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TORSORS AND SPECIAL EXTENSIONS

by Maria J. VALE

CAHIERS DE’ TOPOLOGIE

ET GEOMETRIE DIFFERENTIELLE
CATEGORIQUES

Zol ZZ/I-1’1986,

R6sum6. Le but de cet article est de donner une interpretation
des torseurs de Duskin en termes d’extensions sp6ciales dans une

, cat6gorie d’int6r6t. Ceci conduit a une classification des

groupes de cohomologie H1 et H’, et de Hn pour n 2 3 si
les groupes de cohomologie s’annulent sur les modules injectifs.

Introduction.

Duskin’s theory of torsors [9] provides an internal simplicial in-
terpretation of the cohomology groups relative to a cotriple (defined
by a tripleable adjoint pair) in a category with finite limits. This theory
is similar to that of Yoneda [34J, where the role of extensions is played
by certain simplicial objects called torsors.

The concept of crossed module, which was introduced by White-
head [33], leads naturally to the definition of special extension. Special
extensions have been studied by Holt [18], Huebschmann [19] , Ratcliffe
[29], Lue [24], etc., in order to obtain a classification of the Eilenberg-
MacLane cohomology groups. The notion of crossed module, not

only for groups but also for Lie algebras, appears in publications by
Loday and Kassels [20, 22] . They include an interpretation of the third
relative cohomology groups of Eilenberg-MacLane and Chevalley-Eilen-
berg and their application to prove the exactness of the eight-term se-
quences in K-theory.

Lichtenbaum and Schlessinger [ 21] define homology and cohomo-

logy groups Ti and T1 ( j = 0, 1, 2), making use of a suitable special
extension of commutative alqebras, and they point out the close rela-
tion of certain (co-)homological conditions and the corresponding condi-
tions in algebraic geometry. These cohomology groups coincide with the

groups Di (i = 0, 1, 2) defined by Andr6 [1] and Quillen [28], and with
Harrison’s groups Hi+ 1 (j = 0, 1) for algebras over a field [17].

The framework of the present paper is a category of interest

(Orzech V6]), which is a certain variety of groups with niultiple oper-
ators. Cohomology theories -for a category of groups with operators
have been developed by Frohlich r11l. Gerstcnhaber [14]. and Lue :2)J.
and more recently, by various authors ([7, 12, 1), Lb. -10], etc.B

Our purpose is to provide an interpretation of torsors in ternis
of special extensions, thus obtaining a classification of the cotriple co-
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homology groups H1 and H2 and, in special cases, of Hn for n&#x3E;3.

First, we give an approach to torsor theory, and special extensions
in categories of interest. Then, we show that the group of connected

components of K( tt, 1) and K(tt, 2)-torsors is isomorphic to the group
of equivalence classes of singular extensions and 2-fold special exten-
sions, respectively. For n &#x3E; 3, we prove the analogous result if the co-

homology groups vanish on injective modules. Finally, we apply these

results to obtain Glenn’s long exact sequence of torsors [15], and to

give an interpretation of the Eilenberg-MacLane and Chevalley--Eilen-
berg cohomology.

This paper is based on my thesis [32J, written under the direc-
tion of Prof. A.R. Grandjean to whom I would like to express my thanks
for his ,help and constant encouragement.

1. Preliminaries. 

1.1. Torsors.
A simplicial object in a category C is a system

of objects Xn together with maps

and
(called the face operators)

, (called the degeneracy operators),

0  i n+l, which satisfy the following (simplicial) ) identities :

