
COMPOSITIO MATHEMATICA

MICHAEL HARRIS
Arithmetic vector bundles and automorphic
forms on Shimura varieties, II
Compositio Mathematica, tome 60, no 3 (1986), p. 323-378
<http://www.numdam.org/item?id=CM_1986__60_3_323_0>

© Foundation Compositio Mathematica, 1986, tous droits réservés.

L’accès aux archives de la revue « Compositio Mathematica » (http:
//http://www.compositio.nl/) implique l’accord avec les conditions gé-
nérales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une in-
fraction pénale. Toute copie ou impression de ce fichier doit conte-
nir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=CM_1986__60_3_323_0
http://http://www.compositio.nl/
http://http://www.compositio.nl/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


323
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Introduction

Let (G, X) be the datum defining a Shimura variety M(G, X). In Part 1 of
this paper [72] we constructed a family of vector bundles on M(G, X), with
homogeneous G(Af )-action, defined over specified number fields. (We refer to
such vector bundles henceforward as automorphic vector bundles.) In the

present part, we apply the results of Part 1 to the study of sections of

automorphic vector bundles, which (as we recall in 5.3 below) are naturally
identified with homomorphic automorphic forms on G. Our main result is
Theorem 6.4, which deals with the arithmeticity of Fourier-Jacobi series. In
order to explain just what Theorem 6.4 says about Fourier-Jacobi series, we
need to introduce some notation. All paragraph numbers beginning with digits
 4 are references to Part I.

It is easy enough to define Fourier-Jacobi series analytically. Let P be a
rational maximal parabolic subgroup of G. Then there is a subgroup Gp c P
and a "boundary component" Fp of X, stable under P, such that (Gp, Fp ) is
the datum defining a Shimura variety; moreover, the reflex field E(Gp, Fp ) is
contained in E(G, X) (cf. 5.1, 6.1). Suppose [V] ] is one of the arithmetic
vector bundles on M(G, X) constructed in §3 and §4, and let f ~ r( M( G, X),
[ V ]). The Fourier-Jacobi series of f, in the sense of Piatetskii-Shapiro [47], is a
power series in certain exponentials whose coefficients are theta-functions on a
polarized abelian scheme over M(Gp, Fp). In the variables (z, u, t) repre-
senting (a connected component of) X as a Siegel domain of the third kind
over (a connected component of) Fp, we write

We are concemed primarily with the values of these theta functions along the
zero section of this abelian scheme; i.e. the set = 0}. These theta null-values
then have the automorphy properties of sections of a vector bundle [ VP p over
M(Gp, Fp). However, the identification of an automorphic form with a

section of a vector bundle is not determined uniquely. In order to study the

1 
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Taniguchi Foundation.
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arithmetic properties of Fourier-Jacobi series, we need to construct directly a
map of global sections

where (al parametrizes the Fourier-Jacobi coefficients along FP and ~ is the

completed direct sum with respect to a natural topology.
In the following discussion we suppress the distinction between the

Fourier-Jacobi coefficients and their null values. This can be done by replac-
ing (G, X) by a sub-pair corresponding in Siegel domain coordinates to

((z, 0, t)}. We assume, therefore, that u is identically zero in what follows.
In order to construct (0.2), we assume [ Y ] c [ VP ], where p : G - GL(Vp) is

a finite-dimensional representation (notation 3.4); we actually need a slightly
stronger assumption (5.3.6). For simplicity assume p is defined over Q. We
construct a complex analytic space --- which fits naturally into a diagram

such that there exists a natural imbedding

The space E may be regarded as a tubular neighborhood of the boundary
component corresponding to M(Gp, Fp) in the Baily-Borel compactification
of M( G, X). The imbedding (0.3) can be normalized so that the canonical
local system 7T * Vpv p C 7T * [Vp p ] is taken to the canonical local system B * Vpv C
B*[VP ], and is then essentially determined over E(G, X). A linear transforma-
tion of B*[VP ] then identifies B*[V] with a subbundle of 77-*[VppJ. In this way
one easily identifies 03C0* B*[V ] with a subbundle of ~ [Vpp], and the mor-

a

phism (0.2) now has an obvious definition. Our main theorem states

THEOREM 6.4: The homomorphism (0.2) is rational over the field of definition of
[V].

We remark that Brylinski proved the above theorem in the cases in which
M(G, X) is a moduli space for abelian varieties with level structure and a
family of absolute Hodge cycles [31]. Our proof, which was suggested by work
of Shimura and Garrett, uses only the special case in which M(G, X)
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parametrizes elliptic curves; in this case, Theorem 6.4 is essentially contained
in the work of Deligne and Rapoport [35].
A number of consequences of Theorem 6.4 are derived in the text. One easy

consequence is a (characteristic zero) q-expansion principle (Theorem 6.9). A
more interesting consequence is a theorem on the rationality of holomorphic
Eisenstein series (Theorem 8.5), which generalizes the main result of [12].
Roughly speaking, if fE f(M(Gp, Fp), [Vpp]) is a cusp form, and if [Vpp] ]
satisfies certain hypotheses, then we can define an absolutely convergent
homomorphic Eisenstein series E(f) E 0393(M(G, X), [V]). Our theorem states,
among other things, that the homomorphism f ---&#x3E; E (f ) is rational over the
field of definition of [V ].

Section 7 is not related to Fourier-Jacobi series at all. Its subject is the

explicit classification of some of the holomorphic differential operators pro-
vided by Theorem 4.8. The classification depends on the theory of modules of
homomorphic type over enveloping algebras, and is a generalization of the
techniques introduced in [37].

The main technical tools for the study of Fourier-Jacobi series are devel-
oped in §5. It was Garrett who explained to me the importance of the domain
A(P), and 1 thank him for his observations which, in conjunction with
unpublished notes of Deligne, made possible such a straightforward develop-
ment of the theory. Section 5 also contains a very brief discussion of Shimura’s
method of determining rationality of automorphic forms by their values at
CM points. The contents of §6-§8 have been discussed above. The final

section contains a list of questions not treated in this paper.
1 have already expressed my gratitude to Garrett for his suggestions.

Otherwise 1 have nothing to add to the acknowledgments already noted in Part
I, except to repeat my thanks to the Institute for Advanced Study and
Columbia University for their hospitality.

Notations and conventions

The notation of Part 1 remains in force. We find it convenient occasionally to
write z E Gm instead of saying "z is a geometric point of Gm."

References to sections or formulas in Part 1 will be given simply by the
section numbers, without any further comment.

§5. Boundary components and trivializations

This section is primarily intended as a compilation of technical results relevant
to the theory of Fourier-Jacobi expansions, which will be treated in §6. Most
of these results are familiar from the standard literature on boundary compo-
nents of Hermitian symmetric spaces as developed, for example, in [26,1,49,65].
However, these sources only carry out many of these constructions over R or
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C, whereas we need information over number fields. Our method is to rely on
results available in the literature and explain, as briefly as possible, how to
derive what we need from them. Concepts not explained below are discussed
in the articles cited above.

Our presentation has been influenced primarily by the treatment in [26] and
by unpublished notes of Deligne [34]. Some of the contents of the latter can be
found in the thesis of Brylinski [31]. In particular, Theorem 5.1.3, due to
Deligne, has not been published anywhere, but is cited in [31], and in general
can be seen as a reformation of the results of the standard sources mentioned
above.

Conversations with P. Garrett were very helpful in clarifying the contents of
this section, especially 5.1.
5.1: We begin as always by choosing a pair (G, X), satisfying (1.1.1) - (1.1.4).
We assume G to have Q-rank &#x3E; 1. It will be convenient to fix a connected

component X+ of X.
Let P be a rational maximal parabolic subgroup of G, with unipotent

radical W = Wp; let U = Up be the center of W. The subgroup P (R) ° c G (R) °
fixes a unique boundary component F+ = 7y of X+, in the sense of the
references recalled above. By definition, F+ is a rational boundary component
of X+. Let A = Ap be a fixed split component of P; it is a Q-rational torus in
P, one-dimensional and split modulo ZG.

For any h E X, let Wh = h o w : Gm,R ~ G R be the weight morphism; we
know by (1.1.1) that it does not depend on h, and by (1.1.3) that it is defined
over Q. We denote it wo: Gm ~ G.
We recall that if p: G - GL(V) is a rational representation, then each

h E X determines a Hodge filtration

as in 3.1.3. On the other hand, if 03C8 : Gm ~ A p is a homomorphism, one can
define an increasing filtration

where

Following Deligne, we call 41 admissible (for P) if

the first equality refers to the adjoint representation of G on g . We call 41 a
Cayley morphism if the corresponding filtration W,03C8 has the property
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(5.1.2) (W103C8, FPh ) define a mixed Hodge structure (cf. [69]) on V for any
h E X and any rational representation p: G - GL (V).

(Actually, Deligne works with the P-conjugacy class of the morphism 03C8, but
we prefer to fix AP.) Deligne proved

5.1.3 THEOREM: (Deligne, [34], 93.1; cf. [31]). There is a unique admissible

Cayley morphism w p : Gm ~ Ap.

We denote the corresponding filtration Wp instead of W.wp.
Since the Hodge structure Fihg is of type (-1,1)+(0,0)+(1, -1), it

follows easily from (5.1.2) that the weight filtration on g is of the form

We let g i c g be the t eigenspace of W p(t), t E Gm . Then we have

g0 is the centralizer of A p: i.e., a Levi component of Lie P.

We make the following definitions:

g h = the orthogonal complement of g0l in gO, with respect to the

(5.1.5) Killing f orm.
G?, Gl, and Gh are the connected subgroups of G whose Lie algebras
are g0l, gl , and g h, respectively.

These Lie algebras and Lie groups are all defined over Q and are all reductive.
It is easy to check that G, and Gh are mutual centralizers in G (cf. [31], 4.1.2).
We let Geven = GevenP = Gl . Gh be the centralizer of w p( - 1). Let ~( P ) + be the
subset of X+ fixed by wp( - 1).

In what follows, we will frequently make use of a weakened version of
axiom (1.1.2). We denote this weakened version (1.1.2)*:

(1.1.2)* The automorphism ad(h(i)) of G (R) induces a Cartan involution on
Gder(R)0. (Cf. Remark 5.1.6.3, below.)

5.1.6 LEMMA :

( i ) The set ~( P ) + is non-empty, and consists of homomorphisms h : S -
GevenR .R 

(fi) Let Â(P) be the Geven(R)-conjugacy class of homomorphisms h : S -

GevenR containing ~(P)+. Then (Geven, ~(P)) satisfies (1.1.1), (1.1.2)*,
(1.1.3), and (1.1.4).

(iii) Let h E ~(P), and let G be the derived subgroup of Geven. Then ad ( h(i))
is a Cartan involution of G(R)0.
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PROOF: Assuming (i), it is clear that (1.1.3) and (1.1.4) hold for (Geven, ~(P)).
The remaining statements concem only the structure of the real group G(R).
Moreover, if GR = G1 X ... X Gn, and if X = Xl X ... X Xn correspondingly,
then the truth of the lemma for (G, X) follows from the corresponding
statements for (G1, X,), i = 1, ... , n. Thus we may assume G is an almost

simple group over R. If X is a point, then the lemma is obvious; thus we may
exclude that case.

We first prove (i). Let h E X+, and define p+ as in (3.1.1). The Borel-
Harish-Chandra imbedding corresponding to h identifies X+ with a bounded
domain in p ’ in such a way that h is identified with the origin in p + (cf. [26],
p. 170). Changing h if necessary, we may assume that F+ is one of the
standard boundary components with respect to this imbedding; i.e., that F+ is

one of the boundary components denoted Fs in [26], p. 196. In particular, if
ah = ad(h(i)) is the Cartan involution of Gdel(R)o corresponding to h, as in
(1.1.3), then ah 0 W P = w P-1 (cf. [34], 3.1.4). Thus wp(- 1) is fixed by Crhl i.e., it
commutes with h( S ). In other words, h ~~ (P)+. The second part of (i) is

obvious.

The statement (ii) follows immediately from the corresponding statements
for (G, X). To prove (iii), we argue as follows. Let h E ~(P), let Kh be the
centralizer of h in G, and let

be the corresponding Cartan decomposition. By hypothesis, (5.1.6.1) is the

eigenspace decomposition for ah = ad(h(i)). Let T = W p(-1). Since ah and T
commute, each term in (5.1.6.1) is the direct sum of its ( ± l)-eigenspaces for T:

(5.1.6.2)

The sum of the first two terms in the right-hand side of (5.1.6.2) is the sum of
9 and a subalgebra of the center of geven. Thus (iii) is a consequence of

(5.1.6.2).

5.1.6.3 REMARK: We see that (Geven, à(P)) satisfies the axioms for the data
defining a Shimura variety, except that G even(R) may have a semisimple
compact factor defined over Q. However, one still has canonical models in this
case. Suppose, in fact, that G’ is the maximal quotient of Geven, defined over
Q, such that for every h E à(P), the image of h in G’ is trivial. Let G" c Geven
be the kernel of the map G even - G’; then (G", ~( P )) is a pair satisfying
( 1.1.1 )-(1.1.4). Thus the canonical model M(G", ~(P)) exists, as do the
arithmetic vector bundles and the canonical local systems of Part I. We let
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and define arithmetic vector bundles and canonical local systems similarly. It
is easy to see that the objects thus constructed have the same properties as
canonical models, etc., constructed in the case of pairs satisfying (1.1.1-4) and
we take this for granted henceforward.

In preparation for the remainder of this section, we recall the realization of
X+ as a Siegel domain of the third kind over p+ [47,66,49]. Following Deligne
[34] (cf. [26], p. 227 ff.) we may identify X+ with the domain

(5.1.7)

Here C is a self-dual cone in g-2(R), homogeneous under the adjoint action
of G?(R), and Bt is a certain real bilinear form on g -’(R) with values in g - 2,
depending real analytically on tEP;.

