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DISJUNCTIVE LANGUAGES
AND COMPATIBLE ORDERS (*)

by M. ITO (*), H. J. SHYR (2) and G. THIERRIN (3)

Communicated by J.-E. Pnsr

Abstract. - Let L be a ianguage over an alphabet X. For ueX*, let L..u— {(x, y)\xuyeL}.
The Ianguage L is called disjunctive if L..u = L..v implies u = v. If L is disjunctive, then the
relation ^ L defined on X* by u^Lv if and only if L..u%L..v is a compatible partial order. In
the case that ^ L is the identity relation, then L is said to be s-disjunctive ; otherwise L is called
m-disjunctive. Properties of s-disjunctive and m-disjunctive languages as well as non trivial partial
orders associated with m-disjunctive languages are investigatted in this paper.

Résumé. - Soit L un langage sur F alphabet X. Pour tout uçX*} soit L.. u= { (x, y) | xuyeL} .
Le langage L est dit disjonctif si L..u~L..v implique u = v. Si L est disjonctif la relation ^ L
définie dans X* par u^Lv si et seulement si L . . « g L..vest une relation d'ordre partiel compatible.
Lorsque ^ L est Végalitéy le langage L est dit s-disjonctif; dans les autres cas il est dit m-disjonctif
Dans cet article sont étudiées les propriétés des langages s-disjonctifs et m-disjonctifs ainsi que les
relations d* ordre partiel qui leur sont associées.

0. INTRODUCTION

Lest X be a finite alphabet, X* the free monoid generated by X and
X+ =X*— { 1}, where 1 dénotes the empty word. Eléments of X* are called
words and subsets of X* languages. With every Ianguage L and word u one
associâtes the quotient

L. .u= {(x,y)\x9yeX*9 xuyeL}.
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The équivalence relation PL defined on X* by u = v (PL) if and only if
L. ,u= L. .v is the syntactic congruence of L. A language L is called disjunc-
tive if PL is the identity relation. For example the set Q of all primitive
words is a disjunctive language. Another example is the context-free language
{ww\ w e l * } .

Every disjunctive language is dense, that is X* u X* H L ^ 0 for every u e X*.
A language that is not dense is said to be thin.

A partial order relation ^ defined on X* is said to be right {left) compatible
if u^v implies ux^vx(xu^xv) for every x e P ; it is called compatible if it
is both right and left compatible. In such a case u^v and u'^vr imply
UU'<ÏVV'. Little is known about (right, left) compatible partial orders on X*.
Some results are related to classes of codes like prefix or suffix codes or
hypercodes. General results about positive partial orders can be found in
Jurgensen, Shyr and Thierrin [3].

In thispaper we will show that a large class of compatible partial orders
can be associated with disjunctive languages. If L is a disjunctive language,
then the relation <L defined on X* by u^L v if and only if L. . u g L. . v is a
compatible partial order.

Thîs partial order can be the identity relation; in such a case JL is called
an s-disjunctîve (strongly disjunctive) tanguage; otherwise L is called an
m-disjunctive (middle disjunctive) language.

Section 1 contains several çxamples of s-disjunctive languages as well as a
method for constructing a class of m-disjunctive languages. In Section 2,
several properties of s-disjunctive and m-disjunctive languages are established»
in particular în relation with the language Q of primitive words. The special
class of reflective disjunctive languages is considered in Section 3 as well as
the reflective closure of disjunctive languages in connection with s-disjunçtivity
or m-disjunctivity. Section 4 is devoted to the study of the compatible partial
orders that can be associated with disjunctive languages; the results from
that section show that these orders can be of many différent types.

In this paper it is asisumed that all the alphabets contain at least two
letters.

