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The main goal of this paper is to prove the existence of cuspidal automorphic rep-
resentations for some series of examples of S-arithmetic subgroups of reductive
groups over number fields which give rise to non-vanishing cuspidal cohomology
classes. In order to detect these cuspidal automorphic representations we combine
two techniques, both of which can be seen as special cases of Langlands func-
toriality. Prior to that, we have to extend to the S-arithmetic case the definition
of cuspidal cohomology and to show it is a direct summand in the cohomology.
We emphasize that in our framework the class of S-arithmetic groups contains the
class of arithmetic groups.

Before describing the contents of the paper we recall some facts about the
cohomology of S-arithmetic groups. Let GG be a semisimple group over a number
field k. As usual S is a finite set of places of £ containing all the archimedean ones.
Let (¢, E) be a finite dimensional complex representation of G's trivial on G's,
and let T' be an S-arithmetic subgroup of G (k). The cohomology groups H'(I'; E)
of ' with values in F can be computed using the differential cohomology of G's
in the space of smooth functions on I'\G's:

H'(T; E) = Hy(Gg; C®(I'\Gs) ® E).

The space of cusp forms plays a central role; accordingly it is natural to investigate
the corresponding space of cohomology called the cuspidal cohomology:

Hyoo(Ts E) := Hy(Gs; Lgyep(T\Gs)™ @ E)
where
Lgusp(F\GS)oo

is the space of smooth vectors, in the space of square integrable functions, generated
by cusp forms. It is a subspace of the cohomology with respect to the discrete
spectrum

H&isc(P;E) = H;i(Gs;L(ziisc(r\GS)oo ® E)
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which is in turn a subspace of the L2-cohomology
Hiy)(T; E) = Hy(Gs; LA(T\Gs)™ ® E).

The natural inclusions

Lgusp(F\GS)oo - L(zjisc(r\GS)oo ®F
— L*(T\G5)* Q@ E — C*(T\Gs)Q® E (1)
yield therefore natural homomorphisms
Hyp(T5 E) 5 Hyioo (T3 E) 5 H(y(T; E) % H'(T; E). )

When the discrete group I' is cocompact, all the maps in (1) are isomorphisms,
hence so are those in (2). A first goal of this paper is to provide some information
on (2) in the isotropic case. In particular we show that o o v o y is injective.
A second goal is to construct, in some cases, non-trivial cohomology classes in
Heyop(T5 E).

From now on, we assume for convenience in this introduction that G is almost
absolutely simple over k. We are only concerned with the isotropic case and assume
that 7k, (G) > 0, so that, in particular, G(k, ) is not compact for any v € 5.

In Part I we prove a decomposition theorem for functions of uniform moder-
ate growth on I'\Gs (see Section 2 for the statement), originally established by
R. Langlands in the arithmetic case, i.e. when S = S, . His argument had so
far only been sketched in a letter [Lan2] and elaborated upon in an unpublished
preprint of the first named author. We take this opportunity to present a complete
proof for any S. In the case § = S, another one is contained in [Ca2] (see 4.6).

In Part II we define and study the cuspidal cohomology of I'. We generalize
to the S-arithmetic situation the regularization theorem of [B5]. From this and
the decomposition theorem it follows that the cohomology space H'(I'; E) is
canonically a direct sum

(T, E) = D Hp(T; E) 3)
PeA

where P runs through the set A of classes of associate parabolic k-subgroups of
G (5.4). Of main interest to us is the summand indexed by G, which we shall also
denote by H,.,(I'; E) and call the cuspidal cohomology, since it can be identified
to the space so denoted above. This shows in particular that the homomorphism

covop: Hy(I's E)— H(T; E)

(see (2)) is injective, a fact already established in the arithmetic case in [B4], by a
different argument.
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Let 7 ¢ be the sum of the k,-ranks of G/k, for v € Sy. For v € Sy the Steinberg
representation is the only irreducible unitary representation of G(k,) with non
trivial cohomology, besides the trivial representation. Then arguments similar to
those of [BW:XIII] show that for all : € Z

Hati! (U5 E) = @ Hi(Goo; I ® E), 4)

where I, ® Hvrsf is the isotypic subspace of (7, H,) = (oo ® TSy Hroy ® H,,Sf )

in Lgusp(I‘\G s) and the sum runs over the set of equivalence classes of irreducible
unitary representations T = 7o, ® s, for which 7, is the Steinberg representation
of Gg, (6.5).

Assume that S is non-empty. A straightforward adaptation of an argument of
N. Wallach [W] shows that

Hise(ls ) = Housp(T; ) © Hy(Goos E). ®)

In Section 7 it is shown that (5) gives the whole L2-cohomology i.e. that v in (2)
is an isomorphism. For congruence subgroups of simply connected groups similar
results are contained in [BFG]; moreover it is shown there, by use of the main result
of [F], that (5) is equal in that case to the full cohomology of I' with coefficients in
E,i.e. that ¢ in (2) is an isomorphism under those assumptions. We shall not need
this fact.

In Part III, we return to the general case where .5y may be empty, and we produce
in Sections 10 and 11 examples of S-arithmetic groups I' containing a subgroup
I’y of finite index for which

Hc;usp(rl; E) 76 0. (6)

Our basic tool in Section 10 will be the twisted trace formula, the twist being
given by a rational automorphism a of G. Some technical preliminaries are carried
out in Sections 8 and 9: in Section 8 we construct and study, in the twisted case,
analogues of Euler-Poincaré functions due to Clozel-Delorme for real Lie groups
and to Kottwitz for p-adic groups; the twisted analogues will be called Lefschetz
functions. In Section 9 we establish in the twisted case a simple form of the trace
formula; this is a variant of a theorem due to J. Arthur.

It suffices to find a I'" commensurable with I' with property (6). Such a I’ may
be taken to be an arbitrary small congruence subgroup; then we may draw on our
understanding of automorphic representations in the adelic setting. The relation
(4) above shows that proving (6) amounts to finding cuspidal automorphic adelic
representations (7, H,) such that

Hy(Gs; H2 ® E) # 0, )
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Observe that in this new setting, as far as existence (or non vanishing) assertions
are concerned, we are free to enlarge S whenever it is convenient, even if one is
primarily interested in arithmetic groups. Beyond the classical case of groups G
whose archimedean component G, has discrete series, very little is known about
such automorphic representations (see [Sch] for a discussion of the state of art in
1989). In order to detect some in some cases, we combine two techniques, both of
which can be seen as special cases of Langlands functoriality.

The first one, used in Section 10, is based on a very crude and preliminary form
of what should be the stabilization of the twisted trace formula. The non-vanishing
of the cuspidal cohomology for a small enough I (or equivalently the existence
of cuspidal automorphic representations such that (7) holds) is clear whenever one
can prove the non-vanishing of the cuspidal Lefschetz number:

Lefcusp(a,hvrl; E) = Z(_l)i trace(a X h l Héusp(F,;E))’ ®

for some suitably chosen Hecke correspondence A for some small enough I'V. This
turns out to be the case if (and only if) the automorphism « of G is such that the
S-local Lefschetz number:

Lef(a, Gs; Hrg ® E) = Y (1) trace(er | Hy(Gs; H ® E)) (8)

does not vanish identically for representations of G's (10.4). This is the case if, at
archimedean places, « is a ‘Cartan-type automorphism’ (10.5). Our technique is a
variant of the one used by Rohlfs and Speh to exhibit cohomology in some cases
[RS1] [RS2]; but we have to refine their argument to get cuspidal cohomology. The
twisted trace formula allows us to compute the Lefschetz number in the discrete
spectrum. As one may guess from (5) the non-vanishing of the cuspidal Lefschetz
number is easier to prove if S is non empty; as already observed this particular case
is enough for our needs. Particular cases of our result appear in [RS3]. The existence
of Cartan-type rational automorphism of G is easily seen when G is split over a
totally real field k; also, if G’ is defined over a CM-field &’ i.e. a quadratic totally
imaginary extension &k’ of a totally real field &, the complex conjugation induces
a Cartan-type automorphism of the group G = Resys/,G’ (this was observed by
Clozel) (10.6).

Conjecturally, cuspidal representations with non-vanishing S-local Lefschetz
numbers, which contribute non trivially to the twisted trace formula, should be
liftings from cuspidal representations, of some twisted endoscopic group, with
non-vanishing S-local Euler-Poincaré numbers. Cartan-type automorphisms do
not exist in general and one may try to use other Langlands functorialities.

In Section 11 we shall use cyclic base change for GL(n). Representations that
are ‘Steinberg’ at some finite place are well behaved with respect to this lifting:
they remain cuspidal after base change. Base change preserves the non-vanishing
of cohomology; combined with (10.6) this allows us to show that I' = SL(n, O),
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where Oy, is the ring of integers of k, and k is obtained by a tower of cyclic
extensions from a totally real number field ko, has subgroups of finite index with
non-vanishing cuspidal cohomology. This generalizes to all »’s a result proved in
[LS] for n = 2 or 3.

I. A DECOMPOSITION THEOREM FOR FUNCTIONS OF
UNIFORM MODERATE GROWTH ON I'\G's

0. Assumptions and notation

0.1. The following notation and assumptions are to be used throughout the
paper:

— k is a number field, V the set of places of k and V, (resp. Vy) the set of
infinite (resp. finite) places of k. We denote by | - |, the normalized absolute
value on the completion k, of k at v. For v € Vg, O, is the ring of integers
of k,. For any finite set of places ¥, we let kx, be the direct sum of the &, for
v e X; forx € ky let

lz]ls = H |zo]o-
vED
For any connected component L of a k-group, we let

Ly = L(kg) = [[ L(k.), Loo= [] L(kv).
vED v€EVo
— S will denote a finite set of places of k, containing V.. Thus § = S, U Sy,
where Soo = Voo and Sy = 5N V.
— (@ is a connected reductive k-group.
— U(g) is the universal enveloping algebra of the Lie algebra of left-invariant
vector fields on G .

0.2. We fix a maximal compact subgroup K, of G,, assumed to be ‘good’ for
v ¢ Veo. Let Koo = [ley,, Kv, K5 = Huesf K,and K = K Kjy.

