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1. Introduction

Let G be a finite group. A CW-complex K with a given action of G is said to be a
G-CW-complex, if for every subgroup H of G, the fixed point set K" is a
subcomplex of K. In this paper we study the equivariant cohomology theories
defined on the category G-CW of G-CW-complexes by Bredon in [1]. In terms
of Bredon cohomology, we generalize some well-known results belonging to the
Smith theory (described, for instance in [2], III), and to the cohomology theory
of groups. The following fact is a specialization of one of our results.

1.1. COROLLARY. Let K be a G-CW-complex. Assume that A is an abelian
group, and that q and m are natural numbers such that q is greater than m. Suppose
that, for every subgroup H of G,

H"(K/H,A)=0

whenever n=gq, q— 1, and that
H"(K, A)=0

whenever m < n < q. Then
H"(K/G, A)=0

whenever m < n < q. O

This fact yields Theorem 5.4 in Ch. III of [2].

In order to state our main results, we now recall briefly the definition of the
Bredon cohomology. Coefficients of Bredon cohomology theories are contrava-
riant functors M: Oy’ — Ab, where Ab is the category of abelian groups and O
is the category of canonical G-orbits. The objects of O are the G-sets of the form
G/H, where H is a subgroup of G. The morphisms of O are the equivariant
maps. Let C(—) denote the cellular chain complex functor from the category
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CW of CW-complexes to the category Ab, of chain complexes in Ab. Assume
that K is a G-CW-complex. Let us consider the contravariant functor

¢ (K): OF — Ab,,
which is equal to the functor C,(Mapg(—, K)). For every subgroup H of G,
cx(KNG/H) = C(K").

The nth Bredon cohomology group H§(K, M) can be defined as the nth
cohomology group of the cochain complex

Homy (c,(K), M)
where Homg (—, —) denotes the abelian group of all natural transformations of

contravariant functors from O to Ab.
We need also the following definitions from [12] and [13].

1.2. DEFINITION. (i) For any abelian group A, let
A[G/H]: O - Ab

be the coefficient system such that
A[G/H](—) = A ® Homgy(Z(—), Z(G/H))

where Z(G/H) is the Z(G)-permutation module defined over the G-set G/H.
(i) For any coefficient system M, let M[G/H] be the coefficient system defined
by

M[G/H](—) = M(—) ® Z[G/H](—). O
It is obvious that M[G/G] = M and that

A[G/GI[G/H] = A[G/H].

It follows from the “classical uniqueness” theorem in [1], IV, 5, that, for every
subgroup H of G, there are isomorphisms

H¥K, A[G/H]) = H¥K/H, A)
and

HE(K, M[G/H]) = HiKxy,cK/H, M),
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where Kxg,cK/H is the G-CW-complex obtained as the fibre product (pull-
back) of the natural projections to the orbit space. The group G acts on
Kxg,cK/H by the action on the first coordinate. If K" is a H-subcomplex of K
then

H¥%Kx,6K'/H, A[G/G]) = HXK'/H, A).

We can now state our main results. By e we shall denote the neutral element
of G.

1.3. PROPOSITION. Let H be a subgroup of G and let m and q be natural
numbers such that m < q. Suppose that

o(K, M[G/e]) = 0

whenever m < n < q and that, for every prime number p and every p-subgroup H'
of H,

(K, M[G/H]) =0
for n=gq,q— 1. Then
(K, M[G/H]) =0

whenever m < n < q. O

It is obvious that Corollary 1.1 is an immediate consequence of 1.3.
Proposition 1.3 will be proved in Section 4. In order to state the next result we
need the following notation. Let G(K) be the subgroup of G generated by all
subgroups of the form G, where G, = {g€ G: gk=k} is the isotropy group of the
action of G at the point k€ K. For any prime p and any two subgroups G’ and G”
of G, by &,(G’, G) we shall denote the set of all p-subgroups H of G” such that
H/HNG' is an elementary abelian p-group. Let P be the set of all prime
numbers. We shall also use the notation

peP HeS(p)

where S(p) is the set of all Sylow p-subgroups of G.

