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GRAPH CONGRUENCES AND PAIR TESTING (*)

by J. A. Brzozowsk1 (') and Robert Knast (?)

Communicated by J.-E. PIN

Abstract. — This paper considers the congruence ,~ on a free monoid where u ,~ v iff u and
v have the same letters and the same ordered pairs of letters. The motivation for this comes from
the study of bi-locally testable languages defined by testing pairs of words. As in the case of locally
testable languages, a theorem on graph congruences is used in order to obtain a characterization
of the family of bi-locally testables languages. Such a theorem on graph congruences is developed
in this paper.

Résumé. — Dans cet article on considére la congruence sur un monoide libre telle que deux mots
soient équivalents si ils contiennent les mémes lettres et les mémes couples ordonnés de lettres.
L’étude de cette congruence est motivée par I'étude des langages bi-localement testables. Comme
dans le cas des langages localement testables, on démontre un théoréme sur les congruences de
graphe pour caractériser la classe des langages bi-localement testables.

1. INTRODUCTION

The family of locally testable languages plays a key role in the study of
star-free languages. It is defined as follows: The membership of a word w in
a language L is uniquely determined by the prefix of length k—1 of w, the
suffix of length k —1 of w, and the set of all segments of length k appearing
in w, where k=1 is an integer depending on L. The syntactic semigroup S
that corresponds to a locally testable language L satisfies the condition that
for each idempotent e€ S, the monoid e S e is idempotent and commutative.
Conversely if S is the syntatic semigroup of L and S is finite and satisfies
the above-mentioned conditions on e S e, then L is locally testable. The proof
of this last statement is quite difficult. One of the key steps in this proof is a
theorem on graphs. This theorem, due to Simon, appeared originally in [2],
though it was not formulated as a separate result on graphs. The treatment
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130 J. A. BRZOZOWSKI, R. KNAST

of the theorem as a theorem on directed graphs is due to Eilenberg [3]. The
theorem involves a congruence ,~ that corresponds to k=1 in the test
described above. More precisely, the prefix and suffix are not tested (since
k —1=0), and only segments of length one (i. e. letters) are considered.

The next family in the hierarchy of languages of depth one [1], after the
locally testable family, is that of bi-locally testable languages. Membership
of a word w in a bi-locally testable language is determined by the prefix and
suffix of length k—1 of w, and by the set of ordered pairs of segments of
length k that appear in w. The characterization of syntactic semigroups of
bi-locally testable languages is due to Knast [4], and uses the theorem on
graphs presented in this paper as one of the basic steps. The theorem involves
the congruence ,~ that again corresponds to k=1. This time, however,
ordered pairs of letters are used.

2. THE MAIN THEOREM

We first briefly recall Eilenberg’s notation for graphs [3].

A directed graph G consists of two possibly infinite sets V (vertices) and E
(edges) along with two functions:

o 0. E-V.

If e is an edge, ea and ew are the initial and final vertices of e. Two edges
e, and e, are consecutive iff e,a=e,; ®. Let E* (E*) be the free semigroup
(free monoid) generated by E, and let C < E* be the set of words e, e, such
that e, and e, are non-consecutive. The set of (non-empty) paths of G is
then:

P=E* —E*CE*

If p=e;...e,is a path, define pa=e, o and pw=e,». The length of the
path is |p| =n, where n= 1. A path p is a loop about vertex v iff v=pa=po.
If p=e,...e, q=e;...€, and po=qa then p and g are consecutive and
pg=e, ...e,e;...e,is a path. For any vertex v, 1, is a loop of length 0
about v, i.e. I,a=1 o=v. For technical reasons we assume that the set
{1,|veV } of trivial paths is adjoined to P. Two paths p and p’ are coterminal
iff pa=p’a and po=p’®. An equivalence relation ~ on P is a congruence
iff:

(i) p~p’ implies p and p’ are coterminal.

(i) If p~p’, g~q’ and p and q are consecutive, then pg~p’q’.
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GRAPH CONGRUENCES AND PAIR TESTING 131

Let 1: E* — 2F be the function that associates with each word w in E* the
set of edges (letters) appearing in w:

wt={ecE|w=w,ew, forsome w,, w,eE*}.
Similarly let wt, be the set of ordered pairs of edges in w:
wi,={(e}, e;)€Ex E|w=wge,; w; e, w,, wo, Wy, wo € E* }.
We define the following congruence on E*. Given x, ye E*:
X~y iff xt,=yt, and xt=yT.