0.3. We shall use a height || || on G5 defined by means of a faithful finite
dimensional representation of G' over k. The height is a product of local heights.
For each archimedean place it is a Hilbert-Schmidt norm on endomorphisms; for
finite places it is a sup norm on endomorphisms.

0.4. In the sequel T' denotes an S-arithmetic subgroup of G(k). It is viewed
as a discrete subgroup of G's via the diagonal embedding. The group G is the
almost direct product of a central torus 79 and of its derived group DG, which is
semisimple. I' is commensurable with the product of the intersections I' N Z(k)
and I' N DG(k), which are S-arithmetic in Z°(k) and DG (k) respectively.



6 A. BOREL ET AL.

0.5. If f, g are strictly positive functions on a set X, we write f < g if there
exists a constant ¢ > 0 such that f(z) < cg(z) for all z € X, and then say that f
is essentially bounded by g.

1. The vector space ap and the function 7p

1.1. Let P be a connected linear k-group, N its unipotent radical, M a Levi
k-subgroup. Denote by X (P)j the group of k-rational characters of P, and let

ap = Homz( X (P)k,R);
we shall also use its dual

ap = X(P)x ®z R.
We shall denote by

Hp: Ps — ap

the map defined as follows: forany A = x ® r € X(P);r ®z R

NP = |x(a)5.

The kernel of Hp will be denoted PS’; it contains the unipotent radical and all
compact or S-arithmetic subgroups of P. To M is associated canonically a section
of the homomorphism H p, the image of which is the connected component A s(R )°
of the group of real points of the maximal Q-split torus Aps of the center of
Res;, /oM . Not to overburden notation we shall sometimes denote by A M Oreven
simply A? the vector group Aps(R)% We denote ap the compositum of the map
Hp and of this section; hence any z € Pg can be written uniquely as

z = y.ap(x)
withy € PL. Given A € o}, we have

aP(.’L')A — e(AvHP(x)).

1.2. Now assume that P is a parabolic k-subgroup in G. The subgroup M is the
centralizer of A and is therefore determined by A, and A runs through the set of
maximal Q-split tori in Resy /o P. The pair (P, A) is called a p-pair. The set of ks-
points of a parabolic k-subgroup P of G' with Levi subgroup M, has a Langlands
decomposition

Ps = NsA°M..
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Moreover one has Gg = PsK. This allows us to extend the function ap to a
function on G's by the formula ap(pk) = ap(p).

There is a natural map ap — ag, the kernel of which will be denoted by ag.
The set A(P, A) of simple roots of P with respect to A may be identified with a
subset of a}. Given a real number ¢ > 0 let

A; = {a € A%a* > t, Vae A(P,A)}.

We denote by A(P, A) the set of fundamental weights which is the dual basis to
the basis in a,@ given by the simple coroots. The cone generated by the dominant
regular weights is the positive Weyl chamber; its dual cone in ap is sometimes
denoted tap. As in [A1] we let 7p be the characteristic function of the latter:

tp(H)=1<= w(H)>0, VYweA(P,A), HEap.

1.3. Letw be a relatively compact open subset in PL. The Siegel set &(P,w, t)
in G g, relatively to the p-pair (P, A), is by definition

S(P,w,t) = wAK. 1)

If the set w is a product wews With we C PL and wy C Péf, the Siegel set
&(P,w,t) is the product

S(P,w,t) = (Weo At Koo )(ws K ) 2)
of a Siegel set we, At Ko, 0f G, by a relatively compact open subset in G's ;-

1.4. Given a minimal parabolic k-subgroup Py there exist a Siegel set & relative
to Py and a finite subset C' C G(k) such that

Gs =TC6,. (D

For G this is classical ([B2], Section 15). The general case follows from 8.4 and
the proof of 8.5 in [B1].

We recall that C'Sg has the ‘Siegel property’, namely, it meets only finitely
many of its translates under I' (cf. [B2] Section 15 and [B1] 8.4).

1.5. A function f € C*®(Gyg) is of moderate growth if there exists m € N, such
that forevery ¢ € G'g

|F (@) < [le][™ M

Its restriction to any Siegel set &( P,w, t) satisfies an inequality

f(2)] < ap(2) llag(z)|[™
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for some A € ap, which is zero on ag, and some m’ € N. Conversely if now f
is T-invariant and if this condition is satisfied for the functions 2 +— f(cz) with
¢ € C, in the notation of 1.4 (1), then f is of moderate growth. (If S = S, see
[HC] lemma 6 p. 9. The general case again follows from 8.4 and 8.5 in [B1].)

Let f be T-invariant; if for any Siegel set &( P,w,t),any A € a}p, which is zero
on ag, and some m’ € N, the function f satisfies an inequality

|£(@)] < ap(z)lag()|™

we say that the function is rapidly decreasing.

2. The decomposition theorem

2.1. A function f € C*®(Gyg) is of uniform moderate growth (u.m.g.) if it is
uniformly locally constant under right translations on G's, and if there exists
m € N, such that for every D € U(g) and z € Gg

IDf(2)] < || )

Let Vi = Cqo(T'\Gs) be the space of smooth functions on I'\G's of uniform

moderate growth. By 1.1, applied to the case P = GG, we have Gg = G}g X A(c): and
I' C GL. Similarly we define V}! to be the set of functions on T'\GY of uniform
moderate growth.

22. AsusualTp =T NPKk), Iy =TNNk)butI'ny = I'n\I'p. If fisa
I p-left-invariant function, then its constant term fP along P is:

P = nr)dan
@)= Sne)an,

the Haar measure being normalized so that the quotient has volume one. For
¢ € Gsg, the function fF': m — fP(ma) (m € ML) is T'pr-left-invariant. A
function f € Vr is said to be negligible along P if for all z € G's the function fF
is orthogonal to the cusp forms on I'ps\ M é

Let A be the set of classes of associate parabolic k-subgroups. For P € A,
denote by Vr(P) the space of elements of f € Vr which are negligible along ()
for every parabolic k-subgroup @ ¢ P. We shall also need the space V{}(P) =
Vr(P) N V. We recall the

2.3 PROPOSITION. Ifa function f is negligible along all parabolic k-subgroups
it is zero, and if it is negligible along all proper parabolic k-subgroups, it is
cuspidal.

Proof. We refer to [Lanl] Lemma 3.7 and its corollary p. 58. The statement
and the proof extend to the adelic case (see for example [MW], Proposition 1.3.4)
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and also to the S-arithmetic case. Note that in the case of congruence subgroups it
follows directly from the adelic case by taking functions invariant under a suitable
open compact subgroup outside of 5.

As a consequence, the sum

Vi(A) == > Vr(P)
PeA

is direct. We shall prove in Section 4 that Vr = Vp(A). This will complete the
proof of the

2.4 THEOREM. (Langlands)

Vr = E{) Vr(P).

PeA

In the case S = S, this theorem and a sketch of proof were communicated by
R. P. Langlands in a letter to the first named author [Lan 2]. The following proof is
a variant of the original one in our slightly more general setting; there are two new
ingredients:

(a) The truncation operator in the form given by J. Arthur. This replaces an
inductive construction of a (smooth) truncation, and a delicate analysis of
the geometry of Siegel sets to prove that the truncated function is rapidly
decreasing.

(b) The Dixmier—Malliavin theorem [DM], which allows one to work up to a con-
volution; this makes the passage from moderate growth to uniform moderate
growth easy.

3. Preliminaries on £ -series and constant terms

3.1. Let P be a parabolic k-subgroup of G and P = M N a Levi decomposition
over k. Let a be a smooth compactly supported function on G and Tp € ap.

LEMMA. Let f € C°(I'pN\Gs) and Ep s T, the series defined by

Epsrpo(z)= Y. #p(Hp(yz)-Tp)f(yz) (z € Gs). )
~erp\l'

(1) The series Ep,; T, converges absolutely and locally uniformly.
(ii) Assume that f is of u.m.g and let a be a smooth compactly supported function
on Ggs. Then Ep ¢ T, * a € VT,

Proof. The convergence of the series and the moderate growth of its sum (which
already follows if f has moderate growth) is Corollary 5.2 in [A1]. Its convolution
with a smooth compactly supported function is then of u.m.g.
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3.2. Let Q be an associate class of parabolic k-subgroups in M. We denote by
QC the associate class in A which consists of the parabolic k-subgroups of G
having a Levi k-subgroup conjugate to Mg, where Mg is a Levi k-subgroup of an
element ¢) € Q.

LEMMA. We keep the assumptions of 3.1. Assume that f is of u.m.g. and that the
functions fF belong to Vr,,(Q) forall z € Gg. Then

EP,fP,TP * € V[‘(QG)

Proof. We have to prove that if R is a parabolic k-subgroup of GG not belonging
to QF, the constant term of E p,sP,Tp along R is negligible:

Ly #OmEr ) my) am = 0, M)

for all cusp forms 9 on I'pr, \ M 11?,, gand y € G. This vanishing result is a variant
for our E-series of the classical vanishing result for constant terms of Eisenstein
series constructed from cusp forms. In the case of arithmetic subgroups see [Lan1]
Lemma 4.4 or also [HC], pp. 34-39, in particular the proof of Corollary 3 p.
39. In the adelic case see [MW] I1.1.8 and II.2.1. The proof in our case uses the
same formal manipulations, which is allowed since our E-series are absolutely
convergent.

4. Proof of the theorem

4.1. We note first that Vr may be viewed as a union of differentiable G's-
modules Vi, (m € N), where Vi 1, is the set of f € Vr whose derivatives D f are
essentially bounded by ||z||™, endowed with the semi-norms sup,| D f(z)|.||z||~™
Therefore, since at finite places our functions are uniformly locally constant, it
follows from the Dixmier—Malliavin theorem [DM] that any f € Vr is a finite
linear combination of terms h * o, with A € Vr and a € C2°(G's) (with support in
a prescribed neighborhood of 1). In other words,

= | Wre ¢))
ang°(G5)
4.2. We have the decomposition
L*(I\GY) = 6P L3(T\Gy), (1)
PeA

where L3 (T'\G}) is the space of L2-functions on I'\G'§ which are negligible along
the parabolic k-subgroups @ ¢ P. This follows from 2.3 (see also [MW] I1.2.4).
We have then

L3 (I'\G§)™ = € Lp(I'\Gy)™. )
PeA
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But, again by [DM], the elements of L% (I'\G%)™ are finite sums of terms f * a
and hence have u.m.g. (cf. [BJ] 1.6, which refers to [HC] 1.3, Lemma 9 and its
corollary p. 10), therefore belong to VZ(P):

L% (T\G%)™ C Vi (P). 3)
As a consequence,
L2 (T\G§)™ € D W (P) = Vi (A). @
PeA

43. By 2.1,Gs = G5 x AL and T' C G}. Given a function f on I'\Gs and
a € A% we let f, be the function on T'\G, defined by z — f(za).

