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LOCAL COEFFICIENTS AND NORMALIZATION OF
INTERTWINING OPERATORS FOR GL(n)

Freydoon Shahidi*

Introduction

The purpose of this paper is to use the theory of automorphic forms
to answer several questions in the representation theory of the group
GL, over a non-archimedean local field F. More precisely, in this paper,
the following results are obtained.

In Appendix II of [10], R.P. Langlands has suggested a normalizing
factor for the intertwining operators, coming from the theory of auto-
morphic forms. The normalized operators are then conjectured to be
unitary on the unitary line and to satisfy a functional equation (see
Theorem 3.1 here). For real groups these are verified by J. Arthur in [1].
When the group is non-archimedean the problem is more complicated.
In Theorem 3.1 of the present paper, we shall show that, if a unitary
representation of a Levi factor of a standard parabolic subgroup of
GL,(F) is a component of a cusp form, then the corresponding normal-
ized operators satisfy the above conditions, and therefore, in this case,
we provide a positive answer to the above Langlands’ conjecture.

More precisely, let P, = MN, 6 c 4, be a standard parabolic sub-
group of G = GL, generated by the partition (ry,...,r,) of 7. Let n be an
irreducible unitary representation of M(F) which furthermore is a com-
ponent of a cusp form on M(A). Let w be an element of the Weyl group
of G which permutes the blocks of M. Given ve(a,)§, let A(v, w, w) be the
corresponding intertwining operator defined by relation (1.1) of Section
1. There is a decomposition

AW, w) = A(Vy -1, Tty -1, WN—1) "+  A(V1, 71, W),
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where w;, 1 <i < N — 1, are simple reflections and the decomposition
W= wy_;-...-w, is reduced.

For each i, let m; ; and 7; , be the representations of the adjacent
blocks of the standard Levi factor of Py (F) which are interchanged by
w;. Let m; and n; be the dimensions of the corresponding blocks, re-
spectively. Denote by L(s, 7; ; X 7; ,) the Langlands’ L-function attached
to the pair (m; ,7;,) by H. Jacquet, LI. Piatetski-Shapiro, and J.A.
Shalika [6].

Finally, if C,(—2s/(m; + n;): py,, m;, 1 @ 7; 5, 0;, wy,) is the correspond-
ing local coefficient, defined in [15], then by Proposition 3.1 of this
paper, the product

~ L(s,mq X m 5)
L(1 — s, ;1 X 7;,5)

C,(=2s/(m; + n;)" po,, ;| ® ;. 5, 0;, We,) (1)

is a monomial in g°. We denote this monomial by &(s, m; ; X 7; 5, x). It is
justified by functional equation (2.2.1) that we call &(s, 7; ; X m; 5, ) the
Langlands’ root number attached to the pair (z; ;,7; ,) (it is the subject
matter of a subsequent paper to show that this root number is the same
as the one defined in [6]). Now, write

N-1
rm,w,x) = 1:[1 &(0,m; 4 X @y 5, L1, 75,y X & 5)/LA0, 7y X 7y 5)-

This is the normalizing factor which was conjectured by Langlands in
[10]. Then in Theorem 3.1 of this paper, we show that the normalized
operator r(m, w, x)A(0, &, w) satisfies the properties listed in [10].
Beyond the results of [15], Theorem 3.1 is a routine exercise, unless it
is complemented by Proposition 3.1 which shows that (1) is in fact a
monomial. Its proof uses two different versions of the functional
equation satisfied by these L-functions [6, 15]. This is an example of our
general method of using global functional equations to compute the
local coefficients for GL, in this paper (defined in general in [15]). By
product formula (1.5) and Jacquet’s quotient theorem, it is enough to
compute them for pairs of supercuspidal representations. This is the
subject of Section 2 of this paper (Theorems 2.1 and 2.2). The reader
must observe that when = is supercuspidal, Theorem 2.2 becomes a
special case of Proposition 3.1 (which is true in this case by Lemma 2.5),
and consequently, one could conclude it from the proposition. But the
proof given here for Theorem 2.1 (and consequently Theorem 2.2) is
independent of the results of [6] and requires only the functional
equation proved in [15]. Because of the detailed proof of Theorem 2.1,
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we have only sketched the proof of Proposition 3.1 which uses several
similar lemmas and arguments. It would be desirable to use local
methods to obtain similar formulas for any pair of non-degenerate
representations.

