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ON THE p-ADIC CONTINUATION OF THE LOGARITHMNIC DERIVATIVE
OF CERTAIN HYPERGEOHMETRIC FULCTIONS

by Steven SPERBER and Yasutaka SIBUYA (W)

1. Introduction.

In the p-adic study of Kloosterman and multiple Kloosterman sums [4], [6], a
p-adic cohomology space is constructed which has the structure of an T-crystal.
The connection has, as its associated scalar differential equation, the equation

for the hypergeometric function,
N+1 +1 NI . N+1
ol s oo s 15 Pl gy = %zo(ﬁN x)9/(51)

where ﬂp—l = = p . One of the fundamental results of the theory is that the loga-
rithnic derivative of this function has a p-adic analytic continuation to the
closed disk D(O ’ 1+) . This continuation enables one to prove that the function
N+1 N+1 P
E&):oﬁﬁl,...,l s T xV&hU, cee , 1 ot x )
also continues to the closed disk D(0 , 1+) . Purthermore the unit root of the

L-function assciated with the (multiple) Kloosterman sum

B oE, )= 2wy e (B e v+ B X5 )T
’ tel qm P
1 m
q
(where x € F , ¢ is a non-trivial additive character of F_ deternined by the

unique privitive pth root of 1 which is congruent to 1 + ™ mod ﬁ2 ) is then

given by

Bx) B(:P) ... BGVP)

whore x = x% is the Teichmuller lifting of X .

Our purpose in the present paper is to give a non-cohomological elementary proof
of this continuation. We use the following notation. N denotes the set of natural
numbers. If n 50 93 P € N , then S(n) 0 %5 0 and T(n) = [log n/log pJ,
so that T(n) =r if « #0.

2. Fundanental lemnia

The following lemnma provides us with the basic estinate which will be utilized in

the proof of our main result in the next section.
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2,1. LEMMA, -~ Let

N + 1 S(k) 1.
f (k) T p_1+-N-L(k).
Let €N for 1 &h £M ; let n = ZM Let b, € 2 and 28 B, =N+ 1-1
e I N h=1 b ° n© %0 0 2 Tpeg Pa ‘
Then
<M l z'l
o fN(nh) T “net1 Pn ordnh/f(n)+ordn.
o K (n)
Proof. - Write n, = Zk~s where o #0 , for some h€ {1, ..., M},
\h) i
end where «. ' #0 , for some h & {1, ...,M4} . Thus r?lnlqqu{ord nj=s,
and maxlShQM T(nh) =1t , ‘v\Te deflne inductively integers {r 410 Y 3 Awhere
p=t, 1:*'j =20, p~> 'ngo s as follows
M (n) o .
Zh.—_lws =y, +T P if j =8
(2.2) ( )
+ M h
. DS
rJ +2 net Yj + rj+l p if j>s .

Note that for j = t , we set agh) =0 for all h . Ve define u =t if

rt+l =0 ; otherwise we define u to be the smallest integer k , k>t , such
= > =
that xxikl((;.Thus r 21, for t <hgwu, and rw_l_O.Notethat
Zlfl—sz,] 1 hJ =<4 S(ni) . Also, mwultiplying (2.2) vy pJ and adding these equa-
h
tions from j = s to =1t yields n 221%—5 Y, P 80 that
(2.3) | S(n) =2 v, @) =

Similarly, simply adding equations in (2.2) from j=s8 to j=+t, yields

1 M S
(2.4) —— (O S(m) - 8(m)) =2 oy
We clain
(2.5) ordn <8+ A

where A =0 satisfies s+ A+ 1L =inf{j; > s, T = 0} . We have assumed
(3) . . . _ v 4
o # 0, for some Jj ; thus v #0 or r 70 If r =0, then v, 7 0
so that ord n =s and (2,5) holds. Assuse r_  #0,s0 A21.,Let r
and r . #0 for 1 <k <A, Then (2.2) implies vy, #0 (since

S+ik§ )
2, 3 >0 ), so that ord n <s + A, as clalmed in (2.5).
s+a j=1 “g+n

s+A+l T

It reucins to show

(2.6) 1\—+"1' Zh =s+1 Th * Qlﬁ:l T(n,) - w +21;11=1 Py ord ) 28+ A
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33 > , <h < A 2 - >
since T 2 1 for s+ 1<<h<&s + A, therefore h~° 1 h A Also ord n, s

for all h , and T(nh) =1t for some h , and T(nh) > for all h . Thus

N+ 1sp M L sH
N “h=s+tl 'h _(Z  Tmy) — w2y g 8y ordny)
o 15w _
A gli g Ty Bk
But T, 21, for t+1<h<p, so that Eﬁ a4y Th T W - t which establishes
(2.6) and coupletes the proof of the lemma.
qo‘eo d.
3. Main result.
Consider the linear differential equation
N+1 .
(3.1) & y = xy (8= xd/ax) .