5.1.8 LEMMA :

( i ) The Hermitian symmetric space à (P) + decomposes as a product F+ x D;,
where Dp+ is a tube domain. The group Gh(R)o acts trivially on Dp+ and
transitively on P+, and G,(R)’ acts trivially on p+ and transitively on D+

(ii) The tube domain DP is rational with respect to the quotient Geven/Gh; i.e.,
it has a zero-dimensional boundary component whose normalizer is a rational
minimal parabolic subgroup of G even IGh

PROOF :

(i) We identify X+ with Yp, as in (5.1.7). It follows from the Korànyi-Wolf
theory of Siegel domains of the third kind [66] that w p(Gm) preserves the
three factors in (5.1.6), and that

In other words

where Dp = g-2 (R) ~ i C is a tube domain in ge2. The remaining asser-
tions are also consequences of the general theory.

(ii) Let GI 1 = G even/G h, and let D be the image in G’(R) 1 of ~(P), under the
natural morphism. Then (GJ, D) is a pair satisfying (1.1.1)-(1.1.4) (sic).
Let D+ c D be the image of ~(P)+ in G;(R). It follows from (i) that D+
may be identified with D p . This realization of D+ as a tube domain

corresponds to the maximal parabolic subgroup PI of GJ, whose Lie
algebra is g-2 ~ g0’. Since PI is rational, the assertion is clear.
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5.1.9 Let p:G-GL(V) be a faithful representation, and let GrP(V)
= ~ WPVIWP,V be the graded vector space associated to the weight

filtration on V. Then Gr (V) is a faithful representation space for P / W0. Let
Qp ~ GL(V) be the parabolic subgroup stabilizing the weight filtration W.PV;
then P/ Wo is naturally a subgroup of Qp/RuQp.

If h E X, then ( F§, W.’ 1 determine a mixed Hodge structure on V, and
therefore a Hodge structure on GrP(V). We denote by hp the corresponding
homomorphism hp: S ~ GL(Grp(VR)) Let M be the centralizer of A p in

Qp. Then hp(S) c Qp(R)/RuQp(R), and h p lifts uniquely to a homorphism
hp: S~MR.

5.1.1Q LEMMA: The image of h p is contained in Gh,R - A P,R.

PROOF: We first prove that hp(S) ~ GR. It suffices to prove that, if a E
defVa,b =def V~a ~ (V*)~b is a rational invariant with respect to G, then it is

invariant with respect to h p( S ). It is easy to see that h P ( S ) respects the

weight filtration W.P(Va,b), and reduces to the Hodge structure induced by Fh
on GrP(Va,b). Now the Hodge structure induced by h on the Q-linear span of
a is of type (0, 0); moreover, a E WP(Va,b). It follows that hp(S) acts

trivially on the image of a in WOP( va,b)IwP-1(Va,b ). Thus a is invariant with
respect to hp(s).
We see that the image of h p is contained in the centralizer Gh - G° of A p in

G. Now the Hodge structure induced by {Fh., W.p} on Wp,2g is necessarily of
type ( -1, -1). It follows that, under the adjoint representation, hp(5) acts
on g R 2 via real homotheties. But Gh acts trivially on g - 2, , whereas the

representation of g ° on g - 2 is faithful. The subgroup of Gh,R - G0lR which acts
on gR-2 via real homotheties is thus Gh,R - A P,R. 

,

We let Gp = Gh . Ap. Let Fp be the Gp(R)-conjugacy class of homomor-
phisms S - G p,R containing h p, for h E X. Let 7rp : X ~ Fp be the map which
sends h E X to h p E Fp. The following proposition is essentially due to

Deligne.

5.1.11 PROPOSITION:

( i ) The image 7rp( X+ ) c Fp is a connected component of Fp, and is analytically
isomorphic to Fp . In the coordinates (5.1.7), 7Tp«Z, u, t )) = t E Fl. The
morphism 7T p is P(R)-equivariant.

( ii ) The pair (Gp, Fp) satisfies (1.1.1), (1.1.2)*, (1.1.3), and (1.1.4). Moreover,
if h E Fp, then ad(h(i)) is a Cartan involution of Gpder(R) 0.

PROOF: The assertions in (i) are established, though not precisely in the

present form, in 3.3.7 of Deligne’s notes [34]. The proof of (ii) is analogous to
the proof of Lemma 5.1.6 above, and is omitted.
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5.1.12 REMARK: The argument of Remark 5.1.6.3 applies to the pair ( G p, Fp ),
and implies that the canonical model M( G p, Fp) exists. It also implies that
the results of §3 and §4 are valid for (Gp, Fp).

5.2. Canonical automorphy factors

Unfortunately, the standard treatments of canonical automorphy factors are
carried out with R as ground field. We explain how to obtain results over the
reflex field of a CM point, which is the appropriate context in which to study
the values of automorphic forms at CM points.

5.2.1 Let h E X, and let g C = f h ® .p + ® p -, as in (3.1.1) ; let Kh, Ph+, and Ph
be the corresponding subgroups of G. Let Eh be a field of definition for the
subgroup KhP+ c G. It is well known that every element g of G(R)° may be
represented in the form g+ Jh(g)g-, with g+ E Ph+(C), g- E Pj(C), and

Jh(g) E Kh (C). Moreover, we know

(5.2.1.1) The multiplication map Ph X Kh X Pj - G

is injective.

(For these facts, cf. [26], p. 170). Thus g+, J(g), and g- are uniquely
determined.

Let X+ be a connected component of X and assume /z e X+. If x E X+,
g E G(R) 0, we write

where gx is any element of G(R)o such that gx(h) = x. Then Jh,o(g, x ) is

well-defined, and satisfies the following relations (we write J for Jh,o):

(5.2.1.3) J(gg’, x) =J(g, g’(x)) J(gl, x ) ;

(5.2.1.4) J( k, h ) = k b’k E Kh(R)0;

(5.2.1.5) For any g E G(R)°, the function J(g,.): X’ - Kh (C) is holomor-
phic.

We call Jh°° the canonical (bounded) automorphy factor for h.

5.2.2 Let P be a maximal rational parabolic subgroup of G, as in 5.1. Let
Õ’(P)+ be a connected component of ~(P), and let h E~(P)+; let Kh be the
centralizer of h E G. (Most of the construction which follows is valid for any
h G X+, but it is convenient to assume h E ~(P)+). A canonical automorphy
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factor for the pair P, h is a morphism

satisfying (5.2.1.2)-(5.2.1.4) and the additional hypotheses

(5.2.2.1) Let Np c P be the subgroup with Lie algebra g - 2 e g -1 ~ g0l, in the
notation of 5.1. Then the map J(., x) : Np(R)° - Kh(C) comes from a homo-
morphism Np - Kh of algebraic groups, and is independent of x c X+. This
homomorphism is trivial on Up.

(5.2.2.2) The restriction of J to Geven(R)O X ~(P)+ takes values in Kh(C) n
Geven(c). Denote this function

def

(5.2.2.3) Let J" be the composite of J’ with projection Kh’ =
Kh(C) ~ Geven/Kh(C) ~ Gt(C). Then

5.2.3 We construct the canonical automorphy factor for P, h, as follows. First
assume F+ is a point, and that X+ is a rational tube domain. Thus Gder = GI,
and Dp = X+. Associated to Kh, a maximal torus T c Kh, and the choice of a
maximal set of strongly orthogonal non-compact roots for T(C) in gc, one
obtains a standard point boundary component Foo of X+ (cf. [26], Chapter III,
§3). The stabilizer of Foo is a maximal parabolic P~ c G, defined over R. We
also have the Cayley transform C~ E G ad (C), corresponding to the realization
of D p as a tube domain over Foo ([66], §2). Let Coo be a lifting of Coo to G(C).
We have coo(KhPh+)C~-11 = Poo. Now Kh (R) acts transitively on the set of point
boundary components of X+ ; thus there exists k E Kh(R) such that, if

c = kcoo, then c(KhPh+)C-l = P. On the other hand, Kh Ph is a parabolic
subgroup, hence equal to its own normalizer in G. Thus if d(KhPh+)d-1 = P,
for some dE G (C), then d = cp for some p E Kh(C)Ph+ (C). It follows easily
from [30], 4.13(c) that we may choose c = Ch P E G( Eh ) such that, for some
p E Kh (Ç) Ph+ (C), k E Kh(R), we have 

,

Now we consider the general case. We have assumed h E ~( P ) +. The image
of ~(P) under the natural map Geven ----&#x3E; G 1 d is contained in a G 1 ad (R)-con-
jugacy class D of homomorphisms S - Gli. It follows from Lemma 5.1.7 that
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(Glad, D) satisfies (1.1.1) and (1.1.2) *, and that each connected component of
D is analytically equivalent to the rational tube domain Dp. Let PI, Kh,l, and
Ph+1 be the subgroups of Gtd with Lie algebras g? ~ g - 2, f h n g l, and p + n g l,
respectively. Let coo,l be the standard Cayley transform in Gadl(C), as above.
There is an element 0E Gtd(Eh) satisfying the analogue of (5.2.3.l): for some
P E Kh,/(C)Ph+/(C), k E Kh,l(R), we have

Now let c be any lifting of lj to GI. Up to replacing c-, by another solution
of (5.2.3.2), we can find a lifting c = ch,P E G1er(Eh), satisfying

for some p E Kh (C) Ph (C) ~ Gl(C), k E Kh (R) ~ Gl(R), and some lifting coo,l l
of Coo,l to GI(C). 

,

It is known ([66], §6) that

and it follows from (5.2.3.2) that

In particular, c-1 = c+ coc- with c+ E Ph+(C), Co E Kh(C), and c- E Pj(C). It
follows easily from (5.2.1.1) that c+, co, c- E G(Eh). Let J = Jh,P: GE ~ Kh
be the rational map, defined on the open subset cPh+KhPh- c GE by the
formula

Then J is well-defined, is rational over Eh, and (by (5.2.3.4)) has no pole on
G (R) 0 .

5.2.3.6 REMARK: Most often, we assume h to be a CM point; i.e., there is a
CM pair (T, h ) c (Geven, ~(P)). It then follows from (3.5.1) (a), applied to the
adjoint representation, that we may take Eh = E(T, h ).

Now we define the canonical automorphy factor for P, h :

where as before, gx E G(R)o is a solution to the equation gx( h) = x. The
definition of jh, P depends a priori on the choice of an element c satisfying
(5.2.3.3). If d is another one, then as in the argument preceding (5;.2.3.1), we
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know that d = cp, with p E Kh (C) Ph (C). It is thus clear that J, defined as in
(5.2.3.5), is independent of the choice of c, and we are justified in calling Jh.P
the canonical automorphy factor. One verifies immediately that JI,’ has the
properties listed in 5.2.2.

5.3. Canonical trivializations

Let Y’ be a homogeneous vector bundle over M = M(G, X), defined over the
number field L. Pick a CM pair (T, h) c (G, X). Let f3 x be the Borel

imbedding of X of M(C), as in 3.1. We denote the point 03B2x(h) = (Bh’
jnh(mod RhBh)) E M(E(T, h )) by the symbol h. We let Th : 13h - GL (Vh ) be
the isotropy representation of the subgroup 13h c G on the fiber 1/1, of YOE at
h. Assume that Th is trivial on R u 13 ; i.e., it factors through Kh, in the notation
of 5.2.1. We denote the homomorphism Kh ---&#x3E; GL(r’h) by the same symbol Th .

Let X+ be a connected component of X, as before. Let J = Jh,0 or jh, P be
one of the canonical automorphy factors constructed in 5.2. The restriction of
V(C) to 03B2x(X+) can be trivialized as follows: There is an isomorphism

is the given action of G on v. It follows from (5.2.1.4) that (5.3.1) is
well-defined. With respect to this trivialization, the action of g (=- G(R)() on
V(C)|03B2x(x+) ) is given by the formula

We know that analytically, [V](C) is isomorphic to

Using (5.3.1), we rewrite this

where the action of G(Q)+ on X+ X Vh(C) X G (Af ) is determined by (5.3.2):



335

It follows as usual (cf. [12], 2.1) that an automorphic form f E T ( M(G, X),
[V])K, for some open compact K ~ G (Af ), lifts to a function

which satisfies the following conditions:

Let MV(K) = MV(K, G, X, J ) be the space of Vh(C)-valued functions on
X+ X G(Af )IK, satisfying (5.3.3 (i)) and (5.3.3 (ii». We have defined an
isomorphism

If we define r( M( G,
then of course we have

In order to say something non-trivial, it is convenient to make the following
hypothesis:

(5.3.6) There exists a representation p : G ~ GL(Vp), defined over L, and an
imbedding V~- Vp (notation 3.4) such that V’h is the subspace of Vp fixed by
Ru Bh. °

In other words, Hypothesis (5.3.6) is that Th is the lowest Kh-type of a
finite-dimensional representation of G. It seems that such V are the only ones
that have interesting spaces of sections. In any event, the following construc-
tion can easily be extended to the general case by observing that every V is
contained in the tensor category generated by those satisfying (5.3.6) and their
duals.
We have, by hypothesis, an imbedding Vh~ Vp, defined over Lh = Li

E(T, h). The torus T is a subgroup of Kh, and therefore acts on Th through
the restriction of Th to T. Thus there exists a T-invariant, Lh-rational decom-
position
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Let Th denote the representation of T on Yi. In the notation of (4.1.7), we
have compatible Lh-rational decompositions

where * is either B or DR.

Let r = dim V’h, and let wl, ... , wr (resp. c1, ... , cr) be a basis of Lh-rational
global sections of 1’(M(T, h), [V]| M(T, h)) = HDR(Wè( Th)/M(T, h )) (resp. of
HB(M(th)IM(T, h))). Let

be defined by the relation p(V, h)c, = wl, i = 1,..., r. We call p(V, h ) the
period matrix of the vector bundle r at h. It is an invariant of the " motive"
M( Th)’ and is well-defined only up to right-multiplication (resp. left-multipli-
cation) by elements of Aut(HB(Wè (Th))/M(T, h)) (resp.
Aut(HDR(Wè(Th)/M(T, h ))) with coefficients in Lh.

Note that P(V, h) E End([V] 1 M(T, h)) is an automorphic form on

M(T, h ), with values in End([Y]). By applying (5.3.5), we may thus identify
p (Y, h ) canonically with a function

satisfying a special case of (5.3.3(ii)). In this case the automorphy factor
coincides with the respresentation Th’ and in particular is rational with respect
to the Lh-structure on Vh. The constructions in §4 naturally identify this

Lh-structure on Yh with the rational structure on [V] ) 1 M(T,h) ~ Yh(C) X
M(T, h) provided by HB(M( Th)/M(T, h)); cf. also Proposition 4.1 of [13].
The following lemma is thus clear.

