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THE ZIQQURATH OF EXACT SEQUENCES 
OF «-GROUPOIDS

by S. KASANGIAN, G. METERE and EM . VITALE

RÉSUMÉ. Dans ce travail nous étudions la notion de suite 
exacte dans la sesqui-catégorie des n-groupoïdes. En utilisant 
les produits fibrés homotopiques, à partir d’un n-foncteur en
tre n-groupoïdes pointés nous construisons une suite de six (n- 
l)-groupoïdes. Nous montrons que cette suite est exacte dans 
un sens qui généralise les notions usuelles d’exactitude pour les 
groupes et les gr-catégories. En réitérant le processus, nous 
obtenons une ziggourat1 de suites exactes de longueur crois
sante et dimension décroissante. Pour n =  1, nous retrouvons 
un résultat classic du à R. Brown et, pour n =  2, nous retrou
vons ses généralisations dues à Hardie, Kamps et Kieboom et à 
Duskin, Kieboom et Vitale.

RÉSUMÉ. In this work we study exactness in the sesqui- 
category of n-groupoids. Using homotopy pullbacks, we con
struct a six term sequence of (n-l)-groupoids from an n-functor 
between pointed n-groupoids. We show that the sequence is ex
act in a suitable sense, which generalizes the usual notions of 
exactness for groups and categorical groups. Moreover, iterating 
the process, we get a ziqqurath2 of exact sequences of increasing 
length and decreasing dimension. For n =  1, we recover a clas
sical result due to R. Brown and, for n =  2, its generalizations 
due to Hardie, Kamps and Kieboom and to Duskin, Kieboom 
and Vitale.

1. Introduction

This work is a contribution to the general theory of higher dimensional 
categorical structures, like n-categories and n-groupoids. Examples 
and applications of higher dimensional categorical structures abound 
in mathematics and mathematical physics; the reader in search of good

Financial support: FNRS grant 1.5.276.09 is gratefully acknowledged.
2000 Mathematics Subject Classification: 18B40, 18D05, 18D20, 18G50, 18G55. 
Key words and phrases: n-groupoids, homotopy pullbacks, exact sequences. 

xLes Ziggourats (ou Ziggurats) étaient des temples en forme de pyramide à gradins 
répandus auprès des habitants de l’ancienne Mésopotamie [14].

2Ziqquraths (or Ziggurats) were a type of step pyramid temples common to the 
inhabitants of ancient Mesopotamia [14].
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motivations can consult the books [5, 10, 11]. We focalize our atten
tion on the study of homotopy pullbacks in the sesqui-category of n- 
groupoids and, more precisely, on the notion of exact sequence that can 
be expressed using homotopy pullbacks.
The problem we take as our guide-line is to generalize to n-groupoids 
a result established by R. Brown in the context of groupoids. Let us 
recall Brown’s result from [1]: consider a fibration of groupoids

F  : A ->► B

and, for ao a fixed object of A, consider the fibre T â  of F  over ao. There 
is an exact sequence

n  li^ao) ► III (A) —̂ IIi(B) —» Ilo^ao) no (A) —> IIo(B)

where II i(—) is the group of automorphisms of the base point and n 0(—) 
is the pointed set of isomorphism classes of objects.
The interest of Brown’s result is that, despite its simplicity, it covers 
several quite different particular cases. We quote some of them:

1. A fibration / :  X  —> Y  of pointed topological spaces induces a 
fibration

F = n 1( / ) : n 1( x ) - ^ n 1(y)

on the homotopy groupoids; the sequence given by F  is the first 
part of the homotopy sequence of / .

2. For G a fixed group, any extension A  —» B  —> C  of G-groups 
induces a fibration

F: Z l (G, B) Z 1(G, C)

on the groupoids of derivations; the sequence given by F  is the 
fundamental exact sequence in non-abelian cohomology of groups.

3. Let R  be a commutative ring with unit, and consider

A =  the groupoid of Azumaya i?-algebras and isomorpshisms 
of R-algebras.
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B =  the groupoid of Azumaya Zi-algebras and isomorphism 
classes of invertible bimodules.

As fibration F  we can consider the functor F: A —> B which 
sends an isomorphism / :  A  -> B  to the invertible A-S-bimodule 
f B , where the action of A  on fB  is given by

A <S>r B  ——^ B  (8)# B ---- ^ B

For X  a fixed Azumaya ii-algebra, the sequence given by F  has 
the form

In n X  A u tX  —> P icX  ~  P icR  —> no(^Fx) flo(A)' —> B rR

(Pic and B r  stay for Picard and Brauer, A ut and In n  are au
tomorphisms and inner automorphisms of R-algebras). Such a 
sequence is an extension of the classical Rosenberg-Zelinsky exact 
sequence.

These examples suggest to look for an higher dimensional version of 
Brown’s result. Indeed:

1. A fibration of pointed topological spaces also induces a morphism 
between the homotopy bigroupoids; a convenient generalization 
of Brown’s result gives then the first 9 terms of the homotopy 
sequence (see [7] for more details).

2. Instead of an extension of G-groups, one can consider an extension 
of G-crossed modules for G a fixed crossed module, or an extension 
of G-categorical groups for G a fixed categorical group, and con
struct a morphism between the 2-groupoids of derivations; from 
such a morphism one can then obtain an exact sequence in non- 
symmetric cohomology of crossed modules or categorical groups 
(see [4] for more details).

3. The functor F: A —> B of Example 3 can be easily modified so to 
have a morphism of bigroupoids:

B =  the bigroupoid of Azumaya R-algebras, invertible bi
modules, and isomorphisms of bimodules.

- 4  -



KASANGIAN, METERE & VITALE - ZIQQURATH OF EXACT SEQUENCES OF n-GROUPOIDS

A =  the bigroupoid of Azumaya i?-algebras, isomorphisms 
of i?-algebras, and natural isomorphisms. A natural isomor
phism

/

9

is an element (3 of B  invertible with respect to the product 
and such that ¡3 • f(a ) = g(a) • ¡3 for all a G A.

The morphism F : A —> B is defined on a natural isomorphism /3 
by

F (/3 ):f B ^ gB F(/3)(x) = P ■ x.

(More in general, one can consider as F  the inclusion of enriched 
categories, equivalences and natural isomorphisms into enriched 
categories, invertible distributors and natural isomorphisms.)

W ith these examples in mind, we have developed the theory needed 
to state and prove our generalization of Brown’s result: consider an 
n-functor F: A — B between pointed n-groupoids and its homotopy 
kernel K : K — A

i- there is an exact sequence of (n-l)-pointed groupoids

iii(K) iii (A) ni(B) -> n0(K) -> n0(A) ^  n0(B)

ii- since n 0 and IIi preserve exact sequences and commute each other, 
we can iterate the process and we get a ziqqurath of exact se
quences

three pointed n-groupoids 
six pointed (n-l)-groupoids 

nine pointed (n-2)-groupoids

3 • n pointed groupoids
3 • (n+ 1) pointed sets

a :

- 5 -
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In particular, for n =  1 we obtain the two-level ziqqurath of Brown and, 
for n =  2, the three-level ziqqurath of [7] and [4].
The paper is organized as follows:

- In Section 2 we give the inductive (=  enriched style) definition 
of n-Cat. We recall the definition of homotopy pullback and we 
prove that n-Cat is a sesqui-category with homotopy pullbacks.

- Section 3 is devoted to the definition of the sub-sesqui-category 
n-Gpd of n-groupoids, which is closed in n-Cat under homotopy 
pullbacks.

- In Section 4 we define exactness in the sesqui-category of pointed 
n- groupoids.

- The sesqui-functor IIq1̂ : n-Gpd —>• (n-l)-Gpd is constructed in 
Section 5, and it is proved that it preserves exact sequences.