EXAMPLES OF s-DISMJNCTTVE AND m-J>lSJUNCIIVE LANGUAGES

A disjunctive language L ^X* is called s-disjunctive if L. . u £ L. . v implies
u — v for any u, veX*. A disjunctive language which îs not 5-disjunctivç is
called m-disjunctive.
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DISJUNCTIVE LANGUAGES AND COMPATIBLE ORDERS 151

Let L be a disjunctive language.
I. The following properties are equivalent:
(1) L is s-disjunctive;
(2) For every u^v, there exist x, yeX* such that xuysL and xvy$L.
II. The following properties are equivalent:
(1) L is m-disjunctive;
(2) There exist u, ü e P , u#i?? such that L. .u g L . . v;
(3) There exist u, veX*, u^v, such that xuyeL implies xvyeL for all x,

yeX*.
In this section, several known languages are shown to be s-disjunctive. Also

a method is given for constructing some classes of m-disjunctive languages.

PROPOSITION 1.1: The disjunctive language Q is s-disjunctive.
Proof: Let u, VBX* and suppose that Q.. u g Q. . v. Since Q is dense, we

can assume without loss of generality, that u, veQ.
Consider u2v2eX*. Since v*$Q, we have u2v2iQ. Therefore u2v2=f for

some ƒ eQ and i> 1. By Lyndon and Schutzenberger [6], u = v~f. This shows
that Q is s-disjunctive.

PROPOSITION 1.2: The languages {ww|weP} and {weX*\w=w} are
s-disjunctive.

Proof: Let L= {wwlweX*}. Suppose that there exist u, y e l * such that
u^v and L. .u ^ L. .v. Let M be a positive integer with M > 1 + | I > | / | M | .

Since uM uM e Ly we have uvuM ~2uMeL and vuuM ~2üMe L. Since
|ü M | = M |u | > |uu|, uv = vu. Therefore there exist peQ and i, jeN(i^j) such
that M=y and t?=^. Let p=p'a(p'eX*, aeX). Since plbNbNpleL, where
beX(a^b), 2N>ji— ; | and pjbNbNpieL. However, this in contradiction
with p^p'a. Hence L must be s-disjunctive. In a similar way, we can prove
that {w| w = w} is s-disjunctive.

Let X— {au a2, . . . > ar} and let ƒ be the following mapping of X* into N:

and

It is clear that ƒ is an injection. This mapping ƒ will be called the lexico-
graphie function*

vol 23, n° 2, 1989
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Let

L(= {u$\u = u'at(u'eX*), f(u)£k}

Hère

1) and

PROPOSITION 1. 3: L{ is an m-disjunctive language for any 1 g i g r .

Proof: First we show that Lt is disjunctive. Let u, Ü Ê I * , U^V.

Without loss of generality, we can assume that ƒ (u) < ƒ (v).
Obviously ƒ (Mat)<ƒ (t;^). Therefore uata[<""$eLt but t?afâ{(tw^^Lf. This

means that Lf is disjunctive. Now we show that L(. .af ^ Lt. . a£. Let
xafyeLp Then

for some y7 e X* and t ̂  0.

Consequently

xaiy = xaiâ{ixa?)+t or xaij;

Note that

ƒ (xad < ƒ (xa?) and ƒ (xa,/ at) < ƒ (xa?/ ÛI)-

Hence xa^eL^ This means that L{. .af^Lt.. at, i. e. Lf is m-disjunctive.

In a similar way, it can be proved that

and

are m-disjunctive.
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2. PROPERTIES OF s-DISJUNCTTVE AND m-DISJUNClWE LANGUAGES

PROPOSITION 2.1: Let L^X* be s-disjunctive (m-disjunctive), let weX* and
let A^X* be a thin language. Then we have:

(1) X*\L is s-disjunctive (m-disjunctive).

(2) LC\X*wX* is s-disjunctive (m-disjunctive).

(3) LU^4 and L\A are s-disjunctive (m-disjunctive).

Proof: (1) Obvious from the définition of an s-disjunctive (m-disjunctive)
language.

(2) Let L <= X* be s-disjunctive. Suppose there exist uy veX*, u#v, such
that Lr i^wP. .u iLn^wP. . i ; . Take uw, DweP. Let xuwyeL.
Then xuwyeLf}X*wX*. Therefore xvwyeLf}X*wX* and hence xvwyeL.

