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ON A CODE PROBLEM-CONCERNING PLANAR ACYCLIC
GRAPHS (")

by F. Bossut () and B. WaRIN (%)

Communicated by A. ARNOLD

Abstract. — We prove the unsolvability of a code problem in the case of connected planar dags.

Résumé. — Nous prouvons l'indécidabilité du probléme du code dans les dags planaires connexes.

INTRODUCTION

In a free algebraic structure, a finite subset C is a code if and only any
objet cannot be obtained by two different compositions (modulo the axioms
of the structure) of elements of C. The code problem consists in determining
if a finite subset is a code.

So, in the case of words, a subset C={w,, w,, ..., w,} is a code if and
only if for every i and je[n], w;.C*Nw;.C*=F. As it is possible to
determine if a rational set is empty, this equivalence proves that the code
proble}n is solvable [12].

In the case of trees, let us consider the usual substitution on trees (see for
example Arnold and Dauchet [1]). A tree ¢ is said non linear if a variable
occurs more than once. Then if we substitute a tree » to such a variable of ¢,
we duplicate u. For instance, if t=5b(x, x), we obtain b (u, u), also denoted
by t.u. Then it is easy to formulate the code problem on trees in the same
way. In the general (linear or not) case of trees, Dauchet [5] proves that this
problem is unsolvable. In the linear case (i.e. when every tree of C is
linear) the corresponding problem is solvable by using the decidability of the
emptyness problem for the rational forests. This problem has been thoroughly
studied by Nivat [10, 11].

(*) Received March 1988, revised Novembre 1988.
(*) Laboratoire d’Informatique Fondamentale de Lille, U.A.-C.N.R.S. 369, Universit¢ de
Lille - Flandres-Artois, 59655 Villeneuve-d’Ascq Cedex, France.
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206 F. BOSSUT, B. WARIN

We consider the “smallest generalization” of linear trees, i.e. the class of
planar directed ordered acyclic graphs (pdags). In Bossut and Warin [4] it is
shown that the code problem for pdags is reducible to the code problem for
pairs of words, which is also unsolvable. Here we consider only connected
pdags. We could have thought that the code problem for connected pdags
was reducible to the code problem for (non linear) trees by equalities of the
form of figure 1.

AT O

u u

Figure 1

But it is not true for several reasons. The most intuitive one is that, in the
left-hand tree of figure 1, each occurrence of u can have a distinct decomposi-
tion when, in the right-hand pdag, there is only one occurrence of u therefore
only one decomposition of u.

This paper is organized as follows: in section 1, we define the algebraic
frame in which we define our pdags. In section 2, we reduce the code problem
to the emptiness problem for languages of words by means of derivations
graphs of phrase-structured grammars [6, 9, 13].

1. PRELIMINARIES

We extend the notion of d-dags introduced by Kamimura and Slutzki (8].

1.1. DeriNiTions oF pdags. — A doubly-ranked alphabet X is a finite set
of letters on which are defined two mappings into N called head-rank and
tail-rank.

For n, m integer, we denote by
Z,, the set of letters of tail-rank m;
.~ the set of letters of head-rank #;
nzm = nz m Z"l»'
We interpret a letter of ,X,, as a labelled node of a graph that has n

ordered inputs and m ordered outputs. We define M (X), the set of pdags
overX,as U ,M(Z), where the sets ,M(Z),, of pdags over ¥ with » inputs

m,neN

Informatique théorique et Applications/Theoretical Informatics and Applications



CODE PROBLEM ON PLANAR ACYCLIC GRAPHS 207

and m outputs are recursively defined by:

() if ae X, then ae M (X),;

(i) if d;€ ;M (X),; for i=1, 2 then the parallel composition of &, and §,,
denoted by 3, 03,, belongs to 44,0 M (Z),; 4425

(iii) if &;€ ;M (Z),; for i=1,2 and g1 =p2 then the serial composition of
d; and ,, denoted by 3,.3,, belongs to ,; M (Z),,. The drawing of figure 2
represents the result of this composition.

“ the ith output of &,

1s connected to

the ith input of 3,.

|
Figure 2

And these operators satisfy the following axiomatic equalities:

(iv) A particular pdag of ;M (Z),, denoted by ¢, is the unit element of the
serial composition in the following sense:

For any integer p, let ¢, be €0¢0 ... Be (ptimes), then for e, M (),
€,.0=0. ¢,=0.¢, denotes the absence of &.