LEMMA. Let f € Vi. Assume that for a € A%, f, € L2(T\G%) and that its
L2-norm is slowly increasing, i.e.

I fall2 < {lall™

for some m € N. Let « € C°(Gg). Then f * o € Vp(A).
Proof. We apply 4.2(2) to f,, witha € A%. There exists then a finite set of
functions (fp)pea on I'\Gg, such that

f=> 1t (1)

PecA

with fp, € V{}(P). We show first that each fp is locally integrable on G's. (In
an earlier version, we had overlooked this point. N. Wallach drew our attention to
it and provided the argument.) By hypothesis f is square integrable on T'\Gs =
I'\GL x A% for the measure

du(za) = dz @ ||a]|™" da

if n is large enough, where dz and da are Haar measures on G and A, respectively.
But fp is the image of f by the orthogonal projection on

L2(T\G})p & L2(AZ, [la|~" da);

it is in particular square integrable for the above measure and hence locally inte-
grable for any Haar measure on G's. It remains to show that

fr*a e Vp(P). 2)

The function fp * a is smooth. Since the formation of constant terms commutes
with convolution, fp * « is negligible outside P. There remains to see that it is of
u.m.g.
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For each a, || f,|[3 is a sum of the || fp o||3. Therefore there exists m € N such
that

/P .all2 < [lal|™ 3

Let D € U(g). We have

D(fr + @)= (p +A)) = [, Jo(@)Kp(ay) de @
where Da = (8 and
Kp(z,y)=)_B=""vy) (z,y€GCs). (5)
~€er

We claim that this series converges absolutely, uniformly in z, locally uniformly
in y and that there exist 7 € N and a compact set C in A, which depend only on
the support of a, such that

|Kp(za, yb)| < |lyll" (6)

for D € U(g), z,y € G% and a,b € AL. Moreover K(za,yb) = 0if ab~! ¢ C.
This follows from standard arguments (see for example [HC] Lemma 9, [A1]
Lemma 4.3 or [MW] Lemma 1.2.4). We can write

(pemw)= [ a [ pa(@)Es(za ) az

fory € GL and b € A%. In view of (3) and (6)

ID(fp * @)(yb)| = |(fp * B)(yb)| < |lyll"vol(T\G)I[b]|™
with r» and m independent of D. This implies that fp * o is of u.m.g.

4.4. We now use Arthur’s truncation operator A”. The parameter T belongs to
ap, where P, is a fixed minimal parabolic k-subgroup of G it will be assumed
to be far enough in the positive Weyl chamber. Given a function f on I'\Gyg,
AT f is a sum, over a set X’ of representatives of I'-conjugacy classes of parabolic
k-subgroups of G, of E-series of the type studied in 3.1:

ATf — Z (_l)prk (P)—prk (G)EP,fP,Ip(T)
PeX

» — ap is the linear map defined in [Mii] p. 488 and prk(P) the
parabolic k-rank of P. Given a function f on I'\Gg of u.m.g., the fundamental
property of the truncation operator is that AT f is rapidly decreasing on T'\G}.

where Ip : ap
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More precisely, if & is a Siegel set in G's for a minimal parabolic k-subgroup P,
let 6} = & N G%. Then

sup  [ATf(za)l|lz|[Mlall™™ < sup [Df(y)l.llyll™"
(z,a)€6)x AL Deld(s)y€Gs

for all n. In the adelic setting, this a variant of Lemma 1.4 page 95 of [A2], where
we have replaced the L!-norm over some parameter space S for a measure do
by the sup-norm over A%. In the arithmetic case, this is theorem 5.2 of [OW]; a
proof may be found in Section 7 of [OW]. Again in view of 8.4 and 8.5 of [B1], it
extends to the S-arithmetic case. This shows that (A7 f), is square integrable on
['\GY and that the L2-norm of (AT f), is a slowly increasing function on AY.

4.5. Combined with 4.2 and 4.3, the last assertion of 4.4 shows that (AT fl*a
belongs to Vr(A). To finish the proof we proceed by induction on the semisimple
k-rank. By construction, f — A7 f is an alternated sum of E-series E P,fP Tp» Where
Tp = Ip(T), for P in a set of representatives of I'-conjugacy classes of proper
parabolic k-subgroups of G. By Lemma 3.2 we know that Ep (r 1, * a belongs
to Vr(A) since the constant term f¥ is of um.g. and the induction assumption
implies that the functions m — fF(mh) belong to Vr,,(Apr) forall h € K.

4.6. REMARK. W. Casselman has shown the existence of a similar decomposition
theorem in the arithmetic case (S = S, for the Schwartz space of I'\Gs , i.e. the
space of functions which are uniformly rapidly decreasing (u.r.d.) (i.e., all 4(g)-
derivatives are rapidly decreasing in the sense of 1.5) [Ca2]. The above proof also
yields this, in the S-arithmetic case, once it is noted that the argument of 3.1 also
shows that if f is u.rd., then Ep ;p 1, * @ is urd. Conversely 2.4 for § = So,
follows from 1.16 and 4.7 in [Ca2].

II. COHOMOLOGY OF S-ARITHMETIC GROUPS

5. Decomposition of cohomology

Let (¢, E) be a finite dimensional irreducible complex rational representation of
G . We view E as arepresentation of Gg which s trivial on G s, . For convenience,
we assume it to be irreducible. It is therefore a tensor product of representations
E,, where E, is an irreducible representation of G(k,) (v € Vuo).

5.1. Assume that S = V. It is shown in [B5] that there is a canonical isomor-
phism

H(T; E)=H (3, K;Vr ® E). (1)
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In 2.4, the direct summands are obviously (g, K') submodules, therefore we
get

5.2 THEOREM. Assume that S = V.. Then there is a canonical direct sum
decomposition

H(T; E) = D Hp(T; E), 1)
PeA
where
Hp(T; E)=H (g, K; Vr(P)® E). 2)

REMARK. For P = {G}
Vr({G}) = L}y (T\G)™ := Lp(T\G)™ 3)

is the space of cuspidal functions. The corresponding summand is therefore the
cuspidal cohomology H, c'usp(I‘; E). Consequently (1) proves again that the inclu-
sion

L2usp(T\G)™ C C(T\G)
yields an injective map
Hyo(T5 E) — H(T; E)
[B4]. Moreover, it exhibits a natural complement to the cuspidal cohomology.

5.3. We now return to the case of a general S-arithmetic group and want to extend
the foregoing in the framework of continuous (or differentiable) cohomology, for
which we refer to [BW:IX]. By [BW:XIII, 1.1]

H(T; E)= H;(Gs; C*(I'\Gs) ® E). (¢))
5.4 PROPOSITION. The inclusion

vV = C®(T\Gg)
induces an isomorphism

A H&(Gs;VF(X)E)%H&(GS; COO(F\Gs)®E). )

Proof. We can operate either in differentiable cohomology, denoted H; in
[BW] or, by passing to K -finite vectors, in the variant H_ of [BW:X, 5]. We use
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the former. The spaces H;(Gs; Vr ® E) and H;(Gs; C*(I'\Gs) ® E) are the
abutments of spectral sequences (£, ) and (E]) [BW:IX, 4.3] in which

Eg,q = Hg(Ggf;Hg(Goo;Vr‘®E)) 2)
and
BN = Hg(Gsf; H}(Geo; C*(I'\Gs) ® E)). 3)

The inclusion ¢ induces a homomorphism (E,) — (E}) of spectral sequences. It
suffices therefore to show that F»— F} is an isomorphism and for this, it is enough
to prove that the homomorphism

L H&(GOO;V[‘(@E) — H&(Goo; COO(P\GS)®E) “)

is an isomorphism. The group G's, operates by right translations on these coho-
mology groups and ¢" is G 5, -equivariant. By going over to the K -finite elements
in Vr and C*°(T'\Gs), we may replace the differentiable cohomology by the rela-
tive Lie algebra cohomology H (geo, Ko; +). The latter commutes with inductive
limits. The two spaces of functions under consideration are inductive limits of the
subspaces of elements fixed under a compact open subgroup I(} of Gs,. We are
then reduced to showing that the natural homomorphism

H (goo, Ko VFKf) s H'(gooy Koo; CX(T\Gs/K"), )

is an isomorphism for every compact open subgroup K} of Gs,. But the space
I'\G's/ K is isomorphic to a finite disjoint union of arithmetic quotients:

I‘\Gs/]ﬁ’} = H I'\Geo

[BJ:4.3]. We are thus reduced to the case dealt with in [B5].

5.5. Using 5.3, 5.4 and the decomposition Theorem 2.4, we can therefore write
H(T; F) as adirect sum

H(T;E)= P Hp(T; E), 1
PeA

where, by definition,
Hp(T; E) = Hy(Gs; Vr(P) ® E). )

In particular, Vi ({G'}) is the space of cuspidal functions and the corresponding
summand is the cuspidal cohomology of T, also to be denoted H ., (T'; E).
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6. Cohomology with coefficients in the discrete spectrum

6.1. Let F'be anon-archimedean local field, L a connected reductive F-group and
Py a minimal parabolic F-subgroup of L. We shall denote by St( L) the Steinberg
representation of L( F'). We recall that it can be defined as the natural representation
of L(F) in the quotient of C°° (Py(F)\ L(F')) by the invariant subspace generated
by the functions which are left-invariant under a parabolic subgroup @ 2 Fp. It is
the space of C'*°-vectors of an irreducible representation of L(F’) which is square
integrable modulo the split component of the center of L(F") (see for example
[B3]). It is the trivial representation if L(F') is compact or if L is a torus. The
center of L(F') belongs to its kernel. If L is an almost direct product of two F-
subgroups Ly, L, then St(L) = St(L;) @ St(L2). From 4.7 in [BW:X] we see then
that

niaessw) = { & 2RO e, <1>

where D L is the derived group of L. Moreover, if L is almost absolutely simple over
F, we deduce from results of W. Casselman (see [Cal] or [BW:XI, 3.9]) that the
only irreducible admissible unitarizable representations (7, H ) of L(F’) for which
H;(L(F); H) # 0 are the Steinberg representation and the trivial representation.
In the latter case, we have

C i=0

0§40 (i € 7). 2)

Hy(L(F); ©) = {

6.2. We now come back to the S-arithmetic groups. In the remainder of Section
6 we shall assume that 7 is semisimple, almost absolutely simple over k of strictly
positive k-rank. Let G be the universal covering of G and 7 the canonical isogeny
G — G. It induces a morphism 75 : Gg — Gg with finite kernel and cokernel.