This means that L. .uw g L. .tnv, a contradiction. Thus L f i ^ w P must
be s-disjunctive. The proof of m-disjunctiveness of LHX*wX* for an m-
disjunctive language L follows from the fact that L . . w g L . . i ? implies
L. . uw ̂  L. . vw and hence LC\X*wX*. .ww^L O-^* • • vw.

(3) Let L i P be an s-disjunctive language and i i P be a thin language.

It is easy to verify that L{JA(L\A) is disjunctive. Now, since A is thin,
there exists weX* such that P w P O ^ is empty. Suppose L{JA(L\A)
is not an s-disjunctive language. Then there exist u, veX*, u^v, such that

L\JA..u<^L\JA. ,v(L\A. .u^L\A. .v).

Note that

. .vw(L\A. .uw^L\A. .vw).

Let xuwy e L. Then xuwy eL{JA (xuwy eL\A) and
xvwy e LU A (xvwy eL\A). Since X*wX* P\Ais empty, we have xvwy e L.
This means that L. . uw ̂  L. . uw, a contradiction. The proof for the case
for L m-disjunctive can be carried out in a similar way.

COROLLARY: Let L ̂  X* be s-disjunctive (m-disjunctive) and F ̂  X* be a
finite language. Then L{JF and L\F are s-disjunctive (m-disjunctive).

A language L is called semi-discrete if there exists k e N such that L contains
at most k words of any given length.

PROPOSITION 2.2: Let L g P be a semi-discrete disjunctive language. Then
L is s-disjunctive.

vol. 23, n° 2, 1989
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Proof: Let L g X* be a semi-discrète disjunctive language and let
n=max{|CJ | C ^ L , C^JC for some ieN}. Suppose there exist M, r e l *
such that L. - M £ L . -o. Since L is dense, there exist x, yeX* such that
xun+lyeL. Consider x(wiwiB~i)j' for O^ï^n.

From L. . M £ L. . u, we have xitfvu*1'1) yeL. Note that

\x{uivun~i)y\ = | x | +]ƒ) -f n |u | + \v\ forany Ogi^n.

Consequently there exist

ij (0 ̂  i g j ^ n) such that xul vun ~~iy = xuj vu* ~jy.

Hence vu*~i=u?~iv and there exist peQ and fe, r ^ l such that u=/?* and
t?=/?r. Let qeX*, p¥^q and jqj = \p\. Since L is dense, there exist w,
such that w (p2k q)n+l z e L. Consider

w(p2kqj(p2rq)(p2kq)n~lz for O^

Note that the above words have the same length and belong to L.
Hence there exist O^i^j^n such that

This yields

qy''=(P2kqy-l (P2r

There exist geQ and 5, teN such that p2kq=gs and p2rq=g*+ It is easy to
see that/? = 3=g, a contradiction. Therefore L must be s-disjunctive.

PROPOSITION 2.3: Let ^ g X* fee a prefix code (suffix code) and let L<=X*
be an s-disjunctive language. Then AL (LA) is s-disjunctive.

Proof: Let A g X* be a prefix code and let L<^X* be an s-disjunctive
language. The language AL is disjunctive (see Shyr [8]). Now suppose that
there exist u, veX*, u^v, such that AL. .u g AL. .v. Let xuyeL. Then
wxuye AL for weA. Therefore wxvyeAL. Since 4̂ is a prefix code, xiryeL.
Consequently L. .u^L. .v, a contradiction. This means that AL is
s-disjunctive.

The proof for the case of a suffix code is similar.

Remark: The preceding proposition is not true for the case of m-disjunctive
languages. Let X={a,b} and let L= {uak\k^f («)} where a = au b = a2

and ƒ is the lexicographie function. As it hàs already been shown, L is an
m-disjunctive language. Let T=-{tt\ieN} be a subset of positive integers
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with ti+t — ti>i + l for any ieN and let {T j} ;^ be a partition of T with
| Tt| infinité for any ieN. Let 4 = U {ambi\meTi}. Obviously A is a prefix

ieN

code. However AL is not an m-disjunctive language.

Proof: Suppose AL. .u ^ AL. .v for some u, y e P , u^i?. If f(u)<f(v%
then (am&)uba/(w6)eAL, where meT l s implies ambvbaf {ub) e AL.

