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Abstract. Measures for the algebraic independence of the values of Mahler functions are given,
where the arguments are complex algebraic numbers or well approximable real Liouville numbers.
The proofs depend on the elimination-theoretic method of Nesterenko and Philippon.

1. Introduction and statement of the results
In his papers [Nel], [Ne2], [Ne3], [Ne4] Nesterenko introduced an
elimination-theoretic method to study algebraic independence of certain
numbers, and he applied his method to the values of E-functions, the
exponential function and Mahler functions. Philippon generalized Nesterenko’s approach and proved a criterion for algebraic independence over
algebraic number fields with an arbitrary valuation in [Pl], and in [P2]
he extended this criterion to diophantine domains. In [J] Jabbouri gave a
sharpened quantitative version of Philippon’s criterion for algebraic number fields with the usual absolute value. For a survey of the development
and the results see [Br].
In our first paper [Tl] we used Nesterenko’s original method to derive
a criterion for algebraic independence, which gives lower bounds for the
number of algebraically independent quantities in a set of numbers. By
application of the criterion earlier results about the algebraic independence
of the values of Mahler functions obtained by Nishioka [Nil] and Amou

[A]

were

generalized.

In this paper

we prove algebraic independence measures for the values
functions
at algebraic points in C (this generalizes results of
of Mahler
Nesterenko [Ne4], Becker [Be3] and Nishioka [Ni3]) or at well approximable transcendental (Liouville-) points in R; almost nothing is known in
the case of transcendental arguments apart from some results of Amou [A].
The measures are derived from a proposition, which forms a quantitative
version of the criterion for algebraic independence stated in [Tl].
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For the statement of the theorems we need some preliminaries. Throughout the paper K denotes an algebraic number field and OK the ring of

algebraic ce we define 1a.1, the house of a, as the maximum
of the moduli of the conjugates of a. For a polynomial P(z1, ... , Zn,
yl, ... , yQ with complex coefficients deg,,, P is the degree of P in zi, degy P
is the total degree in y = (y1, ... , ym), deg P is the total degree in all
variables, and if the coefficients are algebraic, the height H(P) is the
maximum of the houses of the coefficients, and the length L(P) is the sum
of the houses of the coefficient. Positive constants independent of the
parameters M, k, ko, k 1 are denoted by yo, y 1,... , if they occur within the
proofs, or co, cl,..., Co, C1, ... , if they occur in the whole paper.
Now we will state some independence measures for the values of Mahler
functions. These are holomorphic functions on a neighbourhood of 0 E C,
and they satisfy a functional equation of the shape
integers in K.

For

with p ~ N, p ~ 2, and Q, R E K[z, y]. Arithmetical properties of the values
of such functions were first studied by Mahler in [Ml], [M2] and [M3].
Surveys of the problems and of the historical development can be found in

[K], [L], [LvdP], [M4].
The first independence measure for the values of Mahler functions (even
in several variables) was given by Becker-Landeck in [Be2]; the measure
was effective and best possible in log H, but only partial effective in D, and
the method of proof was an improvement of Mahler’s classical method in
[M3].
Nesterenko used his elimination-theoretic method in [Ne4] to derive an
independence measure for Mahler functions in one variable, but (in this
case) under weaker assumptions than Becker-Landeck, and the measure
was effective and best possible in log H, but ineffective in D, since no
zero-order estimate for the auxiliary function was known. Some years later
Nishioka proved a zero-order estimate in [Ni2], which was used by Becker
[Be3] to give an effective independence measure. This measure was improved by Nishioka in [Ni3]. By an elementary zero-order estimate Wass
[W] obtained a weaker independence measure.
In Theorem 1 we derive a general algebraic independence measure for
Mahler functions, which includes most of the known results. In view of
remark (b) after the proposition, on which the proof depends, we can
restrict ourselves to the case of Mahler functions in one variable, where the
algebraic independence of all values can be proved and a zero-order
estimate is known.
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THEOREM 1.

