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SATURATING RIGHT CONGRUENCES (*)

by Bertrand Le Saec (%)

Communicated by J. BERSTEL

Abstract. — One of the main classes of automata recognizing rational w-langages is the family
of Muller automata. Their recognition criterion is based on “state tables”. We propose a criterion
based on “‘transition tables”. The transition tables automata recognize exactly the class of rational
w-langages. Their main interest is that, when they are deterministic, they are isomorph to a family
of finite right congruences satisfying a “property of saturation” similar to those defined for
congruences by A. Arnold, J. R. Buchi.

Résumé. — Une des principales classes d’automates reconnaissant les w-langages rationnels est
la famille des automates de Miiller. Leur critére de reconnaissance est basé sur la notion de « tables
d’états ». Nous proposons un critére basé sur des « tables de transitions ». Les automates a tables
de transitions reconnaissent exactement la famille des w-langages rationnels. Leur principal intérét
est d'étre, lorsqu'ils sont déterministes, isomorphes a une famille de demi-congruences satisfaisant
une propriété de « saturation » analogue a celle utilisée pour les congruences par A. Arnold, J. R.
Biichi.

INTRODUCTION

The theory of rational set of infinite words was investigated as a study of
asymptotic behaviours of finite automata [BU (62), MN (66)]. One of the
main classes of automata is the family of Muller automata. The criterion
used for recognition is based on the notion of “‘states table”. We propose to
use a criterion based on “transitions tables”. The table-transition automata
and the deterministic table-transition automata also recognize exactly the class
of rational w-languages. They are smaller than classical Muller automata, but
their main interest is that, when they are deterministic, they are isomorphic
to a family of finite right congruences satisfying a “property of saturation”
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(*) Université de Bordeaux-I. Unité associée au C.N.R.S. 226, 351, cours de la Libération,
33405 Talence Cedex, France.
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546 B. LE SAEC

similar to those defined for congruences [AR (85), BU (62), PE (84)]. More-
over, this “syntactic”” approach of deterministic automata provides a clearer
version of the property of L. H. Landweber to characterize deterministic
w-languages [LA (69)].

In part 1, we recall classical definitions and results of the theory of rational
w-languages. In part 2, we present the table-transition automata. In part 3,
we study connections between right congruences and deterministic transition
systems. In part 4, we introduce the “saturating right congruences” and prove
that they are isomorphic to the deterministic table-transition automata. In
part 5, we characterize the deterministic table-transition which recognize
deterministic ®-languages. In part 6, we define the “Landweber right con-
gruences” to characterize the deterministic w-languages.

1. PRELIMINARIES

Let X be an finite alphabet. We denote by X* the set of finite words on
X, by € the empty word and by X* the set X*—{e}. We denote by X the
set of infinite words on X. Let B < X™*, we denote by B® (resp. B*) the set
of infinite (resp. finite) words w=w, w,. .. such w;e B.

Let we X* U X®, we denote by LF(w) the set of the left factors of w
defined by: LF(w)={w, e X*/Iw,e X* U X*, w=w, w, }. We denote by /w/
the length of w. We say that a language L < X*(Resp: L < X®) is prefix iff
VweL, LFW)N\L={w}.

A transition system on X is a tuple & =(Q, I, A) where Q is a finite set of
states, I = Q a set of initial states and A = Q X X' x Q a set of transitions.

A transition system & is complete iff Vqe Q, Vae X, 3q'€ Q/(q,a,q")€A.

A transition system & is deterministic iff Card(I)=1 and
V(4.4,97€02x0%xQ,VaeX, (g,a,9)eA and (g,a,4")eA=q'=4".

A finite (resp. infinite) computation of we X* (Resp. X®) in the transition
system & is a finite (resp. infinite) sequence of transitions d=258,38,3,. . .
such that 8,=(q,,a,,p,)€A, go€! and for i=0, p,=¢q;,, and w=aqyaq,. ..
We denote t—inf(d)={8eQ/Card ({ieN/8;=8})=00 } and
g-inf(d)={qgeQ/Card ({ieN/g,=q})=c0}. If & is complete deterministic,
we can use #-inf (w) for t-inf(d) and g —inf(w) for ¢-inf(d).

