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0. Introduction

In [2] Cappell and Shaneson constructed a 4-manifold Q4 which is simple
homotopy equivalent to the real projective space RP’ but not smoothly s-
cobordant or even stably diffeomorphic to RP’. It is not known if the universal
covering space of Q4 is diffeomorphic to the sphere S4. Later, Fintushel and
Stern [4] constructed an exotic free involution on S4 i.e. an involution which has
no equivariant diffeomorphism with a linear action on S4. Let us denote this
involution by TFS.

It follows that the quotient manifold FRP4 = S4jTFs is not diffeomorphic to
RP4. Let us note that Q4 and FRp4 are both homeomorphic to Rp4 by
Freedman’s topological s-cobordism theorem.

Cappell-Shaneson’s and Fintushel-Stern’s papers are purely topological in
character; in [5] Gilkey suggested an alternative analytic approach to the
problem of detection of exotic smooth structures on certain 4-manifolds. More
precisely, Gilkey conjectured that exotic smooth structures on Q4 or FRP4 can
be detected by the eta-invariant of certain Dirac-like operators. Following this
suggestion of Gilkey, Stolz [9] studies the spectrum of the twisted Dirac

operator on the Cappell-Shaneson’s exotic projective space Q4, and he proves
that the eta-invariant of the twisted Dirac operator on Q4 resp. Rp4 are never
the same. To formulate more precisely Stolz’s result, we denote by r(M4, g, p)
the eta-invariant of the twisted Dirac operator on a closed 4-manifold M4 with
Riemannian metric g and Pin +-structure (see [9] and the next section of the
present paper for corresponding definitions).

THEOREM [9]

for any Riemannian metrics g, g’ and Pin + -structures 0, 0’ on Rp4 resp. Q4.
In the present paper we compute the eta-invariant of the twisted Dirac operator
on the Fintushel-Stern’s exotic projective space FRp4 using surgery, and for
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any Pin +-structure PF on FRp4 we get q(FRP4, PF) = + 7/8 mod 2Z. Since the
eta-invariant of the twisted Dirac operator is a Pin +-bordism invariant, and it
completely detects Pin+-bordism classes in dimension 4 [9], it follows that

FRp4 is not Pin +-bordant to RP4, while it is Pin +-bordant to Q4.
Our method for computing the eta-invariant of the twisted Dirac operator on

FRp4 can be applied also for some other 4-manifolds (see Theorem B below).
Moreover, it can be applied for computing the eta-invariant of the Pin’-operator
on 4-manifolds (see [5] for corresponding definitions); it will be described in

some further paper.
The paper is organised as follows. In Section 1 we recall some basic facts

concerning Pin +-manifolds and the twisted Dirac operator, and formulate the
main theorems of the present paper. Section 2 contains some background
material concerning Seifert manifolds. The rest of the paper deals with the proof
of the main theorems. It proceeds as follows. In Section 3 we describe a

procedure (surgery) which plays the central role in the computation of the eta-
invariant of the twisted Dirac operator on FRP4. In Section 4 we prove 2013

among others-an auxiliary Lemma 6 which enables us to detect Pin + -
structures on Rp4 induced by imbeddings of Rp4 into the boundary of certain
Pin + -5-manifolds. In Section 5 we construct two Pin + -bordisms from FRP4 to
the disjoint union of nine copies of Rp4 and some Spin-manifolds, which are
Spin-boundaries. The construction consists of many steps, and each step is just a
variant of the general scheme described in Section 3. Nine copies of RP4,
contained in the boundary of any of these two bordisms, are divided into three
groups; we use Lemma 6.4 to prove that any two copies of Rp4, contained in the
same group, inherit from the corresponding Pin + -bordism the same Pin + -
structure. Finally, we utilize Pin+-bordism invariance of the eta-invariant of the
twisted Dirac operator. The first of the bordisms gives r(FRp4, OF) = ± 7/8 or
± 1/8 or ± 3/8 mod 2Z; the second bordism gives r(FRp4, O@) = ± 7/8 or ± 5/8
mod 2Z. Consequently, r(FRp4, PF) = ± 7/8 mod 2Z, as claimed.
The proof of Theorem B is almost a literal repetition of the proof of

Theorem A.

1. Pin +-manifolds and the twisted Dirac operator

Since Stolz’s construction of the twisted Dirac operator is new and seems not to
be commonly known, 1 recall some basic material in this subject; 1 follow closely
[9, Sections 2 and 3].
Let E = ± 1 be a choice of signs. Let ) ) be the usual norm in R". Let C£(Rn) be

the Clifford algebra generated by the elements v E Rn subject to the relation
v. v = Blvl2. 1. Pin’(n) is the subgroup of the group of units in C’(R n) generated by
the elements v E sn - 1. Note that if w E Rn then v. w - v E C’(Rn) lies in the subspace
Rn -C’(R n). We utilize this observation to define the homomorphisms
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a’: Pi n’(R") --+ 0(n); for v E Sn-1 c Pin’(n) and w e R" let

a£(v)’ w = - ev’ w’ V E Rn c C£(Rn). It is easy to check that u’(v) is the reflection at
the hyperplane orthogonal to v. The connected component of identity of Pin’(n)
is Spin(n); u’: Pin(n)-+O(n) is a 2-fold covering of 0(n), and for n &#x3E; 2 a£ Spin(n) is
the universal covering of SO(n).
Let be an n-dimensional vector bundle over a paracompact space X; ç is

said to admit a Pin’-structure if and only if the classifying map of the bundle ç
(we identify the vector bundle with its classifying map) fits into the following
commutative diagram:

A Pin’-structure on the vector bundle is a fibre homotopy class of a map
ç£: X ---&#x3E; B Pin’(n) as in the diagram above. A manifold M is called a Pine-
manifold iff it’s tangent bundle admits a Pin’-structure; a Pin’-structure on the

tangent bundle to M is called a Pin’-structure on M. The following proposition
gives a useful characterization of Pin’-bundles and Pin’-manifolds.

1. PROPOSITION [9]. Let j be an n-dimensional vector bundle over a

paracompact space X.

(a) has a Pin+(n) (resp. Pin - (n) structure) if and only if w2(j) = 0 (resp.
w12() + W2(Ç) = 0).

(b) If ç has a Pin’-structure then Pin’-structures on are in 1-1 correspondence
with cohomology classes in H1(X, Z2)-

(c) A manifold M has a Pin’-structure if and only if the normal bundle to M has a
Pin -£-structure.

For example, RP’ is a Pin +-manifold, which has precisely two mutually
inverse Pin + -structures.
As an immediate consequence of homotopy invariance of Stiefel-Whitney

classes of closed manifolds, it follows that any closed manifold, homotopy
equivalent to some closed Pin’-manifold, is also a Pin’-manifold. In particular,
Cappell-Shaneson’s and Fintushel-Stern’s exotic projective spaces Q4 resp.
FRP4 (which are homeomorphic to RP’) are Pin +-manifolds, since

w2(RP4) = 0.
Now we are ready to define the Dirac operator and the twisted Dirac operator

for Pin + -manifolds.
Let A be a fixed module over C+(Rn), and let Pin + (n) act on R" by a+. Let x be

the non-trivial 1-dimensional representation of Pin +(n). Let M" be an n-
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dimensional Riemannian manifold with a Pin +-structure, and let P be the
corresponding principal Pin+(n) bundle. If V is a representation of Pin+(n) we
write P(V) for the associated vector bundle P x Pin+(n) Jt:
The Dirac operator is the first order elliptic differential operator defined as

follows. Let c: Rn Q9 R LB -+ LB be the Clifford multiplication; it is Spin(n)-
equivariant but not Pin + (n)-equivariant. Make it Pin + (n)-equivariant by replac-
ing the Pin + (n)-module A in the range of c by the Pin + (n)-module 0 OR x
(note that A and 0 OR x are isomorphic as vector spaces). Let

