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0. Introduction

In [3], G. Ellingsrud and C. Peskine proved that there are only a finite
number of components in the Hilbert scheme of surfaces in p4 parametriz-
ing smooth surfaces not of general type. This has inspired research trying
to classify these surfaces.

Let S be a smooth surface in P4. We prove in this paper that if S is not
of general type then deg(S)  105. This is an improvement compared to the
previous upper bound deducible from [3], which was of order several
thousands. It is conjectured that the upper bound is 15.

Let d = deg(S) and let s = min(k hOfs(k) =1= 0}. Then we derive a lower
bound for X(9s in terms of d and s which is a polynomial of degree 3 in d.
Note that Ellingsrud and Peskine in [3] found a lower bound for X(9, which
was a polynomial of degree 6 in fi. The initial terms are the same, d3/6s2
but [3] has a negative coefficient of d5/2 so our lower bound is an

improvement. There is however nothing canonical with the polynomial we
find here. Using this lower bound we easily deduce our upper bound for
the degree of surfaces not of general type.
We work over an algebraically closed field of characteristic 0.
Note. In a talk in Oberwolfach in September 1991 Peskine also gave a

proof that X may be bounded below by a third degree polynomial with
initial term d’16S2.

1. Deriving the upper bound

(1.1) Let S be a smooth surface in P4. We have the following invariants.

d = the degree of S.
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7c = the genus of a general hyperplane section.

K = the canonical divisor on S.

We have the following facts.

for d &#x3E; (s - 1)2 + 1 where d n r (mod s) with 0  r  s. This is due to

[5]. We also deduce it in (4.2).
(b) With r as above let

Then from [3, Lemma 1] we have

This is the double-point formula [6, Appendix A, Ex. 4.1.3].
(d) If S is not of general type then K2 9 and 6X &#x3E; K2, except for the case

in which S is a rational surface with K2 &#x3E; 6. In this case d  4. We
exclude this case in the considerations in (1.2) and (1.3) below.
These facts are from [3, Corollaire p. 2 and Appendice B].

(e)

We deduce this in Section 5.

(1.2) Suppose now that S is not of general type. Then 6x &#x3E; K2 which by
the double-point formula gives d2 - Sd - 10(n - 1)  0. Inserting the

upper bound for 03C0 we easily deduce that this gives d  90 or s  5. This
argument is by [3, Proposition 1].

(1.3) Also, in the case of S not of general type, we have by (c) and (d) that
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Now let s = 5. The lower bound for X(9s then becomes

In the special case s = 5, we will see that the double point formula gives a
better bound for y than the bound given in (b). From the double point
formula and the definition of y, we deduce, by eliminating 03C0, that

We then get the following

If d = 0 (mod 5) then y  d and the above is

This implies d  108. But since d n 0 (mod 5) we get d  105. For other
cases of r we only get better bounds.

If now s  5 then we have y  d(s - 1)’12s by (b). Using an argument
analogous to the above we deduce

Note that if s = 3 then it is known that y  1, [7], and if s = 2 then y = 0.

Using this we may deduce

For s = 2 the bound is sharp for surfaces not of general type. For s = 3
the bound is known to be 8 (using [7]).
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(1.4) By (1.2) and (1.3) we may then conclude that if S is a surface in P4
not of general type, then d  105.
To complete the picture we show how this implies that there is only a

finite number of Hilbert scheme components of surfaces in P4 containing
surfaces not of general type as proven in [3].

(1.5) Now if S is not of general type we have established that there is only
a finite number of possible values for d. Then there is only a finite number
of values of s and by (1.1) (a) also for 03C0. By (1.1) (d) and the first inequality
in (1.3) this gives that there is only a finite number of possible values for x.
So there is only a finite number of possible invariants (d, 03C0, X) for S a

smooth surface not of general type. This implies that there is only a finite
number of Hilbert polynomials and hence a finite number of Hilbert

scheme components containing smooth surfaces not of general type.