A simplicial map f, : X-&#x3E; Y, is a family of maps fn : Xn-&#x3E; Yn (n &#x3E; 0)
which commute with all the face and degeneracy operators. The

category of simplicial objects in C is denoted Simpl(C). An augmented
simplicial object over X, denoted X. -4 X, is a simplicial object with a
map

such that

An X-map of augmented simpliclal objects X. -&#x3E; X and Y. -&#x3E; X is

a simplicial map

such that

The simplicial kernel of the family of morphisms fi : X -&#x3E; Y,
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0i n , is an object K with maps

and such that

(2) for any family of morphisms qi: Z -&#x3E;X, 0  i  n+1, such that

there exists a unique morphism

An n-truncated simplicial object is a system

such that the di and si verify the simplicial identities whenever they
are defined. The process of n -truncating is a functor, denoted trn . If
C has finite limits then trn admits a right adjoint coskn, called n-co-
skeleton functor. We may use the following construction of the
coskeleton of an n-truncated simplicial object X, tr. Let

be the simplicial kernel of the family

One may define maps sj : &#x3E;Cn -&#x3E; Kn+1 , by sj = a0j, ..., anj &#x3E;, where

Thus one may build up the n -coskeleton of X., tr by iterating simplicial
kernels. The functor Simpl(C) - 5impl(C) obtained by truncating to
dimension n and then applying coskn is denoted Coskn . If X., tr -&#x3E; X
is an n-truncated augmented simplicial object, n &#x3E;-1, we may build up
its augmented coskeleton denoted Cosknaug(X., tr -&#x3E; X) again iterating
simplicial kernels,

If X.-&#x3E; X is an augmented simplicial object, then X. -&#x3E;C is said
to be split if there is a family of maps

called a contraction, satisfying the relations :
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and

If U : C -&#x3E; B is a functor, X. -&#x3E; X is said to be U-split if the under-

lying augmented simplicial object U(X.)-&#x3E; UX is split. If X., tr-&#x3E; X is

split (U-split) then cosknaug(X., tr ; X) is split (U-split, if (J is left

exact).
Given X" one can form a split augmented simplicial object denot-

ed Dec(X.), where Dec(X.)n = Xn+1 and where the face and degeneracy
operators are those of X, except that dn : Xn -&#x3E;Xn+1 is omitted for
each n.

Let C be a category with zero object and finite limits, and X, a
simplicial object in C. One defines the Moore complex of X, as the
complex : n

with differential

If C is an interest category (1.2) and X. -&#x3E; X is a U-split simplicial ob-
ject ( U being the underlying functor to the category of pointed sets
or modules), since the homotopy of X. coincides with the homology of the
Moore complex, this Moore complex is exact.

1.1.1. Definition. Let C be a category with finite limits and II and ab-
elian group object in C [32J. For any n &#x3E;1, one defines the simplicial
object K(tt,n) as the (n+1)-coskeleton of the (n+1)-truncated simplicial
object

where

(i.e. the signed alternating sum of all projections). If X, is any simplicial
object in C, the function

given by

defines a functorial isomorphism of the group of simplicial mappings
onto the group of normalized cocycles (i.e. the group of cocycles

1.1.2. Definition. Given X., n ? 0 and 0i n+1, denote by
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the family of maps satisfying :

there exists a unique map

with :

For instance, in the category of sets,

Let B and C be categories with finite limits and U: C -&#x3E; B a

left exact functor (i.e., finite limits preserving). Let n &#x3E; 1 be an integer,
X an object in C and 11 an abelian group object.

1.1.3. Definition [10]. A K(tt, 4-torsor over X relative to U is a triplet
(X., s. , x .) where

(a) X, - X is a U-split augmented simplicial object, with contrac-
tion s..

(b) X.: X. -+ K(n , n) is a simplicial map such that the following
squares are pullbacks, for each m &#x3E; n and 0  i  m,

(c) the canonical map d : X. -&#x3E; Coskn-1 aug(X.) is an isomorphism.
For a fixed IT, n and X, we define a morphism of the K (tt, n)-

torsor (X,, s,, X.) into the K (tt, n)-torsor (Y., t, , X’. to be an X-map
of augmented simplicial objects f. : X. +Y, such that X; f. - X, ·

The category of K( II , n)-torsors over X relative to U is denoted

TORSU (X, II) and its class of connected components TORSUrx, Ill.

1.1.4. Lemma. Let B be a category with finite limits and U : C-&#x3E;B a

tripleable functor. If (Xa, s,, X.) is a K (II, n)-torsor over X relative to
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is the canonical map and

then the map

is an isomorphism of augmented simplicial objects.