5.3.9 LEMMA : Let fE r( M( G, X), [V]). Let L’ be an extension of Lh,
contained in C. The following are equivalent:
(i) The restriction fh of f to M(T, h) is rational over L’.

(ii) The section p(j/", h)-lfh of HDR(M(Th)/M(T, h))(C) takes values in

HB(M(Th)/M(T, h)) ~LhL,.
(iii) Let fh be the restriction off to {h} X T(Af ). The function

takes values in Y’h ( L’ ).

We recall that for any CM pair (T, h) c (G, X), the subset

M( T, h). G(Af) c M(G, X) is Zariski dense ([5], §5). In view of 1.2.4, Lemma
5.3.9 immediately implies the following proposition.
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5.3.10 PROPOSITION: Let f E f(M(G, X), [ Y ]), and let L’ c C be an extension
of L. The following are equivalent.
(i) The section f is rational over L’.
(ii) For every CM pair ( T, h) c ( G, X), and each -y E G(Af), the following

condition holds: Let f3 be the composite of the inclusion M(T, h) c
M(G, X) with right translation by y. The section p("f/, h)-lf3*(f) of
HDR(M(Th)/M(T, h)) ~ C takes values in HB(ITR(Th)/M(T, h)) ~LhL’.
E(T, h). 

h

(iii) For each (T, h) and y as in (ii), the following condition holds: Let y *f be
the pullback of f under right translation by y, and let f h be the restriction
of y *f to ( h ) X T(Af ). The function

5.3.11 REMARK: If we are willing to extend the ground field so that the

representation of T on Vh is diagonalizable, then we may take p (V, h ) to be
a function whose values are diagonal matrices. In this case, its entries are

Shimura’s period invariants [23]. As indicated in 4.1, these invariants, up to
algebraic factors, are actually invariants of representations of the Serre group,
and can therefore be transferred from one Shimura variety to another. This
feature of the period invariants has been exploited to great effect by Shimura
[24,56,58], who uses a variant of the rationality criterion 5.3.10 to prove
theorems about the rationality of theta-liftings.

It should be stressed that HB(M(Th)/ M(T, h)) consists of the restrictions
to M(T, h)cM(G, X) of sections of the canonical local system Vv. If

(T’, h’ ) c (G, X) is another CM pair, we may evaluate f at G (Af )-translates
of {h’} X T’(Af). Since f takes values in Y’h(C), its restriction to {h’} X
T’(Af)y cannot be compared directly with periods of motives over M(T’, h’).
However, V,7 does not depend on the CM pair (T, h), and we may use the
relation (4.4.1) to identify Vh(Q) with "Y1z(Q). Thus, as in the work of

Shimura, we obtain a criterion for Q-rationality based on evaluation of

automorphic forms at arbitrary CM pairs.
The work of Blasius, which determines the period invariants up to multipli-

cation by scalars in more precise number fields, should also be mentioned in
this connection [28].

§6. Fourier-Jacobi Expansions

In this section we prove a general version of the classical q-expansion
principle, along the lines developed by Shimura [53,54,20] and, more intrin-
sically, by Garrett [11,36]. The context of the principle, roughly speaking, is
that arithmetic automorphic forms have arithmetic Fourier-Jacobi expansions
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along all rational proper boundary components, and that conversely. an

automorphic form whose Fourier-Jacobi expansion is arithmetic at a single
rational boundary component is ipso facto arithmetic. Of course this principle
is vacuous unless the Shimura variety on which these forms are defined

possesses a nontrivial boundary.
When (G, X) has a symplectic imbedding, the Fourier-Jacobi expansion

along a rational boundary component of M(G, X) has a modular interpreta-
tion, investigated by Brylinski in his thesis [31]. This interpretation is ex-

pressed in terms of the degeneration of a family of polarized abelian varieties,
along the boundary of M(G, X), into a family of (polarized) 1-motives. Each
polarized abelian variety in the family is determined up to isogeny by the
Hodge structure on its rational singular cohomology, and the degeneration
along the boundary is faithfully reflected by the degeneration of the family of
(polarized) Hodge structures into a family of (polarized) mixed Hodge struc-
tures. Although these geometric constructions are not available when (G, X)
admits no symplectic imbedding, it turns out that the underlying linear

algebraic data, in the form of the canonical local systems constructed in §4,
suffice to prove an appropriate generalization of Brylinski’s results.

6.1 Let (G, X), P, V, and L be as in §5; we assume as before that
L D E(G, X). The following lemma will be proved in a moment.

6.1.1 LEMMA: The reflex field E(Geven, ~( P )) = E(G, X).

First we derive a consequence from the lemma.

6.1.2 COROLLARY: Let f E r( M(G, X), [V]), and let L’ c C be an extension of
L. The following are equivalent:
( i ) The section f is rational over LI.
(ii) For every y E G(Af), the following condition holds: Let iy: M(Geven,

~(P)) ~ M(G, X) be the composition of the natural inclusion with right
translation by y. Let [V]even be the pullback of [V] ] to M(Geven, ~(P))
via the natural inclusion. Then iy*(f) is an L’-rational section of iY* [V] ~
jyjeven . 

~

PROOF: This is an immediate consequence of Lemma 6.11 and the fact that
M(Geven, ~(P)). G(Af) is Zariski dense in M(G, X).

6.1.3 PROOF of Lemma b.l .1: Let h E ~( P ), and define li = Jlh: Gm ~ GCeve- c
Gc as in 1.1. Let M (resp. Mp) denote the G-conjugacy class (resp. Geven-con-
jugacy class) of 03BC. Let T = W p( -1) (notation 5.1.3), and let MT be the set of
fixed points of T in M. Since  TE G(Q), MT is defined over E(G, X), It thus
suffices to prove
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We first construct a Geven-equivariant map ~: MT ~ M(Geven, ~(P))
def Û,,,n . Let v E MT, and let f Y, p;, and p; be the eigenspaces in g , , for

v(Gm), of weight 0, 1, and - 1 respectively. Let Bv be the parabolic subgroup
of G with Lie algebra f v ~ p v . Then v(Gm)cBv. Let v : Gm ~Bv/Ru Bv be
the composite of v with the natural projection. Then ( Bv, il) E M(G, X). But
since v commutes with T, the eigenspace decomposition may be further

refined:

where f Ty (resp. f -Tv ) is the subspace of fp fixed by T (resp. the -1 eigenspace
of T on f p)’ and the second decomposition is defined analogously. Let

Btv c Geven be the subgroup with Lie algebra fTv fl3 p 1; then v(Gm) c BTv/Ru BTv’
and one sees easily that

and that E is equivariant with respect to Geven.
Let v E MT; we want to show that v is Geven-conjugate to /le Now Geven acts

transitively on Meven, so we may assume, after replacing v by a Geven-con-
jugate, that E(v)= E(03BC). It then follows that

Here we have used the fact that 03BC(Gm ) is central in Now the
exponential map is an isomorphism of groups

By (6.1.3.2) we may write y = y y -, with y+ E exp pT03BC, y- E exp P-T03BC. Since
y + E Geven, we may assume y = -Y i. e., y T = y-le But vT = v . It follows from
(6.1.3.4) that

But (6.1.3.5) implies that y2 is in the subgroup K,, of G whose Lie algebra is
fv. Since P- n Kv = {1}, we have y2 = 1. Since y is unipotent, we even have
y = 1. The lemma is proved.
Lemma 6.1.1 has another useful corollary:

6.1.4 COROLLARY: The reflex field E(Gp, Fp) is contained in E(G, X).

PROOF: Let ( T, h ) be a CM pair in (Geven, 0394(P)). By 1.2.4 and Lemma 6.1.1,
it suffices to show that there exists a CM pair ( Tp , hp) C (Gp, Fp) such that
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E(Tp, hp) c E(T, h). Now let G’ = Geven/Gl, and let FI be the G’(R)-con-
jugacy class of homomorphisms h: S ~ GR generated by the image of ~(P)
under the natural map Geven ~ G’. Let (T’, h’ ) c ( G’, F’ ) be the image of
(T,h). Then E(T’, hl) c E(T, h), by general principles of functoriality. On
the other hand, Gp maps onto G’, and its kernel is the Q-split torus Ap. Let
Tp c Gp be the connected component of the inverse image of T’ with respect
to this map. Then (Tp, 7rp(h)) is a CM pair in (Gp, Fp). Since the kernel of
the map Tp - T’ is Q-split, we have E(Tp, 7Tp(h)) = E(T’, h’), and we are
done.

6.2 Our method for determining rationality of fE 0393(M(G, X), [V]) is based
on the Fourier-Jacobi expansion of iy*(f) for any y E G(Af), along the

boundary components of ~(P)+ of the form Fp’ X {pt}; where {pt} refers to
a rational point boundary component of Dp+ . The relation between this and
the "normalized division-point values" of Shimura and Garrett will be ex-
plained below. Meanwhile, we will assume (G, X) = (Geven, ~(P)).

Let P’ = Gp- U c G. If K ~ G(AI) is an open compact subgroup, define

The inclusion of P’(Af ) in G(Af) defines a collection of natural maps

which piece together to define a P’(Af )-equivariant map

On the other hand, the morphism 03C0p : X+ ~ Fi induces a morphism

Our first objective is to represent B*[V] ] in terms of a bundle on

M Gp, Fp ). As before, we assume V satisfies hypothesis (5.3.6). It is conveni-
ent to introduce the homogeneous subbundle f c i§ such that, for each

h=(Bh, J.l)EM(G, X) the fiber Yl,h is the subspace of Vp fixed by G, n
R u Bh. Then V, and hence [ V, ], is defined over L, and we have

On the other hand, let Pp* be the representation of G p on the subspace
PP c Vp* of vectors fixed under the action of U. (Recall that Gp normalizes U
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in Geven). We may define the vector bundle [Vpp*] ] over M(Gp, Fp). Now the
bundle B*[Vp*] contains a local system B * Vp*,~ in L-vector spaces. There is a

complex analytic L-linear isomorphism

and we let WP° c B*Vg*’V be the P’(Af)-equivariant local subsystem which
corresponds via (6.2.2) to

Then WP~ does not dépend on the choice of isomorphism (6.2.2). Let Wp be
the C9:=:-subsheaf of B*[Vp*] spanned by Wp~ . The following lemma is clear by
construction:

6.2.3 LEMMA: There is an isomorphism of P’(Af)-equivariant vector bundles

such that

We note that j is not uniquely determined by (6.2.4); in every case it can be
multiplied by an element of L x and still satisfy (6.2.4).

Let Do denote the composite morphism

where the last arrow is the natural restriction map. Let

This homomorphism, which is evidently P’(Af )-equivariant, is canonical up to
automorphisms of Wp’B7. The main step in our study of Fourier-Jacobi expan-
sions is the following proposition:

6.2.5 PROPOSITION: The homomorphism D is an isomorphism.
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If H is a subgroup of G, b = Lie H, we let VpH ~ Vp be the subspace of
H-fixed vectors, and let VpH,1 ~ Vp be the subspace generated by dp( X)c,
VX E h, V E Vp.
We note that Ad(c2) interchanges P+ and P-, and also interchanges U

and U- (cf. [38], §1).

6.2.5.1. LEMMA: Let H be one of the subgroups P+, P’, U, u- of GI, and let
p : Gj ~ GL (Vp ) be any representation. Let H’ = c2Hc-2. We have

PROOF: Since all groups in question are conjugate, we may take H = U. It

suffices to consider the case in which p is irreducible. Then VpU is an

irreducible G’-module, and is the lowest eigenspace for Wp(Gm) = Ap. The
lemma follows immediately.

Returning to the proof of the Proposition, we see that it suffices to prove
that the composite map

is an isomorphism. We drop the subscript p. First we establish that dim hp -
dim( V* )U. Since P- is conjugate to U, we know dim Vp2014 = dim Vu. We thus
have to prove

But (V*)u is naturally isomorphic to (V / VU,l)*. Moreover, dim VU,l =
dim VU- ,1. Thus (6.2.5.2) follows from Lemma 6.2.5.1.

The kernel of V ~ ((V*)U)* is just Vu,1. The preceding paragraph thus
reduces the proposition to the statement

Suppose v e VF is such that p(c+)v ~ Vp+1 . Then (6.2.5.5) implies that

v E Vp- ~ VP- .1. Now Lemma 6.2.5.1 implies v = 0. The assertion (6.2.5.4),
and therefore the Proposition, now follows immediately.
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6.3 We continue to assume (G, X) = (Geven, à(p». In the last section we
defined an isomorphism

Now any section of 7r*[Vppl over E is assumed to be invariant with respect to
K n P’(Af ), for some open compact subgroup K c G (Af ). Let A* = K ~ U(Q),
and let A = Hom(A*, Z). We may view A* as a lattice in g-2(Q). As in
(5.1.7), we may identify D p P(R)0-homogeneously with g-2(R) ED iC, where C
is a self-adjoint G?(R)-homogeneous cone in g - 2 (R). Such an identification is
not unique, but we will see in 6.5.2, below, that there is a natural set of such
identifications which is homogeneous under Pl(Q) r1 Pl(R)o; we admit this for
now, and assume our given identification belongs to this set. Let N = dim g - 2
= dim Dp , and let {al,..., aN} be a Z-basis for A*, contained in C. Let
{l1, ..., ,lN} be the dual basis for A, and let

N N

More generally, if 03B1E A, 03B1 = ~ 03B1jlj, we define q 03B1 = rI q 03B1jj. If we
j=1 j=1

identify A p with Gm, then the function q03B1 determines uniquely a function

on £ = lim~ P’(Q) ~ G(Q)+ BFp+ XDp X P’(Af)/p’(Af) n K which does not
K 

P P 

depend on the variable in Fp+ and is right invariant under Ap(Z). Gpder(Af).
We denote this function q 03B1 as well. Let Kp=Knp’(Af)/KnU(Af)c
GP(Af ). The space 2:K is a fibration over KpM(GP, Fp)(C) whose fiber at each
point is isomorphic to the domain Dp+/A*. Since al E C, i = 1,..., N, the

N

domain D; /A* contains a product of punctured disks DE = 03A0 {ql 0  i  E},
1=1

for some c  0. It follows that we have an imbedding (Laurent series)

where the symbol ® refers to formal Laurent series. Alternatively, (6.3.1) may
be viewed as the isotypic decomposition with respect to the natural right
action of U(R) on K, which lifts naturally to 7r*[Vpp]. More generally, we
have
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with fa E 0393(M(Gp, Fp ), [Vpp]). This is the invariant form of the Fourier-Jacobi
series of f along Fp (up to the choice of imbedding D p 2(C». We will
explain in 6.8 what this has to do with the general Fourier-Jacobi expansion-i.e.,
the one involving theta-functions. However, it is clear that, at least in this case,
the formula (6.3.3) coincides with the classical Fourier-Jacobi expansion of
Piatetski-Shapiro [47]. Indeed, although no automorphy factor appears in the
definition, a careful examination of the proof of Proposition 6.2.5 will reveal
that the canonical automorphy factor Jh°p of (5.2.3.7) was implicit in our
construction. It is easy to check that there is a commutative diagram

where M and My are defined as in 5.3 with respect to jh,P@ the horizontal
arrows are given by (5.3.5), and F.J.class is the classical Fourier-Jacobi expan-
sion, corresponding to the chosen automorphy factor.