1.4. PROPOSITION. Let m be a natural number. Assume that, for every n > m
and for every element H of 6y(K),

¢(K, M[G/H]) = 0.
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Then, for every n = m,

¢(K, M) =0. O

The above proposition will be proved in Section 3. If K = EG is a universal
free G-CW-complex, then for any coefficient system M, there is an isomorphism

HXEG, M[G/H]) = H*(H, M(G)).

In this case, H(K) = (e), and Proposition 1.4 specializes to the well-known result
of the cohomology theory of groups described in [7] and [5].

Using the results of this paper, by methods like those in [14], one can prove
the following results.

THEOREM A. Assume that for every subgroup H of G and for every n > m,
“(K, M[G/H]) = 0.
Then, for every subgroup H of G and every n = m,
HE(Kxg,cKY, M) =0
and
H(Kxg6(K"/NH), M) =0,
where NH is the normalizator of H in G. O

THEOREM B. Let

&K) =) U é&(G G).

keK peP

Assume that for every n = m and H € §(K)
¢(K, M[G/H]) = 0.
Then for every n = m,

H§(K, M) = 0. O

The above theorems will be proved in [15]. It is clear that &£(K) is a subset of
8y(K). Hence Theorem B is more general than 1.4.

In our proofs of Propositions 1.3 and 1.4, we will use the following fact from
homological algebra.
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1.5. LEMMA. Let
y: O—)M—-»Qq—+--~—>QO———>N—>O

be an exact sequence of G-coefficient systems. Then, for every m = 0, there exists
the homomorphism

d™: HYK, N) - HZ 1" (K, M),

which depends only on the class [y] in Ext4t'(N,M) and has the following
properties.

(i) If for everyi=0,...,q,
H'(l;(K’ Ql) = 09

whenever n=m+i, m+i+ 1, then d™ is an isomorphism.
(i) If, additionally, [y] =0, then

HZ YK, M) = HYK, N) = 0. O

The homomorphism d™ can be defined to be equal to the compositions of the
boundary homomorphisms of the appropriate exact sequences. It is easy to
prove the above lemma by methods like those in [6], IV, 9 and in [4], XIV, 1.

We shall consider exact sequences y of coefficient systems such that for each
i=0,...,q, Q;is adirect product of functors of the form M[G/H]. In particular,
we describe exact sequences determined by homological spheres. In the case of
representation spheres and appropriate G-CW-complex K, the vanishing of
H{(K, N) implies the vanishing of H}(K, M). The exact sequence induced by a
two dimensional free representation of a cyclic group is connected with the exact
sequences which occur in the Smith theory and are described in [9]. In a proof of
1.4 we shall use an exact sequence y such that [y] = 0. The results of this paper,
except 4.4 and 4.10, can be generalized to the case where M is a local G-
coefficient system on K defined by Bredon in [1], Ch. L.5. The proofs remain the
same.

2. Preliminaries

This section contains preliminary facts concerning Bredon cohomology. We
recall here briefly some definitions and results of [13] about Bredon coho-
mology with coefficients of the form M[G/H]. In particular, we will use in our
considerations the fact that there exists a subcategory O; 4 of Og such that
M[G/H] is the right Kan extension of the restriction of M to Og .
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Let G be a finite group and let H be a subgroup of G. By O¢ y we denote the
category whose objects are the canonical G-orbits and whose morphisms are the
G-maps f:G/H” — G/H’ such that f(H")=hH’, where he H and h " 'H"h < H'.

Assume now that K is a G-CW-complex and that K’ is a H-subcomplex of K.
Then

cy(K'): Oy —~ Ab,

is the functor such that, for every subgroup of H' of G,
c(K')G/H') = C(K'™)

and for every morphism f of O 4,

e (K')f) = C([h),
where
[h]: K" — K"
is the map such that, for every point k of K, [h](k) = hk.

If M is a contravariant functor from Og 4 to Ab, then we define Hiy,(K’, M) to
be equal to the nth cohomology group of the cochain complex

Homy,  (c(K"), M).

The groups Hiy(K', M) depend not only on the action of H on K’, but also on
the action of G on K. We introduce these groups because in some particular
cases the groups H{(K, M[G/H]) can be described using groups of the form
HYy(K', M), where K’ is a H'-subcomplex of K but not a G-subcomplex.

It is clear that if H = G, then Og; ¢ = O and

H¥%\(K', M) = HY(K', M).