2. Initial ideals

In the following we introduce the concept of initial ideal and state some of
its properties. Much in this section is written by inspiration from [4] and
conversations with Green. Note that in this section we use d to denote the

degree of a monomial.

2.1. Basic properties

(2.1.1) Let V be a vector space over C with basis xo, X1,..., Xn, and let
S = Ok Sk V denote the symmetric algebra on V. We will use multi-index

notation, so that XI = xo xi ... Xn , where 1 = (i o, i 1, ... , i" ). We let

I1I = L’nj=O ij. We order the variables by

We now order the monomials of the same degree by reverse lexi-

cographic order so that x’ &#x3E; X’ if ik  jk, where k = max({mlim =ftjm}). For
n = 2, we have for example that

If f E ,Sk V is a homogeneous polynomial, write

The initial monomial of f is
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We note the formula

If 1 ~ S is a homogeneous ideal, then the initial ideal of 1 is the ideal in(I)
generated by

By abuse of notation we will write J E in(I) if x’ E in(I). We note that 1
and in(I) have the same Hilbert function, i.e. the same dimension in every
degree. Indeed, by Gaussian elimination, there exists a basis {fJ} Jein(J)d for
Id so that in(fj) = x’ for all J E in(I)d.

(2.1.2) Now let 1 ç; S be a monomial ideal, i.e. an ideal generated by
monomials. For k E [0, n - 1] define e,(x-J) = XK where

By definition we set x’ = 0 if some km  0. A monomial ideal is

Borel-fixed if, for all k E [0, n - 1] and x’ El we have ek(xJ) El.
We have the standard action of G4 V) on Sk V. If g E GL( V ) and f E Sk V;

we denote the product by g(f). If 1 ç; S is a homogeneous ideal we let

THEOREM (Galligo). For any homogeneous 1 ~ S there is a Zariski-open
subset U ~ GL(V) s.t. in(g(I)) is constant and Borel-fixed for g E U.

For a proof see [1, Prop. 1]. For generic g we call in(g(1)) the generic
initial ideal of 1.

(2.1.3) We now introduce the diagram of a monomial ideal. We may
envision the monomials of degree d in (n + 1) variables as an n-simplex
whose vertices correspond to xi,..., xn, and where xi corresponds to the
point with barycentric coordinates (jo/d, ... , jn/d). We insert a 0 in a point
if the corresponding monomial does not belong to the monomial ideal and
a x if the corresponding monomial does belong to the ideal.
We illustrate this with a diagram. Let Io g k[xo, Xt, X2] be a monomial

ideal. The monomials of degree five in Io may for example be represented
by a diagram
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These monomials of degree five satisfy the Borel-fixedness property, since
this means that if one starts at a 0 and goes in the directions indicated by
arrows above, one will only encounter O’es. Also, if one starts at a x and
goes in the directions indicated above, one will only encounter x ’es.

In the rest of Section 2.1 we assume that a homogeneous ideal I g S is
g(I’ ) for some homogeneous l’ ~ S and generic g E GL( V ). Hence in(I) will
be Borel-fixed.

We now have:

(2.1.4) PROPOSITION. Suppose that I - S is saturated. Then in(I) : xn =

in(I).

Proof. [2, 2.2(b)]. D

Hence Uo,... ,jn) is in in(I)d if and only if (jo, ... , jn-1, O) is in in(])d- jn.
In terms of the diagram of in(I) the corollary means that we get the
diagram for in(1) d _ 1 by disregarding the face of the n-simplex whose
vertices are xi,..., xn _ 1.

Referring to the example in (2.1.3), supposing that Io = in(I), we see that
we get the diagram for 10,4 by disregarding the last line and the diagram
for 1,,3 by disregarding the last two lines and so on.

