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MODELS FOR ACTIONS OF CERTAIN GROUPOIDS

by Peter GREENBER G

CAHIERS DE TOPOLOGIE

ET GEOMETRIE DIFFÉRENTIELLE
CATÉGORIQUES

Vol. XXVI-1 (1985)

R6sum6. Soit B rn 1espace classifiant pour les feuilletages C de
codimension n , et soit Mn le monoide discret des plongements
C°° de Rn dans Rn. G. Segal a montre qu’il existe une equivalence
d’homotopiefaible BMn-&#x3E; Bin, et D. McDuff a obtenu des r6sulats

analogues pour les espaces classifiants de feuilletages COO avec
une forme volume transverse, de codimension au moins 3. Cn

generalise ici ces r6sultats.

1. INTRODUCTION.

Let Br n be the classifying space for C°° codimension n foliations,
and let Mn be the discrete monoid of Coo embeddings from Rn to

Rn . G Segal showed [13] that there is a weak homotopy equivalence
BMn -&#x3E; BTn , and D. McDuff [10] obtained similar results for the

classifying spaces for COO foliations with transverse volume form,
with codimension at least 3. This paper generalizes these results.

Much of this work was done at M.I.T. and is my doctoral thesis ;
I’d like to thank my advisors Daniel Kan and Sol Jekel. Sol Jekel has
obtained similar results with other methods [7].

1.1. Classifying spaces for Haefliger structures. 
A pseudogroup G of transformations of a space X is a collection,

closed under composition and inverse, of homeomorphisms between

open subsets of X. There are various models for a classifying space BG ;
such a classifying space is of interest in the homotopy theory of

foliations whose transverse geometric structure is modelled on X.

In this paper we start with a topological category r called a groupoid
of homeomorphisms (2.1) of X ; the classifying space (1.7) r of this
category is a standard model for BG.

1.2. Monoids of immersions. 
We associate to a gr oupoid of homeomorphisms r of a space X

a discrete monoid of immersions M (2.3), which acts on X by maps
m : X -&#x3E; X which are locally one-to-one. Let lMBX I denote the homotopy .

quotient of the action (sometimes denoted EMx M X) ; if X is contrac-

tible there is an (homotopy) equivalence lMBXl- BM.

1.3. Theorem. If the images mX , m E M form a bas-is for the topology
of X, then there is a weak (homotopy) equivalence lMBXl-&#x3E; lTl 
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For example, let r be the groupoid of all area preserving diffeomor-
phisms between open subsets of the plane ; I rl is the classifying space
for codimension 2 foliations with a transverse area form. Let M
be the monoid of area preserving immersions of the plane. Then
there is a weak equivalence BM-&#x3E; I r I.

1.4. Modelling actions. 
Let Y be a space with a map p : Y -&#x3E; X, and suppose that the

homeomorphisms between open subsets of X in the pseudogroup G
lift naturally to homeomorphisms between the inverse image of the

open sets in Y. Such extra data may correspond to some facet of the

geometry of X. For example, consider the tangent bundle p : T*Rn -&#x3E; Rn .
If f : U -&#x3E; V is a diffeomorphism between open subsets of Rn, there is
a natural induced isomorphism f*: T*U -&#x3E; T*V of tangent bundles.

We define (2.2) an action of a groupoid of homeomorphisms r
on a space Y over X. There is an appropriate definition of the homotopy
quotient lTBYl, *of the action ; in [5] we show that there is a spectral
sequence abutting to H* lTBYl, with 

where the latter expression is defined in analogy with group homology.
In some cases the E2 term has some geometrical significance [4].

If r is a groupoid of homeomorphisms of X, and p: Y +X is a

map, and r acts on Y over X, then the monoid of immersions M acts
on Y.

1.5. Theorem. If the images mX, m E M, form a basis for the topology
of X, then there is a weak equivalence lmBY l -&#x3E; l TBYl. 