However this contradicts the f act that A is a prefix code and ƒ (vb) > ƒ («&).
Therefore we have ƒ (u) >ƒ (u).

Case 1: «=a* for some fc^l. Let me7\ with m>tk. Consider ambaeAL.
Since amfcae/lL, we have am~kvbaeAL. Therefore

am~kvbeA and Jam~VjeT where v = v't>"(t)'ea*} t/'efc*).

However, this contradicts the définition of T.

Case 2: M = a*bV for some fe, r ^ l and u'eX*\bX*. Let m e Tr with m > ^
Consider ambTufaf (u)eAL. Since ambru'af iu) e AL, we have am~kvafiu)eAL.
Therefore v — vfb*vfr for some s^ l , ü'ea* and t / ' e ^ X & X * . Moreover we
have | am~ V | e Ts. However this contradicts the définition of T.

Case 3: webX*. Let u=bsu\ where s ^ l and u ' e P V P and let meT s

with m>t|B |. Consider amuafiuf)=ambsu/afiu^eAL. Since am«a/ (u° e AL, we
have ami?ar (u) G AL. Therefore v = v'bH" for some t ̂  1, u'ea* and
^ ' e ^ X b . Y * . Hence we have la 'VleT, and this contradicts the définition
of T. Consequently there exist no pair (u, v)eX* xX*, u^v, such that
AL. . .u g AL. . . v, i. e. AL is not m-disjunctive.

Note that in the above remark, A is infinité. For the case of finite prefix
(suffix) codes, we have the following proposition.

PROPOSITION 2.4; Let A<=X* be a finite prefix (suffix) code and let L ^
be an m-disjunctive language. Then AL (LA) is m-disjunctive.

Proof: Let A be a finite prefix (suffix) code. Then AL (LA) is a disjunctive
language. We now show that AL is m-disjunctive. Let L. . u c= L. . v for some
u^v and let n=max{\x\ \xeA}. Take weX+ such that |w| >n. We show
that AL. . w « i AL. . wv. Indeed, if xwuy e AL for some x, j ; e A?*, then
xw = zzf for some z e X*, z' e X+ such that Z7MJ e L, z e A. Since L. . u ^ L. . v,
we have z'vyeL and hence XWÜJGAL holds. This shows that AL is m-
disjunctive. Similarly we can show that LA is m-disjunctive if A is a suffix
code.

Recall that an infix code C is a code such that xuyeC and ueC imply
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PROPOSITION 2.5: Let A<^X* be an infix code and let L g P be an
s-disjunctive (m-disjunctive) language. Then AL and LA are s-disjunctive
(m-disjunctive) languages.

Proof: Since every infix code is a bifix code, the proposition holds for
the case when L is s-disjunctive. Now let A^X* be an infix code and let L
be an m-disjunctive language. Let L. .u^L. .v for some u, veX*, u^v.
Consider WM, wveX* where weA. Let xwuyeAL. Since weA and A is an
infix code, there exist w'eA and w"eX* such that xw = w'w" and w"uyeL.
Therefore xwuy = w'w"uy. Since L. .MiL. . i ) , w"vueL. Consequently,
xwuy = w'w"vyeAL, Le. AL. .wu^AL. .wv. This means that AL is m-
disjunctive. For LA, the proof is similar.

PROPOSITION 2.6: Let L be a disjunctive language such that L^Ui^2Q
ii)

where Qii):={pl\peQ}. Then L is s-disjunctive.

Proof: Let L. .u^L. .u where M, veX*. Let n>7 + 5|t>|/|u|.
Since L is dense, there exist x, yeX*, feQ and f^2 such that xuny=fleL.

Since L. . u <i L. . t?, we have

xun~2uvy=gjeL and xun~2vuy —

for some g, heQ and j , fc^2. Therefore there exist g', h'eQ such that
yxun~2uv=g'J and yxun~2vu = hfk. lîj = k = 2, then uv — vu. Otherwise, since

2)|fi| + | u | + \v\)< \yxun'2\f

we have g' = h' and uv — vu, too (this resuit follows from Lothaire [5] or Shyr
[8]). Consequently there exist peQ, r, meN such that u=pr and u=pm.
Suppose r^m, Le. u^v.

