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Introduction

Jacobians of curves and Prym varieties of curves with an involution with-
out fixed points are the best studied principally polarized abelian var-
ieties. Tjurin introduced in [13] a very natural generalization of Prym
varieties. Instead of considering automorphisms of curves C, he focused on
symmetric correspondences D E Div (C x C), which induce endomor-
phisms of the Jacobians i : J(C) ~ J(C) satisfying a quadratic equation
(i - 1)(i + q - 1) = 0 for some interger q  2. The generalized Prym (or
Prym-Tjurin) variety is defined by P(C, i ) = (1 - i)J(C) (see Section 1 for
details). This situation appears in the study of curves of "lines" on simply
connected threefolds whose Kodaira dimension is equal to - oo . In this case
the incidence correspondence usually satisfies the condition above, and the
Prym-Tjurin variety is isomorphic to the intermediate Jacobian [3, 7, 11, 13].
The starting point in the study of Prym varieties is the remark that if a:

X - X is an involution without fixed points and 0 is a divisor on J(X)
inducing the canonical polarization, then 0 - P(X, 03C3) ~ 2" where 3 induces
a principal polarization on P(X, a). Bloch and Murre were the first to study
the problem: when does an equality

hold for some divisor 3 inducing a principal polarization on the Prym-
Tjurin variety P(C, i ). They considered the case that C is a curve of "lines"
on some threefold and found a criterion in terms of the Abel-Jacobi map,
which is defined only in this case [3]. Recently G. Welters proved that every
principally polarized Abelian variety is isomorphic to some principally
polarized Prym-Tjurin variety [16]. This result suggests a natural approach
to the understanding of the geometry of principally polarized abelian var-
ieties, namely a study of particular correspondences on algebraic curves
satisfying the conditions above. 
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The main result of our paper (Theorem 3.1 a) is that (*) holds if the
correspondence is effective and without fixed points (i.e., Supp(D) n
A = 0 where A c C x C is the diagonal). This result is used in an

essential way in the calculation of the intermediate Jacobians of threefolds
with a pencil of Del Pezzo surfaces [7]. Another result (Theorem 3.1 b, c) is
that for any theta divisor  (defined above on P(C, i ) up to translation)
there exists a theta divisor 0 c J(C) such that  is contained in the locus
of singular points of multiplicity q in 0 and 8. P(C, i ) = q. Using
this we obtain more precise information about  (Theorem 5.1). We also
prove a criterion characterizing Prym-Tjurin varieties, which generalizes
Masiewicki’s criterion for Prym varieties [14] and is analogous to

Matsusaka’s criterion for Jacobi varieties [15].
Finally we give two examples of Prym-Tjurin varieties and discuss their

connection with the intermediate Jacobians of threefolds with a pencil of
Del Pezzo surfaces. The first one is a generalization of a construction of
Recillas [12]; in this case P(C, i ) is isomorphic to a certain Jacobian. The
second one is closely related to the tetragonal construction of Donagi and
its generalization by Beauville [2, 5]. Here P(C, i ) is isomorphic to a certain
Prym variety.
Throughout the paper we assume that the ground field k is algebraically

closed. Restrictions on char (k) will be later imposed.

Notation and conventions

X* - dual variety of an Abelian variety X; ’h: Y* - X* - dual homomor-
phism of h: X ~ Y; nX: X ~ X - the homomorphism nX(y) = ny; tu:
X ~ X - the translation map tu(y) = y + u; 0398-u = 0398 - u = t*u0398 -
translate of a divisor 0 E Div (X) by a point - u; 0398-u - divisor equal to
((-1)*0398) + u; 03BB0398: X ~ X* - polarization induced by a divisor 0,
03BB0398(u) = Cl (0398-u - 8); TY Y - Zariski tangent space to Y at x E Y; - -
linear equivalence; ~ - algebraic equivalence; == - numerical equivalence;
Pic C - group of linear equivalence classes of divisors on a curve C; tD - the
pull-back of D E Div (CI x C2) by the map a: C2 x C1 ~ CI x C2, where
03C3(x, y) = ( y, x); D(z) - the linear equivalence class of divisors on C2 equal
to 03C02*(03C0*1(z) · D), where z is a linear equivalence class on a curve Ci.

Let z be a divisor on Ci. Let ui , u2 be divisors and v, , v2 be linear equiv-
alence classes of divisors on C2. The equality ul + vl - u2 + V2 + D(z)
means Cl (u1) + vi = Cl (U2) + V2 + D(CI (z)).

If L is a divisor on C, then H0(C, L) is the same as H0(C, DC(L)). If G =
Cl (L), then h0(C, Y) is the same as dimkW(C, 2c(L».
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The expression "Let O be a theta divisor on X" means that we have
already defined a principal polarization on X and 0 is one of the effective
divisors which induce it.

1. Definition and some properties of Prym-Tjurin varieties

(1.1) Let C be a nonsingular (possibly reducible) curve, C == Uns=1 Cs, CS its
irreducible components. The Jacobian of C, J = J(C), is isomorphic to the
product J(Cl) x ... x J(Cn). We shall identify Js = J(Cs) with the sub-
variety 0 x ...  O  Js  0  ··· 0 of J. Let D ~ Div (C x C) =
~ns,t=1 Div (C, x C,), D . 03A3ns,t=1 Dst. The correspondences Dst define endo-
morphisms ist : J, ~ Jt by ist(z) = Dst (z). The matrix (ist) defines an endo-
morphism i : J - J as follows: if z = (z1 ,..., zn), then i(z)t = 1n. s ist(zs).

(1.2) Assumption I. Let the endomorphism i satisfy the equation

where q is an integer  2 such that char (k) does not divide q.

(1.3) DEFINITION. The Abelian variety

is called Prym-Tjurin variety.
Endomorphisms satisfying (1.2) were studied by Tjurin [13], Bloch and

Murre [3] and the author [6]. We shall briefly recall some definitions and
results of [3]. We introduce the Abelian subvariety B = (i + q - 1)J and
denote P(C, i) by P. The following properties are proved in [3]: B + P = J;
B ~ P c Jq (points of order q); i|B = 1 B ; i|p = (1 - q)1P: Denote by ps:
J ~ Js the projection. Let OS be a theta divisor on J,, which determines the
canonical polarization of Js (0, is defined up to translation). The divisor
0 = 03A3ns=1p*s0398s induces the canonical principal polarization of J. We intro-
duce the maps 03C4: B x P ~ J,jb:B ~ J, jp : P ~ J, where T(X, y) = x + y,
and jb, jp are the embeddings. The pull-back of the polarization Àe by T, jb
and jp is defined by
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Recall that the Rosati anti-involution of End (J) is defined by 03C3 ~ 03C3’ =
03BB-1039803BFt03C303BF03BB0398[10].

(1.4) Assumption II. For any s, t, 1  s, t  n there exist divisors

ast E Div (Cs), bst E Div (Ct ) such that

PROPOSITION 1.5. Assume i is an endomorphism of J satisfying (1.2). Then
there exist divisors Dst E Div (C, x C,) s, t = 1, ... , n which induce i as in

(7.7) and the following conditions are equivalent:
i) (1.4)

ii) 03C4*0398 ~ ib*0 x P + B x ip*8 (cf. [3])
iii) (1 - i)’ 03BF (i + q - 1) = 0
iv) i = i’ .