(2.1.6) For h E V let H be the corresponding hyperplane and IH the

restriction of I to H. Let VH = V/(h). If h is general, the coefficient of xn is
non-zero, so that we may identify Sk VH with Sk V in a natural way, where
V is the vector space spanned by xo,..., Xn - 1. We consider I H as a graded
ideal in the symmetric algebra on V

(2.1.7) PROPOSITION. For H general we have in(IH) = in(1)xn.
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In terms of the diagram of in(I) this means that the diagram of in(IH)d
is the face of the diagram of in(l) d spanned by the vertices xô,d ... , xnd _ 1-

2.2. Decomposition oj» the set of ’ monomials

Note that M(-1) = {()} and M(-1, d) = 0. Let 1 s;; S be any monomial
ideal. For i E [ -1, n - 1] we define functions

by

If it is clear to which ideal these functions are associated we drop the ideal
as an index.

(2.2.2) We illustrate again by a diagram. Suppose I is the initial ideal of
the homogeneous saturated ideal of a curve C in P3, so I is a monomial
ideal in k[xo, xl, x2, x3]. If 1 is Borel-fixed we may for example have a
diagram of the monomials of degree 7 displayed in the following way
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A 0 (resp. x ) on the front face in location (jo,jt, 0, d - jo - jt) (we have
d = 7 in the above diagram) indicates that we have O’es (resp. x ’es) in the
locations (jO, i j1 j2, d - jo - j1 - j2) for all j2 E [o, d - jo - j 1 ] (for every d).
Such a 0 on the front face is called an ordinary 0.
A 0 with a number n in it at location ( jo, j 1, 0, d - jo - j 1 ) (with d = 7 in

the above diagram) indicates that we have O’es at locations

jO,jt,j1’ j2 d- jo - jt - j2) where j2 E [0, min(n - 1, d - jo - j 1)] and x ’es

We may as a way of example verify the following

Note furthermore that if A = C n H for a general plane H in P3, then
lA = ’H" so IA,d = 1 H,d for d » 0. Hence in (1 A)d = in(1 H)d = in(I) xn,d for
d » 0, so the initial ideal of the plane section A of C in degree five is just
the diagram given in (2.1.3).

and suppose Then

Proof. This follows immediately from the definition.

Hence !ï(jo,... ,jn-2-i) = 00 if and only if (J0’ ... ’jn - 2 - i’jn - 1 - 1’ ... ’jn)W’
for all jn - 1 - i, ... , jn &#x3E;, 0. I n example (2.2.2) we have f- 1 (jO, i 11 j2) = 00 if the
location (jo,j1,j2,j3) is represented by 0 in the 3-simplex of degree
d = Ei3 o ji, for every j3 &#x3E; 0. We have fo(jo,jt) = oo if the location

(jO,jl, O,j3) is represented by an ordinary 0 on the front face, where
d = jo + j i + j3, for every j3 &#x3E;1 0.

Suppose now that 7 is Borel-fixed.

(2.2.4) PROPOSITION.

Proof. We use induction on i.

(a) This is clear for i = -1. It is furthermore clear if f (J) = co. Suppose
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By induction

(2.2.5) COROLLARY. Suppose fi(jo, ... lj,,-2-i) = r. Then

for s E [0,..., r - 1], and fi - 1 (jO, - - - ,jn - 2 - i, s) is a strictly decreasing se-
quence of non-negative integers for s &#x3E; r until it becomes 0. Then it remains 0.

(2.2.6) We now define for i &#x3E; 0

In example (2.2.2) Ao(I) is the set of pairs (jo,j,) such that the corre-
sponding location on the front face has a 0 with a number in, so

Ao(I) = {(2, 2), (1, 3), (1, 4), (0, 5)}. I-’ô(1) is the set of locations with 0 in the

diagram "inwards" from O’es with number in, so for d big hô (1) has

1 + 3 + 1 + 2 = 7 elements.

