r defined above.

(i) Compute an irreducible polynomial ®, , (Z2) € F,[Z] with leading coeffi-
cient 1 (see 3.3.1) by the brute force method. Moreover, if

r—1

(Dp,r(Z)= Z ¢€,Y.Z+Z,

i=0

we compute the matrices [B(®, D (see 3.1.4), for i=1,2, ...,r—1, and
hardwire their coefficients in the circuit. Let us denote these coefficients by
i

Remark: We observe that addition in F, can be performed on a logspace
bounded working tape of a transducer. To do the same for multiplication,
we proceed as follows. We carry out ordinary multiplication of two polynomi-
als over F, of degree less than r by brute force withing logn-space since the
number p" is tiny. We get a polynomial ©t (Z) of degree less than or equal to
2(r—1). In order to compute the representative mod ®, ,(Z) of n(Z) we
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check for all polynomials a.(Z), B(Z) e F,[Z] of degree less than r whether
T (Z)~0(Z)=B(2)-®,,,(2) in F,[Z].

We shall succeed for exactly one polynomial o (Z) which is the representative
we are looking for.

In that way it is also possible to do the following.

(iii) Compute a generator w,, pe PRIME,, of the cyclic group (F,)* by
brute force and compute a table for the assignments

B—1L,,B)=1,B),
(Log-Table)

where Be(F,)*, and a table for the assignment

{0,1, ..., p—1}si>al,
(Exp-Table)
(iv) Compute all different roots o, , ; of the polynomial F, ,(Y), for all
CelFy, forj=1,2, ..., A <3, where

8—1

F, ((N=Y+ ) fir(Q) YeF,[Y],
i=0

provided that B=A, and

8—1

Fp(N=Y+} £ YeF,[Y]

i=0

im the case of B=A .

A
Nortation : F, (V)= [] (Y—o, . ;) (see 3.3.5).
j=1

-1

(v) Compute for all entries P(Y)= ) p;(X)-Y" of elements of .#at, for

i=0

all primes pe PRIME), for all {eF}}, and for all roots of a, , ; of F, ,(Y)

5—-1

2 P Y
i=0

Informatique théorique et Applications/Theoretical Informatics and Applications



ON THE PARALLEL COMPLEXITY OF LINEAR GROUPS 347

Remark: We have to construct uniform subcircuits to handle with the
arithmetic operations in the rings [Fpr[Y]/(Fp,{(Y) -F,[Y]). By 3.1.3 there are
isomorphisms

F it Fy[VE, (1) Fy (YD > (Fp)*

which algebraically reduce this problem to the corresponding one in the
fields F,. We need evaluation tables in order to effectively compute these
isomorphisms.

(vi) Compute for all primes p e PRIMEy, for all (e F }, and for all elements

A-1
H(Y)= Y hYeb, [Y)/(F, (V) F[Y])
i=0
[which are represented as vectors (h, . . ., hy_,)€F %] the vector

(H(a, ), H@p p 2) ooy H(o, o A))EF 5
(Evaluation-Table)

This is nothing else than multiplication of vectors of dimension A over F,r
with the matrix 4 (F, ) (see 3.3.5). Obviously, the computations which are
necessary can be carried out on a Turing tape within tape O (logn), and the
table can be generated within O (logn) space.

Remark: In the case of claim (III) we need all monotone nondecreasing

sequences pe{l, 2, ..., k}V 7! (see 2.9).
(vii) Compute all monotone sequences pe{l, 2, ..., k}¥~*. The following
facts ensure that this can be done in O (log N) space.

k+N-2

— The number of such sequences equals <

>=N°‘1’.

— Each such sequence has a unique representation
171272 kS, Y. fi=N-1, f;=0.

Consequently, it can be written down on a Turing tape encoded as a
sequence of length k of integers less than N in binary representation.

— The successor of any such sequence in the lexicografic ordering can be
computed within space O (log N).
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4.2.3. Addition in F,: For all primes pe PRIME, we construct a uniform
circuit having the following input-output behaviour.