It turns out that 1.3 is a corollary to 1.5.

1.6. Organization. In Section 2, definitions are given, along with re-
statements of the main results and some examples. Section 3 contains
the main body of proof, with a major Lemma 3.4 proved in Sections
4 and 5.

1.7. Notation.
We assume familiarity with semisimplicial notations; references

are [9] and [14].
Recall [2] that a topological category is a small category in which

the sets of objects and morphisms are given topologies, such that the
structure maps of the category are continuous. The nerve of a (topologi-
cal) category C is a simplicial (space) set C*; a functor F : C-&#x3E;D
induces a simplicial map F* : C*-&#x3E; D*. If C is a (topological) category,
we denote by D, R : Cn-&#x3E; Co the domain and range maps
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We employ the geometric realization functor

1.1 : : simplicial spaces + spaces

defined by Segal ( [12], App. A ; Segal calls the functor 11 . 11 ). If A*
is a simplicial space, lA*l is defined as

where An is the standard n-simplex, and we set

for every composite of face maps F : An -&#x3E; Ak; here F*: Ak -&#x3E; .dn
is the inclusion induced by F. Segal’s realization is useful to us because
of the proposition :

1.8. Proposition. (Segal, 12, App. A.1. ii) If f*: A* -&#x3E; B* is a map of

simplicial spaces such tha t every f n s An -&#x3E; Bn is a weak equivalence,
then lf*l: lA*l-&#x3E; 18* l is a weak equivalence.

2. MAIN RESULTS.

2.1. Definition. A groupoid of homeomorphisms r of a space X is a top-
ological category F with space of objects X, such that (denoting by F 1
the space of morphisms of T) :

i) every morphism in T has an inverse.

ii) the domain and range maps D, R : r 1 +X are locally homeo-
morphisms.

let r be a groupoid of homeomorphisms of a space X. If U C X
is open, and s : U-&#x3E; r 1 is a section of the domain map, then Rs : U + X
is locally a homeomorphism. The sections such that Rs is a homeomor-

phism form a pseudogroup of transformations of X in the sense of
Ehresmann [11, or Haefliger [6].

2.2. Definition [2]. Let r be a groupoid of homeomorphisms of X. Let
p : Y +X be a continuous map. An action of r on Y over X is a groupoid
of homeomorphisms rBY of Y, and a functor p : TBv -&#x3E; r , which on

objects, is the map p : Y -&#x3E;X, such that :

i) the diagram



36

is a pullback, so that we can write elements of (TBY)1 as pairs (g, y)
such that Dg = py ; 

ii) pR (g, y) = R g ;
iii) if f, g E r i with D f = R g, and y E Y with Dg = py, then

The range map R : ( TBY) 1 +Y of rBY is called the range map
for the action. Of course, T itself is an action of F on X.

2.3. Definition. Let r be a groupoid of homeomorphisms of a space X.

Define the monoid of immersions M of X to be the set

with the composition

where the composition in the latter expression is in r 1 . (Note that if

m E M, m(x) E F 1.)

2.4. Definition. Let r be a groupoid of homeomorphisms of a space X,
p : Y -*X a map, and rBv an action of r on Y over X. To every
m E M define a section m : Y +(FEY) 1 of the domain map by

Let MBY denote the topological category with objects Y, morphisms
MxY, and domain and range maps D, R : MxY -&#x3E; Y given by

We define a functor i y : MBY -&#x3E; rBY to be the identity on objects
. with i Y,l(m, y) = m(y) E (TBV)1. In particular, there is a functor i :

MBX - r , realizing MBX as the . category of global sections of the
domain map [3].

We can now restate Theorems 1.3 and 1.5.

2.5. Theorem. Let F be a groupoid of homeomorphisms of a space X,
and let M be the monoid of immersions of X . Suppose that the open
sets R m(X), m E M, form a basis for the topology of X. Then :

i) for any action FBY of r on a space Y , the functor MBY-&#x3E; rBY
induces a weak equivalence lMBY) l -&#x3E; TBYl;

ii) in particular, there is a weak equivalence lMBX l -&#x3E; lTl.