(v) The serial and parallel compositions are associative operators, and if
a.a’ and b.b" are defined then (a.a')8(b.b)=(a8b).(a'0b').

Example. — For ae X, and be,X,, the pdag obtained by the serial
composition of the parallel composition of &, a and ¢ with b is denoted by
(€0aB¢).b and can be represented by the graph of figure 3.

Figure 3

The underlying algebraic structure for M (X) is the free magmoid generated
by Z. More details about this structure can be found in Arnold and Dauchet
[1,2], Schnorr [13], Hotz [7], Bossut and Warin[3].

X* denotes the free monoid generated by the alphabet X and the
operation 6.
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208 F. BOSSUT, B. WARIN

We said that 8’ is a subgraph of a pdag 9§ if for some pdags 3,, 3, 03, 8,
we have
6=0,.(6,08'03,).9,

For &' subgraph of a pdag 3, we shall say that:

8’ is a proper subgraph of 8 if &' is not equal to 8.

&' is an initial subgraph of d if &, belongs to &*.

From the properties of the operators . and 6, it is easy to state that

VéeM(Z), 36,9, ...,5,e(ZU¢e)* suchthat 8=5,.5,...9d

and

n

Vi, 1Zi<n, if §,.8,,;,=v70a0y” with ae X, then §;=5;0¢,0d;

and

8;,,=90/,,0a08],, where y'=§;.8;,;, and y"=3§;.8,,.

In such a decomposition of a pdag 8, 3, is called the yield of 6. Intuitively,
the yield of a pdag is, from left to right, the sequence of the labels of the
nodes which have no successor.

1.2. DeriniTions. — Let 4 and B be two doubly-ranked alphabets, M (A4)
and M (B) the free magmoids generated by 4 and B. A mapping p from A
into M (B) respects the double rank if and only if

for any integers p and ¢, 8€,4, = un(®)e M(B),

An injective mapping p from A4 into M (B) that respects the double rank is a
coding mapping if and only if its homomorphic extension to M (A4) is still
injective. If p is a coding mapping, we say that p(A4) is a code.

We say that ke M (A4) is a decomposition of & over A if u(k)=3.

A pair (k,, k,) of distinct decompositions of a pdag & is said to be
irreducible if there exists no k, k7, k; elements of M (A4) such that

ky=k.k, and k,=k.k,
or

k,=k,.k and k,=kj.k.

From the above mentioned definitions, p(4) is not a code if there exist k,
and k,, elements of M (4), such that u(k,)=p(k,). If such a pair exists, we
show that an irreducible pair exists too.

Informatique théorique et Applications/Theoretical Informatics and Applications



CODE PROBLEM ON PLANAR ACYCLIC GRAPHS 209

ProrosiTiON 1.2.1: If a pdag & admits a pair of distinct decompositions,
then there exists a pdag &' that admits an irreducible pair of decompositions.

Proof. — Let (k,, k,) be a pair of distinct decompositions of 8, either
(k,, k,) is irreducible or there exists a pair (k}, k3) of decompositions of a
proper subgraph of & and so on. As & is a finite graph, 6 has not an infinite
number of proper subgraphs, then one of them admits an irreducible pair of
decompositions.

So, we have

PROPOSITION 1.2.2: p(A4) is not a code if and only if there exists a pdag of
M (B) that admits an irreducible pair of decompositions over A.

2. CODE AND DERIVATION PDAGS

2.1. DErFINITION: A phrase-structure grammar is a system G=(I, T, P)
where:

e I is a finite set of letters.

e T<T, is a set of terminal letters.

e The set P consists of expressions of the form o« —  with o, Be'*, P is
called the set of production rules. We do not consider here the productions
of the form a — A where A is the empty sentence.

We define, in a classical way, for 4el'—T, the language generated by
G from axiom A (see Hopcroft and Ullman [6]) and we uenote it by L(G, 4).

