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LOGIC AND FUNCTIONAL PROGRAMMING
BY RETRACTIONS:
OPERATIONAL SEMANTICS ()

by M. BeLuia (%)

Communicated by G. LONGO

Abstract. — Retractions are featuring predicates so that, to each predicate defined by a Horn
theory we associated a retraction of a set theory built according to the structure of the Herbrand
Universe, HU_. The set theory allowed a set theoretic interpretation of the Herbrand terms and
supplied them with a combinatory formulation, constant expression.

In the present paper we discuss normal forms for constant expressions and define a system of
rewrite rules which reduces constant expressions to normal forms. This set of rewrite rules toghether
with the rules for a, B, and Y reduction of Lambda terms, forms also an operational semantic of
our calculus with retractions. The reduction system is finally considered in order to investigate
relations between inference on logic formulas and reduction on this kind of combinatory forms.

Résumé. — Les rétractions modélisent les prédicats de la programmation logique de fagon que a
chaque prédicat défini par une théorie de Horn, on associe une rétraction d’une théorie des ensembles
qui est construite en accord avec la structure de I'Univers d’ Herbrand, HU_. Cette théorie permet
une interprétation théorique des termes d’Herbrand en fournissant une formulation combinatoire,
I'expression constante. Dans cette article nous traitons les formes normales pour les expressions
constantes et nous définissons un systéme de régles de réécriture qui réduit les expressions constantes
aux formes normales. Le systéme de réécriture muni des régles de réduction o, P et Y du Lambda-
calcul au premier ordre forme aussi une sémantique opérationnelle de notre calcul avec les
rétractions. Ce systéme est enfin utilisé pour étudier les relations entre l'inférence sur les formules
logiques et la réduction de ce type de formes combinatoires.

1. INTRODUCTION

[Bellia88] considered the definition of a functional paradigm for logic
programming. It identified retractions as the most primitive concept which
relates predicates and functions. Retractions are featuring predicates so that
to each predicate defined by a set of Horn clauses we associate a retraction
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396 M. BELLIA

on some cartesian product of the Herbrand Universe, HU,. The approach
has been discussed in a functional language which is essentially Church’s
Lambda calculus restricted to first order and extended with a symbolic data
domain, HU?}. The data domain has been completely but in abstract way
defined by giving an axiomatization of its operators. In the present paper,
we discuss the operational, machine oriented, definitions of the data domain
operators.

In our language programs are closed forms (i.e. A-abstractions without
occurrences of free variables). For example, in the extended syntax that we
introduced in [Bellia88], the following:

flx)=x+y where 1=y;
f2(x, y)=f1(x)+y

is a program which declares f'1 and f2 as the functions denoted by the closed
forms Ax.(A y.x+y) 1) and Axy.((A x.((A y.x+y) 1)) x)+¥), respectively.
Expressions are applications of A-abstractions to data, and evaluations are
o, B and Y expression reductions. For example, in the extended syntax, the
following expression,

Tex where f2(2, 3)=x,

which corresponds to the application
((Ax. 7 x)(Axy. (Ax.(Ay.x+y) 1)) x)+¥) 2 3)),

after 4 B-reductions, results into the expression 7, ((2+ 1) +3). The expression
could be further reduced according to the structure of the data domain and
the semantics of the symbols occurring in the expression. The semantics of the
domain operators can be embodied into an equivalence relation. Therefore, we
can define evaluations as a, B and Y reductions modulo the equivalence
relation. For example, if the data domain contains 7, 2, 1, 3 as Integers and
the equivalence relation interprets , and + as the product and the addition
operations on Integers, then the above expression is further reduced to the
integer 42. Our language data domain is more complex than the domain of
the Integers and our operators compute with data which denote (possibly
infinite) sets. Therefore, though a, p and Y reductions are familiar in func-
tional languages and an equivalence relation, =, has been completely and
formally stated for our set operators [Bellia88] the operational semantics of
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OPERATIONAL SEMANTICS 397

the operators should be discussed in order to clarify:

— the relations between a, B, Y reductions and evaluations of expressions
which contain set operators;

— the operational semantics of set intersection, Intset, and;
— the computer architecture of the language machine support.

2. INSTANCES AND EXPRESSION EVALUATION

We remember some well known facts. First, external evaluation rules
[Stoy77] on A-expressions have to be used to guarantee a finite sequence of
Y-reductions. Second, operators have to be lazy [Friedman76, Henderson76]
to handle operators on possibly infinite data structures (such as the elements
of HU w). These features are both achieved in a demand-driven and call-by-
need [Henderson80] evaluation strategy on the selection of subexpressions
and in their evaluations [Bellia84]. By using this strategy, we could compute
for instance, the expression

Intset(In(2, ), @ 7, = ®) 8))

by finitely many approximations as needed by the main (computation). For
example, according to the following lazy implementation of Intset

Intset (¢, @17, t,®t3)=if card (¢,)=1 and card(t,)=1 and ¢, =t,

thent, o Intset (¢, 15)

else Intset (¢, @ t, t;) @ Intset (¢}, t, ®15) 2)
Intset (7, t)=

the evaluation of (1) results into the expression:
<0, 0> eIntset(In(2, S(n)), ®O,
S(")®e®S(n), 0@ e®S(n), S(n) ®). (3)

Note that (2) imposes that both ¢, and ¢, are elements of HU,. Therefore,
the application of Intset forces the evaluation of both the expressions In(2, x)
and @7, T Q.

Implementations like (2) for our operators are operationally realistic and
easy to design. They recursively enumerate all the finite approximations we
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398 M. BELLIA

need. However, they are inadequate. Let us consider the expression
Intset(S (2, ® n, 1 ®), In(2, m)). 4

If we use (2) to compute (4) we could indefinitely look for some value
(different from the empty set, (J) to be computed. (2) implements a semi-
decision procedure to compute set intersection when applied to expressions
which denote infinite sets (i.e. elements of HU,) even if they are constant
expressions. However, as pointed out in [Bellia88), constant expressions are
combinatory formulas which denote a special class of (possibly infinite) sets.
The class is a subclass of all the recursive subsets of elements of HU; and,
more important, this class is closed under set intersection, that is if £ and E’
are constant expressions, Intset (E, E’) could be expressed by some constant
expression E”. This is a consequence of the Property 5.1 in [Bellia88] which
states that Intset, applied to two constant expressions, E1 and E2, corresponds
to the computation of the most general instance, Mgi, on the tuples of
Herbrand terms H1 and H2 such that

El=n(HI) and E2=m(H?2).

Mgi is a byproduct of the unification algorithm (hence the existence of the
Mgi of two tuples of Herbrand terms is decidable), while n is a meaning
preserving map from Herbrand terms into constant expressions. For example,
in the expression Intset (® 7, 7 ®, In(2, ), we have

El=@n t® and E2=In(2, 7).
By Property 5.1 and because

®mr®=n(x,y) and In(2, M)=n(z 2),

Intset (® n, 7 ®, In(2, m)) corresponds to the computation of the Mgi of
the tuple x, y with x, x, i.e.

Intset (@ 7, * ®, In(2, n)) =n(x, x),

and because

In(2, 1)=mn(x, x),
Intset(® 7, n ®, In(2, w))=1In(2, wn).

The expression Intset (® n, 7 ®, In(2, )) should be reduced to the constant
expression In(2, m) which, according to =, could be further reduced to the
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OPERATIONAL SEMANTICS 399

constant expression {0, 0> eIn(2, S(x)). It computes as (3) involving only
constant expressions.

As another example, consider the expression (4).
E1=S(2, ®n, 1t®) and E2=In(2, m),
then by Property 5.1 and because
S ®@m @) =n(x50)) and I M=n(z2),
Intset(S(2, ® n, * ®), In(2, n)) =&

since the Mgi of x, S (y) and z, z does not exist.

The problem is that many relevant properties, which could be deduced
from the axiomatization of our set operators and which relate Intset to the
other operators, are lost in the brute force implementation of Intset by (2).
We would like to have an implementation for Intset such that, for each tuples
of Herbrand terms,

Hl=h,, ...,h, and H2=hk, ..., K,

if there exists Mgu 9 such that:

oy ..., h). =0y, ..., H).8
then

Inset(n(hls R hn)’ n(h,la ey h:l))zn(h199 RS h"S)/%

otherwise, Inset finitely computes ¢f. This means: firstly, that evaluations of
Intset compute finitely when applied to constant expressions, and finally each
class of congruent constant expressions has some representantive, i. e. normal
form. Inset computes these representantives.

We give it in two different ways. The first solution is based on the existence
of the function p,. It is a weak form of n~! and associates to each constant
expression (including expressions which contain applications of e, Pr and
constructor inverses) a finite structure of Herbrand terms which (according
to the set interpretation of Herbrand terms [Bellia88]) denotes the same set.

Moreover, p, is unique, and therefore it maps all the constant expressions
which are &-congruent into the same structure of Herbrand terms. Hence,
we can use the Mgi, computed by a straightforward simplification of the
unification algorithm, to implement Intset. This solution will be considered
in Sections 3 and 4.
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400 M. BELLIA

Moreover, we will see that constant expressions have normal form. Thus
we can reduce constant expressions to normal forms and, then compare
normal forms to decide if two different constant expressions compute the
same set. A rather different solution to the implementation of Inset exploting
normal forms, is proposed in Section S.