INPUT: B, By, > BueF,
OUTPUT: B, +B,+  +BpyeF,
DEPTH: O (log M +loglogp).

Do for all » components in parallel.

Step 1: Tterated addition of M log p-bit integers by 2.1.

Step 2: Substracting off in parallel the multiples of p—0,p, ..., (M—1)-p-
from the results of step 1 and choosing the appropriate difference.

In the case of M=r°® we have depth O (loglog N). If M =0(N), the depth
is bounded by O (log N).

4.2.4. Multiplication in [, For all primes pe PRIME,, we construct a
uniform circuit having the following input-output behaviour.

INPUT: B, B" el

OUTPUT: B;-B"eF,

DEPTH. O (logr+log(logr+logp).loglog(logr+logp)).

If B'=Bo, - - > Br=1)s B=(BG, . .-, B;~y) and B=(Bo, ..., B,_y), then it

is easy to see that

r—1 r—1

Be=2 X xbr’-B;-BY  for k=0,...,r-L

j=0 1=0

Remember, that the constants x{ "/ are hardwired in the circuit
[see 3.1.4, 4.2.2 (i1)].

Step 1: Compute in parallel all products
BBy
as natural numbers using 2.2.

Step 2: Carry out the r-fold iterated addition of (r—1)?> summands in
parallel by theorem 2.1.

Step 3: Reduce in parallel the r results of step 2 mod p by the help of
integer division, multiplication and subtraction.

In the case of p a prime not depending on the input length, the depth is
bounded by O (loglog N), otherwise only by O (loglog N.logloglog N).
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4.2.5. Iterated Multiplication in [ For all primes pe PRIME,, and for
all {e [} we construct a uniform circuit such that

INPUT: A sequence of elements (B,, B, ..., By)eF M,
OUTPUT: The product B=08,-B,- ... By
DEPTH: O (log N), provided that M= O (N).

Step 1. Check whether one of the inputs equals zero in F . If this is the
case, the output equals zero. Otherwise turn to Step 2.

Step 2. Compute, for all i=1, .. .,M, [,(B,) using the log-table of (iii).

Step 3: Compute for all j=1,2, ..., A
M
A=Y L,(B)mod p'—1
i=1

using Theorem 2.1 and Proposition 2.3.

Step 4: Compute B from A by using the exp-table of (iii).

4.2.6. The Proof of Claim I and II: There is, for each prime p e PRIME,,
and for each (e[} a circuit Cir, , such that

INPUT: C,, C,eGL(k, F%).

OUTPUT: The product C,.C,.

DEPTH: If B=A, then O (loglog N.logloglog N).

If B=A,, then O (loglogN).

This follows directly from 4.2.3 and 4.2.4.

Now let us construct the desired circuit. Let (4,, 4,, ..., 4, y)eHat*N
be an input sequence. We assume that N=2" N'eN.

Step 1. Compute for all pePRIME,, and for all {eF}; the matrices
AP (@), i=1,2, ..., 2N, by using table (v).

Step 2: Compute for all pe PRIMEy, and for all {eF}- the matrices
F,,(4P(Q),i=1,2, ..., 2N, by using table (vi).

Step 3a: Divide for all pePRIMEy, and for all {eF7 the word
F,,APQ)- ... -F,, (4P () into N/2 subwords of length 2. Of course,
this subdivision is hardwired in the circuit. Then

Fp (AP Q) . F (AP O)=B,- ... -Byp,
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where
Bi=F , (A¥)_1 ©)-F,, (AP ().

Compute all matrices B; in parallel by the help of circuits Cir, ,. The
resulting word of matrices B, - ... By, is again divided into words of
length 2, and the process iterates.

We can do so N times. What we get is the product
F, (AP Q) ... - F, (AP () within size n® D). If B=A, then the depth
is bounded by O (logn-loglogn-logloglogn). Otherwise the depth bound is
O (logn-loglogn).

Step 3b: Do the same as in Step 3a with Ay, ,- ... -4, . Observe that
Step 3a and b can be carried out in parallel.