V: C°°(P(0)) COO(T*(Mn) (D P(A» be the covariant derivative induced by the
Levi-Civita connection on M". Utilizing the Remannian metric resp. the Pin+-
structure on M" we can identify T* Mn,::::: TMn ’::::: P(a+), and we get the homo-
morphism COO(T* Mn (8) P(LB)) ’::::: COO(P(a+) Q9 P(1B))-+COO(P(X Q9 1B)) induced by
the Clifford multiplication.
The Dirac operator D is the composition of these two maps. In terms of an

orthonormal basis {ei} Ds = 11 ei - V,,s.
To define the twisted Dirac operator (called also the Pin+-operator) let us

assume that A extends to a module over C + (Rn+ 1 ). Let en + 1 : P(A) --+ P(X Q9 0)
be the vector bundle isomorphism induced by the Clifford multiplication
by en 11 c- Rn + 1. Then the twisted Dirac operator (the Pin + -operator)
D: C*(P(A))- C*(P(A)) is defined to be the composition (en + 1) -1 0 D. It is a first
order self-adjoint elliptic differential operator with the principal symbol

The above-formulated definition of the Pin + -operator depends on the

Clifford module A. Now we choose a Clifford module 0 over C+(R") for
n = 8k + 5 such as to get the Pin+-bordism invariance of the eta-invariant

(mod 2Z) of the Pin +-operator; this is crucial for detecting Pin + -bordism classes
in dimension 4.

According to [1] the algebra C+(R8k+5) is isomorphic to H(m) Q H(m),
m = 24k + 1, where H(m) is the algebra of m x m quaternionic matrices. Since H(m)
is a simple algebra, H"’ with it’s natural left H(m) action is the only irreducible
H(m) module. Hence, there exist precisely two irreducible C+(R8k+5)-modules
which can be distinguished by the action of the central element e 1 e2 ...’ e8k+ 5.
We fix A to be the irreducible C +(R8k + 5)-module such that e1 . e2 .... * e8k + 5 acts
trivially on A.

IfMlk+l is a Riemannian Pin + -manifold and 0 is a Pin + -structure on M 8k+4
we denote by I(M" + the eta-invariant of the Pin + -operator
D: COO(P(LB)) -+ C*(P(A)) [9]. We collect some basic facts concerning the eta-
invariant of the twisted Dirac operator in the following:

2. PROPOSITION

(a) ll(M8k+4@ cjJ) mod 2Z is a Pin +-bordism invariant.
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(b) j(RP8k + 4, 0)= +2 - (4k 13) mod 2Z for any Pin+-structure § on Rp8k+4.
(c) Let M4 be a closed Spin-manifold with a Spin-structure 0. Then

ri(M4, §) = 1 /1 6 sign M4 mod 2Z.

All these facts can be found in [9].
The main theorems of the present paper read as follows:

THEOREM A. Let FRP4 be the Fintushel-Stern’s exotic projective space. Let

cPF be a Pin+-structure on FRp4 . Then il(FRp4 1 OF) 7/8 mod 2Z. Moreover,
FRp4 is Pin+ -bordant and even stably diffeomorphic to the Cappell-Shaneson’s
exotic projective space Q4, but is not Pin+-bordant to Rp4.

To state the second theorem we need the following

DEFINITION [6]. Let TS be a free involution on a manifold M’. Then a T’-
invariant submanifold N c MS is called a characteristic submanifold for the

involution TS if it cuts MS into two components permuted by TS (i.e. M = A UN B
and A = TS(B)).

Let us recall that the Brieskorn sphere E (3, 5,19) is a characteristic submani-
fold for the Fintushel-Stern’s exotic involution TFs: S4 _-&#x3E; S4 and TFs JE (3, 5,19) is
the natural involution "contained" in the S1-action on E (3, 5,19).

THEOREM B. Let T4 be a free smooth involution on an orientable 4-manifold
M4. Assume that  (3,5, 19) is a characteristic submanifold for T4, and

T41 (3, 5, 19) is the natural involution "contained" in the S’-action on £ (3, 5,19).
Assume that M4 = M 4/T 4 is a Pin + -manifold. Let om be a Pin + -structure on M4.
If b2(M4)  16 (where b2 denotes the second Betti number) then

r(M4, §M) ± 7/8 mod 2Z.

The rest of the paper deals with the proof of Theorems A and B.

2. Seifert manifolds

In this section we review fundamentals of Seifert manifolds. Most of the material

of this section can be found in [8].
Fix standard orientations of Euclidean spaces Rm, spheres Sm -1 and discs Dm.
For a collection of n pairs of coprime integers {(Pi’ qi)}, where i = 1, 2,..., n

and pi &#x3E; 0, S((pi, qi)) denotes the Seifert manifold (Seifert fibration) over S2 with
non-normalized Seifert invariants ((Pi’ qi)) [8]. The following theorem explains a
connection between a Seifert manifold and it’s Seifert invariants.

1. THEOREM [8]. Let M and M’ be two Seifert manifolds over S2 with

associated Seifert invariants ((Pi, qi», i = 1,2, ... , s and ((Pj, q’j)), j = 1, 2, ... , t
respectively. Then M and M’are orientation preservingly homeomorphic by a fiber
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preserving homeomorphism if and only if, after permuting indices of the Seifert
invariants f necessary, there exists an integer k such that

Let us recall that reversing the orientation of a Seifert manifold M, either by
reversing the orientation of the fibres or of the base (always S2 in this paper),
replaces Seifert invariants ((pi, qi)) by ((pi, - qi».

In particular, the usual Hopf fibration S3 - S2 is the Seifert manifold S((1,1))
or S((1, -1)) depending on the orientations chosen.

If the cyclic group Zp acts on the Seifert manifold S«pi, qi)) by the natural
action "contained" in the S1-action, then S((p;, qi))/Z p is the Seifert manifold
S((pi, qi)) where P’i/q’i is PilqiP expressed in lowest terms.

Let T = D2 x SI, where D2 is the closed 2-dimensional disc, and SI is viewed
as the set of complex numbers of unit length. Let us view 8T = S 1 x S1 as the
quotient of the Euclidean space R2 by the lattice Z2 of integral points. Then any
matrix A E GL(2, Z) induces a diffeomorphism A:S1 x SI ---&#x3E; SI x S1. Note that
the diffeomorphism SI x SI --&#x3E; SI x SI, induced by a matrix of the form

1 k 
E GL(2, Z), can be extended to the morphism of the bundle D2 X Sl-+Sl,

0 1 
( ’ )’ p ’

by the formula D2 x SI -3 (ru, v) -+ (ruvk, v), where r c- (0, 1 ) and u, ve S1. In this
situation we use the same letter to denote the matrix, the diffeomorphism
S x S 1 , S 1 X S1 and the morphism of the bundle D2 x S1 -+ S1, induced by this
matrix.

A continuous map ç : S1 -+ S1 x S 1 is called a section for an action of S 1 on
S x S1 if any orbit of this action meets the image of (p at precisely one point. Let
S 1 act on S 1 x S1 by t(u, v) = (tku, t’v), where t, u, v c- SI, k,leZ. Let

g(t) = (tm, t’) c- S1 x S1, m, neZ be a section for this action.
If S1 x S1 is viewed as the quotient space R2/Z2 then the orbits of this action

are represented in R2/Z2 by the images of the straight lines in R2 parallel to the

vector L and the section is represented by the image of the straight line

parallel to the vector m . In such a situation we say that a typical orbit and an
section of the S’-action on SI x SI are represented by (k, 4 and (m, n)
respectively.