Proof. Let

be the simplicial kernel of the family

It is sufficient to show that the square

is a pullback [9]. But this square is composite of the squares

where

and thus it is a pullback iff the left hand square is a pullback. Now, the
result follows from the fact that the composite of the squares

where

is a pullback.
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From (1.1.3) and [32] it follows that for U tripleable the above
definition of K( II, n)-torsor over X relative to U is equivalent to that
of Duskin in [9].

1..1.5. Theorem (Duskin [9]). If B is a category with finite limits and
IJ : C -&#x3E;B is a tripleable functor, there exists a bijection

where Hn(X, II)G is the nth cotriple cohomology group of X with coef-
ficients in 11, G being the cotriple defined by the pair of adjoint func-
tors (F, U).

The map ZnG is defined by sending a connected component
[(X., s., X.)] to the class of the characteristic cocycle Z8 (Xo) of the tor-
sor (X., s., x.).

The inverse map of Zn is Sn given by

where k is a normalized n-cocycle, k’ the non-homogeneous form of
k and Sn(k’) the standard K m , n)-torsor over X defined by k’.

1.1.6. Proposition. Let B be a category with finite limits and U : C - B
a tripleable functor. If

is a short U -exact sequence of abeiian group objects in C (i.e., for
each object X we have exactness of 

then there are connecting homomorphisms such that

is exact, where for each abelian group object 11 the group structure of

TORS nU [X, IT ] is given by

and
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Proof. It follows from Theorem 1.1.5, making use of the long exact se-
quence in cohomology [5]

1.1.7. Definition. A groupoid object in C is a 1--truncated simplicial ob-
ject in C

together with maps

where the square

is a pullback and such that

1.1.8. Definition. Let (X., s. , X.) be a K(II , n)-torsor over X relative
to U. The fiber of X, is the pullback simplicial object

If (X., s, , X,) is a K(n , 2)-torsor over X relative to U, the 1-
truncation of F,(X,) is a groupoid [32].

1.2. Categories of interest.

A category of interest is a category C, with the following ax-
ioms [26] :

(1) There is a triple T = (T,n, u) on Set, such that T(0) = {.} (a one-
point set) and C is equivalent to Set .
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(2) U : C +Set* (the category of pointed sets) factors through the

category of groups.
(3) All operations in C are finitary.
(4) There is a generator set Q for the operations in C and

( S1n is the set of n-ary operations in n) such that Q contains identity,
inverse and + operations associated with the group structure, and if

then *°, defined by

is also in n’2.
1-1 

(8) For each ordered pair (*, *’) E n2’ xk2’ there is a word w, satisfying
(a*b)*’c = w(a(bc), a(cb), (bc)a, (cb)a, b(ac), b(ca), (ac)b, (ca)b)

where juxtaposition represents an operation in Q2.

An object A in C is singular if it is abelian as a group and

Let A and X be objects in C. A is an X-structure in C if there
is a right-split extension of X by A

Moreover, if A is singular, we call it an X- module.

An X-structure induces actions of X on A by

for * E S12.
These actions determine the object E, which can be considered to be
the cartesian product A x X with the following operations

for

for
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It is denoted E = AT X and called semidirect-product of X by A .

A morphisms of X -structures is a morphism g : A + A’ such that

for * E Q L . The categories of X-structures and X-modules will be de-

noted by X- Str and X- Mod, respectiveley.

We shall denoted by Der(X, A) the set of all derivations of X by
A, i.e., the set of all functions d : X- A verifying

for

If f : Y - X is a morphism in C an f-derivation is a derivation d : Y + A
where A is an Y-structure via f (i.e.,

The set of all f-derivations of Y by A will be denoted by Der(X, A)y
There is a natural equivalence

where (C, X) is the category of objects in C over a fixed object X [32J.

If Ab (C, X) is the category of abelian group objects in

( C, X), then there is an equivalence Ab(C, X) - X- Mod [261.
Since C is an exact category [3J, so is (C , X). Thus X-Mod is an

abelian category. 