At (1) is the set of jo with a sequence of ordinary O’es "diagonally under"
it. In the example A1(I) = {0,1,2}, and r-d1 (1) is the set of O’es in the

diagram lying "inwards" from the ordinary O’es. One sees that -t 1-d (j) for
d big will be a linear polynomial in d with the number of ordinary O’es 10
as the coefficient of d.

Proof. That the rf(I) are disjoint for i &#x3E; 0 follows easily by the defini-
tion of A,(7) and (2.2.3). Also that r1(I) ~ M(n, d) - Id follows easily by
(2.2.3).

Suppose then that J E M(n, d) - Id. Let k be minimal such that

If M(n, d) = Id such a k exists. If
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then By (2.2.4) we then have

which is impossible. Hence

(2.2.8) PROPOSITION. The A,(I) are , finite sets.

Proof. Suppose A,(I) is not finite. Let k - 1 be the maximum of all r
such that there exists infinitely many ( jo, ... , j" - 2 -,.) E M(n - 2 - r) which
may be completed to an

Then there exists a which may be completed to

with jn-t-k arbitrarily large.
and this

is not so. Hence

that

and there exists

Now we have

where jn _ 1-k can be arbitrarily large. By Borel-fixedness we can, by
applying inverse elementary transformations to this, get an

This is a contradiction.

We then easily see that
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Since

we get the lemma.

Hence #Fdi(I) is a polynomial pi,I(d) of degree i for d » 0. We will write
Pi,l(d) = £ij=o pij,Idj. We may drop the index I if it is clear to which ideal
we are referring to.

(2.2.12) LEMMA.

2.3. Hyperplane sections

(2.3.1) Now let X g Pn be a subscheme. Let Ix be its homogeneous ideal.
We will always suppose that X is in generic coordinates so in(Ix) is the
generic initial ideal of X. The homogeneous ideal of X and in(Ix) have the
same Hilbert function. Hence for d » 0
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Let H be a general hyperplane and let A = X n H.

Proof. The first follows from the latter. For the latter it is enough to
show that

Let I A be the homogeneous ideal of A. We have IA = (I X,H )sat. Hence for
m»0

(2.3.3) LEMMA. Let i &#x3E;, 1. Then

Proof. For 1 a 1 we have
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Hence

2.4. The invariants

(2.4.1) Now let )"i = fn-2(i). If X has codimension 2, then

An_2(in(lx)) = QS. We then have a sequence of positive integers )..o,...,Àr
where r=maxA,,-2(in(Ix», and call this sequence the invariants of X.
Since in(Ix) is Borel-fixed we have by Proposition (2.2.4) that

aa + 1  y - 1. Let A = X n P where P is a general plane in P". Then we see
by (2.3.2) that giving the invariants is equivalent to giving AO(in(IA» and
the values fo,in(JA)(i) for i E AO(in(IA», which again is equivalent to giving the
initial ideal of A. Note that Y- ;,,j = deg A = deg X. Note also that in

example (2.2.2) we have )wo = 5, )wi = 3 and ;’2 = 2.
The invariants of a set of points in the plane are related to the numerical

character (no, ... , na- 1) by r = u - 1 and nj = ;.j + j. This is easily worked
out by the fact that giving either of the numerical character or the

invariants for a set of points in the projective plane is equivalent to giving
the Hilbert function of the set of points.

(2.4.2) PROPOSITION. Suppose X is integral of dimension &#x3E;, 1. Then
+ 1 -&#x3E;- ;. i - 2.

Proof. This is just the fact that the numerical character is connected [5,
Corollaire 2.2]. n

We say that a tuple of non-negative integers (a03BBo, ... , Àr) is connected if it
satisfies )"i - 1 &#x3E; Âi+, &#x3E; )I.i - 2 for i = 0,..., r - 1. Its degree is E 2j*

2.5. Laudals lemma and generalizations

Suppose now that X is an integral non-degenerate variety in P" of positive
dimension. From [8] we have the following, essentially due to Re.