Proof. The endomorphism i is given by a matrix (ist ) of homomorphisms ist :
J(Cs) ~ J(Ct). The first statement of (1.5) and the equivalence i) ~ iv)
follow from the well known facts that any homomorphism between two
Jacobians of complete, irreducible, nonsingular curves h: J(X) ~ J( Y) is
induced by some correspondence Z E Div (X x Y), that Z’ and Z induce
the same homomorphism h if and only if Z’ ~ Z + a  Y + X x b for
some divisors a E Div (X), b E Div (Y) and that the dual homomorphism
‘h: J(Y) ~ J(X) is induced by ’Z (see [9] pages 155, 126, 127).

ii) ~ iii): We have the decomposition

Now, ii) is equivalent to y = 0 = £5 which in turn is equivalent to

(i + q - 1)’ 03BF(1 - i) = (1 - i)’ 03BF (i + q - 1) = 0
iv) ~ iii): This is obvious.
iii) ~ iv) (the argument that follows is suggested to the author by the

referee): The equality (1 - i)’(i + q - 1) = 0 implies 1 - i’ = 0 on B.

Condition iii) implies (i + q - 1)’(1 - i ) = 0, so i’ + q - 1 = 0 on P.

Thus i’ = 1 on B and i’ = 1 - q on P, therefore i’ = i. Q.E.D.

PROPOSITION 1.6. Let D E Div (C x C) satisfy (1.2) and (1.4). Then
there exist principally polarized Abelian varieties (Po, ), (X, 8x) and
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homomorphisms 03C3, j, f.1, al, il, 03BC1

satisfying the following properties:
a) j*0398 ~ q and j*10398 == q8x
b) the following equalities hold :

REMARK. The choice of Po and X is not unique in general (see (1.6.4)).

Proof of (1.6). We shall prove the existence of Po, 3, a,J and f.1. The part
concerning X can be proved by similar arguments.
We first sketch the proof in case k = C. Let J = VJ/^J, P = Vp/Ap and

let Ep be the restriction on Vp of the canonical Riemann form of J(C) (i.e.
that induced by the intersection form - ( , ): H, (C, Z) x Hl (C, Z) - Z).
Let ̂ *P be the dual lattice of Ap. Then qA* ~ ^P. The existence of P0, j, 03BC
satisfying (1.6) is equivalent to the existence of a lattice Ao such that
Ao c Ap and the restriction of E’ = (1/q)EP on Ao is unimodular. These
lattices are in one-to-one correspondence with those for which qA* c
Ao c Ap and A./qA* is a maximal isotropic subgroup of Ap/qAj with respect
to the skew-symmetric bihomomorphism exp (203C0iE’). The homomorphism
03C3 is that induced by 1 - i*. This is well-defined since (1 - i*)^J c qA;.

Let us consider now the general case. Let L E jp Cl (0) and o - 03BBL:
P ~ P* be the induced polarization. It is proved in [3] that Ker Q c Pq. Let
us consider the map ~: P* - P defined as follows: if y E P* and y = Q(x),
then cp(y) = qx. This is well-defined since Ker Q c Pq .

(1.6.1) LEMMA. The map cp is a regular homomorphism and CP°(2 = qp,
(2 ° cp = qP*.

Proof. Let 03C01, 03C02 be the projections of P x P* onto the corresponding
factors and F c P x P* be the graph of (2. Let 03931 = (qp x 1P*)0393. The
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morphism 03C02|03931: 03931 ~ P* is an isomorphism since Ker (2 c Pq, n21r is

separable and n21r = (03C02|03931) · (qP  1P*). By definition

Let v: P’ ~ P be an isogeny and (2’ = t03BD03BF (2 0 v be the induced polarization.
If Ker Q’ c P’q, then one can define ~’: P’* ~ P’ as above.

(1.6.2) LEMMA. Ker Q’ c Pg if and only if 9 = v 0 h 0 tv for some homo-
morphism h: P’* ~ P’. Moreover h = cp’. There exists a principal polar-
ization 03BB’ : P’ ~ P’ * such that (2’ = qÀ’ if and only if Ker (2’ c P’q and ~’ is
an isomorphism.

Proo, f : If Ker Q’ c P’q, then cp = v 0 ~’ 0 tv by the definition of cp. Let

9 = v 0 h 03BF tv. We claim that ho (2’ = qp,. Indeed

Hence Im (h(2’ - qP’) c Ker v, hence h(2’ = qp,. It is clear now that

Ker (2’ c P’q. To prove the last statement of (1.6.2) note that if ç’ is an
isomorphism we can put = ~’-1, and by definition g’ = q03BB’. Hence
Ker (2’ = P’q, so 03BB’ is equal to some principal polarization [10].

(1.6.3) LEMMA. There exists a divisor M on P* such that ~ = ÀM via the
isomorphism P** ~ P.

Proof. Consider the divisor qL on P. We have 03BBqL = q03BBL = ÀL 0 qp =
03BBL03BF~03BF03BBL (1.6.1) =03C403BBL03BF~03BF03BBL via the identification P** = P [10]. Con-
sider K(qL) = Ker ÂqL and the skew-symmetric bihomomorphism eqL :

K(qL) x K(qL) ~ k* (ibid. §23). The required divisor M exists if

Ker ÂL c K(qL) is isotropic. If x, y E Ker ÀL c Pq, then

We can construct Po, f.1, i in the following way. Choose H c K(M) =
Ker 03BBM to be a maximal isotropic subgroup with respect to eM. Let Pô =
P*/H and t f.1: P* ~ Pô be the quotient map. Now, let P0 = P**0, 03BC be the
dual of t f.1 and j = jp 03BF f.1. It is proved in ([ 10], §23) that there exists a principal
polarization ~0: P*0  Po such that cp = 03BBM = 03BC03BF~003BFt03BC. From (1.6.2) it



249

follows that 9. 1 = À3, where À3 is a principal polarization of Po and
J*8 = 03BC*03BFj*p0398 = 03BC*L = qw. It remains to construct a. Let 03C3’ = Jp 0 Àe:
J - P*.

Claim. ~03BF03C3’ = 1 - i
We have: (2cpa’ = qP*03BF03C3’ - qtjp03BB0398;

Hence Im ((1 - i ) - ~03BF03C3’) c Ker (2, hence 1 - i = ~ 03BF a’.

Put s = ~0t03BC03C3’: J ~ Po. Now, let us verify the properties stated in b).
Using the claim we obtain j03BF03C3 = 1 - i. We have j(03C3(B)) = (1 - i)(B) = 0,
hencea(B) = 0 since j has a finite kernel. It follows that 03C303BFi = (1 - q)a.The
map 03C3 is epimorphic. Let y E Po and let y = 03C3(x) for some x E P. Then

We thus obtain the equality 03C303BFj = qP0. Q.E.D.

