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Abstract. This paper presents a generalization for bicategories of the Gabriel-Zisman theory of
categories of fractions. Subsequently, this theory is applied to show that étendues and stacks (among
others) arise as bicategories of fractions from appropriate categories of groupoids.
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Introduction

The main purpose of this paper is to give the construction of a bicategory of
fractions, as a generalization of the Gabriel-Zisman notion of a category of fractions
(see (Gabriel-Zisman, 1967)). In other words: for a bicategory C and a class of
1-arrows W which satisfy certain conditions (which form a generalization of those
in (Gabriel-Zisman, 1967), see Section 2.1) we construct a bicategory C [W‘l] and
a homomorphism U:C — C[W ~!]. This homomorphism sends the 1-arrows in W
to equivalences and it is universal in the sense that composition with U induces an
equivalence of bicategories

Hom (C[W~!],D) ~ Homw (C,D)

where Homy (C, D) is the bicategory of homomorphisms and transformations
which invert the elements of W in a suitable sense (see Section 3.2).

The motivation and inspiration for this construction come from the study of
étendues and topological groupoids. Etendues form a special kind of topos, exam-
ples of which locally look like a topological space. They were introduced by
Grothendieck in SGA4 as a sort of generalized quotient space for foliations. The
relation between étendues and foliations, is further studied in (Moerdijk, 1991) and
(Moerdijk, 1993).

The category of toposes and isomorphism classes of geometric morphisms
can be viewed as a category of fractions in the Gabriel-Zisman sense of a specific
category of groupoids with respect to the class of weak equivalences (see (Moerdijk,
1988b)). This equivalence restricts to the following

[Etendues) ~ [Etale Groupoids] [W™],
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where [Etendues] is the category of étendues and isomorphism classes of geometric
morphisms, and [Etale Groupoids] is the category of étale groupoids in the category
of sober topological spaces and isomorphism classes of continuous maps (see
Section 1) and W is the class of weak equivalences. We want to understand this
equivalence also on the level of 2-cells. One approach which is totally independent
of the category of fractions theory is presented in (Moerdijk, 1990). A similar result
is obtained in (Bunge, 1990). Our construction works to get the following theorem.

THEOREM 1. There is a canonical equivalence of bicategories
(T)-Etendues) ~y; (Ti-Etale Groupoids) [W ™.

Here (T)-Etendues) is the 2-category of toposes which roughly speaking locally
look like a Ti-space (for the precise definition, see Section 4), and (7;-Etale
Groupoids) is the 2-category of étale groupoids in the category of T'-spaces. W
denotes here and in the following the class of weak equivalences of groupoids (see
Section 1.3). The equivalence in the theorem above is an equivalence of bicategories
(and therefore denoted by ~;), because in general the category of fractions of a
2-category will turn out to be a bicategory and is called a bicategory of fractions.
For the difference between 2-categories and bicategories, see (Bénabou, 1967),
Section 2.1.

Algebraic stacks were also introduced as a generalized quotient: of an étale
equivalence relation in the category of schemes (see (Deligne-Mumford, 1969)
and (Artin, 1974)). They form a generalization of the algebraic spaces as defined
by Artin and Knutson in (Artin, 1971) and (Knutson, 1971). The bicategory of
fractions construction can be applied to give the following:

THEOREM 2. There is a canonical equivalence of bicategories
(Algebraic Stacks) ~y; (Algebraic Groupoids) [W™"].

Here (Algebraic Groupoids) is the 2-category of étale groupoids in the category of
schemes. This theorem is proved using a special kind of topos, which we call an
‘algebraic étendue’. However: an algebraic étendue is not a special kind of étendue,
but it is defined in an analogous way and:

THEOREM 3. There is an equivalence of 2-categories
(Algebraic Stacks) ~, (Algebraic Etendues).

Completely analogous to algebraic stacks we can define topological stacks and
differentiable stacks over the categories of sober topological spaces and differen-
tiable manifolds respectively. In the topological case we find:

THEOREM 4. There is an equivalence of 2-categories

(Etendues) ~, (Topological Stacks).
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and therefore

COROLLARY 5. There is a canonical equivalence of bicategories
(Topological Stacks) ~y; (Ty-Etale Groupoids) [W™!].

In the differentiable case we find:

THEOREM 6. There is an equivalence of 2-categories
(Differentiable Etendues) ~, (Differentiable Stacks).

And these are also bicategories of fractions:

COROLLARY 7. There is a canonical equivalence of bicategories
(Differentiable Stacks) ~y; (Differentiable Groupoids) [W ™).

Here differentiable groupoids are étale groupoids in the category of differentiable
manifolds.

The first section of this paper gives an overview of the results on étendues which
will be used in this paper. There are also references to find more details. Those
who are just interested in the bicategory of fractions can start with Section 2 which
gives the conditions on the class of arrows to be inverted and the construction
of the bicategory of fractions C[W~!]. Section 3 shows that C[W ~!] has indeed
the required universal property and gives conditions on a bicategory D to be
equivalent to C[W~1]. Finally Sections 4 to 7 present the applications by proving
the Theorems 1 to 7 above. There is an appendix giving some details about the
coherence axioms for C[W~1].

1. Overview of étendues

1.1. ETENDUES AND GROUPOIDS

In this section we will give the facts about étendues, which we will use in the rest
of this paper.

DEFINITION 8. A Grothendieck topos £ is called an étendue if there exists an
object U — 1 in & such that £/U is equivalent to Sh(X) for some topological
space X.
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Etendues can also be described in terms of topological groupoids. A topological
(or: continuous) groupoid is an internal groupoid in the category of topological
spaces and continuous maps. Such a groupoid

do
_ >

G=| Gi<—"—0G
dy

is called étale when both dy and d; are étale maps. The main theorem of this section
is the following result from (Grothendieck et al., 1972), p. 481, 482:

THEOREM 9. A Grothendieck topos € is an étendue if and only if there exists an
étale groupoid G such that € ~ BG.

Proof. Recall that for an arbitrary topological groupoid G we have the
topos BG of G-equivariant sheaves on Gjy. (For more details see (Moerdijk,
1988a) or (Moerdijk, 1991).) If G is an étale groupoid, then BG is an étendue.

In this case U is the étale space G & Gy with action by composition g @ g; =

m (g ' g 1) .
When we start with an étendue £, the corresponding groupoid G can be found

as follows: Sh(Go) = £/U and Sh(G;) = £/ (U x U). We claim that £ ~ Bg.
This follows from the fact that £ ~ Des(u), since u:U —» 1 is an effective
descent morphism in the category £ (see example (8) in Section 1 of (Moerdijk,
1988a)). (Information on descent theory can be found in (Moerdijk, 1989).) Recall
that objects of Des(u) consist of arrows p: V' — U with descent data, i.e. a mor-
phism

0V U -V,

satisfying the unit and cocycle conditions. By the equivalence Sh(Gy) ~ £/U,
this corresponds to a map

8:V xg, G1 — V.

This map @ satisfies precisely the conditions for being a right G';-action on V and
we conclude that

£ ~ Des(u) ~ BG.

Remark 10. Etendues can also be described in terms of sites, see (Rosenthal,
1981).
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1.2. MORPHISMS BETWEEN ETENDUES

By Theorem 9 we can write up to equivalence every étendue as BG for an étale
groupoid G. In this section we will describe the geometric morphisms

BG — BH,
between étendues in terms of groupoid morphisms
g — H.

Let G = (G1 = Go) and H = (H; = H)) be étale groupoids and let ¢: G — H
be a groupoid morphism. Let E 2 Hj be an H-equivariant sheaf with a right
Hj-action 6: E xg, Hi = H; xp, E.Now define (Byp)*E to be the étale space
given by the following pullback

E

(Bo)'E

Go Hy

)
We can define a right G1-action on (B¢)*E by
e10: o1 i E = digoE — o1 dE = dypoE.

It is not difficult to see that B¢ thus defined preserves finite limits and arbitrary
colimits. So it is the inverse image of a geometric morphism

Byp: BG — BH.

EXAMPLE 11. The inclusion of groupoids

Go —— Gy

d
I Go 0 do !

Go Go

Ig,

induces a geometric morphism, denoted

Go =% BG.
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1.3. WEAK EQUIVALENCES

Now we want to describe those morphisms of groupoids which induce an equiva-
lence of étendues. (This shows also to what extent the choice of the groupoid G is
unique for a given étendue £.)

DEFINITION 12.Let f:G — H be a morphism of continuous groupoids.

(i) f is called open if f; and (hence) f, are open maps.

(ii) f is called essentially surjective if the map do 72: Go Xg, Hi — Hpis an
open surjection. (Here the pullback is along d;: H; — Hy; the condition is of
course equivalent to the condition that dy71: Hy Xg, Go — Hj is an open
surjection, where the pullback is along dj.)

(iii) Consider the pullback

P

H,

(dOvdl)

GOXGOMHOXHO

f is called faithful (resp. full, fully faithful) if the map ((do, d1), f1): G1 — P
is an inclusion (resp. an open surjection, an isomorphism) of spaces.
(iv) f is called a weak equivalence if f is essentially surjective and fully faithful.

LEMMA 13. For a weak equivalence between étale groupoids f = (fo, f1):G —
H, the maps fo: Go — Hoand fi: Gy — H, are étale.
Proof. Consider the diagram

0X Hy? o do

G
Go xXH, Ho>— Go xH, H1 Hy Hy
T dy
m
Go T Hy

Since f is essentially surjective, dy o 73 is an open surjection. Since ¢ is a section
of an étale map, 1 is itself étale and therefore open. So dy o m, o (Go Xp, %) is
open. Now note that dy o m; o (Go X, 1) = di o 7 o (Go XH, 1) = fo, 50
fo is open.

To prove that fy is étale, it remains to show that the diagonal Ay: Go —
Go X H, Gy is open. Therefore consider the diagram
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Go X Hy, Go

AT

l GoXGo

Hy fox fo

Y1
/ \
H,

(do.d1) Ho x Ho

The front face is a pullback since f is assumed to be fully faithful. Go x g, Go 4
(1 is the unique map induced by the universality of this pullback. Now since the
front face and the right back face are pullbacks and everything commutes, the left

back face is a pullback too. So Go X g, Go La 1 is étale since i: Hy — H; is.
Now consider the following triangle

Go

i Ag

Gi1 —— Go X Hy Go

It is clear that this triangle commutes and A y, is étale since ¢ and ! are. So fo is
étale and since f; is the pullback of fy x fo along (dy, d1), it is étale too.

