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1. Introduction and results

Let C be a projective non-singular curve of genus 2 over a finite field k with q
(q = p") elements. The zetafunction of C is a rational function of the form

with integers al and a2. The Riemann hypothesis for curves restricts these
coefficients to |a1|  4q1/2 and la2l  6q. The problem is to find all al and a2
which occur in this way from curves over k of genus 2.

The theory of abelian varieties over finite fields is an important tool to handle
this problem.

Let A be an abelian variety over k. We denote by fA(T) the characteristic
polynomial of the Frobenius endomorphism 03C0A of A. Two abelian varieties A

and B over k are k-isogenous if and only if fA(T) is equal to fB(T).
Let J be the Jacobian variety of the curve C of genus 2, then fJ(T) equals

T 4 + a 1 T 3 + a2 T 2 + a 1 q T + q2, where a 1 and a2 are the corresponding coeffi-
cients of the zetafunction of C.

Therefore the problem of finding all al and a2 can be divided into two parts.
At first one has to determine the polynomials fA(T) for all the abelian varieties A
over k of dimension 2. Then one has to decide whether a given abelian variety is
k-isogenous to the Jacobian variety of a curve.

In this paper we present two theorems which give partial solutions of the
problem.

Let End,(A) be the ring of k-endomorphisms of A. To avoid a lot of

calculations for special cases we restrict ourselves to those abelian varieties A
whose algebra End,(A) (x) Q is a field. The same methods can be used to solve
the problem in general (see also [H-N]).

THEOREM 1.1. The set of fA(T) for all abelian varieties A over k (# k = q = pn)
of dimension 2 whose algebra Endk(A) (D 0 is a field is equal to the set of



352

polynomials f (T) = 74 + al T3 + a2T2 + alqT + q2 where the integers al and a2
satisfy the following conditions:

(a) |a1|  4q1/2 and 2|a1|q1/2 - 2q  a2  a21/4 + 2q,
(b) ai - 4a2 + 8q is not a square in 7L,
(c) either (i) vp(al) = 0, vp(a2)  n/2 and (a2 + 2q)2 - 4qai is not a square in 7Lp or

(ii) vp(a2) = 0 or (iii) vp(a1)  n/2, vp(a2)  n and f (T) has no root in 7Lp.
REMARKS. (i) The corresponding theorem for elliptic curves is given by
Waterhouse [Wa].

(ii) The conditions lall  4ql/2 and vp(a1)  n/2 in parts (a) and (c)
(iii) of Theorem 1.1 have the following consequences:
If n is odd and p  7, there are only the cases (ab a2) = (0, 0) and (0, ±q).

Then f(T) has no root in 7Lp.
If n is even, we just get (al, a2) = (0, 0), (0, - q) and (I ql/2, q). f(T) has no root

in 7Lp if and only if p ~ 1 mod 8, p ~ 1 mod 12 or p ~ 1 mod 5 respectively.

We want to decide whether an abelian variety of dimension 2 is isogenous to
the Jacobian variety of a curve. If the field of definition is algebraically closed,
this problem is solved in the following way: Every abelian variety is isogenous to
a principally polarized one. The principally polarized abelian variety has a

positive divisor whose self-intersection number is 2. Then by a Theorem of Weil
this divisor is either a curve of genus 2 or the sum of two positive divisors. In the
first case the abelian variety is isogenous to the Jacobian variety of that curve.

If the field of definition is not algebraically closed, the problem is more

complicated, because the isogeny mentioned above may not be defined over this
field.

We consider the case where the field of definition of the abelian variety is the

prime field 7L/p7L.

THEOREM 1.2. Let A be an abelian variety of dimension 2 over the prime field
k = 7L/p7L whose algebra Endk(A) ~ Q is a field, and let fA(T) = T4
+ a1T3 + a2T2 + a 1 pT + p2 be the characteristic polynomial of the Frobenius
endomorphism of A. We denote the integer ai - 4a2 + 8p by d.

If (a) (a2 + 2p)2 - 4pai is not a square in Q(d) and if (b) Z[a1/2 + d/2] is
equal to the ring of integers in Q(d), then A is k-isogenous to the Jacobian
variety of a curve over k of genus 2.