Our applications use Corollary 2.8 below.
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2.6. Definition. Let F be a groupoid of homeomorphisms of X and let
U C X be open. The stabilizer Fu of l is the groupoid of homeomorphi-
sms of U whose space of morphisms is

The monoid of immersions of U is

2.7. Proposition [5]. Suppose the open sets R s U, s : U-&#x3E; T 1 a section

of the domain map, form a basis for the topolo y of X . Then the in-

elusion functor T U-&#x3E;T induces a weak equivalence rful - lTl. 

2.8. Corollary. Let F be a groupoid of homeomorphisms of X , let U C X, 
and suppose the open sets R s U, s : U -&#x3E; I i a section of the domain map,
form a basis for the topology of X. Then there is a weak equivalence
lMUBUl-&#x3E; ,
Proof. By 2.7 there is a weak eauivaience T Ul-&#x3E;l 1 r and by 2.5 there
is a weak equivalence lMUB U f Iul. 

2.9. Examples. i) Let G be a discrete group acting on a space X. Def-
ine a groupoid of homeomorphisms GBX of X whose space of morphisms
is GxX, with D, R : GxX -&#x3E; X defined by

There is a weak equivalence lGBX I -&#x3E;EGx GX.
Let U C X be an open set, and suppose that the images {g Ul, g E G

form a basis for the topology of X. Let MU be the monoid of elements
of g taking U into U. Then there is a weak equivalence lMBU 1-+ lGBXl.
If U is contractible there is a weak equivalence BM -&#x3E; lGBX. 

ii) Let N k be the "final k-dimensional submanifold of Rn " defined
as Nk =LLUf/~ where we take one copy U f for every open subset U
of Rk and every Coo immersion f: U -&#x3E; Rfl where if u E U f, v E V g
we set u~ v if there is a n-eighborhood W of u in Uf and a Coo embedding
h : W - Vg such that go h= f on W. Nk is a non-Hausdorff k-dimensional
manifold with an immersion Nk - Rn .

Let Tn be the groupoid of diffeomorphisms of Rn ; Ti is the space
of germs of diffeomorphisms of R’ with the sheaf topology. There is
an obvious action TB N k. Picking a standard embedding Rk-&#x3E; Rr2 .
we can regard Rk as a submanifold of Nk. The stabilizer (rBNkfK
is the groupoid of diffeomorphisms of Rk with germs of extension to

Rn ; by (2.7) there is a weak equivalence
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The monoid M Rk is the monoid of immersions of Rk with germs of

extensions to W. By (2.9), there is a weak equivalence BM Rk TBNkl.
This example is exploited in [4].

3. PROOF OF 2.5.

From now on, we assume the conditions of 2.5 : r is a groupoid
of homeomorphisms of a space X, such that the images Rm X, m E M,
form a basis for the topology of X, p : Y -&#x3E; X is a map, and rBY
is an action of T on Y over X.

3.1. Definition [8]. Let M be a monoid acting on a set S on the

right, and on the space W on the left. Define a topological category
S/M BW with objects SxW, topologized as a disjoint union of copies
sxW of W, and morphisms SxNxW, topologized as a disjoint union of

copies s xn xW of P. The structure maps are given by

If S is a set, let As denote the "simplex on S ", the simplicial set
whose set of n-simplices is Sn+1, with

If a monoid N acts on S, then N acts on Sn+1 by the diagonal action,
and in fact N acts on AS by simplicial maps. 1

3.2. Definition. Let N be a monoid acting on a set S on the right and
on a space W on the left. We define a simplicial topological category

with functors

induced by the simplicial structure of As,

Since As is contractible, there is a homotopy equivalence

3.3. Definition. We define a simplicial topological category TBY with
a homotopy equivalence lTBY l -&#x3E; FBY . Let (TB V)n be the topological
category with space of objects (TBY)n, space of morphisms (rBY)n
and all structure maps the identity. The simplicial maps between the
( rBY)n define the functors between the (TBY)n.