In (Moerdijk, 1988b), theorem 3 it is shown that weak equivalences of contin-
uous groupoids induce equivalences of toposes.

1.4. LOCALIZATION THEOREM

It is also shown in (Moerdijk, 1988b) that for étale complete groupoids this is the
universal way to ‘invert’ the class of weak equivalences W in the sense that the
functor B induces an equivalence of categories

B: [Etale-Compl.-Groupoids] [W~'] = [S-toposes].
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Here [S-toposes] is the category of S-toposes with isomorphism classes of mor-
phisms, whereas [Etale-Compl.-Groupoids] denotes the category of étale complete
groupoids, i.e. groupoids G for which

dy

Gy Gy
d()l e
Go BG

g

is a pullback of toposes, with isomorphism classes of morphisms. And [Etale-
Compl.-Groupoids) [W~!] is the category of fractions with respect to W (as in
(Gabriel-Zisman, 1967)).

Remark that it is clear from the proof of Theorem 9, that every étale groupoid
is étale complete. We will now show that the equivalence above restricts to an
equivalence

B: [Etale-Groupoids||W~'] = [Etendues].

A\

Here [Etale-Groupoids] is the category of étale groupoids with isomorphism classes
of morphisms. So we have to check:

(i) B:[Etale-Groupoids| — [Etendues] is essentially surjective on objects.

(i) When f,g: G = H are parallel arrows with Bf = Bg, there is a weak
equivalence w: K — Gsuchthat f o w = g o w.

(iii) For any geometric morphism ¢: BG — BH in Etendues there exist a weak
equivalence w: K — Gandamap f: X — H suchthaty o Bw = Bf. (Cf.
(Gabriel-Zisman, 1967) or (Moerdijk, 1988b).)

Part (i) is established in Section 1.1. For (ii): I. Moerdijk has shown that for étale
complete groupoids G, H and a natural isomorphism o: Bf — Bg there exists a
natural transformation a: Go — H; between f and g. Since étale groupoids are
étale complete we are done. Finally for (iii), we have to do some work: we must
show that K as constructed in (Moerdijk, 1988b) is étale when G and H are étale.
So we recall that construction and give the necessary remarks.
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Let ¢: BG — BH be a geometric morphism, where G and H are étale
groupoids. The space of objects K of the groupoid K is obtained as the pull-
back

fo

Ifo H 0
wo TH
Go —— BG —— BH.

It follows from Lemma 15 below that
(Ko Go) = niuf* (Hy & Hy),

so K is indeed a topological space and wy is étale. The space of arrows K| with
the structure maps dj, and d for K are defined as the pullback

K, “ G

do,d
(dh.d}) (do,d)

Ky XI&om GQXG(),

which assures that X = G is a weak equivalence. From the fact that wyg, do and d;
are étale it follows that dg, d1: K1 =3 K are étale maps too. So K is indeed an étale
groupoid. (The map f;: K; — Hj can be constructed from the étale completeness
of H, as in (Moerdijk, 1988b)

We conclude:

THEOREM 14. The functor B as defined above induces an equivalence of cate-
gories

[Etale-Groupoids] [W '] ~ [Etendues].

LEMMA 15. The following diagram of toposes is a pullback square
F/xX*E ——&JE
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Proof. To prove this, we will use the following correspondence for topos mor-
phisms:
p:D—EJE
D — E,a:1 — Yp*E’

(1)

Recall that this goes as follows: given the morphism ¢, let 1 be the composition
DY E/E — £, and

(E a ExE
\ E )

For the other direction: ¢*(F — E) is computed as the pullback

¢*(F — E) —— *F

V*E.

Now, to establish the lemma, let D, 7; and 7); be as in

D\
\\ 2
N
m f/x*E—>S/E )
F &

Assume that 7, corresponds to : D — D and a:1 — ¢Y*FE = nix*FE, by the
correspondence (1) and commutativity of the diagram (2). Then 73: D — F/x*E
is determined by 7;: D — F and o: 1 — nfx* E. It is clear that 73 is uniquely (up
to 2-isomorphism) determined by commutativity of the diagram. This proves the
lemma.
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Recall that [Etale-Groupoids] (respectively [Etendues]) is the category of étale
groupoids (respectively étendues) and isomorphism classes of geometric mor-
phisms (resp. groupoid morphisms). In this article we want to investigate the role
of the 2-cells. Therefore we will need the notion of a bicategory of fractions. We
will define it in such a way that it is a generalization of the category of fractions
in the Gabriel and Zisman sense, has the required universal property and such that
we have the following equivalence of bicategories:

(Etale-Groupoids) [W '] ~y; (Etendues),

where (Etale-Groupoids) and (Etendues) are the usual 2-categories.

2. Construction of bicategories of fractions

Given a bicategory C and a class W of arrows, which satisfy certain conditions
(see Subsection 2.1), we will construct a bicategory of fractions of C with respect
to W. That is, a bicategory C[W ~!], and a homomorphism

U:C—Cc[w™1,

with the following properties:

(i) U sends elements of W to equivalences,
(i1) U is universal with this property, i.e. composition with U gives an equivalence
of bicategories:

Hom (C[W~!],D) — Homw (C,D)

for each bicategory D. Here Hom denotes the bicategory of homomorphisms and
Hom y denotes the subbicategory of those cells which send the elements of W to
equivalences.

(Note that a morphism of bicategories is a homomorphism if it preserves com-
positions and units up to 2-isomorphism, see (Bénabou, 1967), p. 31. The 1-cells
of a bicategory Hom (.4, B) are described in Section 8 of this paper. There it is
shown that we can view them as morphisms .A — Cyl(B), into the bicategory of
cylinders on B. So a transformation a: f — g, where f,g € Hom(.A, B), is rep-
resented by a morphism K,:.A — Cyl(B) (and we only consider those which are
again represented by homomorphisms), such that dgo K, = fanddjo K, = gin
the notation of (Bénabou, 1967), p. 60. (These K, ’s are analogous to homotopies
between continuous maps of topological spaces and the cylinders play the role of
the path space.) Similarly modifications between transfromations (i.e. 2-cells in
Hom (A, B)) are represented by homomorphisms A — Cyl(Cyl(B)).)

Recall:

DEFINITION 16. A 1-cell w: A — B in a bicategory C is called an equivalence
when there exist a 1-cell v: B — A and invertible 2-cells 7: w o v = Ip and
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e:I4 = v o w, which satisfy the triangle identities (see (Maclane, 1971), p. 83).
We will call v a quasi inverse for w.

We will denote a bicategory C as an eight-tuple (Co, C1,C2, ¢, ¢, I, a,l,r), where
" Co denotes the class of objects and C; (resp. Cy) is the class of 1-cells (resp. 2-
cells), ¢ is the horizontal composition on both 1- and 2-cells (also denoted by o), ¢
is the vertical composition on 2-cells (also denoted by e). Vertical composition is
strictly associative, but horizontal composition is only associative up to the natural
associativity isomorphism a. The identities I are not strict identities with respect
to horizontal composition either, only up to the natural isomorphisms / (for left)
and r (for right). All these data have to satisfy certain coherence conditions which
can be found in (Bénabou, 1967), where the reader can also find more information
on bicategories. We remark that we will use the composition symbols to denote
‘apply after’ (so f o g means: apply f after g) contrary to what is done by Bénabou.

2.1. CONDITIONS

Let C be a bicategory as above. A subset W of C; is said to admit a right calculus
of fractions if it satisfies the following conditions:

BF1. All equivalences are in W.

BF2. When f: A — Bandg: B — C arein W, thengo f: A — Cisin W too.

BF3. For every pair w: A — B, f:C — B with w € W there exists a
2-isomorphism as in the square

D e c

h % f

A—0—B
withv € W.

BF4. If a:w o f = w o gisa2-celland w € W, then there exist a 1-cell
v € Wanda2-cell3: fov = g ovsuchthata o v = w o 8. Moreover: when
a is an isomorphism, we require 5 to be an isomorphism too; when v’ and 8’ form
another such pair, there exist 1-cells u, u’, such that v o u and v’ o ' are in W and
a 2-isomorphisme: v o u = v’ o u’ such that the following diagram commutes:

Bou
fovou——govou

fov'ou'-ﬁ—,—ygov'ou'.
ou
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BF5. When w € W and there is a 2-isomorphism a: v = w,thenv € W.

Remark 17. These conditions form a generalization of those in (Gabriel-Zisman,
1967). When we have an ordinary 1-category and we make a 2-category out of it
by just adding the identity 2-cells, our conditions hold in the 2-category if and only
if the Gabriel-Zisman conditions hold in the original category.

Now we are ready for the construction of the bicategory of fractions, which we
will denote by C[W ~!]. In this section we give a description of the 0-, 1- and 2-cells
and we also define composition (of 1-cells) and pasting (of 2-cells). However, we
will not prove that this construction satisfies the coherence axioms now. This will
be done in the appendix.

2.2. CONSTRUCTION OF C[W~1]o AND C[W 1]
Let the objects of C[W ~!] be those of C. The 1-cells of C[W ~!] are formed by pairs

(w, f): A — B,
such that

w:C — A
isin W and

f:¢C — B

is an arbitrary 1-cell in C. To define the composition of two of these 1-cells, we
must first choose for every pair of 1-cells in C

D

C B

f

with » in W, morphisms v and g, and a 2-isomorphism a: f o v = u o g asin
the following square

A g D
v aﬂ "
C B.
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And when f = I we choose

and analogously when u = 1.
Now define (ws, f2) o (w1, f1) as in the following picture

F
AN
D 2 F
AN A N
A B C

where « is a chosen square . So (w3, f2) o (w1, f1) := (w1 0 u, f2 o g). (Remark
that o on the left hand side is the one to be defined, whereas the o on the right hand
side is the old composition in C.)

Remark 18. From the universal property of C[W ~!] we will see that our con-
struction does not really depend on the choices made above. That is: other choices
will give an equivalent bicategory.

2.3. CONSTRUCTION OF C[W '],

In this subsection we will give a description of the 2-cells of C[W ~1] and we will
define both the horizontal and vertical composition of them.