(1.6.4) REMARKS. Lemma 1.6.2 show that if (P’, ’) is a principally polarized
Abelian variety and if 03BC: P’ ~ P is a homomorphism such that 03BC*j*p0398 ~ q3/,
then up to isomorphism P’ can be obtained from P* by taking the quotient
modulo a maximal isotropic subgroup of K(M) as it is described above.

Moreover it is easily seen that homomorphisms 6: J ~ P’, j : P’ ~ J satisfying
(1.6b) are uniquely defined by f.1 and coincide up to isomorphism with those
defined above for the quotients of P*.

PROPOSITION 1.7. Let  and 0398X be theta divisors on Po (resp. X) inducing the
principal polarizations introduced in (1.6). Then there exists a theta divisor 0 on
J such that

Proof. Let O’ be a theta divisor on J. According to (1.6a)
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The left-hand side is equal to (i + q - 1)*e’ + (1 - i)*0398’. Let

c5 = (i + q - 1, 1 - i): J - B x P. Then

This proves the equality q0398’ ~ ai8x + 03C3*. The composed map qJ. 0 Àe:
J - J* is an epimorphism, hence every divisor on J which is algebraically
equivalent to 0 is linearly equivalent to q8’-x - q8’ for some x E J. Hence
03C3*10398X + 03C3* - q0398’ ~ q8’-x - q0398’ for some x E J. Let 0 = 8’-x’

Q.E.D.

2. The inversion theorem and its corollaries

(2.1) Let us fix the divisors 0, 0398X and E satisfying (1.7). It is clear that

0 : 03A3ns=1p*s0398s where the 0398s are theta divisors on Js. By definition 8s = 0
if g(Cs) = 0 and 0398s = Wgs-1(Cs) - vs for some vs ~ Pic gs-1 Cs if g(Cs)  1,
where Wgs-1(Cs) denotes the subvariety of Pic gs -’ CS consisting of elements
Gs with ho (C,, Gs)  1. Let as E CS , s - 1, ..., n and a : C ~ J be the

following map: if x E CS , then a(x) = Cl (x - as ) E Js c J. We shall

denote alc5 by as . The next proposition follows easily from the definitions
(cf. [9] p. 32).

PROPOSITION 2.2. Let u E J and ’s be divisors of the classes as* CI (8;). Then
deg 03B6s = g(Cs) and

(2.3) The map j is a sum of the maps js = p, j: Po - Js’ Let us denote by
~: C ~ Po the composition 03C3 03BF a and by ~s the restriction of ~ on Cs. Note
that if z E £, then (js03BF03C3)(z) = (1 - iss)(z).

PROPOSITION 2.4. There exists elements 03BAs, t xs E Pic C,, s = 1, ..., n,
depending only on  such that the following holds. If e E Po and
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Proof Let e’ E Po and qe’ - e. Let (s E 03B1*s CI (0398-j(e’)) and 03BE’s ~ (al 0 as)*
CI (8x).

Claim. q03B6s ~ 03BE’s + Çs
Denote by /3s the map t-j(e’)03BF03B1s: Cs~J. If x ~ Cs we have

To prove the claim pull back (1) by 03B2s 03BF (- Ij).
The l.eq. classes of jg for s = 1,..., n do not depend on e. According

to (2.2) and the claim

where 03BBs(a1,..., an ) E Pic Cs, s = 1, ... , n, and do not depend on e. Let
us fix new points bs E Cs and denote by 03C8s: C, ~ Po the map 03C8s(x) =
03C3(x - b,). Obviously ~s(x) = 03C8s(x) - a (as - bs ) and

The equality (2) tells us that



252

for some elements 03BAs, t03BAs E Pic Cs. The last statement to be proved is that xs,
1 Ks depend only on . From (4) follows that Ks, IKs could depend only on ,
e and as . However the expression for xs, 1 Ks which one gets from (3) shows
that Ks, IKs do not depend on e and as, s = 1, ... , n. Q.E.D.

Let OS c Cs x Cs be the diagonal, F, = Cl (Dss) . As and KCs be the canoni-
cal class of CS .

PROPOSITION 2.5. Let E be a symmetric theta divisor on Po. Then the ele-
ments xs, t03BAs defined in (2.4) satisfy the equalities Ks + 1 Ks = KC5 + F:,
s = 1,...,n.

Proof. A particular case of (2.5) is proved in [6]. We shall only sketch the
proof, referring for details to [6]. We have defined maps js: P0 ~ JS,
0,: Cs ~ Po such that js03BF~s(x) = (x - as ) - iss(x - as ). Let A* and D*ss
denote the divisorial correspondences

6s be the divisorial correspondence of Poincaré on C, x J, normalized by the
condition 03C3s|as Js = 0, and 6; = (ides x is)*6s. The following equality holds
(ibid. p. 208)

If m: Po x Po - Po is the sum map, p, , p2 are the projection maps and
X = m* - piS - p*2 then (ibid. p. 209)

Combining (5) and (6) we get
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The equality 03BAs + t03BAs = Kes + Fs can be proved by restricting (7) on the
diagonal A, (ibid. pp. 210, 211). We would only mention that the equalities

which have to be used, follow from (2.4) if we put e = 0. Q.E.D.

COROLLARY 2.6. If D,, - tDss, then 2Ks = Kes S + Fs. If in addition Fs = 0,
then Ks is a theta characteristic. 

3. The main theorem

THEOREM 3.1. Let D = 03A3ns,t=1 Dst E Div (C x C) be a correspondence sat-
isfying (1.2) and (1.4). Assume that for any s = 1, ... , n: 1) Dss  0; 2) deg
Dss (xs) = deg t Dss (xs) for any Xs E CS ; 3) Dss is without fixed points (i.e. Supp
Dss n As = Ø. Then
a) There exists a principal polarization Às of P(C, i) such that the restriction

on P(C, i ) of the canonical polarization Àe of J(C) is equal to 03BBq
(equivalently j*p0398 ~ q").

b) Let be an arbitrary theta divisor inducing the principal polarization of
P(C, i ) obtained in a) Let Ks be the elements defined in (2.4). Then

deg Ks = gs - 1, for any s = 1, ..., n, and if

(cf. (2.1)) then P(C, i) (~ Supp 0 and

c) Assume char (k) = 0. If e E P(C, i) and
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Proof : First note that if we prove b), c) for some  then obviously b), c)
would hold for all the translations of . So in b), c) we can choose E to be
a symmetric theta divisor.
The idea of the proof of a) is to prove first an analogue of b) for the prin-

cipally polarized abelian variety Po. So let  be a symmetric theta divisor of
Po. The condition Supp D, n A, = 0 implies Fs = Cl (Dss) . A, = 0.
From (2.5) it follows that ic, + t03BAs = K,,. The assumption deg DSS (as) -
deg tDss(as) gives deg 03BAs = deg ’K,, hence deg xs - gS - 1 for s =

1, ... , n. Note that if for any s ~s(Cs) ~ Supp e, then in (2.4) we can
choose 03BEs to be the effective divisors s Let 8 be the theta divisor defined
bY (8).

LEMMA 3.2. j-1 (Supp 0) c Supp .