Assume that the S1-action on Si x Si is free. Then m k E GL(2, Z), and the
n U 

GL(2,Z )’

autodiffeomorphism of S1 x S1 induced by m k -1 converts this action into
the S1-action with a typical orbit and a section represented by (0, 1) and (1,0)
respectively.
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Let X, A c X, Y be topological spaces. Let f : A Y Then X uf Y denotes the
quotient space obtained from the disjoint sum X U Y by identifying
A 3 x - f(x) c- Y
Now we give a simple method for constructing certain Seifert manifolds. Let

S 1 act on S 1 x S’ by t(u, v) = (tku, t’v). Extend this action to Tl = D2 x SI by
t(ru, v) = (rtku, tlv). Let 9: Sl-+Sl x SI be a section for this action given by

pet) = (tm, tft). Assume thatdet!" 1. Let A= a b c- GL(2, Z), and
deta= -1. Let p A k- -r -n = A M- Let T2 - D 2c x S d- 1 be another copy

l Lu s - L-"J pY

of the solid torus D2 x S1. Transfer the S1-action on S1 x S 1 = ô Tl to

S1 x SI = ô T2 with the help of the map A : S1 x SI Sl x S1. In this way we get
an S 1-action on S1 x Sl = 8T2 with a typical orbit represented by (p, q). Extend
this action to T2 by t(ru, v) = (rtPu, tqv). Glue the Sl-actions on Tl and T2 to an Sl-
action on the manifold M3 = Tl u, T2.

2. LEMMA. Let M3 be the 3-manifold with the S’-action as described above. If
l, q # 0 then M3 with this S1-action is fiber preservingly homeomorphic to the
Seifert manifold S(()1), :t sign(ln)lnl); (Iql, ±sign(qs)lsl»(+ or - according to
orientations chosen), and t-+(tr, tS) is a section of the S’-action on the boundary of
TicM3.
Proof of this lemma is straightforward hence omitted.

Note that if.

Let M3 be a Seifert manifold (Seifert fibration) over S2. Let U be a S1-
invariant closed normal neighbourhood of an orbit of the S1-action on M3. Let
D = U/S1 c S2; note that D is homeomorphic to the 2-disc D2. Let S be a section
of the S1-action on M3 with singular orbits deleted. Assume that SI acts on
T = D 2 xS’ by t(ru,v)=(rt’u,t’v), and qJ: SI-+SI X Sl = 8T, qJ(t) = (tm, tn) is a

section for this action. Let f : T --+ U c M3 be a S1-equivariant diffeomorphism
which maps the section ç into the section S (i.e. im(f 0 ç) c im(S ôD). Assume
that the orientation of the curve f 0 qJ(S1), determined by the standard

orientation of S 1, is concordant with the orientation of the curve S(ôD)
determined by the orientation of M3. In forthcoming sections we describe this
situation briefly by T((k, 1) ; (m, n)) c M3 or T((l, n)) c M3.

3. Surgery

Let M3 be a Seifert manifold (as usual in this paper, a Seifert fibration over S2)
with associated Seifert invariants ((li, ni)) i = 1, 2,..., h. For the sake of simplicity
of the following exposition, we assume that h = 1 (what we can do here without
any loss of generality), and we denote Seifert invariants of M3 by ((l, n)).
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The following picture of M3 will be useful later.
Let D c S2 be a closed disc in S2 with smooth boundary. Fix an orientations

preserving identification 8(S2BD)  S’. Using this identification we get also an
obvious identification

Let

be represented by the matrix

where ml - nk = -1. Let SI act on 8«S2BD) x SI) by t(x, v) = (x, tv). Transfer
this action to 8(D2 x SI) with the help of the map A. In this way we get an action
of S1 on S1 x SI = D(D’ x S1) given by t(u, v) = (tku, t’v), and SI 3 t ---&#x3E; (tm, tn) is a
section for this S1-action. Extend this action to T = D2 x SI by t(ru, v) =

(rtku, t’v), and form a manifold M’ = «S2 BD) x SI) UA T. It is clear that M’ with
this S’-action is a Seifert manifold with associated Seifert invariants (l, n) and a
typical orbit and a section represented in 8T by (k, l ) and (m, n) respectively (the
second, resp. the first, stroke of the matrix A). Thus M’ is fiber and orientation
preservingly homeomorphic to the Seifert manifold M3 by Theorem 1.2. It is
clear that if h &#x3E; 1, we can get a similar description of M3 by applying this
procedure for all singular orbits in M3.

Identify M3 with M’ and assume that the numbers k, 1 are odd; it follows that
the natural involution T3 "contained" in the action of S1 on M3 is free. Now we
are in a position to describe a procedure which plays a central role in the proof
of Theorems A and B. We call it procedure P.

Procedure P

Assume that the Seifert manifold M3 T = T«k, 4; (m, n)), (where k and 1 are
odd) with the involution T3 is a smooth invariant submanifold of an oriented 4-
manifold M4 with a free orientation-reversing involution T 4, and T41 M 3 = T 3.
Assume that the manifold M4 is a connected component of the boundary of

a 5-manifold MS with a free involution T 5, and T5 M4 = T4. We need the
following decomposition of S4 which is compatible with the decomposition
S4-DS3 = D 2 X SI uA.D 2 x SI. Let BO:S2XSl-+S1XS2 be the permutation of
variables. Note that Bo extends AO: SI x S’-+Sl x SI (which is induced by

Then
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Let Ant: S4-+S4 be the usual antipodal mapping. Note that Ant preserves
(D3 x S1, D2 x Sl) C (S4, S3) and for (x, y) E D3 x S1 

1 Ant(x, y) = (-x, - y). Let

Ant: S4 x 1 -+S4 X l, where I = 0, 1 &#x3E;, be the Cartesian product of Ant and
id: 1 -+ 1. Choose a Z2-equivariant imbedding

such that

is the identity (note that such a Z2-equivariant imbedding exists, since T4
reverses orientation and T3 acts on D2 x S 1 = T c M 3 by (x, y) --&#x3E; (- x, - y) (see
the description of M 3 above; recall that the numbers k and 1 are odd)). Assume
that the imbedding 91 preserves orientations. To simplify our presentation we
identify D 3XS1 -D x and qJl(X) and write (D3 x S1, D2 X Sl)c(M4, M3). Let
X3:D2XSlX{1}-+D2XS1=TcM3 be the map induced by a matrix

X3 = OIE GL(2, Z) (see Section 2). Extend X3 to a map
0 1 -

X4: D3 x S 1 X {1}-+D3 x Sl C-Û4 by the formula

In subsequent sections we write X4 f"Oo.I X3 for any maps x4: D 3 x S’-+D 3x S 1 and
x3: D2 x SI-+ D2 X SI connected with this dependence. Note that X4 is an

automorphism of the bundle D3 X Sl-+Sl which "revolves" D2 x SI C D3 X SI
2k1-times. Since 1tl (SO(3)) = Z2 X4 is isotopic to the identity mapping.

Transfer the S1-action on T c M3 to

with the help of the map X3. In this way we get an action of S1 on Tl with a
typical orbit and a section represented in ô Tl by (k-2k11,1) and (m - 2k 1 n, n)
respectively. Extend this S1 -action to S3 x {1} = Tl U Ao T2 as it was described in
Section 2. Then a typical orbit and a section of the S’-action on T2 are

represented by

and

respectively (as usual in the present paper, we denote a typical orbit and a
section of this S1-action by the rows (1, k - 2k, 4 resp. ( - n, - m + 2k1 n), since it is
more convenient).
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In this way we get a Seifert structure on S3x{l} with associated Seifert
invariants

( + ( - ) if we equip S3 x {1} with the standard (reversed) orientation). Since k is
odd, k - 2kll is odd, and it is easy to see that the natural involution, "contained"
in this S1-action on S3 X {1}, is the usual antipodal mapping. Consequently,
Ant : S4 x 1 -+ S4 x I is an extension of this involution.