Let ^ be an element in X* such that q^p and | g | = \p\.

Since L is dense, there exist z,weX*y fxeQ and s^2 such that
zqp2rw=f\eL. Since L. .pr^L. .pm, there exist gae6> ^^2 such that
zq^2m w=5^ e L. Therefore there exist ƒi, gi e Q such that

wzgr2r = ƒ ï and wzqp2m=g'l.

If r>m(r<m), then glp2(r'm)^fi(f;p2{m'r)^gl). By Lyndon and
Schutzenberger (1962), / i = g i = / ? . However, since g#/? and |̂ f| = \p\9 this
yields a contradiction. Hence r—m, L e. u = v.

This complètes the proof of the proposition.
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COROLLARY: For any disjunctive language L, the language
L(i) = {x'|xeL}, i^2, is s-disjunctive.

PROPOSITION 2.7; Let LgX* be an m-disjunctive language. Then LC\Q is
dense. Moreover, one of the following two properties holds:

(1) L O 6 ï s m-disjunctive;
(2) L\Q is s-disjunctive.

Proof: Let L g l * be an m-disjunctive language. First we prove that L H 6
is dense. Suppose that Lf)Q is thin. Then by Proposition 2.1, L \ ( L O 8 )
is m-disjunctive. On the other hand, since L\(L OQ)QUi^2Q

(ï), by Proposi-
tion 2.6, L\(L H Ô) is s-disjunctive, a contradiction. Hence LC\Q must be
dense. Now we prove the second part of the proposition. First consider the
case where L\Q is dense. By dense. By Ito, Jurgensen, Shyr and Thierrin
[2], L\Q is disjunctive. By Proposition 2.6, L\Q must be s-disjunctive.
Now, suppose that L\Q is thin. Then since L C\ Q = L\(L\Q), by Proposi-
tion 2.1, L H 8 iS m-disjunctive.

3. Reflective s-disjunctive and m-disjunctive languages

A language L i J " is called reflective if xyeL implies yxsL for any
x, jeX*. The reflective closure L of a language L is the smallest reflective
language containing L. In this section, we consider languages that are reflec-
tive and also s-disjunctive or m-disjunctive. An example of a s-disjunctive
language that is also reflective is the set Q of all the primitive words over X
The next proposition shows that a reflective language can be m-disjunctive.

PROPOSITION 3.1: For every alphabet X there exists an m-disjunctive language
xvhich is reflective.

Proof: Le t X = { a , b , . . . } , ax = a , a2 — b, . . . a n d let

L = {uak\ueX+, k^f(u)}

where ƒ is the lexicographie function. Let L be the reflective closure of L.
First, we prove that L is disjunctive. Let u, veX*, w£v. Without loss of
generality, we can assume that f(u)<f(v). Therefore for any x, yeX* we
have f(xuy)<f(xvy). Let n be a positive integer such that | v \ <f(bn). Consider
bnub\bnvbneX*. Since bnubnafibnubn)eL,bnubnafibnubn)eL We will show
that bnvbnafib"ubn)$L. Suppose bn vbn af (b"ubn) e L. Since bnvbnaf{bnubn)$L
[because f(bnvbtt)>f(bnubn)l there exist w,w'eX+ such that
bnvbnafibnubn) = ww' and w'weL. However this is impossible by the f act that
M <ƒ(&")• TWs complètes the proof of disjunctivity of L. We prove now
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that L is m-disjunctive. To this end, it is enough to show that L. . b<^L. . 1.
Let xbyeL. This means that there exist w, w ' e P such that xby = ww' and
wV G L.

Obviously | w | ^ | x j or | w' j < | y |.

1; |w| < |x|. In this case,

and

j | j | | j or x = a | x I " | x ' i x / (x'eX*),

and

Consider xj>eX*. For the first case, xy=x'alx{ ~ {x'{ ' ^ " ' x ' ' ^ . Then
x 7>x' a1 * ' " 'x'] ' j *" • 6 L, because | x | - | x' | - | x" \ >f(x//yx/). For the
second case, xy = a*x] ' | x ' ! x ' / a ly l " ! / 1 . Then l l l l l ' l i y i
because | x | + | j | - | x ' | - | / | >f(^y%

Therefore in either case xyeL.