We denote by E (resp. EL ) the class of all surjective epimor-
phisms in C (resp. epimorphisms in C, which split as epimorphisms in a
category L of modules over a ring). The class of all epimorphisms in
X- Mod (resp. epimorphisms in X-Mod which split in L ) is denoted by
EM (resp. EML ).

1.2.1. Definition. An (L-)n--fold special extension, n &#x3E; 1, of X by an X -
module A is an exact sequence in C

satisfying :
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(2) C1 is a Co -structure and the morphism a 1 : C1 -&#x3E; Co is a mor-

phism of Co-structures, where Co acts on itself by conjugation, and
such that

d1 (c1). c’1 =c1 + c’1 - c1 and a1 (c1)* c’1 =c1 * c1’

for *E n’2 , and c1, c1’ E C1.

(3) for k &#x3E; 2, Ck is an X-module.

(4) a2 : C2 -&#x3E; C1 is a morphism of Co-structures, where Q acts

on C2 via p: Q -&#x3E; X.

(5) for k &#x3E; 3, ak is a morphism of X-modules with aCk E EM(L). 
We call El a(n) (L-)singular extension, if A is considered a C0-

structure via p : Co - X.

Two (L -) n-fold special extensions En and E’n of X by A are re-
lated if there is a family of morphisms a = {a }okn-1 such that

(a) the diagram

is commutative, 

(b) ai is a morphism of Co--structures, where Co acts on

C’l via ao,

(c) ak is a morphisms of X-modules, for k &#x3E;2.

This relation generates an equivalence relation. We write L FE,2] for the
equivalence class of En and Sn(X, A)(L) for the quotient set.

If f : A -&#x3E; B is a morphism of X-modules, the map

given by

is a homomorphism of groups.

S n(X, A)L) is an abelian group with the Baer sum, the zero el-
ement being the class

and
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1.2.2. Theorem [32]. If

is a short exact sequence of X -modules, there are connecting homomor-
phisms such that

is exact, where

Moreover i f

is a commutative diagram in X-Mod, with short exact rows, then the

following diagram is commutative

for

The following lemma is immediate.

1.2.3. Lemma. IF I is an injective X -module, 1) = 0 , for n&#x3E; 3.

1.2.4. Lemma. If
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is a groupoid object in C and H = ker d1, then H is an Ao -structure

satisfying

Proof. The elements of Al can be represented uniquely as a + sx for
a f H, x E A o . Since p : : A 1XA A1 -&#x3E; A 1 is a homomorphism of groups,
we have 

Then,

and thus,

On the other hand,

2. Singular extensions and n-fold special extensions.

If X is an object of C and L a category of modules over a ring,
we denote by

the functor induced by the underlying functor U to Set*, and by

the functor induced by the underlying functor to L (if U factors through
L ). Let A be an X-module and

2.1. K(rr, 1) -torsors and singular extensions.

2.1.1. Proposition. If ( X, , s., X.) is a K(rr, 1)-torsors over 1 : X -&#x3E; X
relative to U(L) X in (C, X), then the Moore complex of X, is a(n) (L-)

singular extension.

Proof. Since X, is U (L) X -split and

then MX, is exact and (MX.)m= 0, for all m &#x3E;2. Thus
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Now, Definition 1.1.2 (b) yields the isomorphism X1 : ker dj=A and the
existence of a morphism 

Furthermore there exists a map r : X 0 -&#x3E; X1, satisfying

The short exact sequence

is a(n) (l-)singular extension of X by A. In fact,

and

2 .1. 2 . Proposition. L e t

be a(n) (L-)singular extension of X by A . There is a K(IT , 1)-- torsor
(X., s., X.) over 1: X -&#x3E;X in (C, X) relative to U(L) X, such that

Proof. Let so be a section of p in Set (L). Since

is a(n) (L -)singular extension, we have

The simplicial object

has a U(L) x- contraction induced by so . We define
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by

Since

ii is a 1-normalized cocycle in (C , X).