We are interested in the non-linear differential equation satisfied by 1 = 8y/y

where y 1s any solution of (2.1). If we denote ﬁi = oF y/y for i 21, with

ﬂl =i, then ﬂi = oﬂl + ruk so that if y satisfies (3.1), namely TN+1 =X ,
then 1| satisfies (o + q) (1) = x , or more explicitly
i
. ar 2 N-1 N
(3.2) 2 C(4) ﬂ GO I Chunlt ) I

where C(i) € Z>0 , and the sum is taken over N-tuples i = (il y see iN) of

non-negative integers satisfying

N .
(3.3) Zkzl klk =N+ 1.

i
If N 20, then (3.2) has a unique formal power—-series solution TN(x) = Z:;l a; x

with zero constant terni.. In fact, the coefficients {ai} of this unique formal

izt
power-series solution satisfy the recursion

(3.4) .
2 a = 2 o(i) 2 HI}LI “n

were I, =0, I = Z , iy for 1 £k SN 3 (= IN)—ZN i. 3 k =k, for

J h
I + 1 <hgI H the outer sui is as before, (3.3) ; the inner sum runs over

k+l ’
M
M-tulﬂ es of positive integers (n; , ..., my) satisfying 2y ) m =n . Note that
ZM = g:t klk L= =N+ 1~-M . We scale our coefficients via b = (n §)N+1 8

1
and efxect this by nultiplying (3.4) by (n 1) N+ , yielding

(b, =1
(3.5) ] k.
E‘an =2 ¢(1) 2(n ’/ﬂ -N+lﬂﬁ_1bnhnh , n> 1.

We now show by induction that

(3.6) ord b ™k) , for all k ,

k/
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Assune (3.6) for k <n . Then by (3.5), (3.6) is established for k = n provided

i M) + (s 1)(2? , 8(n ) - 5(n)) +-A Lk, ordm 27(n) + Nordn .

But this is precisely the assertion of lemwa 2.1. Summarizing, we have proved the

following result.

3.7. THEOREM,., — Let TN(x) = 1
zero constant term satisfying (3.2). Then ord(n ! a ) > T(n) .

i ; .
a; X be the unique power-series s>lution with

In [4] and [6], an F-crystal is constructed to study the p-adic properties of
the Kloosterman and multiple Kloosterman suus. We consider the case of the uultiple

Kloosternan sums
(3.8) KN,m(E , ¥) = > *'Trqu/Fp(%l + eee + EN + E(El ces EN)‘%)

where the suu runs over (%1 y ces EN) € (Fxm)N , ¥ is the non-trivial additive
charactor of Fp (where w(l) is the uniqueq P h root of 1 congruent to 1+ m

mod ﬂ ) and Tr /F denotes the trace. In this case the scalar differential

equation associated w1t£ the connection is
(3.9) gt g = Al oy

the differential equation of the hypergeometric function

F(x) = Byl 5 eeey 13 g = Eg;o(ﬂN+l x)3/(3 )"

th .
where 1 is a uniformizer of the p-—adic field Qp(gp) of p roots of 1 which

satisfies ﬁp_l =-Dp .

3.10. CUROLLARY. - If T(x) = Z;Ll e x (= 6F(x)/F(x)) 4is the unique power-series
- N+1
i

o\
solution of the Riccati equation associated with (3.9), nanely (6 + W) 1= ,

with zero constant term, then ﬂ(x) continues to D(0 ’ 1+)

Pooof. - In fact, T(x) = ﬁ(x/ﬁN+1) is the unique power—-scries solution of (3.2),
so that

o - nm1) o a(1) /(n i+l

n n , (b €0),

(3.11)
ord c, > [1log n/log p] + (1 + 1) S(n)/(p - 1)

which establishes the corollary, describes the rate of convergence with p and

gives a logarithmic lower bound for the rate of convergence on the closed disk.

Remark (i). — The method is somewhat more general than the particular cxzample
given here. In (3.1) and (3.2), the function x on the right side of the equation

. i .
can be replaced by any power-series Z;;l di X with ord dn > T™(n) , or more gene—

rally

ord 4_ = T(n) + ord(n" /(n N+1)
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Renark (11). - In [1] and [2] somewhat uore conplicated exauples are studied and
continuation is provéd cohouologically. Ye do not know how to nodify the arguuent
to prove continuation in these examples using an ele.entary approach. SiLilarly, we
do not know if such an approach can prove continuation of the logarithmic derivative
of 2F1(1/2 , 1/2, 1 3 %) as in [3] and [5].

Remark (iii). - The estiiates we derive in the present article are related to the
radius of wmerouorphy of the unit-root zeta function for nultiple Kloosterr.an sums.
The existence of an excellent lifting of Frobenius for Kloosterman suus [4] irplies
that in this case (N = 1) the unit-root zeta function has infinite radius of me-
ronorphy. The estiuates (3.11) may be useful in setting a good esti..ate of the radiué

of neromorphy for the unit-root zeta function when N > 1 .
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