3. HERBRAND TERMS AND CONSTANT EXPRESSIONS

We introduce the function p,. It associates to each constant expression
which does not contain applications of e, exactly one tuple of Herbrand
terms. The tuple denotes the same set which is denoted by the constant
expression. For instance, each m which occurs in a constant expression is
mapped into a different variable symbol. Moreover, p, maps applications of
e into finite sequences of tuples of Herbrand terms. We will denote sequences
of tuples of Herbrand terms by the sequence operator +.

DerFiniTION 3.1 (p,):
1- (constructors of arity 0)
pe(0)=c.
2- (application of { — )
pe(<cla LI ) cn >) =pe(c1)’ L ] pe(cn)‘
3- (m and &)
Pe(M=x,  p(D)=0.
4- (application of e)
pe(El ®... .En)=pe(El)+ Lot +pe(En)°
5- (application of ® —®)

P(RE,, ...,E,®)=H,+...+H,
where if
p(E)=H1l,+...+H1,,, ..., p.(E))=Hn,+...+Hn,,
then,
k=mlx...xmnand, foreachw,, ..., w,

such that w;=H i; for some je[1, mi],

H;=w,, ..., w, forsome le[l, k].
6- (application of In) |

pe(In(k, E))=H,+...+H,
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OPERATIONAL SEMANTICS 401

where if
P (E)=H{+...+H,
then

H, is the tuple which contains k times the tuple H; (i.e. H;=H/, ..., Hj).

7- (constructors of arity > 0)
pe(c G, E)=H,+...+H,
where if
pe(E)=H{+...+H,
with H; such that

H‘{=t1, “eey tj—‘l’ tj’ “eey tj+k—1’ PR tm

then
H"=t1, v eey tj_l, gl‘.(tp “eey tj"‘k—l)’ “eey tm

8- (constructor inverses)

pe(ckl(i’ E))=H1+ oo +H"
where if

p(E)=H;+...+H,
with H; such that:
—Hi=ty, .. st 1, Ce(tjy o o5 Ljrk—1)s - - o5 U
then
Hi=ty, ... t gty ooy bagegs v o5 by
—Hi=ty, ..., ti_, % .5ty
then

Hi=tll, “eey t/'—l’ xl, “eay xk, .« e ey tl

J m
where x,, ..., X, are k different variable symbols and,
t;=tr[x(_ck(x11 '-"xk)]

—H;=, otherwise.

(t[x « h] is the term t where each occurrence of x is replaced by h).
9- (application of Pr)
pe(Pr(j, k, E))y=H,+...+H,
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402 M. BELLIA

where if

p.(E)=H{+...+H, with H;
such that:
—Hi=ty, ..., tji_1,tp -5 tjsg—1> ---» L, andforno re[l, m], t,=¢
then
Hi=t;, ..., tj—y
—Hi=t, ..., ti_1, tjy ..., tjisg—1, - - ., t, and for some re[l, m], t,=

then
H,=.
10- (application of Pe)
p.(Pe(ny...n, E))=H,+...+H,
where if
p.(E)=H{+...+H,, with Hi=t,, ...,
then

Hi'—=tn1, ey tnk.

Example 3.1: Let C={NIL,, S;, CONS,}, the computation of

p(cons, (1, cons,(4,s, | (4, Pe(13425 ®@In(2, n), n, n, 1 ®)))))

proceeds as follows:
— cons, (1’ cons, (4’ $; l(4a Pe(l 342 59 ®In (2’ E), Z’ E, _‘3@))));
— cons, (1, cons, (4,5, |(4,Pe(13425, x, x, y, z, w)));

— cons, (1, cons, (4, s, | (4, X, , 2, x, W));

- COI’ISZ(I, cons, (49 Sy (x_l): Y, 2z, X 1’ W)),

— cons, (1, §;(x1), y, z CONS, (x 1, w));
— CONS,(S;(x1), y), z CONS, (x1, w));
Note that the result is a triple of terms.

ProrosiTION 3.1: Under the interpretation of the sequence operator, +, as
set union, p, is a meaning preserving map, that is p,(E)=H,+...+H,
implies that for each ue HU, u is a member of E if and only if u is a ground
instance of H; for some i€[l, n), i.e. p.(E) and H,+ . .. + H, denote the same
set.
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OPERATIONAL SEMANTICS 403

Proof: In the case of constant expressions which are J or n or O-arity
constructors, or { — > applied to O-arity constructors, it is immediate to
prove that each ground Herbrand term is ground instance of p.(E) if and
only if it is a member of E.

To prove the Proposition in the other cases, we can use induction on the
structure of constant expressions. Moreover, note that + comes from the
presence of applications of e, and e is an endomorphic operator on HU},
Therefore each E containing k applications of e can be expressed by
Ele...e®Ek such that each Ei does not contain applications of e.

Assume E,, ..., E, be constant expressions which do not contain applica-

tions of e, i.e. p.(E)=H;, and such that E; and H; denote the same set.
Then

4— p.(E;®...®E)=H{+...+H,
and,
Eie...0E, and Hi+...+H,

denote the same set because of the definition of e, the interpretation on +
and the assumptions about the components E; and H;.

5— p(®E,, ..., E,®)=H], ..., H,, where H}, ..., H; is a tuple of
Herbrand terms, and from the definition of ® — ® immediately follows that
®E,, ..., E,® and H}, ..., H; denote the same set.

In case of Im, ¢, and Pe, cases 6, 7 and 10, the proof proceeds exactly as
in ® — ®.

We show now the proposition in the case of constructor inverses. The
proof is similar in the case of Pr.

8— p.(c. 1, E))=H; where H, is such that:

— if Hi=ty,..., t;_y, [T TR TR DI .

then Hi=t1’ ey tj—l’ tJ, e ey tj+k-1’ e ey tm, and by deflnit]on of Cr l, u iS
a member of ¢ |(j,E) if and only if wu has the form
Uy, ooy Ujogy Ujp ooy Ujygogs - - -5 Uy » and for each i¢fj, j+k—1], u; is

member of the projection of ¢, | (j, E) on i, i.e. u; is a ground instance of
the i-th component of the tuple H;, and hence of H; Furthermore, for each
ielj, j+k—1), u; is the (i—j+ 1)-th argument of an application of c,, hence
u; is a ground instance of t;_;.,.

— if Hi=t;, ..., tj_y, X, ..., t, then by definition of ¢, |, u is a member
of ¢ l(, E), if and only if u has the form (uy, ..., u;_y, uy ...,
Ujsg-1» --+> Uy and there exists a ground instance v=v, ..., v,

Vjtp -++> U, Of H; such that wu;=v, for each i¢[j,j+k—1] and,
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404 M. BELLIA

v;= g,ﬁ (uj, ..., uj4x—1). But if such an instance exists, let 3 be the ground
instantiation function.

Then the function § such that ¥ (x)=u;_;,, for each variable in
{x1, ..., X}, and 9 (x) =98 (x) otherwise, is a ground instantiation function
of H and is such that H. ¥ =u.

Note that, in constrast to m, p, is unique. This is due to the following
property on Herbrand terms.

ProPErRTY 3.1: If h and W’ are two Herbrand terms, h.3=Hh".3 for each
(ground) instantiation function 9, if and only if 4 is a renaming of h’.

Therefore the following proposition holds.

ProrosITION 3.2: For each pair of constant expressions E and E’:
E =~ E' iff p.(E) equals p.(E) modulo a variable renaming.

Proof: Follows immediately from Proposition 3.1 and Property 3.1.

ProposiTioN 3.3: For each pair of constant expressions, E, and E,, such
that

p(E)=H,+...+H,, and P (E;)=Hi+...+H,,,
then
intset(E,, E;))=mH)+...+n(H/3)
where
HY+...+H],
is such that:
Vie[l, nl]), Vje[l, n2]

IMgu8i; such that H;.8i;=H;j.8i; iff H'=H;.81i; for some ke[l, n3].

Proof: Follows immediately from Property 5.1 on Intset [Bellia88]) and
from Proposition 3.1.

4. THE MOST GENERAL INSTANCE OF HERBRAND TERMS

Proposition 3.3 states that, in order to implement intset on constant
expressions, we can map the expressions into the corresponding (finite)
sequences of tuples of Herbrand terms. Then, we compute the most general
instance, if any, of each pair of tuples respectively in the first and in the
second sequence. Finally, we apply the function n to each instance and collect
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them through applications of e. Note that, the specific function chosen for n
is unessential to the approach.

We reformulate the Robinson’s Unification Algorithm in order to compute
only the most general instance of two tuples of Herbrand terms.

DErINITION 4.1 (Most general instance of tuples of Herbrand terms, Mgi):

1. Letp,, ..., p,and q,, ..., g, be two tuples with no colliding variables
[that is, intersection of var(p,) U ... U var(p,) with var(g,) U ... \U var(qg,)
is empty], otherwise a renaming is provided.