- Lax n-modifications are introduced in Section 6. We prove that 
homotopy pullbacks in n-Cat also satisfy a more sophisticated 
universal property expressed using lax n-modifications. This new 
universal property is needed in Sections 7, 8 and 9.

- In Section 7 we construct two sesqui-functors I I ^ : n-Gpd* —> 
(n-l)-Gpd* and : n-Gpd* — n-Gpd*, and we prove that they 
preserve exact sequences. (Proposition 7.3 is proved using a result 
contained in the Appendix.)

- Finally, in Sections 8 and 9 we prove the main results: the fibration 
sequence and the ziqqurath of exact sequences associated with an 
n-functor between pointed n-groupoids.

Sections 2 and 6 are a survey of results from [13], they are inserted 
here for the reader’s convenience. All along the paper, several proofs 
are omitted. Some of them are something more than a strightforward 
exercise. The interested reader can find all the details in [12].

- 6 -
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2. The sesqui-category n-Cat

In this section we describe the sesqui-category n-Cat of strict n-categories, 
strict n-functors and lax n-transformations. We also describe homotopy 
pullbacks (/i-pullbacks for short) in n-Cat. The definition of sesqui- 
category can be found in [15], for /i-pullbacks see also [6].

2.1. D efinitio n .

1. 0-Cat is the category of small sets and maps.

2. 1-Cat is the category of small categories and functors.

3. For n > 1, n-Cat has (strict) n-categories as objects and (strict) 
n-functors as morphisms.
An n-category C consists of a set of objects C0, and for every pair 
Co, Cg £ Co, a (n-l)-category C i ( c 0 ,C q ) .  The structure is given by 
morphisms of (n-l)-categories:

I  U <C°> C i( c o ,e o )  C i(co ,C q ) x  C i(c p , eg) C°’C°’C° > C i(c o ,  eg)

called respectively 0-units and O-compositions, with CQ,Cg,Co any 
triple of objects of C. Axioms are the usual ones for strict unit 
and strict associativity.
An n-functor F : C —» D consists of a map F0: Co -* Do together 
with morphisms of (n-l)-categories

: C rico, c'0) ->  D ^ F q C o, F0c'0)

with Co, Cq any pair of objects of C, such that usual strict functo- 
riality axioms are satisfied.

2.2. R em ark . The previous definition makes sense because one can 
prove by induction that n-Cat is a category with binary products and 
a terminal object I.

- 7  -
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2 .3 .  N o t a t i o n .  Cell dimension will be often recalled as subscript: Ck 

is a fc-cell in the n-category C. Moreover, if

C k  : C k - 1  — >  : C k ~ 2  c ' k - 2  : ‘ * * — ^  * * * : c i c i  '• ° o  — >  C q ,

Ck can be considered as an object of the (n-k)-category

• • • [ [ < C l ( c o ,  C o ) ] i ( c ! ,  c[)] J • • • ]  ^ C f c - 1 ,  C f c . j ) .

In order to avoid this quite uncomfortable notation, the latter will be 
renamed more simply Cfc(cfc_i, cjc_1), while C/. denotes the set of all fc- 
cells in C. Finally, O-subscript of the underlying set of an n-category 
and O-superscript of unit u and composition o will be often omitted.

2.4. DEFINITION. Let F, G: C —>• B be morphisms of n-categories. By 
a 2-morphism a  : F  => G is meant:

1. The equality F  = G if n  =  0.

2. A natural transformation a . F  ^  G \i n —

3. A lax ra-transformation a  : F  ^  G if n > 1, that is, a pair (a0, c*i) 
where a o : Co Oi is a map such tha t ao(co) = : F cq —> Gc$, 

and oil =  {ai°’Co}co,ci)eco is a collection of 2-morphisms of (n-1)- 
categories

, Citccbc'o)
Gc°'c<>

D)i ( i ïoCo, -FoCq) <1 Di(GoCo, God0)

(1)
- o a 0c£) \ ^  ¿s'olocqo-

1B>i(FoCo, GoCq) 

satisfying the following axioms:

— (functoriality w.r.t. composition) for every triple of objects

77iC0>̂0 ^  \
1

D>

- 8 -
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Co, c'o, Co of Co,

, Ci(co,Cq) xC i(cq ,C o) , 
id x F i° 'c° /  \  x id

/
C i(co ,C o)xD i(F oC o ,F oC o) idxGl°'c° \  B>i(Goco, G qc!0) x C ifcJ ,, c[>')

x xa* y  ^ xid

Ci(co, Cq) xDi(GoCq, G0c£)

idx  (—ockqCq )

a j 0,c° xid

idx(aoc'0o—).10_\ D)i(-f’oco> Focf0)xC\(cf0, Cq)

(ao coo -)x id

Cl (co, Co) X Di ( F 0Co, G oCq) 

F°°'c'°xid

DiCFqCo, Fqc'0) xD)i(FoCo, GqCq)

(—oaocg)

D i(F o co , Go^o) x C i(c q , <$) 

id x c f ’̂  

HM-Foco, GqcJ)) x D i(G o c[), GqCq)

Di (Fqco, GqCq)
(2)

C l(c o ,C o )  X Ci (Cq,Co)

,, Q ico.cg)

Qc0>c0
Di(FoCo, FoCq) < 1 DiCGoCo^o^')

CKOCO0 —

Di (FoCo,GqCo)

- 9 -
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— (functoriality w.r.t. units) for every object Co of Co,

I I

|« ° ( c o )

C i(co ,co)
p C 0 ,c0

Jz cn»cOa
u  (3)

[aoco] 4 =  [aocol

DiĈ oO), Foco) O i ( G 0C0, Goco)

— OQqC0̂ \ , ^^OtQCQO-

®>l(FoCo,GoCo)

©1(̂ 0 Conoco)

2.5. P r o p o s i t i o n . The category n-C at equipped with lax n-transfor- 
mations is a sesqui-category with h-pullbacks.

Before proving the above proposition, let us recall the universal property 
of the /¿-pullback: consider two n-functors F  : A  —> B and G : C —» B. 
An /¿-pullback of F  and G is a four-tuple (P, P, <2, s)

such that for any other four-tuple (X, M, AT, A : M  • F => N  • G) there 
exists a unique L : X P satisfying L  • P  =  M, L • Q = N , L e = A. 
This universal property defines /¿-pullbacks up to isomorphism.

Proof. We need vertical composition of lax n-transformations and re
duced horizontal composition (whiskering). In fact, according to the 
following reference diagram

P
Q c

p

A
7  1°

—=“*" B
F

E

B -
N

- C
f ,  

F---
4°

- 1 0 -
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we let:
[ u  • a ] o ( c o )  =  loqCq o  a o C o ,

[a; • a]î°’c° =  (a ^ ’c° • (w0C0 o - ) )  • (u ^ ,c° • ( -  o a 0cô)) ;

[N  • a ]0 =  ao(N(b0)), [N • a ] ï° ’b° =  N ^ ’b'° ■ a " b°’Nb'0; 

[a  • L\o =  L(ao(co)), [a  • L)? ’c'0 =  a f ,c& • L ^ ’Gc'°.