If p is a path of length >0, then pt and pt, are defined as above. If p=1,
for some ve V then pt=pt,=¢.

THEOREME Let ~ be the smallest congruence on P satisfying:
2, (pg)* pzr (1) 25~2, (pg)* 2 (57)* 23, (1)
forallp, q,r,s, 2y, 2,5, 2, 2 € P such that:
z1Sz,1(\2,T and 1Sz, 2,

then for any two coterminal paths x and y the conditions x~y and x ,~ y are
equivalent.

The proof of this result is the subject of the rest of this paper. Before
proceeding with the proof we make the following comments. The congruence
,~ involves testing the set wt, of pairs of letters appearing in a word w (or
the set wt in case wt,=(J, 1. €. |w| £1), and is defined on E*. The theorem
states that the equivalence of any two coterminal paths with respect to ,~
can always be demonstrated by coterminal path transformations of the
form (1). It is easily verified that:

x~y implies Xx,~ y. 2)

The converse of (2) constitutes the problem.

Rule (1) is quite complex as compared to the rules in Simon’s theorem,
where the rules corresponding to (1) are:

x~x? and  xy~yx,

for any two coterminal loops x and y. We were unable to simplify Rule (1)
or to replace it by a set of equivalent or weaker rules. The graph of Figure 1
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132 J. A. BRZOZOWSKI, R. KNAST

provides an example of the difficulty involved. Consider the coterminal paths:
x=c’ d, cd, (a, a,)* a, cb, (b, b))* e, ce, ¢’
and
y=c' d, cd, (a, a)* ¢’ (by b,)* e, ce, ¢'.

One casily verifies that x ,~ y. If we let z;=c’d, cd, and z,=e; ce,¢’, we
have an instance where Rule (1) applies. We were unable to find a simpler
set of rules for this example.

(2)

Figure 1

In a number of cases Rule (1) degenerates to considerably simpler rules. It
will be convenient to identify them distinctly, even though they are covered
by (1). If z7, 27T =z, TNz, T then:

z,22,~2,2 Z,, (la)
2, (pa)’pzz,~2, (pg)* 2 23, (1b)
zyzr (sr)%zy~z, 2’ (s1)? 2, (o)

3. SINGULARITIES

Let A be a finite alphabet and xe 4* If x=x, ax,, aec A and a¢(x; x,)1
then a is a singular letter of x. If x =x,ax, bx, where a and b are not singular
letters of x and (b, a)¢ xt,, then (q, b) is a singular pair of x. Singular
letters and singular pairs are called singularities of x. If x=x,ax, bx,, this
factorization is an occurrence of (a, b). An occurrence is inner if a¢x, T,
b¢x, 1. Clearly every singular pair (g, b) has a unique inner occurrence
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GRAPH CONGRUENCES AND PAIR TESTING 133

consisting of the rightmost a of x and the leftmost b. An occurrence x, ax, bx,
is proper if ax, and x,b have no singularities of x; note that every proper
occurrence is necessarily inner. A singular pair need not necessarily have a
proper occurrence. For example, let x=aebbacdfdfc. Then e is the only
singular letter of x and (q, ¢), (a, d), (a, f), (b, ¢), (b, d), (b, f) are the
singular pairs of x. The factorization (aeb)b (ac)d (fdfc) shows the inner
occurrence of (b, d). Only (a,c) has a proper occurrence, namely

(aebb) a (1) ¢ (dfdfc).

ProposiTiON 1: Let (a, b) be a singular pair of x.
(a) Let x=xqax, bx, be the inner occurrence. Then:

a€xyT—(x, bx,)1, bex,T—(xgax,)1.
(b) Let x=xqax, bx, be a proper occurrence. Then:
X TS XoT Xy

(¢) Let x ,~ y and let x=xyax, bx, and y=y,ay, by, be inner occurrences.
Then:

xot’_—_yo‘t, X2T=y2 T.

(d) Let x,~ y and let x=xqax, bx; be proper and y=y,ay, by, be inner.
Then y, has no singular letters of x.

Proof: (a) If aex,t then (b, a)e x 1, contradicting that (a, b) is singular.
If aex,t then the occurrence shown is not inner. If a¢xyt then a is a
singular letter of x, contradicting that (a, b) is a singular pair. The same
arguments apply to the claim about b.

(b) Let cex, 1; then (a, c)ex t,. The pair (a, ¢) cannot be singular because
the occurrence of (a, b) as shown is proper. Hence (c, a)ext,. Since
a¢(x, bx,)t, we must have cexytT. Thus x; T < x,7T, and x, T < x, T follows
similarly.