If H = e, where e is the neutral element of G, then Oy , is the category associated
to the poset of all subgroups of G.

We shall use the notation

C*(K', M) = Hom_ (c,(K'), M).

There exists the natural action of H on C*K’, M) such that

CXK', M)" = Homg, (c,(K"), M).
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Let F be a set of subgroups of G. By Oy ; we denote the full subcategory of
0. Whose objects are the canonical G-orbits G/H’ such that H' is an element of
F. Let
F(K') = {G,:keK'}.
Assume that, F(K') < F. Then

Homy, (¢, (K'), M) = Homy, (¢, (K')ip, McF)

where ¢p: Op y — Og g is the natural inclusion of categories.
If H' is a subgroup of H, then

Iy a: 0y = Og

will denote the natural inclusion of categories. Assume that M: OF,; — Ab. We
shall use the notation

Hi(K's M) = HEy(K', My ).
We define the functor
M[H/H']: 0%y — Ab
in such a way that, for every subgroup H” of G,
M[H/H)(G/H") = M(G/H") ® Homg(Z(H/HnH"), Z(H/H'))
and for every morphism f:G/H" —G/G" of O; 4 determined by he H,
M[H/H'](f) = M(f) ® Homz(Z(f"), id)

where f': HHHNH" - H/H N G" is the H map also determined by h.
The following facts are proved in [13].

2.1. PROPOSITION. (i) There is an isomorphism
Hf(K', M) = Hfy(K', M[H/H')).
(ii) Assume that H = G. Then there is an isomorphism

H{y(K', M) = H§(Kxg,cK'/H', M). O
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Assume now that H” = H' < H. It follows from the definition that there exists
natural transformations of functors

r:M[H/H]—> M[H/H"]
and
i: M[H/H"] - M[H/H"]

such that the composition ir is equal to the multiplication by |H’/H"|. This fact
implies the next lemma.

2.2. LEMMA. (i) Assume that H' is a subgroup of H such that |H/H'| is a power of
p. If Hiy(K', M) is a p-group, then Hyy(K', M) is also a p-group.

@) 1f

H(K', M) = 0,
then

|H| iy (K, M) = 0.

(i) Assume that

H?e}(Kla M) =0
and that, for every Sylow p-subgroup H, of H,

H?Hp}(K,’ M) = 0.

Then

Hiy(K', M) = 0. O

The above lemma may be proved using methods like those described in [3],
Ch. I11, 10.

We introduce now the notion of cohomological dimension in Bredon
cohomology. Let H be a subgroup of G and let M: 0%y, — Ab be a coefficient
system. Assume that K is a G-CW-complex and that K’ is a H-subcomplex of K.
Let N* = Nu{oo}, where N is the set of all natural numbers.

We define cd,(K’, M) to be the smallest element d of N* such that, for every

n=>d+1,

Hly(K', M) = 0.



Smith theory and quasi-periodicity in Bredon cohomology 169
If F is a set of subgroups of H, then
cdp(K', M) = max cdy (K', M).
The number
cd(H, K', M) = max cdy (K', M)

will be called the cohomological dimension of the H-subcomplex K’ of K with
coefficients in M.

2.3. COROLLARY. Let P be the set of all prime numbers. Then

cd(H, K', M) = max cd(H,, K', M),
pe

where H, is a Sylow p-subgroup of H.
Proof. This result is an immediate consequence of 2.2(iii).

oo

3. Quasi-periodicity in Bredon cohomology

Let H be a subgroup of G and let F be a set of subgroups of G. Assume that K is
a G-CW-complex and that K’ is a H-subcomplex of K. Let R be a commutative
ring. Then Lemma 1.5 can be generalized in the following way.

3.1. LEMMA. Let
y0-M->M,—»-->M;—>N->0
be a sequence of contravariant functors from Og y to the category R-Mod of R-

modules. Assume that this sequence is exact after the restriction to the category
Op y and that F(K') < F.

(i) Let m be a natural number such that
Hi (K, M) = 0 = Hy "K', M)
whenever i =0,...,q. Then there is an isomorphism
d™: Hiy(K', N) > Hi P (K, M).
(ii) If, additionally, [y] =0 in Ext}} (N, M), then d"=0 and

(K’ N) = 0. O
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A proof of this lemma is standard and will be left to the reader.