A Muller automaton is a tuple o/,,=(Q,I,A,&) where ¥=(Q,L,A) is a

transition system and & = 2 (Q) is a family of subsets of Q. The automaton
o s is deterministic if & is deterministic.
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SATURATING RIGHT CONGRUENCES 547

We say that the Muller automaton «7,, recognize we X® iff there exists a
computation d of w in &, such that g-inf(d)eé.

We denote by:
Rat, the family of rational languages of X*.

RAT, the family of finite unions of w-languages CB® where C and B are
rational languages of X*.

D-RAT, the family of finite unions of w-languages CB® where C and B
are prefix rational languages of X*.

M-REC, the family of w-langages recognized by a Muller automaton.

DM-REC, the family of w-languages recognized by a deterministic Muller
automaton.

Let Ke X*. We denote by K the set { we X*/Card (LF(w) N K)= oo }.
THeOREM 1. 1: [EI (74)]
= =
— IF Ke X* is prefix then K= (& and K*=K".
— LeD-RAT<>3KeRat/K=L.
We have the fundamental results due to R. McNaughton and R. Buchi:
TueoreM 1.2: [BU (62), EI(74), MN (66)]
— RAT is a boolean algebra.

— M-REC=DM-REC=RAT=(D-RAT)? where (F)® denote the boolean
closrue of F.

We say that weX® is an ultimately periodic word iff there exists
(x,y)e X* x X* such that w=xy®. We denote UP (L) the set of all the ulti-
mately periodic words of L.

BucHrs LEMMA: [BU (62)]
If L and L' are rational o-languages, we have:

L-J<«<UP(L)#Z and LcL < UP(L)SUP(L).

2. TABLE-TRANSITION AUTOMATA

Let & be a transition system, we say that a set T of transitions of & is
coherent iff

Vé=(q,d,p)eT, V&=(q",a".p")eT,
38,,8,, .. .,8,e TV 1<i<n, 8,=(4: a1 qi+1)» 91=D> 4ns1=9"

A Table-transition automaton is a tuple o/ =(Q, 1, A, #) where ¥ =(Q,1,A)
is a transition system and # < 2 (A) is a family of coherent subsets of A.
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548 B. LE SAEC

We say that an infinite word w is recognized by the table-transition
automaton  iff there exists a computation 9, 8,8;... of w in & such that
t-inf(§,0,85...)ef.

Note: If a set of transitions T is not coherent, no infinite word w can

satisfy t-inf(w, 8, 0,05...)=7T so we assume that all the elements of # are
coherent.

Examples: Let us consider the table-transition automaton «:

a C}D b with I=0={1},s={{(LaD)}}

The automaton &/ recognizes the rational w-language L(/)={a,b}*a".

Let us consider the table-transition automaton «¢":

with 0'={1,2,3}, I'={1} and #={{(1,4,2), (2,¢,3), (3,5, 1) }}.

The automaton oA’ recognizes the  rational  ®-language
L(")=(ae* by* (aeb)*. O

DEerFINITIONS : Let us denote:

T-REC: the family of w-languages recognized by a table-transition automa-
ton.

DT-REC: the family of the w-languages recognized by a deterministic
table-transition automaton.

THEOREM 2.1:
— DT-REC is a boolean algebra.

— DT-REC=T-REC=RAT.

Proof

la Let o =(Q,1,A,.#) be a complete deterministic table-transition automa-
ton.

It’'s clear that the deterministic table-transition automaton
' =(Q, 1, A, ? (A)-¥) recognizes the complement of L (/).

b.Let &,=(0Q,,1,,A,,#,) and &,=(0,,1,,A,, #,) be two complete deter-
ministic table-transition automata. Let &/,.=(Q,I A, #) the deterministic
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SATURATING RIGHT CONGRUENCES 549

table-transition automaton with:
= Q=0,XQ,, I=I; X1,

- A={((Q1,Q2)a a, (p1, )41, a,p) €A, (g2, a,pz)GAz}
— # is defined by:

T, ef1/T1={(Q1a a,91) €A /(91 92), a (‘IL‘];))GT}
Te S« or

3T;€5,/T2={(d22,95) €A,/((41,92). 2, (41, 4:)) € T'}

It’s easy to show that L(«/)=L (&)U L(«,).
From 1a and 15, we deduce that DT-REC is a Boolean algebra.
2a. It is clear that DT-REC < T-REC.