REMARKS. (i) The condition (a) of Theorem 1.2 is equivalent to the fact that
the field Endk(A) ~ Q is not a Galois extension of Q. This is an immediate

consequence of the following properties:
The field Endk(A) ~ Q is equal to Q(03C0A), the minimal polynomial of nA is fA(T)
which splits over Q(d) in a product (T2 - 03BB1 T + p) (T2 - 03BB2 T + p). The
product of the discriminants Ai - 4p and 03BB22 - 4p equals (a2 + 2p)2 - 4pa21.
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(ii) The following example shows that the condition (a) of Theorem 1.2 is

important: We take p = 2, a1 = 1, a2 = -1. Then Theorem 1.1 implies that the
polynomial T4 + T3 - T2 + 2T + 4 is equal to fA(T) of an abelian variety A
over Z/2Z of dimension 2. If we suppose that A is isogenous to the Jacobian
variety of a curve C, then the zetafunction exp(03A3~m=1 N m Tm/m) of C is equal to

The integers Nm are the number of points on C over extension fields of Z/2Z; in
particular we get 0  N1  N2. But in our example we evaluate Ni 1 = 4 and
N2 = 2. Hence A is not isogenous to a Jacobian variety. All the assumptions of
Theorem 1.2 except condition (a) are fulfilled.

(iii) But on the other hand this important condition (a) of Theorem 1.2 is not
a necessary condition: The curve y2 = X5 + X4 + 2X 2 - X + 1 over Z/5Z has
a zetafunction with al = 3 and a2 = 4. For this example (a2 + 2p)2 - 4pai is
equal to 16.

2. Background on Abelian Varieties

Let A be an abelian variety over the finite field k with q elements. We denote by
fA(T) the characteristic polynomial of the Frobenius endomorphism nA of A
over k. This polynomial determines A up to k-isogeny, i.e. two abelian varieties
A and B are k-isogenous if and only if fA(T) is equal to fB(T) ([T], Theorem 1).
The group of k-homomorphisms of abelian varieties A and B and the ring of k-
endomorphisms of A are denoted by Homk(A, B) and Endk(A). For a prime
number 1 which is different from the characteristic p of k one considers the Tate

module Tl(A) of A.
The Theorem of Tate ([T], Main Theorem) states that the 7L,-modules

Homk(A, B) Q Zl and HomGal(k/k)(Tl(A), Tl(B)) are canonically isomorphic. The
elements of the second module are those homomorphisms çi of the Zl-modules
T (A) and Tl(B) which satisfy ~lo (nA)l = (03C0B)l ° ~l where (nA), and (nB), are the
corresponding Frobenius endomorphisms on Tl(A) and Tl(B).

For the prime number p one considers the Dieudonné module M(A(p)) of the
p-divisible group A(p) corresponding to A ([O], Section 3). M(A(p)) is a module
over the ring a = W(k)[F, V], where W(k) is the ring of Witt vectors over k, F is
the absolute Frobenius and V is the Verschiebung (translation).
Analogous to the 1-adic case there is a canonical (contravariant) isomorphism

from Homk(A, B) Q 7Lp onto Homa(M(B(p)), M(A(p))). If k is the prime field
Z/pZ, then W(k) is equal to 7Lp and F is just the Frobenius endomorphism (03C0A)p
on M(A(p)). Then Homa(M(B(p)), M(A)p))) consists of those Zp-homomorphisms
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which commute with (nA)p and (nB)p’ This easy characterization is the reason for
the assumption on k in Theorem 1.2.
A classification of simple abelian varieties over k is given by the Theorem of

Honda-Tate ([T-H], Théorème 1):

The assignment A H ?LA gives a one-to-one correspondence between simple
abelian varieties over k (up to isogenies) and Weil numbers (these are algebraic
integers whose conjugates have absolute complex value q’ /2 ). Endk(A) (D 0 is a
division algebra with center Q(03C0A), it splits at each finite place prime to p, it does
not split at any real place and its invariant at a place p over p is given by

The dimension of A is equal to

From this we get immediately that the invariant at p equals vp(fi(0))/vp(q)
wherefi(T) is the irreducible monic divisor of fA(T) over Zp which corresponds
to p.

The key for a proof of Theorem 1.2 is a Theorem of Weil ([W], Satz 2):
Let A be an abelian variety of dimension 2. Consider a positive divisor D on A

whose self-intersection number (D, D) is 2. Then this divisor is either a curve of
genus 2 or the sum of two positive divisors. In the first case A is isomorphic to
the Jacobian variety of D, in the second case A is the product of two elliptic
curves.