Letw:C — Aandv:D — Abein W andlet f:C — Bandg:D — Bbe
arbitrary 1-cells in C. A 2-cell a: (w, f) = (v,g)in C[W 1] is represented by a
quadruple (uq, us, aj, ap)suchthatw o uj: E — Aandv o up: E — Aarein
Wanda;:w o u; = v o upanday: f o u; = g o up are 2-cells in C, as in the
following picture:
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/\
\/

We have the following equivalence relation on these quadruples: For (u1, u2, a1, 02)
as above and another (s1, s2, 81, 82) as in the picture

/\
\//

we define

(u1,u2, 1, 02) ~ (81,52,B1,52)
if there exist 1-cells 7: I — E andry: F — E’',suchthatwosjor, and wowuyory
are in W and 2-isomorphisms y;:s; 07y = ujorpandya:upo 7y = s 077 in
C as in the following diagram:

/\
TR

such that a; pasted with y; and v, gives (3 o r; and o, pasted with 7; and 7, gives
(B> 075. It follows from our conditions BF2 to BFS that this is indeed an equivalence
relation. (For transitivity, ‘compose’ (1, 72, 71, 72) With (3, 74, 73, 74) viaa square
of BF3 for

[ ]
wos10T3 wos107T72

and then apply BF4 to w o s; to get a square for

[ ] [ ] [ ]
T3 T2
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Before we can define pastings of these new 2-cells, we need some more choices
of special 1- and 2-cells. (Note that the Remark 18 above applies to these choices
too.) For every 2-cell a:v o f = v o g, withv € W we choose a 1-arrow
w € Wanda2-cell 3: f o w = ¢ o k as in condition BF4. We do this such that
w is the identity and 3 = v~! o o when v is an isomorphism, and such that 3 is
an isomorphism whenever « is.

Vertical composition of 2-cells is defined as in the following picture

E,
w u
F o
E, o

Ug

Here [1] is a chosen square. So

[(U3, ug, B, ﬂ2)] i [(ul, U2, a1$ra2)]

= [(u1 o wy, us 0 wy,
(Browy)e(va07)e(arow),

(Browz) e (f207)e(az0wr))]

(with notation as in (Maclane, 1971), p. 43). With a straightforward but lengthy
computation one can verify that this composition is well defined on equivalence
classes and strictly associative.

The identity 2-cell ¢(,,,5) at a given 1-cell (w, f) can now be defined as

i(“’,f) = [(Idom(f)vIdom(f)ailowailof)],

where I gives the identity 1-cells and ¢ the identity 2-cells in C. (We leave it to the
reader to verify that this is indeed a strict identity for the vertical composition.)

We define the horizontal composition of 2-cells in two steps to keep the pictures
simple. First we form
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(w1,f1)
/-\ ,

A Ua B _(L‘l;l_)> C
(w2,f2)

with the following picture

In this picture the squares [1], [2], [3], [4] and [5] are all chosen squares (chosen
in this order). So (w; o r;, g o h;) = (v,9) o (w;, f;), fori € {1,2}. And we
see that

(B20354036) 8 (fr072086) e (az0v3)e(fioyioss)e (B ososs),(3)

isa2-cellv o hy o 81 0 85 = v o hy 0 84 o 3¢ up to associativity in C. So let
t:T — Kandn:hy o s; 03850t = hy o84 08 otbe ourchosen 1- and
2-cell such that v o 7 = (3) o ¢ as in condition BF4. Now

(v,9) 0 [(w1,u2,1,02)] = [(s10850t,540860t,
(w2020 36) @ (1 073)
o(wjov;08s)ot,gon).

We define the composition
(v1,91)
N

A—>=B {a C

S—2r

(1-’2 192)

with the following pasting diagram (for simplicity we do not draw w in the picture).
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GIJL’EI

Vi

V-

H, A\ 78 v 5
NN\

R';’»R {}ﬂ F 1

o D—L>B 2 Cc @

2
H 7 \ " 92
Y2

Gy —— E»
12

Here the squares f3;: f o w; = v; o h; (¢ € {1,2}) are chosen squares. The
squares v;: h; o 8; = u; o k; (¢ € {1,2}) can be constructed in the following
way: we have chosen squares

ki

i

kl

and with the same method as in the proof of Lemma 53 below we get the morphism
k; and the 2-isomorphism ; in the following picture
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such that the resulting pasting is equal to §;0k} o k;.Nowk; := k;o k; ok; s; = s ok;
and to find p and 7’ in (4), let @7: wy 0 8; 0 71 = w, o 83 o 7 be a chosen square
and r; and 7, arein W. Then we geta2-cellvy owjokjory = vjowjokyor
as in the following picture

F—u—'>E1
/w/ uﬁ\'

Remark that v; o wu; is in W, so we can apply condition BF4 and R’ ., Rand 7
above are the chosen 1- and 2-cell for this case. We define

[(u1, u2, @1,2)] 0 (w, f) = [(s10r107" 85007, woaTO T,
(92075 om0’ e (a2 0m)
e(g1oyiorior)))].
It can be verified that this composition is well defined on equivalence classes and
that the identity 2-cell as defined before is an identity with respect to this horizontal
composition too.

2.4. THE UNIVERSAL HOMOMORPHISM U
Now we will define a homomorphism U:C — C[W~1] (cf. (Bénabou, 1967)).
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(i) U is defined on objects as: U (A) = A for each A € Cy.

(ii) Foreach pairof objects A, B, the functor U (4, B):C (4, B) — C[W~!] (4, B)
is defined as:
Onl-cellsinC: U (f) = (14, f);
On 2-cells in C: for a: f = ¢, U (a): (14, f) = (14, g) is represented by the
quadruple (14, 14,%1,01,,0"1(g9) 0 @ o I(f)).

o
Ny

i

Yirqo1, A W1 (g)oxol(f) B

(iii) IU(A) =U (IA) soletvy = i]A.

(iv) For each triple of objects A, B, C inC, define a family of natural isomorphisms
relating the horizontal compositions in C and C[W~!] (cf. (Bénabou, 1967),
p.- 29)

v(A,B,C):c(UA,UB,UC) o (U (A, B)
xU (B,C)) => U(A,C) o c(A,B,C)

as follows: for 1-cells f: A — B,¢g:B — C

v(A’Bvc)(fyg)
= (Ta,14,1(La),%1, 0 5 0 19):(Ia,9) © (4, f) = (Ia,g © f).

We leave it to the reader to verify that this construction satisfies the coherence
axioms for bifunctors.
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3. Properties of U

In this section we will prove that U:C — C[W~!] has indeed the required prop-
erties: it sends elements of W to equivalences and it has a universal property
which implies that C[W~1] is unique up to equivalence of bicategories, i.e. when
V:C — D is another homomorphism with these properties, C[W ~1] is equivalent
to D.

3.1. THE IMAGE OF W

Note that v, n and ¢ in Definition 16 of equivalences and quasi inverses are
not necessarily unique. However, when we have two inverses (v1,71,€1) and
(v2, M2, €2), then there is a canonical 2-isomorphism v; = v;:

LEMMA 19. When both v1 and v, are quasi inverses of w with 2-isomorphisms
and ¢; with © € {1,2} as in Definition 16, there is a unique canonical isomorphism
w((m,e1), (m,€2)): v1 = vy induced by these isomorphisms.

Proof. Define the isomorphism w ((71,€1), (72, €2)) as

.

n

4o
n > I,
| {2
n w () >
P I
IC 2
1

By the triangle equalities this is the only canonical way to define an isomorphism
v1 = v; (the other constructions give the same isomorphism).

PROPOSITION 20. U sends elements of W to equivalences.

Proof. Let (w: A — B) € W,thenU (w) = (I4,w). We claim that (w, I4)
is a quasi inverse for (14, w) with the following 2-cells n: (I4,w) o (w,I4) =
(Ip,IB)and e: (Ia,14) = (w,14) o (L4, w):

(La,w) o (w,I4) = (w o I4,w o I4)and 7 can be represented by

n = [(Ia,w,7 o I7 o 17 r o 1710 I71)).
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Let
C 2 A
V1 aﬂ v
A B

w

be a chosen square. Then (w,[4) o (I4,w) = (I4 o v1,I4 o v3). To define the
third coordinate of a representing element for ¢, consider the following pasting

C V1 A Ia

A

v2

Is

A

Letu: D — C and §: [40vy0u = I40vy0u be the choice on account of condition
BF4 for w and this 2-cell. Now ¢ can be represented by

(UZ ou,u, :3_17 a (D7 C,A, A)(quZ:IA))’

where a (D, C, A, A)(y,,,1,)) is the associativity 2-cell. It is not difficult to verify
that this 7 and ¢ satisfy the triangle equalities.

3.2. UNIVERSALITY OF U

The main aim of this subsection is to prove the following theorem:

THEOREM 21. Composition with U gives an equivalence of bicategories
Hom (C[W~!],D) — Homw (C, D).

Here Hom(—, —) is the bicategory of homomorphisms, transformations and
modifications. Recall that a transformation a: F' = G between homomorphisms
F,G:C = D can be represented by a homomorphism K,:C — Cyl (D). Now
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Homw (C, D) is the subbicategory whose objects (homomorphisms) and 1-arrows
(transformations) are homomorphisms which send the elements of W to equiva-
lences.

To prove that composition with U is essentially surjective, let F:C — D be an
element of Homw (C, D). Now we will define a homomorphism F: C[W~!] — D
such that there is an invertible 1-cell @:C — Cyl(D) from F o U to F which
sends the elements of W to equivalences:

e on 0-cells:~1:"(A) = F(A)forall A e C[W ]y = Co.

e to define F’ on 1- and 2-cells first choose quasi inverses for all elements of
F[W] and 2-cells as in Definition 16. For the identities we choose: as quasi
inverse of F'(I4): Ir4 with the following 2-cells

( ——> ——>
Ira F(I,)
\aat

NA == J F(I4)
YA

—_——
Ipa

and
( Ipa
2%

€4 = < F(14)
)

—

—
F(Ia) Ira

\

where @ 4: F'(I4) = Ipy isthe 2-cell belongingto F as in (Bénabou, 1967).
It follows from the coherence conditions on bicategories, that these 2-cells
satisfy the triangle equalities (see (Kelly, 1964)). Now define F' ( (w, f)) =
F (f) o v, where v is a chosen quasi inverse for F' (w).

e Let (uy,uz,,8): (w1, i) = (wa, f2) represent a 2-cell in C[W™!]. Let
ni: Fw;ov; = I,ei: 1 = v; 0 Fw; (fori € {1,2})andn: F(wiou,-) ot; =
I,0:1 = t; o F(w;ou;) (@ € {1,2}) be the 2-cell isomorphisms for the
chosen quasi inverses r; and ;. We define F’ ([u, u2, , (3]) to be the following
composition of 2-cells in D:
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v " Fh
1
I vy
$ 1'1_l

—  e————
i F(whoul )
-1
)

_— —>
Fu; Fun

—_—
Fuy Ff
v

F(fiful)
g

t1 F(fzouy)

composed
with
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t,

—
ty

F(fy0uz)
@

Fu, . Ff,

Ir

—_— —
Fu, I
l e
—_— — ——
Fuy; Fw, 2
e

—_—

F( wikc;ug_) .