6.3 LEMMA. We keep the previous assumptions. Let (7, H) be an irreducible
unitary representation of G's which occurs discretely in L>(T'\Gs). Assume that
7 has a non-compact kernel. Then 7 is the trivial representation if either G = G
or

Hy(Gs; H® ® E) # 0.

Proof. Assume first that G is simply connected. By our assumptions, G is
absolutely almost simple over k£ and G, is not compact for every v € S. Therefore
G, is simple modulo its center as an abstract group [T]. There exists then v € S
such that G, is in the kernel of 7. By hypothesis, H* is realized as a space of
functions on G g right-invariant under GG, and left-invariant under I'. Since G, is
normal, they are also left-invariant under G,,. The group G being assumed simply
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connected, strong approximation is valid and implies that G,,.T' is dense in G’s.
Therefore the elements of H° are left-invariant under G'g, hence are constant
functions. N _

We now drop the assumption G = G. The group G’ = 7s(G's) is normal
of finite index in Gs. As a Gg-module, H is the direct sum of finitely many
irreducible G’-modules H;(¢ € I) which are permuted transitively by G's (cf.
[Sil] or Lemma A.2 (ii) in the Appendix). Because of this last fact, their kernels
are isomorphic, and in particular either all compact or all non-compact. Since
G’ is open of finite index in G'g, its intersection with ker 7 is not compact, hence
ker 7; is not compact and the previous argument shows that H; is a trivial G’-module
(i € I),i.e.that G’ C ker w. Consequently, H is an irreducible representation of the
finite group G5/G’, in particular is finite dimensional. Write it as a tensor product
(r, H) = ®ses(ms, Hs), where (75, Hy) is an irreducible finite dimensional
representation of G(k;). Since H ;(Gs; H* @ E) # 0 and the Kiinneth rule holds
[BW:XIII, 2.2], we have

Hy(G(k,): H, © E) £ 0, (s € Voo), H3(G(k,); H) #0 (s € ).

If s € S this forces H tobe trivial (6.1). Now let s be archimedean. We are dealing
with relative Lie algebra cohomology with coefficients in a finite dimensional
representation, hence Hs ® £ must contain the trivial representation, i.e. £ must
be the contragredient representation to H. In particular it must have a kernel of
finite index. Since F is a rational representation, it must be trivial, and then so is
H; (s € Vo).

REMARK. The first part of the proof is just a variant of 3.4 in [BW:XIII] and 2.2
in [BW:VII]. The second part of the previous argument allows one to suppress the
assumption G' = G in [BW:XIII, 3.4], hence also in 3.5 there.

6.4. An irreducible unitary representation (7, H) of G's can be written uniquely
as (Too, Hoo) ® (75, Hy), where (oo, Hoo) (resp. (7s,, Hy)) is an irreducible
unitary representation of G, (resp. G's ;)- If T is a finite subset of Vy we let

St(G1) := (X St(G.)

veT

be the Steinberg representation of G'7. We let chsp( S, T, St) (resp. G’disc(S , T, St))
be the set of equivalence classes of irreducible unitary representations of Gg which
occur in the cuspidal (resp. L2-discrete) spectrum of I'\G's and in which rg ; is the
Steinberg representation. Assume that S is non-empty, then

Geusp( S, T, St) = Gaise(S, T, St). (1)

Since the Steinberg representation is tempered, this follows from an argument of
Wallach’s [W], which asserts that an irreducible unitary representation 7 = Qe 57
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belonging to the discrete spectrum and tempered at one place belongs to the cuspidal
spectrum. Wallach’s argument is carried out only at infinity (i.e. for S = V), but
it extends very easily to the S-arithmetic case, in the same way as it was done by
Clozel [CI13] in the adelic case.

Recall that if A" is a module graded by Z, given m € Z, then A'[m] denotes the
graded module defined by (A'[m])! = A™+i (i € Z).

6.5 THEOREM. Let 7 be the sumover s € Sy of the kg-ranks of the groups G [ k.
Let us denote by I; ® stf the isotypic subspace of (1, H,) = (Teo ® TSy Hroy ®

H.. )in Lgusp(I‘\G s). Under the assumptions of 6.2,

TSy
H(;usp(r; E) = @Hd(GOO’ I ®E)[_Tf]a (1)
where T runs through écusp(s ; T, St). If moreover Sy is non-empty, the discrete
part
H&isc(r; E) = H,}(Gs; Lgisc(F\Gs)oo ® E)
ofH('z)(F; E) is given by
Hio (L5 E) = Hc':usp(l—‘; E)® Hf.i(GOO; E) 2
Proof. First we show that H;(G's; L3.(T'\Gs)®® E) is finite dimensional.
(a) Assume that G' is simply connected. We shall use the variant H; of the coho-
mology introduced in [BW:X, 5.1]. Let V = Lﬁisc(I‘\Gs)""; denote by V; the
space of K -finite vectors in V. By [BW:XII, 2.5]
H(Gs; Vi@ E)=HyGs; V®E).

By [BW:X, 5.3], there is a spectral sequence abutting to H;(Gs; Vy ® E), in
which

EY? = H?(Gs,; H(Gw; Vs @ E)). 3)

The space V; is the inductive limit of the spaces VK}, where K } runs through
the compact open subgroups of Gs,. Let Y be the Tits building of Gs,. The
cohomology of G's, can be computed as that of a simplicial sheaf on a chamber
C ~ Gs,\Y which associates to a face o of C' the vector space.

HY(Goo; Liie(T\Gs)™ ® E)"7, 4)
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where K, is the isotropy subgroup of o in G, [BW:X, 2.5]. Since the represen-
tations of K, are fully reducible, taking fixed points commutes with the formation
of cohomology, hence (4) can also be written as

Hc‘ll (GOO; Lgisc(F\Gs/I‘l’G)oo ® E) &)

As already pointed out in 5.4, I'\Gs/K, is a disjoint union of finitely many
quotients I':\G«, Where T'; is arithmetic; the L2-discrete spectrum is the direct
sum of the L2-discrete spectra of the quotients I'.\ G ... But it is proved in [BG] that
the relative Lie algebra cohomology with coefficients in the L-discrete spectrum of
an arithmetic group is finite dimensional. Therefore E3? is the cohomology of G 4
with coefficients in a finite dimensional space, which is in particular an admissible
Gsf -module. It is then finite dimensional [BW:X, 6.3]. As a consequence, F; is
finite dimensional, therefore so is the abutment of the spectral sequence and our
assertion is proved in case (a).

(b) Let G, 7, G’ be asin 6.2,6.3 and N = ker 5. The group N is finite and acts
trivially on L3, (T'\G's)® ® E, therefore the spectral sequence of G's modulo N
yields an isomorphism

H&(GI; L?iisc(F\GS)oo ® E) = Hé(és; Lgise(P\GS)oo ® E) ©)

On the other hand, the spectral sequence of G modulo G’ degenerates to an
isomorphism

H&(Gs; Lgisc(F\GS)o0 ® E) = H&(G'; Lﬁisc(I‘\GS)Oo ® E)GS/G,, @)

which, together with (6), provides the reduction to case (a).

This implies of course also that H;(G's; L3,,(I'\G's)*® ® E) is finite dimen-
sional, but this already follows from the fact that it injects into H (T'; E) (5.5),
since the latter is known to be finite dimensional [BS].

Let (7, H,) be an irreducible representation of G5 contained in the L2-discrete
spectrum. By the Kiinneth rule

Hy(Gs; HY @ E) = Hy(Goos H7, ® E) ® Hy(Gs,; H,?‘S’f). (8)
If 7 is trivial, then by 6.1(2)

Hy(Gs; HX @ E) = Hy(G E). &)
Let now 7 be non-trivial. By 6.1, 6.3, the left-hand siQe of (8) can be non-zero only
if s, is the Steinberg representation, hence if 7 € Glisc(5, T, St). Moreover, its

contribution to cohomology is equal to

Hi(Goo; HzZ, © E)[—ry], (10)
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in view of the Kiinneth rule (8) and 6.1 (1). If we write L3.(T'\G's) as a Hilbert
direct sum of Gg-invariant irreducible subspaces, then only finitely many can
contribute to the cohomology. Let then V' be the Hilbert direct sum of those with
respect to which the cohomology of G's is zero. The space H'(Gg; V) is finite
dimensional in view of our initial argument. Then it is equal to zero by [BW:XIII,
1.6]. In view of (10) and 6.4(1), this concludes the proof of (1) and also shows
that

Hse(T5 E) = Hy(Goos E) & P Hy(Goos I ® E)l=14], (11)

where 7 runs through édisc(S, I, St), so that (2) now follows from (1) and
6.4(1).

6.6. REMARK. In the anisotropic case, Hy (I'; £) = H'(I'; E). The equality
(11) above so modified is proved in [BW], XIII, 3.5, for G simply connected,
but, as already remarked in 6.3, the argument there allows one to suppress that
restriction.

7. L?-cohomology

We prove the vanishing of the cohomology with coefficients in direct integrals (1)
below when Sy is notempty and ap # 0. This implies that the L2-cohomology of T
is reduced to H (I'; E), provided that the complement of the discrete spectrum
in the L2-spectrum is the sum, over I'-conjugacy classes of classes of Levi k-
subgroups of proper parabolic k-subgroups of G, of direct integrals of discrete
spectra for Levi subgroups. It is likely that Langlands’ proof [Lan1] extends to the
S-arithmetic case but we do not know of a reference in this more general case. For
congruence subgroups this follows easily from the corresponding adelic result (cf.
[MW] VI.2.1).