The self-intersection number of a divisor D on A can be evaluated by the
Riemann-Roch Theorem ([M], 111.16):

Let (DD be the homomorphism from A to the dual abelian variety Â, which
assigns to x E A the point 03A6D(X) corresponding to the divisor class of T*xD - D.
Let x(D) be the Euler characteristic of the line bundle associated to D. These

quantities satisfy: deg (DD = X(D)2 and 2 · X(D) = (D, D).
Divisors on A are closely related with "skew-symmetric" homomorphisms

from A to Â:
For each prime number l (l ~ p) there is a non-degenerate bilinear mapping of

Zl-modules e’: Tl(A) x Tl(Â) ~ Zl satisfying the following properties (c.f. [M],
IV.20):

Let 9 be a homomorphism from A to B with dual homomorphism : À - Â,
then eBl(~lx, y) = e’(x, ly).

If A is defined over the finite field k with q elements, then the Frobenius

endomorphisms (nA)1 and (nÂ)1 on Tl(H) and Tl(Â) are compatible with, e’ by the
formula et«nA),x, (03C0Â)ly) = q. eAl(x, y). To each homomorphism ~: A ~ Â one
can associate a bilinear form E~l: Tl(A) x Tl(A) ~ Zl by Er(x, y) = et(x, ~ly).
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Hence a homomorphism ~: A ~ Â is defined over k if and only if E~l((03C0A)lx,
(03C0A)ly) = q · Eî (x, y).

Conversely let E, be a bilinear form on Tl(A) which satisfies El((03C0A)lx,
(03C0A)ly) = q · E,(x, y), then there is a Z,-homomorphism ~l from Tl(A) to Tl(Â)
which commutes with (03C0A)l and (03C0Â)l such that El(x, y) = eAl(x, ~ly). By the
Theorem of Tate 91 can be approximated by k-homomorphisms from A to Â.
The corresponding statements are true for the prime number p if one takes the

Dieudonné modules M(A(p)) and M(Â(p»,- for details we refer to [O], Section 3.
These considerations can be used to construct a divisor on an abelian variety:
The bilinear form ET of a homomorphism ~ = 03A6D is skew-symmetric.

Conversely let ~: A --+ A be a k-homomorphism such that the corresponding E~l
is skew-symmetric (skew-symmetric modulo lN), then the divisor D = (1 x ~)*P
where P is a Poincaré divisor on A x A satisfies 2 ’ ç = 03A6D (2 ’ ~ ~ 03A6D mod lN).
For a proof we refer to [M], IV. 20, Theorem 2 and [O], Proposition 1.15.

There is a Poincaré divisor which is defined over k, therefore the divisor D has
also k as a field of definition.

We recall that a divisor D is defined over k, if D can be given locally by
equations with coefficients in k. Another characterization is the following: D is
defined over k if and only if Q(D) = D for each automorphism a of the Galois

group of k (c.f. [R], Lemma 4, especially the last step in the proof).

3. Proof of Theorem 1.1

The theorem of Honda-Tate (c.f. §2) shows that the set of polynomials fA(T)
belonging to abelian varieties A over k of dimension 2, whose algebra
Endk(A) (D 0 is a field, is equal to the set of irreducible monic polynomials f(T)
of degree 4, whose roots are Weil numbers and where in addition vp(fi(0))/n is an
integer for each irreducible monic divisor fi(T) of f (T) over Op.
LEMMA 3.1. f(T) is an irreducible monic polynomial of degree 4 in Z[T], whose
roots are Weil numbers, if and only if f(T) = T4 + al T3 + a2T2 + alqT + q2
with integers al and a2 satisfying:

Proof. Let f (T) be an irreducible polynomial of degree 4 in Z[T], whose roots
are Weil numbers. Since the roots are permuted by complex conjugation, they
are of the form 03C01, q/03C01, n2, q/n2’ Hence f (T) = T4 + a1 T3 + a2T2 + ai q T + q2
with integers a and a2; we get lall  4ql/2.
The elements À1 = nI + q/03C01 and À2 = 03C02 + q/n2 are distinct real numbers

and zeros of T2 + a 1 T + a2 - 2q, whose discriminant a i - 4a2 + 8q is positive;
this yields a2  ai/4 + 2q. From f(T) = (T2 - 03BB1 T + q)(T2 - À2 T + q) we see
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that this discriminant is not a square in 7L, since otherwise f (T) would be
reducible in 7L[T].
The formulas IÂ1-Â21 + lÂl + 03BB2| = 2·max{|03BB1|, |03BB2|}  4q1/2, IÂI-Â212=

ai - 4a2 + 8q and |03BB1 + Â21 = lall give the inequality a2 &#x3E; 2lallql/2 - 2q.
Conversely let f(T) = T 4 + a1T3 + a2T2 + a1qT + q2 be a polynomial with

properties (a) and (b). The inequalities in (a) show that the elements

03BB1 = -al/2 + (ai/4 - a2 + 2q) 1/2 and 03BB2 = -al/2 - (ai/4 - a2 + 2q)1/2 are

distinct real numbers with |03BB1|, IÂ21  2ql/2. We also get the decomposition
f(T) = (T2 - Â1 T + q)(T 2 - 03BB2T+ q).