—_—
F(wyou)

T1

—_—
I 19

Y-

v2 Ffa

By drawing some diagrams and using coherence and Lemma 19, one can show
that this is well defined on equivalence classes of 2-cells.

The definition of the 2-cells ¢4 (for A € Cp) and papc (for A, B ,C € Cp) for
F follows in the evident way from ¢4 and ¢ 4pc from F. We leave it to the reader
to verify this and the fact that F satisfies the coherence axioms, which follows
from the fact that F satisfies them.

It remains to show that F' is indeed the homomorphism we were looking for,
i.e. to construct a homomorphism K9:C — Cyl(D) which ‘inverts’ the elements
of W, and represents a ¢: F S F o U. Let us first compute ' o U:

—-FoU(A) = F(A) = F(A)forall A € (.

~FoU(f)=F(Lf)=F(f)ol
—-FoU(a) = F([I,I,ioi,I"" o a o I]), which, by some computation, can
be seen to be the following composition of 2-cells
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b TP

FI F(f)

Yoo P

I F(g)

This composition is symmetric, so we can define K:C — Cyl(D) as:

- K (A) = Ira
- K (f: A — B)is the following square

FA

Ira

— K (a: f = g) is the following cylinder

267

©))
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Fg

FA Fa FB

FA Ff IrB
: l /_"FA—\ l
FA UFaosz FB

where the front and the back face are as (5) above. The reader may check that this
is indeed a homomorphism of bicategories and induces an isomorphism ?: F' =
F o U. It remains to be shown that K1 quasi inverts the elements of W (and thus
is an arrow in the bicategory Hom w (C, D)). So let w € W and let v be a quasi
inverse of Fw in D and choose 7 and ¢ as before. Now use the following lemma
to find the quasi inverse for Kt (w) as in the cylinders

Irp Ira
/—\ /__\
FB ) FB FA U FA

\
FA Fw Fw FB
r,) (5)
Irp Irp Ipa Ira
Irp  _ .-IiA Ira_ _ -.I_F:B J
- I - =AY
FB nor=1 FB FA U o FA
S— FA

‘lUOIpA F‘UIOIFA FB

(Note that since the 2-cells are just the old ones, the triangle equalities automatically
hold.)

LEMMA 22. Given two cylinders

I, /I_B\
A/\A B B
n2Af} 2
f\>B-/g‘ g A—'/f’

V4 V4
Ya %a 8 Ya ¥B ?a ] ¥B
IA___ d}B\ IB’_—!/)A\
V - ~ 4 \‘
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in any bicategory, such that all 2-cells above are isomorphisms and (m,€1) and
(M2, €2) both satisfy the triangle equalities, then there is a unique 2-isomorphism
B:Ya o g = k o g making both cylinders commute.

Proof. Define (8 as the following composition

” ¥
,

% I,
IF Yo
VA h P
Yot
s R

Y5 r

T

B U -1 ¥B
¥B > k

Using the triangle equalities it is easily shown that this § makes both cylinders
commute.

Now it is clear that composition with U gives a bifunctor which is essentially
surjective, and essentially full since 1-cells can be represented by homomorphisms
C — Cyl(D). But from Lemma 22 above we see that once we have chosen F
and G and we have K: F = G, there is only one choice left for K1: F' = G.
(Remark: when K (w) for w € W is the following square

FA—fv . A
Ku(A) %A K(B)
GA e GB

o must be a 2-isomorphism, since K9 (w) ‘inverts’ the elements of W. So we can
apply Lemma 22 to see that there is a unique choice which corresponds with the
right domain and codomain.) So composition with U is fully faithful on 1- and
2-cells.

3.3. UNICITY OF C[W ™)

The category C[W ~!] is determined, up to equivalence of bicategories, by the uni-
versality Theorem 21 above. Let V:C — & be a homomorphism of bicategories
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‘inverting’ W which is universal in the sense defined above. By universality of
U:C — C[W~!], V induces a homomorphism V:C[W~!] — € and %:V =
V o U; whereas by universality of V:C — &, U induces U: £ — C[W~!] and
©:U = U o V.Now ¢ and ¢ induce a 2-isomorphism T o V o U = U
U v 7
Yo 1
v U

Yot

U

which we will call 9 for short. So K9:C — Cyl(C[W~!]) inverts W and fac-
torizes in a unique way to K9:C[W-1] — Cyl(C[W™]), which represents a 2-
isomorphism U o V' = I¢qw-1j. So C[W~ 1l ~ £. We conclude:

THEOREM 23. For each homomorphism V:C — & which induces for each
bicategory D an equivalence of bicategories Hom (£,D) ~ Homw (C,D) by
composition, there is a canonical equivalence of bicategories

E ~p C[W—l].

3.4. CONDITIONS ON D TO BE EQUIVALENT TO C[W ~!]

Let F:C — D be a homomorphism of bicategories, which sends the elements of
W to equivalences. Then F corresponds to a homomorphism F: C[W~!] — D by
Theorem 21 above. Now we want to know when [ is an equivalence of bicategories.
So F' must be essentially surjective, essentially full and fully faithful on 2-cells.

PROPOSITION 24. A homomorphism F:C — D which sends the elements of
the class W as above to equivalences, induces an equivalence of bicategories
F:C[W~1 = D ifand only if the following conditions hold:

EF1. F is essentially surjective on objects.

EF2. For every 1-cell f in D there existsaw € W suchthat Fg = f o Fw
for some g inCy.

EF3. F must be fully faithful on 2-cells.

Proof. Necessity of condition EF1 and EF3 is clear.
Necessity of condition EF2: let v be the chosen quasi inverse for F'w, then a
2-cella: Fig o v = f induces a2-cell Fg = f o Fw as follows
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Fq
$1
I - Fg
Ye l
Fw v Fg
I &
Fuw > f —

For sufficiency of these conditions: It is clear that EF1 and EF2 imply that F
is essentially surjective on objects and essentially full. We will prove that EF3
implies that F is fully faithful on 2-cells.

To show that I is full on 2-cells, let a: F (u1, f) = F(uy,g) be a 2-cell, ie.
a:Ff o vy = Fg o v, where v; is the chosen quasi inverse for F'u; with 2-cells
n; and ¢; as in Definition 16 (where i € {1,2}). Let

|

be a chosen square, then we have the following 2-cell F'(f o u3) = F (g o u4)

u3

uy

7z
—_—— .
up
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F(fou.g)

I @ (us.f)
Fus Ff
I Y1
Fus 1 g Ff
I = |
Fuj - Fu, > v1 > Ff
J,L (uy,u3) UOI
F(ujous) v2 - Fg
Fy ll |
F(ugouy) v2 Fg
I olou) I I
Fuy Fuy - v2 g Fg
| I m I
Fuy I Fg
I Y-
Fuy Fg
U‘p (“4 1y)
F (gouy)

DORETTE A. PRONK

Since F is full, there is a 2-cell 8: f o u3 = g o u4 such that F'{ is the 2-cell
above. Now F'([u3, us,7,]) = «, and we conclude that F is full on 2-cells.

To show that F is faithful on 2-cells, remark that once we have chosen u3, u4
and 4, it is clear that 3 in the construction above is uniquely determined since F' is
faithful. Now suppose we have chosen arbitrary v;, v, and a 2-isomorphism é such
that the following square commutes

|

ul

|

When there exists a §, such that F ([v,v1,6,8]) = a, it can be found by the con-
struction above and is unique. With essentially the same proof as that of Lemma 53
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it can be shown that (u3, u4,7, 3) and (v2, v1, 6, f) are equivalent 2-cells. And we
conclude that F’ is faithful on 2-cells as required.

4. Etendues as a bicategory of fractions

In this section we want to give a sharper version of Theorem 14 as promised
before. Therefore we will have to check that the class W of weak equivalences satis-
fies the conditions BF1 to BF5; and under what conditions the functor
B:(Etale-Groupoids) — (Etendues) satisfies the conditions EF1 to EF3. We will
see that this is the case when we consider the 2-category (2-Iso-Etendues), i.e. the
category with only those 2-cells which are isomorphisms. We will see that when
we consider T -étendues, that is étendues & for which there exists an object U — 1
in &, such that £/U ~ Sh(X) with X a T)-space, all 2-cells are isomorphisms.
Remark: when € is a T;-étendue, each X as in Definition 8 is a 7-space.

4.1. WEAK EQUIVALENCES

We will now check that the class W of weak equivalences as defined in Section 1.3
satisfies the conditions BF1 to BF5 of Section 2.1.

BF1: isomorphisms are clearly weak equivalences.

BF2: it is also clear that they are closed under composition.

BF3: this condition was already checked in (Moerdijk, 1988b).

BF4: leta:no ¢ = mnobea2-cell, where n: H — K is a weak equivalence,
and p, ¥: G — H,and a: Gy — K. Since 7 is a weak equivalence the square

H; i K,

(do,d1) (do.ch) (6)

a e
H()XHOMI&()XIXO

is a pullback, and the maps (o, %0): Go — Hop x Hp and a: Gy — K induce
a unique map &: Gy — H;. We claim that & gives the required 2-cell ¢ = 1.
Indeed, it is clear that dy o & = o, and d; o & = 1. To see that m o (¢1,é o
do) = m o (& o dj, ¢y) consider the following diagram:
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Gy —%h) g g H (m.m) K1 xx, K
(aodi o1) (1) m
Hy xpgy Hi —; H,
(m1,m1) m
Ky xx, K1 _ K

Commutativity of the outer square follows from the fact that a:n o ¢ = 5 o ¥

isa2-cell. Som o m o (¥1,& o dp) = m o m o (& o dj, ;). It is clear that

(do,d1) o m o (¢1,8 o dy) = (do,d1) o m o (& o dy, ;) too, so from the

pullback (6) above commutativity of square (1) follows. It is clear that o & = a.
BF5: is clearly satisfied.