Case 2: | w' | < \y\. In this case

and

Consider x j = xy' é y ' " J y' ' " ] y" y ' . Then / ' x / d y ' " ! y'] ' ] y" ' e L,
because | y j — j / j — | y" \ >f(y" xy'). Therefore xy e L. Consequently
L. . .bt=L. . . 1, Le. L is m-disjunctive.

PROPOSITION 3.2: Tfeere exists an s-disjunctive language whose reflective
closure is not s-disjunctive.

Proof: Let x = {au #2, • • -ar} an<i ^et M = {uiai\uieX+
9 ^ e l , ieN} be a

discrete dense language. Let

T={(uaiâjua^)2\ieN]

Infonnatique théorique et Applications/Theoretical Informaties and Applications



DISJUNCTIVE LANGUAGES AND COMPATIBLE ORDERS 159

where

ai — ai+1 0 = i- < r)

Since Tis dense and T^Q{2), by Proposition 2.6, Tis s-disjunctive. Therefore
L=X*jT is s-disjunctive.

We prove now that L is not s-disjunctive. Consider (aj "•fli ' ut at)
2 e X*. Note

that T is discrete. Consequently (5J u^l wf af)
2 £ T, i.e. (ö;1 ̂ ! u; a£)

2 e L.
Therefore ( u ^ â J " ^ 1 ) 2 ^ and TgL. Hence L = X*, i.e. L is not s-disjunc-
tive. In f act, L is not even disjunctive.

COROLLARY: There exists a disjunctive language whose reflective closure is
not disjunctive.

PROPOSITION 3.3: There exists an m-disjunctive language whose reflective
closure is not m-disjunctive.

Proof: Let x~{au a2, . . . ., ar} and let

As we have shown in proposition 1.3, L( is m-disjunctive. Consider,
Mi = X*lLi. Then Mt is m-disjunctive. Let uafeL^ Since u — uf % â^M^Li5

i. e. a* M G M£. Therefore ua\ e Mf. Consequently M£ = X*, t e. M{ is not
m-disjunctive. In fact M, is not even disjunctive.

4. Compatible partial orders

Let LgX* and let w, veX*. The relation ^ L is defined by u^Lv if and
only if L. .u^L. .v. If L is a disjunctive language, then the relation ^L

becomes a compatible partial order in X*y L e. (X*, ^ L) is a p. o. monoid
(partially ordered monoid). Furthermore the relation ^ L is a nontrivial partial
order if and only if L is m-disjunctive.

PROPOSITION 4.1: Let L^X* be an m-disjunctive language and let veX*.
Then v is a maximal (minimal) element in (X*, ^ L ) if and only if every factor
vf of vis a maximal (minimal) element in (X*, ^ L ) .

Proof: Obvious.

COROLLARY: Ifthere exists a maximal (minimal) element ueX* in (X*, ^ L ) ,
then 1 and, if the number of occurrences of the letter a in the word u is not
zero, the letter a are maximal (minimal) éléments in (X*, <iL).
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An element u e l * is said to be isolated if it is a maximal element and at
the same time a minimal element in (X*, ^ L ) .

COROLLARY: There exists a maximal element and a minimal element in
(X*9 ^ L) if and only if 1 is isolated.

We consider now the following problem: Given a compatible partial order
<; on X*, is it possible to find an m-disjunctive language L such that ^ = gL?

PROPOSITION 4.2: There exists a compatible partial order ̂  on X* such that
S # ^hfor every disjunctive LgX*.

Proof: Let M, D G I * . We define the relation u^v as follows: u^v if and
only ifu = u o r | u | < | u | .