2. If for each i€[l, n], p;=gq, then stop with n(p,, ..., p,).

3. Otherwise, let t, and t, be the first two sub-terms (in left-to-right and
top down visit of lists) which are different:

3.1. if one of them is a variable, let ¢, be the variable of name x:
(a) if ¢, is a term different from a variable and is not containing x, then

replace each p; with p;[x < ¢t,] and

each g; with g;[x « t]

(b) if t, is a term different from a variable and is containing x, then stop
with &
() if t, is the variable of name y, let w be a new variable name, then
replace each p; with p;[x, y < w] and
each g; with g;[x, y « w).
3.2. otherwise: ftop with &
4. Repeat steps 2. and 3.

PRrROPOSITION 4.1: Let
Hl=hl, ...,hl, and H2=h2, ..., h2,
be two k-tuples of Herbrand terms and,

f=max{v(h1), v(h2) | i je[l, kI},
where v (h) is the number of variable occurrences in the term h;
c=max{c(hl), c(h2) | i jell, k]},

where c (h) is the number of constructors in the term h;

x=max{V,(H1), V,(H?2)},
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406 M. BELLIA

where Vp, (H) is the number of different variables symbols occurring in the tuple
H, then if there exists Mgi(H 1, H2), it is such that:

Cpo(Mgi(H1, H2)) <k  (f+1)*" ! ¢)

where Cp, (H) is the number of constructors occurring in the tuple H.

Proof: 1t is a consequence of the occur-check given in steps 3.1a and 3.1b
of the Mgi algorithm. At each step 3, either the tuples structure are left
unchanged by 3.1c¢ (only a variable renaming is produced) or some variable
y is replaced by a term t, such that c(t,) = (f+1),cand v(t,) < (x—1)—r, if
y has been produced in the current term after r applications of step 3 to that
term.

Example 4.1: Let us consider the computation of:
Intset(In(2, 1), @ 7, * ®)
by p.:

p(In(2, M)=x, p, P(®T T®)=x, X
by Mgi step 1 (renaming):
pl’p2=xl’y’ d1, q:=X2, x2

step3.1c:

P1s p2=WI, Y, 4di, q2=WI’ wl;
step3.1c:

P1s P2=W2, w2, qi, g2=w2, w2
step 2:

stop withn (w2, w2),

which (according the definition of m) results In(2, ).

4.1. An example of evaluation based on Mgi

Defined p,, n, and the Mgi algorithm, we can now complete the language
semantics with the following operational semantics for our operators.
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In order to evaluate the expression E=op(E1, ..., En), where op is the
primitive operator:

o. We compute E 1. If E1 results different from ¢, then we return it and
the computation of op(E2, ..., En) is suspended until a further evaluation
of E is required. Otherwise, the evaluation proceeds with op(E2, ..., En)
if n > 1, or returns .

(= ® — ®, ¢, ¢, Pe, Pr, In. We compute each Ei in order to obtain
a constant expression.

Intset: If n > 2, we arbitrarily select a pair of arguments, Ei and Ej, and
replace it with the constant expression resulting from the computation of
Intset (E i, Ej).

If n=2, we compute both E1 and E 2, which, due to the implementation
of e, could result in a constant expression (which does not contain @) and in
a suspension. If a suspension is returned, a corresponding suspension is
generated for Intset. In any case, p, is applied to the constant expressions
resulting from the evaluation of E1 and E 2, and then the Mgi algorithm is
applied to the resulting tuples of Herbrand terms.

We return the result of Mgi (and, possibly a suspension).

Note that in this semantics all the primitive operators are lazy. Moreover,
computations are driven by the request for a value which possibly results in
a data and a suspension. The suspension is activated if the computed data is
not sufficient for the request.

As an example, consider the following program

Fypp(W)=uev
where
Intset (w, Pe(132, ® In(2, n), 0 ®)) =y,
S(2,S(3, Fapp(W))) =v
where
S1(2,S1@3, 2)=w, Intset(w, S(2, S(3, ® 7, n, T ®))) =2z
It defines a function from HU%} to HU%, which is the retraction [Bellia88]
for the predicate ADD, defined by the following PROLOG-like program
[Kowalski74]
ADD(x, 0, x) « ., ADD(x, S (»), S (2)) < ADD(x, y). (5)
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408 M. BELLIA

In SuperLOGLISP [Berkling82], ADD can be defined by the following
program

ADD={{x,0,z> | x=z} U{{x, S®), S(2)) | ADD(x, y, 2)}. (6)

The expression Fypp(® S(m), S(0), n ®) corresponds to the query ADD
(S (x); S(0), z), and its evaluation proceeds as follows.

1. by Y and B reductions:

uev where

Intset (® S (n), S(0), n ®, Pe(132, ®In(2, n), 0®) =u,

S(2,S(3, Fapp(W)))=v0
where

S1(2,81(3,2))=w, Intset(®S(m), $(0), n®,S(2,S(3, ® m, 7, ® ®))) ==z

To compute uev, we compute u which is bound to:
Intset (® S (m), S(0), 1 ®, Pe(132, @ (2, 1), 0®),

which contains only constant expressions. Then

2. by Intset:
P (®S(n), S(0), n®)=S (x), $(0), z,
p.(Pe(132, ®In(2, n), 0®)=x, 0, x
Mgi(S (x), S(0), z, x, 0, x)=
then,

Jev where

S(2,8(3, FappW))=v
where

S1(2,8](3,2)=w, Intset(®S(n), S(0), t®,S(2,S(3, ®m, n, t ®)))=z.

S @ v is reduced to v, and the computation proceeds through the computation
of v. Variable v is not bound to a constant expression. Therefore
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3. Y and B reductions:
S (2, S(3, x)) where
ue®v=x where

Intset (w’, Pe(132, ® In(2, n), 0 ®)=u,
S(2,S(3, Fapp(W")))=v

where
S1(2,81(3, 2)=w",
Intset(w’, S(2, S(3, ®n, T, t®))) ==z
where
S1(2,813, 2)=w,
Intset(® S(m), S(0), 1®, S(2,S3, ®n, m, 1®)))=z.
To compute u we have to compute

Intset (W', Pe(132, ® In(2, 7), 0 ®),

but w’ is not bound to a constant expression. Therefore
4. by intset:

P(®S(m), $(0), 1 ®) =S5 (x), S(0), 2,
P(S(2,8(3, ®@m m n®))=x ), S(2)
Mgi(S (x), S(0), z, x, (1), S(2))=S(1, S(2,S(3, ®7, 0, =1 ®))

then,
S(2, S(3, x)
where
uev=x
where
Intset (W', Pe(132, ® In(2, n), 0 ®)=u,
S(2,S(3, Fapp(W")))=v
where
S1(2, 813, z)=w",
Intset(w', S(2,S(3, ® 7, n, 1 ®))) =2

where

S1(2,S1(3,S(1,S(2,S(3, ®n,0, n®))))=w,
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then
S. by intset:

P(S1(2,S1(3,S(1,S(2,8S3, ®n, 0, n®)))=8(x), 0, z
po(Pe(132, ®In(2, m), 0®) =x, 0, x
Mgi(§(x), 0, z, x, 0, x)=S(1, S(3, Pe(132, ®In(2, n), 0 ®

then,
S(2,S(3, x))
where
S(1,S(3, Pe(132, ®In(2, ), 0 ® @ v=x
where
S(2, S(3, Fapp(W")) =v
where
S1(2, 813, 2))=w",
Intset(w’, S(2, S(3, ® 7, n, t®))) ==z
where

S1(2,81(3,S(1,8(2,8(3, ®m, 0, n®)))=w
which results into the value:
S(1,S(2,S(3,S(3, Pe(132, ®In(2, n), 0®))))),

and into the suspension:
(2,8, x))

where
S(2,S(3, Fapp(W")))=x
where
S1(2,81(3, 2))=w",
Intset(w’, S(2, S(3, ® 7, T, 1 ®))) =2
where

SI(2,S1(3,S(1,S(2,S(3, ®n, 0, n®))))=w"

Note that in step 4 Intset reduces z to the expression S(1, S(2, S(3, ® =,
0, = ®)) which is just the set of all the triples in S (x), S (0), z which are also
in x, S(»), S(z). In a SLD resolution [Apt82] of ADD(S (x), S(0), z) with
(5), step 4 corresponds to resolve ADD (S (x), S (0), z) with the second clause
in (5) and to wunify the terms: S(x) with x, and S(0) with S(y),
and z with S(z). In e-reduction [Berkling85] of ADD(S (x), §(0), z) with
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ADD defined as in (6), step 4 corresponds to the insertion of the equations
S(x)=x’, 0=y and z=35 (') in the redex:

K, 80", $(2)> | S(x)=x, 0=y', z=5(z'), ADD(x', ¥, 2')}.