2b. Let /=(Q,{qo}, A,#) be a table-transition automaton which reco-
gnizes the rational w-language L. Let &7 ,,=(Q’,I’,A’, &) the Muller automa-
ton where Q'={g,} UA, I'={4q,}, #= and

A={ {(qoaas (%sa, Q))/(qo, a, Q)GA} U
{ ((qls a, qz)a b> (q29 b’ q3))/(q1: a, qz) € A (QZ’ ba q3) € A }

It is clear that L=L()=L () since YweX®, weLswel (&)< -
inf(w)e # < g-inf(w)e &< we L(,,) so T-REC < RAT.

2c. Let us consider a deterministic Muller automaton «/,,=(Q, I, A, &) that
recognizes the rational w-language L. We have L(/,,)= \U { L()/Ecé }.

Let JS={T<{8=(q,a,p)eA/(gp)eEXE} such that VgekE,
38eT/3=(g,a,p)}.

Let &/, be the table-transition automaton (Q,I, A, { T}). It is clear that
L()=\U{L(#£)|TeSF}, so L=L()=UL(Lp=UL(Ly) and
RAT = DT-REC. N

3. DETERMINISTIC TRANSITION SYSTEMS AND RIGHT CONGRUENCES

A right congruence ~ over X* is an equivalence relation which satisfies:
V(u,v,w)eX* X X*X X*, u~v=>uw~ovw. We denote u/~ the ~-class of u
and we say that ~ is finite if it has a finite number of classes.

We say that a right congruence ~ preserves the successors in a @-language
LiffV(v,,0)eX*x X* Vwe X, v, ~v, = {v,weLv,wel}.
Let S=(Q, { do }, A) be a deterministic transition system, we denote by =~

the relation defined by u~,V<>{VgeQ:q, 5 q<>q, 5 q}.

vol. 24, n° 6, 1990



550 B. LE SAEC

ProrosITION 3.1: The class of deterministic complete transition systems is
isomorphic to the class of finite right congruences.

— Let S=(Q, {4, }, A) be a deterministic finite transition system, it is easy
to show (from the determinism of S) that =~ is a finite right congruence.
Let ~ be a finite right congruence, we define the transition system
S~=(Q=~,I~,A~) with O~={u/~}, I~={¢g/~},
A~={(u/~,a,(ua)/~)}. It is clear that S~ is a deterministic transition
system. B

ProrosITION 3.2: Let &/ be a deterministic complete Muller (resp. table-
transition) automaton and =~ , the associated right congruence then =~ , preser-
ves the successors in L (/).

— It is clear that, if two words of X* have the same computation on </,
they also have the same successors in L (/). W

4. SATURATING RIGHT CONGRUENCES

DeriNiTION @ Let L be a w-language and ~ a right congruence. We say
that ~ saturates L iff ~ preserves the successors in L and satisfies:

Vix,u,0) eX*x X* x X* x~xu~xvand x(u* v*)° N\ L# JFimpliex (u* v*)* < L.

X m u
XXXU=XV i.e. gfxt ——> X/~
O

PrOPOSITION 4.1: Let o/ be a deterministic complete Muller (resp. table-
transition) automaton and =, the associated right congruence then ~, satu-
rates L ().

Proof: Let us prove that if a deterministic complete Muller (resp. table-
transition) automaton </ =(Q, I, A, &), the finite right congruence =, satu-
rates L= L(s/). From the proposition 3.2, ~, preserves the successors in
L(s).
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SATURATING RIGHT CONGRUENCES 551

Let (x,u,0)eX*x X" xX* such t(hat x~, xuxpxv and
x v )YNL#QP. Let wu=wu u, ...u and v=v,v,...9, With
(Uyy Upye o oy Ups Dy Vage - or V) EXTHM,

— Let us suppose that & is a deterministic Muller automaton:

Since x~, xu=~gyxv, it is clear that Vw'ex(u* v*)®, ¢g-inf(w)=Q,U Q,
where Q, and Q, are the sets of states of Q defined by:

Q.,={(xu;. .. u)/~y,V1<i<n} and 0,={(xv;- . ) =g,V Si<m},

If x(u* v*)*NL#Q then 0, U Q,€& and x(u* v*)* < L.