(¢) cex,t implies (¢, a)ext,=y1, Hence cey,t, and x4t < y,T. Simi-
larly y, T < xoT and the claim follows. By symmetry x, t=y,t.

(d) If cey, v is singular then (c, a), (b, ¢)¢y1,. Since xT,=y1,, ¢ must
occur exactly once in x,, to satisfy these conditions and the condition that ¢
is a singular letter of x. But this contradicts the assumption that xqax, bx,
is proper.

ProposITION 2: Proper occurrences of singular pairs do not overlap, i. e.
suppose x=Xxqax,bx, and x=y,cy,dy, where the occurrences are proper;
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134 J. A. BRZOZOWSKI, R. KNAST

then either |xo| 2 |yocy,d| or |yo| 2 | Xoax, b|, and a, b, ¢, d are all distinct.

Proof: Without loss of generality, assume that |x,| < |yo|. Then cy,d is
to the right of x, Suppose first the overlap has the form b=c and
x=xqax, by, dy,. Then b¢(x,ax,)t because (a, b) is inner as shown and
b¢ (y,dy,) because (b, d)=(c,d) is inner as shown. Hence b is a singular
letter, contradicting that (a, b) is a singular pair. Thus this type of overlap
cannot occur. Next suppose X=x,ax,,¢X;,by,,dy,. We know a#b and
c#d. Also c#b since b¢(xgax,,cx,,)T because (a, b) is inner. Also
cé¢(x,,by,,dy,) T because (c, d) is inner. Hence (c, b) is a singular pair of x,
contradicting that the occurrence of (a, b) is proper. Again, this type of
overlap cannot occur. Thirdly, if a=c, then x=x,ax, by,,dy, and the occur-
rence of (a, d) cannot de proper. This is a contradiction. Similarly we can’t
have b=d. Finally, we can’t have (c, d) occur in x; because the occurrence
of (a, b) is proper. Hence, no overlap can occur.

We already know that a#b, a#c, b#c, b#d, and c#d. One verifies also
that a#d.

4. ALIGNMENT OF SINGULARITIES

We introduce the following notation to reduce the number of cases that
have to be considered. Let:

uawbv
represent the usual word uawbv, with a, be 4, or the word uav. The latter
case occurs when w=1 and a=b. Frequently it is possible to handle both
cases by the same arguments, and this notation permits this.

ProrosiTION 3: Let x=Xx,ax,bx, be a proper occurrence of (a, b). Suppose
Y~ x and y=yq,ay, by, where the occurrence of (a, b) is inner. Then either
the occurrence of (a, b) in y is proper or ay, b contains exactly one proper
occurrence of a singular pair of x.

Proof: Suppose (a, b) in y is not proper. By Proposition 1(d) y, has no
singular letters; hence it must have at least one singular pair. Suppose it has
two proper occurrences of singular pairs. By Proposition 2 they do not
overlap, so y has the form:

Y=Y0@10CY114Y12€V13fV14bY2s

where (¢, d) and (e, f) are the two proper occurrences. Now (d, )€y 1,=x1,;
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GRAPH CONGRUENCES AND PAIR TESTING 135

(b, e)¢yt, because b is leftmost and e is rightmost; (d, a)¢ y T, because a is
rightmost and d is leftmost.

Thus (e, b) and (a, d) are singular pairs of x. Therefore d¢ x,t, and d¢x; T
because x,ax, bx, shows a proper pair (a, b). Similarly e¢ x, T and e¢x, T.
Hence (d, ) cannot occur in x. This is a contradiction, showing that exactly
one singular pair can be proper in y,.

ProposITION 4: Let x=Xxyax, bx, be a proper occurrence of (a, b) in x.
Suppose that x ,~ y but y has no proper occurrence of (a, b). By Proposition 3
y has the form y=y,ay,,cy,, dy,, by, where the occurrence of (a, b) is inner,

either as#c or b#d, and the occurrence of (c, d) is proper. Then:

x=x°1 chZ axl ble dxzz

where the occurrence of (c, d) is inner.

Proof: Observe that (a, d)ey1, but (d, a)¢yt, because a is rightmost and
d is leftmost. Hence (a, d)ext, and (d, a)¢ xt,. Thus d¢ x,t. Also d¢x; 1
because the singular pair (a, d) would appear in ax, b and the latter is
assumed to be proper. Thus de(bx,)t and x=xqax, bx,,dx,,, where
d¢x,, 1. Similarly, (¢, b)ex1,, (b, c)¢x1, and xga=xqy; cxg,a, giving the
desired form for x.