In order to prove Proposition 1.4 we shall consider the case where N=M and
[y]=0. Let H(K’) be the subgroup of H generated by all subgroups of the form
H N G, where ke K'. Lemma 3.1 implies the following fact.

3.2. PROPOSITION. Let H be a p-subgroup of G and let H' be a subgroup of H
such that H(K') < H'. Then

Cd(H, K,’ M) < Cdé';(H',H)(K,7 M)’
where
& (H', H):{H”eco@p(H’, H):H < H" < H}. O

Proof. Assume that H does not belong to &,(H’, H). It follows from the results
of [5] and [11] that there exists an exact sequence of Z(H/H')-modules

y:0-2Z—->Cj—»--—>Co—>2Z-0
such that
[y1]=0 in H""Y(H/H', 7)

and for every i=0,...,q, C;=Z(H/H;), where H; is a maximal subgroup of H
containing H'. The sequence y induces the sequence of functors

y[M]:0>M > M[H/H]—---—> M[H/Hy] > M -0
which is exact on the category O y. It is clear that

[y[M]]1 =0 in Exty"! (M, M).

OF(K')H

Lemma 3.1 implies now that if, for every proper subgroup H” of H,
cd(H", K', M) < d, then c¢d(H, K’, M) < d. Hence the proposition can be proved
by induction on |H/H'|. O

PROOF OF PROPOSITION 1.4. Lemma 2.3 implies that
cd(G, K, M) = CdF(P)(K7 M),
where

F(p)=)F,

peP
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and F, is the set all p-subgroups of G. Proposition 3.2 yields that
cdpp(K, M) = cdgk(K, M)

and this fact ends the proof of 1.4. O

We shall next study exact sequences of coefficient systems determined by
homological spheres. Let R be a commutative ring. By a g-dimensional
homological R-sphere we mean a CW-complex S’ such that, for n=0 or g,
H,(S’,R)= R, and H,(S’, R) = 0 otherwise. Let S be a H-CW-complex which is a
g-dimensional homological R-sphere. By F(S,R) we denote the set of all
subgroups H’ of G such that S/H n H' is a g-dimensional homological R-sphere.

3.3. PROPOSITION. Assume that S is a H-CW-complex of dimension q which is
also a q-dimensional homological R-sphere. Then, for any functor M: Oy — R-
Mod, there exists a sequence

YM,S):0-M—->M,—--—>M;—>M(S)—-0
e

of contravariant functors from Og y to R-Mod satisfying the following conditions.

(i) The sequence y(M,S) is exact after the restriction to the category Og y,
where F = F (S, R).

(ii) For i=0,...,q, the functor M, is a direct product of functors of the form
M[H/H,], where x€S.

(iii) For every element H' of F(S,R),

M(SYG/H') = Homg(H((H/H ~H' x S)/H, R), M(G/H"))
= Homg(H(S/H A H', R), M(G/H")),

and for every morphism f of Og g,
M(S)(f) = Hom(H((f/xid)/H, R), M(f)). O
Proof. We construct the sequence y(M, S) in such a way that
M;(G/H') = Homg(C,_(S/H n H', R), M(G/H")).
The homomorphisms of this sequence are induced by the boundary homomor-
phisms of C,(S/H n H'). It is obvious, that y(M, S) after the restriction to Oy, 4 is

exact. If S; is the H-set of i-cells of S, then

M, ;= [] M[H/H].

q
[sleSi/H



172 J. Stominska

This follows from the fact that

Min(G/H/) = HomR< ® (R ®r@nm) R(H/H)), M(G/HI))

[sleS\/H

= : 11;[-/11 M(G/H') ® Homyy(Z(H/H n H'), Z(H/Hy))

and that the above isomorphisms are natural in G/H'. O
The following result is an immediate consequence of 3.1 and 3.3.