Let 0. : X.-&#x3E; K( TI, 1) be the morphism of simplicial objects in
( C, X) obtained from 01 1 (see 1.1.1). Since the squares

are pullbacks, then TE 1 = (X., s.,d.) is a K( II , l)-torsor over 1 : X + X.
(Notice that in the condition (b) of Definition 1.1.3 it is sufficient to
consider m = n .) It is immediate to see that MX.= E 1 .

Now, we easily obtain :

2.1.3. Theorem. There is a bijection

gi ven by

In [32] we have proved the following propositions.

2.1.4. Proposition. If (X., s,, xJ is a K(II, 1) -torsor over 1 : X -&#x3E; X rel-

ative to U(L)x and f : A-&#x3E; B is a morphism of X -modules, then

where f 1 [(X., s" X.] is the class of K(BT X -8.x-+ X , 1) -torsors defined
in Proposition 1.1.6, f1[MX. ] is the class of (L-)singular extensions of
X by B (1.2.1), and T the inverse map of M.

2.1.5. Proposition. The map

is an isomorphism of abelian groups.

2.2. K( II, 2) -torsors and 2-fold special extensions.

2.2.1. Proposition. 1 f -torsor over
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relative to U(L)X in (C, X), then the Moore complex of X is a(n) (L-)
2-fold special extension of X by A.

Proof. Since X, is U (L) X -split and Cosk 1 (X.) = X., then MX, is exact

and 

Thus

Definition 1.1.2, (b) yields the isomorphism

and the existence of a morphism such that

The exact sequence

is a(n) ( L-)2-fold special extension. In fact,

(1) If a : ker d 1 -&#x3E; ker do is the cokernel morphism of d0X-12 , the
map

is a section of 0 in Set* (L).

(2) ker dl is an Xo-structure

and the morphism do ! ker dl is a morphism of Xo-structures, where Xo
acts on itself by conjugation, satisfying

by Lemma 1.2.3.

(3) do X 21 is a morphism of Xo-structures :

and
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where j o = 1, s0 d0, - &#x3E;.

2.2.2. Proposition. I f

is a(n) (L-)2-fold special exension of X by A , there is a K(n , 2) - torsor
(X., s., d. over 1 : x -&#x3E; X relative to U(L)X such that MX. = E 2 .

Proof. Let Y., tr be the 1-truncated augmented simplicial object in

(C, X) 
.

with face and degeneracy operators do, di, so given by

Y" tr has a U(L) X -contraction { s0, s, }, where s o is a section of do
in Set* (L) and

being a section of the cokernel morphism of i in Set" (L).
Let X. = cosk 

1 
(Y" tr) and s, the U(L) x -contraction induced by

{s0, s1}. We define a morphism d2: X2 -&#x3E; ATX in (C, X) by

We can show that

Thus 62 is a 2-normalized cocycle.
If d.: X. + K(II , 2) is the morphism of simplicial objects ob-

tained from 62 (see 1.1.1), then TE2 = (X., s . , 6 ) is a K(II , 2)-torsor
over 1 : X +X, since the squares

are pullbacks, for 0  i 2.
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It is immediate that MX. = E2 .

One verifies easily now that

2.2.3. Theorem. The map

given by 

is a bijection.

In [32] we have proved :

2.2.4. Proposition. If (X., s., X.)is a K(II, 2)-torsor over 1 : X -*X

relative to U(L) X and f : A + B is a morphism of X -modules, then

2. 2 . 5 . Proposition. T h e map

is an isomorphism of abelian groups.

2.3. Balanced cohomology. Interpretation by torsors.

2.3.1. Definition. An interest category C is said to have balanced coho-

mology if

for each object X and each injective X-module I, Gx being the cotriple
induced in (C . X) by the adjoint pair (FX, UX)·

2.3.2. Proposition. If C has balanced cohomology and I is an Injective X -
module, then Sn(X, 1) = 0 for n &#x3E;2.

Proof. It follows from Lemma 1.2.3 and from

2.3.3. Theorem. If C has balanced cohomology and A is an X-module,
then there are isomorphisms of abelian groups
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Proof. Let

be an exact sequence of X-modules where Ik , 1 ;S k ;S n-2, is an injec-
tive X-module. By Proposition 1.1.6, we have an isomorphism of abel-
ian groups