5. A NORMAL FORM BASED OPERATIONAL SEMANTICS

In [Bellia88], we shown that constant expressions are combinatory forms
for the tuples of Herbrand terms and, that tuples of Herbrand terms are less
than constant expressions, i. €. there is a one-to-many correspondence between
tuples of Herbrand terms and constant expressions. For instance, we saw
that to each tuple of Herbrand terms we can associate infinite different but
equivalent constant expressions. However, in Section 3 the uniqueness of p,
and Proposition 3.3 show that to each constant expression we can uniquely
associate a structure of Herbrand terms. This structure is a (finite) sequence
of tuples of Herbrand terms and, more important, is unique (modulo variable
renamings) for all the infinite &~ —congruent constant expressions. In some
way, p, induces a normal form on constant expressions, and, therefore, the
Mgi algorithm correctly implemented Intset.

5.1. Normal forms and the reduction system, R

We now show that constant expressions have normal form and therefore,
the operational semantics of Intset can be reformulated in terms of compari-
sons of normal forms and of (sub)expression reductions. The result will be a
reduction system for the set operators of our language.

Notational remark (E[i]); If E is a constant expression of the form
® EY, ..., E,,®, in the following we will use E[i] to denote the subexpres-
sion E;such that ) #E,<i< Y #E,

p=1,r—1 p=1,r
Analogously, if E=Pe(n!, ® E}, ..., E,, ®), then E[i] denotes ® E}, .. .,
E, ®[n! ()], and if E={c¢,, ..., ¢, ), then E[i] denotes c;.

DEerFINITION 5.1 (constant normal form expressions): Constant normal form
expressions have the following general structure:

E,e...®E, orsimply E,
where each E; has form:
ckl(il’('-'ackn(im E)"')) orsimplyE
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where j; < j; ., and E has the form:
(¢4, +.., ¢,y or Pe(n!, E') or simply E’

where c; is a 0-arity constructor, »n/ is a permutation on the first n naturals,
and E’ has form:

®EY, .., E,®
where
Vi, je[l,nl,i<j and n! (i) > n!(j)
iff
—E” [n!(i)] and E” [n!(j)] are not the same E,” for some re[l, m],
and
—3ke[l, n] such that k < i and n/(k) < n/(j) and

E” [n! (k)] and E” [n!(j)] are the same E;’ for some re[1, m]

(i.e. terms in a product are ordered so that for each i and j, n!/() > n/(j)
if and only if when the n/(i)-th and the n/(j)-th projection of
®EY, ..., E, ® are projections of different terms E;; and E;), then there
exists some ke[l, n] such that k <i and n/(k) <n!/(j) and the n!/(k)-th
projection of ® EY, ..., E,; ® is projection of E;}.)

Finally, E} is:

0-arity constructor, or w, or In(k, m) with k > 1

and for at least one je[l, m], E} is m, or is In(k, m) with k > 1.
Example 5.1: Consider the expression
E={S5(0),0,0>ePe(132, ® In(2, 1), n ®).
E is a constant normal form expression. In contrast, both
E'={S50),0,0>ePe(213, ®n, In(2, ) ®)
and,
E’"={S(0),0,0>ePe(231, ® In(2, ©n), = ®),
are not constant normal form expressions because of the condition on Pe.
Note that E, E’ and E” are ~ —congruent.
DEFINITION 5.2 (term substitution, E[E,, ..., E;« E’]): Let E=Q® Ej,

..., E;,, ® be in constant normal form, E,, ..., E; be j different expressions
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in {E}, ..., E,}, and E’ be an expression such that ), # E,=# E’. Then
p=1,j

we call substitution and we denote it by E[E, ..., E;+ E’], the expression

Pe(n!, E”) such that:

E[i] if E[i)¢{E,, ...,Ej}
E’ otherwise

Vie[l, n], E” [i]={

Analogously, for E=Pe(n’/, ® E}, ..., E, ®), E[E,, ..., E;« E’] is the
expression Pe (n”’!, E”) such that:

E[n'!(i)] if E[n!@)¢{E,, ..., E}-}
E’ otherwise.

Vie[l, n], E”[n”!(i)]z{

Appendix I defines a system R of rewrite rules which reduce constant
expressions into constant normal form expressions. It includes some examples.
Rules are grouped according to the top-most operator which occurrs in the
(sub)expression which has to be reduced to normal form. Consider the
(sub)expression

E=opl(E1l,, ..., 0p2(E2,, ..., E2,)), ..., E1,,).

Rougthly speacking, if E is not in normal form because of the presence of
the operator op 2 (i. e. applications of op 2 cannot occur as argument of op 1)
then R provides for a rule which removes op2(E2,, ..., E2,,) from E and
reduces E into an equivalent expression E’. Note that, families of operators
are treated as a single operator (with the indexes as additional operator
parameters).

In figure 1 we define a table which summarizes the rules of R and shows
how to appropriately apply them in order to efficiently make reductions.

Example 5.3: Consider the following constant expression

S1(2,81(3,8(2,8(3, @, w 0®)))

according to the table in figure 2

— R(S|(2,S{(3 S(2, 3(3, ®m n, 0®))))) is reduced by row ¢,
column ¢, |, i.e. |;
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Figure 1

(=> e c %] b4 It ®-® ¢ [ Pr Pe
{—> ... Rla Rlb Rlc Rld 1 | Rle i 1 1
® ...... ok ok ok R2a R2b ok ok ok ok ok ok
In ..... l R3a R3b R3¢ R3d R3d | R3e i ! i
®—® .. R4a R4b R4c R4d ok ok R4e RA4Af | { R4g
[ ok RSa ok RSbh ok ok ok R5c¢ ] 1 1
[ A ] R6a R6b R6b R6¢c R6d R6e R6f | l Ré6g
Pr ..... R7a R7b R7¢ R7c¢c R7¢ R7d R7e¢e R7f | R7g R7h
Pe ..... R8a R8b R8c R8¢ R8¢ ok R8c R8d ! l R8e

Row op1 and column op2 select the rules to be applied in order to reduce expressions of
the form op 1 (op2(E)) [or, according to the arity of op1, op1 (E,, ..., E,) where for some

E, E;=op2(E)) o .
ok means that the expression is either in normal form, or the sub-expression E has to be
reduced to its normal form. Note if op2 has arity ) 1, E stands for Ej, ..., E;. In this case,

to reduce E, we have to reduce each E;.

| means that sub-expression op 2(E) has to be reduced to its normal form before applying
a rule to the expression op 1 (op 2 (E)).

Ri specifies the rule to be applied to reduce the expression op 1 (op 2 (E)).

to:

— R(SJ(2,R(S{(3,S(2,S(3, ®7, n, 0®)))))) is reduced by row
¢, |, column ¢, i.e. R6f. 3, to: -

— R(S|(2,S(2,81(3,S(3, ®m n, 0®))))) is reduced by row ¢,l,
column ¢,, i.e. R6f.1, to:

— R(SI(3, 83, ®mn, =, 0®))) is reduced by row ¢, |, column ¢, i.e.
R6f1, to:

— R(®m, n, 0®) is reduced by row ¢, |, column ¢, i.e. ok, to: @, =,
0®.
ProproSITION 5.1: R is terminating.

Proof: There exists a simplification ordering [Dershowitz82], »*, which
satisfies all the rules of R, i.e. VI—reR, I »>*r.

Let >» be the following partial ordering on the set of operators which can
occur in a constant expression:

(=>>»¢ >0 and, In>® — @ >Pe>c¢,

and, Pr,cq |>»®—-® and, ¢, >» .

Then, » can be extended to a recursive path ordering [Dershowitz82], »*,
on constant expressions, i. €.

fGl, ..., sm)y>»>*gl, ..., tm)
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iff:

—f>g and {fGs1, ..., sn)}>»*{tl, ..., tm},
or

—{sl, ..., sn}»*{¢t1, ..., tm}
where

{s1, ...,sn}>»*{t1, ..., tm}  iff Vi, 3Isisuch thatsi>*t.

Notational remark (R(E)): Given a constant expression E, we indicate by
R(E) the expression such that: E —»* ; R(E), where —*; is the transitive
closure of —p.

PRrOPOSITION 5.2: For each constant expression E, R (E) is a constant normal
form expression.

Proof: If R(E) is irreducible by R, then R (E) contains the operators e, ¢,
(=), Pe, ¢y, ® — ®, n, In, J, only. Moreover, by contradiction we can
see that the structure of R (E) satisfies Definition 5.1.

Finally we show that R is a system of rules which satisfy the axiomatization
given for our operators in [Bellia88]. We show a somewhat more general
fact. We recall that Proposition 4.1 states that p, is a meaning preserving
function.

ProrosITION 5.3: For each rule l - reR, p,(I) is a variable renaming of p. (r).

Proof: Proof tedious but easy to give.

Proposition 5.3 states also that R behaves like p, in giving an operational
semantics to our set operators. In particular, in the comparison of two
constant expressions E and E’, by Propositions 5.2 and 5.3, E ~ E’ if and
only if R (E) and R (E’) are identical modulo commutativity of e.

We conclude with two remarks on the system R. First, the system R
contains a great number of rules. This is due to the number of our set
operators (which includes & and w). The existence of alternative set models
which, on one hand, are equivalent to our data domain HU¥, and, on the
other hand, require a small number of (possibly, more general) operators, is
a relevant question. However, techniques [O’Donnell77, Huet80] to efficiently
handle reduction rules and recent progress in the design of computer architec-
ture [Treleaven82] makes realistic an efficient implementation of R.