These constructions make n-Cat a sesqui-category.
An /¿-pullback in n-Cat can be described as follows.
For n=0, the usual pullback in Set is an instance of /¿-pullback, with 
the 2-morphism e being an identity.
For n > 0, we give an inductive construction of the standard /¿-pullback 
satisfying the universal property recalled above. The set Po is the fol
lowing limit in Set

where s, t are source and target maps of 1-cells. More explicitly,

Po — {(a* bi, Co) s.t. ao G Ao, Co £ Co, fei : Fao —> Geo £ ®i}

P 0( O o A ,C o ) )  =  ao, Q o (O o ,& i,c o ) )  =  c° ’ £ o ( (a o ,& i,c o ) )  =  &i

Let us fix two elements p0 =  (a0,&i, c0) and p'0 = (oq, 6'l5 c'0) of P0. The 
(n-l)-category Pi(po?Po) is described by the following /¿-pullback in (n-

Pc.. „
Po Qo

^£0
A0  ̂ Bi

f b V  ^ tN < y^Go
Bn Bo

C0

1)-Cat:

P i(P o ,P o )
Q P0.P0

• ► C i (cô, c{,)

Gc0,c'0

B i(G co , Gd0)
PO-Po/ : £1 

pPO’P O ■;

Y
Ai(a0,a ’0) -- - - - - - - - - p*- B i  ( F a 0, Fa'0)

p a O 'a O

Bi(Fao, Gcq)

- 11 -
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The units and the compositions in P are determined by the universal 
property of the /¿-pullbacks Pi(po,Po)* ■

3. The sesqui-category n-Gpd

We first define equivalences of n-categories, and we use them to define 
n-groupoids.

3.1. D efinition . An n-functor F: C —» D is an equivalence if

(a) F  is essentially surjective on objects: for each object d0 G Do, 
there exist Co G Co and d\ : F c0 —» do such that, for each c/q G D0, 
the (n-l)-functors

d\ o — : Di(do5 d'0) —>► Di(-Fco, df0)

— o d\ : Di(c?o, F Co) Di(g?q, do) 

are equivalences of (n-l)-categories, and

(b) for each C0,Cq G Co, the (n-l)-functor

F ? '* : C iico ,^ ) ^ B i(F c o ,F < ti

is an equivalence of (n-l)-categories.

Essentially surjective n-functors and equivalences are closed under com
position and stable under /¿-pullback.

3.2. D efinition . A 1-cell c\ : c0 —> cf0 of an n-category C is an equiv
alence if, for each Cq G Co, the (n-l)-functors

Ci o — : Ci(cq,Cq) —> Ci(co,Cq) — oc\ : Ci(cd,c0) —> Ci(cq,Cq)

are equivalences of (n-l)-categories.

3.3. D efinition . An n-category C is an n-groupoid if

(a) every 1-cell of C is an equivalence, and

(b) for each Co,c[> G Co, the (n-l)-category Ci(c0,Co) is an (n-1)- 
groupoid.

- 1 2 -
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3.4. R em ark . In the context of strict n-categories, the previous def
inition of n-groupoid is equivalent to those given by Street [15] and 
Kapranov and Voevodsky [9]. This fact is not easy to prove and a de
tailed proof can be found in [8]. In the same paper we also show that 
Definition 3.1 and Definition 3.2 are indeed redundant. In fact

•  in Definition 3.1, d\ o — is an equivalence if, and only if, — o d\ is;

•  in Definition 3.2, C\ o — is an equivalence if, and only if, — o c\ is.

We denote by n-Gpd the full sub-sesqui-category of n-Cat having as 
objects n-groupoids. The following result is straightforward.

3.5. P roposition . The sesqui-category n-Gpd is closed in n -Cat un
der h-pullbacks.

We denote by n-Gpd* the sequi-category of pointed n-groupoids: a 
pointed n-groupoid is an n-groupoid C together with a fixed object 
★  G Co, an n-functor F: C —>> D is pointed if F(*c) = *©, a lax n- 
transformation a: F  => G is pointed if a(*c) =  Once again, h- 
pullbacks in n-Gpd* are constructed as in n-Cat.

4. Exact sequences

To define exactness, we need a notion of surjectivity suitable for n- 
categories.

4.1. D efinition . An n-functor F: C —» D is /¿-surjective if

(a) it is essentially surjective on objects (see Definition 3.1), and

(b) for each Co,Cq € Co, the (n-l)-functor Ff°'c° is /i-surjective.

Once again, /i-surjective functors are closed under composition and sta
ble under /i-pullbacks. Moreover, an n-functor is an equivalence iff it is 
/¿-surjective and faithful (i.e., injective on n-cells).

-1 3  -
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4.2. D e f i n i t i o n . Let the following diagram in n-Gpd* be given:

o

A — B — C

We call the triple (F, e, G) exact in B if the comparison n-functor

L: A — K*(G)

given by the universal property of the h-kernel (K*(G), K*(G), k*(G)), 
is /i-surjective.

Observe that for n =  0 this is the usual definition of exact sequence of 
pointed sets, and for n =  1 this is the notion of 2-exactness introduced 
in [17] for categorical groups. In fact, for n — 1 /i-surjective precisely 
means full and essentially surjective.

its /¿-kernel, that is the h-pullback

K * ( F f —

'xy \r 
i  * *" ®

A x î \
L = B —g-*- C 

/ *  Î« * (g /
.. / K * ( G ) \ \  y

K*(G)-----

- 1 4 -
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4.3. REMARK. Analogously, we say that the triple (F, e, G)

o

a _F^b _g" C

is exact in B if the comparison n-functor L : A —> K*(G) is /i-surjective, 
where

o

is the /i-pullback

K-(Gki5rB_c*c

K*(G) - — j l
k.(G)

K.(G)
X

•c

5. The sesqui-functors IIq  ̂ and 

In this section we define two sesqui-functors

tC72)

n-G pd:
£)(n)

(n-l)-Gpd

(see [16] for the definition of sesqui-functor).

5.1. D efinition . (The functor n^n))

1. IIq1̂ is the functor Gpd —» Set assigning to a groupoid C the set 
|C| of isomorphism classes of objects of C.

2. For n > 1, let an n-groupoid C be given. Then

non)c = ([n[,n)c]o, [n£,n)c]i(-, -))

where [n̂ n)C]0 = C0 and [n^C]i(c0,c'0) = 11^ i](Ci(co,c^)).r (n)

( n )(T

Compositions and units are obtained inductively: 0 o =  II^71 1̂ (co),

- 15 -
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e
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u(co) =  IlJn-1) («(<*>)).
Now let an n-functor F  : C —> D be given. Then [n ^ F jo  — F0 

and [ I I ^ F ] ^ 0 =  n[,”_1^(F1Co’Co) define rig^ on morphisms.

Note that the previous definition makes sense because one can prove 
inductively that IIo^ preserves binary products and the terminal object 
I.

5.2. D efinition . (The sesqui-functor Ilg^)

1. Since [n^Djx =  O i/ the quotient of Bi under the equivalence 
relation ~  identifying 1-cells d i , d[ : d0 —>• df0 if there exists a 2-cell 
g?2• di —> d\, we define • p, where p is the canonic 
projection on the quotient.

2. For n > 2, let a  : F  => G : C —)> D be a 2-morphism. We define 

n<n)c* by [Il^a lo  =  and [ U ^ a ] ^ 0 = n ^ W 4 )-

A careful use of induction shows that Hq'* is well-defined and is indeed 
a sesqui-functor.

The definition of the sesqui-functor is easier. We make it explicit 
only on objects.

5.3. D e f i n i t i o n . (The sesqui-functor D (n))

1. D&  is the functor (= trivial sesqui-functor) D ^  : Set —» Gpd 
assigning to a set C  the discrete groupoid D(C) with objects the 
elements of C  and only identity arrows.

2. For n > 1, let an (n-l)-groupoid C be given. Then is given 
by [£><">C]o =  Co and [ D ^ C ^ c 0,c'0) =  C ^co ,^ )).

It is an exercise for the reader to prove the following fact which, in 
particular, implies that D ^  preserves /i-pullbacks.