Then clearly ^ is a compatible partial order. We prove now that ^ # g L

for every m-disjunctive language LgX*. Suppose that there exists an
m-disjunctive language L<=X* such that g = ̂ L . Since L^0, there exists
u e L. By définition, ^f*\ U X g L . On the other hand, since U -X*

O^i^ \u\ 0 £ i £ \u\

is a finite set, L must be a regular language, a contradiction. Therefore
(X*, S)^(X*SL) for a n y m-disjunctive language L<=zX*.

LEMMA 4.3; Let L^X* be an m-disjunctive language such that ^L is a total
order. If there exist u, veX* such that u<Ll<Lv, then one of the sets
{weX*|«< L w< L l} , {weX*\l<Lw<Lv} is infinité.

Proof: Suppose that the above assertion is not true. Then there exist

u', v'eX* such that u'<Ll<Lv\

{w'eX*\u'<Lw'<Ll} = 0 and {w'eX*\l<Lw'<Lv'} = 0.

Since the order g L is compatible, u' v'^Lv' and u'^hu' v', i. e.u'^Lu'v'^Lv'.
Obviously U'^ÉU'v'^£v\

Therefore u'v' = 1, a contradiction. This complètes the proof of the lemma.

Let (S, ̂ ) be a p. o. set (partially ordered set). Then (S, g ) is said to be
discrete if { r e S | s ^ r ^ t } is finite for any 5, te S. If (S, ̂ ) is an infinité
discrete t. o. set (totally ordered set), then the structure of (S, S) is one the
following three types:

(m) (S , ^ ) = {. • • £ 5 3 ^ 3 ^ * 1 ^ 0 ^ * 2 ^ 4 ^ * 6 - • •}>

PROPOSITION 4.4: Let LcX* èe an m-disjunctive language. Then the partial
order ^L is not a discrete total order.
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Proof: Let L c j * be an m-disjunctive language. Suppose that ^ L is a
discrete total order. We prove firtst that (X*, gL) is either of type (i) or (ii).
If (X*, SL) is of type (iii), then there exist u9veX* such that u<Ll<Lv.
Since (X*, ^ J is discrete, | {weX*|u<Lw<L l} | and \{weX*\l<Lw<Lv}\
are finite. However this contradicts Lemma 4.3. Therefore (X*, Si) must be
of type (i) or (ii).

Case of type (i): Note that, by Lemma 4.3, 1 is a minimum element.

Since L#0, there exists ueL. By définition {ueX*|u^Lt;}<iL. On the
other hand, { w ' e P | w'^Lu} = {w'eX* 11 ̂ L w'<^Lu} is finite.

Therefore L = X * \ F where F^{w'eX*\ l ^ L w ' ^ L u } . This means that L
is regular, a contradiction.

Case of type (ii): Since L is infinité, for any veX* there exists u e L such that
u^Lv. Therefore veL. This means that L=X*, a contradiction. Therefore
in either case we have a contradiction. This complètes the proof of the
proposition.

At present, it is not known if the assertion of the above proposition is true
or not for other kinds of t. o. sets.

Let ^ be a partial order in X*. A subset K of X* is called a <-antichain
if u and v are not comparable for any u, veK, u^v.

In order to prove the next proposition, we need the following lemma.

LEMMA 4.5: Let X={a, b, . . .} . If K^X* is thin, then K'= (J a+buba +

ueK

is thin.

Proof: Since K is thin, there exists weX* such that X* wX* O K=0.

Suppose X*bwbX* C\K^0, Then there exist x, yeX*, m, n ^ 1 and ueK
such that ambuban = xbwby. Since | x b | ^ | a m b | and |6y |^ |ba" | , we have
x' wy' = u for some x\ y' e X*. This contradicts X* wX* O K= 0 .

Hence K' is thin.

PROPOSITION 4.6: If XgX* is t/n'n, t/ien tfcere existe an m-disjunctive lan-
guage L£X* SMC/I that K is a ^ L-antichain.