A second remark concerns efficiency. For the most part, the rules of R
are term rewritings and their application is immediate. In contrast, rules
R3e, R7h and R8d are more complex reductions, hence their application
could be expensive to make. The complexity of these rules could be inherent

vol. 22, n° 4, 1988



416 M. BELLIA

to our definition of expression normal form, and we can question if a different
choice in the structure of normal forms yelds a simplification of the rules
of R. Our opinion is that different choices only result into marginal simplifica-
tions of the rules of R. Moreover, the three mentioned rules heavily involve
(cartesian) product permutations. An efficient (machine) realization of Pe
should drastically improve the efficiency of R.

5.2. A reduction system for Intset

As a first application of R, we use it to make decidable set-inclusion on
constant expressions, i. €., given E and E’, to decide E < E’ (see Definition 3.4
in [Bellia88] for a formal definition of < on the elements of HUY).

PrOPOSITION 5.4: Let E1 and E2 be constant normal forms (whithout
occurrences of e), then:

(@) ifEl=c¢c,,(h]l, E1) and E2=c¢,,(h2, E2'), then
E1cCE2iff 1— hl=h2, kl=k2and EI' S E2, or
2— hl<h2and EV" < R(c, (R, ¢, (h2, E2Y)))
(b) if El=c,,(h]1, E1") and E2=Pe(n2!, E2’), then
E1SE2IfEV 2 R(c,y L (h], E2)).
(¢c) if El=Pe(ml/, E1) and E2=Pe(n2!, E2’), then
El < E2iffVie[l, n], one of the following holds:

1. E1[{]=E2][i], or
2. E1 [i] is a O-arity constructor and E2[i]=m, or
3. E1[i] is the O-arity constructor c, and E2[i}=In(k 2, m) and

E1 < R(E2[]] < In(k2, co)l-

4. Eljil=In(k 1, n) and E2[i{]=In (k2, t) and k1 > k 2.
d) ifEl=¢, then E1 < E2

(rule c is also applied for E1 andjor E2 of the form: ® E,, ..., E,, ® and
{Cyy -« .5 Cy», and again O-arity constructors, n, In(k 2, ), for which n=1
and E[1]=E.)

Informatique théorique et Applications/Theoretical Informatics and Applications



OPERATIONAL SEMANTICS 417

Proof: In cases (b), (¢) and (d) the proof is trivial. We prove it in case (a).

=)
a.1 Assuming ¢, (h, E1) < ¢, (h, E2’), since ¢, | is a (weak) inverse of ¢,
(see Property 3.1), then ¢, | (h, ¢, (h, E1"))=E1".

a.2 Assuming ¢, ,(h1, E1') = ¢, ,(h2, E2’), since ¢, | is a (weak) inverse
of ¢, and all the constructor functions are monotonic under <&, then
EVge, ]l ¢, (h2, EY)).

(<)

We show that in order to have E1 € E2 no cases are possible other than
a.1 and a.2. Assuming El=c,,(h]l, E1) and E2=c¢,,(h2, E2') to be in
constant normal form, if A1 > h2 then E1 and E2 are not comparables or
E2 < E1. As a matter of fact, consider Pr(h2, 1, E 1). It could result into a
0-arity constructor or n. In contrast, Pr(h2, 1, E2) is ¢, , (1, E2”) for some
E?2”, hence E1 denotes a set of tuples which cannot (see Property 3.3) be
contained in the set denoted by E2. The case h1=h2 and ¢;, # ¢, , can be
proved analogously.

Example 5.3: Let C, S, 0 be 2-1-0-arity constructors of HU,, and:
E1=R(M S (x), C(S (), x))=S(1, C(2,(S(2, Pe(132, ®In(2, 1), = ®))))

E2=R(n(x, C(8(@), M=C(2, (S(2, ® ™, 7, 1 ®))).

In order to decide E2 < E 1, we derive:
by a.2

C(2,(S(2, Pe(132, ® In(2, n), = ®)))
SR(SI(L, C(2(S(2, ®m, m, ®)))
where, by R6fand R6¢:
R(SI(LC(2,(S(2, ®m m, n@)N)=C(2,(8(2, ®, 7, 7 ®))).

Then
C(2,(S(2, Pe(132, ®In(2, 7), t®))) = C(2,(S(2, ® =, 7, 1 ®)))
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by a.l
S(2,Pe(132, ®In(2, m), n®) =S, ®n, n, 1 ®)
bya.l
Pe(132, @In(2, n), t®) S ®n, T, = ®
by c.4

El[1]=In(2, %) and E2[1]=m.

Hence, E2 S E 1.

Note that Proposition 5.5 makes set-inclusion decidable by means of a set
of reduction rules. The set of rules is confluent and terminating. As a matter
of fact, given E 1 and E 2 if E 1 contains m constructor functions, then rule
a is applied no more than m times, each one reducing a constructor function
application in E 1. Furthermore, when rule c is applied to E1 < E 2, it reduces
E2 to an expression E2’ such that E1 € E2’ £ E2. Roughly speaking, we
decide set-inclusion by means of a descending chain. Therefore, we can
reformulate the implementation of intset in terms of a system of reduction
rules.

DerFmNtTION 5.3 (index set, 3(E, i)): Let E=® E}, ..., E,, ® be in constant
normal form, and i be an index in [1, m]. We call index set of E with i the
set of indexes J(E, i)={i, ..., i,y such that for each je I (E, i), E[i] and
EJj] are the same E; for some re[l, m].

DEFINITION 5.4 (Ri): Let E 1, E2 be in constant normal form

El, if El equals E2 modulo commutativity of e
a) Intset (E1,E2)=
@, ifElorE2 are @
b) Intset (E1,e...¢E1_, E2;e..¢E2 )=
Intset (E1,, E2e...eE2 ) ¢ Intset (E1,e...E1_ ,E2 0. eE2 )
Intset (E1,, E2,e...¢E2 )=Intset (E1,, E2)) o Intset (E1,, E2ye.¢E2 )
¢ (h,Intset (E1,E2)) if k1=k2=k and h1=h2=h
¢y 1(hl,Intset (E1,R(cy,{(hl,cp,(h2,E2))))) if h1<h2
¢ o(h2,Intset (R(¢5i(h2,¢(h1,E1))), E2)) if h1>h2
2 otherwise (i.e. h1=h2 but ¢ ;# ¢;,)
d) Intset (¢, (h,E1), Pe(n!,E2))= ¢, (h, Intset (E1, R(c, {(h,Pe(n!,E2)))))
Intset (Pe(n!,E1), ¢, (h,E2))= ¢, (h, Intset (R(c,!(h,Pe(n!,E1))), E2))
¢) Intset (Pe(nl!,E1),Pe(n2!,E2))=Intset (R(Pe(nl'l,E1)),R(Pe(n2'!,E2))

¢) Intset (¢ ;(h1,E1), ¢;(h2,E2))=
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where, if i€[l, n] is the first index such that E1 [n1/(i)] # E2[n2!(i)], then
nl/, E1’, n2!, E2 are such that:

— if E1[n1/ ()]=C, for some O-arity constructor C,, one of the following
cases holds:

- if E2[n2!(i)}= Cy then E1'=E2'=2
- if E2[n2!(i)]=In(k2,x) then E1'=El, E2'=E2 [E2[n2!(i)]« In(k2, Cy)]
- if E1[n1!(i)]=In(k1,x) , one of the following cases holds
- if E2[n2!(3))= QQ then El'=El [E1l[n1!(i)]« In(kl, Q_'Q)] , E2'=E2
- if E2[n2!(i)]=In(k2,x) , then
Let kl<k2, 3(E2,i) be the index-set of E2[n2!(i)] and Eq=(E1,,....E1p} be the
set of all the expressions E1[n1!(j)] of E1 such that je 3(E2,i). Then one of the
following cases holds
-if Vie{l,p], El, is not a 0-arity constructor
then El'=El [El;,...Elp « In(k2,1)] , E2'=E2
- if all the E1;'s which are 0-arity constructors are equal to some O-arity
constructor Qo_thcn
E1'=R(El [El,,...Elp « In(k2, _C_Q)])
E2'=R(E2 [E2[n2!(i)] « In(k2, QQ)])
- otherwise, E1'=E2'= 2
Symmetrical in the case k1>k2.

[as in Proposition 5.5, rule ¢ is also applied for expressions like
®E;, ..., E,®, ¢y, ..., ¢, W, 0r In(k2, m)].

PRrROPOSITION 5.5: The system Ri is confluent.

Proof. — Assuming E 1 and E 2 be in constant normal form, only one rule
of Ri is applicable. Moreover, when applied, each rule reduces Intset (E 1, E 2)
to some expression which contains at most one application of Intset to
expressions which are again in constant normal form.