LemmMA 1: Let x ,~ y, where x and y are coterminal paths in a graph. Then
there exists y'~y such that a proper occurrence of a singularity exists in x iff
it exists in y’. Further, if x=xqax,bx, where (a, b) is proper, then
V' =yoax, by;.

Proof: (i) If x=x, ex, where e is a singular letter, we must have y=y, ey,,
since the occurrence of a singular letter is always proper.

(ii) Suppose x=xqax,bx, and y=y,ay, by, where both occurrences are
proper. By Proposition 1(b), x; T < x,T(\ X, T and xoT=yT, X, T=y,T by
Proposition 1(c). Thus x;T < y,TNy,T. Also y;T< yotMNy,T. Since x;
and y, are coterminal paths, we can apply Rule (1 a):

y= (o a) yy (by;)~(o a) x (by)=)".

(iii) Suppose y is as above, but the occurrence of (g, b) is not proper. Then,
by Proposition 3:

Y=Y0aY10¢V114¥12 by, (3)
where (c, d) is proper and (q, b) is inner and either a#c¢ or d#b or both.
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136 J. A. BRZOZOWSKI, R. KNAST
Then, by Proposition 4:

x=x°1 CxOZ axl ble dx22, (4)

where (a, b) is proper, (c, d) is inner and either a#c or b#d or both.
Case 1: a#c¢, b=d
We have the following factorizations:

X=2Xq; CXg, aX, bx,,
Y=Yo @10 €¥11 bya.
Let u=y,qcy.; by,, so that y=y,au where a is rightmost. Then ad¢ut

and (x4, a)T ¢ ut. However, (x4,a)T < yT because x ,~ y implies xt=y1.
Therefore there must exist precisely one suffix w=eyy,au of y such that

(x028)T = w1 but (x4,a) T ¢ (yo, au) T, Where y,, a denotes y,,a when e#a
and y,,a=1, when e=a. Note that e¢(yy,au)T and also that e must be a
letter of x4, a; let x4, a=Xxg, exg, a, where e¢ xg, 7. Then:

X =x°1 CxE)z exg2 axl be,

Y=VYo1€Vo2 W10CY11by2=yo1 W.

Consider the loop h=ey,, ay,, cxy,. We claim that this loop can be inserted

after y,; in y by using Rule (14). For we have (eyg,ay,0¢)T < w1t by the
definition of w above. Also x5, T < (xg,a)T = wt. Thus ht1 c wr.

Next we must verify that ht < y,, . By construction e is rightmost in y.
Thus f e(cx5,) T implies (f, e)exT,=y71, and feyy, t. Hence cxg, T < yo, T
In fact we have (x4,)T < yo; T by the same argument. Now fe(eyq,ay0)T
implies (f, c)eyt,=x1, and fex,, T because c is rightmost in x as shown.
Thus fey,, 1. Altogether, At < y,, T. Inserting two copies of the loop h we
have:

Y=Yo01€Va28V10¢Y11 by,

~Yo1 (Y02 V10 Cx62)2 €Y02@V10¢Y11 by,
=JYo1 ‘M(ylo cxﬁzM)ZJ’m cy11 by,
Let z; =y, V028, P=Y10C, §=X¢2 €0, a, 2=y, and z,=by,. Then:

y~2z, (pq)* pzz,.
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We now show that zt < z; Tz, 1. In fact, fey,,t implies (c, f)eyt, and
so (f,¢) in yt,=x71, because (c, b)=(c,d) is proper in y. Thus
f€Xo1T <017, and we have fez, 1. Therefore zt < z, 1. Similarly fey,, t
implies (f, b)ey1, and (b, f)ey,. Hence fey,tand z1 < z, 1.

Let z’=x,. Then x, T = z, TN z, T by similar arguments. We are now in a
position to apply Rule (1 b):

y~z1(pq)* pzz,
~z,(pg)* 2 z,
=Yo1 %2_“()’10 CXo2 M)z xy by,
=[yos (E)M)ﬁo C"bz)2 eyozlax by,
=yiax, by, =y’
which has the desired form. We can also write:
Y =Yo1 €02 8 ax, by, =y, g* ax, by,,

where g=ay,,cxg, ey,. Recal that proper singularities do not overlap. In
Y=Yoay,0CY11 by, we have the proper singularities in yyay,, and in y, and
the pair (c, b). By Proposition 3 the segment ay,,cy,, b has only one proper
singularity; hence there are none in ay,,. Now in y’ we have the proper
singularities of y,ay,, and y, and the pair (a, b) which replaced (c, b). The
segment g is free of singularities, since each pair (f, f')egt x g1 appears at
least twice in g2 if f#f’, and g2 can’t have any singular letters. This leaves
the possibility that there is a proper singularity in y,g of the type fey,r,
f'egt. But g1 < yy, T < yot. Hence either (f', f)ey,T, and (f, f*) is not
singular, or (f, f')ey, 1, and the singularity in y,g was not proper. Thus y’
has only the proper singularities of y with (c, d) replaced by (a, b).