7.1. Let P be a proper parabolic k-subgroup of GG, N its unipotent radical and
M aLevi k-subgroup. Recall (2.1) that Mg = ML x A% Let V be the L2-discrete
spectrum of I'p7\ M. It is viewed as a representation of P} trivial on Ng. Let
I(P,V,p) be the induced representation from V' ® C,4,, Where p = pp is as
usual and C, denotes C on which A% acts by v (v € a} ® C). Let Ip, v be the direct
integral

@
Ipy = / I(P,V,pu)du (over the positive Weyl chamber in ap). (1)

We want to prove that

Hy(Gs;Ipy @ E)=0 if Sy # 0. )
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7.2. Asin[BC:3.4] we use Shapiro’s lemma and are reduced to consider

52}
H; (PS; EQV® / Coip d,u) . 3)

It is the abutment of a spectral sequence in which

@
Ey?=Hg (Ms; Hij(Ns; E)@V ® / Cotiu du) : )
We have
Hy(Ns; E) = Hy(Neo; E)® Hy(Ns,;C). &)

The archimedean factors are given by Kostant’s theorem, as in loc. cit. For v € Sy,
H(N,; C) is reduced to C in dimension 0 by [BW:X, 4.1].

The center of M contains a non-trivial k-split torus 7'. Consider a finite place
v € Sy. To compute the cohomology of M5 we use the spectral sequence of Mg
modulo T;,. Its term F is

&)
; <MS/T,,; H; (Tv; cove [ c du) ® H'(Ns: E)) ,

since T, acts trivially on H'(Ng; E); the fact that we can factor out H'(Ns; E)
is the essential difference with the archimedean case and the main point here.
Let C, be the maximal compact subgroup of T),. Using the spectral sequence of
T, modulo C, and remembering that the cohomology with respect to a compact
subgroup reduces to the invariants in dimension 0, we get

@ 5]
H, (TU;V®(C,, ®/ Ciu d:“) = Hy <Tv/Cu§ VC”®(C,,®/ (M dl‘)
which is equal to
C . ®
Ve Hd (TU/CU;/ (Cp+i/.L dﬂ)

Now T, /C), is a finitely generated free abelian group. We may identify its coho-
mology with the Lie algebra cohomology of a commutative Lie algebra with
coefficients in a direct integral. It is zero by [BC:3.2] since p # 0.



22 A. BOREL ET AL.

III. CONSTRUCTION OF CUSPIDAL COHOMOLOGY CLASSES

In this part « is an automorphism of G defined over k, of finite order £. Denote by
L the semi-direct product G x (a); this is a non-connected algebraic group whose
identity component equals G. Here, () is viewed as a k-group all elements of
which are rational over k and L as a semi-direct product over k. In particular L(k)
is Zariski-dense in L. Let L be the coset defined by . If A is a k-algebra, we denote
by L(A)* the group generated by L(A). Note that in general L(A)*t G L(A).

8. Lefschetz functions for automorphisms of finite order

8.1. Let F be the completion of k£ at some place. Let F be a finite dimension-
al representation of L(F)*, assumed to be trivial if F is non-archimedean. Let
(m, H,) be an admissible irreducible representation of L(F)*. A description of
admissible irreducible representations of L( F')* in terms of admissible irreducible
representations of G'(F’) is given in the Appendix. Consider an element 3 in L(F).
By abuse of notation we denote again by 3 the automorphism of the differentiable
cohomology groups H;(G(F'); Hr @ E) induced by 3. The Lefschetz number of
[ with respect to H, @ F is by definition

Lef(8,G(F); H,® E) = Y (—1)" trace(8 | Hy(G(F); HX ® E)).

Since G(F’) acts trivially on the differentiable cohomology groups, this number is
independent of the choice of § in the coset L(F'), and we shall sometimes denote
it by Lef(a, G(F); Hr ® E) instead of Lef(3,G(F); H- @ E).

Fix a minimal parabolic F-subgroup Py of G over F' with Levi decomposition
Py = MyNy over F. Since all minimal parabolic subgroups and Levi decompo-
sitions over F' are conjugate under G(F') we may choose Jy in the coset defined
by « such that Py and Mj are [y-stable: BoPoBo~! = Py and BoMoBo~' = My.
Let P be a f[y-stable parabolic F-subgroup with a (y-stable Levi decomposition
P = M N.We denote by P(F)* (resp. M (F)*) the subgroup generated by P(F')
and [y (resp M (F') and fy).

When dealing with representations induced from representations of a parabolic
subgroup we shall use normalized induction (as in 7.1): it differs from ordinary
induction by a shift by the square root of the modulus function of the parabolic
subgroup, so that it preserves unitarity. We shall first exhibit some properties of
Lefschetz numbers for £’ non-archimedean.

8.2 PROPOSITION. Let F be non-archimedean.

(1) Lef(a, G(F); Hy) = 0 whenever the restriction of w to G(F) is a constituent
of a representation induced from a unitary representation of a proper parabolic
subgroup, trivial on the unipotent radical.
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(2) The map © — Lef(a, G(F'); H) does not vanish identically.

Proof. We recall that, according to a theorem due to W. Casselman, admissible
irreducible representations of G F’) with non-trivial cohomology are the irreducible
subquotients of the right regular representation in the space of smooth functions
on Py(F)\G(F) (cf. [BW:X, 4.12]). Hence, if 7 has non-trivial cohomology, 7 is

a subrepresentation of igo(a},f), the semi-simplification of the representation of

G(F) induced from 45;%2. On the other hand let P = M N be a proper parabolic
F-subgroup of G and assume that 7 is a constituent of the representation of G( F’)
induced from an irreducible unitary representation o of M (F') extended trivially to
the unipotent radical NV ( F’). By Frobenius reciprocity o is a subrepresentation of the
semi-simplification of the Jacquet module r p(igo (611% 2)). The semi-simplification
of this Jacquet module is a sum of representations of the form i}/ Po(5113(/) 20 w)
of M(F), where w runs over a subset of the Weyl group and where 511% 20w is
considered as a representation of Mo(F’), extended trivially to No(F) N M (F') (cf.
[BDK:5.4]). Hence the unitary representation o itself should be a subrepresentation
of i%npo(él]%z o w) for some w. Butif M # G the representation i%npo(éll%z o w)
has a non-unitary central character; this is a contradiction. This proves assertion
(D).

To prove assertion (2) we first observe that since Py is (op-stable
Po(F)\G(F) = Po(F)*\L(F)*

and hence Ip, has a canonical extension to L( F')*. Now the Steinberg representa-
tion St(G(F)) of G(F) is the unique irreducible quotient of Ip,; hence the Stein-
berg representation is Bp-stable and has a canonical extension to a representation
St(L(F)*) of L(F)*. By [BW:X, 4.7], we know that H}(G(F); St(G(F))) =0
unless ¢ = rk G(F'), in which case the cohomology space is canonically isomor-
phic to H?(G(F); Ip,) and is one-dimensional. The automorphism induced by 3
acts by 1 on the non-trivial cohomology space, and one has

Lef(fo, G(F); S{L(F)*)) = Lef(a, G(F); S{L(F)*)) = (—1)*¢®),

8.3. Let K C G(F) be a maximal compact subgroup. If F' is an archimedean
field, K may and will be chosen a-stable; it is well known that it is possible and
can be seen as follows: the symmetric space attached to G(F) is the set of maxi-
mal compact subgroups of G(F'); it is a complete simply connected Riemannian
manifold of negative curvature; a acts on this space and generates a finite group
of isometries, which has a fixed point, say K, by a well known theorem of E. Car-
tan ([Hel] Chap. I Th.13.5 p.75). If F' is non-archimedean, K is assumed to be
special.

Let f be a smooth K -finite function with compact support on G(F'); we shall
denote by f* the function on L( F’) defined by f*(z x &) = f(x). We have to recall
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two definitions. According to J. Arthur (cf. [A5], Section 7, p. 538) a function
f* on L(F) is said to be cuspidal if the trace of «(f*) vanishes whenever 7
is a representation of L(F")* induced from an irreducible representation (7, H,)
of P(F)T trivial on N(F), where P = MN is a fBp-stable proper parabolic F-
subgroup. A smooth compactly supported function f* is said to be very cuspidal
if for any [p-stable proper parabolic F-subgroup P with Levi decomposition
P = M N, the constant term with respect to P (or along P)

fa(m) = 6p(m)1/? /R , /N oy 07 k) dn gk

vanishes for all m € M(F)B,. As suggested by the terminology very cuspidal
functions are cuspidal, since trace 7(f*) = trace 7(fp) if = is induced from a
representation 7 of P(F)™ trivial on N (F).

8.4 PROPOSITION. (1) There exist K -finite, cuspidal, compactly supported smooth
functions fo g on G(F) such that for any admissible representation T of L(F)*
of finite length

trace 7( f; ) = Lef(a, G(F); Hr ® E).

(2) If F' is archimedean, the functions f g may be chosen to be very cuspidal.
Such functions are called Lefschetz functions.