Proof : Let e E Po BSupp S. We have to prove that j(e) ~ Supp 0
~ns=1p*s0398s, where 0, = Wgs-1(Cs) - 03BAs. Let as E Cs, s = 1, ..., n, be

arbitrary points. They define maps Os (2.3) and we claim that for any s,
~s(Cs) ~ Supp ’ -7,. Indeed, ~03C3(a03C3) = 0 e Supp ’-7e since  is symmetric.
This argument shows moreover that as ~ Supp 03BEs, where 03BEs = ~*se.
According to (2.4)

Let Ls = 03BEs + Dss(as) - as . The divisors Çs and Dss(as) are effective and
we have mentioned that a, e Supp (çs + Dss(as)). Hence hl (C,, Ls) =
h0(Cs, L, + as ) - 1. Suppose hO(Cs’ Ls) - rs &#x3E; 0 for some s. We have

deg L, = deg 03BAs = gs - 1. By Riemann-Roch
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Hence h0(Cs, KCs - Ls - as ) = rs’ Therefore as is a base point of the linear
system IKes - Ls 1. According to (2.4) Ks is independent of as . From the
equality js(e) = LS - xs it follows that CI (L,) is independent of as as well.
Hence IKe - Lsi has infinitely many base points - a contradiction.

Therefore h0(Cs, Ls) = 0 for any s = 1, ..., n. Q.E.D.

LEMMA 3.3.j*0398 = qS.

Proof The divisor E induces a principal polarization of Po, hence if 03B1,
a = 1, ..., m, are the irreducible components of  then E = 03A3m03B1=1 03B1 and
03B1 are linearly independent in NS (Po) Q9 zlD [4]. We have proved in (3.2)
that j*0398 = 03A3m03B1=1 03BD03B103B1, where 03BD03B1 E Z and 03BD03B1  0. From (1.6) j*0398 ~ q =
03A3m03B1=1 q03B1. Hence q = 03BD03B1 for all a = 1, ... , m.

Proof of (3.1 a, b). By definition j = jp03BF03BC (1.6). The divisor j*p0398 is well-

defined since jp(P) = j(P0) ~ Supp O by (3.2). Let jp* 0 = 03A3m’03B2=1r03B2’03B2 be the
decomposition ofjp*8. The map f.1: P0 ~ P is étale (char (k)iq), hence for
any 03B2, 03BC*’03B2 = 03A3m’03B203B3=1T03B203B3, where T03B203B3, y = 1, ..., m’03B2, are the irreducible
components of 03BC*’03B2. Therefore

where Tpy are irreducible and T03B203B3 = T03B2’03B3’ if and only if 03B2 = 03B2’ &#x26; y = y’. By
(3.3) we get r03B2 = q for every fi. Therefore j*p0398 = q(03A3m’03B2= 1 ’03B2). Part a) of (3.1)
follows now from [3] (p. 86). In particular Po = P. Part b) of (3.1) follows
from a) and (3.3). Q.E.D.

4. Proof of Theorem 3.1 c)

First we should like to include a comment concerning the restrictions made
on the ground field k. Theorem 3.1 c) itself, as well as Propositions (4.2) and
(4.5), are stated for k of characteristic zero. However, the only real use of
this assumption occurs in the proof of Lemma 4.5.4, while all the remaining
arguments are valid under the weaker condition that char (k) does not
divide q.

(4.1) In view of (3.1 a) we can identify Po with P and jp with j. Let ’ be an
irreducible component of S, let e c- and let j(e) = 03A3nt=1(Lt - xt).
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Throughout this section, for every s = 1, ..., n we denote by Ls a divisor
03BEs + Dss (as) - as , where Çs ~ ~*s Cl (e). If Çs is not fixed by the context we
choose it arbitrarily. According to (2.4) 2s = Cl (LJ. Assume p*s0398s ~ E’
Equivalently for every e e E’, h0(Cs, Ls) = ds  1. Let e be a sufHciently
general nonsingular point ofE’, let ul, ..., uds be a basis of H0(Cs, Ls) and
let w1,...., wds be a basis of H0(Cs, 03C9Cs(-Ls)). As usual when we say that
a sufliciently general point of some irreducible variety satisfies some

property this means that every point of certain dense open subset satisfies
the property. In particular we assume that ds is the lowest possible value of
h0(Cs, Ls) for e e E’. The translation of Te’ to 0 e P defines a hyperplane
in T0P. Let h e (ToP)* vanish on it and h ~ 0. The regular differential forms
u03BC ~ wv correspond to linear forms on T0Js via the natural isomorphism 03B1*s:
(T0Js)* ~ H0(Cs, 03C9Cs).

PROPOSITION 4.2. Let the assumptions be as in (3.1) and let char (k) = 0.

Suppose B’ is an irreducible component of E and let p*s0398s ~ S’ for some s.
Then for every point e of a certain dense open subset of E’ the following
properties hold :
a) for every f.1, v = 1, ... , ds the equality p*s(u03BC O wv)|T0P = apv h holds,

where apv e k;
b) det (03B103BC03BD)ds03BC,03BD=1 ~ 0.

Before giving the proof of (4.2) we shall deduce (3.1 c) from it. Let E’ be an
arbitrary irreducible component ofE, let e be a sufliciently general point of
E’ and let Q1, ..., Qn be nonzero polynomials such that Qt = 0 is the
equation of the tangent cone of p*t0398t at e. If p*t0398t ~ E’ for some t we put
Qt = 1. If p*s0398s ~ E’thenaccordingtothetheoremofRiemann-Kempf[8]
Qs = c·det (p*s(u03BC Q wv))ds03BC,03BD=1, where c ~ k and c ~ 0. From (4.2) follows
that Qs|T0P = cs · hds, where cs ~ 0. Hence Q1 .... Qn|T0P = c’ · hd1 + ··· + dn,
where c’ ~ 0. According to (3.1 b) 8 . P = qE therefore dl + ... + dn = q.
The inequality 03A3ns=1 h0(Cs, Ls)  q holds for every e e E’, hence for every
e e E, because of the semicontinuity theorem.

(4.3) Proof of (4.2 a). Let e be a sufficiently general point of E’. The
assumption h0(Cs, Ls)  1 and the equality deg (Ls) = gs - 1 (cf. 3.1 b))
imply Cs ~ P1. By the semicontinuity theorem ps(’) + xS c Wds-1gs-1 (Cs),
Hence ps*(Te’) is contained in Tps(e)(Wds-1gs-1 - Ks). The translation of the
last vector space to 0 is defined by the simultaneous vanishing of u03BC Q wv ,
03BC, 03BD = 1,..., ds[1]. Hence p*s(u03BC ~ wv)|T0P = 03B103BC03BDh since e is a nonsingular
point of E’. Proposition 4.2 a) is proved.
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(4.4) Assume det (aj.lv) = 0. This is equivalent to the existence of a nonzero
section u = 03A3ds03BC=1 03B203BCu03BC ~ H0(Cs, Ls) such that for every wv, p*s(u ~ wv)|T0P =
0. Let us recall that 1 - i = 0 on B and 1 - i = qp on P (cf. (1.3)). So
(1 - i*)(T0P) = To P since char (k)  q. Hence p*s(u (x) wv)|T0P = 0 if and
only if i*p*s(u ~ wv) = p;(u ~ wv). Let M ~ ILsl be the divisor of

the section u. The condition i*p*s(u Q wj = p*s(u ~ wv) for any v =
1, ... , ds is equivalent to the following: any 60 E W(Cs’ 03C9Cs) such that
(03C9)  M satisfies 1*p*s03C9 = p*s03C9 (here (03C9) = (03C9)0 - (03C9)~ is the divisor

of 03C9). The last equality is equivalent to i*ts 03C9 = 0 if t ~ s and i*ss03C9 = 03C9. So

(4.2 b) is a consequence of the following proposition.