Case 2: a=c, b#d

This follows by left-right symmetry from Case 1. This time a loop is
inserted on the right side and Rule (1 ¢) is applied.
Case 3: a#c, b#d

Proceed as in Case 1 inserting first the left loop, then the right loop, and
apply Rule (1).

In all cases of (iii) we can transform y into y’ in such a way that the proper

singularities of y’ are the same as those of y except that (c, d) has been
replaced by (a, b). Now consider two words x, ye A* such that x,~ y.
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138 J. A. BRZOZOWSKI, R. KNAST

each singular letter of x must also be a singular letter of y and vice versa.
Also, if (a, b) has a proper occurrence in x then either (a, b) is also proper
in y, or {(a, b) occurs in y with another proper pair (¢, d), as in Propositions 3
and 4. As shown above, we can find )’ such that "~y and the singularities
of y’ are those of y, with the exception that (c, d) has been replaced by (a, b).
By repeating this process we find )"~y such that y’ has exactly the same
singularities as x. It is easily verified that these singularities must appear in
y’ in the same order as in x. Thus we may assume at this point that x and y
have the same singularities and that they have the form:

X=XgS, X153 « « « Sy X
y=y081y1 52 oo Smym,
where m=0, x;, i=0,...,m, do not have any singularities of x and either

s;=e, ec A, or s;=aw;b is a proper singular pair of x.

5. SEGMENTS BETWEEN SINGULARITIES

Refer to the factorizations of x and y above that show all the proper
singularities. In this section we will show that the segments y; between proper
singularities can be replaced by the segments x; by using only Rule (1). The
main result here is Lemma 2, but we need several preliminary results first.

PropPOSITION 5: Let:
X=Xy X; X3=(Xq58y - . . X;S) Xiv1 (Sie 1 Xi42 - S X
i20, m=0, where X, =Xx¢5; ... X;S; X;=X; 41, and X3=(8;41Xi42 - - - S Xm)s
and let:
y=}_’.1J—;2)73=(yosl e YiS) Yir1 Six1Visz - SmVm)

be similarly defined, where x ,~ y, x and y are coterminal, and x and y have
the same proper singularities. Then x, and y, are coterminal and

X1 T=y1 7, X3T=)3T,

(;1 3?2)'5:()71 )72) T, (;2 ;3)’5:()72)73) T.

Proof: If x has no proper singularities then x,=x and y, =y and the claims
easﬂy follow. If x has exactly one smgulanty then either x1 =1, x2 =Xq,
x3—s1 X, OF X;=X,58;, X,=x;, and x3=1. In the first case y, =1, y,=y,
and y,=s, y,. Again the claim is easily verified here, and the second case is
symmetric. The general case follows easily with the aid of Proposition 1(c).
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ProrosiTiON 6: Let x€ A* have the factorization:
X=Xq X3 X3=Xq X33 X33 X3,

where X,=X,,aX,,, a€A, and a¢(x,x,,)1. If x, has no singularities of x,
then:
(x210) T < (X322 X3) 7.

Proof: Since a appears in x, and x, has no singularities of x, we have
(a, a)e x1,. Because a¢(x, x,,)T, we must have ae(x,, x;)T. Also e€x,, T
implies (e, a)e x, T,. Since x, has no singularities of x, we have (a, e)ex 1,
and ee(x,, x3)T. Thus (x,, @)t < (x;,Xx3) 7.

ProposITION 7: Let x, y€ A* have the factorizations:
X=Xy X3 X3=Xy Xpq AX33 X3,
Y=Y1Y2Y3=Y1¥210Y22)3
where x, and y, have no singularities of x, and x,=X,,aX53, Y3 =V3; V33,
acA, ag(x;x)TU01Y0)T Then (X, x3)T=(2¥3)1 implies
(x22%3)T=(2203) T

Proof: (X53%3)T=(X5,8X,,X3)T=(Xx,x3)T by Proposition 6. Similarly
(¥2273)T=(r,y3) T and the claim follows.