The system Ri is non-terminating due to the presence of the rules (c) and
(d). For all the other rules, the termination could easily be proved by
extending the ordering relation >, defined in Proposition 5.1, to include
Intset as an operator which preceeds all the others [in this case, note that
I »*r for rules (a), (b) and (d), even if in case of rule (d) is not immediate to
see that, due to the use of substitutions]. In case of rules (c) and (d) the
following property holds.
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ProposiTION 5.6: Let El1 and E2 be in constant normal form (whithout

occurrences of e). If there exists a constant expression E such that R(E)#
and ES E1l, E< E2, then

Intset(E 1, E2) >*,, E'  for some constant expression E'.

Proof: The proof core is to show that if E contains k constructor functions
(of arity greater than 0), then Ri(Intset(E 1, E2)) terminates with no more
than k reductions with rules (c¢) and (d). That is after no more than k
reductions with rules (¢) and (d), E1 and E2 are reduced to some constant
expressions, E 1’ and E2’, which do not contain constructor functions.

Let k1 be the number of constructor functions contained in E 1. Since
E c E1, by Proposition 5.4 k1 £k and E1 in no more than k1 reductions
with rule (b) of Proposition 5.4, is reduced to some E 1’ which does not contain
constructor functions. The same holds for E2 in k2, k2 < k, reductions. Let
k’ be the number of constructor functions which occur in both E1 and E 2.
Then after k’ reductions with rules ¢. 1, and (k1 —k")+ (k2—k’) reductions
with the rules ¢.2 and c.3, Intset(E 1, E2) is reduced to Intset(E 1’, E2’),
where both E 1’ and E 2’ do not contain constructor functions.

Notational remark (R (E)): Given E1 and E2 in constant normal form, we
denote by Ri(Intset(E 1, E 2)) the expression such that

Intset (E 1, E2) »*,,; Ri(Intset(E 1, E2)) if Ri terminates,

where —*g; is the transitive closure of —g;.

Example 5.4: Let C, S, 0 be those defined in Example 5.3, and consider
the following two expressions

E1=R(M(CO,x), C(x, SO

=C(1, C(3, S(4, Pe(1342, @ In(2, n), In(2, ™) ®))))
E2=R(n(C(0, ), 2))=C(1, ®0, 7, = ®).

Ri(Intset(E 1, E 2)) results [in square brackets, at each step of the reduction
process, we give, whenever possible, the corresponding transformation on the
tuples of Herbrand terms]:

— by Ri-c.1 (Ri-a is not applicable):
C(1, Intset(C(3, S(4, Pe(1342, ®In(2, n), In(2, ) ®))), ®0, 7, © ®))

[tuples are left unchanged, but a constructor is marked as ok].
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— by Ri-d.2 (Ri-a is not applicable):
C(1, C(3, Intset(S (4, Pe(1342, ® In(2, n),
In(2, m) ®)),R(Cl(3, ®0, n,m ®)))))

where:

R(Cl(3> ®_Qa T, n®))=®9a T, T, 7t®
e
C(1, C(3, Intset(S (4, Pe(1342, ® In(2, n), In(2, ) ®)), ®O, =, n, © ®)))

(€O, x), C(x, SO)
C(0, y), C(u, v)]

— by Ri-d.2 (Ri-a is not applicable):
C(1, C(3, S(4, Intset(Pe(1342, ® In(2, 7), In(2, n) ®),
R(S|(4.®0, n, 1, 1 ®))))))
ie
C(1, C(3, S(4, Intset(Pe(1342, @ In(2, n), In(2, ) ®), ®O, w, ©, T ®))))
[CO,x), Cx, SO

C, y), C(u, SY)I
— by Ri-e.2 (Ri-a is not applicable):

El[nl/())=In(2, ®), E1[n1/(1)]=0
C(1, C(3, S(4, Intset (R (Pe(1342, ® In(2, 0),

In(2, m) ®)), R(® 0, 7, 7, © ®)))))

C(1, C(3,S(4, Intset(®0, In(2, ), 0®, ®O, n, &, = ®))))
[CO, x), C(x, S(0)

C(,y), Cu, S

— by Ri-e.1 (Ri-a is not applicable):
E1[n1/(2)]=In(2, n), El[nl/Q2)=n
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C(1, C(3, S(4, Intset(R(® 0, In(2, n), 0 ®), R(® 0, In(2, 1), = ®)))))
[C(O, x), C(x, S(0))
C@O, ), C», SO

— by Ri-e.3 (Ri-a is not applicable):
El[nl/(3)]=0, ElnlQG)=n
C(1, C(3,S (4, Intset (R(® 0, In (2, ©),0 ®), R(® 0, In(2, 1), 0 ®)))))
[CQO, x), C(x, S$(0))
C©, ), CO, SO)]

— by Ri-a the computation terminates with:
®0, In(2, n), 0®.
Note that

P(®0, In(2, 1), 0®)=C(0, x), C(x, S(0)).

ProposITION 5.7: Let E 1, E2 be constant normal form expressions (without
occurrences of e). If there exists Ri(Intset (E 1, E 2)) then

Ri(Intset(E1, E2)) = E1
and
Ri(Intset(E 1, E2)) € E2.

Proof: Follows immediately from Proposition 5.6 and the cons-
truction of Ri(Intset(E1, E2)). (Note that if E=c,(h, E1’), then
Ri(Intset (E 1, E 2))=Ri(Intset(c, (h, E1"), E 2)))

PropoSITION 5.8: Let E1, E2 be in constant normal form (without occur-
rences of e). If there exists a constant expression E such that R (E) # & and
EcC E1l and E < E2, then E < Ri(Intset(E 1, E2)).

Proof: Since Ri(Intset (E 1, E 2)) exists we can use induction on the number
of the reduction steps that are required by Proposition 5.4 to decide set
inclusion of E in Ri(Intset (E 1, E 2)).

Let E=Pe(n’!, E'), E1=Pe(nl/, E1), E2=Pe(nl/, E1"). If we assume
Ec E1l and E < E2, we have 4 x4 different cases to examine in order to
show that for each ie[l, n], E[i] < Ri(Intset(E 1, E2))[i]. This is tediuos, but
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easy to give. Thus, according to Proposition 5.4, we conclude that if E, E1
and E2 do not contain constructor functions then E < Ri(Intset (E 1, E 2)).

Let E=c¢,(h, E"), E1l=Pe(nl/, E1), E2=Pe(n2!, E2’). From the assump-
tionE< El,and E £ E2 we have E' < R(c, | (h, E1’)), E' < R(¢, | (h, E2)).
and assumed E’ not containing constructor functions both R (c, | (h, E 1))
and R(c,)(h, E2’)) are not containing constructor functions because of
Proposition 5.4, then

E’ < Ri(Intset (R (¢, | (h, E1)), R(c, | (h, E2)))).
Due to properties of Intset,
Ri(Intset (R(c; | (h, E1)), R(c, | (h, E2))))=c, | (h, Ri(Intset(E 1, E 2)))
and, since constructor inverses are weak inversions
¢, (h, ¢, | (h, Ri(Intset (E 1, E 2)))) < Ri(Intset (E 1, E 2)).
Then we have
¢, (h, E") = ¢, (h, ¢, | (h, Ri(Intset (E 1, E 2)))) < Ri(Intset(E 1, E2)).

If E° contains constructor functions both R(c,|(h, E1’)) and
R (¢, | (h, E2’)) can contain constructor functions and the following consider-
ations hold.

Let E=c,(h, E'), El=¢,(h], EY), E2=¢,,(h2, E2'):
if E < E1 we have two cases:

al— ¢,=¢;4, h=hl and E'cSEY,
or
a2— h<hl and E < R(c,l(h e ,(h]1, ET1Y)))
if E < E2 we have two cases:

bl‘"’ €, =Cy 2, h=h2 and E'gEZ',
or
b2— h<h2 and E SR(c|(h ¢ ,(h2, E2)))

Let us examine the possible cases:
al-bl:

Ri(Intset (E 1, E2))=c, (h, Ri(Intset(E 1, E2)))
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then
E = Ri(Intset (E 1, E2)), because E’ < Ri(Intset(E 1, E2'));

al-b2:
Ri(Intset (E 1, E2))=c, (h, Ri(Intset(E 1", R(c, | (h, ¢, ,(h2, E2%)))))
then
EcRi(Intset (E1, E2)), because E'S Ri(Intset (E1’, R(c, | (h, ¢, (h2, E2Y))));

a2-bl: symmetrical of al-b2;
a2-b2: analogous to the case E=c,(h, E'),

El1=Pe(nl/, El), E2=Pe(nll, E1).

Note that Proposition 5.8 gives a sufficient condition only for the termina-
tion of Ri. However, Ri could terminate even if for no E,

RE)# T and EcEl and EcC E2.

In this case it terminates with .

Example 5.5: Let us consider the following expression: Intset(S (2, ® =,
0®), ® n, 0 ®), according to Ri results: by Ri-c. 1 (Ri-a is not applicable),

S(2, Intset(®m, 0®, R(S|(2, @, 0®))))
and, by R6b,
S(2, Intset(® =, 0 ®, &))

finally, by Ri-a, &
When Ri terminates, it correctly computes Intset. However, when Intset

computes &, Ri could not terminate. For a nonterminating Ri, the following
proposition holds.