(2.5.1) THEOREM. Let A = X n H be a generic hyperplane section. Let a
be an integer such that deg(X) &#x3E; u(u + 1). Then the map lx,a ---&#x3E; 1 A,a is

surjective.
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Note that if X is a curve (this case is Laudals lemma), we can replace
the assumption deg(X) &#x3E; 0"(0" + 1) by deg(X) &#x3E; U2 + 1 by [8]. The impli-
cation of this for initial ideals is as follows.

(2.5.2) PROPOSITION. Let t be an integer such that deg(X) &#x3E; t(t - 1)

Proof. We assume that X is in generic coordinates. Let 6  t. Then
deg(X) &#x3E; 6(Q + 1). We have a diagram

Since p is a surjection and a is always injective, a must be an isomorphism.
Then

and suppose

for jn-l 1 sufliciently big. Hence 1

which does not square with

we have

Proof. Let X, = X n Hl ... n H, be an intersection with i general hyper-
planes. The result follows from the fact that A;(in(Ix)) = Ao(in(Ix,). D

Now suppose that X has codimension 2.

(2.5.4) COROLLARY.

Proof. Note that n &#x3E; 3. Suppose f,,-2(t - 1) = 0, then
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which is not possible by (2.5.3).
. We now continue. Either there is some

This is impossible. Else will have f-1 (t - 1, 0, ... , 0) = 0 and hence

in(Ix)t- t =1= 0 which implies hOJx(t -1) =1= 0. D

Proof. Suppose )I.t :0 0. Then Borel-fixedness implies îj &#x3E;, t - j + 1. Let
(jo,...,jn)ein(Ix)t. Then jo + j i  t. Since f,, - 2(jO) &#x3E;1 t - jo + 1 &#x3E; jt we
get f- j(jo, - - -,jn - 1) = oo which is impossible. Q

3. Some numerical lemmas

(3.1 ) LEMMA. Let )"03BBo’...’ Àt-t 1 be a connected sequence of invariants of
degree d. Then

with r the residue of d (mod t).

Proof. [5, Theoreme 2.7].

be a connected sequence of invariants of

which implies the result.

where the mi &#x3E;, 0.

(3.3) LEMMA.
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This follows by induction from the following

Proof. This is of an elementary nature.

4. Curves in P3

Let C be a curve in P3. We need the following for later use. (Note that this
is quite obvious when thinking of the diagram as displayed in example
(2.2.2)).

(ii) Suppose j2 = 0 and j 1 :0 0. Again by Borel-fixedness

(4.2) Let C have degree d and genus g. The Hilbert polynomial of C is
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This gives

We have

Suppose now that C is an integral curve with hO Jc(t - 1) = 0 and
d &#x3E; (t - 1)2 + 1. Then the invariants of C are connected and )I.t-t 1 &#x3E; 0 by
(2.5.4). By the above and (3.1) we get that

where r is the residue of d (mod t), which is a well known bound from [5].
The authors learned this argument from Mark Green. By (3.1) we also get

5. Lower bound for the Euler-Poincare characteristic for surfaces in P4

(5.1) Let S be a smooth surface in P4 with invariants as given in (1.1). Let
C = S n H be a general hyperplane section. Suppose that d &#x3E; s(s - 1).
By (2.3.1) we have

The constant terms here are

We proceed to calculate the Pi(m) and find lower bounds for the p;o.

(5.2) By (2.5.4) we have Às-t 1 &#x3E; 0 and by (2.5.5) we have Â., = 0. Hence
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which gives

We have

Since s &#x3E; 2 and

(3.3) that

(5.3) Let

where d - r(mod s) and 0  r  s. From (1) in (4.2) we have

(5.4) From (2.3.3) we have

for m » 0. From (2.2.12) we have

for m » 0. From (3.2) and (4.1) we then easily get the following
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(5.5) Collecting our bounds we get
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