5.4. P roposition . For all n  > 1, there is an adjunction of sesqui- 
functors

n (”) -| £>(») )

and therefore an adjunction of the underlying functors.

- 1 6 -
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We are going to prove the main result of this section: the sesqui-functor 
Hq  ̂ preserves exact sequences. Two preliminary lemmas clarify the 
relations between preservation of exactness and its main ingredients: 
/¿-surjectivity and the notion of /¿-pullback.

5.5. Lem ma . Let us consider the following h-pullback diagram:

R

B

z
H

■c

The comparison L : II, 
Il0^ (i/)  is h-surjective.

(n )n with the h-pullback of Il0^(G) and

n (n)p — -----

\ iC’Nt, Q \  * 
y Q — n^z  

n”n,ñ\ .  P\ X  |non)" 
non)B —  n<B)c

Proof. By induction on n.
1) For n =  1, the /¿-pullback P has objects and arrows

{b0, Gb0 —^  H z0 , zo), (£>i, =, 2:1) : (60, cu z0) (b'0, c[,z'0)

where the “= ” stays for the commutative square C\ o H z\ =  Gb\ o 
c[. Hence the set I I ^ P )  has elements the classes [&o? ci, 20]~- On the 
other side, the set Q is a usual pullback in Set. It has elements the 
pairs ([6o]~, M ~ ) such that U{̂G ([b0U) = U ^H {[z0}^), i.e. [Gfc0]~ =  
[Hzq]^, i.e. such that there exists Ci : Gbo —> H zq. Then the comparison 
L  =  L0 : [60, Ci, 20]~ •-> ([&o]~> [2o]~) is clearly surjective.
2) For n =  2, the /i-pullback P is a 2-groupoid with objects

(b0, Gb0 — ^  H zq , 20).

- 1 7 -
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Arrows and 2-cells are of the form

(bi,c2, 21) : (60, ci, z0) - ►  (b'0, 4 , 4 ), (&2, = , ¿2) : ( h ,c 2, zx) (b[, c'2, z[)

Therefore the groupoid I I ^ P  has objects (bo, ci, Zo) and arrows [61, c2, zi]^. 
On the other side, the groupoid Q has objects and arrows

(b0, Gb0 —  H z0 , zo), ([6i]~, =, N ~ )

with [&i]~ : b0 —> b'0 in I I^ B  and [21 : z0 —> z'0 in Y i^ ’L  such that the 
diagram

G b o ^ H z o  (4)

[ ['

Gb°

commutes. Hence the comparison

L : (60,Ci,z0) ^  (b0,c i ,z 0)

[61, c2, ^i]~ !-»■ ([6i]~, [21]-)

is /i-surjective. In fact it is an identity on objects, and full on horns. Let 
us fix a pair of objects (60, Ci, zo) and (b'0, c \, z'0) in the domain, and an 
arrow ([&i]~,=, [^i]~) in Q, where the “= ” express the commutativity 
of the diagram (4) above. Then [ci o H z\\^  = [Gb\ o c[}^ if, and only if, 
there exists

C2 : Ci o H z\ —>• Gbi o c \.

In other words we get an arrow [61, C2, Zi\^ of I I ^ P  sent by L to ([£>i]~, =  
, [zi]~), i.e. L  is full.
3) Finally, let n > 2. On objects, L0 : [IIo^P]o Qo is the identity. In 
fact, [nj,n)P]0 =  Po, the set-theoretical limit over the diagram

B0 Ci Zq

- 1 8 -
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and, for n > 2, this diagram coincides with the one defining

[n i r ’Bio [nir’c],

[ni,n)G]0
[n<n)c]o [n̂ n)c]o

[n<n)z]0

[n<n)tf]0

On homs, let us fix two objects p\ =  (bo, Ci, z()) and p\ — (b'0, c\, z'0) 

of [n^n)P]o =  Po and compute L][' '}>l by means of universal property of 
/¿-pullbacks. The diagram

is the same as (and determined by)

ní,n_1)Si
nS”- 1,(Pi(Pb,rt)) ;

\  % " 1,(£i¿ ( 2 3 0 , p ó ) -------------------- ----------------- - [ n ^ Z K z o ,  z'0)

\  ^  nf-Vfí!

n° )Rl nSn"1)(B1(60,6{,))
n<,n_1)G T ^^

n^-^ÍC! (Gb0,Gb'0)) 

nf^tCitGfaHz!,))

- 1 9 -

Q!0

n ^ i C  1( H z 0 , H z ' ) )

rn(n) ‘il-.

[n^F]i(po,p'o) "  ; ^
I ^ s ^ ^ P ö ’Pö

\ M n)*h Qi(po,pô)----------- ---------  

\ ---------pi--------------------------------------------------- [ni,n)H]i

[n° >fih [U ^ M U b o ,  6 ')  [U ^ C U H z o ,  H z '0)

jn(n)
[n^cMGb^Gb’,) 

[n^cMGbo,!!^)
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This shows tha t L^°'Po is itself a comparison between IIo of an /i-pullback 
and an /i-pullback of a n 0 of a diagram (of (n-l)-groupoids), hence it is 
/i-surjective by induction hypothesis. ■

5.6. L e m m a . I f  an n-functor L : A —> K is h-surjective, then also 
n {o }(L) is h-surjective.

Proof. By induction on n.
1) For ra =  1, let L  be an /i-surjective functor between groupoids, i.e. 
L  is full and essentially surjective on objects. Therefore, for an ele
ment [fco]~ € n ^ K  there exists a pair (a0, k\ : Lao &o)- Hence 

(U ^L )([a0U) = [LaoU = [*b]~
2) For n  =  2, let L  be an /i-surjective morphism between 2-groupoids. 
Explicitely, this means that

(i) for any kQ there exist (ao, k\ : Lao —■> &o), and

(ii) for any pair ao,a'0, L“0,a° is /i-surjective.

Since [n^L jo  =  Lo, for any k0 one has : Lao k0, and this
proves the first condition on II^ L .  Moreover, once we fix a pair a(), a'a 

of objects, by definition one has [n ^ L jj0’“0 =  IT^^L“0’“0). Hence it is 
/i-surjective by the previous case.
3) Finally, let n > 2. A morphism L  of n-groupoids is /i-surjective 
when conditions (i) and (ii) above hold. Since [n{0n)L}0 = L0 and 
[nkn)(K)]i =  rig"_1)(Ki), condition (i) for n ^ L  precisely is condition
(i) for L, hence it holds. Moreover, whence we fix a pair ao,a'0 of ob

jects, by definition one has [ n ^ L ] “°'a° = ^(Z/i0’a°). Hence it is 
/i-surjective by induction hypothesis. ■

We are ready to state and prove the main result of this section.

5.7. P r o p o s i t i o n . Given an exact sequence in n-Gpd*

o

A F B
£

G c

-2 0  -

no
(n)

[k ]

n0
0i— i
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the sequence

o

non)A —r- nin)B —r*- nin)c
0 n < n ) F  0 n<n)G 0 

is exact in (n-ij-Gpd*.

Proof. Let us consider the diagram

K *  (n£n)G J---------

L ' Î

non) (K*(G))----------- n<n)B n) > n̂ n)c
A 0

rr(n ) T

° ^ ^ X ^ F

i4 n)A

where L  is the comparison in n-Gpd (notations as in Definition 4.2). 
L is /i-surjective by hypothesis. Therefore L  is h-surjective by 
Lemma 5.6. Moreover, L' is the comparison in (n-l)-G pd, so tha t it 
is /¡,-surjective by Lemma 5.5. Finally, their composition is again h- 
surjective, and it is the comparison between IIq^A and the kernel of 
IIq^Ct by uniqueness in the universal property of /¿-kernels. ■

6. Lax n-modifications

We already have two sesqui-functors IIo^ and D^n\  In Section 7 we will 
construct two other sesqui-functors II ̂  and . In order to define fi*"-1 
on lax n-transformations, we use the fact tha t /i-pullbacks in n-Gpd* sat- 
isfay another universal property. To express this new universal property 
we introduce here lax n-modifications between lax n-transformations.