3.4. COROLLARY. Let S and M be the same as in 3.3 and let m be a natural
number. Assume that K is a G-CW-complex and that K' is a H-subcomplex of K
such that F(K') < F (S, R). Suppose that

Hiy (K', M) =0
whenever m < n < m+q+ 1 and x€S. Then there is an isomorphism
Hip(K', M(S)) = Hi 1 {(K', M). O

Let us consider the following specialization of 3.3. Assume that V is an
orthogonal, orientation preserving representation of H. We shall use the
notation

SV ={xeV:|x=1} and H,= () H,.

xeSV

3.5. PROPOSITION. Assume that V is a (q+ 1)-dimensional, orthogonal and
orientation preserving representation of H. Then, for every element H' of
F(SV,R),

M(SV)G/H') = M(G/H'),
and for every morphism f: G/H — G/H" of O sy ry.u>
M(SV)(f) = (IHy(H"nH)|/|Hy(H 0 H))M(f). 0
Proof. It follows from 8.2 of [10], that there exists a point x of SV such that
H.=H,. Thus H, is the main orbit type on SV. (See [8],1.2.1.) The result can

now be obtained from the description of M(SV)in 3.3(iii) because C(SV) is a free
Z(H/H,)-module. O

As immediate consequence of 3.4 and 3.5, we obtain the following fact.
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3.6. COROLLARY. Assume that H is a p-subgroup of G and that M: Oy — Z/p-
Mod. Suppose that the assumptions of 3.4 hold for S =SV, where V is the same as in
3.5. Then there is an isomorphism

_E__DOHZ',‘,}(K“ Kiy1; M) = Hi ' PUK, M),

where r =log,|H/Hy| and
Kiz{kEKZI(HkHV)/HH?pi}- |

The next result is also a consequence of 3.4 and 3.5.

If R is a commutative ring, then the set of all natural numbers, which are
invertible in R, will be denoted by /(R). By Fr(H) we shall denote the set of all
subgroups H' of H such that |H'|e 7(R). A H-CW-complex K’ will be called
H — R-free if, for every ke K’', H, € Fx(H).

3.7. COROLLARY. Let m be a natural number. Assume that K is a G-CW-
complex and that M: Oy — R-Mod is a coefficient system such that, for every
n=m,

HIL(K, M) = 0.

Suppose that, K is H— R-free. If there exists an orthogonal, orientation preserv-
ing, representation V of H such that SV is H— R-free, then for every n = m,

(K, M) = Hig"(K, M),

where v is equal to the dimension of V. O
Proof. Lemma 2.2(ii) implies that

Hiy(K,M) =0

whenever n>m and H'eFg(H). For every H'eFg(H), the projection
7n: SV — (SV)/H' to the orbit space induces an isomorphism

H*(SV/H', R) > H*(SV,R).

Let w: M(S) - M be the natural transformation of functors such that w(G/H") is
the multiplication by |H, (H n H")|. The result is now a consequence of 3.4 and
3.5 because the restriction of @ to the category Oy &) 5 is a natural equivalence
of functors. O
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In the rest of this section we shall prove that the vanishing of the cohomology
groups with coefficients in M(SV) implies the vanishing of the cohomology
groups with coefficients in M.

3.8. PROPOSITION. Let n be a natural number. Suppose that V is the same as in
3.5 and that K' is a H-subcomplex of a G-CW-complex K such that

F(K') = {G,:keK'} = F(SV,R)
Assume that M: 0¥y — R-Mod is a coefficient system such that
Hiy(K', M(SV)) = 0.
Then
Hiy(K', M) = 0. O

We shall prove the above fact in the end of this section using Lemma 3.10. It is
clear that 3.8 and 3.4 yield immediately the next result.
3.9. COROLLARY. Assume that V is the same as in 3.5.

(i) Suppose that the assumptions of 3.4 are fulfilled for S = SV. If
HIt YK, M) = 0.
then
HTy(K', M) = 0.

(i) Assume that F(K') = F (SV,R). Then
cdy(K', M) < maxcdy (K', M). O

xeS

Proposition 3.8 can be easily obtained from the following fact. Let F be a
family of subgroups of G, i.e. a set of subgroups closed under conjugation by
elements of G and under taking subgroups. Assume that p is a prime number
and that M: 0y, — Ab. Then

Me(p): 0%y — Ab

is the functor such that, for every subgroup H’' of G,

M¢(pXG/H') = M(G/H"),
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and for every morphism f: G/H' — G/H" of Og y.

Mg(p)f) = pM(f)

whenever H' belongs to F and H” does not belong to F, and

Me(p)f) = M(f)

otherwise.