— Let us suppose that &/ is a deterministic table-transition automaton:
Since x4 xu=~ 4 xv, it is clear that Vw' ex(u* v%)®, t-inf(w)=T, U T, where
T, and T, are the sets of transitions of A defined by:

= T,={(Ceuy . . u)]~ g iy, (xuy. . .upy )/ =) VISiSn—1}

- T,={((xo;. . V) e Vig 1, (X0y - 14 )/ Q) VISiISM—1 }
fx@ v*YNL#EGthen T,UT,e€and x(u"v*)*<L. W

In order to prove the converse, we need some results.

LEmMA 4.2: Let L be a w-language and ~ be a right congruence which
saturates L. Let (x,u,v,w)e X* x X* X X" such that x~xu~xv~xw. We get:

1. x(uwvw)®e L<>x (vuvw)®€ L.

2. x(uvw)®e L<>x(vuw)®e L.

3. x(uow)®e L <> x (uvuw)®e L.

Proof: Let ~ be a right congruence which saturates L.

Let (x,u,v,w)e X* x X+ x X* such that x>~ xu~xv~xw

i.e.
u
. ()
g/ ——x [~ Q v
w
1. x (uww)® € L <> x (uowow)® € L (x~xu~xvw and =~ saturates L)

< x (wowouowow)® € L (x~xw~xuvwv and ~ saturates L)
< X (uowouow)® € L (x~xvw~xuowou and ~saturates L)
<> xuvw (vuowuow)® € L
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552 B. LE SAIC

< x (v (wow)*)®* € L (=~ preserves the successors in L)
<> X (vuow)® € L (x~xv~xuvw and ~saturates L).

2. From (1), we have x(uvw)®eL< x(vuvw)®e L < xvu(owou)®eL <
x(vwou)®e L. Let U=v, V=wov, W=y, from (1) we deduce: x (uow)°e L <
x (wwou)®e L<>x (UVW)*e L<x (VUVW)° e L < x (woowou)® € L and thus:

x (wvowou)® € L<> x (wo? wou)® € L
<> xw (v* wouw)® € L

< xw (vowouw)® € L (xw >~ xwov ~ xwouw, ~saturates L)

< x (W) w)®elL

< x (wouw)® € L (x~xwv~xu, ~saturates L)

< xw (vuw)® € L

< x (vuw)® € L (=~ preserves the successors in L).
3. x (uow)®* € L < x (vuw)® € L (Lemma 4.2.2)

< x (uvuw)® € L (Lemma 4.2.1). H

COROLLARY 4.3: Let L be a w-language and ~ a right congruence which
saturates L. Let (x,w Wy, u,0)€X* X X*X X*x X*XX* such that
X~xw, ~xuv and xu=~xuw, then

x(wyuw,v)?el <= x(w;uw,vuv)®e L.
1 2 1 2

Proof: We have (x,u,v,w;,w,)e(X*)® such that x~xw,~xuv and
xu~xuw, and ~ saturates L:

W1 wo

u
£fo — X >y /”\\@
\__——/

v

x(wyuw,uv)°e L < x((wy) (uw,v) (w,) (uv))*e L (Lemma4.2.3)
<> xwy u(w, ow, uvw, u)°e L
< xw, u((w,) (ow, ) (w,) (vw, u))®e L(Lemma4.2.3)
<> xwyu(wyow, u)°e L

< x(wyuw,v)’el. R
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SATURATING RIGHT CONGRUENCES 553

The following result is a generalization of the previous corollary:

CoROLLARY 4.4: Let L be a w-language and ~ a right congruence which
saturates L and let X, Py, Yoy -+ -3V V15V2s « - s Ups1 EX*  sUCh  that
XXV XY .. .Y, and V1 ZiSn, xp ...y, ~Xy .. .Y V4 then

X910 YuVus)°€EL & x((039103. . YuVur ) 1. - - Y)) €L
Proof:

X((V1 Y103+ YnVpr ) Q1 - Y))° €L
X((v)(@1Y102- Vs ) 01 - - Y))"EL=

X((V1 Y102 - VaUps )V 1+ YL (Lemma 4.2.3)
X1 Y1 ((02) (0272 - - VnVns1 01 Y1) 2e o - Vue - Va1 V1)) €L
X0 Y1 (01 Y1+« YaVpr101 ) 0202 - Y01 y)) €L (Lemma 4.2.3)

X0 Y1002 (03Y3- - PnVps 101 V102V2) V3. - YaV1 Y1 02Y5))° €L

XV Y1e - UpYn (@1 01 Y1 - VYD) (01 Y1 0 Y)) €L

01 Y1 VY (Ot ) @ar 10191+ -0 V) (0191 - ) €L <>
xX01 Y1 VY ((@pr 101 V1 - 00 V) @nr 1) (0191 - - 0uY))°EL =
X01 Y1 OpVnVns 1 (01 V1 - U VaVus 1) @1 V1 - 0uYuVpr 1)) €L

x(vlyl"'vnynvn+1)meL‘ u

DeriNiTioN: Let L be a w-language and ~ be a finite right congruence.
We define the deterministic complete table-transition automaton
A~=(Q~,I~, A~, F~) by:

- O~={u/~, ueX*}, I~={¢/~}, A~={(u/~,aua/~), ueX*,
aeX},

— S~={Te?(A)/I we UP(L), T=tinf(w) }.

THEOREM 4.5: Let L be a rational w-language and ~ a finite right congruence
which saturates L. We have: L=L(sf ~).

Proof: Since L and L (s« ~) are rational w-languages, it suffice to prove
that UP(L)=UP (L (o ~)).

— Let weUP(L). Since =~ is finite, by definition of &/ =~, we have
t-inf(w)e £ ~ and then we L (& ~).
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554 B. LE SAEC

— Let us prove that UP(L(«/~)) < UP(L). Let we UP(L(% ~)). By
definition of & ~, we have:

weUP((L(#~)) < 3IweUP(L)/t—inf(w)=tinf(w)eF~.

Since we UP ((L (& ~)), there exists x, y€ X* such that x~xy, w=xy".
Since w'e UP(L), there exists x’, y'e€ X* such that x'~x"y’, w'=x"y"®.

Let y=y,...y, and y'=y]...y,, such that V1<i<n, VI<j<n', y,eX,
yieX.

We have:

tAnf (ey®) = { (x/ >, ¥, x91/=)s - o 5 (V15 - - Y= D0
Ceyes oo Yir )2, -
tAnf (x' y )= { (') =, ¥, X' Y1/ =), o (V4 - 0D,
VoV )=, )

Since t-inf (xy®) = t-inf(x’ y'®):

a. there exists vy, ...,v,, U,...,u,€X* such that VI<i<#', y=u,y;v;
and xu;~xy]...yi_; and xu; y;v; ~ x.

b. there exists v}, ...,v,, Uy, ..., u.€X* such that V1<i<n, y'=uy,v;
and X" uj~xy,...y;_, and x"u'jy;v; ~ x".

Let x"=x"u} and y" =y, viu;=y7...y.. such that V1<i<n", y;'€ X, we
have x"~x and y, =y7. So we can suppose that x’ and )’ are choosen such
that y, =y] and x"~x and u, =u}=¢.

We have: w=x)*=x (" °=x(y]v; Uy V50, U3 Y303 - - U, VnV,)"

By the corollary 4.4, we have:

— w=xy’eL<x("y)eL<=x(yy)el
By a similar construction, we have:

— w=x'y“eLex (y"elLax (" y)eLx(yy)el;

Hence the result. W

THEOREM 4. 6: The family of deterministic complete table-transition automata
which recognize a rational w-language L is isomorphic to the family of finite
right congruences which saturate L.

