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CAHIERS DE TOPOLOGIE Vol. XXVIII-3 (1987)
ET GEOMETRIE DIFFERENTIELLE
CATEGORIQUES

HOMOTOPY OVER B AND UNDER A
by K.A. HARDIE and K.H. KAMPS

RESUME , Dans cet article, on decrit une certaine catégorie
d‘homotopie cohérente Hs* d'espaces au-dessus d'un espace b et
sous un espace A. Le probléme d'isomorphisme et le probleme de
classification sont résolus. On indique aussi les liens avec les
classes de composition secondaires.

C, INTRODUCTION,

An object X of He* is a diagram

0.1 A 4 x-—2 _B

where X is a space and A and B are fixed spaces. An arrow from X to

X' in He* will be a certain equivalence class of homotopy commutative
diagrams of the form

y‘

s

W e 54— >
L

W oe——
©

where u is a continuous map and ¢¢ and p. are homotopies. Our first
result (Theorem 1.2) is to the effect that such an arrow ic an
isomorphism in He* whenever the map v is (an ordinary) homotopy
equivalence. As an immediate corollary we obtain (Corollary 1.8) that
allowing o and p to vary up to homotopy does not change the isomor-
phism class of X.
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2 K.A, HARDIE & K.H, KAMFS

We shall denote the set of morphisms in Hs* from X to X' by
w(A/X,X'/B). If u; X » X' is a continuous map, let m:*(X';ud) denote the
u-based track group. (See [3, 2].) Then m*(X'w depends up to
isomorphism only on the homotopy class {(uw of u In Section = we
classify the elements of w(A/X,X'/B) in the sense that we exhibit a
bijection between m(A/X,X'/B) and the union over certain classes {uw)
of sets of double cosets in m*X%w. The result generalizes
classifications obtained in [2] for w(X,X'/B) (the case A = ) and for
1 (A/X,X') (the case B is a singleton).

In view of Corollary 1.6 the set n(A/X,X'/B) is determined by
the spaces AXX'.B and by the homotopy classes {o},{r'},{p},{p'}. Thus
it is an invariant that is defined whenever we are given two
factorizations of a homotopy class. In Section 3 we show, in a
special case, that it is related to, and in a sense measures, the set
of possible nontrival secondary homotopy compositions of a certain
type.

1. THE EQUIVALENCE RELATION,

If het ho = b and ket kb = k are homotopies from Y to Z with
the property that h = k and M = k then he and k. are relatively
Eom:topic, denoted h: = k., if there exists a homotopy of homotopies
He,st Y 9 Z such that

he = He,o, k, = Hg,/, Ho, s = hy = kb (5 € I), and Hi,e= I = kv (8 € D).

The track {he:) of a homotopy h. is its relative homotopy class. The
track of the constant homotopy ho = ke is denoted by <{ho}.

For each homotopy commutative diagram 0.2 there is a triple
({ped,u{oed), where {re} and {p.) are tracks. Ve obtain an equivalence
relation in the set of such triples if, whenever u: X -+ X' is a
homotopy with w = u, we define

1.1 Hpe + p'ued, wn, {wm-0 + ¢d) ~ ped,ulod)d.

In 1.1 the + refers to the usual track addition of homotopies.
Denoting the set of equivalence classes by n(A/XX'/B) we obtain a
category with composition induced by juxtaposition of diagrams.

Formally we set

p'ed ,u' o' d)o{ped,u, loed) = ({pe + plewd, u'y, {U've + 0'ed).
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HOMOTOFPY OVER B AND UNDER A 3

To check that composition respects the equivalence relation may at

first glance present a problem, but we may bear in mind that a
diagram

N

El

5 W W

€ T ———
4

represents equally well the tracks {yof: + Yo} and {yefo + y1ge), foOr
we have

Yofe T Yefr = Yefo + Yafe.
The required verifications are now easily done. The identity morphism

X + X in He* is the equivalence class of the triple <({p),1x,{r}). The

equivalence class of a triple ({p¢},u,{r¢}) will be denoted simply by
{peyuoed.

THEOREX 1.2. The arrow {p.uc.} 15 an isomorphism in He* if and only
if the map u: X » X' Is a homotopy equivalence.

PROOF. If {p.ur:) is an isomorphism then it is obvious that v is a
homotopy equivalence. Suppose conversely that v is a homotopy equi-

valence. Then by [6]1 there exists a homotopy inverse u' of u and
homotopies

et vu' =2 1x, ¥y w'u = 1x such that
1.3 fel = U Y.
It is claimed that
p'fi-e + pr-etfu’, ule + yor)
is inverse to {p.,u,rd in He®, for firstly
{pe,uerolp'dr-e + pr-ett’iu', ubrice + y o)

is represented by the following composite diagram
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4 k.A, HARDIE & K,H, KAMFS

A = A A A A
-t e !
/ to' o /

0! X X '3 !’rr‘
tY/ |
ul

| | |

X X' X X > X!