Since (TBY)n is just (rB Y) n crossed with a simplex lASl 
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on N ={ 0, 1, 2, ...}, there is an equivalence lTBYl -&#x3E; lTBYl -

3.4. Lemma. Let M (the monoid of immersions of r) act on itself on
the right, by composition. There is a simplicial functor F : AM/MBY-&#x3E; F
such that each Fn : Mn+1/MB Y -&#x3E; (TBY)n induces a weak equivalence.

Lemma 3.4 is proved in Sections 4 and 5.

3.5. Proof of 2.5. By the remark after 3.2 there is a homotopy equival-
ence lA M/MBY) + lMBY I. By 3.3 there is a weak equivalence

Therefore, there is a weak equivalence lMBY) l -&#x3E;l TBY.
With more work one can show that

commutes up to weak homotopy.

4. DEFINITION OF F n .
We define the functors Fn: Mn+1/MBY-&#x3E; (TBY)n and prove (4.2)

that Fn is "onto" in a certain sense. We write elements of (TBY)n
as (fn,..., fi, y) where

Recall that if me M, m(x) is an element of r 1 for x E X.

4.1. Definition. On objects, Fn is the map Fn o
given by 

Fn,O (mn Moy Y) - (mn(PY) 0 mn-1(py)-1,..., m1 (py) o m o(py)-1, R m o(Y))·

On morphisms, Fn,1: Mn+1xMx Y -&#x3E; (TBY)n is defined by

It’s not hard to verify that the Fn define a simplicial functor

4.2. Lemma. Let (fn ,..., f 1, y) E (rB Y)n. Then there exists
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(mn,..., mo, Z) e N4n+lxY such that F n (T11n , ,..., m 0, z) = (fn ,..., fi , y).
Proof. We prove the result for n = 1. For n &#x3E;1 the result follows simi-

larly, using inducti on. Let (fl, y) e (FBY) 1. Let x - D f 1 = py. There
is a section fl : U - T 1 of D on a neighborhood U of x , such that

f i(x) = f 1 and R f 1 is one-to-one on U.. Let

such a m 0 exists because the RmX, m E M, form a basis for the

topology of X. Let x’ E X such that Rm o(x’) = x . Define mi 1 E M by

Since x = py, y E R m oY. Pick z e Y so that R m o(z) =y . Then

5. PROOF OF LEMMA 3.4.

We have defined functors Fn : Mn+1/MB Y -&#x3E; (rB Y) n. There is a

projection map I( 1B Y) n l -&#x3E; (TBY)n. Let T be the composition

To prove 3.4, it is enough that each Tn be a weak equivalence by (1.8).
First we show that the maps Tn are almost locally trivial ([10],

Appendix). By ([13], A.I) it then suffices to prove that Tn-1 (x) is
contractible for every x E ( TBY)n .

5.1. Definition [13]. A map f : B + A of spaces is almost locally trivial if
for every a E A there is a neighborhood of f-1 (a) in B which is

homeomorphic as a space to a neighborhood of f-1 (a)Xa in f-1 (a) xA.

5.2. The space Tn-1 (x). Let x E (TBV)n. We describe Tn-1 (x) as

the geometric realization )C x) l of a discrete category Cx . The objects
of Cx are pairs (s, y) with

The morphisms of Cx are triples (s, m, y) with

The structure maps D, R of Cx are defined as
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5.3. Proposition. Tn : lMn+1/M BY l -+( rB Y)n is almost locally trivial.
Proof. If (s, y) E Cx let V(s, y) be a neighborhood of (s, y) in s xY
such that Fn,0 is one-to-one restricted to V(s, y) . Denote by N (x)
the subcategory of Mn+1/MBY generated by the points of the V (s, y) ;
I N (x) l is a neighborhood of Cxj in lMn+1/MBYl 

Let M (x) be the subcategory of Cxx(TBY)n generated by objects

Then lM(x)l is a neighborhood of

The functor G : N(x) + M(x) given on objects by

is an isomorphism of categories. Thus, Tn is almost locally trivial.