Proof: In the theorem 4.5, we proved that, from a finite right congruence
~ which saturates a rational w-language L, we can build a deterministic
table-transition automaton &/ ~ such that L(&/~)=L and ~,=~. In the
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SATURATING RIGHT CONGRUENCES 555

theorem 4.1, we proved that, if o7 is a deterministic table-transition automa-
ton which recognizes a w-language L then the associated finite right congru-
ence ~, saturates L. W

Remark: We saw, in the proof of the theorem 2.1, that any deterministic
Muller automaton, is in fact a table transition automaton and so any deter-
ministic Muller automaton which recognize LeRAT, defines a finite right
congruence which saturates L, but the converse is not true:

Let L={a,b}*a*cRAT and ~ the finite right congruence with one class
g/~={a,b}* It’s obvious to see that ~ saturates L, but the associated
transition system &%~ cannot leads us to build a Muller automaton which

recognizes L:
JooK

5. CYCLICALLY CLOSED TABLE-TRANSITION AUTOMATA

DErINITION : We say that a table-transition automaton </ =(Q, 1, A, ) is
cyclically closed iff YV Te #,V T < A such that T\ T'is coherent, T\J T '€ .#.

THEOREM 5.1: Let o =(Q, 1, A, #) be a deterministic complete table-transi-
tion automaton.

L(«)e D-RAT iff o iscyclically closed.

Proof: a. Let o/ =(Q,{4q,}, A, #) be a cyclically closed deterministic table-
transition automaton which recognizes the rational w-languages L. Let us
prove that Le D-RAT.

Like in paragraph 2, let «/,,=(Q',I',A’,&) the deterministic Muller
automaton where Q'={gq,} UA, I'={q,}, = and

A= { {(40>2,(q0, 2, 9))/(q0,a, q) €A} U
{ ((qla a, qz): ba (qz, ba qs))/(%, a, qz) € A (qz’ ba q3) € A }

It 1s clear that L=L(A)Y=L(Ay) since YweX?,
weL<ewel(H)<t-inf(w)e I < g-inf(w)e & <>we L(L,,). Moreover « is
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556 B. LE SAEC

cyclically closed so «f,, satisfies the property: VEe&, VE Q* E\UE e Sf.
L. H. Landweber used this property to characterize the Muller automata
which  recognize the deterministic w-languages [LA (69)] so
Le D-RAT.

b. Let o/ =(Q,{q0},A, #) be a deterministic table-transition automaton
which recognizes a deterministic rational w-languages L. Let us prove that
&7 is cyclically closed.

Let Te# and T'eA such that 7\U T’ is coherent. There exists xe X*,

USU Uy . Uy D=V 0p.. . .Vpy Op, Ogy...,0,EA, 8., 8,5, ...,8,,€A, geQ
such that:

~ 404,

- q—“>qand

V1<iZn 8;=(quuiqir1)s 9=q1 = qm+1 and T={51,82, - "Sn};

— q—iqand
V1§i§m5’1=(q'1a’0i,%{+1)aq=q’1=Qn+1andT’:{ 1 Izs"hs:n}-
We have r-inf (xu®)=T so x{u,0 }*u® < L. Since

LeD-RAT, 3KeRAT/K=L.
We have x{u,v}*u®c K so, like [AR(84) Lemma III.1], it is easy to

build by induction a sequence (w,),.n sSuch that VieN, w;e K, /w;/</w; ./
and lim (w)=wex{u*v"}*NL and since VYwex{u"ov*}°, ¢

w —> 0

inf(w)=(T\UJ T')e.# and &/ is cyclically closed. H

6. LANDWEBER RIGHT CONGRUENCE

DerFmNITION © Let L be a rational o-language and ~ a right congruence.
We say that ~ is L-Landweber right congruence iff ~ preserves the successors
in L and =~ satisfies:

V(x,u,0) eX* X Xt X XV, x~xuc~xv

and x{w,v}*u*NL#Q impliesx(v*u)* <L®
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u
. X
X2XU=Xv .e. £/t ———> X [~
|4

THEOREM 6.1: Let L be a rational language and ~ a finite right congruence
on X*.

If ~ is a L-Landweber right congruence then ~ saturates L.

Proof: Let L be a rational language and =~ finite L-Landweber right
congruence. Let us prove that ~ saturates L.

By definition, we have:
VX, u,v) eX*x X* x X* [xxxu~xv:x{uv}*u® N L#QZ = x@*u)® < L°
Let (x,u,v)eX*x X* x X* such that x~xu~xv and x(u" v")*NL#J
and let us prove that x(u*2*)* < L. Since L and x(u* v*)® are rational

languages, x (u™ v*)® (" L is a rational language. So UP(x(ut v N LY# &
and it suffice to prove that UP (x (u* v*)®) € UP (L) (Biichi’s lemma).