PROPOSITION 4.5. Let the assumptions be as in (4.2). If e is a sufficiently general
point of ’, then for every M ~ |Ls| there exists 03C9 e W(Cs’ ccys) such that
(03C9)  M and i*ss 03C9 ~ w.

Proof The proof of this proposition occupies the rest of the section. From
(2.5) and the condition Supp (Dss) n 0394s = 0 follows that xs + t03BAs = KCs.
Therefore 

By (2.4) we obtain

for every point as E Cs’ The idea of the proof of (4.5) is for every M E IL,l
to find W E W(Cs, wCs) such that (03C9) = M + ~*s-e + tDss(as) - as and
then prove that for sufficiently general e E ’ and as E Cs this differential
form satisifes is*s w =1= co.

(4.5.1) LEMMA. Let  = 1 + ··· + m where 03BC are the irreducible com-
ponents of . Suppose ’ = Let P, be the corresponding direct summand
of P and let n,,: P ~ P,, be the corresponding projection. Then the image of the
composition 03C003B103BF~s: Cs ~ P - P03B1 is 1-dimensional.

Proo, f : Let {1, ... , m} = B ~ 0393, where f3 E B iff dim lm (np 03BF ~s) = 1 and

y E r iff ny 0 ~s(Cs) = 0. Suppose a E F. Let e E 03B1B~03BC~03B103BC. If y E r then
~*s CI (By + e) = 0. If f3 E B then ~s(Cs) ~ 03B2 + e since 03B2 is symmetric
and e e 03B2 by assumption. Hence 03BEs03B2 = s + e) is a well-defined effective
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divisor and as ~ Supp çsp. The divisor 03BEs = 03A303B2~B 03BEs03B2 belongs to ~*s Cl (Be)
hence by (2.4)

Now, h0(Cs, Ls) = h0(Cs, Ls + as ) - 1 since Çs is effective and as ~
Supp çs. The proof of (3.2) implies h0(Cs, Ls) = 0. Thus js(e) = Ls -
ks ~ 8s. This contradicts the assumption p*s0398s ~ E’.

(4.5.2) LEMMA. There exists a closed subset W ~ E’ such that if e e ’BW,
then ~s(Cs) ~ Supp (-e).

Proof We keep the notation of (4.5.1). First let W’ = 03B1 n ~03BC=03B103BC. If
e ~ W’, then ~s(Cs) ~ 03BC - e for any f.1 ~ a. Suppose ~s(Cs) ~ B’-e.
Then e e nXECs(S’ - ~s(x)) = W". According to (4.5.1) codimp W"  2.
Put W = W’ ~ W". Q.E.D.

Let e ~ ’BW. Then 03BEs = ~*s-e is a well-defined effective divisor and

as e Supp (çs) since ~s(as) = 0 e -e. We have already seen that there
exists a differential form 03C9 such that (w) = M + (çs - as ) + tDss(as). In
particular 03C9 e H0(Cs, 03C9Cs ).

(4.5.3) LEMMA. Let X be an irreducible, nonsingular nonrational curve. Let
y e Div (X x X) be an effective divisor, let 6: J(X ) ~ J(X) be the corre-
sponding endomorphism and let a*: H0(X, 03A91X) ~ H0(X, 01) be the linear
map induced by 6 via the natural identification H0(JX, 03A91JX) ~ H0(X, 01).
There is a finite set S c X such that z  X ~ Supp (Y) for every z e XBS
and the following holds: if W e H0(X, 03A91X) and (03C9)  Y(z), then (03C3*03C9)  z.

Proof. The cases g(X) = 1 and a = 0 are trivial so we can assume that

g(X)  2 and that the divisors Y(z) do not all belong to one linear system.
We identify IPg-I with P(H0(X, 01)*), denote by À: X - Pg-1 the canonical
map and by 03C3* the dual of 6*. Let Xo be a point of X, let a: X ~ J(X) be
the map 03B1(x) = Cl (x - x0) and let r = deg Y(x0). If the map a 0 a:
X ~ (03C303BF03B1)(X) c J(X) is inseparable, then a* = 0 and the lemma is tri-
vial. So we can assume that a 0 a is a separable map. Consider the com-
position
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where 03B2(z) = Y(z), 03B1r(x1 + ··· + Xr) = CI (XI +... + xr - rx0).
Since y = 03C303BF03B1 and 03C303BF03B1 is separable there exists an open dense subset
U ~ X such that for any z e U we have z  X ~ Supp (Y) and y has
nonvanishing derivative at every point z e U. Let S = XB U. Translating the
line 03B3*TzX to 0 we obtain a regular map 03B3*: U - Pg-1. Obviously
03B3* = 03C3* 03BF À. Let 03C9 e H0(X, 03A91X) and let H be the hyperplane in Pg-1 corres-
ponding to cv. The well-known calculation of the derivative of ar shows that
if (03C9)  Y(z) then the translation to 0 of 03B1r*TY(z)X(r) is contained in H.

Therefore 03B3*(z) e H, or equivalently À(z) e 03C3*H. Q.E.D.

We prove below that if e e E’ and as e Cs are sufliciently general then the
divisor 03BEs = ~*s-e is without multiple points. Assuming this let us finish
the proof of (4.5). Consider 03C9 ~ H0(Cs, 03C9Cs) such that (03C9) = M +
(çs - as) + tDss(as), where e e S’, as e Cs are sufficiently general and 03BEs =
~*s(-e). We will apply (4.5.3) for X = Cs, Y = tDss, 6 - iss. We can
assume that as ~ (Supp M) ~ S where SeCs is the finite set of points
defined in (4.5.3). By (4.5.4) as ~ Supp (çs - as). Furthermore as ~
Supp tDss(as) since Dss is without fixed points by assumption. So as ~
Supp(03C9). From (4.5.3) we obtain (i*ss03C9)  as, or equivalently as E

Supp (i*ss03C9). Consequently i*ss03C9 ~ cv. Proposition 4.5 is proved.

(4.5.4) LEMMA. Assume char (k) = 0. Let e e E’ and as e Cs be sufficiently
general points of E’ (resp. Cs). Then the effective divisor 03BEs = ~*s-e is
without multiple points.