Let fl, ..., fm: U1(0) ~ C be holomorphic functions on U1(0) =
1}, which are algebraically independent over C(z) and have a

{z ~ C : Izl

Taylor series expansion

with fih E K,

satisfying

for all h E N0

and i
Assume that f(z)

=

=

1,..., m with L

(f1(z),

...,

&#x3E;

0 and E EN.

fm(z)) satisfies

a

functional equation of

the

shape

where p ~ 2 is

an

integer, P(z, y) = (P1(z, y), ... , Pm(z, y)), a(z) E K[z], and

polynomials with t = maxi=1,...,m(degy Pi) p1/m and
Pi(z, y) ~ K [z, y]
(m - 1)((L + 1)03BC - m)log t log p, where Jl 1 + m + m2 log t/(log p - m log t).
Suppose that oc E U 1(0)B{0} is algebraic and a(03B1pk) ~ 0 for all k E N 0*
Then for any D, H~N and any polynomial R ~ Z[y]B{0} with deg R ~ D,
H(R) ~ R the inequality
are

=

holds with

R+ depending only on a, fl, ..., fme and K, where Jl1
log p+(m - 1)03BC log t, M2 = log p - (m- 1)((L + 1)03BC - m) log t, p3 log p - log t.
a

constant c2 E

=

=

COROLLARY. Let

independent

with

over

fl, ... , fm : U1(0) C be holomorphic
C(z) with a Taylor series expansion

algebraic coefficients f,,.

with p ~ N, p ~

~

Assume that

2, B(z) ~ K[z]m and

K[z].
Suppose that 03B1 ~ U1(0)B {0}

a

f(z) satisfies

non-singular

and

algebraically

the functional equation

m x

m-matrix

A(z)

entries in

is

algebraic and det A(a pk) * 0 for all k E N0.

with
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Then

for

any

R+ and
the inequality

D, H ~ N,

deg R ~ D, H(R) ~ H

GE

any

polynomial R~Z[y]N{0}

with

holds with a constant C2 E R+ depending on a, fl, ... , fm, K, and c.
Proof. Similar to the proof of Lemma 1 in [Bel] we can show that there
exists an algebraic number field K’ with hh E K’ and

for h e IDIo and i 1, ... , m with E E N. Hence the Taylor coefficients satisfy the
assumption of Theorem 1 for all L &#x3E; 0 with a suitable constant cl(L). Since
t
1, all other assumptions of Theorem 1 are satisfied, li 1 + m, ul= p2
D
log p, and Theorem 1 yields the assertion.
Jl3
=

=

=

=

=

REMARKS. (a) The results of Nesterenko, Becker, Nishioka and Wass, which
have already been obtained, dealt with the case t
1 of Theorem 1.
The
measure
for
the
values
of Mahler functions
(b)
sharpest independence
was given by Nishioka in [Ni3]. Under the assumptions of the corollary she
=

proved

This estimate can be derived from the proposition analogous to the proof of
Theorem 1, but with respect to the sharp bounds for the Taylor coefficients
given in the proof of the corollary (this yields sharper bounds for the
coefficients of the auxiliary function, hence a better estimate for G(k, N) resp.
03A62(k, N) and so a sharper bound for IR(f(ex»l).
(c) The first effective independence measure obtained by Becker [Be3] was
(under the assumptions of the corollary)

This can be deduced from the proposition similar to the proof of Theorem 1,
but with a fixed value for N, i.e. No N 1.
Almost all algebraic independence results for Mahler functions were obtained for the values at algebraic points. In [Tl] the algebraic independence at
special transcendental points, which can be well approximated by fractions,
was proved under certain technical assumptions. If a is an arbitrary point in
U1(0), Amou [A] showed that tr degQ Q(03B1, fl(a),
fm(03B1)) ~ [(m + 1)/2]. The
only quantitative result at transcendental points, due to Amou [A], is an
independence measure for a and fl(a), if two algebraically independent Mahler
=

...,
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functions are given and a, f2(a) are algebraically dependent. In view of remark
(b) after the proposition it is worthless to look for independence measures in
the general case of arbitrary transcendental arguments, but the next theorem
deals with the situation at well approximable points, which is much better.