4.2. THE FUNCTOR B

In this subsection we will see under what conditions the functor B: (FEtale-
Groupoids) — (Etendues) as defined in Section 1.2 satisfies the conditions EF1
to EF3 as in Section 3.4 above. In Section 1 we saw already that B is essentially
surjective and condition EF2 was checked in Section 1.4. For condition EF3 we
will use the following lemmas:

LEMMA 25. For sober groupoids G and 'H and a pair of morphisms
e, b:G3H

the functor B induces an isomorphism between the set of 2-cells Hom(p, v) and
the set of 2-isomorphisms Isom( By, By).

Proof. We show first that B is surjective. So let a: B = B be an
invertible 2-cell. In our notation this corresponds with a natural transforma-
tion, also called a: By* = By*. Since (do: Hi — Ho) € BH we have

o, = aH b cHy XHydoww Go — Hi XHy,dg,e Go over Go. Now define
1— 110
ﬂ: Go — H] as

B(z) = m o am, (i o Po(z),z).

We see that 3 (z): o (z) — ?(z) and we want to show that ? (z) = 1 (z) and
BB = «. When we define 7: G — H as

mo:x + dy o m o ag, (i o Yo(z),z),
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and

m:-g +—
(1 0 g (i o Yo(do(9)), do(9))) ® (#1(9)) ™"
o(my 0 ap, (i 0 Yo(di(g)), di(9))) ™,

we see that ? (z) = o (z). We will use this in the rest of this proof.

When U C Hy is an open subset we will write Hy (-, U) for d;! (U). Note that
Hy(—,U) % Hy is an object of BH. We will write ay, (_ 1) for oy
1{\—V)—=Hy
For every pair Uy C U, of open subsets of H; containing %, (z) we have by

naturality of o the following commutative square

d)*Hl(—’ U'l)>_> d]*Hl(_, UZ)

am,(=U1) o (=02)

¢ Hi(—,U1)>— ¢*"Hi(—,U2)

Since (v (z)) € Hi(—,Uy) for every U containing 1o (), we find that
Yo (z) € {?(z)}. Now we can define a 2-cell p: By = B as follows: Let E
be an H-equivariant sheaf. Note that ((BY)* E), & Ey, () and ((Bn)* E); =
E,(z)- So it is enough to define p;: Eyg(z) — Epy(). Let o:U — E be a
representing element of Ey (). Since ¢ (z) € U, also po(z) € U and 0 is a
representative of an element of E, () too. Define p; (o) = o.

It is not difficult to see that p o @ = B[ and since o and B/ are isomorphisms,
so is p. And we claim that {49 (z)} = {n0(z)}. For suppose that there exists a
neighbourhood V' of 7o (=) not containing 4 (x ), then consider do: d ! (V') — H.
This is an ‘H-equivariant sheaf and :: V' — dl'1 (V) is a section representing an
element of the stalk d’ (V), (z)- But this section clearly cannot be extended to
a section over a neighbourhood of 4 (z). This contradicts the fact that p is an
isomorphism.

Now by sobriety it follows that 19 (z) = mo (z) and p is the identity 2-cell. So
BB = « as required.

To show that B is also injective, consider two 2-cells 81, 82: Go — Hi, =
1, with the same image under B. Recall that

(BB:)E(z,€) = (z,e o B;(z)).
So in particular, taking £ = Hjande = s(3o(z)) we find that:
Br(z) = 1(Po(z)) o Bi(z) = s(tho(z)) o B2(z) = Pa(2),
forevery z € Go,s0 31 = fs.
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LEMMA 26. With the same notation as in the previous lemma, when H is a
T1-groupoid, B:Hom (G, H) — Hom (BG, BH) is fully faithful.

Proof. This follows immediately from the proof of the previous proposition, for
now the fact that 1o (z) € {?(z) } implies that 4o () = ?(z). So we don’t need
p to find that B = a.

We conclude:

THEOREM 27. The functor B induces an equivalence of bicategories
(2-Iso-Etendues) ~y; (Etale Groupoids) [W~1].
THEOREM 28. The functor B induces an equivalence of bicategories

(T-Etendues) ~y; (T)-Etale Groupoids) [W™1].

5. Topological stacks and étendues
5.1. TOPOLOGICAL STACKS

In this section we will define a special kind of stacks over the category of topo-
logical spaces with the usual Grothendieck topology of covers. We will call them
topological stacks, since they are analogous to algebraic stacks over the category
of schemes. We will first recall the definition of a stack over an arbitrary category
C with a (subcanonical) Grothendieck topology.

Let S be a category over C via a functor p: S — C. One calls S a fibered
category over C when

(i) For each morphism
i X oY,
in C and each object y € p~!(Y) there is a map
Pz — Y,
in S with p(¢) = f, which is universal in the following sense:
(ii) Given a diagram

@ L4 /
T .Y - T

in S with

x—1 [y ¢ yx

as image under p. Then for all . X — X’ such that g o h = f there exists a
unique x:z — z'suchthat p(x) = hand ¢ o x = . It follows that z in (i)
is unique up to isomorphism and we denote it by f*y, or by y| X when the map
f is clear from the context. A fibered category p: S — C is called a stack when



ETENDUES AND STACKS AS BICATEGORIES OF FRACTIONS 277

for every covering family of morphisms 4 = {U; — X,: € I}, the canonical
mapp~! (X) = S(X) — Des(U) is an equivalence of categories. Here Des (/)
denotes the category of descent data relative to the family {U; — X;¢ € I}.In
other words: § is a stack iff the following two conditions hold:

(a) (arrows) For any object X in C and any objects z,y € S (X)) the functor
C/X — Sets which with any f:U — X associates Homs ) (f*z, f*y) is a
sheaf. Here Hom s (1) (=, —) denotes the set of morphisms which are sent to Idy
by p.

(b) (objects) If @;: U; — X,i € I is a covering family in C, any descent
datum relative to the ¢;, for objects in S, is effective; i.e. for each set of objects
u; € S(U;), such that for all ¢, € I there exist isomorphisms o;;: u; | (U; Xx
U;) = u;|(U; xx Uj) satisfying th= usual cocycle conditions, there exists an
object u € §(X), which is unique up to isomorphism, such that u | U; 2 u;, and
these last isomorphisms must be compatible with the «;;.

When all morphisms in the fibers S (X'), X € Ob (C), are isomorphisms we call
S a stack in groupoids.

Remark 29. In what follows, ‘stack’ will always mean ‘stack in groupoids’.

Note that, since the topology is subcanonical, for each X € Ob(C) the Yoneda
embedding y (X) gives a stack with discrete fibers whose objects are the morphisms
into X.

Morphisms of stacks F': §; — &; are cartesian functors over C, i.e. for an object
z € 81(X)and amorphism f:Y — X inC we have F (f*(z)) = f*(F(z))
in the fiber p~!(Y"). Note that morphisms y (X) — & correspond to objects of
S(X).

From now on we will assume that C = Top. A stack S over Top is called
topological when it satisfies the following conditions:

(i) Thediagonal A:S — S X & is representable, i.e. for each pair of morphisms
z:y(X) = S,y:y(Y) — Sthepullbacky (X) Xs y (Y) is representable
(in other words: up to equivalence of stacks over C, of the form y (Z) for some
space Z).

(ii) There exists a 1-morphism z:y (X) — &, such that forall y:y (Y) — S,
the projection morphism y (X) Xs y (Y) — y(Y) is surjective and étale.
This makes sense, since by (i) this projection comes from a map of spaces
Z — Y. (Then z itself is called étale and surjective t0o.)

Remark that this definition is an analogue of the definition of an ‘algebraic
stack’ (cf. (Deligne-Mumford, 1969) for example) and we will prove analogous
results about both structures.

We can make a 2-category of topological stacks (Top-Stacks) by defining 2-cells
to be the natural isomorphisms of cartesian functors between these stacks. We will
spend the rest of this section to prove the following equivalence of 2-categories:
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(2-Iso-Etendues) ~ (Top-Stacks).
(Recall that (2-Iso-Etendues) is the category of étendues with just the isomorphic
2-cells.)
5.2. THE STACK S (&)

Let £ be an étendue. Define a stack 5 (£) over Top as follows: For X a topological
space the objects in the fiber S (£) (X ) over X are geometric morphisms

Sh(X) — £.

Morphisms from Sh(X) — £toSh(Y) — & are of the form:

Sh(X) & - Sh(Y)

o

2

&

where a is the map induced by the morphism a: X — Y of topological spaces, and
o is a natural isomorphism of geometric morphisms. (Recall that « is automatically
an isomorphism when £ is a Tj-étendue.) We define p (G, o) = a.

THEOREM 30. Let £ be an étendue and let S (£) be defined as above, then S (£)
is a topological stack.

Proof. 1t is not difficult to see that 5 () is a stack. For example the condition
on descent data holds since Sh (X) is the lax colimit of the Sh (U;) for a cover
U; of X. So descent data with respect to this cover give rise to a unique (up to
isomorphism) arrow Sh(X) — &. To prove that this stack is topological, we
verify the conditions (i) and (ii) above.

(i) To see that the diagonal A: S(€) — S(&) x S(&) is representable, let
z:y(X) — S(€)and y:y(Y) — S(&) be two stack morphisms cor-
responding to objects z: Sh(X) — & and y:Sh(Y) — & with the same
names. We claim that the fibered product y (X) X ) y (Y') of stacks over
S(&) is isomorphic to y (Z), where

Sh(Z) —— Sh(Y)

Sh(X) £

T
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is a pullback of toposes. (This pullback is of this form by Lemma 32 below.)
The fiber of y (X) Xs5(g) ¥ (Y) over a space U consists of triples (f, g, )
where f:U — X and g:U — Y are maps and a: f*(z) = g¢*(y)is an
element of Hom s () () (f* (), 9" (y) ). Itis clear that such triples correspond
precisely to morphisms Sh(U) — Sh(Z) by the universal property of the
pullback above. So Z represents the pullback and the diagonal is representable.
(i) Let £ ~ BG where G is an étale groupoid. Then we claim that the morphism

y (Go) — S§(£)
induced by
¢:Sh(Go) — €&,

where ¢* is just the forgetful functor, is the required étale surjection. So let
z:y(X) — 5(&) be another morphism of stacks, where 2 is induced by
z:Sh(X) — & and consider the pullback

y(P) — ¥(Go)

y(X) — S&

where P comes from the pullback

Sh(P) —— Sh(Go)

Sh(X) £.

T

d - o
Now we see that P = z* (G = Gy) and therefore it is an étale surjection
over X . This proves our claim.