Let weUP(x(u*v*)®), there exists (p;,p5 --.,P.)EN" such that
w=x@ProP2. . .uPn~19P)° Since ~ is L-Landweber right congruence and
X~xu~xv~xuPloP2, | uPr—-19P we have:

x@ProP2. . uPr-1oPn)e L xu(uPi-1oP2. . .uPr-10Pny)®°e L
< xu(vuPr1-19P2, . uyPr-19Piy)®e L
< xuvu (uPr~29P2. . uPr-1oPryou)®e L
<> xuou (vuP1-29P2 . uPr-1yPrypu)®e L

< x((uw)*uP1-2072. . uPr-1oPm)Pe L
It now easy to show, iterating the previous calculus, that
wel <xWPioP2. . uPr-19Pm)°e
<X ((uv)z'(P1 +Py+...+P_y +P,,.)m el
< x(uv)®e L.

So we have Y(w,w)e(x (u™ v")?)x (x(u* v)*), weL<w'eL and since
xwr o) N L#Z, wehavex(u" v )< L. A
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THEOREM 6.2: The family of deterministic complete cyclically closed table-
transition automata which recognize a rational w-language L is isomorphic to
the family of finite L-Landweber right congruences.

Proof: a. Let us prove that if &/ =(Q, I, A,.#) is a deterministic cyclically
closed table-transition automaton, its associated finite right congruence ~,
is L-Landweber 1. e.

V(x,u,0) e X* x X+ X X [x~ pxu~oxv: x {u,v }*u* N L#J

= x(@*u)el”.

Let x, u, veX* such that x~,xu=~,xv and let us suppose that
x{u,v}*u“’eL.

Since ~, preserves the successors in L, xu®e L.

Let T=¢—inf(xu®) and T'=t-inf(xv®). Since xu®eL, Te.# and since
x~xu~xv, T and T’ have a common state. Moreover, &/ is cyclically closed
then ¥V we x (v* u)®, t-inf (w) = t-inf (x (u0)®) =(T\JU T')e £ and x (v*u)® < L.

b. Let Le RAT and =~ a finite right L-Landweber congruence. We denote

o/ ~ the deterministic complete table-transition automaton (Q=~,I~,
A~, ¥ ~) where

Q~={x/~,xeX*} and I~={g/~}
A~ ={(x/~,a,(xa)/~),xe X* ae X}
F~={Tc P(A)/3weUP(L): t-inf(w)=T}.

From the theorem 6.1, ~ saturates L from by the theorem 4.5,
L=L (s ~). It remains to prove ./ ~ is cyclically closed.

Let (T, T")e #~ x P(A) such T and T' have a common state. Let us prove
that (T\U T)e S ~.

Let w=xu®e UP(L) such t-inf (wW)=TeF~ and let w' =x"v°€X® such
that r-inf(w)=T"' and x~xu, X' ~x"v.

Since T, T’ have a common state, there exists v=v, v, and u=u, u, such
that ¢-inf(x' (v, uyu; v,))*=(T'UT’") and x'v;~xu,. Since x v, ~x"v,v,v,
and xu, ~xu, u,u,, we get x' v, (u, u,)~x"v, (v,v,) and, since ~ preserves
the successors in L, we have: x" v, (u, u;)°€ L.

Since ~ is a finite L-Landweber right congruence and
x vy (uyu) =x"vy (vyv,) and x" vy (u, u,)° € L, we get:

x'vy (uyuy)°elL = X' v, (uyu v,v,)°€l = X' (v uyu,v,)°eL.
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Moreover, we have t—inf (x" (v, u u, v,))=TUT ,s0 TUT'eS~. B

CoroLLARY 6.3: Le D-RAT iff there exists a finite L-Landweber right
congruence.

Proof: Since D-RAT < RAT, there exists a complete deterministic table-
transition automaton .« such L= L (&) (theorem 2. 1), so « is a deterministic
cyclically closed table cycle automata .o (theorem 5.1) and from the theorem
6.2, there is an isomorphism between the family of complete deterministic
cyclically closed table cycle automata which recognize L and the family of
finite right congruences which saturate L, hence the result. W
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