3.10. LEMMA. Let n be a natural number. Assume that
Hiyy(K', My(p)) = 0.
Then
Hiy(K', M) = 0. O
Proof. There exists a natural transformation of functors
T:Mgp(p) > M
given by
©(G/H") = idpG/m)
whenever H” e F, and
©wG/H') = p-idpmem)

whenever H' does not belong to F.
Let M’: Oy — Ab be the coefficient system such that, for every H” € F,

M'(G/H") = M(G/H"),
and for every H' which does not belong to F,
M'(G/H) = 0.

If f: G/H — G/H" is a morphism of Og y, then M'(f) = M(f) whenever H" e F.
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If M" = M/M’, then we have a commutative diagram

0> M - Mg(p)> M" -0
idl :1 lp-id
0O-M-> M - M -0

with exact rows. Let

0", &": Hiyy(K', M") - H{g,(K', M)
be the boundary homomorphisms of the long exact sequences induced by the
exact sequences described above. Then 6" = p- " This implies that if 6" is a
monomorphism (an epimorphism), then the same is true for " in place of 6"
The lemma is now a consequence of the fact that

H?H}(Kla MF(p)) = 09 (H?H)(K,, M) = 0)’

if and only if 6"(«#") is a monomorphism and 6" !(«" !) is an epi-
morphism. O

PROOF OF PROPOSITION 3.8. Let H, be a normal subgroup of H. Assume

that |H/Hy| =p5l---plr, where p,, ..., p, are different prime numbers. For any

subgroup H’' of G and ie{l,...,r}, let B;(H’) be the natural number such that
|H/(H  H)Hol = pltt” . plr .

Assume that My [p]: 0¥y — R-Mod is the functor such that, for every
subgroup H' of G,

My, [p:i)(G/H') = M(G/H'),

and for every morphism f:G/H' - G/H" of Og y,
My [p(f) = pl ™= FEIM(f),

If Hy=H,, then
M(SV) = My, [p11u,[P2] - u, [P.]-

Let

F,; = {H eF:B(H) <j}.
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It is easy to check that for any coefficient system N,

NHV = NFi,l(pi)“.Fi,al(pi)'

Now, it is sufficient to apply 3.10. O

4. Smith theory in Bredon cohomology
Assume that H is a subgroup of G and that H’ is a normal subgroup of H such
that H/H' is a cyclic p-group. There exists a 2-dimensional representation V of H
such that C,(SV) is equal to the Z(H)-module chain complex
0—-7—-Z(H/H)>ZH/H)—>Z -0
where a =id—[h]-id, and [h]-id is the multiplication by a generator [h] of
H/H'. It is obvious that in this case all subgroups of G belong to F,(SV, Z) and
that
M[H/H')(G/H") = M(G/H") ® Homz(Z(H/(H" " H)H'), Z).
The results of the previous section imply the following facts.
4.1. COROLLARY. Let
M:0Fy — Ab

be a coefficient system. Assume that H/H' is a cyclic p-group. Then there exists an
exact sequence

0 — M —> M[H/H] 2 M[H/H] — M —0
where, for every subgroup H" of G,

M'(G/H") = M(G/H"),
for every morphism f: G/H” — G/G" of Og y,

M'(f) = ((G" ~n H)H'|/|(H" n H)H'|)M(f),

and o, is induced by a.
Proof. This result is a consequence of 3.5.

ogd
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4.2. COROLLARY. Assume that K is a G-CW-complex and that K' is a H-
subcomplex of K.

@ I1f
Hiy(K', M) =0,
then
Hiy(K', M') = 0.
(ii) Let m and q be natural numbers such that m < q. If for n=¢q, g—1
H?H}(K,a M) = O
and
H}y(K', M) =0 whenever m < n < q,
then
tm(K', M) =0 whenever m < n < gq.
Proof. The statement (i) follows from 3.8. If
tm(K', M) =0
whenever m < n < ¢, then, by 3.4,
Hiy(K', M) = Hig "K', M)

whenever m < n < g — 2. This fact implies the assertion (ii). O
We can now prove one of the results stated in Section 1.
PROOF OF PROPOSITION 1.3. By Lemma 2.2(iii), it is sufficient to consider

the case where H is a p-group. There exists a sequence of subgroups of H:

()=Hy<H,c---<H =H,

r

such that, for every i=0,...,r—1, H; is a normal subgroup of H;,, and
H;,,/H; is a cyclic p-group. Proposition 1.3 is now a consequence of 4.2(ii).[]

Proposition 1.3 implies the following fact.
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4.3. COROLLARY. Assume that
cd(H, K', M) < 0.
Then

cde(K’, M) = cd(H, K', M). O

In particular, if K is a finite dimensional G-CW-complex, H = G and, for
n=m,

HE(K, M[G/e]) = 0,
then, for n > m,
HYK, M) = 0.

For a G-CW-complex K, let dg(K) be equal to the greatest natural number r
with the property that there exists a sequence
GO c Gl c...cG

r

of different elements of the subgroup set F(K) = {G: ke K}.

44. COROLLARY. Let m and q be natural numbers. Assume that for every
subgroup H of G,

H,(K", 7)=0
whenever n = m, and
Hg(K, M[G/H]) =0
whenever n > q. Then, for n > m+ 1 + dg(K),
HE(K, M) =0.
Proof. Let

K> ={keK:H < G, H # G,).
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Then
n (K2, K>"; M) = HY(K", K>"; M(G/H)).

Using induction one can easily prove that, for n > m + 1 4+ d(K) and for every
subgroup H of G,

HY K" K>%; M(G/H)) = 0.
This fact implies, also by induction, that
H{,(K, M) = 0.

The result now follows from 4.3. O
We shall now consider coefficient systems defined over Z/p.

4.5. COROLLARY. Let H be a subgroup of G and let H' be a normal subgroup of
H such that H/H' is a cyclic p-group. Assume that M: O — Z/p-Mod. If

Hiy(K, M) =0 = Hj, (K, M),

then there is an isomorphism
d
HZ’;;J;Z(K, M) = g_)o HZ'}{}(K,‘, Kii; M),

where d = log,|H/H'|,

Ki = U KG;

G'eF(i)

and
Fi) = {G' = G:I(G' n H)H')/H'| = pf}.

Proof. This result is a specialization of 3.6. It can also be obtained immediately
from 4.1. O
The following fact is a specialization of 4.5.
4.6. COROLLARY. Assume that G is a cyclic p-group and that for n=m, m+1,
m+2,

H"(K, Z/p) = 0.
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Then
a-1
H"**(K/G, Z/p) = H™(KS, Z/p) ® @ H™K"Y/G, K"*V/G; Z/p),
i=0

where H(i) is the subgroup of G isomorphic to Z/p* and d is the natural number such
that H(d) = G. O

If H/H' = 7/p, then K, =K and

K,= J K¢

(G'nH)H'=H
In this case, we may prove the following result.

4.7. PROPOSITION. Let H' be a normal subgroup of G such that H/H' =7Z/p.
Suppose that M: O — Z/p is a coefficient system such that

Hiy (K, M) =0
whenever m < n <r. Let
A" = H?H)(Ks M)’ Bn = H?H}(Kl’ M)s D" = H?H}(Ka Kl’ M)

Then there are isomorphisms
2q-2
An+2q — Dn@ (_B Bn+i
i=0

whenever m< n<n+2q <r,

29—2 .
A"+2q=A"@ C_D Bn+1

i=—1
whenever m + 1 <n<n+2q<r,

2q—-1 .
Dn+2q=Dn® @ Bn+1

i=0
whenever m < n<n+ 2q <r, and

2q-1
D”+2q=A"® @ Bn+i

i=-1

whenever m+ 1 <n<n+2q<r.
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Proof. Let
M,: 0¥ - Z/p-Mod
be the coefficient system such that

P ifHAH =H ~nH"
(G/H) = M(G/H"), (HAH"H =H

and M,(f)=M(f) in the case where f:G/H”" - G/G" and (H H")H' = H.
Then

H(’Z)(K, Ml) = H{*;I)(Kb M) = H(*;i’)(Kl’ M)

There is a natural epimorphism M — M,. We shall denote its kernel by M. It is
obvious that

H{:';I}(K, My) = H{*;{)(Ka Ky; M).