Step 4: Compare the results of Step 3a and » with each other. Accept iff
they are identical, for all pe PRIMEy, and for all {eF 7.

4.2.7. The Proof of Claim (III)

Step 1 and step 2 are the same as in 4.2.6.

Step 3 a: Compute the products
F, APQ) ... - F, (4P Q)

in parallel, for all primes pe PRIMEy, and for all {€F, using the formula
of remark 2.9, the table of 4.2.2 (vii), and the circuits from 4.2.5 and 4.2.3.

Step 3b: Do the same as in Step 3a with 4y, - ... -4, 5. Observe that
Step 3 a and b can be carried out in parallel.

Step 4. Compare the results of Step 3a and b with each other. Accept iff
they are identical, for all pe PRIMEy, and for all {e F 7.

5. THE RESULTS

5.1. THEOREM: Let G be a finitely generated K-linear group, where K is any
field.

If x(K)=0, then
W (G)e U-SIZE, DEPTH (n° V), logn.loglogn.logloglog n).
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If x (K)=p, for some prime p, then
W (G)e U-SIZE, DEPTH (n° ), logn.loglogn).

Proof: Since the group G is finitely generated, we assume that G is a

subgroup of GLk, P(Xy, ..., X,) [v]), where P is a prime field,
X=(X,, ..., X,,) is a separating trancendence base, and y is algebraic over
PX, ..., X, If

5—1

F(N=Y+} fi(®) Y
i=0

is the minimal polynomial of y over P(X), F is separable. Moreover, y can
be choosen in such a way, that the coefficients f;(X) of the polynomial F
belong to Z [X] if y (K)=0, and to [F,[X] if k (K)=p (see 3.2).

Asin in 3.2 let

={ A=Z[X] if x(K)=0
A=F X1 if 1(=p.

Then for each entry of a generator or the inverse of a generator of the
group G we take its unique representation as a fraction G(Y)/g(X), where
G(Y)eB[Y], g(X)eB. Let g(X) be the least common multiple of all such
elements g(X). Define the set of matrices .#at contained in GL (k, B[Y]/b)
(see 4.1) as follows. Mat={q.4| A*" is a generator of G} U {q- E}, where
E is the identity matrix. Obviously,

A;- ... -Ay=E iff Yy(@-4,,...,9°E, ...,q-E)=0.
We may apply the Main Lemma. W

5.2. CorOLLARY: The word problem of a finitely generated free group belongs
to U-SIZE, DEPTH (n° Y, logn-loglogn).

Proof: We apply 2.13. N

5.3. THEOREM: A finitely generated context-free group language is NC*-
equivalent to the word problem of an arbitrary finitely generated free group.

Proof: Obviously, the word problems of two f.g. free groups are NC!-
equivalent. Let G be a f.g. group having a context-free word problem. By
2.12 the group G has a free subgroup F of finite index, which is, of course,
finitely generated, too. Using Theorem 2.10 we get that W(G) is NC!-
equivalentto W (F). M
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5.4. COROLLARY: A finitely generated contexi-free group language belongs
to U-SIZE, DEPTH (n° Y, log n-loglog).

Proof: The claim follows from 5.1, 2.10, 2.12, and 2.13. W

5.5. THEOREM: Let G be a finitely generated solvable-by-finite K-linear group,
where K is any field. Then the word problem of G is solvable in logdepth.

Proof: By definition G has a finitely generated subgroup G’ of finite index
which is solvable. By 2.8 G’ has a finitely generated normal subgroup H which
is triangularizable over the algebraic closure of K. We proceed analogously as
in 5.1 to prove that the word problem of H is contained in NC!. Applying
2.10 twice we are done. M

5.6. CorOLLARY: Each finitely generated linear group which does not contain
a noncyclic free group has a word problem solvable in logdepth.

Proof: The result follows from 5.5 and 2.14. B

5.7. CorOLLARY: Each finitely generated polycylic group has a word problem
belonging to NC*.

Proof: The assertion follows from 5.5and 2.7. W

5.8. CorOLLARY: Each finitely generated nilpotent group has a word problem
solvable in logdepth. W
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