Remark 31. The fact that S(€) is a stack (not necessarily topological) for any
topos £ was shown in (Bunge, 1990). Moreover, if G is an étale complete and open
groupoid, S(BG) is shown therein to be the stack completion of G for the class of
open surjections.

LEMMA 32. Let G be an étale groupoid and let £ ~ BG. Then the fibred product
of two geometric morphisms z:Sh(X) — & and y:Sh(Y) — & over £, where
X andY are topological spaces, is again of the form Sh (Z) for some topological
space 7.
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Proof. First remark that when X = Gy, then Z = y* (G, & Gop), soitis a
topological space. For the general case, consider the following diagram

(r2,m)
? e SH(V X, U) Tm—= Sh(V xy V xg, U xx U)
0 1

| N )

Sh(Y) Sh(V) 3% Sh(V xy V)

n N

h(X) ShU) = — ShU xx U)
L ¢ dy \ ¢
£ = Sh(Go) Sh(G])

Here all commuting squares are pullbacks. We claim that

(m1,7m3)
VXy Vg, U xx U —/——=

(2,7m4)

VXGOU

defines an equivalence relation and moreover both maps are étale as pullbacks of
étale maps. Therefore their coequalizer exists in the category of spaces and ? above
is the topos of sheaves on this coequalizer.

Proof of the claim: The map

(7r1,7r3,7r2,7r4):V Xy 14 XGo U Xx U->YV XGo UxV XGo U,
is clearly a monomorphism. And the diagonal
AV Xgo, U =V Xg, U XV Xg, U,

factors through (71, 73, 72, 74) via Ay X Ay, so the relation is reflexive. To check
that this relation is symmetric define

'V Xy VXgUXxxU—-VXxyVxgUxxDU,
as
T = (m, ™1, T4, T3).
It is clear that (71,73) o 7 = (72, m4) and (72, m4) o 7 = (m1,73). Finally

consider the pullback

T 2. VxyVxgUxxU

1,3
p1 (m1ms)

VXyVXGOUXXU VXGOU

(m2,m4)
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The condition that ( (71, 73) o p1, (72, T4) 0 p2) factors through ( (71, 73), (72, 74) )
is trivially satisfied. This proves the lemma.

Remark 33. Viewing topological spaces as discrete groupoids, i.e. as groupoids
with only identity arrows, we have a prestack Hom (—, G). S (BG) is the stack
completion of this prestack.

5.3. THE FUNCTOR S

A morphism of étendues f: £ — F induces a morphism S (f): S(&) — S(F)
of stacks by composition:

e Onobjects: S (f) (X) (¢:Sh(X) — &) = (f o ¢:Sh(X) — F)
¢ On morphisms: the image of a triangle

Sh(X) & Sh(Y)

7

under S ( f) becomes

Sh(X) = Sh(Y)

ﬂ”\ /
fop
fop
j.'

It is clear that S (f) is a cartesian functor over Top. Furthermore let 7: f =
g:& — F be a 2-isomorphism between two étendue morphisms. We define a
2-cell S (n): S(f) = S(g)as follows: let p: Sh(X) — & be an object of 5 (&),
then S (n)y: f o ¢ = g o is the pair (Isy (x),7 © ¥). Now our aim is to prove
the following theorem:

THEOREM 34. S defines an equivalence of 2-categories

(2-Iso-Etendues) ~ (Top-stacks)
COROLLARY 35. There exists an equivalence of bicategories
(Top-Stacks) ~ (Etale-Groupoids) [W™']

The hardest part of the proof is to show that S is essentially surjective, which we
will do in the next subsection. The other parts will be proved in the last subsection.
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5.4. THE GROUPOID X7

Let 7 be a topological stack and choose an étale surjective chart z:y (X) — 7
of 7. We define the groupoid X7 as follows:

The space of objects is X and the space of morphismsis X X7 X.Domain and
codomain are given by 71 and m, whereas ©: X — X X7 X is A, the diagonal.
The composition p: X1 X4, x,,d4, X1 — X1 is the unique map in the following
diagram

We claim that 7 is equivalent to S (B X7) as categories over Top (note that
B X1 does not really depend on the chart X that was chosen: when y:yY — 7
is another chart, there is a common refinement X X7 Y and we have weak
equivalences of groupoids X7 «— (X X7 Y)r — Y7). To prove this claim we
construct a functor

G:T — S(BXr).

To define G on objects, let y (Y') 2 7 represent an object y € 7 (Y). Consider
the pullback cube

(m3,m2)

X xrYxr X——————>X x7Y

y A /
2

X xtY >Y fo
l y
fo X XT X 2 X
/ i /
X — > T

(In this cube all faces are pullback squares.) Now remark that since (71, 72), (73, T2)
and ; in the top face are all étale surjections, the left morphism of groupoids in
the following diagram is a weak equivalence:
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% w15=71'2°(7r3v7r2) X X T Y X X ib X XT X
Iy Iy (m1,m2) (r3.m2) mn| ™
Y - X x7Y X

wpi=Tr2

fo

(Notation: we will denote a groupoid of the same form as the middle one by
Gr(7,X,z,Y,y) and the left one will be denoted by Yy;s.) So

Bf o (Bw)™':Sh(Y) — B X7, @)

is an object of S (B X7)(Y). Let G (y) be this object.

Remark that to define G on morphisms, it is sufficient to define G' on fiber
morphisms by the conditions on a fibered category. Solet @ € Hom 7 (y) (y1, ¥2)-
The morphisms y; and y, give rise to the following diagram of étale groupoids

Gr(T,X,z,Y, 1)

/y AT
Gr(T,X,z,Y,y2)

Now consider the groupoid Gr(7, X, z,Y, y1,42)

(m1,m3,m4)

XXT’x’mXXT,x,leXT,yz,xXXT,;p’x X XXTyz’yIYXTyyZ#U X'

(m2,m3,m4)
There are evident projection morphisms
Gr(T,X,z,Y,y1,1) 2 Gr(T,X,2,Y,u),
and

GI'(T, X,.’II,Y, Y1, yZ) E) GI'(T, X,(I),Y, y2)7
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making the left-hand square commute in the following diagram

GI‘(T, X’ Z, Y7 yl)
P1

GI'(T, X7 Z, Y7 Y1, yZ) Y:iis X’T (8)

p2

Gr(7,X,2,Y,y)

To define a 2-cell G (y;1) = G (32), it is sufficient to define one for the large
square in this diagram. So we must construct an appropriate morphism X X7 ;.
Y X740 X =& X X750 X.Notethat X X750, Y X7 4,2 X ~ (X X724,
Y) Xy (Y X700 X) ¥ (X XTo ¥Y) Xy (X X704, Y) ~ HomT(Xxy)
(X x Y, mjz,m3y1) Xy Homy (xxy) (X X Y, 7{z, 73y2). Soa point of this space
corresponds to a pair (81, 8;) with B;: 7fz = m3y;, (¢ = 1,2). Composition of
these isomorphisms with 7ja: m3y; = 73y, gives an isomorphism 7}z = w3z,
i.e. a 2-cell in the following square:

X XTv-Tyyl Y XT,ZIZ,-T X = X

D!

X - T

And this induces a unique (up to 2-isomorphism) map

a
X XT,.’E,yl Y XTvyzﬂ" X - X XT,J’:,I X’

which defines the required 2-cell in diagram (8). This finishes our definition of G.
To show that G induces an equivalence of categories we must prove the follow-
ing two facts (cf. (Maclane, 1971), p. 91):

o (G is fully faithful;
o each object Sh(Z) 2 B X7 is isomorphic to G (z) for some z € T (Z).

To establish that G is fully faithful, we construct an inverse on the hom sets
Homs (Bx,)(v) (G (%1),G (v2)) — Homg(v)(y1,%2). A 2-cell p:G (y1) =
G (y2) is an isomorphism between geometric morphisms of the form (7). So it
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can be represented by a diagram of the form (8), with an arbitrary groupoid H
instead of Gr (7, X, z,Y, y1, y2). Therefore ¢ induces a map Hp — X X7 X
and étale maps po Ho — X X7y Y suchthat T, o pj is an étale surjection
and m; o p = fo o ph, where f§ is the pullback of y; along z. So we have the
following diagram

P

HO X XT»xva Y

PS v ™3
7['1
X XTay Y G Y 3
T
f(} X XT X T2 X
X T

nJ oy

Weseethatylow%op(l): zof&opé:zomogo%xowzogo%‘
T o fg op(z) 2 ypomyopy & ypo 7r% op(l)andsinceﬂ'é op(l)isanétale
surjection, this induces an isomorphismy; = ;.

Now we will show that G is essentially surjective. So let : Sh(Z) — B (X7).

This morphism ‘corresponds to’ a diagram

7 G — X xr X

ie. Bf o (Bw)™! & ¢ (w is a weak equivalence). But this gives precisely a
descent datum on Z via composition with z: X — 7. Choose an amalgamation
z:Z — T and itis clear that G () is isomorphic to . This ends the proof that .S
is essentially surjective.

5.5. PROPERTIES OF S

In this section we prove the remaining part of the main theorem. We saw already
that S is essentially surjective, so we must show that S is essentially full and fully
faithful on 2-cells.

PROPOSITION 36. S is essentially full.
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Proof. Let S (€) Es (F) be a morphism of topological stacks, where £ ~
BG and ¥ ~ BH. Then Gy (resp. Hy) is an étale chart of S (€) (resp. S (F)).
The following diagram shows that Gy X g (r) Ho is another étale surjective chart
of §(&)

Go X s(F) Ho —= S(&) X s(F) Ho — Ho

€)

Go — 5(&) S(F)

F
and moreover the induced groupoid (Gy X g r) Ho)s (€) is weakly equivalent to
G,s0 B(G) ~ B((Go xs(x) Ho)s(e))- Let F be the composition of the upper
morphisms in (9). This F gives a morphism of groupoids (Go X g ) Ho)s () —
'H, and therefore a geometric morphism:

&~ B((Go Xg(]:) HO)S(S)) — F.

It is clear that the S-image of this morphism is isomorphic to F.

LEMMA 37. S is fully faithful on 2-cells.
Proof. This follows immediately from Lemma 25.

6. Differentiable stacks and differentiable étendues

In this and the next section we will see that the construction of the previous
section also works in the context of differentiable manifolds and schemes instead
of topological spaces. This will give us results about differentiable stacks (to be
defined below) and differentiable étendues. And, in the next section, about étale
groupoids in schemes (algebraic groupoids) and algebraic stacks.