Bi-t ry‘ pe
u /
J
X! X! Xt p p'
p' p'
l , L
B B B B

(using 1.3) which is equal to ({p"},1x,{r'}). Secondly the composite
{p'ﬂ/—-g + p,_f,u‘, U', ub, - + ydf)o‘(pa,u,o’g}

is represented by the composite diagram
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HOMOTOPY OVER B AND UNDER A

A A A A A
y 0 -t
o o
i3 o' X X o
v/
u
d u' 4
X y X! X' + X ril X
M -t ) P’l/w
|
P X! X X' p
p' p'
v L L
B B B B

whose associated triple is equal to

A A A A A
o 4 I'g
| |
o X X o X X X X
Ye fy‘ y
u u u
u | u' L 3 |
==Y "— X X ~ p X' =—=X" p
Pe l#:- pPi-t
/ ,/ u /
Pt
[4 X' —= X" P 2 } <
B B B B
P'l pl
l
B B B ==——= = B

(using 1.3) which is equal to ({p},1x,{r}), completing the proof.

COROLLARY 1.4. Each object X in Hs* Iis isomorphic to an object X'

that ¢' is a closed cofibration and p' a Hurewicz fibration.

PROOE. Let
A2 3 x—L B
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© k.A, HARDIE & K, H, KAMFS

be the given object. By the mapping cylinder construction we can
factor ¢ as gqj where j is a closed cofibration and q is a homotopy
equivalence. By [5], Proposition 2 (see also [4], Remark (d)) we can
factor pq as pi with p a fibration and i a closed cofibration and a
homotopy equivalence. Now apply Theorem 1.2 twice to the diagram

x>

A
ij lzr
» X

|
B

1.5

o

P

——— O ——
1
X ——— & e >

w

Now suppose that we: A 3 X and pe: X - B are homotopies.
Applying Theorem 1.2 to the diagram

wr'——:':\;‘ﬂw"ﬁ'”

0 e DS >

we obtain the following corollary.

COROLLARY 1.6. The isomorphism type of an object X of Es* depends
only on the homotopy classes of « &nd p.

Let f: A » B be a fixed map and consider the class of all
objects X of He* such that pr = f. Let HRs* be the category with thase
objects whose arrows are equivalence classes under the relation 1.1

of triples ({p.),u,{r.)) for which the tracks {p.} and {0 ca'c1sfy the
additional condition

a.m w) + {p'rd = {£),

where {f ) denotes the track of the constant homotopy f HNote that
the relation 1.1 still makes sense for such triples and that the
inclusion HRs* v~ He* is an embedding.

188



HOMOTOPY OVER B AND UNDER A 7

COROLLARY 1.8. An arrow {p.ue.) of HRs* is an isomorphism ir and
only if u is a homotopy equivalence.

PROOF. If ({p¢},u,{r¢}) satisfies (1.7) then it can be checked that the
triple

p'di-e + pr-ctt, u'{ulvi-ct Y o))

as constructed in the proof of Theorem 1.2 also satisfies condition
1.7.

REZARK 1.9. Since the diagram 1.5 is strictly commutative, a result
corresponding to Corollary 1.4 also holds in HRs®.

2, THE KERVAIRE DIAGRAM,

Let

A A

.
o o'

u
2.0 X— X
w/

4 p'

be a fixed homotopy commutative diagram over B and under A. Let

x—Y8 X'
p/
U= (pe,) = 4 p'
B ==———=—=—38
and
vV = (U,Xe) =

b

be the induced homotopy commutative diagrams over B and under A
whose equivalence classes are

U" e nX,X/B) and V™ e n(A/X, X"
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8 K.A, HARDIE & K.,H, KAMFS
respectively. Let us also denote by U™V™ the element of m(A/X,X'/B)

represented by 2.1.

Consider the following interlocking (Kervaire) diagram of groups
and pointed sets with base points as indicated.

( ' M= Ts uv o)d
A (A/X, X' ') ———-—-—i '}n"(B,p u) —————— X, X'"/Bdy- ——--*-) T(A,X" ),

/ \K / Y /
2.2 m"(X' w n(A/X,X'/Bly-v~ X, XY
N PN N
AXXYBU) ———— mr X w) —— nA/X XD —— 1 ,B),

(o) g m=rfn" (p'dc

Here, X(A/X,X%;V> and XX, X'/B;U) are subgroups of m*X';w def-
ined as the kernel of the induced group homomorphism

o XS 2 mAr X ), respectively p'i: m* XYW 9 m*Bip'w);

the maps 1 and J are inclusions, m, r*, d and ¢ are the obvious
restriction operators and mw, n'¢ are defined by the rules

A A
p'u y
{— B o o'
y‘ Myy L u L
2.3 — X{—)/——X' ,
hc]
He
{—8B P / p'
p'u L |
B B
A A
ue e/
A ¢ k/’
y o o'
v | u |
2.4 +— X— X
He
A — X P P’
ue | }
B B
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HOMOTOPY OVER B AND UNDER A

THEOREM 2.5. The Kervaire diagram 2.2 is commutative and its tour

interlocking sequences of homomorphisms and pointed maps are exact,
Moreover

o) g 5 nv

. = .

is exact of type E3 (see [2], 1.A) at m*X'iw).