As our first application of these results, in Theorem 4.1 and 4.2, we
obtain a formula for the Plancherel measure u(m;v) (cf. [12]) for the
group GL,(F). We should mention that a more general formula for
u(m; v) (n supercuspidal), and consequently less accurate in the case of
GL,, has been obtained by A.J. Silberger in [13].

Next, in Theorem 4.3, we give a new proof of a result of I.N. Bernstein
and A.V. Zelevinskii (cf. [2]) on reducibility of the induced represen-
tations of GL(F). More precisely, let P = MN be a parabolic subgroup
of G = GL,, and assume M =GL, x...xGL, . Let 1=, ®...®7,
be an irreducible supercuspidal representation of M(F). Suppose for

someiandj, 1l <i#j<p,m=mn;®|det]. Then Ind = is reducible.
P(F) 1 G(F)

More generally, in Theorem 4.4, we obtain a similar reducibility crite-
rion in terms of Jacquet—Piatetski-Shapiro—Shalika’s L-functions, if 7 is
any irreducible unitary representation of M(F) which is a component of
a cusp form.

Finally, let a be the real Lie algebra of the center of M, and suppose
veag is in the positive Weyl chamber. Assume I(v, 7, ) (= unitary and
supercuspidal) is reducible. Then in Theorem 4.5 and its corollary, we
prove that the image of the intertwining operator A(—v, 7, w,) is degen-
erate (see Appendix of [14]). In particular if P is maximal and v is in the
positive Weyl chamber, then the unique nondegenerate subquotient of
I(—v, =, 0) is in fact a subrepresentation. A similar result for real groups
is proved in [16].

We conclude our introduction by remarking that the fact that the
reducibility of the induced representations and the poles of intertwining
operators are governed by the same kind of law (i.e. if P is maximal and
7, and =, are supercuspidal, then I(¥(0, s'), 7; ® 7,, 0) is reducible if and
only if n; = n, ® [det|*! and A(W(0,s'),n; ® m,,w,) has a pole if and
only if =, = m,) is not a coincidence but a consequence of the fact that
they respectively determine the poles and the zeros of the local
coeflicients, which are simply related by Proposition 2.2.

1. Preliminaries

1.0. Fix a positive integer r. Let F be a non-archimedean local field
containing @, and denote by G the group GL,. Let B be the subgroup of
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upper triangular elements of G. We say a parabolic subgroup P of G is
standard if P o B. Then there exists a partition (ry,75,...,7,) of r such
that M(F) = GL,(F) x ... x GL, (F) is the Levi factor of P in the usual
manner. In fact if 4 denotes the set of simple roots of B, then there exists
a subset of 4 such that M is generated by A. Consequently, for every
0 < A, we shall use P,, M,, and N, to denote the corresponding P, M,
and N, respectively.

Now, let 4, be the center of My, and denote by a,, the real Lie algebra
of A,. Then ag = R? and (ay)f = C”. Finally, define

Hy: M, > Hom(X(M,), Z)
by
(Hy(m), x> = log,lx(m)|  VyeX(M,),

where X(M,) denotes the group of F-rational characters of M,, and q is
the number of elements in the residue field of F. Observe that
X(M,) = 77 and therefore Hy(M,) =~ ZP < a4. Extend Hy to Py by Hy(mn)
= Hy(m). Finally, let {,) denote the pairing between (ag)§ and a,. It
may be considered, as we in fact do, to be the one induced from the
standard pairing of a, the real Lie algebra of the subgroup of diagonals
(¢ denotes the empty set).

Let O be the ring of integers of F, and let K = GL,(®). Then for every
0 < A, G(F) = KPy(F).

Now, let (m, V) be an irreducible admissible representation of M(F).
Fix ve(ag)¢ and set

Iv,m,0)= Ind (n® g<"He( D)

Po(F) 1 G(F)

as in [15]. Let V(v, n, 0) denote the space of I(v, z, 6). Then for ne Ny(F),
meMy(F), f€Viv,7,0)

o flgnm) = nlm™ g P f(g)
where p, denotes half of the sum of the positive roots which generate Nj,.
Let W denote the Weyl group of G with respect to the diagonal ele-

ments. Then W is isomorphic to the permutation group in n elements.
Now, let 6 and ¢ be two subsets of 4, and set

W(0,0) = {we W|w(®) = 0'}.