Proof. Let us choose and fix a point b E CS and let 03C8: Cs ~ P be the map
03C8(x) = x - b - i(x - b). We have

Let f’ = e - 03C8(as). Then 03BEs = ~*s/-e = 03C8*-f. We shall use the notation
of (4.5.1) and its proof. Let f.1p: 03B2 x Cs ~ P be the map 03BC’03B2(e, x) =
e - 03C8(x). From the définition of B obviously follows

Claim I. For any 03B2 e B, f.1p is an epimorphism.
From (4.5.1) and Claim 1 it follows that the map 03BC’ : E’ x Cs ~ P defined

by 03BC’(e, as ) = e - 03C8(as) is an epimorphism. By (4.5.2) we can choose an
open subset U c P such that for any f ~ U
1. 03C8(Cs) ~ (03B3 - f) = Ø if 03B3 ~ 0393 and 03C8(Cs) ~ (03B2 - f) if 03B2 ~ B;
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2. For any 03B2 E B and any (e, x) ~ 03BC-103B2 (f), the point e is nonsingular in 03B2
and the map 03BC03B2 is étale at (e, x) (here we use the assumption
char (k) = 0).

These properties imply 03C8(Cs) ~ -f and Çs = 03C8*-f = 03A3s~B03BEs03B2, where
03BEs03B2 = 03C8*(03B2 - f).

Claim II. If f ~ U, then for any 03B2 E B, 03BEs03B2 is without multiple points.
Let x E Supp 03BEs03B2 and e = 03C8(x) + f From 2 it follows that Te-f(03B2 - f)

and 03C8* Tx CS span Te-fP. Hence the multiplicity of x is equal to 1.

Let TIf3 be the closure in 03B2 x Cs x P of the graph of the map f.1f3:
f.1i (U) ~ U and rf3 be its projection in Cs x P. Let q 1 , q2 be the projections
of Cs x P onto the corresponding factors. If f ~ U the divisors 03BEs03B2 and
q1*(q*2(f) · rf3) are without multiple points and their supports coincide.
Thus q1*(q*2(f)·039303B2 = 03B6s03B2.

Claim III. If 03B2, 03B2’ e B and 03B2 ~ 03B2’ then rf3 =1= 039303B2’. Assume rf3 = 039303B2’. Let
e’ e 03B2 and x E C’S be sufficiently general points such that f’ = e’ -

03C8(x) e U. By définition (x, f’) e rf3’ Since rf3 = 039303B2’, f ’ + 03C8(x) = e’ is

contained in 03B2’. Hence 03B2 c Sf3’ - a contradiction.
From Claim III and the equality q1*(q*2(f) · 039303B2) = 03BEs03B2 it follows that if

f is a sufficiently general point of P then Supp 03BEs03B2 n Supp çsf3’ = Ø if 03B2 ~ 03B2’
and 03B2, 03B2’ e B. This and Claim II show that Çs is without multiple points.

Q.E.D.

Theorem 3.1 is proved.

5. Corollaries and applications of Theorem 3.1

In the text theorem we shall identify the effective divisors 8, B with the
corresponding subschemes of J (resp. P). These subschemes are reduced (see
[4]).

THEOREM 5.1. Assume the conditions of (3.1) are satisfied and char (k) = 0.
then E c Singq8. If x is a nonsingular point of , hx = 0 is the equation of
T.’(S in TxP and Qx = 0 is the equation in TxJ of the tangent cone of8 at x,
then hx = c ’ (Qx|TxP)l/q, where c E k and c ~ 0. Let e e Sand e = 03A3nt=1
(Lt - Kt) (cf. (4.1)). Then one of the following holds:
i) 03A3nt=1 h°(Ct, Lt) = q and for any s such that h°(CS, Ls)  1 and any
M ~ ILs there is a differential form 03C9 e W (Cs, 03A91Cs) such that (03C9)  M
and i*p*s03C9 ~ p;w;
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ii) 03A3nt=1 hO(Cn Lt)  q + 1;
iii) 03A3nt=1 hO(Cn Lt) = q and for any s, such that h0(Cs, Ls)  1, and any M E

|Ls| the differential forms 03C9 e H0(Cs, 03A91Cs), such that (03C9)  M, satisfy the
equality i*p*s03C9 = p*s03C9.

A point e E B is nonsingular if and only if i ) holds.

Proof Most of (5.1) has been already proved in Sections 3 and 4. We must
only prove that if e E Sing E and 03A3nt=1h0(Ct, Lt ) = q then iii) holds. Let
h0(Cs, Ls)  1 (equivalently p*s0398s ~ e). We claim that p*s0398s contains any
irreducible component of  which contains e. To prove this assume that E’
is such a component. Let e’ e E’ be a generic point of E’ and j(e’ ) =

03A3nt=1(L’t - xt). The point e is a specialization of e’, thus h0(Ct, L’t) 
h0(Ct,Lt) for any t. From (3.2) 03A3nt=1 h0(Ct, L’t)  q hence h0(Ct, L’t = h0(Ct,
Lt) for any t, hence h0(Cs, L’s)  1, equivalently E’ c p*s0398s. Let ds be the
greatest integer such that ps(’) c Wds-1gs-1 - ks for any irreducible component
E’ of 5: which contains e. The argument above shows that h0(Cs, Ls) - ds
and ps(e) ~ Wdsgs-1 - xs. So there is a neighborhood U of e in P such that
ps(U~)+ks ~ Wds-1gs-1BWdsgs-1. The argument of (4.3) shows that

p*s(u O w)|T0P = 0 for any sections u e H0(Cs, Ls)’ w e H°(CS, 03C9Cs(-Ls))
since e is a singular point of E. This is equivalent to iii). D

(5.2) Next we shall study some universal properties of Prym-Tjurin varieties.
First we recall some définitions and results from [15]. Let (A, 0) be a
principally polarized abelian variety of dimension d and let Z be a one-
dimensional cycle on A. We denote by a(Z, 03B8) the endomorphism of A
defined by

where S denotes summation in A and b is any point of A such that 03B8a+b, 03B8b
intersect properly Z. This endomorphism satisfies the following properties:

i) ra(Z, 03B8) = a(rZ, 0) for any r e Z;
ii) 03B1(03B8d-1, 0) = (1/d) deg 03B8d · 1A = (d - 1)! · lA;
iii) if Zl , Z2 are two one-dimensional cycles on A, then Zl == Z2 if and only

if 03B1(Z1, 03B8) = 03B1(Z2, 03B8).

(5.3) Let m: A x A ~ A be the sum map and let PI’ P2 be the projections
of A x A onto the corresponding factors. The Poincaré divisor 03A3 =

m*03B8 - p*103B8 - p*203B8 defines the polarization Ào: A ~ A* by
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Let C be as in (1.1). Let as E CS, s - 1, ... n be fixed points and let a : C
J be the Abel map (cf. (2.1)). Suppose a morphism 03C8: C - A is given. It
induces a homomorphism a: J - A such that for every x E Cs(03C303BF03B1)(x) =
03C8(x) + vs . Here 1  s  n and vs E A are constants. Let T = (03C8 x 03C8)*03A3
(more precisely we choose a divisor T ~ (03C8 x 03C8)* CI (Y-». The corre-
spondence T defines an endomorphism T: J - J.