PROOF. We prove commutativity from m*(X';u’. Ve have that

A A
u . Xt
' o / o
k¢ nuvp’. % — X
BN
u Pe s
I ——— X p p'
B B
A A
t
keo u
1% = o' )[()\————l X!
L u nvY (o) ke
X X' ¢ { i
pe/
p o' X —— X
L u
B B

The two sequences passing through m*(X';u) are exact by definition of
MAX XS, AKX, X'/B;U) and by [2], Theorem 4.3 and its dual. Thus the
following proposition remains to be proved.

PROPOSITION 2.6. The sequence

AEXVB LELL e —B ) A/X X /BYyey —

— X, X"/Bly- —od’ (A X,

is exact. At m*X"wr) 1t is exact of type E3.

PROOF. The exactness at n(X,X'/B)y- is obvious.
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10 K.A, HARDIE & K., H, KAMFS

Exactness at n(A/XX'/Bly-v- : " 1is given by 2.4. Clearly rs
applied to the composite square on the right of 2.4 yields U”. Now
suppose that

0¢
o'[/ lo"
h Irs
XJ———) X — U~
Pt
Pl lp.
B B

Then there exists he: X 5 X' with he = h such that A = u and
ped p'he = pe and it can be checked that

A A
w 0e
A —— X crj/ [0"
Brewrto ety sy nvv h
H ‘/1 — X —— X
' =]
A——— X p p'
w

as required.

Exactness at m*QX';w) : Let {u) e AXY/BUY, ie., {ud is
inm*(X';w) such that p'ue = p'u, whence
2.7 Me + P'Ue = He o

Now n**(o){ud is represented by the diagram

7 |

A
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HOMOTOPY OVER B AND UNDER A

and in view of the relation 2.7, we have that n"W(e){ud = U"V".
Conversely, if {k:} € m*X';w) is such that

th V

ke
o o' o o

L u { | u

Xy————— X ~ f —m8m8m8M — 5 X!
P p' P e

| l 1

B B B

then there exists a homotopy we: X 9 X' with w6 = v = v such that

2.8) He + p'Uc = He
and
2.9 Ur-er + ke + ye = xe .
By 2.8 {us belongs to 2(X,X'/B;U) and by 2.9 we have that
o) {ue) = {ked.
Exactness of type E3 is proved by checking that
nY{kd = n¥{k'y iff A{k'2{k}™ € ImCo)7
and applying ordinary exactness at m.*X';w). .

Applying [2], Theorem 2.13 and Lemma 2.11, we obtain

COROLLARY 2.10. The sequence

MCA/XX V) X /B) S o -85 mA/X X /B) oo
— ﬂ(A/X.X')v'XK(X,X'/B)u-
is exact, where A = n'Y(.0) and 8(a,R) = B .
Moreover the images of two elements under A coincide iff they

belong to the same double coset of the subgroups »«X,X'/B;U) and
XA/X X5,

Let K(u,U,V) denote the set of double cosets in m*(X';u) of the
subgroups M (X,X'/B;U> and X(A/X,X“V).
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12 K.A, HARDIE & K.H, KAMPS

CUOROLLARY 2.11. There 1s a bijection
nA/XX'/B) ¢« Us Kw,U,W,
where
S= {wU,V) 107 e d'{w, VWe co'{w, (o} € Cod ' {o"}0{p'H)~" {p)}.
REMARK 2.12. The homomorphisms
plo m*XYw— m*Bip'yd) and o M*XEYwW— M w)

can, in certain special cases, be computed as discussed by Rutter [3].

3, SECONDARY COMPOSITION CLASSES,
In this final section we examine in a special case some inter-

actions between elements of the set mn(A/X,X'/B) and secondary comp-
osition classes.

We consider pointed topological spaces A,B,X,X' and the case in
which p: X 9 B and o' A » X' are the trivial maps (denoted by %). The
following operators may be defined.

@G.D R: n(A/X,X'/B) — mX,X").
Set Ripe,u0re) = {1,
3.2> | M: mCA/XX'/B) — mle,p").
Here m(r,p') refers to the homotopy pair set, for details see [1]. Set
Hip,uoe = (¥, ¥, pw + ploed.
Let & = {peue. denote an arbitrary element of w(A/XX'/B). Let
{p'},{Ra},{0r}} C wCA,B
denote the Toda bracket coset of {r}, {p'} and {Ra}.

We have the following result.

THEOREX 3.3. The following are equivalent.
(1) 0 e {p'},{Ra},{0)}.
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HOMOTUF ¢ OvER B AND UNDER A

(i1) Ma = 0.

PROOF. Allowing diagrams to represent elements we have

A — X!

‘y \3
* ¥ \ ue
A— A — X A - K
Mot = o y\ lp‘ ~ 0 (y\ \p‘ = ¢ p!
k |
X ——pt—/—q B X/—Pi—/—-———B X - B
* pr-1/ * t p'u
p'u

By (2], Proposition 3.14 it follows that (1) and (ii) are ejuivalen®

*
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