-2 1  -

no
(n)

in)

,no 'e

o

nx0
(n) G



KASANGIAN, METERE & VITALE - ZIQQURATH OF EXACT SEQUENCES OF n-GROUPOIDS

6 .1 .  D e f i n i t i o n . Let a ,/3 :F  =>- G: C —» D  be 2-morphisms of n- 
categories. By a 3-morphism A : a = >  P

F

<* =â=> D

G

is meant:

1. The equality a = /? if n = 1.

2. A lax n-modification A: a = "~> ft if n > 1, that is, a pair 
(A0,Ai), where A0: Co —> D2 is a map such that, for every c0

in C0, Ao(co): ao(co) ->• A)(co), and =  {Ai°’c°}co,c')€Co is a col
lection of 3-morphisms of (n-l)-categories that fill the following 
diagrams:

Ci(co, Cq)

i7ic0 ’c0 ™c0 ’c0 ^fc0»c0r \ /  al____  1

Ha? ’0“ \ x

J f  ß c 0 ’c 0

D i(F c 0, F c'q) ^ ^ ° « cô 1 --------------- Di(Gco, Gcq)

- ° Acô a \ o -  z '

D ^ F co, Gcî,)

- 2 2 -

-°ßc 'Q ß c 0 O -

A1
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i.e.

c?r° • (- o o  f ?*  • (- o o
G i ° ’có . ( A c o o - ) |  ^ “ ■ " « • ( - oA co)

GrHßcoo-)=^Fr'°-(-oßd0)
ß\

These data must obey to functoriality axioms described by equa
tions in (n-l)-Cat, see [13].

In the pointed case we ask moreover that A0(*) is the identity 2-cell.

Once equipped with lax n-modifications, the sequi-categories n-Cat, n- 
Gpd and n-Gpd* are sesqui2-categories, see [13]. This essentially means 
that:

- there are 2-compositions of lax n-modifications as A • S:

and reduced 1-compositions of lax n-modifications as u  • A and

so that homs are sequi-categories;

- there is reduced horizontal O-composition of lax n-modifications 
as L  • A and A • M :

S  A S

N̂ \  ~

A • a:

-2 3  -

A E

A

a

L A M

c0>có

Ai
u/,

c0 ,c0
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so that composing with an n-functor gives a sesqui-functor be
tween horns;

- there is horizontal O-composition of lax ^-transformations

a  * /3: a \ /3  e e e e e> a / ¡3: F  • H -----> G • K

F  H

P

G K

where domain and codomain 2-morphisms are respectively 

a  \  p := (F  • p) • (a • K ) (a • H) • (G • 0) =: a /0

F  H

c f c o

(5)

G K

so that 0-composing with a 2-morphism gives a lax natural trans
formation of sesquifunctors.

The full definition of sesqui2-category, with the remaining compatibility 
axioms, and the fact that n-Cat is a sesqui2-category can be found 
in [12, 13], see also [2, 3] for the horizontal O-composition of lax n- 
transformations. Here we just recall the inductive definition of a  * ¡3:

(a) for any Co e  C0, [a * /3]0(co) =  /?i(ao(co))

(b) for any c q , c '0 € C0, [a * ¡5] '̂°° = a ^ ’c° * ^ c°’Gc°

6.2. R e m a r k .  For sake of clarity, let us write explicitly a *(3 for n =  2. 
Given c i : Cq —> c'0 in C and d\ : do -* d'0 in D, the lax 2-transformations
a  and ¡3 are specified by

Fco Fc’r

CX.CQ

0

ac '0

Hd0 Hd'0

fido

Geo Gia ■G4> K d 0 Kid! K d'

-2 4  -

F i c i
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F H F H

F
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H

ß
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and the lax 2-modification a *  f3 is given by

H (F c0)
0 (Fco^y \ H i ( a c o )

K(Fco) H(Gc0)

y^PiGco)

K(G c0)

The following proposition holds in n-Cat as well as in n-Gpd and in 
n-Gpd* (for /i2-pullbacks see also [6]).

6.3. P ro position . The h-pullback described in Section 2

■C

satisfies the following universal property: for every pair of four-tuples 
(X,M,N,u>) and (X,M,7V,cJ)

N c N c
M

.. y  |° * [ y  „■
A —y*  B A -jr » B

for every pair of lax n-trans formations a  and ß

M  ^ -------- X ---------- \  W

/  V  V A^  ^ — - cM  N

and for every lax n-modification £

a  F
M - F

N  G

M  • F

N G

- 2 5 -
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there exists a unique lax n-transformation A : L => L : X —> P such 
that

A • P  =  a, A -Q = (3, A*£ =  E.

We will recall this property as the universal property of the h2 -pullback.

Proof. The n-functors L and L are given by the universal property of 
the /i-pullback applied respectively to (X, M, TV, u) and (X, M ,N ,u ) .  
As far as A is concerned, one has:

- for any x 0 E X0, Xx0 = (ax0, /3#o): L x0 L x0

- for any x0, E X0, A*0’*0 is given by the universal property of the 
/¿2-pullback Pi(Lx0,Lxo) in (n-l)-Cat:

-JTXO,x'0 V TXQ,x'0 / \ /\Ax : L x • (Ao^o o - )  =* L x 0 • ( -  o A0x0) 

is the unique lax (n-1 ̂ transformation such that

s-̂LX0,L/Xq _ £\XQ)Xq tjL/XOiLXq _ Xq̂Xq I/Xq̂LXq _
A1 *Vl — Pi J Al —Oil , Ai *61 — Zj1

7 . The sesqui-functors II ̂  and

We start with a first, easy description of the sesqui-functor 

n 'n): n-Gpd* -» (n-l)-Gpd*

7.1. D e f i n i t i o n . (The sesqui-functor

- Let C be a pointed n-groupoid. We define T I^C  =  Ci(*, *). It is 
a pointed (n-l)-groupoid with the identity 1-cell as base point.

- Let F: C —> D be an n-functor in n-Gpd*. Since F(*) = ★ ,  we get 
an (n-l)-functor I I ^ P  =  Fj*’*: Ci(*,*) —> Di(*, ★ )

- Let a: F  => G: C —̂ D be a lax n-transformation in n-Gpd*. 
Since c*o(*) =  ^(*), we get a lax (n-1 ̂ transformation U ^ a  = 
a l : ^1 —>• .

-2 6  -

F i

n i
(n)

X Q ^ X qxo,x '0¡Lx o ,Lxqxo,x '0iLxOiLx'nxo,x'o L x o ,Lxq
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It is easy to check that II ̂ : n-Gpd* —> (n-l)-Gpd* is a sesqui-functor 
contravariant on lax n-transformations.

Despite its simplicity, the previous definition is quite difficult to use in 
our setting, because it is not an inductive definition. For this reason, 
we look for a different decription of 11^.

7.2. D efinition . (The sesqui-functor S l ^ )

- Let C be a pointed n-groupoid. We define i i ^ C  by the following 
/¿-pullback

Q(n)C J —

- Let F:  C D be an n-functor in n-Gpd*. The universal property 
of the /i-pullback gives a unique n-functor Q ^ F :  ->

such that Q ^ F  • ep =  ec • F.

