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1. Statement of the result

We refer to Waterhouse [8, §4] for p-divisible groups with complex multiplica-
tion. Let R be a complete discrete valuation ring, with residue field k,
algebraically closed of characteristic p &#x3E; 0 and fraction field K of characteristic

0. Let K be an algebraic closure of K and rK = Gal(K/K). For a p-divisible
group G over R of height h, denote its Tate module by T(G) and let

V(G) = QP ~ZP T(G). Let E be an extension of Qp with degree h. We say G has
complex multiplication by E if there is given a homomorphism of E into

Qp p End(G) = Endr K Y(G). Then v(G) is a one-dimensional E-vector space and
the action of hK on V(G) is given by a continuous homomorphism p : r K -+ EX.
The action of E on tG(K) = K (8) R tG (tG is the tangent space to G) has character
I:fI) ’r for some subset (D of Hom(E, K) (the set of all Qp-embeddings of E into K)
and we say G has type (E, 03A6). Then on an open subgroup of rK, p is determined
by 03A6 and this shows that any two p-divisible groups of prescribed type (E, 03A6) are
isogenous ([8, Theorem 4.1]).

Let E’ be a subextension of E over Qp. For a subset 03A6’ of Hom(E’, K), write
03A6’E = {03BB~Hom(E,):03BB|E’~03A6}. For 03A6 ~ Hom(E, ), we say that (E, 03A6) is

elementary if 0 is not of the form 03A6’E for any subextension E’ (~ E) of E and for
any subset 03A6’ of Hom(E’, K). A p-divisible group G of type (E, 03A6) is said to be
elementary if (E, 03A6) is elementary. This is equivalent to saying that

E = Qp Q End(G). Any p-divisible group with complex multiplication is isogen-
ous to a direct product of elementary groups of the same type ([8, p. 64]).

In this paper we assume that R = W = W(k) the ring of Witt vectors over k
and every p-divisible group G with complex multiplication is of type (E, C) with
non-empty (D; this implies that G is a formal (Lie) group ([8, Corollary 4.4]).
Write a for the Frobenius automorphism of K. We denote by K,, the unique
unramified extension of degree h over Qp in K and by Wh its maximal order.
Our theorem gives the complete classification of p-divisible groups with

complex multiplication over W up to isomorphism.

*Dedicated to Professor Tsuneo Kanno on his 60th birthday.
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THEOREM. (i) For any type (Kh, 03A6), there exists a p-divisible group over W of
type (Kh’ 03A6). A p-divisible group G over W with complex multiplication of height h
is elementary if and only if End(G) ~ Wh.

(ii) Let G be a p-divisible group over W of height h with complex multiplication.
Then G is isomorphic over W to a direct product of several copies of an elementary
group G1 over W

(iii) Any two p-divisible groups over W with complex multiplication of pre-
scribed type (Kh, 03A6) are isomorphic over W

In case dim G = 1, the assertion of our theorem follows from [4, Proposition 3.6]
and [7].

REMARK. Let

be elementary. Clearly this is the same as to say that the period of the map
i:Z/hZ ~ {0,1} with i(ek) = 1 (k=1,..., n) and i(j) = 0 (j ~ e1,..., en) is h.

Define xh to be the composite homomorphism

where I is the inertia subgroup of Gal(Kh/Kh), d is the map given by classfield
theory, and i(x) = x -1 for x E Wxh. Let G be of type (Kh, {03C3e1, ... , 03C3en}). Then the
p-adic representation p : r K -+ Kh attached to G is a crystalline (or B-admissible)
abelian representation in the sense of Fontaine [2], [3]. As 03BBh is crystalline, it
follows that p = 03A0ni=1 03C3-ei - xh on F, (see [6, Chapter III Appendix] and [2, §3]).

2. A construction of p-divisible groups with complex multiplication over W

LEMMA 1. Let G be an n-dimensional p-divisible group over W of height h which
has complex multiplication by E, then it has also complex multiplication by Kh (but,
in general, E is not isomorphic to Kh).

Proof. First assume that G is elementary of type (E, 03A6). Let E’ be the maximal
unramified subextension of E. By the operation of End(G) on the tangent space
of G we obtain a homomorphism j : E ~ Mn(K) (the full matrix ring of order n
over K). Then the character of j is 1, Â. If the restriction of j to E’ has a character
~03A6’ ï, then j is equivalent to the direct product of the regular representations of E
over s(E’) for 03C4~03A6’. This implies 03A6 = (D E and since G is elementary, we have
E = E’ and E = Kh . If G is not elementary, then G is isogenous to a direct
product of elementary groups of the same type (cf. [8, p. 64]). One can now verify
at once that Qp Q End(G) contains a subfield isomorphic to Kh. This completes
the proof.
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We will now construct an n-dimensional p-divisible group Go over W of type
(Kh, 03A6) where 03A6=(03C3e1,..., 03C3en), 0  e1  ...  en  h. We use a result on a
classification of commutative formal groups over W by systems of Honda (cf. [1,
Chapter IV and V § 2] and [4]). Let D = W03C3[[F]] be the non-commutative
power series ring on F with the multiplication rule; Fa = at1F for a~W. Let