and that
M=M,®M,.
Let

o MoLH/H'] — Mo[H/H']

be the map described in 4.1. The image of a,,, will be denoted by I. It is clear that
I is equal to the image of a,,. We shall consider the following three exact
sequences:

0->M->M[H/H]—1-0,

O0->1->M[HH]->M, ®M,—0,

0-My—->M[HH]->I®M,—0.
The first and second of this sequence gives us the exact sequence described in 4.1.
The second and third sequence occur in the Smith theory ([9]). The assumptions
imply that there are isomorphisms

H?H}(K’ I) = An+ la

H{ (K, I)=B"@® D",

H{y(K, 1)@ B"=D"*1,
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whenever m < n <r— 1. Thus

An+2:Bn®Dn’ ifm<n<r-2,
D'*l'=B"@® A", ifm<n<r—1,
A"2=B"1@B" @ A", ifm+1<n<r-2,
D' 2=B"@B""'@®D" ifm<n<r—2

Using induction, we can now obtain the assertion of the proposition. O
The following fact is an immediate consequence of 4.7.

4.8. COROLLARY. Assume that the hypothesis of 4.7 are fulfilled and that, for
n=r,r—1,

Hiy(K, K y; M) = 0.
Then
Hiy(K, M) =0
whenever m < n <r, and
H{yp(Ky, M) =0
whenever m < n<r—1. 0

We shall now consider the case where G is a p-group and M is a G-coefficient
system defined over Z/p.

4.9. PROPOSITION. Let G be a p-group and let
M: 0¥ - Z/p-Mod

be a G-coefficient system. Assume that K is a G-CW-complex and that q is a
natural number such that, for every subgroup H of G,

H?NH)(KHa K>#; M) =0.
If

(K, M) =0 whenever m < n<gq,
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then, for every subgroup H of G,
&K, M) = 0 = Hiyg(K", K™%, M) = Hp,(K", K™; M)
whenever m < n < q. O
Proof. Let
J: 0P — Z/p-Mod

be the coefficient system such that, for every subgroup H of G, J(G/H) = Z/p, and
for every morphism f of Og, J(f) = 0-id. It is obvious that

J = @JG/H’

where the sum is taken over all conjugacy classes of subgroups of G and J4/y
satisfies the condition

H¥K, Jon) = H*(K", K™")/NH; Z/p).
For any coefficient system T: 0% — Z/p-Mod,
HY(K, T ®z)pJo/m) = Hi(GK", GK™™; T) = Hiyp (K", K™ T).
From Lemma 3.10 it follows that if
HEK, T ®g),J) =0,
then
¢K, T)=0.

(This well known fact can be also proved by induction on suitable subcomplexes
of K.) There exists the natural epimorphism Z/p[G/e] — J. By I, we shall denote
the kernel of this map. The condition that

'é(Ka M ®Z/p‘]) =0

implies that

H'C‘;(K, M ®Z/p1p®l/p‘]) = O = H'E;(K, M ®Z/p1p)‘
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This is a consequence of the fact that, for any Z/p(N H/H)-module W, there exists
a composition series of Z/p(N H/H)-modules

O=WycWc---cW=W

such that, foreachi=1,...,s, W;/W,_, = Z/p with the trivial NH/H-action. For
any subgroup H of G, there is an exact sequence

0-M®z),1, ®z/pJ6n—~>MLG/e] ®z/pJin—>M ®z)p J6/1—0
and

H¥K, M[G/e]l ®z),Jm) = HE(KH, K™%; M).

Let us now consider the exact sequence

0->M®gz),I,>M[Gle] > M ®z,,J - 0.

The result can be obtained using the long exact sequence of cohomology groups
induced by this short exact sequence. O

4.10. COROLLARY. Let G be a p-group and let K be a finite dimensional G-CW-
complex. Assume that for each n = m,

H"(K, Z/p) = 0.
Then, for any functor T: 0P — Z/p-Mod and n = m,

oK, T)=0. O

Proof. Proposition 4.9 implies that, for n > m and H < G,
H"(K", K™ Z/p) = 0,
if we take M =27/p[G/G]. Hence, for n > m,
H, (K", K>; T) = H"(Homy,(C (K", K™"; Z/p), T(G/H)))=0.
Thus, for n > m,
(K, T)=0

and we can apply 4.4. O
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