Proof. Assume first that F' is non-archimedean; then F is assumed to be trivial.
We have to generalize a construction due to Kottwitz [Ko]. We use the notation of
[BW:X, 2]. The automorphism « acts on the Tits building Y associated to G(F).
Let s be a face of Y'; denote by L(F)7 (resp. G(F);) the stabilizer of s in L(F)*
(resp. G(F)). Denote by sign, the function on L(F)* equal to the signature of
the permutation of the vertices of s induced by z if z € L(F)} and equal to zero
otherwise. Choose a chamber C in Y; since G F’) acts transitively on the chambers
there is a 81 € L(F') which fixes C. If H, is the space of an admissible represen-
tation w of L( F)*, the differentiable cohomology H ;(G(F); H) is isomorphic to
the cohomology of a complex whose terms are:

CUY; H)F) = P H;
dim(s)=¢

where H? is the largest subspace of H, on which G(F'), acts by the character
stgns, and the sum is over the faces s of C ([BW:X, 2.5]); §; acts on this complex.
Consider the function on G(F)

T fo(z) = Z(—l)dim(s)meas(G(F)s)‘lsigns(x X ),
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where the sum is over the faces s of C' such that 3;(s) = s. We have

trace(r(£2)) = 3_(~1)4™)sign, (8 )trace(51] H2)
and hence
trace(w( f3)) = Lef(B1, G(F); Hy) = Lef(a, G(F); Hy).
To prove that such functions are cuspidal we have to show that
7 — Lef(a, G(F); Hy) = Lef(Bo, G(F); Hx)

vanishes on representations (7, H,) of L(F)* induced from a representation
(r,H,)of P(F)*, where P = M N is a proper f3p-stable parabolic F'-subgroup,
and 7 is irreducible and trivial on the unipotent radical N (F'). By [BW:X, 4.2] we
have

Lef(8o, G(F'); Hr) = Lef(Bo, M(F); H;,)
where 71 = 7 ® 511,/ 2 Since all cohomology groups H, J(M(F); H,,) vanish unless
the center of M (F’) acts trivially, we are reduced to prove the vanishing of the
Lefschetz numbers if this center acts trivially. If M # G, the center of M+
contains a non-trivial split torus A on which Gy acts trivially. Let A(F)! be the
maximal compact subgroup of A( F'). Using the Hochschild-Serre spectral sequence
associated to the exact sequence

1 — A(F)JA(F)' — M(F)*JA(F)! = M(F)*JA(F) — 1
and since [y acts trivially on A, we see that
Lef(Go, M(F); Hy,) = Lef(Bo, M(F)/A(F); Ho,)Lef(1, A(F)/A(F)"; ©),

where A(F) acts trivially on C. Now A(F) is the group of F-points of a non-trivial
F-split torus, thus the group A(F)/A(F)! is isomorphic to Z" for some n > 0
and its Euler-Poincaré characteristic vanishes: Lef(1, A(F)/A(F)'; C) = 0. This
implies the vanishing of all Lefschetz numbers for M ( F')* and concludes the proof
of assertion (1) for non-archimedean fields.

Assume now that F is archimedean. For @ = 1 the result is known: Euler-
Poincaré functions were first constructed by Clozel and Delorme using their trace
Paley-Wiener theorem [CD]; then Laumon, in a letter to J. Arthur, has shown that
a more direct construction, due to N. Wallach and which uses ‘multipliers’, yields
very cuspidal Euler-Poincaré functions (see [Lab]). For arbitrary «, some functions
fa,E have been constructed by this latter method in [Lab] Proposition 12. This takes
care of assertion (1). To prove assertion (2) we have to check that one can extend to
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the twisted case the arguments in [Lab] Section 4. Let us denote by g and ¢ the Lie
algebras of G(F') and K respectively. Since K is a-stable, the same is true for the
Cartan decomposition g = ¢4 p. Let ap be a maximal abelian subspace in p. Choose
a set of simple coroots A for (g, ag). The pairs (ag, Ag) are all conjugate under K
and hence we may choose 1 = k1 x a in K x a which preserves ay and the set
of simple coroots. This defines a 3;-stable minimal parabolic subgroup Q. Since
Py and Q) are conjugate under K there exists ko € K such that 81 = kj 160ko. A
B1-stable subset A C Ag defines a 3;-stable subalgebra a C ag. The dimension of
the subalgebra of (;-fixed vectors a®! C a is the number of 3;-orbits in A. Any
[Bo-stable proper parabolic subgroup P is K-conjugate to a parabolic subgroup
() with Levi decomposition () = M N, where M is the centralizer of an abelian
[1-stable subalgebra a C ag as above. In fact, M is also the centralizer of the
subalgebra a®'. Now, if ¢ belongs to (K N M).3; then Ad(t) acts trivially on the
non-trivial subalgebra ot p, and hence

Z(—l)i trace(Ad(t) | A'p) = det(1 — Ad(t) | p) = 0.
Let us denote by x.,r the function on K defined by
z — trace(z x a|E) Z(—l)itrace(Ad(w x @) | A'p)

where E is the contragredient of E. Let la,E be the measure supported on K which
is the product of X, g by the normalized Haar measure of K (cf. [Lab] p. 616).
According to [Lab] Section 4 the constant term along () of the measure . f is
the product of the function on (K N M): m +— X4,g(m.k;) by the Haar measure
on (K N M) and hence it vanishes. In other words p, g is very cuspidal. The
function f, g is defined by applying a multiplier to . g. Since taking constant
terms commutes with multipliers [A3] we see that f; 5 is very cuspidal. This
proves assertion (2).

Remark: The second statement is likely to hold also for non-archimedean fields.
For G = GL(n) and o = 1 such functions have been constructed by Laumon using
results of Waldspurger ([Lau] Chapter 5).

8.5. The previous construction immediately extends to groups over .S. Let F be
the tensor product over S of finite dimensional representations E, of L}, trivial
for finite places. Consider f, r = Qves fo,E, Where f, g, is a Lefschetz function
for each v € S. Given an admissible representation s of L = Gg x (a) which
is the restriction of a tensor product ®,¢ s, of representations of G one has

trace 75(fy p) = Lef(a,Gs; Hrg @ E) = H Lef(a,Gy; Hr, ® E,)
vES

Z(—l)itrace(a | Hi(Gs, Hre ® E))
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Such functions are called Lefschetz functions for o and E (over S).

9. A simple form of the trace formula

9.1. Let F be a global field; we denote by Ar the ring of adeles of F'. Let Af be
the subring of adeles of £ with null component in S. There is a natural action p of
the semi-direct product

L(Ak)+ = G(Ak) x (o)
on LA(G(k)\G(A)):
(p(y ") f)(z) = f(a™"(zy))-

The discrete spectrum L3, (G(k)\G(Ax)) is invariant under this action. Let pgisc
denote the representation of L(A)* on the discrete spectrum. Denote by misc()
the multiplicity with which the irreducible representation 7 of L(Ax)* occurs in
the discrete spectrum. We have

trace pgisc(f) = Z maisc(T)trace 7( f).

Here we use the fact that pgisc(f) is of trace class [Mii]; in particular the above
expansion is absolutely convergent, and a partial summation indexed by abso-
lute values of norms of the imaginary part of infinitesimal characters, as in [A5]
Theorem 4.4 and in 9.2 below, is not necessary here.

We want to compute the trace of pgisc(f) for functions supported on L(Ay)
of the form f = f; g ® h™ where fo  is a Lefschetz function for a over S

and h € CX(G(A3)). We assume here Card(S) > 2 and we would like to use
the ‘simple form of the trace formula’ ([AS] Theorem 7.1 p. 538) which should
be valid for functions f = ®f, such that f, is cuspidal for at least two places.
This simple form is established by J. Arthur using the invariant form of the trace
formula. The proof of this invariant trace formula ( [AS], Theorems 3.3 and 4.4)
relies on the twisted trace Paley-Wiener theorem. Unfortunately, while this theorem
has been proved for non-archimedean fields [Ro], it is still not known to be true
for archimedean fields in full generality (as far as we know it is proved in the
non-twisted case [CD], and in the case of base change [D]).

However one can bypass this difficulty: mimicking the proof of Theorem 7.1
in [AS], we shall get in 9.5 an unconditional proof of the simple form of the trace
formula we need, using the ordinary — non-invariant — trace formula and functions
f = ®f, satisfying slightly more stringent assumptions: the functions f, will be
assumed to be very cuspidal at one place and cuspidal at another one.

The proof is quite technical and the reader may skip Section 9 if he is willing
to take 9.5 for granted. We shall assume the reader to be familiar with the con-
tents of Section 7 in [AS]. In particular, we shall use the notation adopted there
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without further explanation. Fix a minimal parabolic k-subgroup P{ with Levi
decomposition P = M(?No over k. A parabolic k-subgroup P° contammg M, 0
has a umque Levi k-subgroup M° contammg My. Y. Denote by P the normalizer of
P%in I and by M the normalizer of M®in P.Let P = PN Land M = MnL;

they are called a parabolic subset and a Levi subset respectively. Since all minimal
parabolic subgroups and Levi decompositions over & are conjugate under G(k),
the cosets Py and My have a common rational point over k; but for an arbitrary
parabolic subgroup P the sets P(k) and M (k) may be empty. Let £(L) denote
the set of Levi subsets containing My. As usual, upper indices are often omitted if
L' = L in the various distributions J&; that will show up.

9.2 PROPOSITION. Let f = @ f, be a function in CZ°(L(Ay)). Assume that

(a) At a place vg the function f,, is very cuspidal.
(b) At a place vi # v, the function f,, is cuspidal.

Then there exists a finite set S(f) of places of k such that, if . is a finite set of
places of k containing S(f), the trace formula can be written:

Yoo (I, f)

YE(L(K))G,z

= Z Z acIlJisc(F)JL(ﬂ'a f)

t>0 Wendisc(Lyt)

J(f)

Proof. Given f, for a large enough finite set of places ¥, the ordinary trace
formula can be written (cf. [A5], p. 508 and 521):

M
I(nH= 3 ik Yoo dMENIHOL )

L
MeL(L) W YE(M (k) m,x
| WM | Mo 1L
=2 > aM(m)JE (x, f) dr.
120 MeL(L) | WE | 1(M,2)

The proposition is easily proved combining this formula and the following lem-
ma.

93LEMMA. Let f = Qf, bea function in C°(L(Ay)) which satisfies assump-
tions (a) and (b) in 9.2 above. Then J¥;(*, f) = 0if M # L; moreover Ji(x, ) =
0 if m is induced from a representation of a proper parabolic subgroup, trivial on
the unipotent radical.
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Proof. Since the distributions J§;(*, f) arise from a (L, M )-family one may
use the descent and splitting formulas ([A4], Proposition 7.1 p. 357 and Corollary
7.4 p. 358). The splitting formula ([A4] Corollary 7.4) shows that J f,f(*, f)can be
expressed as a sum of terms indexed by pairs of Levi subsets (L, L;); to each such
pair of Levi subsets is attached a pair of parabolic subsets (@1, Q)>) via a ‘section’
(cf. [A4] p. 356-357) so that:

Ti (s £) = 3 (Lo, L) Ty (%, fun@) Taf (%5 8-

One should note that the constant terms fg, along parabolic subsets ¢); with Levi
subsets L; that show up in the above formula cannot in general be replaced by
their invariant avatars fr,, unless the distributions are invariant; recall that unless
M = L the distributions J f,[(*, f) are non-invariant.