A.Ih = Kh[03B8] denote the associative Kh-algebra with unit generated by 0 such
that Oh = p", 0a = a03C303B8 (a E Kh). It is the central simple algebra of rank h2 over Qp
and invariant n/h. Consider the left K-space

It is a K-space with basis 0’ = 1 Q 0’ (i = 0,..., h - 1) and a right An/h-space. We
define a D-module structure on Mn/h by putting F03B8i = 03B8i+1. The D-endomorph-
isms of Mn/h are the right multiplications by elements of An/h (cf. [5, Chapter
III §4]). Now we put

Let Lo (respectively Mo) be the W-submodule (respectively D-submodule) of

M n/h generated by 03BE1,..., Çn. Then we can easily check that (Lo, Mo) is a system
of Honda. Let Go be the p-divisible group over W associated to (Lo, Mo). Put
g(O) = h + e 1- en and g(i) = ei+ 1 - ei (1 c i  n-1), then Go corresponds to a
special element

Let D(a) = diag(aUel, ..., a"") for a E Wh. Then we have D(a)u = uD(a). Therefore
Go is of type (Kh, 03A6) and End(G0) ~ Wh (see [4, Theorem 3]).
Now let f = (h, n) and h = fh1, n = fn1. We extend g to a function on Z/nZ

by

LEMMA 2. Let r be the least positive divisor of n such that g is a function on

Z/rZ. Put 03A61 = {03C3e1,..., 03C3er}.

(i) Then r is a multiple of n, and if we put r = fon1, we have
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(ii) Let G1 be the group which is constructed from (Kfohl’ 03A61) as above. Then G1
is elementary and End(G1) ~ Ufohl.

(iii) Go is isomorphic over W to (G1)f/fo.

This shows that r is a multiple of n, and (i) follows. If (K fohl, 03A61) is not

elementary, there exists a divisor f’ (~f0) of f0 such that {e1,..., ef’n1}
(ef’n1  f’h1) is a complete system of representatives of {e1,..., er} mod f’h1
and it is also that of {e1,..., en} mod f’h1. This gives ek+f’n1 2013 ek = f’h1. Then

This contradicts to the choice of r. Since End(G1) ~ Wfohl, (ii) is clear. Let us
prove (iii). Put s = f/f0 and ~i = ~s-1k=0 03BEi+kr (i = 1,..., r). Let L1 (respectively
M1) be the W-submodule (respectively D-submodule) of Mo generated by
~1,..., ~r. Then (Li, M1) is isomorphic to the system of Honda associated to G1
and

for a basis {03C91,..., 03C9s} of Wh/Wf0h1. This proves (iii).
LEMMA 3. Let (L, M) be a system of Honda such that

Then we have End(L, M) iD Wfohl where fohl is as in Lemma 2.
Proof. We may suppose that L :0 pLo. Let x~ L - pLo. As x can be uniquely

expressed in the form

we write

Put
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Since

we have

Here we put 03BEn+1 = 03BE1. As L n FM = pL, we obtain an element

03B4(x) = ~i~A a03C3di03BEi+1 of L. The n th iteration of the operation 03B4 gives an element x’
of L - pLo which satisfies

Clearly L is generated by {x’: x E L - pL0} and pLo over W. Now (*) implies that
g is a function on Z/( j - i)Z. Then j - i is a multiple of r and by Lemma 2(i) we
have ei == ej mod fohl . Therefore for i E S(x’), x’a = a03C3ex’ (a E Wfohl). This shows
that End(L, M) :D Wfohl .

3. Proof of the theorem

Let G be a p-divisible group with complex multiplication over W of height h. By
Lemma 1 G is of type (Kh, 03A6). Let Go be the group of type (Kh, 03A6) constructed in
Section 2. We claim that G and Go are isomorphic. By [8, Theorem 4.1] there
exists an isogeny a: G - Go over W and a defines an injection T(G) - T(Go).
Hence we may assume that T(G) c T(Go). There is an integer m such that
pmT(Go) c T(G). Let T = T(G) + piT(Go) (i = 0, 1,..., m). Then T is a r K-
sublattice of T(Go). Hence T = T(Hi) for some group Hi over W ([8, Theorem
1.3]). Since To ::) Tl ::) pTo, the system of Honda of H1 satisfies the condition of
Lemma 3. Therefore End(H 1) ::) Wfohl. By Lemma 2, To = T(G0) ~ ~s T(G1) is a
free Wfohi-module of rank s and Tl is a Wfohl-sublattice of To. Then To and Tl are
Wfohl-isomorphic, and also rK-isomorphic, since the operation of FK is given by
the p-adic representation

where R = End(G1) ~ Wfohl. Proceeding inductively, we see that Tm = T(G) is
rK-isomorphic to T(Go). This implies that G and Go are isomorphic over W Our
theorem now follows immediately from Lemma 2 (ii), (iii).
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