To complete the proof of Lemma 3.4 we show that the categories
Cx have contractible realization.

5.4. Definition. A category C is codirected if :

i) for any objects A1, A2 of C there is an object B of C, and maps
fi : B-&#x3E; Ai ·

ii) If fi: B-&#x3E; A, i = 1, 2 are maps in C there is an object E

in C and a map g : E -&#x3E; B in C such that fi o g = fi o g ·

After Quillen [11], codirected categories have contractible real-
izations.

5.5. Proof of 3.4. Since the maps Tn are almost locally trivial, we need
only show that the Cx have contractible realizations. We will prove
that the Cx are codirected. Note that by 4.2, the Cx are nonempty.

Condition ii of 5.4 follows for Cx from the fact that there can

be at most one morphism between any two objects in Cx . To verify i
we need to show that for every (si, yi), (s2, y 2) E C, there are y E Y,
m l, m2 E M such that

Write

where each sij E M. Let U1 be a neighborhood of y1 on which each

RsiJ is one-to-one ; define U2 similarly. Let

and define m 2 E M by
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It is not hard to verify that s2°o m2 = sl°o mi , and then, by induction,
that S 2j o m 2 = s 1j o m1. Theref ore, s 1 m1 = S 2 m 2.

Now py 1 E Rm X, so there is some y E Y such that Rm1 (y)= yl ·
Then it follows that

But 52° is one-to-one on U2, so Rm 2y = y2.

BIBLIOGRAPHY.

1. C. EHRESMANN, Sur la théorie des espaces fibrés, Coll. Intern. Top. Alg. Paris,
CNRS (1947), 3-15 (Re-edited in "Charles Ehresmann : 0152uvres complètes et

commentées", Partie I, Amiens, 1984).
2. C. EHRESMANN, Catégories topologiques et catégories différentiables, Coll.

Géom. Diff. Globale, Bruxelles, CBRM (1958), 137-150 (Re-edited in "Charles

Ehresmann : 0152uvres complètes et commentées", Partie I).
3. C. EHRESMANN, Catégories topologiques, III, Indigat. math. 28-1 (1966),

133-175 (Re-edited in "Charles Ehresmann : 0152uvres complètes et commentées",II)
4. P. GREENBERG, A smooth scissors congruence problem, Proc. AMS (to appear).
5. P. GREENBERG, Actions of pseudogroups, Preprint.
6. A. HAEFLIGER, Structures feuilletées et cohomologie à valeurs dans un faisceau

de groupoides, Comment. Math. Helv. 32 (1958), 248-329.
7. S. JEKEL, Some weak equivalences for classifying spaces, Preprint.
8. J.P. MAY, Classifying spaces and fibrations, AMS Memoir 155, 1975.

9. J.P. MAY, Simplicial objects in Algebraic Topology, D. van Nostrand, 1967.

10. D. MCDUFF, On groups of volume preserving diffeomorphisms and foliations

with transverse volume form, Proc. LMS 43 (1981), 295-320.
11. D. QUILLEN, Higher Algebraic K-theory I, Lecture Notes in Math. 341, Springer

(1973).
12. G.B. SEGAL, Categories and cohomology theories, Topology 13 (1974), 293-312.

13. G.B. SEGAL, Classifying spaces related to foliations, Topology 17 (1978),
367-382.

14. G.B. SEGAL, Classifying spaces and spectral sequences, Publ. Math. IHES 34

(1968), 105-112. 

Mathematical Sciences Division

North Dakota State University
300 Minard Hall

FARGO, North Dakota 58105. U.S.A.