6.3.5 If G has no rational quotient isomorphic to PGL(2), then the Koecher
principle ([1], 10. 14) implies that £ ~ 0 for a OE C (we identify g - 2 (R) with its
dual). If G has such a three-dimensional factor, we require that f satisfy this
condition. Thus, by abuse of notation, we will read r( M( G, X), [V]) as the
space of sections " holomorphic at infinity."

The main theorem of this section is

6.4 THEOREM: Assume fE r( M( G, X), [V]) is rational over the extension L’ of
L. Then each Fourier-Jacobi coefficient f,, (=- r(M(Gp, Fp), [Vpp]) is rational

over L’. In other words F. J. P is an L-rational homomorphism.
When the pair (G, X) admits a symplectic imbedding, this theory can be

derived from the results of Brylinski’s thesis [31].
The formulation of the theorem presupposes that M(Gp, Fp) and [i§ ]

have L-rational structures, and thus makes implicit reference to Corollary
6.1.4.
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The proof of this theorem occupies most of the remainder of this section.
We begin by making a few reductions.

6.4.1 LEMMA: It suffices to treat the case in which Gder is simply connected.

PROOF: The techniques used in sections 3.14 and 4.6 apply in this case as well,
so the proof will be omitted.

6.4.2 LEMMA: Suppose (G, X) c (G’, X’), where G’/G is an abelian group.
Let P’ = p. ZG, c G’, and suppose Theorem 6.4 is valid for ( G’, X’) and P’.
Then it is valid for (G, X) and P.

PROOF: Let Gp, = 6p - ZG, c G’ and define Fp, in the obvious way. Let

( p’, Vp,) be an L-rational representation of G’ whose restriction to G contains
( p, Vp), and let V’ c hP be a G’-homogeneous vector bundle over M( G’, X’ )
which contains r as a G-homogeneous direct summand. It obviously suffices
to check that Theorem 6.4 holds with r replaced by V’. Let p p, be the

representation of Gp, defined as in 6.2. There is a commutative diagram

where the horizontal arrows are L-rational. We need only check that the top
arrow is surjective. But M(G, X) is the inverse limit of a family of open
closed subsets of K , M( G’, X’ ), as K’ varies among the open compact
subgroups of G’(Af). Thus r( M( G’, X’), [V’])~r(M(G’, X), [Y’]) is

surjective, and we are done.

6.4.3 COROLLARY: It suffices to prove Theorem 6.4 in the special case that
Gder = Gj; i.e., that X+ is equivalent to a rational tube domain and Fp is a

point.

PROOF : By Lemma 6.4.1, we may assume G der is simply connected. Thus the
natural homomorphism

is injective. Let X’ be the G’(R)-conjugacy class of homomorphisms h’: S ---&#x3E;

G R generated by y o h, h E X. Then the inclusion (G, X ) c ( G’, X’ ) satisfies
the hypotheses of Lemma 6.4.2. Thus we may replace (G, X) by (G’, X’ ).
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But ( G’, X’ ) is isomorphic to the product ( G/Gh der, Xl ) X ( G/ G derl, Xh),
for some Xj, Xh such that each connected component of XI (resp. Xh ) is

isomorphic to D+ (resp. Fp+ ). Moreover, P’ is the product of G/Gder with a
parabolic subgroup Pj of G/G%er. Let GI = G/Gher, G 2= G/Gder. Then G’, is
the product of G2 with a subtorus H c G1, and the corresponding boundary
component Fp, is the product of Xh with a point v : s ~ HR. Without loss of
generality, we may assume that there exist homogeneous vector bundles V 1,
V 2, over M(Gl, XI) and M( G 2, Xh ), respectively, such that ’Yi’ is the external
tensor product -f ,, 1 Q9 y2. Then we have a commutative diagram

where p, = pep : H ----&#x3E; GL ( WPH ) is the representation of H = G pj defined as in
6.2, and Id is the identity map. Theorem 6.4 for (G’, X’ ) and P’ thus is a
consequence of the corresponding assertion for (G1, Xl) and P,.

6.5 We henceforward assume that X is a rational tube domain and that Fp is

a point. Our technique, following Shimura and Garrett [53,36] will be to

reduce Theorem 6.4 in this case to the case in which Gder = SL(2, Q). For this
we need the following lemma.

6.5.1 LEMMA: Suppose (G, X) is a pair in which X is a tube domain over the
rational zero-dimensional boundary component F. There exists a pair (G’, X’) c
(G, X ) such that

(i) G’ ~ ZG;
(ii) G ,,ad - PGL(2)Q;

( iii ) Some union of connected components of F is a boundary component of
X’; and

(iv) E(G’, X’) = E(G, X).

PROOF: First suppose G is an adjoint group. We consider pairs Y = ( Y+, Y- )
with Y+ ~ g - 2 (Q), Y- E g 2 (Q), such that Y+ * 0, Y- * 0, and [ Y+, Y- ] E a p
== Lie A p. We know tht g2 and g - 2 are linearly isomorphic to some rational
Jordan algebra J( X), for which the trace form

B( , ) is positive-definite ([26], p. 227; [49], V, §3). Then the condition that

(6.5.1.1) B ( Y-, v) = 0 ’Vv E g2(Q) such that [ v, Y+ ] = 0

is Q-linear, and we assume that Y satisfies (6.5.1.1). Under this hypothesis. Y-
is determined by Y+ up to a scalar multiple. Let
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and let Gy be the corresponding subgroup of G. Note that G’y depends only
on Y+. There is an isomorphism PGL(2)Q G’ y and consequently an inclusion
iy: PGL(2)Q ~ G. Let X’ y be the union § ± of the Poincare upper and lower
half-planes, viewed as a PGL(2, R)-conjugacy class of homomorphisms h : S
- PGL(2) R (cf. 1.2). We have to find conditions under which iy( Xy,) c x.
Now G’ y can be defined as a real Lie subgroup of G (R), for any Y+ c g - 2 (R).

We claim

In order to prove this claim, we may assume G to be an R-simple group. In
this case, SL(2, R)-equivariant morphisms from the Poincare upper halfplane
§ + to X+, and corresponding homomorphisms À : SL(2, R) ~ G(R), are con-
structed in [26], Chapter III, §3. Let Y+ be an element of dÀ(êI(2, R)) ~
g- 2(R); then it is easy to see that the given imbedding 03B2 : § + ~ X+ is of the
form i Y |b+, for Y = ( Y+, Y- ) with an appropriate Y-. It follows that for any
y E G0l(R)°, the translate y 0 f3: § + ~ X+ is of the form iy(Y)’ where y acts
naturally by conjugation on g - 2(R) X g 2(R). But the orbit of Y+ under

Gï (R)o is an open cone in g - 2 (R) : in fact, it is isomorphic to the cone C of
(5.1.7) ([26], p. 227). The assertion (6.5.1.2) now follows easily. But g-2(Q) is
dense in g-2(R); thus if y+ Er n g-2(Q) ~~ we have a morphism of pairs
iy:(PGL(2), Xy’) ~ (G, X).
We now drop the assumption that G be an adjoint group. Let Xad be the

Gad(R)-conjugacy class of homomorphisms S - G d generated by the image
of X in GadR. The above argument provides us with a morphism of pairs
i:(PGL(2), X") ~ (Gad, Xad). Since Gad (Q) acts transitively on the set of
connected components of X ad, we may assume i(X") is contained in the

image of X in Xad, replacing i if necessary by its conjugate by some element
in G ad(Q). Now let G’ be the inverse image of i(PGL(2)) with respect to the
natural map G ----&#x3E; G ad. Then the existence of a pair ( G’, X’ ) c (G, X) satisfy-
ing (i) and (ii) of the assertion of the lemma is obvious.

Next we verify (iii). We choose a connected component X+ of X, such that
XI ~ X’ # fi, and a connected component F+ of F, which is a boundary
component of X+. We have to check that FI is in the closure of X+ ~ X’ in

the natural compactification of X+ as a bounded domain ([26], §3). But the
closure of any Ap(R)-orbit in X+ contains F+, and Ap c G’. This proves (iii).

It remains to verify (iv). First assume G is an adjoint group. Let h E X, and
let c = ch, p be the Cayley transform (5.2.3.1). Then C03BC2hC-1 = w p : G,,, - G. It
follows that the conjugacy class of Jlh contains a homomorphism defined over
Q, and is thus itself defined over Q. Thus E(G, X) = Q, provided G is an

adjoint group (and X is a rational tube domain). Now in the general case, (iv)
follows from Deligne’s recipe for E(G, X) ([5], 3.8). The lemma is proved.
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6.5.2 Let X+ c X be as in the proof of Lemma 6.5.1. The lemma provides us
with an imbedding of G’ = PGL(2) Q in G ad, and a G’(R) °-equivariant map of
the Poincaré upper half-plane § + into X+. We say an isomorphism X+ ~
g - 2 (R) ® iC (cf. 6.3) is admissible if for some such map of pairs (G’, b+) ~

(Gad, X-t-) the induced map X+ ~ g-2(C) extends to a linear map C ~ g-2(C).
Evidently conjugation by P(Q) r1 P(R)° preserves the set of admissible iso-
morphisms. We assume that the identification Dp+ = g+2(R) ~ iC in 6.3 is

admissible in this sense, relative to some imbedding (G’, §+) - (Gadl, Dp).
Our proof will show that f ~ F.J.P( f) is L-rational, in the notation of

Theorem 6.4, for any admissible isomorphism Dp = g - 2 (R) ® iC. This seems
a little ad hoc, but it probably cannot be helped.

6.5.3 It will be convenient to make some further simplifications. Let (Gad, Xad)
be as in the proof of Lemma 6.5.1. The proof of Lemma 2.5.5 of [6] shows that
there exists a pair (G*, X*) mapping to (Gad, xad) with Gad* = Gad, G*der
simply connected, E(G*, X*) = Q, and ZG* ~ Gm; the last two points follow
from Deligne’s construction and the fact that E(Gad, Xad) = Q, as we estab-
lished in the proof of Lemma 6.5.1. Let (GI, Xl ) be the fiber product of
( G, X) and ( G*, X*) over (Gad, Xad), as in the proof of Corollary 4.6.4.

6.5.3.1 LEMMA: It suffices to prove Theorem 6.4 for the pair (GI, Xl), and the
inverse image Pl of P in GI.

PROOF: We know E(GI, Xl) = E(G, X). Let 7T: M(GI, Xl) ~ M(G, X) be
the natural map, and let f E r(M(G, X), [V]) be rational over the extension
L of E(G, X). If Y E G(Af), let fy E f(M(C, X), [rD be the right translate
of f by y. Then 03C0*(fy) is an L-rational element of f(M(GI, Xl), 03C0*[V]),
for all y E G(Af). But 7T(M(GI, Xl)). G(Af ) = M(G, X). It follows that the
F.J.p(f) is determined by {F.H.Pl(*(fy)), y OE G(Af)). The lemma now
follows easily.

6.5.3.2 LEMMA: It suffices to prove Theorem 6.4 in the rational tube domain case
with Gab = Gnt, Gder simply connected, and E(G, X) = Q.

PROOF: We may assume, by Lemma 6.5.3.1, that there is a map (G, X) ~
(G*, X*). Since G* is simply connected, the diagonal map G ~ G* X cab is

injective. Thus there is an imbedding (G, X) ~ ( G*, X*) X (Gab, Y), where Y
is a point. By Lemma 6.4.2, we may replace (G, X) by the product ( G*, X*) X
(Gab, Y ). But Theorem 6.4 for this product follows from the corresponding
assertion for (G*, X*), as in the proof of Corollary 6.4.3.

6.6 LEMMA : Theorem 6.4 is valid when G = GL(2)Q’ X Îs the union $/ + U b - of
the upper and lower half-planes in C, and P is the upper triangular subgroup of
G.
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PROOF: This is essentially the theory of the q-expansion and the Tate curve, as
developed by Deligne and Rapoport in [35]. Since they only study q-expan-
sions along connected components, we refer instead to the treatment of this
subject in Brylinski’s thesis [31], where it appears as a special case of the
theory of families of 1-motives with absolute Hodge cycles. It should be clear
to the reader that Brylinski’s methods actually apply to all pairs (G, X)
admitting symplectic imbeddings.

In this proof we develop only enough of the theory of the Tate curve to
permit comparison between our Fourier-Jacobi expansion and the q-expansion
of Deligne-Rapoport-Brylinski. The details omitted here can be found in

[35,31].