Let G=(T, T, P) be a phrase-structured grammar, 4 eI’ — T be an axiom
and k be the number of rules of P. We associate w' 1 G and 4 two sets of
pdags CG1 and CG2 of M(X), where ¥ is the doubly-ranked alphabet
defined by: _

e if aeT then ae,X;; the set of such letters will be still denoted by I'.

o if ae T then a’'e,X,; the set of such letters will be denoted 7.

e for i, nand meN, ifa, ...a,— b, ... b, is the rule number i of P then
i€z,

n=m>

o (, Ye,X, and # €, X, are three new symbols.

2.1.1. Construction of CG 1

(a) If the rule number i of P is of the form 4 - b, ... b,, we define the
set:

vol. 25, n® 3, 1991



210 F. BOSSUT, B. WARIN

I such that for j=1,...m
i Bj € { bj,b’j}if bj € T, and
Bj= bj otherwise

CG1(3i) =4

< BB, .. B, ‘>

Otherwise CG1()' = .

(b) If the rule number i of P is of the form a, ... a,— b, . .. b,,, we define
the set:

a;  ap ay such that for j=1,...m
|| | Bj € {bj,b’j}if bj € T, and
g g Bj= bj otherwi
CG1(D) _7 ; j= bj otherwise
| ] |
L B By Bm

Finally, let us set:

k
CG1'= U CG 1Y,

i=1

k
CG1"=U CG1()" and CG1=CG1'UCG1"

i=1
where k is the number of rules of P.

2.1.2. Construction of CG2

If the rule number i of P is of the form a, ... a,—- b, ...b,, we define
the set:

such that for j=1,..m
Bj € { bj.bj, b’j}if bj € T, and
CG2(i)= . Bj= bj.bj otherwise

-

,EU_
o—i
[ o8]
o
2

Informatique théorique et Applications/Theoretical Informatics and Applications



CODE PROBLEM ON PLANAR ACYCLIC GRAPHS 211
And

ccz=[\k) ccz(i)]u{ f%'l }

i=1

The elements of CG1 and CG2 are pdags of M(X) and can be
considered as images under a mapping p of a doubly-ranked-alphabet
CG=CG1UCG2.

Let us denote by o the element of

b

CG 2suchthatp (o) = (]
m

2.2. Example. — Let G=(TI, T, P) be a grammar where
I'={4,B,8,a,b,c}, T={a, b, c}
and P contains the following productions:
rulel: A—aSb,rule2: — AB, rule3: aA—c, rule4 : Bb—c.

Let A be the axiom then we have:

| l | |
ra b > < as b“><a’Sb><a’S b’

CG12Y=CG1(33Y=CG1@4) =g

l | I |
£ fr
CG1(1)"= , L]
aS b a S b a S b aa S b
1 1
a IS b’ a’ SI t|> a’ SI b’
S S b S

b a
| | |
b

[ a a

w—w
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212 F. BOSSUT, B. WARIN

We let to the reader the construction of the other sets.
LemMA 2.3: L(G, A)# & = CG is not a code.

Sketch of proof: If L(G, A)+# & then there exists a word me T* such that
m derives from A. Let & be the pdag associated with this derivation. From
8, we construct a pdag y of M (X) as follows:

e we replace the root 4 by a;

e we replace the leaves by the corresponding primed letters;

a
e we replace each letter a of I" which is neither root nor leave by | ;
a
Such a pdag will be said to be associated with this derivation. It can be
decomposed over CG 1 and also over CG 2. Indeed, the pdag v is a juxtaposi-
tion of rules of P so it can be decomposed over CG 1 and as the rules are
correctly linked, it can be also decomposed over CG 2. Moreover v is of the
form of figure 4 because the first applied rule derives the axiom.

|
f
Y

Figure 4

2.3.1. Example :Let us consider the grammar of example 2.2, and the
following derivation

A—->aSb—->aABb—->cBb—-cc

Figure 5 shows the derivation graph corresponding to this derivation, its
associated pdag of M (Z) and its decompositions over CG2 and CG 1.

Conversely, we prove that if CG is not a code then a pdag admits a
decomposition over CG 1 and another over CG2 and therefore L (G, 4) is
not empty. This proof requires technical preliminary lemmas.