Theorem 5.4 below is due to G. Welters [16]. We give a formulation which
might be useful when one deals with correspondences. We give here a proof
in order to verify that the theorem is true for arbitrary characteristics of the
base field as well as for reducible curves.

THEOREM 5.4 (G. Welters). Let 03C8: C - A be a morphism and let a: J - A,
T E Div (C x C) and T: J - J be as above. The following conditions are
equivalent:
a) 03C8*(C) -= (q/(d - 1)!)8d-I for some integer q a 1

b) 03C303BF03C4 = - qu and a is epimorphic.
If these conditions hold then

Assume a) holds for q  2 and let char (k)  q. Let D = T + A, where A is
the diagonal of C x C. Then D satisfies conditions (1.2) and (1.4), the
restriction a: P(C, i) ~ A is an isogeny and a(B) = 0 (see (1.3)). Further-
more if we let j - 03BB-1039803BFt03C303BF03BB03B8: A - J, then j(A) = P(C, i) and (A, 0), a,j
satisfy the properties required in Proposition 1.6.

Proo, f : First note that it is sufficient to consider only morphisms tf¡ satisfying
the additional condition 03C8(as) = 0 for every s = 1,..., n. Indeed, if

03C8’ = 03C303BF a and T’ = (03C8’ x 03C8’ )*03A3, then the correspondence T’ induces the
same endomorphism of J as T does. So we can assume that 03C8 = 03C3 03BF a. The

divisor E = (03C3 x a)*’L induces the homomorphism

The map a induces a * : J* = Pic0J ~ Pic° C = J. The endomorphism T:
J - J obtained from T = (a x a)*E is thus equal to 03B1*03BF03BB03C3*03B8 (see [9]
p. 155). Therefore
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So if x ~ J then T(x) = 03C8*(03B8-03C3(x) - 0). Let Z = Q* C. From the definition
of x(Z, 0) (cf. (5.1)) it follows that

Thus 03C3 03BF 03C4 = -03B1(Z, 0) o a.
a) ~ b) Proof We have Z  q/((d - 1)!) 03B8d-1 Since 0 is ample the curve

03C8(C) = Supp (Z) generates A. So 03C3 is epimorphic. Using properties i), ii)
and iii) of (5.2) we get:

Hence 03C303BF03C4 i = - q6.

b) ~ a) Proof Using equalities (11) we get

Since 03C3 is epimorphic it follows that a((d - 1) !Z, 03B8) - 03B1(q03B8d-1, 0). By 5.2
iii) we obtain (d - 1)!Z q od- 1.

Equality (9). 03C303BF03C4 = -q03C3~03C303BF(03C4 + qJ) = 0. Using (10) we obtain

T(T + qJ) = 03B1*03BFt03C303BF03BB03B803BF03C303BF(03C4 + qJ) = 0.
If D = T + A and i : J ~ J is the endomorphism induced by D then

i - i - 1. Thus the equality (i - 1)(i + q - 1) = 0 follows from (9).
Using (2.2) one obtains the equality 03BB-10398 = - 03B1*. Hence j = - 03B1* 03BFt03C303BF Ào.

From (10) it follows that

Let y E A and let y = u(x). Then (03C303BFj)(y) = (03C303BFj03BF03C3)(x) = -(03C303BF03C4)(x) =
qu(x) = qy (according to (12) and b)). Thus

Now B = (i + q - 1)J = (s + q)J. Thus 03C3(B) = 0 in view of b). From
(12) it follows that j : A - P(C, i ) = (1 - i)J is epimorphic and from (13)
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it follows that Ker 03C3 = j(Aq) (points of order q). Thus the restriction of a
on P(C, i ) is an isogeny.

It remains to prove that the pull-back of Àe by j equals qÀo. Indeed

COROLLARY 5.5 (G. Welters). Let C, D E Div (C x C) be as in (1.1).
Assume (1.2) and (1.4) hold. Let (P0, ) be as in (1.6) and let ~: C ~ Po be
the morphism defined in (2.3). Then

Proof. We use the notation introduced in (2.5). An obvious prolongation of
the arguments used in (2.5) shows that

where

and

Therefore T induces the endomorphism r = i - 1. From (1.6 b) it follows
that a 0 T = - qa, thus (5.4 b) holds. Q.E.D.

The following theorem is a generalization of a result of Masiewicki [14].

THEOREM 5.6. Let C, D E Div (C x C) be as in (1.1). Let the assumption be
as in (3.1). Suppose char (k) B q. Let (A, 0) be a principally polarized Abelian
variety of dimension d and let 03C8: C ~ A be a morphism satisfying the
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following properties:
i) there exist constants c, E A such that for every s = 1, ... , n and every

x E Cs

(here t/1 is extended to divisors by linearity);
ii) t/1* (C)  q/(d - 1)! 03B8d-1.
Then (A, 0) is isomorphic to a direct summand of (P(C, i), ) (3 is defined in
(3.1)).

Proo. f : Let a: J - A and j : A ~ J be the maps introduced in (5.3), (5.4).
Condition i) is equivalent to the equality 03C3 03BF i = (1 - q)u.

Claim. j(A) c P(C, i)
By definition j - 03BB-1039803BFt03C303BF03BB03B8. We have to prove that (i + q - 1) 03BF j = 0.
This follows from the equalities

So we can define a map f.1: A ~ P(C, i ) such that j = jp 03BF 03BC where jp :
P(C, i )  J denotes the inclusion. According to (3.1 a) j*p0398 ~ qS. By
(5.4) j*0398 ~ q0 therefore 03BC* ~ 0. This shows that f.1 is a polarized iso-
morphism of A onto a direct summand of P(C, i).

Next we give two examples of Prym-Tjurin varieites. For sake of simplicity
we shall further assume that the ground field is C. We denote by ~ homo-
logical equivalence.

(5.7) Let X be an irreducible nonsingular curve, f: X ~ P1 be a map
of degree d  4 and g1d be the linear system determined by f Assume
that any fiber of f contains at most one ramification point of multiplicity
3. Consider the curve C c X(2), C = {(a + b) : |g1d - a - b| ~ Ø}.
Let D e Div (C x C) be the élective, reduced divisor for which

Supp D = {(a1 + bI, a2 + b2) : |g1d - a1 - bl - a2 - b2| ~ Ø}.