We introducte the following notation. Let N E Z, N &#x3E; 3, and let KN c
GL (2, Z) be the kernel of the map GL (2, Z) ~ GL (2, Z/N Z). In our situation
G p can be identified with the diagonal subgroup Gm X Gm c P, and KN,p = (1
+ NZ) X (1 + N Z) c Gm(Af) X Gm(Af). We write M(N, P) = K N,P M(Gp, Fp),
M(N) = KN M(G, X). We also have P’ = P in this case. We let :=:N = :=:KN. Let
TN(C) be the group Up (C)/ Up (Q) ~ KN ~ C/N Z. There is an isomorphism

(6.6.1) ql/N: TN (C) ~ CI; z(mod Üp (Q) ~ KN) ~ e27Tiz/N

which identifies JN (C) with the group of C-valued points of the torus

’T N ~ Gm, defined over Q.
Let f: {Q-schemes} ~ {abelian groups} be the functor whose value at the

test scheme S is Hom(Z,  TN ( S )). This functor is represented by TN, and
there is thus a universal object

where Z is regarded as a discrete algebraic group, the vertical arrows are the
structure maps, and the triangle (6.6.2) is commutative.

Via the Borel imbedding 03B2X, we identify X with a subset of M(G, X)(C) ~
P’(C). Let D(P) be the Up(C)-orbit in M( G, X)(C) containing X, and let
o E D(P) denote the unique fixed piont of A p. Let

Then M(N)(C) fibers naturally over M( N, P )(C), and the fibers are principal
homogeneous spaces under TN(C). Moreover, this fibration has a section: the
subset
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maps isomorphically onto M( N, P)(C). (We are using strong approximation
for Up). We thus have an isomorphism over M(N, P )(C) :

which implies that M(N)(C) is the set of C-valued points of a J N-bundle
M(N) ~ M(N, P) X TN over M(N, P), defined over Q. Let TN : Z M( N ) ~
 TN, M( N) be the pullback of (6.6.2) to M( N ) via the projection M(N) -+3,v.

The imbedding ql/N: TN ~ Gm ~ G, determines an action of 3N on G,,
by multiplication. Let TN denote the complement of the origin in the formal
completion at the origin of Ga. Then there is a natural morphism of ringed
spaces TN ~ let

Note that TN = Spec Q((q1/N )); thus M(N) is a scheme over Q«q’IN». Let
TateN(q) be the elliptic curve over M(N) whose group of points over

Q(( q1/N )) is isomorphic to

This is obviously the pullback to M( N ) of the Tate curve [35] over Q«ql/N)).
The arguments of Brylinski [31], especially §2, imply that TateN(q) naturally
has a level N structure over M( N ). But M( N ) is the moduli space of elliptic
curves with level N structure. Thus there is a classifying map, defined over Q:

On the other hand, the inclusion X~ D(P) defines an imbedding N ---&#x3E;
M(N)(C). The canonical morphism of ringed spaces M(N)(C) ~ M(N)(C)
factors through a map of ringed spaces

Recall the map BK, : =IN ----&#x3E; M( N )(C) of 6.2, and let lf/’E.N denote the pullback
via BK, of the universal elliptic curve over M(N)(C). The homomorphism f,,
restricts to a homomorphism j : Z’Z.v ~ 3.N,’Z.B, and the classical construction of
the universal elliptic curve over M(N)(C) shows that

denote the composite of
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(6.6.5) with BKN. It follows from (6.6.6) that {3N = BN on C-valaed points.
Let E(N) be the universal elliptic curve over M( N ); let w( N ) _

g1(N)/M(N)’ Hl(N) =H1DR(E(N)/M(N)). Let k E Z, k &#x3E; 0. By con-

struction, {3*N«("J(N)~k) = gl(TateN(q)/M(N))~k is canonically isomorphic
to (( 03A9TN/Q) TN) ~kM(N) , which in turn is isomorphic to A*«(OI ):T/I,)k
where if: M(N) ~ M( N, P) is the natural map, and (gB’/Q)Bi is the space
of invariant 1-forms on YN. For simplicity we denote this space g. We thus
have an inclusion

defined over Q. There is also an isomorphism

given by integration of forms over cycles, and thus an inclusion

The diligent reader will check that (6.6.7) restricts to a map

where f : E(N)~M(N) is the natural map, and Q is the constant sheaf. It
follows from (6.6.8) and Remark 4.5.3 that

(6.6.9) The first arrow in (6.6.7) is the inverse of the isomorphism
D : ,B( ú&#x3E;(N)@k) 1T*(gN,P)) of Proposition 6.2.5, restricted to M(N).

Let if: M(N) ~ M( N, P ) be the natural map. The action of 3N on M( N )
induces an isomorphism

Upon passage to the formal completion, one obtains an isomorphism

where ® refers to formal Laurent series (cf. [31], 5.2). Let f E r(M(N), wo k).
Via (6.6.7) and (6.6.10), we obtain a Fourier expansion
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and the map f ---&#x3E; F.J.(f ) is defined over Q. By (6.6.9), F.J.( f ) as defined here
coincides with F.J.p(f) as defined in (6.3.3). Since {KN} is cofinal in the set
of open compact subgroups of G(Af ), we have completed the proof of Lemma
6.6 for the vector bundles w(N )lk , k &#x3E;- 0. But every vector bundle [V]/M(N)
which satisfies hypothesis (5.3.6) is of the form w(N)’À 0 [Q(n)], where
G - GL(Q(n)) is the n th power of the determinant representation. The
validity of Theorem 6.4 for such a bundle is a trivial consequence of its

validity for w(N )lk . The lemma is proved.

6.7 We now return to the general case of a rational tube domain, under the
hypotheses of Lemma 6.5.3.2. In this paragraph we prove a series of lemmas
which reduces this case to the one-dimensional case treated in 6.6.

For the sake of brevity we write V = Vpp, M = M(Gp, Fp). The group Gp is
isomorphic to G_ X Gm, which we regard as a group scheme over Z. We may
thus assume that the representation pp: Gp ---&#x3E; GL(V) is defined over Q =
E(G p, Fp ); the same is then true of the vector bundle [V].

The formal series L faqa, with f E r( M, [V]), will be called ra-
03B1~g-2(Q)* 

tional over the extension L’ of Q if fa is L’-rational for all «.
In the following lemmas, the action of Up (Q) on ’7T*’7T*[V] ] is the one

induced by the right action of Up(Q) c Up(Af) on ---.

6.7.1 LEMMA: Suppose fE r( M, 7r*7r * [ Ô ] ) has a Fourier-Jacobi expansion

which is rational over the extension L’of Q. Then for any u E Up(Q), the right
translate u*(f) E r( M, 7r*7r * [ Ù]) also has an L’-rational Fourier expansion. In
other words, Up (Q) acts Q-rationally on ÊB [V] . q 03B1.

03B1Eg-2(Q)*

PROOF: Let x be a connected component - i.e., a point - of M. Then x is
defined over the maximal cyclotomic extension Qab of Q, by hypothesis, and
M = x . Gp(Z). Moreover, we have the reciprocity law (1.2.2) for the action of

def

Gab = Gal(Qab/Q) on the set of points of M. Namely, Fp is a point h; let

03BC = JLH: Gm ~ G p be the morphism of 0.7. Define r = 03BCA-1 : Gm(Af) ~ Gp(Af).
Let E : Gm(Z) ~ Gab be the reciprocity homomorphism, normalized as in [6] to
be the inverse of the usual Artin map. Then if cr E Gab, x E M, we have

where the multiplication on the right hand side refers to right translation by
r 0 ~-1(0) E: Gp(Z).
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On the other hand, G p is a Levi component of P. Let y : Gp ~ Gm be the
root defining the adjoint action of Gp on Up. As in the proof of Lemma 5.1.10,
g-2 = Lie( Up) is of Hodge type ( -1, -1) with respect to h: S ~ G P,R’ It
follows that y 0 03BC : Gm ~ Gm is the map t ~ t-1. Consequently
YAI 0 r: Gm(Af) ~ Aut(Up(Af)) ~ Aut(Af ) takes t E Gm(Af) to multiplication
by t in Aut(Up(Af)). We write u*( f) = £a(u*f) . q’ for the Fourier

03B1

03B1

expansion of u*(f). It suffices to consider L’ = Q. We may then consider fa
as a collection {f;}XEM of elements of V(Qab) such that 

03B1

Likewise we may write (u*f)03B1 = {(u*f)03B1}xE M. We have to check that these
quantities also satisfy (6.7.1.2).

Suppose a belongs to the lattice A = Hom(K n U(Q), Z) c g-2(Q)*, for
some K as in 6.3. We may think of q« as a left P’(Q)-invariant function on
X+ X P’(Af)/ K ~ P’(Af), determined by its restriction to X+ X Gp(Z) X
Up(Af):

where ug E U(Q), ug = gug-l(mod K ~ U(Q)). Note that by definition, u =
YA/(g).u(mod K r1 U(Q)). Thus, suppose g = r o E - 1 (a), aE Gab. I t follows

from our previous remarks that

by our normalization of e.
Suppose xo is the image of Fp X {l} in M. It follows from the above that

for some root of unity 03B6û,a which satisfies
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and more importantly

Now it follows from 

which proves the lemma.
Let G’ = GL(2)Q, X’ = Sj+ U Sj- as in Lemma 6.6, and let s : (G’, X’ ) ~

(G, X) be an imbedding as in Lemma 6.5.1. For any u E Up(Q), let SU be the
conjugate of s by U-l. Note that the boundary group 6’pnc’ and boundary
component FpnG’ attached to P ~ G’ c G’ are equivalent to the pair (Gp, Fp)
~ (Gm X Gm, {point}). We assume, as in the proof of Lemma 6.5.1, that

G’:) Ap; then we have GpnG’ = Gp. To the pair ( G’, X’) we associate a
fibration 7r’ : E’ ~ M, and we have an imbedding E’ ~ E over M.

Assume the isomorphism X+ ~ g-2(R) ~ iC is chosen so that the corre-
s

sponding morphism § + ~ X+ ~ g - 2(C) extends to a linear map, as in 6.5.2.
Then for any 03B1 E g-2(Q)*, we obtain an element s*(03B1) E (g’)-2(Q)*. We
identify (g’)-2(Q)* with Q in such a way that the positive elements of the two
spaces coincide. If pP : Gp ~ GL(V) is as above, the inclusion E ’ ~ E induces
a homomorphism

and a corresponding map on Fourier series

which is given by

Similarly, for any U E Up(Q), s u induces a map 7§u on Fourier series given by

Note that fa = 0 unless a c C ~ g-2(Q)* n K, for some open compact sub-
group K c G (Af ), where we identify g-2(Q)* with Up(Q) via the exponential
map. It follows as in [36], Lemma 3.1 that the inner sum in the right hand side
of (6.7.2), (6.7.2.u) is finite.
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6.7.3 LEMMA: Let F= f C, q-g-’(Q)*nCnK r(M, [V]) . qa 03B1 with Kas above, ,03B1 03B1~g-2(Q)*nCnK
where ~ denotes formal Laurent series. Suppose Tsu(F) ~ ~ 0393(M, [V]) . q n

nEQ
is rational over the extension L’ of Q for all u E Up(Q). Then F is L’-rational.

PROOF: It follows from (6.7.2) and Lemma 6.2.1 that the map F- Tsu(F) is
rational over Q for all u E Up(Q). The lemma is thus a consequence of the
following lemma.

6.7.4 LEMMA : Let F be as in Lemma 6.7.3. Suppose TS u ( F ) = 0 for all
u E Up(Q). Then f=0.

PROOF: The proof is based on an idea of Shimura ([53], p. 502). Let x E M,
and let Fx = ~fx03B1. q «, in the notation of the proof of Lemma 6.7.1. We have

a

to check that F’ = 0 for all x E M; thus we fix x = xo. (r o E -1(a)) say. We
are given that

By (6.7.1.5)-(6.7.1.7), this implies that

Now in analogy with the Lemma on p. 502 of [53], we can find a subset Y of
Up (Q), with the same cardinality as Y= (a ~

det(1
cf. also [36], Proposition 6.2. It follows from (6.7.4.1) and (6.7.4.2) that Fx n 0.
Now the proof of Theorem 6.4 is obvious. It follows from properties of

canonical local systems that, up to a multiplicative constant in Q x, the

following diagram commutes:

(6.7.5)
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where M(su): M(G’, x’) - M(G, X) is the imbedding induced by
s" and ~’ refers to the subspace of q!2 for which there exists

03B1

some K as above such that fa ~ 0 =&#x3E; 03B1 ~ g-2(Q)* n cnK. Let fE
r(M(G, X), [y]) be rational over L’. Then M(sU)*(f) is L’-rational for all
u E Up(Q). It follows from Lemma 6.6 that F.J.PnG(M(Su)*(f» is L’-ra-
tional for all u OE Up(Q). Since (6.7.5) is commutative, the rationality of

F.J P(f ) is a consequence of Lemma 6.7.3. Theorem 6.4 is proved.

6.8 We now return to the general case of a pair ( G, X) and a maximal rational
parabolic subgroup P C G. We define the pair (Geven, ~(P)) and, for any
y E G(Af), the map iY:vM(Geven, ~(P» ---&#x3E; M(G, X) as in 6.1. Fix a homoge-
neous bundle Y on M( G, X), and let [V]even be the pullback of [V] ] to

M(Geven, ~(P)) via the natural inclusion in M(G, X). We assume hencefor-
ward that [V]even satisfies hypothesis (5.3.6) for (Geven, A(p».

Let w E Wp(Q), regarded as a subgroup of G (Af ). We let p even -
P ~ Geven. Define p p : Gp ~ GL(Vpp ) as in 6.2, and let

be defined by the formula

Our results imply that the map F.J.P,w is rational over the field of definition of
V as a homogeneous vector bundle. On the other hand, an easy calculation
shows that, on a connected component of M(G, X), the coefficients of

F.J. P, W (f) are what Garrett refers to as "normalized division-point values"
(ND-PV’s) of the theta functions in the classical Fourier-Jacobi series of f
[11]. Such ND-PV’s had previously been used by Shimura, in a number of
cases, to define arithmetic automorphic forms [20,21]; however, he did not give
them any special name.

For those who are concerned with such things, then, our results imply that
rationality in terms of values at CM points as in Proposition 5.3.10, implies
rationaltiy in terms of ND-PV’s of Fourier-Jacobi coefficients. It seems

pointless to make this equivalence more precise without a specific application
in mind.