Since f,, is very cuspidal, f,, o = O unless @ = L and since d¥,(L,L') = 0
unless M = L', all terms vanish except if Ly = L and L, = M:

TRk, £) = TE(*, fo) T (%, F1).

We have used the equality d¥;(L, M) = 1 and the fact that J}/ is an invariant
distribution.

By assumption there is a place v; # vy where f,, is cuspidal, so that f,5 = 0
if M # G, and hence J§;(*, f) = 0if M # L, as expected. It remains to see that
Ji(7, f) = 0if 7 is an induced representation, but this follows from the cuspidality
of f, for at least one place v.

9.4. If at one place, say w, the support of f,, is inside the set of regular elements
(in particular they are semisimple), the summation over the set (L(k))g,x in the
geometric side of the trace formula can be replaced by a sum over (L(k))g reg, the
set of regular G(k)-conjugacy classes in L(k). We recall that

B n= | f(a7 ye) da,
Gy (A )\G(4x)

where G is the identity component of the centralizer of v in G If 7 is regular

then a”(X,v) equals O unless 7 is elliptic in which case it equals the volume of

G~(k)\G(Ar) divided by the order of G,(k) in the centralizer of v in G(k); this

expression is independent of ¥ and will be denoted a” (7).

9.5 PROPOSITION. Let f = Qf, be a function in C°(L(A)). Assume that f
satisfies assumptions () and (b) in 9.2 and

(c) There is a place v such that trace 7,( f,) = 0, whenever , is a constituent of
a representation induced from a unitary representation of a proper parabolic
subgroup, trivial on the unipotent radical.

(d) At one place w the support of f,, is inside the set of regular elements.
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Then

trace pdisc(f) = Z a"(7)Ju(v, f)-

'YG(L(k))G,mg

Proof. As in the proof of Corollary 7.3 in [A5] we see that if there is a place
v such that trace 7,(f,) = 0, whenever 7, is a constituent of a representation
induced from a unitary representation of a proper parabolic subgroup, trivial on the
unipotent radical (by the way this implies that f, is cuspidal), then

af(1)Jr(m, f) = mgise()trace 7 ( f).

We conclude by using 9.2.

10. Non-vanishing results

In this section we assume, as in 6.2, that GG is an almost absolutely simple connected
algebraic group over £ of strictly positive k-rank.

10.1. We shall say that the cuspidal cohomology of G over §, with coefficients
in F, does not vanish if every S-arithmetic subgroup has a subgroup of finite index
with non-zero cuspidal cohomology with respect to E. If E = C, the coefficients
will not be mentioned.

To get information about the non-vanishing of the cuspidal cohomology of
deep enough S-arithmetic subgroups of G(k), we shall first study the group
Hysp(G, S; E), which we shall call the cuspidal cohomology group for G over
S with values in E, which is by definition the inductive limit over congruence
S'-arithmetic subgroups I' of G(k) of the cuspidal cohomology groups:

H(.:usp(G, S; E) = IEnHéusp(F;E).

This inductive limit is isomorphic to the cohomology of the adelic cuspidal spec-
trum:

Héusp(Gv S, E) = H&(Gs; Lgusp(G(k)\G(Ak ))oo ® E)

The non-vanishing of the cuspidal cohomology for G' over S, which will be
proved below for some groups G, implies the non-vanishing of the cuspidal coho-
mology for deep enough S-arithmetic subgroups I' of G(k), not necessarily of
congruence type:

10.2 PROPOSITION. Assume that Hbsp(G, S; E) is non-trivial for some p, then
any S-arithmetic subgroup ' of G(k), contains a subgroup I'y of finite index such
that the cuspidal cohomology H¥sp(T'1; E) is non-trivial.
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Proof. By hypothesis there exists a congruence S-arithmetic subgroup I'y for
which Hsp(To; F) is non-trivial. The subgroup I'g N T is of finite index in both
I' and I'y and contains a subgroup I'; of finite index, invariant in I'g. The usual
argument to show that the cohomology of Ty injects in the cohomology of I'; also
applies to the cuspidal cohomology: we have

bl

o oo o/T
L%usp(FO\GS) = (Lgusp(rl\GS) ) v

and since the formation of cohomology commutes with taking fixed points with
respect to finite groups this implies

H(Z:)usp(ro; E) = Hg)usp(]-‘l; E)I—‘O/Fl
so that the restriction map
Hcpusp(FO; E)— Hg)usp(rl; E)

is injective (this also follows from the representation theoretic description of the
cuspidal cohomology groups in theorem 6.5) and our claim follows.
We shall use the trace formula to prove an L2-Lefschetz formula and then apply
the latter to show the non-vanishing of the cuspidal cohomology in some cases.
For « as in Section 9 and h € C®(G(4A})), the L2-Lefschetz number on the
discrete part of the L2-spectrum is, by definition,

Lefdisc(a, h, G; E)
=Y (—1)'trace(a x h | Hy(Gs; Li(G(k) \ G(A))® ® E).

Remark that only the irreducible representations = of L(A;)* whose restriction
o to G(A ) remain irreducible contribute non-trivially to the a-twisted trace (see
Corollary A.4 in the appendix). If 7 is one, we may decompose ¢ into a tensor
product ¢ = 05 ® o of representations of G's and G(A? ) respectively; according
to A.3 the representations o's and o° may be extended to representations s and 7>
of L} and L(A3 )* respectively, in such a way that  is the restriction of 75 ® °
to L(Ax)*; (observe that L(Ax)T is of index € in L} x L(Aj)%). The spectral
decomposition (Theorem 6.5) and 6.5(8) show that

Lefgisc(, h, G E) = Z mgise(7) Lef(a, Gs; s @ E) trace 7rs(h*).

We have shown in Section 8 that there exist Lefschetz functions f, g for o and £
over S. Since

Lef(a, Gs; s @ E) = tracews(f3 g)
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we have

Lefaise(0t, h, G; ) = trace(p(a)p( foo ® h) | Lo GR)\G ()

10.3 PROPOSITION. Assume that S contains at least one finite place v and that at
some place wy ¢ S the support of h, is inside the set of elliptic regular elements.
Then the Lefschetz number is given by

Lefgisc(a, h, Gy E):i= > a®(9) JL(v, fap® h*)
'YE(L(k))G,reg

where

JL(77 f;,E ® h*)

f;"E(z‘l'yx) dx/ h*(z~'yz) dz.

/G,(ks)\c:(ks) Gy (A\G(47)

Proof. We shall apply Proposition 9.5; we have to check that the various
assumptions are satisfied. By Proposition 8.4 the functions f7 g may be chosen to
be cuspidal for v € Sy and very cuspidal for v € V. Since 5 # S, assumptions
9.2 (a) and (b) are satisfied. By 8.2(1) the assumption 9.5(c) is fulfilled for v € Sy;
finally 9.5(d) is part of our hypothesis.

Let us define the cuspidal Lefschetz number by

Lefeusp(a, h, Gs E) = trace(p(a)p( fa,p ® h) | L2p( GG (4))) -

10.4 THEOREM. Assume that the Lefschetz number at infinity
Teo — Lef(a, Goo; Hr,, ® E)

where (Too, Hr.,) varies through the set of equivalence classes of irreducible
unitary representations of the Lie group G, is not identically zero. Then the
cuspidal cohomology H;\s,(G, S5 E) does not vanish.

Proof. Recall that we have assumed G' to be almost absolutely simple over k&
and that the k-rank of G is at least 1. To prove the theorem we are free to enlarge
S arbitrarily since, according to Theorem 6.5, if S C ¥

Hy(Gs, Liyp(GR\G (A ))* @ E)[=74(Gx)]
injects in

Hy(Gs, Layp(G(k)\G(4))® ® E)[~74(Gs)]-
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It suffices to show that for S big enough and some h € C®(G(A7)) the
cuspidal Lefschetz number Lefcusp(a, b, G5 E) does not vanish. We shall assume
that S’ contains at least one finite place v. Theorem 6.5 also shows that only the
trivial representation may contribute to the non-cuspidal discrete spectrum. From
this we get that

Lefdisc(aa h,G; E) = Lefcusp(a, h,G; E) + l(fa,E ® h)-

By assumption for archimedean places and by 8.2.(2) for non-archimedean ones
the Lefschetz number is not identically zero; hence there is a representation g of
G's such that the Lefschetz number Lef(a,Ggs; s ® E) is not zero. But

Lef(ar, Gs;ms ® E) = tracens(fy g)

can be computed, using Weyl’s integration formula, as an integral of orbital inte-
grals J(z, f} ) against the character of 75 for some measure on the set of
G s-conjugacy classes in Lg, recalling that the character of 7 is given by a local-
ly integrable function on Lg. This fact — due to Harish-Chandra for connected
reductive groups over local fields of characteristic zero — has been proved for
non-connected reductive real Lie groups by Bouaziz [Bou], and for non-connected
reductive groups over non-archimedean local fields of characteristic zero by Clozel
[Cl1].

The non-vanishing of the Lefschetz number over S implies that for some
semisimple element zy € Lg , the orbital integral of the Lefschetz function
Jr(zo, (;", E) does not vanish. The same will be true for some, close enough, ratio-
nal regular elliptic element ~o € L(k), which can always be found since these
elements are dense in Lg. If h* has a small enough support in a neighborhood of
~0, the Lefschetz formula in Proposition 10.3 reduces to:

Lefeusp(@, b, Gy E) + 1(fa,5 ® B) = a”(v0)JL(v0, £ £)JL(70, h7).

Fix the function A} atall places v ¢ S but one, say w, with a non-vanishing orbital
integral for p; we take hj, to be, up to scalars, the characteristic function of a
decreasing sequence of (sufficiently small) neighborhoods of <y so that

Jr(v0,h") = 01/ h: (27 yox) de = 1,
(90, 4%) G (k) \G () ( )

while

1(fa,s®@h)=c2 /G(k )hw(x) da

w

goes to zero when the neighborhood decreases. Such sequences of neighborhoods
and scalars exist since the variety G, (ky,)\G (k) has a strictly smaller dimension
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than G(k,,). To finish the proof we simply have to recall that for g regular elliptic
the number a” (7o) is the volume of G, (k)\G.,(Ay ) divided by some integer and,
in particular, it is non-zero.