ProproSITION 5.9: Let E1 and E2 be in constant normal form (without
occurrences of ®). There exists an integer K, depending on E1 and E?2, such
that Ri(Intset (E 1, E2)) either terminates in at most K reductions with rules
(¢) and (d), or does never terminate.

Proof: As pointed out before, due to the presence of rules (c) and (d), Ri
could result in a non-terminating sequence of reductions. Note that, rules (c)
and (d) increase the number of constructor functions which occur in the
redex. However, because of the existence of the function p,, which maps E 1
and E2 onto two (tuples of) Herbrand terms, and since the Mgi of two
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(tuples of) Herbrand terms has an upper bound K (see Proposition 4.1) on
the number of constructors which can occur in the Mgi, then after K
reductions with rules (c) and (d), Intset (E 1, E 2) is reduced to some formula
which contains exactly K constructor functions.

Example 5.6: Let us consider Intset(S (1, In(2, n)), S(2, In(2, ®))). When
we apply Ri, it indefinitely reduces the expression obtaining

S(1, Intset(In(2, m), S(2, S(2, In(2, W))))),
then
S(1, S(2, Intset(S (1, In(2, m), S(2, In(2, 1)))))

and so on. Note that after K=2,2°, 1=2 reduction steps with Ri-c, the
expression is reduced to

S(1, S(2, Intset(S (1, In(2, ®)), S(2, In(2, 1)))))
which contains 2 constructor functions and rule Ri-c is still applicable.

Propositions 5.8 and 5.9 state that Ri correctly reduces Intset(E 1, E2) to
the constant expression which denotes the Sup of all the subsets of both E 1
and E2. However we have three remarks to make. First, the limitation to
expressions without occurrences of e given in Propositions 5.6-5.9 is merely
for convenience in the presentation. The limitation could easily be removed
by reformulating all the Propositions according to the fact that the operator
e is endomorphic on the structure of constant expressions, and that the
endomorphism is preserved by Intset, as rule (b) in Definition 5.4 shows.

A second remark concerns the use of normal form in the system Ri. This
use is not fundamental and could be removed with some advantages in
efficiency. However, it is convenient in the proofs of the propositions
5.6-5.9.

A final remark about the complexity of the system Ri. We know very
efficient algorithms [Martelli82, Paterson78] to compute the Mgu on Her-
brand terms. Moreover, as pointed out in Section 4, the computation of the
Mgi on Herbrand terms could be derived as a byproduct of the unifcation
algorithm. Thus it is reasonable to expect to be able to define a system of
reduction rules of complexity comparable to that of the best unification
algorithms. Ri does not really seem to be the best from the efficiency
viewpoint. This is mainly due to its termination which is guaranteed only by
Proposition 5.9. Refinements of Ri could be given, mainly to provide for an
explicitely treatment of the occur check. However, the complexity of the entire
reduction process, R plus Ri, is outside of the scope of the present paper,
and such refinements would unnecessarily complicate the reduction rules.
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5.3. An example of evaluation based on R and Ri

We can now reformulate the semantics of our primitive operators directly
in terms of reductions of constant expressions. We put together system R
and system Ri. In order to evaluate the expression E=op(E1l, ..., En),
where op is the primitive operator:

eo: We apply R to E 1. If E1 results different from J, then we return it
and the computation of op(E2, ..., En) is suspended until a further evalu-
ation of E is required. Otherwise, the evaluation proceeds with
op(E2, ..., En) or returns J, according to n > 1.

(= ®—®, ¢, ¢ |, Pe, Pr, In:. We compute each Ei in order to obtain
a constant expression.

Intset: If n > 2, we arbitrary select a pair of arguments, Ei and Ej, and
computes Intset (Ei, Ej).

Then replace the pair with the result of Intset (E i, Ej). If n=2, we apply Ri.
We return the result of Ri.
Consider the definition of F,pp, in Section 4.1

Fpopp(W)=uev where Intset(w, Pe(132, ® In(2, 1), 0®))=1u,
$(2, S(3, Fapp(W)) =v

where
S1(2,8]1(B,z)=w, Intset(w,S(2,S(3, ®=, &, 1 ®))) =2z

The evaluation of F,pp(® S(w), S(0), © ®) proceeds as follows:
1. (by Y and B reductions) as step 1 of Section 4. 1.
2. We apply Ri to reduce the subexpression

Intset(® S (n), S(0), = ®, Pe(132, ® In(2, n), 0 ®)),

which contains only constant expressions. The subexpression is first reduced
to

Intset(S (1, S(2, ® 7, 0, 1®)), Pe(132, ® In(2, 1), 0 ®))

then, (by two steps with rule Ri.d) to S(1, S(2, Intset(® =, 0, = ®, &)
which is finally, reduced to .

The (main) expression is reduced to
S (29 S (3’ FADD (W/)))
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where
S1(2,8((3, 2))=w,
Intset(® S(n), $(0), 1®, S(2,S(3, ®m, 1, n®))) =2

3. (by Y and B reductions) as step 3 of Section 4.1
4. We apply Ri to reduce the subexpression

Intset(® S(n), S(0), t®, S(2, S(3, ® 7, 7, 1))

(by two steps with rule Ri.c and by one step with Ri.d and Ri. e) to

S$(1,8(2,8(3,®m 0, 7 ®)))

5. We apply Ri to reduce the subexpression
Intset(S |(2,S1(3,S(1,S(2,S(3, ®m, 0, n ®)))),
Pe(132, ® In(2, n), 0 ®))

(by two steps with rule Ri.d) to

S(1,S(3, Pe(132, ® In(2, ), 0 ®))),

and we obtain the value and the suspension of step S in Section 4. 1.

6. CONCLUSIONS

In [Bellia88] we introduced retractions to unify into a functional paradigm,
logic and functional programming. The approach was discussed in a pure
functional language which provides set operators as the language primitives
for programming with retractions. The language semantics was defined in a
abstract way which expresses the operators semantics through an equivalence
relation. In the present paper we have considered the definition of the
language operational semantics. The operational semantics is defined in two
distinct ways which are proved equivalent and only differ in the involved
techniques. The first definition inherits from predicative languages, concepts
and techniques and it introduces:

— structures of Herbrand terms as normal forms for constant expressions,
and;
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— the Mgi algorithm, byproduct of unification, as an algorithm to compute
with the set intersection operator, Intset.

The second definition is a more conventional semantics for functional
languages. It explicitly defines:

— the concept of constant normal form, and, correspondingly provides
for a system of reduction rules, R, which reduces constant expressions to the
corresponding normal forms, and;

— a system of rules, Ri, which reduces expressions which contain occur-
rences of the set intersection operator to constant expressions.

The comparison of the two distinct semantics shows that, the Mgi algo-
rithm, which is something more than pattern-matching (in fact, is bi-direc-
tional matching), corresponds to the system of rules Ri. Thus, Mgi on
Herbrand terms has a clear functional counterpart.

A language implementation along the lines of the first definition results
easily to design in conventional machine architecture. An experimental imple-
mentation of the language has been realized in PASCAL. Constant expres-
sions are internally represented by structures of Herbrand terms. The function
p. is embodied into the read routine, and is called by the Mgi algorithm each
time P reductions produce constant expressions which have to be reduced
into normal form. The function n is embodied into the write routine.

The second definition is oriented to reduction machines and can be easily
extended to parallel architectures.

APPENDIX

THE SYSTEM R

Rla:

(G 7T TARQ 7PN A NN PP
=<t1, “ ey tj’ t’l’ “eey t:', tj+1’ sy tm>
R1b:
(tyy ooty VOt iy, ooty

=l oo b Ui tiugy oo s by )@ty ooyt 7 gy oy by
Ric:

{€2=Co
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R1d:
<t13 “ vy tja g, tj+1, « ey tm>=g
Rle:

Ctyy ooty (B t) tiwy, o b > =G (W, (s ooty gy o ey b))
where
K=h+ ) #¢
i=1,j
R2a:
te J=1
R2b:
ten=m
R3a:
In(h, Y et )=In(h, t'YeIn(h, t")
R3b:
In (h, E(_))=<£(_)) vy 99) (h'tuple)

R3ec:
In(h, B)=Q
R3d:
In(l, t)=t
R3e:
In(h, ¢, (1, t))=c,(ky, e (kp - .oy Clkps £1). . .))
where k;=(—1) ,k+1 and, ¢, is such that
if ¢ (after reduction to normal form) is:
@ ¢, (g, t)
then t; =¢,(q;, ..., ¢,(qy t3) where g;=(—1)* # t3+q and
t5 is the reduction of ¢, according to (i)-(ii)
@ii) Pe(rl, ®¢ty, ..., 1,®)

then ¢, =Pe(m/, @ In(hy, t}), ..., In(h, t,)®)) where m=r , h and
is such that

ml=mly, m2, ...,mr,ml,, ...,mry, ...,ml, ..., mr, with
mij=(r [i]—1) « h+j
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and,

L _[hal; i =InGh, 1)
7"\ h, if¢t;isaconstant (in this case, tj=t,)

[in the other cases, t can be considered as a special case of
Pe(r!, ®1t4, ..., t,®) where r is the identity permutation and/or n=1]. The
computation of ¢, corresponds to the computation of a more general Injection
operation, i. e. injection of tuples of any length.