- Let a: F  => G: C —> D be a lax n-transformation in n-Gpd*. 
Consider the following situation

ec lot

I -—-—►  D 1-— ' I '  ! • ★  —  ! • ★

The universal property of the /i2-pullback gives a unique
lax n-transformation

Q ( n ) a . Q ( n ) G  ^  Q ( n ) F :  f t ( n ) C  ^ (n )^

such that * ep =  6c * a.

It is easy to check that the previous data give a sesqui-functor

: n-Gpd* —» n-Gpd* 

contravariant on lax n-transformations.

-2 7  -

í2<n>C J— il

' \ X \ -
I

n^c— o(n)c —-̂ n í2(n)cf=~ î !-*^=!-*

■iXl* 'iXl* (-) "*l/!'''
I - —-—►  D I - « > D I ! • ★  —  ! • ★
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n (n)©
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7 .3 . P r o p o s i t i o n .  There are two strict natural isomorphisms of sesqui- 
functors

(n - l) -Gpd*
nin>

n-Gpd*ra-Gpd*-------------- —----------- »-
n<n)

n(n)
n-G pd*-------------i---------- (n -l)-  Gpd*

n-Gpd*

Proof. The second isomorphism follows from the first one composing 
with I1q"\ As fax as the first one is concerned, we recover a natural iso
morphism of pointed n-groupoids 9c' £^n)(Iljr̂ C) —> f i ^ C  as a special 
case of that given in Proposition A.I. It suffices to let 9c =  ©£*• ■

We are going to prove the main result of this section: the sesqui-functors 
and n^n) preserve exact sequences. We need two preliminary lem

mas.

7 .4 . L e m m a . The sesqui-functor : n-Gpd* —>■ n-Gpd* preserves h- 
pullbacks.

Proof. (Throughout the proof we will omit the superscripts (n).) Let 
us consider an /;-pullback

Q --------------- C

«■J |°
A ------=---- -B

in n-Gpd*. By the universal property of /i2-pullbacks we get f2(0) as in 
the diagram

n(P)
ft(Q)

n (Q)

Q(C)
n(G)

Q(A) 

a (F) 

■ f t (  B)

-2 8  -

D>(™)

ft»

n '(n)

n '(n)

<t>

F

ftl14>)

no
(n)



KASANGIAN, METERE & VITALE - ZIQQURATH OF EXACT SEQUENCES OF n-GROUPOIDS

Further let us consider the diagram

M

X-

N

ft(C)
n ( G )

•iî(A)

n ( F )

tha t by Proposition 7.3 can be redrawn

X ------------ M— ►

N

D( C x(*,*))-

Applying n 0 one gets

n0(x) -
n0(N)

Ci (★,*)■

D

n0(M)

1 (ûf,ûf)) 

D ( F “ , a )

Z)(Bi(*, ★ ) )

■ Ai(*, ★)

Gï

Z 1 
&l(*, ★ )

Since Qi (*, ★ )  is defined as an /¿-pullback, its universal property yields 
a unique morphism L : n 0(X) -> such that

l  • i?-* = n0(M), l  • <#* = n0(7V), l  • = noM

Using Proposition 5.4 and Proposition 7.3, we obtain from L  the re
quired factorization X —> -D(Qi (*,*)) ~  iî(Q). ■

7.5. L e m m a . The sesqui-functor : n-Gpd* -> n-Gpdk preserves h- 
surjective morphisms.

Proof. This is straightforward. Let L : K  —> A be an /i-surjective mor
phism. Then

Q(n)(L) -  D {n\L*{*)

Now L i’* is /i-surjective by definition since L is, and clearly D ^  pre
serves /i-surjective morphisms. ■

- 2 9 -
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7 .6 . P r o p o s i t i o n . Given an exact sequence in n-Gpd*

o

the sequence

fi1

0

is exact in (n-l)-Gpd*.

Proof. Let L: A —> K*(G) be the /i-surjective comparison with the h- 
kernel of G. By Lemma 7.4 above, is the comparison with the
h-kernel of and it is /¿-surjective by Lemma 7.5. ■

7.7. C o r o l l a r y . The sesqui-functor : n-Gpd* —> (n-l)-Gpd^ pre
serves exact sequences, reversing the direction of the 2-morphism.

8. The fibration sequence of an n-functor

In this section we construct an exact sequence of the form

- n(n>F > fiW C ----- K*(F) K' (F) > B -------------£— *■ C

starting from a pointed n-functor F. We need some lemmas.

8 .1 .  L e m m a .

1. Let F: A —>► B and G: B —>* C be morphisms of n-groupoids. I f  G 
is an equivalence and F  - G is h-surjective, then F  is h-surjective.

2. Let a  : F  => G : B —» C be a 2-morphism of n-groupoids. F  is 
h-surjective i f  and only i f  G is h-surjective.

- 3 0 -

n(n)B

A F B G

Ln>0 )A

ü [(n) G.
n (n)

•E i
(n)

(«)A
n (r>) F (n)1

n(n) G
fi;(«) C
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Proof. The proof of the first part, by induction, is strightforward. As 
far as the second part is concerned, observe that applying the inductive 
step we have that

Ci(co,c^)
Gi°’c° a o c o ° —

¡>i(.Fco, GdQ)

is /j-surjective. Since aoCo o — is an equivalence, we conclude using the 
first part of the lemma. ■

8.2. L e m m a . Let a  : F  => H  : A —>■ B be a 2-morphism of pointed n- 
groupoids. Consider also the following diagrams

■C

0

/  £ \  
A -------------- -

e{oiC

I f  (F ,s,G ) is exact, then (H ,e  • (aG ),G ) is exact.

Proof. Let F', H ': A  —> K*(G) be the canonical factorizations of F  and 
H  through the /i-kernel. Using the universal property of the /i2-kernel 
K*(G) we get a 2-morphism o ' : F' => H ' and we conclude using the 
second part of Lemma 8.1. ■

8.3. L e m m a . Consider
H

and the following h-pullbacks in n-Gpd:

<5
Q ---- *iu>

P - ^ B

T\ X \ F
A — C

D

X —̂  D 

~  /  h f  y /  h f  

A — C

Consider also the canonical morphisms

V : X —> P such that V • F  -  H ^ F ,  V G = G H ,  V • <p

L : X —>■ Q such that L ■ H  =  V, L ■ G = G, L • ip = id 

Then L : X —»■ Q is an equivalence.

-3 1  -

-O1(G'c0,Gc/0)

o

AC

=  £

BA

BH G

G F
C

H

F F

H
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Proof. By induction on n.
1) For n = 1, the result immediately follows from the fact that in this 
case /¿-pullbacks are bilimits, so that they are defined up to equivalence.
2) For n > 1, let us check that L is essentially surjective. An object in 
Q has the form

Qo = ((ao> ci : Gao —>• Fbo, bo), b\ : bo —> Hdo, do)

whereas an object in X has the form

xo — (ao, 7 i : Gao —> F(Hdo)', do)

with L (xo) =  ((a0, 71, Hdo), =, do). Therefore, for a given object q0 E Q, 
we put xo = (ao, Ci • F ( 6i), do) and we have a 1-cell qo —> £(#o) with the 
identity as components in A and D, and bi as component in B.
Finally, to prove that L*0,x° : H i(xo ,xf0) —> Q i(L x0l Lx'0) is an equiva
lence of (n-l)-groupoids we can apply the inductive hypothesis. Indeed, 

since L • ip = id and V • (p = s, Lx°'x° is constructed using /i-pullbacks 
precisely as L  starting from

X^rco,^)-- ------

ö l  /

\O i (Lx0, Lx'0) Hl > Pi(V®0, Vx'Q) --------- - ----- » A ì ÌH F xq, H F x '0)

G i - ( - o e 0x'0)

Bi(G x0, Gx'0) —  Mi (HG xq, HGx'0) Fi<£oXQO_ f  C i(G H F x0, FHGx'0)

8.4. L e m m a . Consider the following diagram in n-Gpd*:

o

w - ^ x — — - y  —  z

I f  (T • L, </?, F) ¿5 e:rac£ and L is an equivalence, then (T, <p,L • F) is 
exact.