One can also ask for a version of the q-expansion principle, namely, is it true
that a form all of whose ND-PV’s are rational over the field L, say, is itself
L-rational? The following is the (essentially tautological) answer:

6.9 THEOREM ( q-expansion principle ). Let V be a homogeneous vector bundle on
M( G, X), rational over the extension L of E ( G, X). LetfE r( M( G, X), [V]).
and let L’ be an extension of L. Assume satisfies hypothesis (5.3.6) for
(Geven, à(p».
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( i ) Suppose F.J.p,W(f) is rational over L’, for all W E Wp (Q). Then the

pullback of f to the closure MP in M(G, X) of M(Geven, ~(P)) Wp(Q) is

rational over L’. The subset je c M(G, X) is a union of connected
components of M(G, X).

(ii) More generally, let E c G(Af ) be a subset such that MP. ~ = M(G, X).
Suppose F.J. peven (i;(f)) is rational over L’, for ail y E Wp(Q) . E. Then f
is rational over L’.

PROOF: This is a trivial consequence of the continuity of f. The only point
requiring elaboration is the fact that MP is a union of connected components
of M(G, X). In fact, let MO be a connected component of M(Geven, ~(P)),
say MO = the image in M(Geven, ~(P)) of 6.(P)+ X {y}, y E Geven(Af). The
closure of MO. Wp(Q) in M( G, X) is the same as the closure of MO. Wp(Af )
in M(G, X). Since Wp(R). ~(P)+ is a connected component X+ of X, it
folows from strong approximation for Wp that the closure of MO. Wp(Q) in
M(G, X) is the image of X+ x {y} in M(G, X).

6.10 Let Eab be the maximal abelian extension of E(G, X), and let MO be a
connected component of MP; then MO is rational over Eab. Let[V]O be the
restriction of [V] ] to MO. Let L’ be an extension of L. Eab. It follows from
Theorem 6.9 that if fE 0393(Mo, [V]o) has L’-rational ND-PV’s along Fp , then
f is L’-rational. Theorem 6.4 then implies that f has L’-rational ND-PV’s
along every other rational boundary component. 1 include this remark in

response to a question of R. Indik.

REMARK 6.11: We have defined the Fourier-Jacobi series as a homomorphism
of global sections of certain vector bundles. However, our method extends
without much difficulty to define the Fourier-Jacobi series of meromorphic
sections as well. This can be applied in particular to the structure sheaf

OM(G,X). As in Brylinski’s thesis [31], 5.2.3, we can then conclude that certain
of Mumford’s toroidal compactifications of M(G, X)-namely, the smooth
projective compactifications studied by Tai in [26], IV-are defined over

E(G, X).

REMARK 6.12: In order to define the map F.J.P in 6.3, we assumed in 6.2 that
Y satisfies hypothesis (5.3.6). In fact, one sees easily, upon tracing through the
subsequent steps in the proof of Theorem 6.4, that one only needs a hypothesis
relative to the subgroup G, c G. For example, the following less strict hypothe-
sis suffices: Assume (G, X) = (Geven, ~(P)), and let h E ~(P); let Kh be the
centralizer of h in G. Let tt: Kh ~ GL(Vh) be the isotropy representation.
Then there is a finite-dimensional representation ph : G, ~ GL (Vph), and an
imbedding Vh ~ VPh of Kh. (Pj ~ Gl)-modules, such that the corresponding
morphism of homogeneous vector bundles Y- Y is defined over L.
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§7. Applications: examples of differential operators

7.0. This section generalizes some of the results of §3 and §6 of [37], and is
included with a view to future applications to special values of the L-functions
of Piatetski-Shapiro and Rallis [48]. It will also be clear that our methods

include a construction of the non-holomorphic differential operators studied
by Shimura in [57]; these operators are also known as Maass operators. Our
methods are based on the work of Jakobsen and Vergne on the decomposition
of representations of holomorphic type [40]. The presentation was strongly
influenced by suggestions of Deligne.

7.1. Let (G,, X1 ) c ( G2, X2) be an inclusion of pairs satisfying (1.1.1)-(1.1.3).
Let Û, = M(G,, X,), and let Y,, be a homogeneous vector bundle over Ml,
i = 1, 2. Our goal is to classify homogeneous differential operators
8: u*(jetn(V2)) ~V1’ where u: Û, ---&#x3E; Û2 is the natural map, in terms of

representation theory (cf. 3.1). Let FPYi c Y, be as in 3.1.3, i = 1, 2, P E Z.
In order to obtain a nice answer, we assume in what follows that there exist

integers p,, i = 1, 2, such that

Thus for each x = (Bx’ /Lx) E M" Ru  x acts trivially on 1/"x, and 03BCx(Gm) c
Bx/RuBx acts through the character z H z - P, on 1/"x. 

,

In what follows, V2 will be thought of as fixed, Vl as variable; V2 is
rational over the field L D E(G1, Xl). Any differential operator 8 : u*(jetnV2)
~ V1 is equivalent, by duality, to a homomorphism 8*: ’//-,* ----&#x3E; u*üet"Y,)*.
As in (3.9.1), there is a natural isomorphism

where the limit is taken with respect to the duals to the natural projection
maps jetn V2 ~ jetm V2, n&#x3E;  m. If x = ( B x, Jl) is a point in M2, then by (3.9.2)
the isomorphism (7.1.2) specializes at x to

where the action of Lie B x on V2*x is as described in 3.9. Recall that the
left-hand side of (7.1.3) is denoted D(V2*x x). If we assume x = u(h), h E M1,
then we see that ô* is given, at h, by a homomorphism also denoted ô*

The hypothesis (7.1.1) implies that the image of à* is contained in



359

Suppose h is rational over the extension L’ of E(Gl, Xl). The association
V---&#x3E;Vh defines an equivalence of categories

here h = ( B h, Il) E MI(L’). If we assume L = L’, we thus have the following
lemma:

7.2 LEMMA: Let h = ( B1, 03BC1 ) E Ml be defined over L; let u( h ) = ( B 2, 03BC2)EM2.
Then each B1,Ru B1-homomorphism from V1,*h to D(V2* U(h), u(h))RuBi, ra-

tional over L, gives rise to an L-rational differential operator from V2 to V1’
and every such differential operator arises in this way.

In the statement of the above lemma, we are using implicitly the fact that

the action 
of Lie B2 on D(Y2* U(h), u(h)) integrates to an action of the group

B 2.

7.3. Henceforward, for brevity, we write D(V2*, u(h)) for D(V2*,u(h) , u(h)).
Suppose in Lemma 7.2 that h is a special point; i.e., there is a torus H/Q, a
Q-homomorphism y : H - G1 and a homomorphism h’’ : S ---.&#x3E; HR, such that
h = !3x1(Y 0 h") E !3xl(XI) c Ml (Bx, = the Borel imbedding of 3.1). Then
B1 = Kh. Pj, in the notation of 5.2. We write KI = Kh, PI- = Ph . Likewise,
we write 132 = K2 P2-. Let 03BCh: Gm ---&#x3E; KI c Bl be a lifting of 03BC1 : Gm ~
B1/Ru Bl. Then

where fih(z) acts on (D(V2f*, U(h))PI-Y 1 as Z-l, i E Z, z E Gm. Since fih is
defined over E( H, h), the decomposition (7.3.1) is rational over Lh =

L. E(H, h).
Now define n to be the normal bundle of M1 in M2. Let MI =

Ugl. Ulg2(1 @ ’iS;u(h») c D(’f;*, u(h)) i = 0,2, .... Hère U°g2 c ulg2 c
... C Ui g 2 C ... C ug 2) is the Poincaré-Birkhoff-witt filtration. Then Mo c Ml
c 

... C Mi C ... is a filtration of D(V2*, u(h)) by Ugl-submodules and
. . . 

def

Ml/ Mi - 1 is canonically isomorphic, for i = 0, 1, ..., to Al = Ug 1 ~ U(Lie ’5 j )
(Syml(nh) @ V2lu(h)), where we let M -1 = {O} (cf. [40], p. 31). Hère Pi- acts

trivially on Sym( nh), and KI acts via the isotropy representation.

7.3.2. LEMMA : Suppose we have a decomposition over C as Ug1-modules.
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such that each of the summands on the left is completely reducible over Ug 1. T’hen
k 

the decomposition (7.3.3) is defined over Lh and j (D A, = Mk. Moreover,
i =O

suppose j is normalized so that the composition A, ~ M, - M,/M, ~ Al is the

identity. Then j is uniquely determined, and is itself defined over Lh.

PROOF: We first claim that the image of ~ 1 @ (Sym’(nh) ~ V*2,u(h)) under j
1

generates D(V2*, u(h))Pl-. In fact, it is known that, for any irreducible

B1-module V, Ug 1 ~U(Lie B1) V has a unique absolutely irreducible quotient
([40], p. 35). But it is clear that any element v E (UÇ31 0 U(Lie 13 1) V) 1 generates
a Ug1-submodule of Ug 1 ~U(Li,b1)VI which is proper if v ~ 1 ~ K Thus if
U g 1 @ U(Lie 03B21) V is irreducible, then (U g 1 @ U(Lie 03B2l) V)Pl = 1 ~ V. The claim
now follows easily from the hypotheses of the lemma, upon taking V to be any
irreducible 03B21-submodule of Sym(nh) 0 V2*,u(h)

But flh(z) acts as z t -p 2 on 1 0 Sym(nh) ~ V*2,u(h). In other words, j(l 0
Sym’(nh)~v2,u(h))=D(V2, u(h)) pl )l-p2. Since 7.3.1 is defined over Lh,
j(A,) = Ni is also defined over L h . Since the D( f*, u(h))Pl)1-P2 2 are disjoint
for different i, and since the Ug1- modules they generate have no P1- -fixedk

vectors in common for different i, it follows that Mk = ® Nk, and the
1=0

uniqueness is clear. The rationality of j follows from its uniqueness.
We may express this in another way:

7.3.4. COROLLARY: Under the hypotheses of 7.3.2, there is, for i = 0, 1,..., a
unique differential operator fil from V2 to u*Y2 ~ Sym’(ker( u*03A91M2~ 03A9Ml )),unique differencial oprator 03B41 from V2 to u*V2 ~ Sym’(ker(u03A91M2 ~03A91M1)),
defined over Lh, and such that the composite map 

M2 ))

where a arises from multiplication of jets, is the identity.

PROOF: This is just a reformulation of 7.3.2, taking into account Lemma 7.2.
Of course, the existence of the decompositiôn 7.3.3 over C, and the

assumption of complete reducibility, is independent of the choice of h, since
Gi acts transitively on Û,; h need not even be a CM point. By (1.2.4), the
uniqueness of 03B4l implies the following theorem:

7.4. THEOREM: Assume, for some ( and thus for every) point h = (03B21, Ill) E Ml,
with u(h) = (03B22’ 1l2) E M2, the module D(V2*’ u(h)) is completely reducible
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over Ug, 0 C, and has the decomposition 7.3.3 over C. Then, for each i, there
exists a unique differential operator 81 from V2 to u * V2 ® Syni(ker(u*03A91M2~
Qk1)), defined over L, and such that (7.3.4.1) is the identity. 

7.5. COROLLARY: Let û : M(GI, Xl) ~ M(G2, X2) be the canonical map. Under
the hypotheses of Theorem 7.4, there is a differential operator [03B41] ] from [V2] ] to
[u*V2] ~ Symi(ker(û*03A91M(G2,xX2) ~ 03A91M(GI XI»), i = 0, 1, ..., such that the ana-

logue of 7.3.4.1 is the identity. 
,

PROOF : This follows immediately from Theorem 4.8 and the relation [03A91M(G,x)] ]
~03A91M(G, X) which is a consequence of 3.2.2.(b). 

,

7.6. From the proof of Lemma 7.3.2, it is clear that, if D(V’2*, h) is completely
reducible over UgI, then it has the decomposition 7.3.3. The question of when
these hypotheses are satisfied was taken up in [40] and, in the symplectic case,
in [37]. In practice we only consider the case in which Ug 2 @ U(Lie B2) V*2,h
integrates to a unitary representation of G2(R)°, in which case the hypothesis
of 7.4 is evident.

One important special case is when ( G2, X2) = ( G X G, X X X), in which
(G, X) = (GI, X1 ) is imbedded diagonally.

7.7. COROLLARY: Let V and 11/ be homogeneous vector bundles on M,
satisfying the hypothesis (7.1.1), such that for some ( or any ) point h = (B, IL) E
M, Ug ® U(Lie B) Vh * and U g @ U(LieB) Wh* are associated to unitary representa-
tions of G(R)o. Then for i = 0, 1, ..., we have a differential operator 03B41 from the
external tensor product [Y] 0 [W] ] over M(G, X) X M(G, X) to [V® W] 0
Sym1 03A9M(G, X) over M(G, X), imbedded diagonally in M(G, X) 0 M(G, X).
The 81 are functorial with respect to imbeddings (GI, Xl) C (G2, X2), and with
respect to homomorphisms of vector bundles. If V and 11/ are rational over an
extension L ~ E(G, X), then the 81 are defined over L.

7.8. Let V be any homogeneous vector bundle over M. Let h : S - G R be an
element of X, and let x = Bx(h) E M. Then h ( S ) acts on the fiber Vx, and we
have the decomposition Vx,C-= ® Vxp,q, as in 0.7. It is easy to see that as x

p,q x
varies, the above decomposition traces out a canonical G(R)-homogeneous
decomposition of COO vector bundles:
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Then corresponding to (7.8.1), we have a canonical isomorphism

The restriction of (7.8.2) to FP[V]~ determines a canonical isomorphism of
C°° vector bundles

We may thus interpret (7.8.2) as a canonical Coo splitting of the Hodge
filtration on [V]:

7.9. The algebraic differential operators constructed in 7.7 fit into a collection
of non-holomorphic differential operators of the type considered by Maass,
Shimura, Katz, and the author [43,57,41,38]. These are constructed as follows:
Let YC be a homogeneous vector bundle over M, as in 7.1.1, and let n &#x3E; 0 be
an integer. Then the Hodge filtration (3.1.3) on jetn[V] coincides with the
filtration by order of jets; consequently,

Let

be the isomorphism (7.8.3) of C°°-vector bundles; let Split(i ) denote Split
followed by projection on the i th factor, i = 0,..., n. If j et n : T ( M( G, X),
[V])-0393(M(G, X),jetn[V]) is the j et map, then the map f ~ Split(i)(jetn(f))
defines a C°°-differential operator depending only on i, and not on n:

Now let ’Yi’I and V2 be L-rational homogeneous vector bundles on M, as
in 7.7. Let (jetOO[l] jetoo[y;])i be the quotient of jet° [’’1 ] jet°° [ 2 
whose sections are jets of total order at most i in the two variables, i = 0, 1,
.... Then the differential operators S’ of 7.7 are equivalent to homomor-
phisms, also denoted S 
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We write QI for g(G,X). Thé décomposition (7.3.3) may be interpreted as a
set of isomorphisms, for every n &#x3E; 0

arising from the jet maps associated to the maps S’. Thus suppose h E
f(M(G, X), [Yi]), i = 1, 2, and (7.9.2) identifies

where Ai E Hom(jetn-i([l @ V2 0 Sym1(Ol)), (jet[V1] @ jetOO[V])n) is an
L-rational injective homomorphism of vector bundles, i = 0,..., n. Let A be
the restriction of Ai to the subbundle
Symn-i(Ol) ® ([V1 ® V2 ] © Symi(Ol)) of jetn-i([V2 V2] (8) Sym1(gl)). If we

now split the Hodge filtration, we see that

We may interpret (7.9.3) as a statement about the rationality of the

"holomorphic part" of Dafl 0 Dn-af2’ since A’ n Sn(f of 2) can be recovered
from (7.9.3) in a rational way. This statement may also be viewed in another
way.