On the other hand, Proposition 1.2.2 gives an isomorphism

Let now WA= DA.M. wA, M being t.he isomorphism of Theorem
2.2.3. The isomorphism WA is independent from the choice of the exact

sequence

In f act, if

is another eact sequence of X-modules, with Jk , 1  k  n-2, injective
X-modules, we have a commutative diagram

where hl, ..., hn-2’ g are morphisms of X-modules. The result follows
from Proposition 3.1.2 and from the naturality of the connecting mor-
phisms 9 and d in Propositions 1.1.6 and 1.2.2.

2.3.4. Proposition. Suppose C has balanced cohomology,. If f : A -&#x3E; B is
a morphism of X-modules and (Xi,, s,, X.) is a K(AT X- X , n)-torsor
over I- : X-X rejative to UX , then

Proof. Let

and

be two exact sequences of X-modules with
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injective X-modules. There is a commutative diagram

where f, fi , ..., fn--2 , g are morphisms of X-modules. The remainder

of the proof is similar to that of Theorem 2.3.3.

3. Examples and applications.

3.1. The long exact sequence

A K( II, n)-torsor over X in an exact category C is a pair (X., X.),
vrhere X. is an augmented simplicial object over X and x.: X, - K(II, 6
is a morphism of simplicial objects satisfying the rules (b) and (c) of
Definition 1.1.3, together with the rule

(a’) for any m ? 1, if pi : Km-&#x3E; Xm-1, 0  i m , is the simplicial
kernel of di : X m -1-+ Xm-2’ 0 1 m -1, then the morphisms

are coequalizers.
A morphism f,: (X., X,) -&#x3E; (X’., x’J of K( II , n)-torsors over X

is an X-map f. : X. -&#x3E; X’, of augmented simplicial objects such that

x.’ f. = X, o The category of K( II, n)-torsors over X and its class
of connected components are denoted by TORS n(X, II) and TORSn[X, II]
respectively.

In [15], Glenn defines an abelian group structure in TORSn[X, II]
and, for any f : IT’ -&#x3E; II, a homomorphism of abelian groups

and he obtains an exact sequence

associated with each short exact sequence
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If C is an algebraic category and the underlying functor U: C-&#x3E; Set
factors through the category of groups, then

and the morphisms TORSn[X, f ] and the additive structure of TORSn[X, ro
coincide with those defined in Proposition 1.1.6 [15]. So, if C is an in-
terest category with balanced cohomology, from Propositions 2.1.4, 2.1.5,
2.2.4, 2.2.5, 2.3.4 and Theorem 2.3.3 we see that Baer sum and the

morphism fn defined in 1.2.1 just give the addition in 

and the morphism

respectively. Furthermore, the exact. sequence of Theorem 1.2.2 gives
the long exact sequence of torsors over 1: X +X obtained by Glenn.
The details may be found in [32].

3.2. An interpretation of the Eilenberg-MacLane cohomology.
If G is a group, a G-group is a pair (A, a), where A is a group

and a : G -&#x3E; Aut A is a homomorphism of groups. We put

A G-group (A, a) is said to be a G--module (i.e., ZG-module) if A is an
abelian group. A homomorphisms of G -groups f : A -&#x3E; B is a homomorphism
of groups such that

The categories of G-groups and ZG-modules will be denoted by fr and
GM, respectively.

Barr [4J shows that there are natural isomorphisms

where E-Ml denotes the Eilenberg-MacLane cohomology and G’H is the
cotriple defined by the adjunction

with

F’ being the free functor and 6Hthe counit of the adjunction: (F’, U’)
in H.
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3.2.1. Lemma. There are equivalences of categories

Proof. (i) We define two functors

by

with a : G -&#x3E; Aut A given by

and

where A TG is the set A x G with the group structure

It is easy to see that

(ii) The restriction of Fl and F2 to G- Mod and GM,, respectively,
gives the equivalence.