Example I1:

In(2, c5(1, ¢ (2, Pe(m/, (®In(2, M), cly, 2, ®)))  with m/=3142

by R 3 e, is reduced to

c3(L, c3(4, ¢ (2, ¢, (6, Pe(m/, @ In(4, m), In(2, cly), In(2, c2,) ®)))
with
m/=51736284
by R3b and R4aq, is further reduced to

03(1, Cs3 (4’ c, (29 ) (6’ Pe (m, ® Ill(4, Tt), ﬂ(_)’ ﬂgs _C_%, Qg) ®))):

which corresponds (under p,) to the pair of Herbrand terms

c;3(clg, 3 (x, €20), X), c3(clg, c; (%, €20), X)

R4a:
®ty, oty o Dty s 5, ®

=@ty ooty et tiigs s @
R4b:

®ty, .., tyt’@t’ Ly, .., ®=®t, ..., t, 1,
tiv, - > @Oy, .t g, s 8, ®
R4c:
®clg, - - -5 My ®=Lcly, - .., co
R4d:
Rty ooty Dtjsts oo s L @=L
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R4e:
@by, oty @t o @ty s g ®
=@ty byt et by s £, ®
RAS:
Rty ooty (B ), Ly, ooy 1, ®

=ck(h, ®t1, “ .y t’, t, tj+1, “ ey tm®),
where

W=h+ Y #t,

i=1,j
Rdg:
®ty, -ty Pe(mL ), thygy ooy 6, ®
=Pe(n!, @ty, .. .oty bty tysrs -« -5 t D),

where if
> #t,=kl  and S #t;=k2 then, n=kl4+m+k2
i=1,h i=h+1i,n

and is such that

i if ie[l, k1]Ukl+m+1, k2]

1G)=
" {m!(i—k1+1)+k1, otherwise.

R5a:

c,(h, t'et”")=c,(h, t)Yoc,(h t").
RS5b:

& (h, D) =0.
RSc:

¢y (B, ¢y (B2, t))=cyy (W2, ¢ (1 —k2+ 1, 1)) if h2 <hl.
Ré6a:

e l(h tet)=c, | (h t)ec, | (h t").
R6b:

¢l = lW= if v is a constant different from .
Réc:

¢ l(l, )=¢l(m=mr
Ré6d:

¢l (@ In(q, v))=& if vis a constant different from =.

¢l @ In(g, M))=¢, @y, ..., & (Pp-1>
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% @pits s (0, Pe(m, @I, ..., I, ®))...)

where
Li=...=L=In(g,mn), p;=G—-1x*k+1, m=kxgq
and
m/=mly, m2,, ..., mky,mly, ..., mky ..., ml, ..., mk,
with mi;=({—1)xq+j.
Example I2: ¢, | (3, In(5, m)), by R 6d, is reduced to
¢, (1, ¢, (3, ¢, (7, ¢, (9, Pe(m!, ® In(5, wn), In(5, ©) ®)))))
with
mi=16273849510
which corresponds (under p,) to the 6-tuple of Herbrand terms
cy (%, ¥), €2(%, ¥), X, ¥, €2(X, P), €2 (X, ¥)
Rée:
Gl ®ty, . L ®)=® Ly, o o Gl ), s e 8, B,
where

h=h/+ Z #t‘

i=1,j
R6f:
¢ L(h, e (b, )=t
¢l e (W, )=0 if h=h" and ¢, # ¢
el (h, e (W, D)) =c, (0", ¢, | (h, 1))
where if b < h then h”” =h’, otherwise h"' =h"+k —1.
Ré6g:
c l(h, Pe(m!/, ®t,, ..., t,®)=Pe(m/, ®t,, ..., L, ¢t), ..., 1,®)
where,

tj=®t1’ ceey tn®[m/(h)]
and, b’ is such that m!(W)=h'+ Y  #1t,

i=1,j-1
R7a:

Pr(p, ¢, {ty, -« s tu D))=ty .o\ ty).
R7b:

Pr(p,q, ' et )=Pr(p, q, t')oPr(p, g, t").
R7c:

Pr(l, 1, v)=o.
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R7d:
Pr(p, g, In(k, t))=In(g, ?).
R7e:
Pr(p,q, ®ty, ..., ,®)
=®Pl'(p’, ql9 th)’ Lpvgs o oos Lpap—1s Pl'(l, q”a th+r) ®
where
th=®t1’-~‘a tm®[h]’ p,=p_ Z #tb q/=min(q’ #th—pl+1)’
i=1,h—1
if ¢'=¢q then r=0, otherwise is such that
Y #tei<qg—qd S Y #bay
i=1,r—1 i=1,r
and
¢=q—(@'+ Y # )

i=1,r—1

Example I3:
Pr(2, 2, ®In(2, ¢,), In(3, ) ®),
by R7e, is reduced to
®Pr(2, 1, In(2, ¢p)), Pr(1, 1, In(3, m)) ®
which, by R 74, is further reduced to
®In(1a EQ)’ T ®
which finally, by R34, results ® ¢o, n ®.
R7f:
Pr(p+k—1,4q 1) if p>h
Pl’(p, q, ck(h’ t))= PT(P, q, t) if p+q—1<h
c(h—p+1,Pr(p,q+k—1,1) if p<h=<p+q

R7g:
Pr(p, q, Pr(p’, ¢, )=Pr(p+p'—1, g, 1).
R7h:
Pr(p, g, Pe(n/, ®t,, ..., 4 ®))
=Pe(m!/, ® Pr(1, q,, uy), ..., Pr(l, g,, u,) ®)
where,
{w,=Pe(m, ®ty, ..., t, ) p+i+1]|1<i<gq}
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(with the u;’s indexed, according to the order in which they occur in
Rty, ..., 4 ®),
g; is the number of the different components which fall in u;
m=q and, if N(i)={n!(i)|p<i<p+q—1}

then
m!(i)=n!(p+i—1)+cardinality-of {i ¢ N() |j <n/(p+i—1)}.

In contrast to the other rules, R7h has to be restricted to expressions
®t,, ..., t,® which are in normal form, that is each ¢; is either a constant

or an Imjection of constants. However, a more general rule could be given
and the restriction affects only the efficiency of the reduction process.

Example 14.
Pr(3, 3, Pe(n/, ® In(2, n), ¢co, In(3, 7) ®)) with n/=4 516 23,
by R 7h, is reduced to
Pe(m!, ® Pr(1, 2, In(2, n)), Pr(1, 1, In(3, 7)) ®) with m/=132,
which, by R7d, is reduced to
Pe(m!, ® In(2, n), In(1, 7) ®),
which, by R 3d, is finally, reduced to

Pe(m/, ®In(2, n), 7 ®).

R8a:

Pe(n!, {ty, ..., t,0)=luay -+ > tatw -
R8b: '

Pe(n/, t' ot”)y=Pe(n/, t'YoPe(n!, t”).
R8c:

Pe(n!, t)=t if n/())=i foreach ie[l, n]

Pe(n/, t)=Pe(n’/, t)if t=@t,, ..., t,®, and there exists he[l, n] such that
n!(h)e3 (¢, j) (i.e. index set of ¢t; in f) and for each k such that
n/(K)e3(, i) results k > h, ' =®¢,, ..., t,®, n=n"and,

n! (i) if nl@)< Y #t, ornl()> Y #t

h=1,i-1 h=1,j
n@®+ Y #t, if nl@)e3(@, i)
n! (@)= h=i+1,j
n@— Y #t, if nl/@e3@))
h=i,j—1
nl@+(#—-#t) Y #t<nl@) < Y #t,
h=1,i h=1,j
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R8d:
Pe(n!, ¢, (h, t))=c, (I, Pe(n’/, 1))
where
k" is such that n/(h")=h, n=n+k—1
and,
n'! is such that:
fori<

n’!(@)=n!(i) if n/(i)<k
nW!@=n/{)+k—1 if n/(i)>k
fori> h,
n!(i+k—1)=n!/(@) if nl(@)<k
nW!ii+k—1)=n/@)+k—1 if nl(@)>k
for ie[n’, W +k—1], n’!(i)=i.
R8e:
Pe(n/, Pe(n'!, t))=Pe(n”/, t)
where n”’! is such that n”’! (i)y=n"! (n! (i)).

Example I5: Let

¢={nily, s,, cons,},

consz(l, cons, (4, Sy 1(4, Pe(I, 3’ 49 2’ 5: ® In(27 ﬂ), T, T, T ®))))

is reduced by R6g
to:

cons, (1, cons, (4, Pe(1, 3,4, 2, 5, ®In(2, n), w, 5, | (1, n), T ®)))

which is reduced by R 6¢,
to:
cons, (1, cons, (4, Pe(1, 3,4, 2, 5, ®In(2, ), &, T, 7 ®)))

which is irreducible.
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