7.10. Let X= Xx G (Af ), as in 4.2. Suppose lE 1’(M(G, X), for some
r as above. If C is a vector bundle over M(G, X), let i be its lifting to X,
and denote the lifts of sections and homomorphisms of vector bundles

analogously. Then [V] is homogeneous under G(R) (even under G (A)). Thus
if h EX is any point, [V] lifts to the bundle G(A) X h over G (A), and f
lifts to a function p = cJ&#x3E;fE lim COO(G(Q)B G(A)/K, [v]h(C)). We write Vh
instead of h (C). The enveloping algebra U( g c) acts by right differentiation
on lim C (G(Q) B G (A)/K, Vh ); if ç OE C"(G(Q)NG(A)/K, V) for some

K
K and Y e U(g c), we denote this action Y* ~. It is well known that the
fact that f is holomorphic implies that Y * ç = 0 VY OE p - (C), where g c = f h
e p + fa p - as in 5.2; cf. [37], Prop. 2.3 for a proof in a special case. Define 1/j
to be the U(gc)-submodule of lim COO(G(Q)BG(A)IK, C) generated by

(L(,,p) 1 Vh* 1- Let fl : X ~ M(C) denote projection on X followed by,8,.
If 03B2(h) = (13, 11) E M(C), then by the hypothesis of 7.7 we have the isomor-
phism
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On the other hand, as in the remarks preceding Lemma 7.2,
U(gc) @U(LieB) Vh* is the fiber of h of the bundle (jetOO[V])*. Define p+ as

above: of course p + (C) is canonically isomorphic to the holomorphic tangent
spece Tx h to X at h. We write ph+ = p+ to emphasize this dependence on h.
The définition of ph+ implies immediately that

(7.10.2) The splitting (7.8.3) of the Hodge filtration on jet~ [ V] corresponds
by duality to the decomposition, over each h E X,

Now DlfE f(KM(G, X), ([ V] © Syml03A91)~) can be lifted, in analogy with
the above procedure, to a function

It follows from (7.10.2) that, for any LE (Vh 0 Syml(TXh))*’

(This argument replaces and generalizes the computations in §6 of [37].) In
fact L(~f) is in the subspace corresponding, by (7.9.3) and (7.9.4), to

Sym’(pt) @ Vh*. We have thus canonically lifted D’f to an element of

Hom(Vh* @ Sym’(TX,h)’ Vf) = Hom(Vh* 0 Syml(ph+ Vf).

It is thus apparent that the differential operators D’ are the operators
discussed in special cases by Maass, Selberg, Shimura, and Katz [43,53,57,41],
and in general by the author in [38], where, in their incarnation as homoge-
neous differential operators on X, they were called Maass operators.

7.10.3 REMARK: Suppose h E X is of the form (h 0, y ) ho E X, y E G (Af ),
where (T, ho) is a CM pair in (G, X). Let L be the field of definition of Y,
and let Lh = L. E(T, ho). It follows from (3.5.1) (a) that the splitting (7.10.2)
is rational over Lh. Let J = Jho,O be the canonical automorphy factor of 5.2.

Using J, one can associated to ~lf a C°°-function D‘f on X, with values in
Vh @ Sym’(T;’h)’ satisfying 5.3.3(ii), where T is the representation of Kho on
Vh ~ Sym’(T;’h). Precisely, 

0

where g, is any element of G(R) such that gz(ho) = z. The rationality of
(7.10.2) implies, by the argument of Katz in [41], that D’f has the same
rationality properties at h as f does. Suppose that f is rational over

L’, for example. Then p(V ~ SymlQk(G.x), h) 7f(h) takes values in
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Vh(L’. L,) 0 Sym1(gk(G,x),,)(L’. Lh), as in Proposition 5.3.10, where h =

03B2x(ho). These ideas were first systematically investigated by Shimura [53], and
were developed by him in [57] in great generality.

7.11. We now work out in detail a specific example which is directly related to
the L-functions studied by Piatetski-Shapiro and Rallis [48]. Applications will
be discussed in a future work.

Let E be a CM field, f a totally real subfield, [ E: F ] = 2; let a E Gal( E/F )
be the non-trivial automorphism. Let VI be an n-dimensional vector space
over E, equipped with a non-degenerate a-Hermitian form  , &#x3E; 1, and let G1
be the group of unitary similitudes of  , &#x3E; ; i.e., the group which preserves
 , &#x3E; 1 up to a scalar in FX. Let G=RF/QGl, V=RE/QV1; then G acts
naturally on V, and preserves the symmetric form  , &#x3E; = R F/Q Tr E/ F  ,
&#x3E; 1 up to a multiple. We diagonalize  , &#x3E; on Vc ; let V- 1,0 (resp. V 0,- 1) be
the subspace of Vc on which  , &#x3E; is positive-definite (resp. negative-defi-
nite). Then V-1,0 and Vo,-’ are conjugate over R. Thus V has a Hodge
structure for which V- 1,0 (resp. VO,-l) is of type ( -1,0) (resp. (0, -1)). The
corresponding homomorphism h: S ~ GL(VR) factors through G R, and we let
X be the G(R)-conjugacy class of h. The pair (G, X) satisfies axioms

(1.1.1)-(1.1.4).
If we start with -  , &#x3E; 1 instead of  , &#x3E; 1, the construction provides us

with a different conjugacy class X # of homomorphisms h : S - G R; it is easy
to see that X# is isomorphic to X with the conjugate complex structure. Now
let W1 = VI e FB with Q-Hermitian form ( , )1 =  , &#x3E; 1 ® ( -  , &#x3E; ). Let
H1 be the group of unitary similitudes of ( , )1, H = RF/QHl, and let D be
the H(R)-conjugacy class of homomorphisms h : S - HR, constructed as above.
Let v : G ~ R F/QGm be the restriction of scalars from F to Q of the morphism
which sends g E Gl to the factor by which it multiplies  , &#x3E; 1. Let

S( G G) = {(gl’ g2) E G X G 1 v(gl) = v(g2)}. Evidently there is an imbed-

#
il

ding ( S( G X G), X X X#) ---&#x3E; ( H, D).
Let G U( p, q ) be the group of similitudes of the standard Hermitian form

r

on C p+ q with signature ( p, q). Let r = [F: Q]. Then GR -1 GU( p,, q,)
r 

/=i
r

p, + qi = n, and HR ~ GU(n, n ). Correspondingly, we have decomposi-
/=i

tions

A connected component of Xppq (resp. X:,p) is equivalent to the Hermitian
symmetric space SU( p, , q,)/S(U(P,) X U(q,)), which may be represented as a
bounded symmetric domain in the space of P, X q,-dimensional (resp. q, X p,-
dimensional)) complex matrices. Similarly, a connected component of Dn,n is a
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bounded symmetric domain in the space of n X n complex matrices. On
connected components, the imbedding ç : X X X’ ---&#x3E; D can be represented on
the i th factor by the imbedding

We let G, be the factor GU(Pi’ qi) of G R- Let X,+, X,#,+, D,+ be

connected components of xl"q" X:,Pf’ and Dn,n (in the i th place), respec-
tively, regarded as above as bounded symmetric domains in complex matrix
spaces. Let K, c G, be the stabilizer of the origin in Xl+ , and define Kl# c Gl

r r

and Ê, c HI likewise. Then K = 03A0 KI (resp. K# = n K;, resp. K = n KI)
1=1 - 1=1 

#
1=1

is the stabilizer of a point h (resp. h , h ) in X (resp. X#, resp. D) and
p (h X h #) = h. Let tt = tth, 03BC# = J.L h #, fi = 03BCh be the corresponding homomor-
phisms of Gm into Kc, K#, and Kc, respectively, and let 03B3i, ui#, fil denote
their projections on the i th factors of the respective complex groups.

Define h l, h#, and h t likewise. We may identify KI with the subgroup

where U( p ) is the compact unitary group of degree p. Similarly, and in the
obvious notation, we have

With this identification, we have
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The tangent space to X,+ (resp. x,+’#, resp. D,+) at the origin is naturally
isomorphic to the space of complex matrices of degree P, X qi (resp. qi X p1,
resp. n X n). If we denote these tangent spaces T,, T,’, and T respectively,
then the inclusion map dç : T, ~ T,~ t, is given by (7.11.1). Let rt l - nh h:# 1
T,/dp(T ® T,’) be the normal space to,,(Xi’ x x,+’#) in DI+ at the origin.
Then n, 1 is obviously isomorphic to the space M,,(C) X Mql (C); here we write
Ma for the space of a x a matrices. Let p, denote the isotropy representation
of K, x Kl# on ni. It is evidently determined by its restriction to
(Ki n U(p,, ql)) X (K,# n U( q,, Pl))’ and we compute it as follows:

For simplicity, we drop the subscript i in this paragraph. Let gl = ( gp, gq)
E U(p) X U(q) = Kn U(p, q); let g2 = (g, g) E U(q) X U(p) = K# n
U( q, p ). Let (Ap, Bq) E Mp(C) X Mq(C)  n. Then a trivial computation
shows 

p q p q

For 1 OE Z, i &#x3E; 0, let Set, : GL(i) ---&#x3E; GL ( i ) be the identity representation. The
matrix representations (7.11.2), (7.11.2)# identify
(K n U(p, q))c X (K# n U(q, p))c with GL(p)c X GL(q)c X GL(q)c X
GL( p ) c . From (7.11.4) we see that

(7.11.5) The restriction of p to (Kn U( p, q))c X (K# n U(q, p))c is equiv-
alent to St p ® St q ® St q ® St p

where 0 denotes the tensor product of representations of distinct groups, and
St* is the contragredient to St,.

By a polynomial representation of GL( i ) we mean an irreducible represen-
tation which occurs in Strn, for some integer n &#x3E; 0. Then n is uniquely
determined, and is called the degree of p. The following theorem is classical:

7.11.6. THEOREM: (Schur, [51]). Let p be any polynomial representation of
GL(i), i &#x3E; o, of degree n. Then the tensor product representation p 0 p* of
GL ( i ) X GL(i) occurs with multiplicity one in Symn(St,NSt*).

r

Now we return to the general case; i.e., K = TI KI, etc. An irreducible

représentation p of K, X KI# is called positive if 
‘ =1

(i) The restriction of p to KI n ZG X KI# n ZG is trivial
(ii) We identify (K, n U(p,, ql))C X (K,# n U(ql’ p,»c as in (7.11.2)

with GL(PI)C X GL(q)c X GL(ql)c X GL(PI)c. Suppose that p decom-
poses correspondingly as the tensor product Pl M P2 M P3 Np,. Then pi = p4,
p2 = p3, and
p 1 and P3 are polynomial representations.

r

An irreducible representation p of K X K# is called positive if p = ® pl,
7=1
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where p1 is a positive representation of Ki X KI#. As a corollary to (7.11.5) and
Theorem 7.11.6, we have

7.11.7. COROLLARY: Let n(h,h#) denote the fiber at ç ( h X h#) = h of the normal
bundle of ç ( X X X#) in D. We identify ( Kc rl Ker v ) X (KI n Ker v) withr 

TI GL(PI)C X GL(ql)c X GL(ql)C X GL(PI)c via (7.11.2). Then the isotropy
1=1 

~00

representation of K X K# on E9 Symln(h,h#) decomposes as the sum ® p over all
1 =0 

,

positive representations of K X K#, each taken with multiplicity one.
This also has a global formulation. Let Ml = Û(S(G X G), X x X#), M2

= M(H, D). Let 03B2xxx#(h, h#)=XEM1. Let p:(KXK#)nS(GxG)~
GL(VP) be an algebraic representation. If x = (03B2, IL), then p may be extended
to a representation of i3 trivial on R u 13; in this way we associate to p a

homogeneous vector bundle P on Ml. The field of definition Ep of P is a
finite extension of E ( S( G X G), X X X#) = E ( G, X), as one sees by choosing
h and h# to be special points.

7.11.8. COROLLARY: We have the decomposition of homogeneous vector bundles

Here p runs through the set of positive representations of the stabilizer ( K X K #)
n S( G X G) of an arbitrary point x E Ml. The projection map

is defined over EP .

PROOF: The first part follows from the fact that our points h, h# were chosen
arbitrarily. The second part follows from the fact that p occurs in the sum
with multiplicity one.

It now follows from Corollary 7.5 that, for a sufficiently "positive" 2
homogeneous vector bundle Y on M2, rational over L, say, there are L. Ep-
rational differential operators [Y] - [Y] 1 M(S(GXG),X&#x3E;X-*") 0 -/,-P*, for every

positive p as above. For future applications, it is worth-while to work out the
case in which V is a line bundle.
We know that a homogeneous line bundle on M2 is determined by a

one-dimensional representation T : K ~ GL ( TlT ). Composing T with h: 3.~
K,R allows us to write V, = V/l’SI as in 0.7: here rl and s, depend on T. The
2 That is, negative in the sense of algebraic geometry.
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hypotheses of Theorem 7.4, applied to the corresponding bundle YÇ on M2,
are satisfied when the anti-holomorphic type module D( YÇ * , 03B2D(h)) integrates
to a unitary representation of H(R)°. This depends on the corresponding

r

assertion for each factor. Thus, suppose 03B2 D( h) = (B, 03BC), and 13C 03A0 B.c C
r 

1=1 1 
r

Hc = I1 GU(n, n ) c . Suppose moreover that T = Tl ® ... ® Tr, where -r,: KI ~
1=1 

.