fi, ... , fm : U1(0) - C be holomorphic functions, which
algebraically independent over C(z) and have a Taylor series expansion
THEOREM 2. Let

with algebraic coefficients.
Assume that f(z) = ( fl(z),

...,

are

fm(z)) satisfies the functional equation

where p ~ 2 is an integer, a(z) E K[z], B(z) E K[z]m, and A(z) is a m x m-matrix
with entries in K[z].
Suppose that the real number a with 0 lai 1 is well approximable in the
following way: there exist r E R, and an infinite sequence (Pl/ql)l~N of reduced
fractions with strictly increasing denominators such that T &#x3E; 2m + 2 and for all
l~N

and log Iqll ~ (p(log lq, - 1|) with an increasing function ~:R+ ~ R , Then for any D, H ~N and any polynomial R ~ Z[y]B{0} with
H(R) ~ H the inequality

holds with positive

constants

c4, C59 C6

depending only on a, f1,

REMARK. Examples for Liouville numbers which
the theorem can be given in the following way:
Suppose a is a gap series of the form

satisfy

...,

the

deg R ~ D,

fm, K,

and

assumptions of
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or a

continued fraction

g~N, g ~ 2, ah ~ {1, ... , g - 1} for h ~N, a0~{0,...g-1}
a0~{-1,0} in (2) (this implies 03B1 ~] - 1, 1[) and
with

with 03C4 ~ N, 03C4 &#x3E; 2m + 2.
In (1) we put pl/ql

=

in

(1)

or

03A3lh=0ahg-e(h). Then an easy calculation shows

and log ql ~ 03B31 (log ql-1)03C4, since ge(l)-2
the continued fractions in (2), but some

~ ql ~ ge(l).

Similar estimates hold for
inequalities for continued fractions are

necessary (see e.g. [Bu]).
The proofs of Theorems 1 and 2 depend on the following proposition, which
is a quantitative version of the algebraic independence criterion stated in [Tl].
The proof of the proposition is originally an axiomatization of Nesterenko’s
elimination theoretic method, as it is used in [Be3], [Ni3], or [Tl].

PROPOSITION. Suppose 03C9 ~ Cm. Then there exists a constant C1 =
C l(w, K) E R+ with the following property:
If there exist functions 03A81, 03A82, 03A61, 03A62, 039B, 0398:N2 ~ R+, positive integers
k1,No,N1 with N0 N1, for each N~{N0,...,N1} a positive integer
ko(N) k1, polynomials Qk,N ~ OK[y1, ... , ym] for N ~{N0, ... , N1} and
k~{k0(N), ... , k1 such that the following assumptions are satisfied for positive
integers D, H and all N0 ~ N ~ N1and k0(N) ~ k ~ k1:
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then

for all polynomials
inequality

holds with a

constant

C2

R E Z[y 1,

=

... ,

ym]B{0}

with

deg R ~ D, H(R) ~ H

the

C2(03C9, K) E R+.

REMARKS. (a) The proposition can easily be derived from Jabbouri’s
criterion [J]. This was pointed out by one of the referees.
(b) In fact, the assumptions of the propositon imply the algebraic independence of ay, ... , rom. This can be seen by the application of Theorem 1 in [Tl].
So it is worthless to try to derive algebraic independence measures, if it is
impossible to prove the algebraic independence of 03C91, ... , rom by this method.
(c) To derive algebraic independence measures for 03C91, ... , one has to
construct auxiliary polynomials with suitable bounds for height, degree, and
absolute value at the point 03C9 (ro 1,
03C9m), and to choose the parameters
k1, N11 with respect to D and log H in such a way, that the assumptions of
Theorem 1 are satisfied.
=

... ,

2. Proof of Theorem 1
The first step in the proof is the construction of the
certain bounds. Therefore we need some notations:

LEMMA 1. Under the assumptions
of fi(z)j and f(z)j satisfy

of Theorem

auxiliary function with

1 the

Taylor

series

coeffi-

cients

Proof. This follows from the representation of f(j)ih and flj) under the
observation that the number of (11, ... , lj) E Nio with Il + ... + Ij h is
bounded by (h + 1)j.
D
=
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LEMMA 2. For N E N, N ~ cg,
a

where y
Proof.