10.5. To apply 10.4 to a given pair G, EF we have to exhibit an automorphism
a of G defined over k such that E extends to a representation of LY, and such
that the Lefschetz number for o at infinity 7o, — Lef(a, Goo; Too ® E) is not
identically zero. We say that G’ over k£ admits a Cartan-type automorphism if there
is a k-rational automorphism a of G such that on the Lie group G, for some
z € Gy, the automorphism § = a o Ad(2) is a Cartan involution.

10.6 THEOREM. Let G be an absolutely almost simple group G over k that admits
a Cartan-type automorphism. When E = C, the cuspidal cohomology over S does
not vanish.

Proof. As observed by Rohlfs and Speh ([RS1], Proposition 4.3 p. 493), the
Lefschetz number for a Cartan involution @ is never identically zero: in fact since 6
acts by —1 on g /¢, the Lefschetz number for 6 in the g- K ,-cohomology of the trivial
representation of LY is strictly positive. But on the differentiable cohomology at
infinity € and o have the same Lefschetz number. Hence we may apply Theorem
10.4.

This theorem bears some resemblance to some of the results of Rohlfs and Speh
in [RS1], where they prove non-vanishing results for Lefschetz numbers on the
total cohomology of arithmetic groups. Here we work with cuspidal cohomology
and we allow S-arithmetic discrete subgroups for arbitrary large 5. More general
finite dimensional representations F could be used (see [RS1] and [LS:5.4]) but
from now on we shall restrict ourselves to £ = C.

10.7 COROLLARY. Assume that G is k-split and k totally real or G = Resy /.G’
where k' is a CM-field. Then the cuspidal cohomology of G over S does not
vanish.

Proof. If G is split semisimple over a totally real field &, a Cartan involution
of G induces, up to an inner automorphism, an automorphism of the Dynkin
diagram which is itself induced by a rational automorphism « of finite order. Let
G’ be defined over a CM-field k' ; it is a quadratic totally imaginary extension of a
totally real field k; the complex conjugation induces a Cartan-type automorphism
of the group G' = Resy/,G".

11. A base change construction

11.1. Let k/ko be acyclic extension of number fields, of prime degree. Con-
sider an irreducible cuspidal automorphic representation 7 = @, of GL, (A, ).
J. Arthur and L. Clozel have shown ([AC] Chap. 3 Theorem 4.2 (c) and 5.2) that
there exists a unique representation Il = by /4 (7) of GL,(Ay, ), which is locally
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everywhere the base change lift of 7. The representation II is not necessarily cus-
pidal, but it is always induced from a cuspidal representation of a Levi subgroup
of a parabolic subgroup, extended trivially to the unipotent radical. Now, suppose
that a local component 7, of 7 at a finite place v of ky is the Steinberg represen-
tation. Then, for any place w above v the component II,, is again the Steinberg
representation (cf. [AC], Chap. 1, Lemma 6.12 or p. 56) and cannot be properly
induced. Thus, II is cuspidal in that case.
More generally, consider a finite extension &/ ko such that there is a tower

k = kn Dkmo1D---Dk1Dko ey

of intermediate fields so that k;1;/k; is a cyclic extension of prime degree. The
above base change maps by, /x; can be composed to define a map by, .

From this, a base change which associates to a given irreducible cuspidal auto-
morphic representation o of SL,, (A, ) an L-packet by /x,(o) of automorphic rep-
resentations of SL,, (A ) has been defined in [LS] 3.6 and 4.5. We recall that it is
constructed by means of a bijection between representations of GL,, up to twists
by characters and L-packets of representations of SL, [LS:3.6], (see also [CI2]
p. 136-138).

This can be summed up in the following proposition.

11.2 PROPOSITION. Let k/ko be as above. If ¢ is an irreducible cuspidal
automorphic representation of SL,,(Ay,) such that for some finite place v of ko
the local component o, of o is the Steinberg representation, then the L-packet
bk/k,(7), contains a representation which is cuspidal and the local component of
which at any place above v is the Steinberg representation.

We may now state and prove the following generalization to SL,, of [LS:6.3]
for extensions of the type 11.1(1) in which k is totally real.

11.3 THEOREM. Let kg be a totally real field and let k/koy be as in 11.1(1).
Then the cuspidal cohomology for SL,, [k over S with trivial coefficients does not
vanish.

Proof. By 6.5 and 10.7 there is a cuspidal automorphic representation o occur-
ring in the cuspidal spectrum Lgusp(SLn(ko)\SLn(Ako )) which is a Steinberg rep-
resentation at v € Sy and the infinite component o, of which has non-trivial
differentiable cohomology. On the other hand the base change lift for SL, pre-
serves the non-vanishing of differentiable cohomology: at finite places this is
clear since Steinberg representations lift to Steinberg representations; at infinity
it is checked in [LS] Section 5 (a more sophisticated reader might look in [J]).
Therefore the base change lift by /i, provides us with an L-packet which contains
cuspidal automorphic representations that contribute non-trivially to the cuspidal

cohomology.
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11.4. For more general groups a proof of the existence of cyclic base change,
at least for cuspidal representations that are Steinberg representations at some
finite places, should be soon available. Using [J] one would be able to extend
Theorem 11.3 to all simple split groups over a tower of cyclic extensions of a
totally real number field. The use of some other Langlands functoriality (non-cyclic
base change; comparison with inner forms. . .) should produce other non-vanishing
results (as in [LS]). In particular it seems likely that if G is a split simple group
over any global field &, and if E = C, the cuspidal cohomology over S does not
vanish.

Appendix

A.l. Let HT be a locally compact topological group with a closed invariant
subgroup H, such that H+/H is compact abelian. We consider a category of
continuous representations in complex vector spaces of H and similarly one for
HT, called good representations, for which Schur’s lemma is valid (e.g. unitary
representations or admissible representations of p-adic groups) and compatible with
the restriction from H* to H. Let 7 be a good irreducible representation of H+
and let X () be the group of characters x of the abelian group H*/H such that
T ® x ~ . For any character x of H*/H we choose an intertwining operator I,
between 7 and 7 ® x; if x € X (7) we may and will choose I, invertible, otherwise
define I, to be zero. Of course I, is a self-intertwining operator for the restriction
o of 7 to H, and the various I, for x € X () are linearly independent operators.
Now let U be a self-intertwining operator for o; for any character x of the abelian
group H* /H we define an intertwining operator between 7 and 7 ® x:

U, = /H+/Hx(x)7r(x)U7r(a:)'1d5c.

Here di is the normalized Haar measure on the compact abelian group Ht/H.
Since U, intertwines m and 7 ® x and 7 is irreducible, there are scalars c, such
that Uy, = ¢, 1.

A2 LEMMA. Let o be the restriction to H of an irreducible representation w of
HT

(1) The representation o is reducible if and only if there exists a non-trivial

character x of H* | H such that © ® x is equivalent to .

(i) Assume that X (7) is finite. The algebra I(o) of self-intertwining operators
of o is finite dimensional: its dimension equals the order of the group X ().
It is semisimple and the representation o is a finite direct sum of irreducible
representations.

(iil) If X () is cyclic of order ¢, the algebra I(c) is commutative; the representa-
tion o is a direct sum of { inequivalent irreducible representations.
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Proof. If X () is of finite order, say ¢, for each x € X (7) the operator I,, can
be chosen such that If; = 1; moreover we have by Fourier inversion,

U= Z Cy 1y

XEX ()

In other words the operators I, (x € X (7)) form a basis of the algebra I(o) of
self-intertwining operators of 0. Hence, its dimension equals the order of the group
X (); this is the first part of assertion (ii). In particular if X () is trivial, I(o) is
reduced to scalars. This last remark and Schur’s lemma imply (i). To prove (iii)
observe that the algebra I(o) is generated over C by I, if x generates the group
X (7). We still have to conclude the proof of (ii). Denote by H () the intersection
of the kernels of characters x € X (7), and note that X (7) is a product of finite
cyclic groups; by using induction on the number of cyclic factors in the quotient
group H*/H (7) and the previous remarks, we see readily that the representation
o is a finite direct sum of irreducible representations and that the algebra I (o) is
semisimple.

A.3. Assume now that H*/H is cyclic of order £. We shall denote by « an
element of Ht whose class modulo H generates the quotient group; in particular
of belongs to H. Let o be a good representation of H and o the representation
z — o(aza~!). The representation ¢ is called a-invariant if o is equivalent to
o, i.e. if there exists an operator A in the space of ¢ such that

o%(z) = Ao(z) A7\,

For example, the restriction o to H of a representation 7 of H+ is a-invariant.

If o is a-invariant and irreducible, by Schur’s lemma, o(a %) A* is a scalar. We
may choose A such that A* = o(a‘) and define an extension 7 of o to H*, by
letting forz € H

m(zal) = o(x)A".

The representation 7 is uniquely defined by o up to tensor products with characters
x of the cyclic group H*/H. Since  restricted to H is irreducible, the above
lemma implies that m ® x can be equivalent to 7 only if x = 1.

More generally, let 7 be the smallest integer such that 0®" ~ ¢; then ¢ can be
extended to a representation 7, of the subgroup H, generated by H and «"; then
7, induced from H, to H, yields an irreducible representation = of H+. We have
7 ® x ~ « if and only if x(«) is a root of unity of order r.

The following corollary is elementary but very useful. We say that the character
of 7 exists as a distribution if ¢ — trace 7(¢) is a continuous linear form on
C*®(HT).
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A.4 COROLLARY. Assume that the character of T exists as a distribution. If &
is irreducible but its restriction to H is reducible, the character vanishes on the
subspace of smooth functions compactly supported on o H .

Proof. By A.2(i), X () is non-trivial. For x € X () we have 7 ® x ~ 7 and
hence

trace 7(¢) = trace(x ® T)(¢) = x(a)trace 7(4),

hence trace 7(¢) vanishes if x(a) # 1.
This applies in particular to the pair G(Ay,), G(Ax )T considered in 10.2.
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