Attach (S4 x I@ S3 x I) to (M4, M 3) c M5 by the map

In this way we get a new 5-manifold Mi = MS uX4 S4 X l with a free involution
Ti’ which is an extension of the involutions T5 and Ant. Note that

where M i is a manifold obtained from M4 by doing surgery of type (1,2),
and T14 = Tli M. More precisely, Mi = (M 4Bint(D3 x S1)) Ux40 Bo D2 x S2 x {1}.
Moreover, Mi contains a Tl4-invariant Seifert manifold M =
(M3Bint T) UX3oAo T2 with associated Seifert invariants

(we get the sign - since the attaching map X3 preserves orientation; we have to
reverse the orientation ofx{l}to glue it with the orientation of M3B T). Note
that

Let MS = MS/TS, where MS is a manifold with a free involution TS. Since

X4:(D3XS1, D2xSl)-+(M4, M3) is Z2-equivariant, Mi=M5uD3xSIS4XI, and
the involution Tt:Mi-+Mi extends T5:M5-+M5 and Ant=Antxid:S4x
1 S4 x l, we get the following decomposition:

where D3 X RP’ = D3 x SI 1 Ant is the non-trivial 3-disc bundle over Rpl ’::::: SI.
It is easily seen that Mi cuts Mi into two connected components permuted by
the involution T4 (i.e. Û 3is 1 a characteristic submanifold for the involution T14)
provided M 3 cuts M 4 into two connected components permuted by the
involution T4 (i.e. M3 is a characteristic submanifold for the involution T4).

If M 3 is a Seifert manifold with Seifert invariants
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(i.e. a typical orbit and a section of the Sl-action on the torus T(lj, nj) c M3 are
represented by (kj, lj) resp. (mj, nj)), and if we do a surgery as described above,
then the resulting Seifert manifold Mi has Seifert invariants

Let M2 be Z2-manifolds obtained from the manifolds Mi (where s = 3, 4, 5) by
repeating procedure P, where we substitute

(sec the description of M3 above) X3:=  1 2k2 1 x 4 ", X3. Assume that a typical
orbit and a section of the S1-action on the "new" torus T2 contained in the
Seifert manifold M2 are represented by (k’, l’) resp. (m’, n’). Then M has Seifert
invariants (11’1, sign(l’n’) n’ ). We get hère sign (l’n’)ln’l rather than - sign(l’n’))n’ ) ,
since we have to equip the newly attached S3 x 1 with an orientation which can

be glued by the map X3 = 1 2k2 with the reversed orientation of the "old"
S3 x I contained in M i (see the description of M i above).

It follows from the very construction of M2 that

and

Assume that we have repeated procedure P t-times starting with MS, TS,
S = 3, 4, 5, and T c M as above, and substituting in the ith step

(where Mj (resp. Tj) are manifolds (resp. involutions) obtained in the jth step,
j = 1, 2, ... , t, and (S4 x I)j is S4 x I attached to M 1 in the j th step). Then the
S1-action on the "new" torus T2 contained in Û’ has a typical orbit represented
by
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and a section represented by

( + ( - ) if t is even (t is odd)). It follows that Mi has Seifert invariants

Moreover

(here t(S4, Ant) stands for the disjoint union of t copies of (S4, Ant)). If we put
MS = MSjTS for a manifold MS with a free involution TS, then

aM; = (8M5BM4) u tRP4 U M4.
If (M:, 1;S), s = 3, 4, 5, are Z2-manifolds obtained from (MS, TS) by the t-fold

repetition of procedure P as explained above, then we describe this situation by

4. Auxiliary lemmas

Let us recall that we are going to construct Pin + -cobordisms from the

Fintushel-Stern’s exotic projective space FRP4 to a number of copies of Rp4.
Let (MS, TS), (Mi, Tt), s = 3, 4, 5, be as in Section 3, i.e. Mi are obtained from MS
by applying procedure P; let MS = MS/TS. In Section 5 we substitute

(M5, T5):= (S4 x l, TFS x id), and use procedure P described in Section 3, to get
such bordisms; thus we must prove that the manifold Mi = Mi/T15 is a Pin + -
manifold, provided M 5 = M5/T5 is a Pin + -manifold.
1. LEMMA. Let (MS, TS), s = 3,4,5, be as in Section 3. Let (Mi, Ti) be Z2-
manifolds obtained from (Ms, TS) by applying procedure P. Then Mi = M1/T5 is a
Pin + -manifold, provided M5 = M51T5 is a Pin + -manifold. If M5 is orientable, M i
is a Spin-manifold.
Proof We have the following Z2-equivariant decomposition (see Section 3)

Mi = M5 UD3 x SI S4 xl; recall that the involution Tt acts on S4 x 1 by
(x, y) ( - x, y). Consequently, Mi = M5 UD3 x Rpl Rp4 x I, where D3 x Rp1 is

the non-trivial 3-disc bundle over RP1. Using the Z2-cohomology Mayer-
Vietoris exact sequence related to this décomposition
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we check that H2(Mi) -+ H 2(M5) (D H 2(Rp4 X 1) is an isomorphism. Conseq-
uently, w2(Mi) = 0 if and only if w2(Mi) MS = W2(M’) = 0 (recall that

w2(Rp4) = 0). Since vanishing of the second Stiefel-Whitney class is a necessary
and sufficient condition for a manifold to be a Pin+-manifold (Theorem 1.1), the
lemma follows. D

The following simple lemmas give some additional information about Mi in
the case of a 1-connected M4.

2. LEMMA. Let (MS, TS), (Ms1, Tl), s = 3, 4, 5, be as in Lemma 1. Assume that M4
is 1-connected. Then Mi is diffeomorphic to the connected sum of lVl4 and S2 x S2.
In particular, if M4 - # k=1 S2 X S2 (the connected sum of k copies of S2 x S2
(equal to S4 if k = 0)), then M i = # k ±i S2 x S2.

Proof. M i is a Pin + -manifold by Lemma 1. Consequently, M i , so M i c ô M 5i ,
are Spin-manifolds. Thus W2(Ûl’) = W2 (Û4) 1 = 0. Since the attaching circle

X4({0} x Sl x {1}) C M4 is null-homotopic (see the description of procedure P
in Section 3) Mi is diffeomorphic to M4 # S2 X S2 or to M4 * S2 X S2, where
S2 x S2 is the unique non-trivial S2-bundle over S2; recall that W2 (S2 x S2) # 0
[7]. Since w2(M4 * S2 X S2) #- 0 it follows that Mi is diffeomorphic to

M 4 # S2 X S2, as claimed. ~

3. LEMMA. Let M5 = S4 X l, M4 = S4 X {1}. Let T5 be a free involution on
S4 x I which is an extension of a free involution T4 on M4. Assume that T4 is an
extension of the natural involution T 3 on a T4-invariant Seifert manifold
M3 c M4. Let (Ûs, TS), s = 3, 4, 5, be Z2-manifolds obtained from (MS, TS) by
repeating procedure P t-times. Note that M5 = M 51T5 is a Pin+-manifold (in fact
M5 is homeomorphic to Rp4 x I by Freedman’s topological s-cobordism theorem);
thus Mt is a Pin+-manifold by Lemma 1. Then H1(M;, Z2) = Z2. Consequently,
M’ has precisely two Pin+-structures by Proposition 1.1.

Proof of this lemma is straightforward, hence omitted. ~

4. LEMMA. Let (MS, TS), (Ûs, Tts), s = 3, 4, 5, be as in Lemma 3. Assume,
additionally, that M3 cuts M4 into two connected components permuted by the
involution T4 (i.e. M3 is a characteristic submanifold for T4). Assume that Mt is
diffeomorphic to S3. Then Û3 cuts M4 into two connected components, say K and
K’ = T t4 (K), with common boundary K n K’ = Mt ~ S3 (see remarks at the end of
Section 3). If t  16 then sign(K) = 0. Consequently, the manifold L = K US3D 4
(which is a Spin-manifold by Lemma 1) is a Spin-boundary.

Proof of Lemma 4. In Section 3 it has been pointed out that Mi cuts M 41 into
two connected components permuted by the involution T14, provided M3 cuts
M 4 into two connected components permuted by T4. Thus we have only to
prove that sign K = 0 and L = KUS3D 4 is a Spin-boundary, provided t  16.