1 +m+
We put

=

and fl, ... , fm

m2 log t/(log p

-

m

Taylor series expansion

The requirement

Ph

=

linear

in

équations

of the

c11Nm+1yields

h

(N+m (N

in Theorem

1, there exists

log t).

With respect to the

0 for 0

as

with

polynomial RN C ~ OK [z,y]B{0}

+

1)

unknowns

functions f,. we can

a

write

system of [c11Nm+1]

+ 1

r(m, n). After multiplication

with E[c8N(1+[c11Nm+1]L)] the coefficients of the system are algebraic integers, whose
houses can be bounded by Lemma 1. Then Lemma 2 follows from Siegel’s
lemma (see e.g. Hilfssatz 31 in [S]) except for the right inequality in (iii), which
is a consequence of the zero-order estimate of Nishioka in [Ni3].
Q

Suppose that RN is defined as in Lemma 2, fi,, as
satisfy the assumptions of Theorem 1. Then
LEMMA 3.

Proof. Since fi, ... ,fm converge in U1(0),

and

an

estimate

as

in Lemma 1

the

in

(3), and fi, ... , fm

Taylor series coefficients satisfy

yields

Now (i) follows from (3) by standard estimates, and

(ii), (iii) follow by Lemma 1.
D
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LEMMA 4. Suppose that RN
satisfies pk C 14N VL. Then

Proof. According to (3)

we

is

we

inequality for algebraic numbers imply

get under the assumption on k

Now the assertion follows with

|03B2v|

and k E N

have

Lemma 3 and the fundamental

and then

defined as in Lemma 2, 03B1~ U 1(0)B{0},

|03B1|vpk exp( - y 1 vpk)
=

and

exp(-03B33NvL) ~

exp(y 4NvL)-

D

By iteration of the functional equation
P(k)i(z, y) E K(z)[y] by

and put p(k) =

we

define the

polynomials

(P(k)1,..., P(k)m) E (K(z)[ y])m. By induction we get

with

LEMMA 5. For i

=

1,..., m and k E N the following

assertions hold:
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Proof. The identity

(notice that a(z)P(1)(z, y)

(notice that

t

=

1 is

=

P(z, y)) implies inductively

possible) and (iii) follows similarly.

Let A denote a positive integer such that Aa is
define polynomials Qk,N for k, N ~ N by

The

polynomials satisfy

an

0

algebraic integer. Now we
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Hence we put 03A81(k, N)
c2lvpk, ’¥2(k, N) C22Vpk, A(k, N) = (C21/c22)P and
fix k0(N) ~ N by pko(N) cL12c23N1+L03BC &#x3E; pko(N)-1. In the last step of the proof
we have to satisfy the inequalities
=

=

for

sufficiently large

NI

with respect to D and

(4) implies (i)(c) of
Therefore

we

constants 03B30, y, Y2 e

the

R+ and a suitable choice of kl1 and

log H. Since

proposition.

Further

(5) implies (iv), (6) implies (v).

define

with

’)16 E R+, where 03BC1= log p + (m - 1),u log t, 112
log p - (m - 1X(L + 1)03BC - m)log t, p3 log p - log t.
Since No, ko(N 0) depend only on a, fI’ ... , fm’ K, the choice of N 1 yields
and suitable constants 03B35,

=

and this guarantees

(5).

follows, and this implies

From the definition

of kthe inequality

=
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hence

(6).

Furthermore

(by replacing NI in (4)) this
proposition are satisfied, and with

and

the assertion follows from the

proves

(4).

Now all

assumptions

of the

proposition.

D

3. Proof of Theorem 2
As shown in

[Be3], the Taylor series coefficients of f1, ... , fm have the

properties

for i
1,...,m and h E N0 with E E N
as in Lemma 1 we can show
=

(notice

that L

=

1).

In the

same

way

for j~Nn0 and h ~ N0 (since the number of lj)~Nj0 with 11 +...+lj=h
is bounded
a

by

h+j- 1

polynomial RNE Ok[z, y]

and for k E N with

2"j). Analogous
for N

pk c28Nm+1

to Lemma 2 we construct

C26 with

the

inequalities
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hold (with a proof
functional equation

analogous
yields

to Lemmas 3 and

4).