6.1. DIFFERENTIABLE ETENDUES

Let us first recall the definition of a differentiable étendue (cf. (Grothendieck et al.,
1972), p. 484).

DEFINITION 38. A ringed Grothendieck topos (£, R) is called a differentiable
étendue when there exists an object U — 1 in & such that (£ /U, 75 R) ~
(Sh(M),C*> (M)) for a differentiable (not necessarily Hausdorff) manifold M.
Here C'*° (M) is the sheaf of germs of smooth functions.

It is not difficult to see that the correspondence between étendues and étale
groupoids restricts to a correspondence between differentiable étendues and étale
groupoids in the category of differentiable manifolds (differentiable étale groupoids
for short). Here and in the rest of this paper a manifold need not be Hausdorff.
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We will give a sketch of this correspondence: Let £ be a differentiable étendue,
then the groupoid is defined by

MxgeM =3 M,

as before. M Xg M gets its manifold structure by computing it as a pullback of
ringed toposes (which gives the right structure, since M Xg M — M is étale).
When we start with a differentiable étale groupoid

G = Go,

the corresponding étendue is just (BG,C* (Gy)). Note that C*° (Gy) is a G-
equivariant sheaf by the following action of G';: let f: U — R be a differentiable
map representing an element of C® (Gy),,z € U, and let g € d7'(z) C Gi.
Since dp and d; are local homeomorphisms there exists an open neighbourhood
V C Gyofgsuchthatd;:V = d;(V)forbothi = 1andi = 2. Let W =
U Nd(V)and f := f|W, then f represents the same element of C* (Gj),.
Now d; o dy':dg(dy! (W)) — W is a differentiable map and composition with
F gives theelement fe g := f o dj o dj':do(d]! (W)) — RinC>® (G0)dy(g)>
which defines the action of G;. (It is not difficult to prove that this is well defined
and satisfies the conditions on an action.)

THEOREM 39. A ringed Grothendieck topos (€, R) is a differentiable étendue
if and only if there exists a differentiable étale groupoid G such that (£, R) ~
(Bga c* (GO))‘

Proof. This can be established in the same way as Theorem 9, when we use the
following results by Godement on quotients and pullbacks of manifolds (cf. (Serre,
1965)):

First: for a manifold X and an equivalence relation R C X X X the following
are equivalent

1. X/R is a manifold, that is, R is regular.
2. (a) R is a submanifold of X x X.
(b) mp: R — X is a submersion.

Second: let f;:Y; — X,¢ = 1,2 be a pair of differentiable maps, where one
of them is a submersion. Then f; and f, are everywhere transversal and therefore
Y1 Xx Y is a submanifold of Y; X Y5.

It is clear that the functor B sends differentiable maps of differentiable étale
groupoids to morphisms of ringed toposes, and that it sends weak equivalences to
equivalences of toposes. And the only difficulty in proving the next theorem (the rest
is the same as for Theorem 28) is to make K in the following diagram a manifold
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by taking a pullback of ringed toposes (and then it becomes (Ko, wg (C*™ (Gy))).
This is possible since wy is étale.

Ky £ Hy
TH

wo

Go —5— BG —— BH

Since manifolds are automatically 7’ -spaces we have:

THEOREM 40. The functor B induces an equivalence of 2-categories

(Differentiable-Etendues) ~ (Differentiable-Etale-Groupoids) [W~!].

6.2. DIFFERENTIABLE STACKS

To come to the main subject of this section let us describe a differentiable stack.
A stack in groupoids S over the category of differentiable manifolds is called
differentiable when the following condition holds:

6.2.0.1. There existsa 1-morphismz:y (X ) — S,suchthatforally:y(Y) — S
the pullback y (X)) Xs y (Y) is representable and the second projectiony (X) Xs
y (Y) — y(Y) is differentiable, surjective and étale.

6.2.0.2. Remark that we do not require the diagonal to be representable now. (This
would not even be true for representable stacks, since the category of differentiable
manifolds is not closed under pullbacks.) We just want the pullbacks along the
chart z to be representable.

We will show that we have again an equivalence of 2-categories:

THEOREM 41. The following 2-categories are equivalent
(Differentiable-Stacks) ~ (Differentiable-Etendues). (10)

In particular we can view the 2-category of differentiable stacks as a bicategory
of fractions

COROLLARY 42. There is a canonical equivalence of bicategories
(Differentiable-Stacks) ~ (Differentiable-Etale-Groupoids) [W~1].
To prove the equivalence (10), we define a functor

S: (Differentiable-Etendues) — (Differentiable-Stacks),
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analogous to Section 5.2. So let (£, R) be a differentiable étendue. Define
S(&,R) £ (Differentiable-manifolds),

as follows:
objects are morphisms of ringed toposes:

(¢, f): (Sh(M),C®(M)) — (€, R),

(so f: ¢*(R) — C° (M) is a morphism of sheaves over M);
arrows are triangles

(Sh(a), C=(8)) —E2— (SB(N), C=())
%
(o.1) (¥:9)
(€, R)
where (3, b) comes from a differentiable map of manifolds 3: M — N.Now
P((sh(a),c= () ‘P (€, R)) = 1,
P((B,b)) = B.

It is clear that this is a stack, and to see that it is differentiable, let £ ~ BG, where
G is a differentiable étale groupoid. And consider

¢: (Sh(Go), C=(Go)) — (£, R),
with ¢* the forgetful functor, as before. As above we can make the pullback P in
Sh(P) (Sh(Go), C*(Go))

(Sh(X), C*(X))

(€, R)

a differentiable manifold since the projection to X is étale. And it is clear thaty (P)
and y (Go) X s ¢) ¥ (X) are equivalent as stacks. We conclude that 5 ((£, R)) as
defined above is a differentiable stack. The definition of S on 1- and 2-cells is by
composition, completely analogous to that in the topological case.

The proof that S induces an equivalence of 2-categories goes precisely as in the
topological context, since all pullbacks and quotients which were used there, satisfy
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the conditions in the proof of Theorem 39 above, so they exist in the category of
differentiable manifolds. Furthermore note that § as constructed in the proof of
Lemma 25 is a differentiable map when « is a 2-cell between morphisms of ringed
toposes, and vice versa. So S remains fully faithful on 2-cells. This finishes our
proof of Theorem 41.

7. Algebraic stacks and étendues

In the case of algebraic stacks over the category of schemes, the previous con-
struction can be used to get a more explicit description, which uses toposes, of the
stack associated to an étale groupoid of schemes; and to prove that the category of
algebraic stacks is ‘the’ bicategory of fractions of the 2-category of these groupoids
with respect to weak equivalences. To do this we first introduce another special
kind of Grothendieck toposes:

7.1. ALGEBRAIC ETENDUES

Fix a base scheme S. Let 7 denote the topos of sheaves on the site of all schemes
over S with the étale topology.

DEFINITION 43. A Grothendieck topos £ over 7 is an algebraic étendue when
there exists an object U — 1 in & such that £/U is equivalent to Sh (Xe) (Where
Xet is the site of étale schemes over X with the étake topology, see (Milne, 1980))
and £/(U x U) isequivalent to Sh (Ye) over 7 for some schemes X and Y over
S, and the induced projections Y =3 X are étale separated surjections. (We call X
a chart of £.) We define (Alg. Etendues) to be the 2-category of algebraic étendues,
geometric morphisms and natural transformations.

Remark 44. Algebraic étendues are not a special kind of étendue!

DEFINITION 45. We will call an étale separated groupoid in the category of
S-schemes an algebraic groupoid. Notation: (Alg. Groupoids) will denote the 2-
category of algebraic groupoids.

It is not difficult to see that Y = X in the definition above is an algebraic
groupoid. Conversely an algebraic groupoid G = G = G gives rise to a site
Get Which objects are étale schemes over Gy, i.e. étale maps P: E — Gy, witha
right Gi-action: 0: E X, 6y.4, G1 = G1 Xdy,Gyp E; arrows of G, are morphisms
over Go which respect the actions. The topology on this category is again the étale
topology. We define B G, to be the topos of sheaves on this site.

PROPOSITION 46. B G is an algebraic étendue.

Proof. Let U in the definition above be the object y (G & G)) with an action
by composition. Then
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B Ge/y (G1 2 Go) ~ Sh(Ge/G1 % Go),
~ Sh ((Go)et),

and

BGu/(y(G1 2 Go) x y(G1 8 Gy))

~ BGu/y(G1 % Go) xBg. BGe/y(G1 2 Gy)
Sh((G1)et)-

1R

It is straightforward to extend the definition of B on arrows so as to get a functor
B: (Alg. Groupoids) — (Alg. Etendues).

Since a morphism of groupoids ¢: G — H induces a morphism of sites Her — Get
(or Gt — He in the notation of (Milne, 1980)) by pullback and therefore a
morphism of toposes B: B Gey — B Hey.

DEFINITION. A map ¢ = (o, ¢1): G — H between algebraic groupoids is a weak
equivalence when g and ¢, are étale surjections and the square

X
GI_W_‘P‘.HI

(do,d1) (do,d1)

- H
Go X Go 2oy Ho X Hy

is a pullback.

THEOREM 47. This functor B: ( Alg. Groupoids) — (Alg. Etendues) induces
an equivalence of bicategories

(Alg. Groupoids) [W~!] ~ (Alg. Etendues),

where W is the class of weak equivalences of groupoids.

Proof. The fact that W admits a calculus of fractions, i.e. that the category (Alg.
Groupoids) [W~!] is well defined, can be proved in the same way as before. It is
not difficult to see that B sends weak equivalences to equivalences of toposes.
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The first difficulty is in checking condition EF2. So let o: BGet — B He be a
morphism of algebraic étendues. Consider the pullback

Sh((GO)et)/F Sh((HO)et)

Sh((Go)er)

BGet

7 B Het

where F' ~ n*¢* (y (Hj L] Hy)). A priori F need not be a representable sheaf,
but it can be covered by a representable one y (F') - F', and we have a diagram

Sh((Hy)et) ——=—> Sh((Ho)et)

Vo \d
SM( QI - Bmt\
Sh(((F xG, F) x5 (H1 Xy F))et) %M@ X Ho F)et) ﬁwd/F
Y ” Y v
Sh((F xGy F)et) = > Sh(Fet) Sh((Go)et)

where the lefthand square is a pullback along 7. The action p is obtained in the

following way: there is a canonical map (induced by the pullbacks) 7: F' xg, F —
H such that the following square commutes for: = 1,2

XXGOXLX

Hy

H
di-1 0

and p = (my,comp (g o (71,72),74)). Now
= = u _
(FXGO(FXHO Hy)) — (H1 Xm, F)

is an étale equivalence relation in the category of schemes over .5 and its quotient
F’ can be represented by an algebraic space (see (Knutson, 1971), p. 93), which is
étale separated over G and therefore a scheme itself (see loc cit., p. 138). Now we
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can make an algebraic groupoid F with scheme of objects F’ in precisely the same
way as before; and there are morphisms of groupoids

Gl Frimy,

such that ¢ o Bw = Bf.