It follows from Lemma 2 that M4t is diffeomorphic to # ti=1 S2 X S2.
Consequently, b2(Mi) = 2t, where b2 stands for the second Betti number. Since
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Mi = K US3 K’, b2(M4t) = b2(K) + b2(K’). Since K’ = T4(K), b2(K) = b2(K’). Since
t  16, b2(M4t)  32, b2(K)  16 and lsign(K)l  16. It is clear that b2(L) = b2(K)
and sign(L)=sign(K), thus 1 sign(L)  16. But wl(K) = 0 and w2(K) = 0, since K
is an open submanifold of a Spin-manifold M 4. Thus, clearly, w 1 (L) = 0 and
w2(L) = 0 i.e. L is a smooth closed Spin-manifold. Consequently, 16l sign(L) by
the Rohlin’s theorem. Since lsign(L)l  16, it follows that sign(L) = 0. But a
smooth closed 4-dimensional Spin-manifold X with sign(X) = 0 is a Spin-
boundary. Thus L is a Spin-boundary. This concludes the proof of

Lemma 4. D

REMARK. It follows immediately from the Cerf’s theorem [3] that any two
manifolds of the form K US3 D4 are diffeomorphic (i.e. the diffeomorphism type
of such a manifold is independent of the attaching diffeomorphism f : ôD3 --&#x3E; 8K).
Thus we can speak about "the" manifold L = K US3 D4.

The following simple generalization of Lemma 4 will be used in the proof of
Theorem B.

4’. LEMMA. Let T4 be a free involution on a smooth closed 4-manifold M4.
Assume that a Seifert manifold M 3 c M 4 is a characteristic submanifold for T4,
and T41 M3 is the natural involution T3 "contained" in the S1-action on M3.
Assume that M4 = M 4/T4 is a Pin +-manifold, and let M 4 be orientable. Let
(Mr, TS), s = 3, 4, 5, be Z2-manifolds obtained from (M4 x I, T4 x id),
(M4 x {1}, T4), (M3 x {1}, T4 l M3) by the 3t-fold repetition of procedure P.

Assume that M; is diffeomorphic to S3. Then M3t cuts M4t into two connected
components, say K and K’ = T4t (K), with common boundary K n K’ = M3t ~ S3. If
b2(M4) + 2t  32 then sign(K) = 0. Thus the manifold L = K US3 D4 is a Spin-
boundary.

Proof of this lemma is similar to the proof of Lemma 4, hence omitted. Note,
that b2(Mi) b2(M4) + 2t. D

The following lemma gives some useful information about Mi = M4/T4.
5. LEMMA. Let (MS, TS), (M:, 1;S), s = 3,4, 5, be as in Lemma 3. Assume,
additionally, that M3 cuts M4 into two connected components permuted by T4,
and M; is diffeomorphic to S3. Then M4 = M4/T4 is diffeomorphic to the

connected sum of RP4 and a 1-connected Spin-manifold L.
Proof. Let us recall that any smooth free involution on S3 is smoothly

conjugated to the usual antipodal mapping [4]. Thus there exists a

Z2-equivariant diffeomorphism f: (S3, Ant) -+ (M;, 1;3). Let Z 2 act on S3 x

(-1, 1) by (x,t)-(-x, -t). Extend f to a Z2-equivariant imbedding
F:S3x-1,1&#x3E;Mi. It is clear that (Im F)/T4 is diffeomorphic to

Rp3 x D1 = RP4BD4, where D4 is an open 4-disc in Rp4 with smooth boundary,
and Rp3 X D1 is the non-trivial 1-disc bundle over Rp3. Let Mi = K US3 K’ be
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the decomposition as in Lemma 4, and let L = K US3 D4. It is clear now that
MiB«Im F)/1;4) is diffeomorphic to K = LBD4. Consequently, Mi is dif-

feomorphic to (L BD4) US3 (RP4BD4) = L =tt= Rp4. Since Mi is diffeomorphic to
 i =1 S2 x S2 by Lemma 2, 1tl(Mi)=z2=1tl(L=tt=Rp4). Thus 1tl(L) =0. It is

obvious that K ce # j = S2 x S2 is a Spin-manifold. Thus L = K US3 D4 is a Spin-
manifold. D

As in the case of Lemma 4, we give a simple generalization of Lemma 5, which
will be used in the proof of Theorem B.

5’. LEMMA. Let (MS, TS), (M:, 1;S), s = 3, 4, 5, be as in Lemma 4’. Assume that
Mt is diffeomorphic to S3, and cuts Mi into two connected components permuted
by T4. Then Mi = Mil1;4 is diffeomorphic to the connected sum of RP4 and a
Spin-manifold L.

Let us recall that there exist precisely two, mutually inverse Pin+-structures
on Rp4, distinguished by the eta-invariant (mod 2Z) of the corresponding
twisted Dirac operator. Moreover, given a Pin +-structure on RP4

q(RP4, p) = + 1/8 mod 2Z. Denote thèse two Pin + -structures on RP4 by PI and
P2, and assume that r(Rp4, cPl) = 1/8 mod 2Z.
The eta-invariant mod 2Z of the twisted Dirac operator is a Pin+-bordism

invariant. Consequently, given a Pin+-bordism W from a Pin+-manifold M4 to
a number of copies of RP4, we can compute the eta-invariant of the twisted
Dirac operator on M4, provided we are able to detect the Pin +-structure,
inherited from W by any copy of Rp4 c 8W Let W be a Pin +-bordism
constructed with the help of procedure P. The following lemma is just a tool for
detecting Pin +-structures inherited from W by the copies of RP4 contained in
the boundary of W.

Let T = D2 x S1, i = 1, 2, and let S1 act on Tl (resp. T2) by t(ru, v) = (rtku, tw)
(resp. t(ru, v) = (rtlu, tkv)) for some odd integers k and 1. It is clear that the above
defined S1-actions on Tl and T2 can be extended to an S1-action on
S3 = TI U Ao T2, and S3 with this S1-action is a Seifert manifold. Moreover, the
natural involution T3 "contained" in the S1-action on S3 is the usual antipodal
mapping, since the numbers k and 1 are odd (see Lemma 2.2).

6. LEMMA. Let M5 =S4 x l, M4=S4 x {1}. Let M3 =S3 x {1} S3 be the
Seifert manifold as described above. Let T5 = Ant x id : S4 x 1 -+S4 x I,
TS=T5IMs, s = 3, 4 ; obviously TS(x,1)=(-x,1). Let (Mi, 7y), s = 3, 4, 5, be Z2-
manifolds obtained from MS by applying procedure P, where we substitute

T := T c M3 S3, x3 := [1 2k1 1 for some integer ki. Note that M = ÀÎ)/T
is a Pin+-manifold by Lemma 1. Moreover, Mi=Rp4xlun3xRplRp4xI, and
aMi =RP4 U Rp4 U N4 for some Pin+-manifold N4 (see the description of
procedure P in Section 3). Let be a Pin+-structure on M1. Let §i (resp. 2) be



16

the Pin+-structure on the first (resp. the second) copy of RP4 contained in 8Mi
induced by the Pin+ -structure (we use obvious imbeddings i,: Rp4-+8Mi,
1 =1, 2). Then r(RP4, fI) = ri(RP4, f2) mod 2Z, provided k1 = 1 mod 2, and

r(Rp4,fl)= _r(Rp4,f2)mod2Z, provided k1 = 0 mod 2.
Proof. Assume that k1 - 1 mod 2. We have to prove that q(RP4, §i)=

r(RP4, f2) mod 2Z or, equivalently, that the Pin + -structures 1 and § coin-
cide. Let us recall the construction of Mi (see the description of procedure P in
Section 3). Let X4 t’-I X3, i.e. X4: D3 x S1-+D3 x S 1 is given by

where (Xl,X2,X3)ED3 and te(O,2n). Then Mi =S4 x IUx4S4 x I, where X4 is
regarded as a map S4 x I:D D3 x S 1 x {1}-+D3 x S 1 x {1}. Note, that the map x4
is Z2-equivariant with respect to the action of Z2 on D3 x SI given by
(x,y)-(-x, -y) (which is just Ant 1 D3 x S1). Thus X4 induces a map