GL(V) is a representation; note that r, and s, depend only on TI . Then we
need to know that

integrates to a unitary representation of G U( n, n ).
The unitarity of (7.11.9) depends only on the restriction of r, to S( U( n ) X

U(n)) = {(gl’ g2) E U(n) X U(n) I det g, = det g21} c KI. Let dl = ri - SI. It

follows from results of [62] (see also [61]) that

(7.11.10) D’rI is unitarizable if and only if d, &#x3E; n

The following proposition is an immediate consequence of (7.11.10) and the
preceding argument.

7.11.11. PROPOSITION: Let V be a line bundle on M2 = M( H, D). Suppose at
one ( hence at every) point 03B2 D ( h) = (B, Il) of B D (D) c iÛ2, the isotropy
representation T : B ~ GL(VBD(h)) has the form Tl ® ... ® Tr as above, TI : KI ~
GL(Vs,). Define ri, s, as above, and suppose that ri 

- 

SI &#x3E; n, i = 1, ... , r. Let L
be the field of definition of Y, and let p be any positive representation of the
stabilizer of an arbitrary point ( h, h#) E X X X#. There is an L. Ep rational
differential operator from [Y] to [y] 1 M(S(GXG),XXX#) @ [Vp].
We remark that if rl = r2 = ... rr’ SI = ... 

= sr, then L = Q.

§8. Applications: Holomorphic Eisenstein Series

Let (G, X) and P be as in §6. Let f be a cusp form on the "boundary
component" M(Gp, Fp) of M(G, X), with coefficients in the vector bundle
[Yp]. Under certain hypotheses on [Vp], we can attach to f an absolutely
convergent holomorphic Eisenstein series E(f) on M(G, X); this is a section
of a vector bundle [Y] ] over M(G, X), which is not generally determined
uniquely by [Yp]. In [12] we proved that, under the assumption that (G, X)
admits a symplectic imbedding, the arithmeticity of f implies that of E(f ). In
this section, we use the results of §6 to eliminate the assumption that (G, X)
admits a symplectic imbedding. When X+ is an exceptional tube domain and
Fp is a point, results of this type were proved by Baily and Tsao [27,60] and
Karel (to appear). Recently Shimura has found explicit formulas for the
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Fourier coefficients in the case of certain classical domains, and Indik has
done the same for the tube domain over the positive light cone in n dimen-
sions [59,39]; their methods apply notably to Eisenstein series beyond the
range of absolute convergence.

Since most of the argument is contained in [12], we content ourselves with a
formulation of the main result and a brief indication of its proof. We assume
throughout that (G, X) satisfies (4.0.1) and (4.0.2), so that the methods of §6
apply.

8.1. As in [12], in order to set up the Eisenstein series, it is convenient to begin
with the 4Jp operator. Choose a homogeneous vector bundle’ over M(G, X)
satisfying hypothesis 7.1.1 (with "i" omitted) and an open compact subgroup
K C: G(Af ). In [12], 2.2, we associate to K and P, in a non-canonical way, a
collection {Ks t} of open compact subgroups of Gp(Af), indexes by a finite
set ( s, t 1 of elements of G (Af ), whose exact nature need not concern us. We
choose a point h e X+ ; it is convenient to assume h E ~(P)+, in the notation
of §5. Let Kh be the centralizer of h in G, and let jn be the isotropy
representation of Kh on the fiber 1/’h = VBx(h) of V. Let J = Jh,P be the
canonical automorphy factor of 5.2, and let 03C8 = 03C8h : Np ~ Kh be the homo-
morphism of algebraic groups defined in (5.2.2.1). Let Zp be the identity
component of 

X ~

n Ker x. Let ttp be the representation of Kh,p = Kh n Gp
XEXQ(Np)

on 1/’h,P = 1/’htf(Zp). . Evidently Vh,p is the fiber at /3Fp( 7Tp(h)) of a homoge-
neous vector bundle 1/’p over M(Gp, Fp ).

8.1.1. LEMMA: Suppose Y is defined over the extension L of E(G, X). Then so
is Vp.

PROOF: Let (H, h) c (Geven, A(P)) be a CM pair, let Lh = L. E(H, h). It

suffices, by (1.2.4) and Lemma 6.1.1, to prove that for any (H, h ), 1/’h,P is an

Lh-rational subspace of Yh. But it follows from the remarks following (5.2.3.9)
that the homomorphism ip is defined over E ( H, h ). Thus 1/’h p is obviously
Lh-rational. 

The definition is as follows: Let h E ~ (p) + as above, and let

be the morphism (5.3.4) associated to J and let
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be defined similarly. Let

be the constant term of the classical Fourier-Jacobi expansion along Fp, as in
2.2 of [12]. Similarly, let Kts = tsK(tS)-1 Ks,t = KI,I and let pclass be the
composition 

where the first arrow is right translation by (ts) -1. Finally, let

be the direct sum of the 1 Then there is a commutative diagram

On the other hand, let yeven be the pullback of V to M(Geven, ~(P)).
Suppose, as in (5.3.6), that 1/c V, and let Vp p be as defined in 6.2. Then 1/p~ Vp 
is naturally a subbundle of Vpp . Let

be the composition of right translation by (ts) -1:

with the coefficient of F.J." corresponding to a = 0:
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Finally, let

be the natural inclusion. It follows from (6.3.4) and (8.1.2) that

As a Corollary of Theorem 6.4 and Lemma 8.1.1, we thus have

8.2. COROLLARY: Suppose Y satisfies (5.3.6). Then the map

is defined over L if r is rational over L.

p

runs through the set of maximal rational proper parabolic subgroups of G; this
is the space of cusp forms of level K, with coefficients in [Y]. The analogous
definition makes sense when (G, X) is replaced with (Gp, Fp ), of course. The
following is an immediate consequence of Corollary 8.2.

8.3. COROLLARY: Assume Y is rational over L. Assume the pullback of V to
M(Geven, ~(P)) satisfies hypothesis (5.3.6). Then fO(KM(G, X), [Y]) is an

L-rational subspace of "(KM(G, X), [V]).

K 
_ __

G (Af )-stable L-rational subspace of r( M( G, X ), [y]), if L is as above.

8.4. We now assume that V satisfies the convergence conditions (2.5.1.3) of
[12]. Let r(y, K) = r(KM(G, X ), [Y]), ]ro(yp, Ks,t) =
rO(K.tM(Gp, 7’p), [Yp]). Then formation of Eisenstein series, as described in
[12], 2.4, defines a homomorphism

such that

is the identity ([12], Proposition 2.4.4).
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Now we can state the main result of this section, generalizing Theorem 3.2.1
of [12].

8.5. THEOREM: Assume V is a homogeneous vector bundle over M(G, X),
which is rational over the field L D E(G, X). Suppose 1/ satisfies the conver-
gence conditions (2.5.1.3) of [12], and suppose 1/even, defined as above,
satisfies hypothesis (5.3.6). Then the map

is rational over L.

REMARK: The hypothesis (5.3.6) is really not a restriction, as we explain
below.

PROOF: We lose no generality by assuming K = TI KI, where Kj is a compact
1

open subgroup of G’(Q/) and 1 runs over the set of rational primes. Under the
hypothesis, the morphism

is defined over L. Let 1 be a rational prime, and let H,(Q) be the algebra of
Q-valued Krbiinvariant functions on G(QI). Then H,(Q) acts naturally on
Ir(V, K), for each 1, via [12], 2.3. If we know that the action of HI(Q)
preserves the L-rational structure of 1’(Y, K), then the proof of Theorem
3.2.1 of [12] goes over word for word to give us our result.

But let y E G(QI), and define T(y) E End(r(YC, K)) as follows: Let

K,yK, = ]_[ Kl03B4 be a left coset decomposition of K,yK,. For any
àa

a E G(A/), let ra denote right translation by a on T(M(G, X), [Y]). Let
T(y): r(M(G, X), [Y]) ~ r(M(G, X), [Y]) be ~ rs. Then T(-y) evidently

sEo
leaves stable the subspace r(YC, K ) of r(M(G, X), [Y]), and preserves its
L-rational structure. It is clear that the T( y) span the image of H,(Q) in
End(r(V K )). The proof is complete.

8.6. REMARK: The assumption that Y"" satisfies hypothesis (5.3.6) is only
made in order to define the Fourier-Jacobi series along P. As was remarked in
6.12, this is actually stronger than what we need. In fact, let h E ~ ( P), K""’
= Kh n Geven its stabilizer in Geven; let J.L: Kven ~ GL( h) be the isotropy
representation. Then it suffices to assume that there is a finite-dimensional

representation ph : Kheven - G, ~ GL(Vh)’ giving rise to a homogeneous vector
bundle P defined over L, and an imbedding Vh ~ Ph of (KhPh- n Kheven·
G,)-modules.
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But the convergence conditions ([12], 2.5.1.3) imply that such a Ph exists. In
fact, one sees easily that it suffices to find Ph when G, is the derived subgroup
of G"". Moreover, it suffices to assume Il is an irreducible representation.
One sees easily, furthermore, that the existence of Ph depends only on the real
structure of ceven. We thus assume G = Geven is a real algebraic group such
that G ad is simple, that P is a maximal (real) parabolic subgroup of G which
fixes a point boundary component F of X+, and that X+ is thereby a tube
domain over F. Then the map

defines a C-rational isomorphism of Ap with the center of Kh . The conver-
gence conditions [12], 2.5.1.3 translate into a condition on the restriction of Il
to ZKh from which the existence of Ph follows easily.

§9. Further questions

In this section we mention some problems related to the arithmeticity of
automorphic forms, but which have not been treated in this article.

9.1. Shimura has studied the arithmetic properties of forms of half-integral
weight on the Siegel modular variety [20], and more generally has investigated
the arithmetic properties of theta-liftings [24,56]. Among other treatments of
this subject, we may mention those of Shintani, Niwa, Zagier, Oda, Kudla, and
Rallis and Schiffman; cf. [42,45] and references in [24,56]. The results of
Waldspurger [63,64] are well-known and should also be mentioned in this

context. Perhaps the most striking consequences of this theory are the relations
among periods of automorphic forms on different groups, discovered by
Shimura in [58]; interesting results along the same line have been announced
by Oda [46], who interprets them in the language of motives.

The bundles whose sections are forms of half-integral weight do not arise
from the functor [Y] of Theorem 4.8. This is scarcely surprising since in
general forms of half-integral weight generate representations of a double
cover of G (Af ), whereas our automorphic vector bundles are equipped with
G(Af )-action. However, Mumford’s theory of algebraic thetafunctions [44]
contains the arithmetic theory of forms of half-integral weight on the Siegel
modular variety cf. [71]. Needless to say, this approach to the arithmetic of
automorphic forms is essentially the same as the one based on the Fourier
expansion of the classical theta-nullwerte, which were already present in

Shimura’s early work on the subject [52]. An a priori proof of the existence
over Q of the bundle of forms of half-integral weight, with an action of a
double cover of G(Af ), but not relying on the theory of theta-functions, would
be of some interest.
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9.2. If (G, X) has a symplectic imbedding, then there is naturally a family
A(G, X) of abelian varieties over M(G, X). Let f : A(G, X) - M(G, X) be
the natural map. Associated to W(G, X) is not only the flat vector bundle
HDR(A(G, X)IM(G, X)), with its canonical local system R1f*Q, but also
the corresponding l-adic sheaves Rlf*Q, which have rational structures over
E ( G, X). Is it possible to construct analogous 1-adic local systems in the

general case? A partial answer to this question, in the case of certain (G, X) of
abelian type, is provided by Shimura in [19], §7.

9.3. The attempt to extend our results to characteristic p &#x3E; 0 runs up against a
number of obstacles, most prominently the absence in general of good models
for M(G, X) in characteristic p. The recent success of Chai and Faltings in
constructing smooth compactifications in characteristic p of the variety of
moduli of principally polarized abelian varieties ([32], [71] leads one to hope
that the resolution of this problem is not so distant as had been believed.

9.4. We have proved that the vector bundles on M(G, X) defined by classical
factors of automorphy (cf. (5.3.2) ff.) have rational structures over specific
number fields. This implies that their spaces of sections, which are naturally
identified with spaces of automorphic forms, also have rational structures; i.e.,
they have bases of arithmetic automorphic forms. Shimura introduced two
criteria for deciding when an automorphic form, given as an analytic function
of several complex variables, is arithmetic; these criteria are generalized in 9.3
and 6.9. Shimura has used these criteria to powerful effect in his investigations
of theta-liftings and special values of L-functions; cf. [53,55,58] for some

typical applications of Shimura’s methods.
In general, it is believed that the bundles [y] ] satisfying PP[y] = [y],

pp+l[y] = {O}, for some p E Z, have cohomology mostly in one preferred
dimension 1(Y). At least when YC is sufficiently regular and the Q-rank of
G ad is zero, this is a theorem [33]; partial results are available in other cases
(cf. e.g. [50], [70]). In principle, most of this cohomology (all of it, when
Q-rank Gad = 0) is represented by L2-harmonic forms on X. On the other

hand, the spaces H’(M(G, X), [V]) have natural structures over number
fields. T. Oda has asked the following question: how can one recognize the
L2-harmonic representatives of arithmetic cohomology classes in degree i &#x3E; 0?

The Zucker conjecture [67], and its recent resolution in many cases by Borel
[29] and Zucker [68] suggests that it is at least as natural to ask the analogous
question for the intersection cohomology groups of the Baily-Borel compactifi-
cation of M( G, X), with coefficients in the flat bundles [V].

In certain cases, necessary and sufficient criteria for arithmeticity can be
obtained by considering the restriction to imbedded products of modular
curves; this is be treated at length in [73]. However, this is clearly a very
special technique.
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