The second difficulty is in proving that B is fully faithful on 2-cells. First remark
that a 2-cell a: B => Bt: BGet — BHe gives rise to amap oyt Go X g, Hy,do
Hi — Go Xyy,Hodo H1 and since the étale topology is sober we can use the same
arguments as in Lemma 25 (note that all 2-cells are isomorphisms).

7.2. ALGEBRAIC STACKS

In this section our aim is to prove the following theorem:

THEOREM 48. The 2-categories of algebraic stacks and algebraic étendues are
equivalent.

This equivalence provides us with a more precise description of the stack
associated to a groupoid and of the relation between algebraic stacks and algebraic
groupoids. Let us first recall the definition of an algebraic stack:

DEFINITION 49. An algebraic stack is a stack S over the category of Schemes
such that the following conditions hold:

(i) The diagonal S 4 SxSis representable and separated;
(ii) There exists an étale surjective morphism of stacks z:y (X) — S. We call
X achartof S.

To prove Theorem 48 above we first construct an algebraic stack to an algebraic
étendue. So let £ be such an étendue. Define a stack § over 7 with fibers

§ (X)o = Hom (Sh(Xer), )

and morphisms

Sh(Xe) “ Sh(Ye)
%p
@ ¥

&

where a comes from a morphism @: X — Y of schemes. The functor P: S — 7T
is then defined by P (¢: Sh(X) — £) = X and P (a,a) = a.Itis not difficult
to see that this is a stack. To show that it is algebraic, let X be a chart of £ and let
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y(X1) = y(Xo) xe y (Xo). Then the object Sh ((Xp)et) % £ of S induces an
étale map y (Xo) — &, as follows from the proof of Theorem 47 above. Finally
to prove that the diagonal is representable, let y;:y (Y1) = Sand y5:y (Y2) — S
be maps of stacks represented by objects 1;: Sh(Y;) — £. Consider the diagram

(m2,m4)
Sh(Zet ) ~— Sh(F, xX F2)<:SIL(F1 xy, Fi xx, Faxy, F2)

™ 17"3 (1['1 ,7‘_2)¢
Sh(y1 Sh(Fl) Sh(F, xYl £

0, \Sh(Y2) Sh(Fz) < \ Sh(F2 sz Fy)

L% dl
Sh( Xo) : S‘h(Xl)

0

where Z is an algebraic space by (Knutson, 1971), p. 93. Now remark that the
diagonal A:§ — § X § is unramified, since we have an étale map y (Xo) — S;
and we can write Z also as the pullback

Sh(Zey) S

Sh((Y; X Y3)e) —= S X S

and we find that Z is unramified over Y] X Y;, so Z is a scheme itself (see
(Knutson, 1971), p. 138). It is clear that a morphism of toposes between alge-
braic étendues induces a map of stacks by composition. So we have a functor
S: (Alg. Etendues) — (Alg. Stacks) with § (£) = S as above, and we can make
the Theorem 48 more precise:

THEOREM 50. The functor S: (Alg. Etendues) — (Alg. Stacks), is an equiva-
lence of 2-categories.

Proof. To see that S’ is essentially surjective on objects, let R be an algebraic
stack with chart X9 — R and X; := X¢ Xr Xo. Then X := X; = Xpisan
étale groupoid. Let £ := B(XR )et. Then it is not difficult to see that S (£) ~ R
The rest of the proof is completely analogous to that in the topological case.

Remark 51. It follows immediately that the associated stack of an algebraic
groupoid G can be described as S( BGet).

COROLLARY 52. There is an equivalence of bicategories

(Alg. Groupoids) [W '] ~ (Alg. Stacks).
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Appendix
A. Appendix associativities and identities
A.1. GENERALITIES ON PASTING

In this section we will prove some lemmas on pasting with respect to the conditions
BF3 and BF4. The consequence of these lemmas is that in certain cases we can
first do some pasting before applying condition BF4. We will need this to verify
the associativity coherence.

LEMMA 53. When w; and w; are 1-arrows in W, any squares

[ ] -——*2—> [ ] [} _’UL, [ ]
ull “p lwz m[ By lwz
o —— 0 o —— ¢
wi w1
giverise to equivalent 2-cells (uy, uz, o, &) ~ (v1,v2,0,0): (w1, w1) = (w2, w7)
inC[W1].

Proof. Consider the following diagram

g

tk [ ] [ ]
[~
[ ] [ ]

—

where t; € W, t; and 7 exist by condition BF3 for ¢ 2 e £ ¢. Now we also

want to fill out the upper part such that the resulting pasting is something like 3.
We have a 2-cell from w, 0 v 0 t3 t0o wy 0 Uy 0

SN,
AN

\
/
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So there is a chosen pair (s, §) such that é: vy0t08 = uzotjosand (11)os = wy08
on account of condition BF4. The diagram above becomes

lm

and some elementary calculation shows that this pasting is equal to 3 o ¢; o s. So
we get

un

(w1, u2,0,@) ~ (v1,v2,3,B).

LEMMA 54. Suppose we have a pair of 2-cells a1: wj o up = wy 0 up, a: v 0
foup = vogouyinC withw), wy, wyouy, wyouzandvin W and f and g
arbitrary 1-cells.

o ! - B
uy wi v
E g A Y B’
u2 w2 v
D — B

Let (s1, 1) and (82, 32) be two different choices on account of condition BF4 such
that 0z08; = vof3;. Then(u10381,up081, 1081, B1)and (11082, U208, 1082, B2)
are equivalent 2-cells from (w1, f) to (wo,g) in C[W1].
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Proof. Let

: k]
ta 7 !

[ J

be a square with sy o £; and s o t; in W as in condition BF3, then

297

(ug0s1,u2081,01081,01) ~ (ug08y0t;,up0810t1,0q080t;,0810t)

~ (u10sp0tz,up080t,1080t2,3201)

~ (uy 0 82,u3 08,10 82,0)

Remark 55. Given two 2-cells in C[W ~!] as defined in Section 3:

(al, o, U, ’UQ)Z (wl, w o f) = (’wz, w o g),

C f

u2

D

g

and

(HI,EZ,EIanZ): (’QD2,’U) o g) = (w37w o h),

- B
E Y A yee B
— B

(12)
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C g ~ B
73] \K w
E Yy A B’
up / w
D - B

where w € W, there are two ways of using vertical composition of 2-cells and
applying our choices for condition BF4 to get a 2-cell (w1, f) = (w3, h). We can
first apply our choices for BF4 two times to remove the w’s in the 2-cells above and
then take the vertical composition of the resulting 2-cells; or first take the vertical
composition and then apply BF4 to remove w. (Applying our choices for BF4 to
(12) gives for example

ul C
_ E/ \ !
v
E' Ual"w A Uﬂz B.)
2% /
E\ 4 -
u2 D

From the lemmas above it follows (with some computation) that these operations
will give equivalent 2-cells (w1, f) = (w3, h). We will use this fact in the next
section.

A.2. ASSOCIATIVITY

Let (wy, fi): A — B, (wy, f2): B — C and (w3, f3):C — D be 1-morphisms
in C[W~!]. We want to define an associativity 2-cell a: (w3, f3) o ((wa, f2) ©
(w1, f1)) = (w3, f3) o (w2, f2)) o (wr, f1). We use the following pictures:
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first way of composing

/ k
uy h
Fl g1 & 1
At/'l 20 \ =
Ey fi = 2 f2 Es f3
A \ )/"2 \ w3 \
B C
second way of composing
T, \"1
" & B,
A1/'2 Y2 \
Ey f1 Er f2 = Es f3

A 1 \ B wy \ C w3 \

Now we take some chosen squares
§—2 - B

s 7 " with s; € W,

P pn E,

U —= S

ol P |, witht; € Wand

T o F

U, L T

t Pry w witht, € W.

V1081

299
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So we get pasting squares

h
Ty - > Fs3
N
Ul 92
q1

uy w3

b——-———-——»ﬂ

7

and
T2 - u2 5 E1
2
\ ﬂ2“ n
U,
tz
h'z f 1
/ L /
Y
F; 2 > E2 B

With the same method as in Lemma 53 above we can find U7 —>U; and Up—U»,
€1:h1otiory = gaosyoqoryand €3: 83013 07y = hy 0 ¢ o 7, filling the
empty places in such a way that the pastings become ;1 o ¢; o 71 and 63 0 g3 o 7.
Now the associativity 2-cell a can be defined as

Third coordinate

/ AN
R u"l S El
N i AN
U, U, { wiop; A
NS
. 1
2 /12
T,

where 7 is a chosen square (U, — U, -2 S5 € w).
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Fourth coordinate

Uy T
1
” [fl \ %1 hy
32‘F2 92 E3 A D

AN _%/

T2 ha

T2

U,——T,

92

With the last remark of the previous section it is possible to prove the associa-
tivity coherence axiom: first you do all the pasting (such that you can cancel a lot
of things) and then you apply the choices for condition BF4. At the end of the proof
we have to apply the procedure from the proof of Lemma 53 several times.

A.3. IDENTITIES

Let A be an object of C[W 1], the identity 1-cell I, € C[W~1](A, A) is given by
the pair (14, [4) with I4 the identity 1-cellon A inC.

Let A and B be two objects of C[W~!] and (v, f) € C[W~1](A, B), then we
define the isomorphism

1(A,B) (v, f): (v, f) o Iyy = (v, f),

as in the following picture




302 DORETTE A. PRONK

Recall that the composite is defined as

c
Ic
v
A S SN c
/ \ f
Iy v
A A B.)

The isomorphism

r(4,B) (v, f):Ig o (v,f) = (v, f),
is defined by

It is left to the reader to verify that the above defined isomorphisms a, [ and r are
natural in their arguments and satisfy the identity coherence axioms.
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