We say 6 and ¢ are associate if W(6, §) is not empty. Let {6} denote the
set of all the associates of 6. Finally, let ¥ * and Y~ be the positive and
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negative roots spanned by 4, respectively, and denote by X, and Z; the
similar sets generated by 6.

1.1. Intertwining operators. Fix two associated subsets 6 and 6’ of 4,
and let w be in W(6, #'). Let Ny be the unipotent subgroup generated by
the rootsin y ~ — X, ,and set N = UnwN, w1,

Given fe Vv, n, 0), define:

AQv, m, w)f(g) = L flgnw)dn (1.1)

To study the convergence of (1.1), choose a standard parabolic sub-
group P, = M N, of My, and a supercuspidal representation o of M,

such that t< Ind . Suppose P, =P, for some 0, c 0 c 4.
P+(F) 1 Mo(F)

Choose Ve (a,,)§ such that
(¥, Ho(a)) =<v,Hp(a)y  (VaeA,).

Finally, take vy€af and an irreducible unitary supercuspidal represen-
tation o, such that o =0,® q¢">#”  Then I(vo,7,0)c I(F
+ vo,00,0,), and the convergence of (1.1) reduces to that of A(V
+ Vo, 69, W). Now it follows from [15] that the integral representation of
A(V + vo,09,w) converges absolutely if for every aeZ*(9,) with

wa)ey
{Re(¥),H,> <0 1.2)
where notation is as in [15]. More precisely

Ri+1Rj+7, Ry+1 Rj+7,
! l ! !
H, = diag(0,...,0,1,...,1,0,...,0, —1,..., —1,0,...,0),

i-1 j-1
where Rj= Y r, Rj= Y r, 1<i<p, and if (i,j)ey*, then o=
t=1 t=1

= [(G,j)]eZ*(6,). Here p’ is the number of blocks in M, and Z*(6,)
denotes the set of positive roots of (G, A4y,).

Now, observe that we W(0,,w(d,)). Let 0,,...,0,, and w;e W(6,,6;.,)
be as in Lemma 2.1.2 of [15] (replacing 6 by 8, in the statement of the
lemma). Then from Theorem 2.1.1 of [15], it follows that

A(v, , w) = AV, 6, w)| Vv, 7, 0)
= A({;N- 1>ON-1> WN—I) Teelt A(Gl’ 0y, wl)l V(V, T, 9) (13)
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where V;,=w;,_(Vi_1), o, =w;_4(0;,_y), 2<i<N-1, V=74, and
g, = 0. Here N = card(Z,(6,, w(8,,), w)) (cf. [15]). Observe that, by ana-
lytic continuation (cf. [12, 15]) this holds for all v.

Now, from Proposition 2.4.2 of [15], it follows that

AW W), 7 0) = T1 7B 1) (14)

where the notation is as in [15] (also cf. [12]).
Finally observe that (1.3) holds, even if g,’s are not necessarily
supercuspidal.

1.2. Local coefficients. Let Y be a non-trivial additive character of F.
Denote by U = N, the subgroup of upper triangular elements whose
diagonals are all ones. Define:

xW) = Yl(agu; + ..o+ @y Uy yg,0)

where ay,...,a,_, € F* are fixed. Then y defines a non-degenerate char-
acter of U, and every non-degenerate character of U is of this form for
some dag,...,a,_,€F* Throughout this paper we shall fix
a,...,a,_,€F* and define y as above.

Since ¢ is supercuspidal, so will be ,,...,65_, as representations of
M,(F),..., My_(F), respectively. Consequently &,0,,...,05_, are all
non-degenerate. Let C,(7, g,6,,w) be the local coefficient attached to 7,
o, 0,, and w as in [15] (also see Lemma 2.2 and Proposition 2.1 of the
present paper). Denote the same coefficients for 7, o;, 6;, and w;,
1<i<N-1, by C,¥;,0;0;,w;). Furthermore suppose 7 is non-
degenerate. Then by Proposition 3.2.1 of [15]

N—-1
Cx(va T, 0, W) = Cl(ﬁa g, 0*) W) = 1—_[ Cx(gi’ O, Oia Wi) (15)
i=1

Observe that (1.5) is still true if 6, = 6 and ¢ = 7 is not necessarily
supercuspidal.
As in [15], define:
A (v, m,w) = C,(v, 7,0, w)A(v, T, w) (1.6)
Then
A, m,w) = A (Vy-1,08-1,Wy-1)--- LT, 00,w) | Vv, 7,0) (1.7)
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Now suppose = is unitary; then by Proposition 3.1.4 of [15], (v, 7, w) is
normalized, i.c.

a) Lw), w(n),w Ly, T, w) =1
b) 'M(Va T, W)* = d(_ W(V)’ W(TI), wo 1)
c) o(v,m,w) is unitary if —v = .