XÓ: D3 x Rpl =D3 x Sl/Ant-+D3 x Rpl, and we get the following decom-
position : M5 = M’IT,5 =RP4 x I xô RP4 x I.
The map X4 can be described as follows. Let us view RP’ as the segment 0, n&#x3E;

with identified ends. Then D 33 RP’ =D 3 X 0@ 7r&#x3E;/_ where (Xl,X2,X3,(»-
( - XI’ - X2, - X3, n). It is clear now that

for (X1, X2, X3, t) e D3 X RP1; note, that X’ 0 "revolves" the bundle D3 X
Rp1 -+ Rp1 k1-times, while x4 "revolves" the bundle D 3 x Sl-+S1 2k1-times. It is
easily seen that xô is a morphism of the bundle D3 X RP1 --+RP1.
Now assume, on the contrary, that the Pin+-structures i and 02 are

mutually inverse. Attach the "tube" RP’ x I to Mi by the diffeomorphism
g: Rp4 x {0}uRp4 x {1}-+Rp4 U Rp4 C 8Mi which sends (x,O)c-Rp4X{01
(resp. (x, 1) E RP4 x {1}) onto x contained in the first (resp. in the second) copy of
Rp4 c 8Mi; denote by M; the resulting manifold. If the Pin + -structures 01 and
 are mutually inverse then they can be extended simultaneously to the "tube"
RP4 x I (by the definition of inverse Pin + -structure), to give a Pin + -structure on
the manifold Mà (we use obvious identifications RP4 x {0} rW Rp4 ’::::: Rp4 X {1}).
Consequently, if the Pin + -structures 1 and 2 on RP4 do not coincide, then
Mà is a Pin + -manifold. But, in fact, Mà is not a Pin + -manifold. To prove this
assertion, let us consider a manifold M-5 c Mâ constructed as follows. Take two
copies of (D3 x RP’) x 1 c RP4 x I, and glue them along (D3 X RP’) x {1} with
the help of the map X4 . Attach to (D3 X RPl) xl uxÓ(D3 X RPl) x I another
copy of (D3 X RP’) x I c RP4 x I with the help of the map

g (D3 X RP’) x {0,1}. The resulting manifold is Mb. We prove that M-5 is not a
Pin + -manifold; it follows immediately that Mâ is not a Pin + -manifold, since
w2(Mb) = w2(Mâ) 1 Mg, and vanishing of the second Whitney-Stiefel class is a
necessary and sufficient condition for a manifold to admit a Pin + -structure.
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Note, that Mb is diffeomorphic to the mapping torus of the map X4 i.e. the
manifold obtained from (D3 X RP’) x 7 by glueing the "ends" (D3 X RP’) x {0}
and (D3 X RP1) X {1} with the help of the map X4. Since xÓ: D3 X
Rp1-+ D3 X Rp1 is a morphism of the bundle D3 X RP1,RP1, M-5 is a 3-disc
bundle over RP 1 x II(x, 0) - (x, 1) L-- RP’ x S1 -- S1 x S1. This is a disc bundle of a
3-dimensional vector bundle ( over SI x S1 which can be described as follows: let
R3 X Rpl=R3x(0,n)/(x,0)"-’(-x,n). Then is obtained from (R 3 X RP1)xI
by identifying (x1, x2, x3, t, o) E (R3 X RP1) x {0} with

Note, that contains a 2-dimensional orientable subbundle (0 =

{(X1,X2,0,t,s)}e(. It is easy to check, that the Euler class of the bundle
equals k 1 v, where v E H2(SI X SI, Z) is the canonical generator; in particular,
w2«(0)=k1V2, where V2 EH2(Sl x SI, Z2) is the generator. Consequently,
W2«(0) =1- 0, provided k1 = 1 mod 2. Since ( is the Whitney sum of (0 and a 1-
dimensional bundle (1’ and Wl«(O) = 0, it follows that

Consequently, Mb, so M-5, is not a Pin +-manifold. We get a contradiction, and
the proof of the first assertion of Lemma 6 is now complete. The proof that
il(RP’, 0 1) = - il(RP’, 0 2) mod 2Z, provided k1 = 0 mod 2Z, is similar, hence
omitted; let us note, that W2(CO) = 0, and M’ is a Pin+-manifold, provided k1 is
even. D

5. Proof of Theorem A

In the present section we use procedure P described in Section 3, to construct
appropriate Pin + -bordisms from the Fintushel-Stern’s exotic projective space
FRP4 to nine copies of RP4. This is the crucial point of the computation of the
eta-invariant of the twisted Dirac operator on FRP4. Next, we utilize Pin+-
bordism invariance of the eta-invariant of the twisted Dirac operator to

compute q(FRP4, cPF)’ In [4] has been proved that the Brieskorn sphere
E(3, 5,19) bounds a contractible 4-manifold U4 whose double is S4. Moreover,
the involution t "contained" in the natural Sl-action on X(3,5,19) can be
extended to a free involution on S4 = U4 u U4, which permutes two copies of
U4. This is the Fintushel-Stern’s exotic involution TFS, and S4/TFS = FRP4 is the
Fintushel-Stern’s exotic projective space. Thus X(3,5,19) is a characteristic
submanifold for TFS-

Let us recall that £(3, 5,19) is a Seifert manifold over S2 with Seifert invariants
((1, 1); (3, -1); (5, - 2); (19, - 5)) [4]. Alternatively, it can be described as
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follows: let D2, i = 1, ... , 4, be four pairwise disjoint smooth discs in S2 with
boundaries st. Fix identifications Df rw D2, st ’::::: Sl. Let

be maps induced by the matrices

note, that Fi c- GL(2, Z). Let Sl act on (S2B( U t= 1 int Df)) x Sl by t(x, v) = (x, tv).
Take four copies of D2 x S1, and attach the ith copy of D2 x S1 to

(S2B( U t= 1 int Df)) x S1 by the map Fi-1. Let £ denotes the resulting manifold.
Next, transfer the S1-action on (S2B( U t= 1 int Df)) x S1 to the ith copy of D2 x S1
with the help of the map Fi (see Section 2). In this way we get the Sl-action on
the ith copy of D2 x Sl with a typical orbit and a section represented by the
second, resp. the first, stroke of the matrix Fi. Following remarks at the end of
Section 2, we denote these copies of D2 x S1, equipped with the Sl-action as
described above, by T(l, 1), T(3, -1), T(5, - 2), T(19, - 5). It is clear that X is a
Seifert manifold with associated Seifert invariants (( 1,1 ); (3, -1 ); (5, - 2);
( 19, - 5)). Thus 1 is fiber and orientation preservingly homeomorphic to

(3,5,19) by Theorem 1.2, so we can identify the Seifert manifolds 1 and

E(3, 5,19). Consequently, we can view £ as a Z2-equivariant submanifold of
(S4, TFs) which cuts S4 into two contractible submanifolds diffeomorphic to U4.
Now we are in a position to construct appropriate Pin+-bordisms from FRP4

to nine copies of RP4. The first step of the construction of each of these two
bordisms is just a 8-fold repetition of the procedure P. More precisely, we
perform two sequences of 8 surgeries on (S4, TFS) as described in Section 3; the
first (resp. the second) sequence of 8 surgeries is divided into two groups, and
provides us with a Z2-equivariant bordism (M8, T8 ) (resp. (Ñ, P)) from
(S4, Tps) to the disjoint union of eight copies of (S4, Ant) and a 1-connected Z2-
manifold (M, 7) (resp. (N, p4»; moreover, M (resp. N) contains S3 as a 7-
(resp. P) equivariant submanifold, which cuts M (resp. g. 4) into two connected
components, permuted by the involution Tg (resp. p4). Corresponding to this
Z2-equivariant bordism, there is a Pin+-bordism M85 (resp. N) from

FRP4 = S4/TFS to the disjoint union of eight copies of Rp4 and a 4-manifold M4
(resp. N 4). Moreover, M4 (resp. N) is the connected sum of RP4 and a 1-

connected Spin-manifold, which is a Spin-boundary (see Lemmas 4.4, 5.4, 5’.4).
The family of eight copies of Rp4, contained in the boundary of M’ (resp. N’), is
divided into two groups, corresponding to the two groups of surgeries of the
corresponding sequence of 8 surgeries. Lemma 6.4 enables us to compare the
Pin+-structures, inherited from M8 (resp. N8) by any two copies of RP4 c DMI
(resp. ôN’), provided both of these two copies of RP4 belong to the same group.
Using the first (resp. the second) Pin+ -bordism, we get r(FRp4, PF)= ± 7/8 or
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± 1/8 or + 3/8 mod 2Z (resp. r(FRp4,PF)= ± 7/8 or :t5/8mod2Z). Conseq-
uently, il(FRP’, PF) = ± 7/8 mod 2Z as claimed.