Let ni, q/03C0i be the zeros of T2 - 03BBiT + q, then easy calculations prove that
Inil | = |q/03C01| = q1/2 . Hence the roots of f(T) are Weil numbers.
f(T) is irreducible in Z[T], because ai - 4a2 + 8q is not a square in 7L. D

LEMMA 3.2. Let f(T) = T4 + al T3 + a2T2 + alqT + q2 be a polynomial in
7L[T]. Then vp(fi(O»In is an integer for each irreducible monic divisor fi(T) of f(T)
over Q p if and only if one of the following conditions is satisfied:

Proof. We consider the Newton polygon of the polynomial f(T) over Qp. This
polygon is the lower convex envelop of the points (0, 2n), (1, vp(al) + n),
(2, vp(a2)), (3, vp(a1)) and (4, 0), and its shape leads to a decomposition of f(T)
over Op (see e.g. [We], §3). We distinguish three cases (each case corresponds to
a formal isogeny type of the p-divisible group of an abelian variety of dimension
2, c.f. [Ma]).

Case 1. The point (3, vp(a1)) is a vertex of the polygon:
This is equivalent to vp(al)  n/2 and vp(a2) &#x3E; 2vp(al). We get the decomposition
f(T) = (T - rxl)(T - a2)(T - a3)(T - a4) with vp(al) = vp(al) and

vp(a4) = n - vp(al). In addition the polynomials T - al, (T - a2)(T - a3) and
T - a4 are in Qp[T]. Hence all the numbers vp(fi(0))/n are integers if and only if
vp(al) = 0, vp(a2)  n/2, (T - a2)(T - a3) is irreducible over Op. The latter is

equivalent to condition (i), because f(T) is equal to a product
(T2 - 03BB1T + q)(T2 - Â2T+ q) with (03BB21 - 4q)(Â2 - 4q) = (a2 + 2q)2 - 4qa21 (c.f.
the proof of Lemma 3.1).

Case 2. The point (3, vp(a1)) is not a vertex, but (2, vp(a2)) is a vertex of the
polygon:

This is equivalent to vp(a2)  n and 2vp(a1)  vp(a2).
Then f(T) can be decomposed in (T - al)(T - rx2)(T - a3)(T - a4) with

vp(a1) = vp(a2) = vp(a2)/2 and vp(a3) = vp(a4) = n - vp(a2)/2. The two quadratic
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polynomials (T - oc,)(T- rx2) and (T - a3)(T - a4) are in Qp[T].
Here we get that all the numbers vp(fi(O»In are integers if and only if

vp(a2) = 0.

Case 3. The Newton polygon of f(T) is a straight line:

This is equivalent to vp(a1)  n/2 and vp(a2)  n. We get f(T) = (T - al)
(T - a2)(T - a3)(T - a4) with vp(ai) = n/2. In this case the additional condition is
that f(T) has no root in Zp. D

Lemma 3.1 and Lemma 3.2 give a proof of Theorem 1.1.

4. Some Lemmas

The basic idea of the proof of Theorem 1.2 is to construct a positive divisor on
an abelian variety with self-intersection number 2 which is defined over the field
of definition of the abelian variety. We present some lemmas which will lead to
the construction of such a divisor.

From now on let k denote the prime field Z/pZ.
The lemmas are true for an arbitrary finite field, whenever the prime number p

is not involved, but for sake of simplicity we do not distinguish these cases.

LEMMA 4.1. Let A be an abelian variety over k of dimension g. For a given basis
on the Tate module Tl(A) (the Dieudonné module M(A(p)) if 1 = p) let FI be the
matrix of the Frobenius endomorphism (03C0A)l.
Suppose M is a non-singular (2g x 2g)-matrix with coefficients in Zl such that the

coefficients of M -1FFIM are also in Zl. Then there are a k-isogeny ~: B ~ A
(9: A B if 1 = p) of degree lvz(detM) and a basis of Tl(B)(M(B(p)) if 1 = p) such
that has the matrix M. And the matrix M-1FIM corresponds to the Frobenius
endomorphism (n,),.