The iteration of the

with

and similar to the construction in the
define polynomials

proof of Theorem

1 via Lemma 5

we

where B~N is a common denominator of the coefficients of a(z) and of the
entries of A(z) and B(z), i.e., after multiplication with B the coefficient
of a(z) and of the entries of A(z), B(z) are algebraic integers. Since
exp(-03B30pk) |a(k)(03B1)| exp(03B31k), we have the following inequalities for

Rk,N E OK[z, y] :

LEMMA 6.

Then

Suppose that pk

c3sNm+l and ÇEC with
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Proof. Application

with

some

~~

U 1(0).

of the

Now

we

mean

value theorem

yields

have

and this yields the left-hand side of the asserted
follows analogous.

inequality. The right-hand side
0

take for 03BE one of the approximating fractions pi/qi and put
q for sufficiently
q max{|Pl|, lq,jj; since a e] - 1,1[, we may suppose lq,l
large 1. Then we define polynomials Qk,N E OK [y] for k, N E N and N C26 by
Now

we

=

=

and for

they have

the

properties

where C11Nm+1

v

To fulfill the
that
way

A(k, N) = (C421C43)p.

pl/ql

in such

a

C12Nm+ 1; hence put 03A81(k, N) C42 VPk, ’P2(k, N) c43vPk,
=

=

assumptions

of the

proposition

we

choose
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with

03A8(D,H) = 03B32 min{(DmlogH)1/(03C4-m), (log H/Dm+2)1/(m+2)},

and fix

No,

ko(No), k1, NIin the following way:

with suitable constants 03B31, 72, 03B33, 03B34~R+.
The defintion of No ensures the validity of (9), the choice of ko(N) guarantees
(7), and (8) follows by some calculation: for 03B35 yl/2 we have

and this

implies for 03C8(D, H)

similar in the

case

03C8(D, H)

=

=

03B32(Dm log H)1/(03C4-m)

y2(log H)1/(m+ 2)/D:

Hence

and, since

we

have chosen the constants in the

right

way,
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which implies (8). Now we have to satisfy the assumptions
of the proposition; the others are obviously fulfilled. Since k,

we

(i)(c), (iv), (v)
&#x3E; ko(No) and

have

whence

(iv)

and this

is satisfied. Furthermore

implies

The last

hence

(v).

which

implies (by the

Finally

with

the

assumption (i)(c) is satisfied because

definition of ko(N +

assumptions of the proposition

1))

are

fulfilled, and

we

deduce
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4. Proof of the

proposition

For notations, assumptions and the statement of Jabbouri’s criterion, on
which the proof depends, the reader is referred to [J]. With n = m,
k=m- 1 and

we put

Thus 1

Cl

=

03B4,

(1, r, U

and U

2

max{03C4, 03C3m}.

If

we now

define the constant

C1(03C9, K) by

and assume that the conditions of the
value of C1, then

proposition

are

satisfied with this

holds, and assumption (f) of Jabbouri’s criterion is fulfilled (notice that the
heights in [J] are logarithmic).
Now suppose that SEN satisfies

Then
that

we

choose

a

pair (k, N) with N0 N

N,

and

k0(N) k ki

such
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This is

possible,

since

(i)(c)

of the

proposition together with

holds. For this value of S we fix the polynomial Qk,N with k, N chosen
above. Obviously the assumptions (a), (b), (c) of Jabbouri’s criterion are
fulfilled. To verify assumption (e) for the polynomial Qk,N, we apply the
mean-value theorem to Qk,N with an arbitrary zero 03B6 of Qk,N and get for
some 03BE, E cm lying between w and ç

Co as above, since without loss of generality ~03BE~~ 1 + ~03C9~~. Thus
by (10) no zero of Qk,N lies in the open ball of radius exp(-S03C3m+1)
exp( - ’Il j(k, N) - Coi) around w, and this implies (e). Assumption (d) follows
with

from

and

Hence the assumptions of the proposition imply that all conditions of
Jabbouri’s criterion are fulfilled, and we get for all polynomials
R~Z[y1, ...,ym]B{0} with deg R D and H(R) H the estimate
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