Lét x, ye A* be such that xt=yt and let B be a given subset of x1. Let x
and y be prefixes of x and y respectively. The pair (x, y) is called a B-pair
iff:

Xt=y1>B.
Let Py(x, y) be the set of all B-pairs of x and y. This set is nonempty since
(x, y)€ Pg(x, y). Define the binary relation < on Py(x, y) by:

(x1, 1) S (x2,¥3) iff |x1|§|x2| and |}"1|§|Y2|~
One verifies that < is a partial order on Pg(x, y).

ProrosiTiON 8: Py (x, y) has a unique minimal element with respect to <.
Proof: Because P is finite it suffices to show that for all plf(x,, Y1)
p,=(x,, ¥,) in Pg(x, y) there exists p=(x, y)e Pg(x, y) such that p<p, and

PEp,. I py<p,, let p=p,. If p,<p,, let p=p,. Now suppose neither p, <p,
nor p, <p,. Suppose also that |x, | >|x,|. Then, since p; p,, we must have
|¥1] <|y2|. Now:

XpaTC X, T=Y TCT Y, T=X,7T.
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Let p=(x,, ¥;). Then p is a B-pair and p<p,, p<p,. Similarly, if | x, | <|x,|,
then |y, | > |y,|. Let p=(x,, y,); then p is the required B-pair. Finally the
case | x, | = | x, | cannot occur, for then either p, <p, or p,<p,.

LemMma 2: Let x and y be coterminal paths such that x ,~ y and suppose
that x and y have the factorizations:

X=Xy X3 X3, Y=XY1Y2¥3»
where x, and y, are coterminal and do not contain any singularities of x and:
X1 T=) T, X3T=)y3T,
(x1x)T=01 YT, (x2x3)t=(23) T

Then y~y;x, ;.

Proof: The proof proceeds by induction on |x, | + |y, |.
Basis: | x,| + |y,| =0

Here x,=y,=1and y=y, 1y;~y, x,y;.
Induction Step: | x,| + |y,| >0

We assume that the lemma holds for all cases where |x2| + ] y2| <k.
Suppose now that |x,| + |y,| =k+1. The proof will be decomposed into
several cases.

Case 1: x, T x tand x,T < x371

Here y,t< (3, y)t=(x;x,)T=x,Tt=y,7. Similarly y,tcy;t. Also
X,T< y;T(\y3T. By Rule (1a):

Y=¥1Y2V3~r1 X2 V3.
Case 2: x,t ¢ x; 1

Note that y,t ¢ y, 1; otherwise:
X3 T < (X X)) T=(¥1 ¥2) T=)1 T=%1 T,

which is a contradiction. Let a be the first letter of x, from the left that does
not appear in x,. Similarly let b be the first letter of y, from the left that is
not in y,. Then x,=Xx,, ax,,, y,=¥,, by,, and

X=X, X,y X3, X3, where aé¢(x;x;;)T=x;1, (5
Y=Y1Y21bys,ys,  where b¢(y,y,)T=y 7 (6)
We consider next two subcases.
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Case 2.1: a=b

Here we have:
Y=V1Y218V22V3 where a¢(yyy,)t=y1, (N

and x is as in (5). Now x,, and y,, are coterminal and x,, 7T, y,; T< y; T.
By Proposition 6, y,;T<(y,,y3;)t. By Propositions6 and 7,
X317 © (X322 X3) T=(¥22¥3) T. By Rule (1a):

y=01) 021) @2253)~ 1) (x21)(@V22¥3) =Y. (8
Now let x]=x, x,, a4, X5 =X,,, and x5=x5. Then:
X =X1 X5 X3=(x; X3 @) (X2) (x3). %)

Similarly, let yi =y, x,, a, y3=¥,,, and y;=y;. Then:
Y=y152Y3=01%318) (¥22) 3)- (10)

We verify the 4 conditions of the lemma:
(D) x1t=(x;X318)T1=( X5 0)T=)] T
(i) (x3x2)T=(%;X)T=(,¥2)T=(1y2)T.
(ii)) x3T=X3T=y;T=y3T.
(V) (x3Xx3) T=(%2,X3) T=(y22¥3) T=(y2¥3) T by Proposition 7.
Note that x, is a proper factor of x, and y; is a proper factor of y,.