Proof. We consider the finite subgroup U = M · Tl(A)/lvl(det M) · %(A), if l ~ p.
Otherwise let U be the finite commutative group scheme corresponding to the

a-module M(A(p»)/M. M(A(p)) (c.f. [0], Theorem 3.14). Since the coefficients of
M -1 1FlM are in Z,, the canonical isogenies A ~ A/ U and A/U - A are defined
over k. The isogeny A/U ~ A (A - A/U if l = p) fulfills the properties of the
lemma. D

With the next lemma we can construct a divisor on an abelian variety with a
given local behaviour.

LEMMA 4.2. Let A be an abelian variety over k of dimension 2. We assume that
the characteristic polynomial fA(T) is irreducible over Z. Suppose that S is a finite
set of prime numbers. Then we get a k-isogeny B ~ A where B satisfies the
following properties: There are a divisor D on B which is defined over k and a k-
homomorphism 9: B ~ Û whose degree is prime to S, such that 03A6D = 2 · ~.
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Proof. We may assume that 2 is contained in S.

(i) Suppose that B is an abelian variety over k with the following properties:
For each 1 ES there is a Zl-homomorphism fl: Tl(B) ~ Tl() (M((p)) ~

M(B(p)) if 1 = p) with

(a) fz 0 (03C0B)l = (03C0)l 0 fz (fp o (03C0)p = (03C0B)p o fp if 1 = p),
(b) the bilinear form (x, y) ~ eBl(x, fly) is skew-symmetric,
(c) det(/i) is a unit in Zl.

Then by the Theorem of Tate (c.f. §2) we get for each 1 E S a k-homomorphism
(1): B such that ~(l)l = f mod l2. The bilinear form E9(’) is skew-symmetric
modulo l2. Thus there is a divisor D(l) which is defined over k such that

2 · ~(l) ~ 03A6D(l) mod l2 (c.f. 92).
Now we take

D is defined over k and satisfies

Since 2 E S, we see that there is a k-homomorphism ~: B ~ B with (D, = 2 · ~. In
addition the degree of 9 is prime to S.

(ii) We have to find an abelian variety B and Zl-homomorphisms fl with
properties (a), (b) and (c):

In terms of matrices we have to find matrices MI with coefficients in Zl with
(c.f. the properties of eBl)

(à) Fr MIFI = p · Ml, where F, is the matrix to (03C0B)l,
(6) MI is skew-symmetric,
(ê) det Ml is a unit in Z,.

If F, on Tl(A) (M(A(p)) if l = p) has a "simple" form, we can take B = A and give
MI directly. Otherwise we change A to an abelian variety B over k by applying
Lemma 4.1, this moves F, to a matrix of the form M -1 ’F,M. Since the degree of
the isogeny A - B in Lemma 4.1 is a power of l, the Tate modules (Dieudonné
module) at other prime numbers are not changed. We apply this procedure for
each l E S, hence we get an abelian variety B over k of dimension 2, where for
each l E S the matrix F, has a "simple" form.
We distinguish several cases which depend on the factorization of fA(T) over

ZI. In each case we give a "simple" form for F, and a matrix MI with properties
(à), (b) and (ê). The details are easy to verify.
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Case 1.

Case 2.

Case 3. 

Case 4.

We assume that

Case 5.

This proves the lemma.
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The next lemma de scribes the decomposition into irreducible components of the
Tate module and of a bilinear form on it.

Let A be an abelian variety over k. For a prime number 1 we consider the

factorization f, (T) = 03A0ifi(T) over Zl with irreducible polynomials fi(T).
For each f (T) we define (03C4fi)(T) = (1/fi(0))fi(p/T)Tdeg fi(T). Since all the roots

of fA(T) are Weil numbers, (03C4fi)(T) is also an irreducible divisor of fA (T).
It is not difficult to prove:

LEMMA 4.3. Let 1 (1 ~ p) be a prime number which does not divide the

discriminant of fA(T).
There is a decomposition of the Tate module Tl(A) = ~i Tl(A)(fi) as a Zl [(03C0A)l] -

module where each Tl(A)(fi) is isomorphic to Zl[T]/fi(T). Let El: Tl(A) x Tl(A) ~
Zl be a skew-symmetric bilinear form which satisfies El((03C0A)lx, (03C0A)ly) = P · El(x, y)
and det El ~ 0. Then we get:

(i) El | Tl(A)(fi) x Tl(A)(fj) = 0 if fj(T) ~ (03C4fi)(T),
(ii) El 1 Tl(A)(fi) x Tl(A)(03C4fi) = lmi - El(fi) where mi  0 and El(fi) is a bilinear form

over Zl on Tl(A)(fi) x Tl(A)(03C4fi) with vl (det El(fi)) = 0.
(iii) vl(det El) = Li mi. deg,h(T). ~

We want to use Lemma 4.3 to change a given divisor. Let D be a divisor on an
abelian variety A and let t/J: B - A be an isogeny, then the definition of the dual
isogeny : Â ~ Ê yields that 03BF03A6D03BF03C8 = 03A603C8*D. With the next lemma we find
suitable isogenies for that procedure.
LEMMA 4.4. Let A be an abelian variety over k. We consider a divisor D on A
which is defined over k and a k-homomorphism ~: A ~ Â with 2 wp = 03A6D.
For a prime number 1 (l ~ p) which does not divide the discriminant of fA(T) we

fix an irreducible divisor fi(T) of fA(T) over Zl. Then there is a k-isogeny 03C8: B ~ A
whose degree is a power of 1 such that the bilinear forms ET and E°~°03C8l satisfy:
(i) El ° ~ 11 | Tl(B)(fj) x Tl(B)(03C4fj) ~ ET | Tl(A)(fj) x Tl(A)(03C4fj), if fj(T) ~ fi(T) and

fj (T) ~ (03C4fi)(T).
(ii) E03BF~03BF03C8l | Tl(B)(fi) x Tl(B)(03C4fi) la ET | Tl(A)(fi) x Tl(A)(03C4fi), where ô = 1 if

(03C4fi)(T) ~ fi(T) and ô = 2 if (03C4fi)(T) = fi(T).
Proof. In view of the decomposition Tl(A) = EB j Tl(A)(fj) of Lemma 4.3 we

consider the diagonal matrix M which de scribes the identity on Tl(A)(fj) (if
fj(T) ~ fi(T)) and the multiplication by 1 on Tl(A)(fi).

If F, is a matrix of (03C0A)l respecting the decomposition of Tl(A), we get
M-1 F,M = Fi . Therefore Lemma 4.1 yields a k-isogeny t/J: B ~ A such that t/J, is
given by M.

Let Me be the matrix of the bilinear form E9, then MT MT M corresponds to
E03BF~03BF03C8l. The evaluation of the matrix multiplication proves the lemma. ri

With Lemma 4.4 we try to change a k-homomorphism (p: A ~ Â by a k-
isogeny tjJ: B - A such that the new bilinear form E°~°03C8l has the same value l’
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on each part T,(B)(h) x Tl(B)(03C4fi) (c.f. Lemma 4.3). If we succeed, then  03BF ~ 03BF is
of the form lm. fp, where fp: B -  is a k-homomorphism whose degree is prime to
1.

Only those divisors fi(T) of fA(T) with (03C4fi)(T) =fi(T) might cause some
trouble, in all other cases we can take ô = 1 in Lemma 4.4. For two-dimensional
abelian varieties a case-by-case examination of the possible decomposition of
fA(T) (like in the proof of Lemma 4.2) yields the following:

LEMMA 4.5. Let A be an abelian variety over k of dimension 2, and let 9: A - Â
be a k-homomorphism with 2 · qJ = 03A6D for a divisor D on A. For a prime number 1
(l ~ p) which does not divide the discriminant of fA(T) we consider the decom-
position in irreducible factors fA (T) = 03A0ifi(T) over Zl.

If (i) the decomposition is differentfrom (T2 - 03BB1 T + p)(T2 - 22 T + p) or if (ii)
the decomposition is (T2 - 21 T + p)(T2 - 22 T + p) and in addition the matrix of
Er is of the form

such that v,(a) - vl(f) is an even integer, then we get a k-isogeny 03C8: B - A, whose
degree is a power of l, and a k-homomorphism fp: B ~ Ê, whose degree is prime to l,
with 03BF~°03C8 = lm. fp. D

We want to give an example:
Suppose fA(T) = (T2 - 03BBT + p)(T - a)(T - (p/a)) is the decomposition in

irreducible factors. Then there is a basis of Tl(A) such that the Frobenius
endomorphism (nA)l is given by

Let
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be the matrix of ~: A ~ A. Following Lemma 4.4 we take

and find a k-isogeny 03C8: B - A with

Hence Í/1 0 ~03BF03C8 = l · Ç where the degree of (’p: B --+ Ê is not divisible by 1.

