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ON THE p-ADIC CONTINUATION OF THE LOGARITHMIC DERIVATIVE

OF CERTAIN HYPERGEOMETRIC FUNCTIONS

Steven SPERBER and Yasutaka SIBUYA

Groupe d’ 6tude d’Analyse ultrametrique
G. CHRISTOL, P. ROBBA)

12e année, 1984/85, n° 4, 5 p. 5 novembre 1984

In the p-adic study of Kloosterman and multiple Kloosterman sums ~4~? L~~y a

p-adic cohomology space is constructed which has the structure of an F-crystal.
The connection has, as its associated scalar differential equation, the equation
for the hypergeometric function,

where Tr = - p . One of the fundamental results of the theory is that the loga-

rithmic derivative of this function has a p-adic analytic continuation to the

closed disk D(0 , 1 ) . This continuation enables one to prove that the function

also continues to the closed disk D(0 y 1 ) . Furthermore the unit root of the
L-function assciated ixith the (multiple) Kloosterman sum

(where x E F ~ y~ is a non-trivial additive character of F determined by the

unique primitive p root of 1 which is congruent to 1 + TT mod is then

given by

where x = x" is the Teichmuller lifting of x .

0«ir purpose in the present paper is to give a non-cohonological elementary proof

of this continuation. We use the following notation. N denotes the set of natural

numbers. If n = 03A3rj=0 03B1j pj~ N , then S(n) = 01. , and T(n) = [log n/log p],
so that T(n) = r if 03B1r ~ 0 .

2. Fundamental lemma

The following lemna provides us with the basic estimate which will be utilized in

the proof of ~ur main result in the next section.

( ) steven SPERBER and Yasutaka SIBUYA, School of Mathematies, University of Min-
MN 55455. (Etats-Unis).
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2~1. LEMMA. - Let~

Let nh ~ N for M ; let n = 03A3Mh=1 nh . Let Z0 , and 03A3Mh=1
Then

Proof. - Write nh = 03A3tk=s 03B1(h)k pk where 03B1(h)s ~ 0 , for some h ~ {1 , ... , M} ,

and where 03B1(h)t ~ 0 , for some h 6 {1 , ... , M} .
and max1hM T(nh) = t . We define inductively integers j} j=s where

  t , rj  0 , y p &#x3E; 03B3j  0 , as follows .

J J 

Note that for j &#x3E; t , we set 03B1j =0 for all h. Ue define  = t if

rt+l = 0 ; otherwise we define  to be the suallest integer k, k &#x3E; t , such

that :k+l =0 .Thus rh ~ 1 , for t  h ~ ... , and r 1 ~ 0 . Note that
ct: ( J ) 

11 +1 
J"h = 03A3Mi=1 S (ni) . Also, multiplying (2.2) by P and adding these equa-

tions from j = s to j =t yields n ph so that

Similarly, simply adding equations in (2.2) from j = s to j = t , yields

We claim

where ^  0 satisfies s + ^ + 1 = inf{j ; j &#x3E; s , r - 0} . We have assumed

~~~ ~0 , for some j ; thus or r~~O . If r~~=0 , &#x3E; then 

so that ord n = s (2.5) holds. Assume 0 , so 03BB  1 . Let = 0

and r , /" 0 for 
1  k  ^ . Then (2.2) implies y . 

~ 0 ( since

+ 03A3Mj=1 03B1(j)s+^ &#x3E; 0 ). so that ordns+ 03BB , as claimed in (2.5).

It remains to show
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Since rh  1 for s + 1  h  s + 03BB , therefore rh  03BB . , Also ord n &#x3E;s
for all h, and T(nh) = t for some h, and for all h. Thus

But 1 , for t + 1 ~ so that rh ~ ~ - t which establishes
1 ’~ ~’ ’ =s+ 1 h

( 2 . 6 ) and completes the proof of the lemma.

q., e. d.

3. result.

Consider the linear differential equation

are interested in the non-linear differential equation satisfied by  = 
where y is any solution of (3’l) If we denote o y/y for i ~ 1 , with

1 = ’i ~ then = °B + so that if y satisfies (3.l)y namely = x ,

then 11 I satisfies (o + (it) - x or more explicitly

where C(i) and the sum is taken over N-tuples i == (il ’ y ... ,iN) of

non-negative integers satisfying

If N ~0 y then (3*2) unique formal solution T)(x) = ~._~ a. x
with zero constant term. In fact, the coefficients {ai}i1 of this unique formal

power-series solution satisfy the recursion

where 10 = 0, 1~ for = I1;=1 ij; kh = k , for

I k + 1  h  1k+l ; the outer sum is as before, (3.3) ; the inner sum runs over
M-tuples of positive integers ... , nM) satisfying 03A3Mh=1 nh = n . Note that

k- =1 ", kik+1 = + - ri . we scale our coefficients via n = n : )N+1 a
and effect this by multiplying (3.4) by (n )N+1 , yielding

We now show by induction that
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Assume (3.6) for k  n . Then by (3.5), (3.6) is established for k = n provided

But this is precisely the assertion of lemma 2. I. Summarizing, 1ve have proved the

following result. 
,

3 . 7 . L e t 11( x ) = 03A3~i=1 a. xi be the unique es splution with
zero constant term satisfying (3 .2) . Then ord(n I an) .::. T(n) . 

’

In [4j and [6j, an F-crystal is con,structed to study the p-adic properties of

the Kloosterman a"nd multiple Kloosterman sums. We consider the case of the multiple

Klooateruan suns

where the SUB runs over ... , 
E is the non-trivial additive

character of F (where 03C8(1) is the uniqueq pth root of 1 congruent to 1 + n

mod T(2), ’ and TrF m/F denotes the trace. In this case the scalar differential

equation associated with the conn-ection is

the differential equation of the hyper geometric function

where ’11 is a uniformizer of the p-adic field Qp(03B6p) of pB’Il roots of 1 which

satisfies ~ ’020141 =-p . 
~ 

3.10. If ’fí(x) = ¿-1 ö ôF(x)/F(x)) is the unique power-series
solution of the Riccati equation associated with (3.9)? , namely ( v }’, + ~ = 03C0

N+ 1 
x,

with zero constant term, then (x) continues to 1+) .

Proof. - In fact, îl(x) = (x/03C0N+1) is the unique power-series solution of (3.2),
so that

which establishes the corollary, y describes the rate of convergence with p and

gives a logarithmic lower bound for the rate of convergence on the closed disk.

The method is souewhat more general than the particular example

given here. In (3.1) and (3.2), the function x on the right side of the equation

can b8 replaced by any power-series 03A3~i=1 di xi with ord dn  T(n) , or more gene-
rally 

z n
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Renark (i1). - and [2J sonewhat more complicated exauples are studied and
continuation is proved cohomologically. 1;Je do not know how to uodify the argument
to prove continuation in these examples using an elementary approach. Similarly, we

do not know if such an approach can prove continuation of the logarithmic derivative

of ~(i/2 , 1/2 , 1 ; x) as in [3] 

Remark (iii). - The estimates we derive in the present article are related to the
radius of meronorphy of the unit-root zeta function for multiple Kloosterman sums.

The existence of an excellent lifting of Frobenius for Kloosterman suns [4] implies
that in this case (N = 1) the unit-root zeta function has infinite radius of me-

romorphy. The estimates (3.11) may be useful in getting a good estimate of the radius
of meromorphy for the unit-root zeta function when N &#x3E; 1 .
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