Hence x, and »; do not contain any singularities of x. Evidently
x5 |+ |y3] < |x,| + |y, | and we can apply the induction hypothesis:

YV =Y1YaYs~YI X3 Y3=Y X321 0X22Y3=Y1 X, V3.
Altogether y~y"~y, x, y; and the induction step goes through in this case.
Case 2.2: a#b

Refer to (5) and (6). Since be(y, y,)tT—y; T=(%; X,) T—Xx,; T we must have
bex,,t. Similarly aey,, 1 and:

X=X1 X X3=Xy (X1 aXx3,) X3=X, X5, a(s, bs,) X3, (11)
where x,,=s, bs, and b¢(x, x,; as;) 1, and
Y=y1Y2Y3=y1 021 b¥22) y3=Y1y21 b (t; at;) ys, (12)

where y,,=t, at, and a¢ (y, y,, bt,) T. In other words the leftmost appearan-
ces of b in x and a in y are shown.
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Let (as;)tU(bt))t=B. The prefixes x;x, of x;x, and y,y, of y,y,
satisfy:

(xy x3) t=(1 y) T 2 B.

Thus (x, x,, y, ¥,) is a B-pair. By Proposition 8, there exists a minimal B-pair
(x, ). Since be B and b ¢ (x, x,, as,)T we have:

|x; %385, b| < |x] £ | %y %] (13)
Similarly

|y1y21bt1a|§|)7[§|y1y2|. (14)
Let ¢ be the last letter of x and d the last letter of y, and let x=pc and
y=qd. We claim first that ¢ #d. Note that c¢pt, for otherwise the pair (p, )
would be a shorter B-pair. Similarly d¢gt. Assume now that c=d. If c¢B,
then (p, q) is a B-pair, contradicting the assumption that (pc, gc) is minimal.
Thus ce B=(as, bt;)t. Since |x, x,,as;b|<|pc| and c¢pt, the condition
cé(as; b)t implies c=b. But then ce(y,y,, bt,)T and y, y,, bt, is a proper
prefix of y. This implies ce gt which is a contradiction. Hence we cannot

have ce(as, b)t and we must have cet, 1. This is again a contradiction of
the fact that c ¢ gt. Therefore c#d.

From (13) and (11) it is clear that either ¢=b or c#b and ces,. Both
cases can be handled by the notation:

DPC=X;X,,as, bs,,. (15)

For if c=b, let s,, =1. Otherwise let s,, be the shortest prefix of s, that
ends in c. In either case let s, =s,, 5,,. Similarly:

qd=y,y, bty aty, (16)

where t,=t,,t,, and t,, =1 if d=a, and t,, is the shortest prefix of ¢, that
ends in d, otherwise. Now let:

f=as, bs,,,
g=bt, at,,.
We now arrive at the decompositions of x and y:
X=X;XyX3=Xy Xy AX55 X3=X; X5, as; bs, x5
=Xy X33 85y bSy1 S22 X3 =X1 X3y fS35 X3=pCS35 X3, (17)
Y=Y1Y2Y3=V1V21bY22¥3=y1y21 bt at, ys
=y1¥a1 bt aty t,Y3=y15218t22¥3=4dty, 5. (18)
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Consider next where ¢ can appear in y. Since ce(pc)t=(qd)t, we must
have ce(y,y,, bt, aty)t. If ce(y,y,,)7 then cex, 1 and cept which is a
contradiction. Hence ce (bt, at,;)t=gt. Similarly de(as, bs,,)t=f 1. Let:

f=as, bs,;=u,du,c, where dé¢u,Tt, (19)

g=btiat,, =v,cv,d, where cé¢v,T. (20)

In other words we take the rightmost appearances of d in f and c in g. We
now have the factorizations illustrated in Figure 2. Of necessity, the figure
shows a particular case and should only be used as a visual aid.

We will deal with the factorization:

x=x1 X5 X3=(X; X1 f)(522) (X3)s (21)
where X1 =X, X5, f, X5 =8,,, X3=x3. We begin with:
Y=Y1 Y21 822 V3

and we will show that y ~y” where:

Y =y132Y5=01 %21 [)(v2dt35) (¥3), (22)

where | =y, x,, f, ¥3=0,dt,,, and y3=y,. The proof is given in Lemma 3
below. Assuming this result we next show that all the conditions of Lemma 2
apply to (21) and (22).