-3 2  -
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Proof. Let S : K*(L • F) —> K*(F) be the factorization of (K*(L  • F) • 
L , k*(L • F)) through the /¿-kernel of F. Clearly S  is the composite of 
two equivalences (the first one coming from Lemma 8.3 applied to

I —iL>- Z Y X

and the second one obtained by pulling back L  along K*(F)), thus it is 
itself an equivalence. Consider now the factorization T ' : W —> K* (L • F)  
of (T, (f>) through the /i-kernel of L • F, and the factorization G : W —> 
K*(F) of (T • L, Lp) thorugh the h-kernel of F. By uniqueness in the 
universal property of the /i-kernel, T' • S  = G. Since S  is an equivalence 
and, by assumption, G is /i-surjective, we conclude by Lemma 8.1 that 
V  is /i-surjective. ■

8 .5 .  P r o p o s i t i o n . Let F: B  —>• C be an n-functor in n-G p d *. There 
is a sequence

o o

i2'"’»  n<->r • » '" ’C ^ ^ J  Ky>jf-1F)^B--- ¡^—

0

which is exact in f i^ C , K*(F), and B.

Proof. 1) Exactness in B: obvious.

2) Exactness in K *(F ): applying Lemma 8.3 to I — C * F B — I 
we get an equivalence

L: n (n)C K *{K*F) such tha t L ■ K*(K*F) = V, L ■ k*(K*F) = id,

and the exactness of (V , i d , K*(F)).
3) Exactness in f i ^ C : applying Lemma 8.3 to

I —U- K*(F) B ■**—  I

-3 3  -

c

v AT* (F)

0 (n)B

F L

K*'(F)



KASANGIAN, METERE & VITALE - ZIQQURATH OF EXACT SEQUENCES OF n-GROUPOIDS

we get an exact sequence

o

id n .

n(">B------- g—  K^{K,F) > K*{F)

where 0  is the unique morphism such tha t 0  • K*(K*F) — 0 and © • 
k*(K*F) = €b. By the universal property of the /i2-kernel K*(F) we 
get a 2-morphism a: 0 => Q ^ F  • V such that a • K*(F) =  es and 
a * k*(F) =  id. By the universal property of the /i2-kernel K*(K*F) we 
get a 2-morphism A: 0  =>■ Q ^ F  • L such tha t A • K*(K*F) = a  and 
A * k*(K*F) = id. Therefore, following Lemma 8.2, we get the sequence

o

Swi -T* K.(A-F) k (K,n > K-(F)

exact in K*(K*F). Finally, since L K*(K*F) =  V and A-K*(K*F) = a, 
following Lemma 8.4 we get the exact sequence

o

Q

Since the sesqui-functor Q(,î  preserves exact sequences, if we apply it 
to the sequence of Proposition 8.5 we get another exact sequence

- - - - ►  Q ^ Ç l^C - - - - ►  f 2 (n )K * ( F ) - - - - ►  f t ( n > B - - - - ►

This sequence and the sequence of Proposition 8.5 can be pasted to
gether. Therefore, iterating the process, we obtain a long exact sequence 
(which trivializes after n  applications).

-3 4  -

■K t (K*F)

B QW iiî<,(n)n

(n) B n (n) F
Q(n)C

V
K : ( F )

n (n)

\ K , ( K * F )

(n)C

Q(n)C K.(K-F)
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9. The Ziqqurath of a pointed n-functor

A different perspective is gained by considering the sesqui-functor 111 in 
place of ii. In fact in the longer exact sequences obtained at the end of 
the previous section, repeated applications of Q give structures which are 
discrete in higher dimensional cells. Their exactness can be investigated 
in lower dimensional settings, i.e. after repeated applications of IIq. 
This is a consequence of the following easy to prove

9 .1 .  L e m m a . The sesqui-functor Ilo commutes with the sesqui-functor 
I I i; i.e. for every integer n > 1 the following diagram is commutative

n-G  pd*
T(n)

(n-iJ-Gpd*

t(™) T(n  —1)

(n-i>Gpd*
n(n-l)

[n-2)-Gpd*

9 .2 . R e m a r k . In the language of loops, we can restate the above 
lemma in other terms:

n 0(n0(Q(-))) = U o ( Q ( U o ( - ) ) )

Let now a morphism F  : C —> D of pointed n-groupoids be given. Then 
the /¿-kernel exact sequence

gives two exact sequences of pointed (n-l)-groupoids:

- 3 5 -

nLlK
n■iK n iB

n•iF n ic noK noK

O

noB nL o F

,n0«

n o,C

o
n 1K

K

o

K I
F c
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These can be connected together in order to give a six term exact se
quence of pointed (n-l)-groupoids

o o

Uik  Ä  njB Ä  ihc  —  n0K —  n0B —  n0c

0 0

where A =  n 0(V) and 6 = n 0(o-) (see 8.5 for V and a).

Applying n 0 and IIi, we get two six-term exact sequences. Using the 
previous lemma, these can be pasted in a nine-term exact sequence of 
(n-2)-groupoids (cells to be pasted are dotted in the diagram):

n ^ N ^  ' ^ Nŝ
• --------->• ----------->■ ----------->-............. > ..............>- •

'SSSs\ ^ ^ ^ ^  Y L iS ^ y /^  ^I I i U ok,

nó<5^\^ y / ' ^ '  n ^ \ ^

• ........... >- • ........... 3» • ---------=►- • --------->- • --------->• •

i i rtoiii _ ^ ' ////^

Iterating the process we obtain a sort of tower, a Ziqqurath, in which 
the lower is the level, the lower is the dimension and the longer is the 
length of the sequence.

-3 6  -

Uiô

n,2«

n0<5 n02«



KASANGIAN, METERE & VITALE - ZIQQURATH OF EXACT SEQUENCES OF n-GROUPOIDS

n-Gpd

(n-l)-Gpd

(n-2)-Gpd

' v ± X

v J X '

vJLx'’ 

v J L ^

Gpd

Set

In particular, the last row counts 3 (n+ l) terms. From left to right, 
there are 3(n-l) abelian groups, 3 groups and 3 pointed sets.

A. Paths sesqui-functor in n-Cat

This section is quite technical. Its aim is to give some explicit construc
tions that specialize in order to have a good description of the sesqui- 
functor n^n). An observation which can help throughout this section is 
the analogy between the hom-(n-l)-groupoid of an n-groupoid C and 
the paths of a topological space. Given an n-groupoid (n-category) C 
and two objects Co,^, we define P ^ ^ C )  by means of the following 
h- pullback:

Pcq,^ easily extends to morphisms. In fact for F  : C —» D one defines

by means of the universal property of /¿-pullbacks yielding Pco>cj)(D), for

!1 X 7 ' l [c°];  '  cO’co *
Â — r£i^ C
(n) [co]

(6)

Pcô J)̂ ) : Pco,c¿(C) —> Pcô iD)

the four-tuple ( P ^ ^ C ) , !, !,£c’c° • F). It is easy to see that this makes

- 3 7 -

p,CO,c'a,((C ) <!>

c
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Pco,c£,( ) functorial. Unfortunately this does not extend straightforward 
to 2-morphisms. In fact for a pair of parallel morphisms jF, G : C —» O, 

and Pco^^G) are no longer parallel.
Indeed in applying the same argument as for defining Pcq̂ C - ) on mor- 
phisms, the corresponding diagram suggests to consider the O-composition 
of 2-morphisms

Hence we can consider the four-tuples

( P ^ Q J J .e ^ W  and (P ^ C ),!, U £’C°A*>

together with id\ :\ =>\ (taken two times) and the 3-morphism £ ^ ,c° *a . 
Applying the universal property of /i2-pullbacks we get a 2-morphism

IPccc'jia) : P ^ jo P ^ /^ G ) )  => PC0)C/)(F )oP [â ] : P ^ /^ C )  P ^ g ^ D )  

such tha t Pco^^a) * e ^ Gc° = * a.
We have denoted by P[aco] °F>c0,c (̂Gf) and Pco?c/)(F)oP[ac/ ] the morphisms

obtained by applying the 1-dimensional universal property to e£'c° \  a  

and e^ 'c° /a  respectively. Therefore the symbol o involved should be 
considered just as a typographical suggestion. (Indeed it can be shown 
that it is a O-composition of morphisms, but this would lead us far from 
the point.)