The first sequence of 8 surgeries; the first group.

We repeat procedure P (see Section 3) 5-times, starting with M5:= S4 x I

Then Û’ is a Seifert manifold with associated Seifert invariants ((1,1); (3, -1);
(5, - 2), (1, )); a typical orbit and a section of the S1-action on T(l, 0) c Û’ are
represented by

and

respectively (see formulae i and ii in Section 3).
To make a picture of the bordisms M8 and N’ clear, we describe in full detail

the first group of the first sequence of 8 surgeries.
Step 1. We apply procedure P substituting:

Let us recall that a typical orbit and a section of the S1-action on

T(l 9, - 5) (-- Y-(3, 5, 19) - 1 are represented by (15, 19) and ( - 4, - 5) respectively.
We get a manifold Mi with a free involution T5, such that

Moreover, M i contains a T4-invariant Seifert manifold M i with Seifert

invariants (( 1,1 ); (3, -1 ), (5, - 2), (15, - 4)) (see formulae i and ii in Section 3); a
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typical orbit and a section of the Sl-action on T( 15, - 4) c M i are represented
by ( 19,15) and (5, 4) respectively. Let T 3 = T141 Mf.

Step 2. Apply procedure P substituting: MS:= M1, TS:= Ti, s = 3,4,5,

r:== T ( 15 - 4 ) c M3 mx 3 :- o 1 2 1 x 4 , x 3. We get a Z 2 -manifold ( MS 2 T]) such
that ô(M2, T2 ) _ (S4, TFS) U 2(S4, Ant) U (M2 , T2 ). Moreover, M2 contains a
T24-invariant Seifert manifold M2 with associated Seifert invariants ((1,1);
(3, -1); (5, - 2); (11, - 3)); a typical orbit and a section of the S1-action on
T(11, -3)oeÀÎ] are represented by (15, - 11) and (-4,3) respectively. Let
Tl = T241 M.

Step 3. Apply procedure P substituting: MS := M2, TS := T2, s =3,4,5,

T : = r(ll, -3)ciÂ, := P 1, -. We et a Z.-manifold (M.T)T.=T(11,-3)cM2,X:= 
0 l’X x x g 2 (

such that 8(M 3’ T3 ) = (S , TFS) LJ 3(S4, Ant) U (M 3’ T 3). Moreover, M 3 contains
a T34-invariant Seifert manifold M3 with associated Seifert invariants ((1,1);
(3, -1); (5, -2); (7, -2)); a typical orbit and a section of the Sl-action on
T(7, - 2) c M3 are represented by (-11, - 7) and ( - 3, - 2) respectively. Let
Tl=T34IM.

Step 4. Apply procedure P substituting:

We get a Z2-manifold (M 7) such that

a(Ml, Tl) = (S4, TFS) U 4(S4, Ant) U (M:, T44).
M4 contains a T44-invariant Seifert manifold Ml with associated Seifert

invariants ((1,1); (3, -1 ); (5, - 2); (3, -1 )); a typical orbit and a section of the SI-
action on the "new" torus T(3, -1) contained in Ml are represented by (-7,3)
and (2, -1) respectively. Let Tl = T441 M4.

Step 5. Apply procedure P substituting:

We get a Z2-manifold (ù), T55) such that

à(ÀÎl, T55) = (S4, TFS) U 5(S4, Ant) U (M, T54);

M1 contains a T5-invariant Seifert manifold MS with associated Seifert

invariants ((1,1); (3, -1); (5, - 2); (1, 0)); a typical orbit and a section of the S1-
action on T(1, 0) c MS are represented by (3, -1) and (1,0) respectively. Let
T = T11 M.
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Note, that Û3 cuts MS into two connected components permuted by the
involution T54, since X(3,5,19) cuts S4 into two connected components permuted
by TFS (see Section 3).

The second group of the first sequence of 8 surgeries.

We repeat procedure P 3-times starting with

More precisely

Then M8 is a Seifert manifold with associated Seifert invariants ((1,1); (3, - 2);
(5, - 2); (1, )); it is homeomorphic, by a fiber preserving homeomorphism, to a
Seifert manifold with Seifert invariants ((3,1); (5, - 2)), by Theorem 1.2. A typical
orbit and a section of the S1-action on T(3, - 2) c M8 are represented by

and

respectively. Moreover, the Seifert manifold M8 ^-r S((3,1); (5, - 2)) is homeomor-
phic to S3 and T83 is (conjugated to) the usual antipodal mapping (recall that

S3 = Tl U Ao T for Ao = [ l take the S1-action on T1 (resp. T with a typicali Ao 2 0 
1 

i ( p 2) YP

orbit and a section represented by (- 5, 3) and ( - 2, 1) respectively (resp. (3, - 5)
and (- 1, 2) respectively); note, that these S1-actions can be glued together by the
map Ao, to give a Seifert structure on S3 with Seifert invariants ((3,1); (5, - 2))
(see Lemma 2.2).

Since Û 5 3 cuts MS into two connected components permuted by T54, Mg cuts
Û4 into two connected components permuted by T84, i.e. Û3 is a characteristic
manifold for T84. It is clear that

Consequently,
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Now we can finish the construction of the first Pin + -bordism from FRp4 to nine

copies of RP4. First note that M5 is a Pin + -manifold by Lemma 1.4 (it follows by
induction on the number of surgeries performed). Thus Û5 and M: are Spin-
manifolds. Moreover, M’ is diffeomorphic to the connected sum of RP4 and a 1-
connected Spin-manifold L by Lemma 5.4. Since Û5 is obtained from S4 x I by
repeating procedure P 8-times, the manifold L is a Spin-boundary by Lemma
4.4. Let M5 be a Spin-manifold such that 8Mi=L. Attach to M5 the usual
bordism from M4 = Rp4 * L to the disjoint union RP4 U L. In this way we get a
Pin + -bordism M5 from FRp4 to the disjoint union of nine copies of RP4 and a
Spin-manifold L. Let Pa (resp. OL) be a Pin+ -structure on M3 (resp. M’). Note,
that the manifold L has precisely one Pin +-structure (it follows from Theorem
1.1 since L is 1-connected). Consequently, Pin+-structures Oa and OL can be
glued to a Pin + -structure on the manifold Mb = Ma’ UL Mi. In this way we get
a Pin +-bordism Mg from FRP4 to nine copies of RP4.

Let RP4, where i =1, 2, 3, 4, 5 (resp. RPj4,j = 6, 7, 8) be the ith (resp. j th) copy of
RP4 contained in ôM’ (resp. ôM’BDM’), and let Rp4 be the copy of RP4
contained in ôM’BôM’. Let 0,, i = 1, ... , 9 (resp. §o) be the Pin +-structure on
RPi4 (resp. FRP4) induced by the Pin + -structure §. We claim that

and

To prove this assertion, let us denote by (S4 x I)j the copy of S4 x I attached to
M$-i in the ith step of the construction of M8. It is clear that

RPi = (S4 x {O} )i/ Ant. If i =1, 2,3, 4, 6 or 7 then Mi contains the TS5 -invariant
manifold (S4 x I)i UX4 il (S4 x I)i + 1, where xi ro..I xt is the attaching map used
in the ith step of the construction of M8. Note, that the manifold

(S4 x I)i Uxt+l (S4 x I)i+ 1 is obtained from

by applying procedure P where xf+ i - x?+ i [1 + 2]. i.e. this is a situation, , as
described in Lemma 6.4. Consequently, the Pin+-structure §, restricted to

induces the same Pin+-structure on RPi=(S4x{0})iITs5 and

RPi+ 1 = (S4 X {O)})i + I/Ts5 by Lemma 6.4, provided 1 # 5. Consequently, if

ï=1,...,4,6 or 7 then q(RP, §;) = q(RP, §; + i) mod 22, thus proving our
assertion.