From these equivalences, the concepts of singular extension and
n-fold special ex tension can be stated as follows :

A singular extension of G by the ZG-module A is a short exact

sequence of groups

where the ZG-module structure on A is given by any section of

p (i.e., 

An n-fold special extension of G by A is an exact sequence of

groups 

where

is an (n-2)-extension of ZG-modules and

is an exact sequence of H-groups, where ker f is a ZH-module via p , H
acts on itself by conjugation and such that
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Since the category of groups has balanced cohomology, we have
the following propositions.

3.2.2. Proposition. If A is a ZG -module, there are isomorphisms of ab-
elian groups

Proof. It follows from Propositions 2.1.5, 2.2.5 and Theorem 2.3.3.

3.2.3. Proposition. If A is a ZG -module, there are isomorphisms

Proof. It follows from Theorem 1.1.5 and Proposition 3.2.2.

3.3. An interpretation of the Chevalley-Eilenberg cohomology.
Let LK be the category  a commutative un-

itary ring K. If g is a Lie algebra over  : enveloping
algebra, it is known that the categories of Ug-modules and g-modules
are equivalent [31].

The underlying functor U : LK -&#x3E; Set* factors through the

category of K-modules L , and we have the following diagram of adjoint
functors.

where FL(M) is the quotient K-Lie algebra of the free non-associative
algebra

by the two sided ideal generated by elements of the form

for m , mi e M, and where

(K(S)/K(.) being the free K-module generated by the set S with identifi-
cation. = 0). It is clear that the underlying functors U and UL are
tripleable [31]



86

In LK the concepts of (L -)singular extension and (L -) -fold spe-
cial extension can be state as follows :

A(n) (L -) singular extension of g by a Ug-module is a short exact

sequence of Lie algebras

where the Ug-module structure of A is given by any section s of p (i.e.

A(n) (L-) 2-fold special extension of g by A is an exact sequence
in L Ky

with cp 2 , l 0 E E (l.l:)’ k a Uh-module, and such that

for each

An (L-)n-fold special extension of g by A, n &#x3E; 2, ’is an exact se-

quence

in L K where

is an exact sequence of Ug-modules with (lCk E E(L) for k&#x3E; 2 and

is a(n) (L -)2-fold special extension.

In [15], Shimada gives an interpretation of the group

as the set of equivalence classes of (L -)2-fold extensions of g by A,
G (L) being the cotriple induced by the adjunction (F(L), U(L) ) in

(LK, g). In [2J, is given an interpretation of

for n&#x3E; 1, in the case K being a field.

3.3.1. Proposition. If U : LK -+Set8 and UL : LK- L are the underlying
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functors, then

and

classify (L-)singular extensions and (L-) 2 -fold special extensions, respec-
tively.

Proof. It follows from Theorems 2.1.3 and 2.2.3.

3.3.2. Proposition. If (X., s" X, ) is the standard IrC (AT g - g, 2)-torsor
over 1 : g-&#x3E;g defined by the 2 -normalized cocycle 

then MX, coincides with the standard 1311 (L-) 2-fold special extension
defined by the cocycle -f. 

Proof. The standard (L -)2-fold special extension defined by the

cocycle -f is given by

where p is the counit of the adjunction (F(L), U(L)) in 9 and where

N(9)x-f A is the set Ker px A with the Lie algebra structures

where we used the notation

r) being the unit of the adjunction. The maps T and p are defined by

Moreover, G(L)g acts on N( 9 )x-fA by

This extension coincides with MX" since there exists a commutative

diagram
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where )3 is an homomorphism of G(L) g -modules which preserves the

Lie algebra structure. 

3.3.3. Proposition [27B If K is a field, then

where Ch-E n denotes the Chevalley-Eilenberg cohomology.

3.3.4. Proposition. If K is a field, then there are isomorphisms of abel-
ian groups

Proof. It follows from Propositions 1.1.5 and 2.2.5 and Theorem 2.3.3.

3.3.5. Corollary. If K is a field, then

Proof. It follows from Theorem 2.1.3 and Propositions 3.3.3 and 3.3.4.
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