LemMMA 2.4: Let & be a pdag of M () that admits an irreducible pair (k,, k,)
of decomposition over CG, then

ip, qeN, k', ke M(CG), xeCGT

Informatique théorique et Applications/Theoretical Informatics and Applications



CODE PROBLEM ON PLANAR ACYCLIC GRAPHS 213

such that
ky=(e,0x0¢) .k}
k,=(g,0a0¢) .k,

Sketch of proof : Let us choose an arbitrary letter p in the first level of
then there exist x, ye CG such that p appears in the first level of u(x) and
p(»). So, roughly speaking, pn(x) and p(y) must be “superposable” in such
a manner that they have at least this letter p in common. Now, if we examine
the elements of CG, either x=y or x=a and ye CG 1. But x, y are different
because (k,, k,) is an irreducible pair of decompositions.

Figure 5

wherei € {1,....k}
and for j € {1,...n}

] I . ,
B, B, B, BjeI'uT

Figure 6

NotaTtioN : Each element d of CG'1 can be written in an unique way as
p(o).(e0d" O¢) or as d’'.d"” where d'eT* and d” is of the form of figure 6.
Let CG 0 be the set of the such d'.

Then, with each 4" is associated an unique &’ of (' Ue€)* such that
d".d'eCG2.

The next lemma proves that for any pdag that admits an irreducible pair
of decompositions over CG, its decompositions can be constructed by
induction.

vol. 25, n° 3, 1991



214 F. BOSSUT, B. WARIN

LEMMA 2.5: For each irreducible pair (k,, k,) of decompositions over CG of
a pdag d, we can exhibit three sequences: (8,);cn of elements of M(CG1);
(3)); c v Of elements of M (CG?2), (N);.n of elements of (T \U &)* such that:

(1) 8,eCG 1, 8yea.CG2 and p(8,). ho=n(8); and Vie N

(2 34, 92, k1, klzeM(Zﬁ) k;=(q,998;9 q5) .k and k,=(q,08,0q,) .k,

(3) n@).A=p(5)
(4 a) either \;ec*
@b)or3deCG0;,d" e\ Ue)*; acCG1 and be CG2; n, me N such that
w(ay=d'.d"” and wb)y=d".d’
6i-+-1=8i‘(8neaesm)
81, =5..(c,0605,)
A=A 0d 0N where A e(T'Ueg) and A'eTUeg™
N1 =MOd 0N
Proof.

Step 1 :(1), (2) and (3) are true for i=0.
From lemma 2.4, 3p, geN, ki, kye M (CG), xe CG 1 such that

ky=(,0x0e).k;,  k,=(s,000c).k; and  p(x)=o.(e0d" 0c).

As p(k1)=u(k2), d’ must be the beginning of an element of CG, now there
exists an unique be CG2 such p(b)=d”.d".

Therefore 8,=x, 8,=a.(¢0b0¢c) and A,=€0d" O¢.

Step 2 : VieN, (2) and (3) = (4).

Case 1 Case 2

Figure 7
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CODE PROBLEM ON PLANAR ACYCLIC GRAPHS 215

If A;¢&* then some letters that appear in A; belong to the first level of an
element of n(CG1"). On Figure 7, we have represented the two cases that
might occur.

Assume that case 2 arises:

So, there exist a path from the node labelled > to the node labelled i. Let
w be the word composed of the labels of the nodes along the rightmost path
from > toi.

Let us denote by PCG the set of all the paths that go from the top to the
bottom of element of CG. So PCG can be defined as follows:

PCG={aib, ibbja, ...a...a,—b, ...b...b,rule number iof P}

U {aib',ib’Ja, ...a...a,—>by...b...b,rulenumberiof PandbeT}
U{#ib/A—>b,...b...b,rule numberiof P}
U{#ib'/A—b,...b...b,rulenumberiof Pandbe T}U{#{, # ), # }.
As p(8).A,=n(8;), then w=w'b,i where w' and w'b, can be decomposed

over PCG. This implies that there exist b, jb, or # jb, member of PCG such
that

(i) w'=w".(b,jb,) and w'b,=w"b,.(jb,b,) with w" and w".b,e PCG*
or

(i) w=w".(#b,) and wb,=w"# .(b,b,) with w” and w" and
w'. # e PCG*.

In the first case (i), we will never reach the label >. In the second one (ii),
it means that & should have the form of figure 8.