A .I. P ro p o s it io n . For every n-category C, and every two objects 
c0,Cq in C ; there exists a canonical isomorphism

6 ^ : D ( C 1( c o ,c ') ) ^ P co,ci)(C)

In the case of pointed n-groupoids, this gives a natural isomorphism with 
components

©*’* : £>(n!(C)) ii(C)

where f2(C) =  P*,*(C)

We start by making explicit the /i-pullback, but first we need to be more 
precise on units.

- 3 8 -

)( -p CO,ch

£ ^ cí> * q : e^ í > \ a = > ^ ó / a .

C O j C q

t C

P eo ,o' (F)
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A .2. R em a rk . Let C be an n-category. For a fixed object Co of C, let 
us consider the unit (n-l)-functor Sx°(co) : I —> Ci(co,c0), that is a

(n  — 1)

pair

[qu°(c0)]0 : * ^ i d ( c o )  6  [Ci(co,Co)]o 

[c«°(co)]i : I !-»• [Ci(co,Co)]i(id(co),irf(co))
(n-2)

Now, by functoriality we get the interchange

[CM°(co)]i =  Cu 1(id(c0)) =  Cl(co’co)M0(id(c0)) 

and this allows the following explicit definition:

c«°(co) =  (u(1)(co),u(2)(co),--- ,u (n\co)) 

where i /^ ( c 0) is the identity fc-cell over co

in the rest of this section the n-category P ^ ^ C )  will be denoted by Q. 

A .3. P r o p o s i t i o n . Given the h-pullback of n-categories

(I) (7)

4  A  Jicoi
[col* C

and ck,dk : Ck~\ —> c'k_l5 the hom-(n-k)~ category

Q k ( ( w (fc_1) (* )>Cfc ,f i( / i_1)( * ) ) ,  (M(fc_1) ( * ) , C f c , U (fc_1)( * ) ) )

is well-defined and it is given by h-pullback over the pair ([c*], [c'k]). 

The proof by induction can be found in [13], and it yields immediately: 

A .4. C o r o l l a r y . The 2-morphism e is given explicitly by

£ (^0? [^1 ]0, • • • > i^n— l]o? )

where

; Q*((*,<*-„*),(* , <4-1, *)) -» €*(<*_„ 4 _ .)

( * , c k - l — Cfe—1 , * )  *->■ Cfe.

-3 9  -
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A .5. C o r o l l a r y .  With notation as above,

D( rio(Q)) =  Q.

In order to describe all compositions of the n-category Q, it suffices to 
study the O-composition in Q =  P ^ ^ C ) ,  because ^-compositions (for 
k > 0) are implicit in the inductive definition. Ditto for units. This 
is reported in the lemma below, which together with the following one 
establishes a link between the globular and the inductive point of view. 
The interested reader can find the proofs in [13].

A .6. Lemma. Let c \,dx,d[ : cq —> d0 be fixed in C. Given

Ck ■ C i-  => d1 , dk \ C\ -  => dx

with 1 < k < n, the following equations hold:

A .7. Lemma. Let co,d0 be objects of an n-category C. The assignment

given explicitly by & — . . .  ,& n) with @j_i(cj) =  (* ,0*,*) for
i = 1 , 2 , . . . , n, and &n =  &n- i ,  is an isomorphism of discrete n- 
categories.

Now tha t we have developed the machinery, we are able to prove the 
main result of the section.

P r o o f  o f  P r o p o s i t io n  A. I .  From the previous lemmas we have the 
existence of the canonical isomorphism of n-categories ©£? ,c° for any 
pair of objects co,d0. Further, for an n-functor F: C —» B we get a 
( cq, Cq)-indexed family of commutative squares:

(*, ck, * )Q °° (*, cfc, *) =  (*, cfc c o1 c'k, *);

F*u°((*,ci,*))]fc =  (*, [ ^ ( d ) ]  ,*) .

-  6  : D ( C i (cq, d0)) Pc,^(C) =  Q

D ( C i ( c q ,  Cq)) 

6c0'4 ,, 

Pco,Cj,(C)

n(Fc°'co)
( l  J » D( B1(Fco,Fc'0)) 

e^c°'Fcó

(8 )

P fco,Fĉ (D)

- 4 0 -
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We prove this by induction.
For n = 1 it is just a diagram of discrete categories. It suffices to 
verify commutativity on objects. To this end, let us choose a c\ : Co —> 
c'0. Then &b (D F (ci)) =  6 p (F c i)  =  (* ,F ci,* ) and P F (© c (ci)) =  
P F (* ,c i,* ) =  (*, Fci, *).
For n > 1, first we have to show tha t diagram (8) commutes on objects, 
but this amounts exactly to what we have just shown for n = 1. Thus 
for Ci, ci : Cq —> we consider homs:

[Z^(Ci(c0) C q ) ) ] i ( c : i ,  c i )

£̂CF’i0’Co)]i1’Cl

[

[P co,c{,(C )]l((* . cl, *)> (*. Cl. *))

[pc0,c'(^)]r
[Pfco,Fcq(®)] 1 ((*> Fci, *), (*, Fc^, *))

The definition of D  and the previous discussion give

D( [ Ci ( coyo) ] i ( c i y i ) ) D ( [ D i ( c o ,  Fci))

TC 1>C1 1C

Pd.c'iCiCco, )̂)
■L

■ F*Fci,Fci ( D l ( F c o ,  F c.q))

Now, as the T ’s are just the © ’s given for n-1, i.e.

__ /vCi ,Ci rj-\Fc\,Fc! __ Cl ,-Z*1C-|
i C  -  ^ C i i c o , ^ ) ’ ~  ° D i ( F c o , F c ' 0 ) ’

the last diagram commutes by induction hypothesis.
All this obviously restricts to n-groupoids. Moreover, in the pointed 
case we obtain a 2-contravariant natural isomorphism of sesqui-functors 
©: UiD => : n-Gpd* —» n-Gpd*, ie . a strict natural transformation 
of sesqui-functors tha t reverses the direction of 2-morphisms and in

- 4 1 - -

D (D 'i (F ’c, F cil)D] (F ClL)F

[■6D

Fc0>F Cq.
Jl

'ci,F

[[6X
c0 1cî1

ci,-°1A
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which the assignments on objects are isomorphisms. In fact in ra-Gpd, 
for a 2-morphism a  : F  =>• G : C —>• D, we can express the (strict) 
naturality condition

D

£>(Ci(*,*)) £>(«;•*) .D(Di(*, *))

®c*

P*,*(C)

<=>*’*D

p

D

e

p., *( F)

The proof tha t this last condition indeed holds is a consequence of a 
more general (non-pointed) lemma which can be found in [13]. ■
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