Proof: Let X= {a, b, . . .} and let X= {uu w2, . . .} where |M£| ^ j wl+11 for
any i ^ l . Let LogX* be any m-disjunctive language. Consider

L = (L0\ u a+butba+)U(U a|Ufl +I6ui6al"«l + i).
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By Lemma 4.5 and Proposition 2.1, L is m-disjunctive. Now suppose
ut ̂  L Uj for some i ̂ j. Since a1 Ui ! + f bu( ba1 "* ' + ' e L, we have
a1"*1 + i ^ a | U f l +ieL. By the définition of L, there exists

fc^l such that aW+ibujbaluit +i = alu^+kbukba}u^+K

It can easily be seen that i=j~k, a contradiction. Therefore K is a
;gL-antichain.

COROLLARY: Let L(X) — {Lt\iel} be the set of ail m-disjunctive languages
over X. For every iel, choose uh v^Li such that M(.^L£t?£. Let M = U {«;> t;f}.

M is dense.

Proof: Suppose that M is thin. By Proposition 4.6, there exists LeL(X)
such that M is a ^L-antichain. Let L=Lj where jeL Note that {up Vj}^M.
However Uj^LVj. This contradicts the f act that M is a ^L-antichain. Hence
M is dense.

Let M, ueX*, u^v. We consider now an m-disjunctive language such that

PROPOSITION 4.7; Let u> y e P , u^v. Then there exists an m-disjunctive
language L^X* such that u^Lv.

Proof: Let X~{a, b, , . . } with a~ax,b~a2r . . . and let ƒ be the
lexicographie function. We can assume without loss of generaUty u

Case 1: ƒ(«)<ƒ(i?). Let L~{xbak\k^f(x)}. Then L is m-disjunctive and
^Lv,

Case 2: ƒ(«)>ƒ(«?). Let L = {xèa*|fc^/(x)}, Then L is m-disjunctive and

It has been shown bef ore that there is no discrete total order that coïncides
with the order g L defined by an m-dïsjunctive language. (If the total order
is not discrete, the corresponding problem is open.) The following proposition
shows that an m-disjunctive language can define an "almost" total order
o n l * ,

PROPOSITION 4.8; Let X be an alphabet Then there exist an m-disjunctive
language L, a subalphabet Y of X with \ Y\ = \X\ — 1 such that the restriction
to F* of the partial order :gL defined by L is total.

Proof: Let X={au az> . . .s ar„u aP} and let Y=au a2, . . .» ar_x).
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Define the order g on7*byw^t; \{f{u)^f(v) where ƒ is the lexicographie
function; this is clearly a total order. Let L = {uak

r \ u$X* a„ f(ü) ^ fc}. Suppose
that u^v where u, v, e 7* u^v.

Let xuyeL for some x, yeX*. Then y=y' a™ where m ^f{xuy').
Since ƒ(u)<f(v), f(xuy')<f(xvy'\ Therefore m^f(xvy') and xvyeL, Le.

USLV- Therefore ^L coincides with ^ on Y* .

REFERENCES

1. J. BERSTEL and D. PERRIN, Theory of Codes, Academie Press, Qrlando, 1985.
2. M. ITO, H. JURGENSEN, H. J. SHYR and G. THIERRIN, Anti-commutative Languages

and n-codes (to appear in Applied Discrete Mathematics).
3. H. JURGENSEN, H. J. SHYR and G, THIERRIN, Codes and compatible partial orders

on f ree monoids, Proceedings of the First International Symposium on Ordered
Algebraic Structures^ Marseille 1984, Research and Exposition in Mathematics,
Vol. 14, Helolermann Verlag Berlin, 1986.

4. G. LALLEMENT, Semigroups and Combinatorial Applications^ John Wiley, New York,
1979.

5. M. LOTHAIRE, Combinatorics on Words, Encyclopedia of Mathematics and its
Applications, Addison-Wesley, Reading, 1983»

6. R. C LYNDON and M. P. SCHÜTZENBERGER, The équation c^^b1^^ in a free groupe
Mich. 1, Vol. 9, 19623 pp. 289-298.

7. C, M. REIS and H. J. SHYR, Some Properties of Disjunctive Languages on a Free
Monoid, Information and Control, Vol. 34, 1978, pp. 334-344.

8. HL J. SHYR, Free Monoids and Languages, Lecture Notes, Dept. Math., Soochow
Univ., Taiwan, 1979,

vol 23, n° 2, 1989