On the other hand if the difference vj(a) - vl( f ) in Lemma 4.5(ii) is odd, there
is no way to find a k-homomorphism (’p with this procedure. Before we can apply
Lemma 4.5, we have to change this difference to an even number by a different
method.

LEMMA 4.6. Let A be an abelian variety over k with an irreducible polynomial
fA(T) over Z. We consider a divisor D on A over k and a k-homomorphism qJ: A ~ Â
with 2 · ~ = (D,. Let 03B5 ~ Endk(A), then we get:

(i) Then there is a divisor De on A over k with 2. qJ 0 B = 03A6D03B5 if and only if
BE Q(nA + (p/03C0A)).

(ii) If e E 0(7[A + (p/03C0A)), then the Euler characteristic x(D,) of De is equal to

N Q(1tA + p/03C0A)/Q(03B5) · x(D)·

Proof. (i) Let l(l ~ p) be a prime number. There exists a divisor D, on A over k
with 03A6D03B5 = 2 · qJ 0 e if and only if the bilinear form E~03BF03B5l is skew-symmetric (c.f. §2).
The endomorphism e is a polynomial 9(nA) in nA, because fA(T) is irreducible
over Z. Since E9 is skew-symmetric and defined over k by assumption, the form
E~03BF03B5l is also skew-symmetric if and only if g(nA) = g(p/nA). The latter condition is
equivalent to 03B5 ~ Q(03C0A + (p/03C0A)).

(ii) Since the degree of 03B5 is equal to the norm NQ(03C0A)/Q(03B5), the Riemann-Roch
Theorem implies ~(D03B5)2 = (NQ(03C0A+p/03C0A)/Q(03B5)·X(D))2. The two functions X(D,) and
NQ(03C0A + p/03C0A)/Q(03B5) are homogenous polynomials in e. This yields the formula for
~(D03B5).

Let l (l ~ p) be a prime number where the polynomial fA(T) has the decom-
position (T2 - À1 T + p)(T2 - Â2T+ p) over Zl. The difference v1(a) - vl( f ) (c.f.
Lemma 4.5(ii)) of a k-homomorphism ~: A - Â may be odd.
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If we find an endomorphism 03B5 ~ Q(03C0A + (p/03C0A)) whose norm is exactly divis-
ible by an odd power of l, then qJ 0 E satisfies condition (ii) of Lemma 4.5, i.e. the

corresponding difference is even. Of course the degree of 9 - e should not contain
new prime numbers where Lemma 4.5 is not applicable. The existence of E is
guaranteed by the next lemma.

LEMMA 4.7. Consider an abelian variety A which satisfies the assumptions of
Theorem 1.2. Let S be afinite set of prime numbers and in addition let 1 be a prime
number (l ~ 2, 1 ~ p, le S) such that the decomposition of fA(T) in irreducible
factors over Zl is equal to (T2 - 03BB1 T + p)(T2 - À2 T + p).

Then there is an endomorphism 03B5 ~ Endk(A) n 0(n, + (p/nA)) whose norm

NQ(03C0A + p/03C0A)/Q(03B5) is prime to S and equal to 1. (03A0i pi) · a2, where a is an integer and
where pi are prime numbers such that fA(T) has a root in ZpI.

Proof. Like in Theorem 1.2 we denote the integer a’ - 4a2 + 8p by d, let in
addition e = (a2 + 2p)2 - 4pai. Then 0(n, + (p/nA)) is equal to Q(d). By
assumption (a) of Theorem 1.2 the integer e is not a square in Q(d). A
consequence of assumption (b) is that the ring of integers in Q(d) is equal to
Endk(A) n 0(nA + (p/03C0A)).

In view of these remarks the problem can be reduced to find an element in

Q(d) whose norm is 1. (03A0i Pi).
Let do and eo be the squarefree parts of the positive integers d and e.

If a prime number pi satisfies (d0 pi) = 1, then T is equal to

Since e = (03BB21 - 4p)(03BB22 - 4p), the additional condition (e0 pi) = -1 yields that
one of the two quadratic polynomials splits over 7Lpz. The prime number l

satisfies (d0 l) = (e0 l) =1.
Let do = q1 ····· qr be the decomposition in prime factors. Since e is not a

square in Q(d), eo is différent from 1 and do.
If eo is not a divis or of do, we choose a prime number pi with the following

conditions:

Since these conditions are independent, there are infinitely many p1 satisfying

them. We set do = 1 and (e0 p1) = - 1. Using the Hilbert symbols it is not

difficult to show that l · p1 is norm of an element in Q(d).
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If eo is a divisor of do, we may assume that eo = q1 ····· qs with s  r. Now we

choose prime numbers PI and p, with the conditions:

There are infinitely many p 1 and p,, and they satisfy

The calculation of the Hilbert symbols shows that l · p1 · p, is norm of an element
in Q(Jd). 0

5. Proof of Theorem 1.2

Let again k be the prime field with p elements.