Figure 8

vol. 25, n° 3, 1991



216 F. BOSSUT, B. WARIN

Thus we come back to an analogous situation in which appears a new
path from a node labelled by < to the node labelled by i. Therefore, this
assumption leads to a contradiction.

So only case 1 can occur, and all the letters of the first level of this element
of p(CG1") appear in A, then
3d’e CGO, n,meN such that A,=A/0d' 0L
where

rMeTUe) and AeUeg)™

So we can construct §,,,, 8;,, and A,,, as exposed in (4b).

Step 3 : VieN, if property (4b) is true for i then properties (2) and (3) are
true for i+ 1.

Let a, b be such that p(a)=d’.d” and p(b)=d"”.d".

As aeCGT” and appears in k, 3,,,€M(CG1) and
k,=(q,05,,,0q,).k; for ke M(CG).

As beCG2  and appears  in  k,, 8&,,eM(CG2) and
k,=(q, 06, ,04,).ky for ki e M(CG).

Asd’'el™*, Ay €TUE* and p(d;41) Ay =R (34 )-

LEmMMA 2.6: For each irreducible pair (k,, k,) of decompositions of a pdag &
over CG, one belongs to M (CG 1), the other to M(CG2) and 5= # .({050))
for &' pdag.

Proof : As k,, k, end, we deduce from lemma 2.5 that there exists j such
that A;ee*. So p(8,)=n(8)) and (3;, 8) is a pair of decompositions of a
subgraph of 6. From (2) of lemma 2.5, §;, 8; are respectively initial subgraphs
of ky and k,. As (ky, k,) is irreducible, we conclude that (3, ) =(ky, k)
and pu(8;)=p(8)=3a.

From (4 ) of lemma 2.5, for i=0, §; is an initial subgraph of §;, ;.

So 8, is an initial subgraph of &} (1 (3)=05). From (1) of lemma 2.5, we
can conclude that 3= # .({08'0)) for & pdag.

Figure 9 presents the sequences (5,); c n> (0));en> (M);cy associated with the
pdag of example 2.3.1.

LEMMA 2.6bis: If 8= # .({08'0)) has two decompositions, the first over

CG 1 and the second over CG 2, d is associated with a terminal derivation in G
from A.

Informatique théorique et Applications/Theoretical Informatics and Applications
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NE==ap

a S bT

ka S : bf
A B

N /Amgwmmﬁ
AR

/

0= 8.1y where Ap = (£ 6206S6b0¢)
&= & .0 where A; = (¢ 6aBA6BObOE)
&)= 8.4 where A = (£0e6BObOBE)
3= 83.13 where A3 = (£ 0€B¢eBe¢)

Figure 9

Proof : Let us denote by ¢ (8) the yield of 8. Let j be the integer such that
Ajee*.
From lemma 2.5, it is easy to state that, for ;>0 and i<j:
@)= @)= _m;)  with m=mi.d".m
QB D)=0B )=y ) with mi+1=mi'd”'m

such that p (@)=d’.d" and p(b)=d"”.d"’ for ac CG1 and be CG2.

Let h be the morphism from (I' (U T')* into T'* such that, if a'e T’ then
h(a')=a and otherwise, A (x)=x.

So, for i=0 and i<j, h(m;) > h(m;,,) in G. And as 8, CG ', the rule
A - h(m,) belongs to P. Moreover, h(m;e T* because if a letter, that do
not belong to T”, appears in m;, it will be in A; too.

Finally, J is associated with the following terminal derivation in G

"

A->h(mg)— ... >h(m)—>h(m, ) > ... > h(m).
So we can state the last lemma.

vol. 25, n°® 3, 1991



218 F. BOSSUT, B. WARIN

LemMma 2.7: CG is not a code = L(G, A)+ .

Proof : From proposition 1.2.2 and lemmas 2.6, 2.6 bis, if CG is not a
code, there exists a pdag associated with a terminal derivation in L(G, 4)
hence L(G, A)# . »

Lemma 2.3 and 2.7 reduce our code problem to the emptiness problem

for languages of words generated by phrase-structured grammars which is
unsolvable. So we have:

THEOREM 2.8: The code problem for finite sets of comnected pdags is
unsolvable.
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