First, x, =s,, is a proper factor of x, and y}, =v,dt,, is a proper factor of
y,. Hence x) and y) contain no singularities of x. Second, x, and y) are
coterminal. Third, y~)’ (Lemma 3) implies y ,~ y’ and so x ,~ y’. Finally,
we verify the four conditions on the alphabets of the factors:

(i) x1T=(xy X31 f)t=1 %3 fr=yit
(1) (xyx5)T=(x, X)) T=(, ) 1=(qd)TUt;;7
=EATUty1=0x; %3y f)TUlp;1
=1 %1 N)TU L t=1X3 )TU@d)TU LT,

because (v,d)t = (¥, y,) 1. Therefore:
(X1 X3) T=(1 X21 foadt20) =01 ¥ T
(iii) X3T=X3T=Y3T=)3T.

(iv) Since y; ends in f which ends in ¢, ee(y,y3)t implies
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Figure 2. — Tlustrating Factorizations of x and y.

(c, e)ey’1,=x71,. Hence ee(s,,x;)t, because c¢pt. Therefore

(02¥3) T = (x3 x5)
Conversely:

T.

(x3x3) T=(522%3)T < (X3 X3)T=(y2¥3) T=(V21 82, ¥3) T.
By Proposition 6 applied to the letter d in g, (¥,,8)t < (t,,5)T. Hence
(x2x3)T = (t323) T = (2 ¥3) T Thus (x3x3)t=02y3) T
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Now all the conditions of Lemma2 are satisfied. Since
|x5| + |¥2] <|x2| +|»2|, the induction hypothesis applies and

Y =Y1YaYa~YI X2 Y3=Y1 %21 fS22V3=V1 X2 V3
Therefore y ~y’~y, x, y as claimed, and the induction step goes through.

Case 3: x,T ¢ X537
This follows from Case 2 by left-right duality.
Since the induction step goes through in all cases, the lemma holds.

LEMME 3: Let x, y, and y’ be defined as in the proof of Lemma 2. Then

’

y~y.

Proof: (a) We first show that the graph consisting of the edges in
C=f1'\Ugt is strongly connected. Since the node b is connected to aa=fa
by the path t,, all the nodes in the path as,; b are connected to fo. Let
S,y =S5, 55, where s5, is the longest prefix of s, that is connected to f a.
Similarly, a® is connected to ba=ga by s;. Let t,, =t5, t;; where t5; is the
longest prefix of ¢,, connected to g a (see Fig. 3).

f
i —
] | " :
9 o
| |
] |1}
L b b a b2 tar
Figure 3.

Now sy, cannot have any edges in common with asybsy, or bt,aty,.
Otherwise the @ end of the common edge could be connected to f o. Hence:

s51 TN (btyaty) 1=
Also, (pc)T 2 (gd) T, i. e

(1 %51 081 bsy)TU S5 T2 (1 Y21 bty aty ) 1=y y21)TU (bt atyy) T
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Consequently we have:

. (%1 X3y as; bs3;1) T > (v, ¥, bty ath)) 1.
Similarly the reverse inclusion holds and:

(x( X5y asybs5) t=(y;y,, bt; aty)t > B=(as;)T U (b)) .

Therefore (x, x,, asy bsy,, ¥, y,, bty aty,) is a B-pair. However (pc, qd) is a
minimal B-pair. Hence we must have s5, =s,,, t5; =t,,, f ® is connected to
S o and go is connected to ga. Hence the graph is strongly connected since
fand g have a common edge.

(b) In view of (a) there exists paths h and k such that:
hoa=f o, ho=fa, ht < C,
koa=g o, ko=ga, ktcC.
Let f=u,ch and g =v,dk. Then f fg’g is a loop about the vertex
do=go and [’ fg’'g = C. Now:
Y=Y1Y218t2Y3
~¥1y218) fg,g)3 1323
by (la), because (y;y;;8)t1=(qd)t=(tc)t>C, and Cc(t;,y5)t by
Proposition 6. Thus:
~y1Y2:8(" fg,g)3 t22¥3
=y Y21 @) (1) (&f ) f&' 8t12 V3
=12y @MU @ 12 8t22¥3).

Now Rule (1c¢) can be applied, yielding:
Y~y Xy (f2 8f') 18 8t22 Vs
where we have replaced y,, gf by x,;. The alphabet conditions on x,; and
y,, are easily verified. Thus:x, fv, dt,,ys,
Yy % (R 8f) 12882275

=y1 X1 f8'(&f f&)* 82275

~Y1X31 /8’ 8t22¥3 byRule(la)

=Yy X3y fo,d(kvycv,d)ty; ps

~Y1Xyy fo,dty; ys, byRule(la)

=y’.
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Hence the lemma holds.

This concludes the proof of Lemmas 2 and 3. By combining Lemmas 1
and 2 we have the theorem.
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