PROPOSITION 5.8. The curve C is irreducible and non-singular; D satisfies the
assumptions of (3.1), where q = d - 2; and (P(C, i), ) ~ (J(X), 0398).
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Proof The nonsingularity of C is verified by easy local calculations. The
irreducibility of X and the conditions imposed on f imply that the mono-
dromy group H c Sd is transitive and is generated by transpositions and
cycles of length 3. Consequently H = Sd or H = Ad . In both cases H acts
transitively on pairs (i.e., is doubly transitive), hence C is irreducible. Let us
check that D satisfies the assumptions of (3.1), where q = d - 2. By
construction there exists a map F: C ~ P1 of degree d(d - 1)/2. Let G1d(d-1)/2
be the corresponding linear system. Assume t c- Pl is not a branch point of
f and {a1, ..., ad} = f-1(t). Then t is not a branch point of F as well and
F - 1 (t) = {(aJ + ak)}1jkd. The equality i2 + (d - 4)i - (d - 3) = 0
obviously follows from the equality

This holds since D(a1 + a2) = 03A33Jkd(aJ + ak);

If (xl + x2 , xl + x2 ) E D n A, then |g1d - 2x1 - 2x2| ~ 0 and if (2x, 2x) E
D n A, then |g1d - 4x| ~ 0. Hence D n A = 0 by the assumption on f.
We shall use (5.6) in order to prove the isomorphism (P(C, i), ) ~

(J(X), 0). Let xo be a point on X and am : X(m) ~ J(X) be the map
03B1m(xl +... + xm) = CI (xi + - ... + xm - mx0). Let 03C8 = 03B12|C. Put

c = (d - 3)03B1df*(t) (c does not depend on t E P1). Then

Thus (5.6 i) is verified. The equality
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can be proved by the same arguments as those in [12]. By (5.6) (J(X), 0) is
a direct summand of (P(C, i ), E), so the proof will be finished if we prove that
p = dim P(C, i ) = g(X). Let n = deg D(al + a2) = (d - 2)(d - 3)/2.
According to [6] (p. 197) pq + n = g(C). Let N2 (resp. N3) be the number
of ramification points of f of multiplicity 2 (resp. 3). Then 2g(X) - 2 =

N2 + 2N3 - 2d. An easy calculation shows that the number of ramification
points of F of multiplicity 2 (resp. 3) is (d - 2)N2 (resp. (d - 2)N3). Hence
2g(C) - 2 = (d - 2)(N2 + 2N3) - d(d - 1), hence g(X)q + n = g(C),
hence g(X) = p. Q.E.D.

(5.9) Let X,  be irreducible nonsingular curves, 03C0:  ~ X be a double étale
covering, 03C3 be the involution of X and let 0 c P(X, 03C3) induce the canonical
polarization. Assume there is a map f: X ~ P1 of degree 5 such that any
fiber contains at most one ramification point of multiplicity  3. Let gl be
the corresponding linear system. Let us consider the map 03C0(5) : X(5) ~ X(5).
The subvariety of X(5) S = (n(5») -1 gl is a disjoint union of two subvarieties
S = S0 ~ Si, such that S1 = a(5) (So ) [2]. Let C = So. For any point z E X
we shall denote 03C3(z) by z’. Let D E Div (C x C) be the reduced, effective
divisor for which

PROPOSITION 5.10. The curve C is irreducible and non-singular; D satisfies the
assumptions of (3.1), where q = 4; (P(C, i), ) ~ (P(X, a), 0398).

Proof. The irreducibility and nonsingularity of C = So is proved in [2]. The
map F = 03C0(5)|C: C ~ P1 is of degree 16 and it defines a linear system G116 on
C. Let z = (x1 + ... + x5) E C. Then D(z) = 03A35j=1 (03C3(5)(z) + xj - x’j)
and D(D(z)) = 5z + 03A3j~k(z + xi + x’k - xj - xk). Hence D(D(z)) +
2D(z) - 3z = 2F*(F(z)) E 2GI6’ Therefore i2 + 2i - 3 = 0. If (z, z) E
(Supp D) n 0394, then z = xl + x’1 + X3 + x’3 + X5’ This is impossible since
by assumption g1 cannot contain the divisor 03C0*(z) = 203C0(x1) + 203C0(x3) +
n(x5)’ Hence (Supp D) ~ 0394 = 0. Therefore D satisfies the assumptions of
(3.1).
To prove the last statement of (5.10) we shall use (5.6). Let zo e C and t/J:

C ~ P(,03C3)be the map 03C8(z) = Cl (z - z0). If z = (x1 + ... + x5), then
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the following equalities hold in J():

where c1, c2 and c are linear equivalence classes of divisors on X not
depending on z. Obviously c E P(X, 03C3) hence (5.6 i) holds. The equality

is a particular case of a general result proved in [2]. By (5.6) (P(X, 03C3), 0)
is a direct summand of (P(C, i), E), so it remains to prove that p =
dim P(C, i ) = g(X) - 1. This can be proved by the same argument as that
at the end of the proof of (5.8). Q.E.D.

It is worthwhile to sketch the connection between these two examples and
the intermediate Jacobians of threefolds with a pencil of Del Pezzo surfaces.
Consider a threefold V with such a pencil ~:V ~ P1 satisfying the condition
K 2 VI ::= 5. Denote by C the curve which parametrizes the lines of the fibers of
(p. There exists a section of ~ s: P1 ~ V and let e: V’ ~ V be the blow-up
of V along s(P1). For a generic point t E P1 the fiber V’ is an intersection
of two quadrics in P4t with a distinguished line 1, = 03C3-1s(t). This line is
intersected by five other lines II’ ... , 15 which do not intersect each other.
Moving t e P1 we get a family of lines parametrized by a curve X which is
a covering f : X ~ P1 of degree 5. Any line 1 of V’t which does not intersect
10 intersects exactly two of the lines 11 , ... , ls . Conversely any pair g, lk is
intersected by exactly one line 1, such that l · l0 = 0. Therefore C can be
reconstructed from X by the construction of (5.7), where d = 5. Via this
identification the correspondence D considered in (5.7) becomes the inci-
dence correspondence. By [7] the intermediate Jacobian (J(V), 0398V) is

isomorphic to (P(C, i), ). On the other hand blowing-down the surface
W = UxEx lx we get a threefold with a pencil of projective planes. Hence
(J(V), 0398V) ~ (J(X), 0). This gives another proof of (5.8) in this case.

Next, consider the case where is a threefold with a pencil of Del Pezzo
surfaces 9: V ~ P1 of degree 4 (i.e., K2v = 4). We again denote by C the
curve parametrizing the lines of the fibers of cp. Repeating the arguments
above we get a threefold V’ with a pencil of cubic surfaces V’ ~ P1 with a
distinguished line 10 in the generic fiber V’t. There are ten other lines 11,
l’1, ...,l5, ls which intersect 1. and which are divided into five pairs {lj,l’j},
such that lj · 1; = 1. Moving t c- Pl we get a curve X which parametrizes the
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considered lines and which has an involution (03C3(lj) = 1/, 03C3(l’j) = lj). Let
X = X/6. By construction X is a covering of P1 of degree 5. Any line 1 c V’
which does not intersect 1. intersects exactly one line of any of the pairs lj,
l’j, j = 1, ... , 5. Simple arguments, which we omit, show that C can be
reconstructed from , X, 03C3 by the construction of (5.9). The correspondence
D considered in (5.9) coincides with the incidence correspondence via this
identification. The threefold V’ has a structure of a conic bundle (project V’
to P1t from lo ) and obviously X is isomorphic to the curve which parametrizes
the singular fibers. The isomorphism of (5.10) reflects the fact that (P(C, i ),
) ~ (J(V), 0398V) (see [7]) and (J(V), 0398V) ~ (J(V’), 0398V’) ~ (P(X, 03C3), 0).
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