Step 1. We choose a finite set S of prime numbers containing 2, p and all the
divisors of the discriminant of fA(T).

Applying Lemma 4.2 there is a k-isogeny Al ~ A, a divisor D 1 on A over k
and a k-homomorphism ~1:A1 ~ Â1, such that 2 · ç 1 = (D,, and deg 9 1 is prime
to S.

We may assume that x(D 1 ) &#x3E; 0, because otherwise we change çi 1 by an
endomorphism e whose norm is negative (c.f. Lemma 4.6).

Step 2. Each prime divisor of deg (pi does not divide the discriminant of fA(T).
The only prime numbers 1 which do not satisfy the assumptions of Lemma
4.5 are those where fA(T) has the decomposition (T2 - 03BB1 T + p)(t2 - 03BB2T + p)
over Zl and where vl(deg ~1) ~ 2 mod 4 (i.e. the difference vl(a) - vl(f) in

Lemma 4.5(ii) is odd). For each 1; (i = 1, ... , r) with these conditions we find
by Lemma 4.7 an endomorphism 03B5i ~ Endk(A1) n 0(nA + (p/03C0A)) with norm

NQ(03C0A + p/03C0A)/Q(03B5i) = li · (03A0ipij) · a2i, where fA(T) has a zero in ZpiJ. We apply
Lemma 4.6 and get a k-homomorphism (Pl = ~1 03BF £ 03BF ··· 03BF £r and a divisor D 1 on
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A over k with 2 · 1 = 03A61, such that deg (Pl contains only prime numbers for
which Lemma 4.5 is applicable.

Step 3. Let 1, be a prime divisor of deg (P 1. By Lemma 4.5 there is a k-isogeny
t/Jl:A2 --+Ab whose degree is a power of l1, such that 1 03BF 1 03BF 03C81 = lm11 · ~2,
where the degree of the k-homomorphism qJ2: A2 --+ Â2 is not divisible by li.

In addition 2 · qJ2 = 03A6D2, where D2 is a divisor on A2 over k with Z(D2) &#x3E; 0 (c.f.
§2 and [M], III. 12, Theorem 2).

Since deg 03C8 1 and deg §i 1 are powers of 11, nothing is changed at other prime
numbers. Then we take the next prime divisor l2 of deg ~2 and repeat the same
procedure.

Finally we get a k-isogeny 03C8: B - A1 (03C8 = 03C8s 03BF···03BF 03C81), a divisor E on B over k
and a k-homomorphism ~: B ~ B, such that 2 · ç (DE and deg 9 = 1.

Step 4. Since 2 · ç = (DE, there is a divisor E on B with 2 ·  ~ E and 9 = 03A6
([M], IV. 23, Theorem 3). With the Riemann-Roch Theorem we evaluate:
(E, E) = 2 · ~() = 2.

Unfortunately the divisor E may not be defined over k.
Without loss of generality we assume that E is positive (either E or - E is

ample, because x(E) = 1).
Let 03C3 be the generator of the Galois group Gal(Kjk). The mapping

Gal(k/k) ~ Pic0(B) =  with 03C3m ~ 03C3m -  is a 1-cocycle, because

2 · (03C3 - ) ~ 03C3E - E ~ 0.
Since H1(Gal(k/k), Ê) = 1 (c.f. [L]), there is a b ~  with 03C3 -  =  - 03C3. We

choose b E B with  = T*b -É.
Let D be the divisor Tt E, then we get 03C3D ~ D.
This implies 6D = D, because D is positive with x(D) = 1. Hence D is defined

over k and (D, D) = 2 (c.f. §2).
In view of Weil’s Theorem (c.f. §2) D is either a curve of genus 2 or the sum of

two elliptic curves.
In the second case the abelian variety A is isogenous over the quadratic

extension of k to the product of two elliptic curves. But then the reducibility of
the characteristic polynomial of n2 yields that the integer (a2 + 2p)2 - 4paf is a
square in Z.

Hence the assumptions of Theorem 1.2 imply that A is k-isogenous to the
Jacobian variety of the curve D.
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