So, there are the following possibilities:
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Consequently, q(FRP, §o) = ± 7/8 or + 1/8 or + 3/8 mod 2Z.
Now we construct the second Pin + -bordism from FRp4 to nine copies of

RP4, which enables us to exclude the possibility that r(FRp4, F) _ ± 1/8 or
+ 3/8 mod 2Z. We start with

the second sequence of 8 surgeries. The first group.

We repeat procedure P 7-times starting with

More precisely,

It is clear that 8(Ñ, P’) = (S4, TFs) U 7(S4, Ant) LI (Ñj, Pj) for some 4-manifold
9 7 Moreover, N# contains a P#-invariant Seifert manifold 97 with associated
Seifert invariants ((1, 1), (3, -1), (5, - 2), (3, - 2)); a typical orbit and a section of
the S’-action on T(3, - 2) (-- g3 7 are represented by

respectively (see formulae i and ii in Section 3 and description of MS above).

The second group of the second sequence of 8 surgeries.

It consists of one surgery only. We apply procedure P, where we substitute:
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In this way we get Z2-manifolds (N’, P8), s = 3, 4, 5, such that

for some 4-manifold 9 4; obviously ôNl = FRp4 r 8RP4 LJ Nt. Moreover, 94
contains a p4-invariant Seifert manifold Ñ with associated Seifert invariants
((1,1); (1,0); (5, - 2); (3, - 2)); a typical orbit and a section of the S’-action on
T(l, 0) (-- 9’ are represented by

and

respectively. Note, that Ñ and ùg have the same Seifert invariants, thus
(Ng, Pg) is Z2-equivariantly homeomorphic to (S3, Ant) by Theorem 1.2.

Moreover, Ñ S3 cuts N into two connected components, since E(3, 5,19)
cuts S4 into two connected components permuted by TFS.
Now the construction of the second Pin + -bordism from FRP4 to nine copies

of RP4 proceeds analogously to the construction of Mg. Observe that

Ng = Ng/Pg is the connected sum of RP4 and a 1-connected Spin-manifold H
which is a Spin-boundary (we use Lemma 5.4 resp. Lemma 4.4). Attach to N8 the
usual bordism from N8 = RP # H to the disjoint union RP4 LJ H; denote by
Nâ the resulting manifold. Next, take a Spin-manifold N such that 8N = H,
and form a manifold Nb =Nâ u H N. In this way we get a Pin+-bordism Nb
from FRp4 to nine copies of RP4. Now we are in a position to finish the
computation of the eta-invariant of the twisted Dirac operator on FRP4. Fix a
Pin + -structure t/J on Ng. Let RPt, i =1, ... , 7, be the i th copy of RP4 contained
in 8N; let RP and RP be two copies of RP4 contained in aNgBaN. Let Çi;,
i = 1, ... , 9 (resp..po) be the Pin + -structure on RPt (resp. FRP4) induced by the
Pin + -structure §. Note, that q(RPf, Çi i) = ’" = r(RPi, .p 7) (repeat an argument
similar to that used in the case of Mg; observe that the attaching map XT used in
the i th step of the construction of N] c Ng is represented by the matrix

0 1 , provided i &#x3E; 1; next use Lemma 6.4).

Consequently, there are the following possibilities:
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Before we computed q(FRP4, 00) 7/8 or + 1/8 or + 3/8 mod 2Z. Since FRP4
has precisely two (mutually inverse) Pin+-structures, it follows that

q(FRP4, cPF)= ± 7/8 mod 2Z for any Pin + -structure OF on FRp4. Since the eta-
invariant of the twisted Dirac operator completely detects Pin + -bordism classes
in dimension 4 [9], it follows that FRp4 is not Pin +-bordant to RP4, while it is
Pin +-bordant to the Cappell-Shaneson’s exotic projective space Q4. As a simple
consequence of Theorem B of Stolz [9] it follows that FRp4 is stably
diffeomorphic to Q4. This concludes the proof of Theorem A. D

6. Proof of Theorem B

The proof of Theorem B is, essentially, just a repetition of the proof of Theorem
A, so we will be brief. Let

Let

Note, that we use here the same matrices as in the proof of Theorem A (see the
construction of M in Section 5). Thus M8 is a Seifert manifold with associated
Seifert invariants ((1,1); (3, - 2); (5, - 2); (1, )) or ((3,1); (5, - 2)) i.e. Mg is Z2-
equivariantly diffeomorphic to (S3, Ant). Note, that

Moreover, Mg is a characteristic submanifold for the involution T8. Conseq-
uently, M8 is diffeomorphic to the connected sum of RP4 and a Spin-manifold L
by Lemma 5.4. Since ùl is obtained from M4 x I by repeating procedure P 8-
times and b2(M4)  16, the manifold L is a Spin-boundary by Lemma 4.4.

Attach to M the usual bordism from M4 =Rp4 # L to the disjoint union
RP4 LJ L. In this way we get a Pin + -bordism from M4 to the disjoint union of
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nine copies of RP’ and a Spin-manifold L. Let Pa be a Pin + -structure on M5
and let OL be a Pin +-structure on L induced by Oa- OL can be lifted to a Spin-
structure § on the manifold L. As mentioned above, (L, tL) is a Spin-boundary.
Let (ML, §a) be a Spin-manifold such that 8(MI, (L, L)’ It is clear that the
Pin + -structure OL can be extended to a Pin + -structure 0’ on Ml. Consequent-
ly, Mb = Ma5 UL M -L’ is a Pin + -bordism from M4 to the disjoint union of 9 copies
of RP4. Now we use arguments similar to those used in the proof of Theorem A
(Lemma 6.4) to detect Pin + -structures inherited from Mb by nine copies of RP4
contained in the boundary of M5. Utilizing Pin +-bordism invariance of the eta-
invariant of the twisted Dirac operator we get il(M’, PM) = ± 7/8 or ± 1/8 or
± 3/8 mod 2Z.
Next, we construct a Pin +-bordism N’ from M4 to nine copies of Rp4

starting with

and

Again we use the same matrices and the same identification E(3, 5, 19) ’::::: 1 as in
Section 5. We observe that 9’ is Z2-equivariantly diffeomorphic to (S3, Ant).
Now the construction of N5 proceeds analogously to the construction of M’
Using Lemma 6.4 and Pin+-bordism-invariance of the eta-invariant we com-
pute with the help of the Pin +-bordism N’ q(M, Om) 7/8 or + 5/8 mod 2Z.
(Compare corresponding computations in Section 5.)

Consequently, q(M,§a)= +7/8mod2Z. This concludes the proof of

Theorem B. n

REMARK. Theorem B of the present paper suggests the following problem: let
M4 be a Pin+-manifold; let M4 be the orientation covering of M4; let

T 4 : M4-+M4 be the obvious involution, and let M3 be a characteristic manifold
for T4. Express the eta-invariant of the Pin + -operator on M4 in terms of some
topological invariants of M3 and M3 IT41 M3. In fact, there exist such ex-
pressions involving y-invariant of M3 and M3 IT41 M3, and the Browder-
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Livesay invariant oc. In certain cases (for example if M3 is a Seifert manifold)
these formulae provides us with an algorithm for computing the eta-invariant of
the Pin +-operator on 4-manifolds. We will prove these formulae in some further
paper.
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