Finally Proposition 3.1.3 of [15] states that

C,(w(v), w(m), w(0), w™ ') = C,(—7,m,0,w) (1.8)

2. A formula for local coefficients

As it is clear from relation (1.5), to compute local coefficients, we need
only to compute C,(v,, 6, w) for maximal parabolic subgroups and su-
percuspidal representations. Thus, let My =~ GL,, x GL,, m+n =r, and
n=mn, ®n,, where n, and m, are supercuspidal representations of
GL,(F) and GL,(F), respectively. Observe that then w = wy = w; w4,
where w; and w, 4 are the longest elements in the Weyl groups of G and
M,, respectively.

Let o be the simple root (m,m + 1), and denote by f, a base for the
one dimensional complex dual of the real Lie algebra 3 of the center of
G. Then given a pair of complex numbers s and s, v = —mn/(m + n)-s-«
+ 5’ B is an element of (a,)¢. In fact with respect to the basis (o, f), every
ve(ag)¢ can uniquely be represented in this way for some s and s'. Let
u(g) = |det(g)|, and use w, and w, to denote the central characters of n,
and =,, respectively. We need the following lemma:

LeMMA 2.1: (a) Suppose m # n, then as a function of v, C,(v,, 0, wp)
never vanishes (Vv €(ag)g).

(b) Suppose m = n, but for no complex number s, 1, =~ n, ® u°. Then
Sor all ve(ag)¢, C,(v,m, 0, w,) is non-zero.

(c) Suppose m = n, and for some se(, n; = n, ® . Then the zeros
of C(—m/2:s o+ 5" B,m,0,wy) are same as those of the polynomial
1 —o,0; (@)q ™.

Proor: From property c) of .o/(v, , wy), it follows that the zeros of
C,(v,m,0,w,) are exactly the poles of A(v,m,w,). Now part (a) follows
from the fact that in this case A(v, 7, ws) is entire (cf. [11]). To prove
parts (b) and (c), we argue as follows. From the results of [11], it follows
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that if m=n, A(~m/2-s-a+5-B,m,we) has a pole if and only if
T, = m, ® p in which case it is simple and is given by the polynomial
1 — w,w; Y(@)g ™. This completes the lemma.

Now, let 4, . be the Whittaker functional
M—mnfm +n)-s-a+s-p,m,0,x)

attached to the representation
I(—mn/m+n)-s-a+s-p,n,0)=Is,s,m).
More precisely, for every feI(s,s’, n), there exists an open compact
subgroup N; < N, W = w,, such that the following principal value
integral (cf. [5])

o) e)x(n) dn
is given by
;Ls,s’(.f) = J‘N (_f(nW), e)mdn.

Here the notation is as in [15], i.e. (f(g),e) denotes the value of the
Whittaker function f{(g) at the identity element of M,. We need the fol-
lowing lemma:

LEMMA 2.2: For every fel(s, s, ), A ¢(f) is a polynomial in q° and q°.

ProoF: Let K be a compact open subgroup of G, and denote by
I(v, 7, )X the subspace of the elements in I(v, 7, §) which are left invariant
under K, ve(ap)§. Given an open compact subgroup N, < U, define

P, n,$(9) = (meas(Np)) ™" L $(ng)x(n) dn.

Then from Lemma 2.2 of [5], it follows that there exists a compact open
subgroup N, = U such that for every ve(a,)§ and every ¢ €1(v,m, )X the
function P, y,¢ has support in P,,wP,. Choose a larger compact open
subgroup N, < U such that N, > N, and P, y. ¢ has support in N, wP,
for all ¢ e I(v, n,0)%. Then:

}.(V, T, 0, X)(¢) = ).(V, n, 0’ X)(Px, N*¢)

= L o (plmw), e)x(n) dn

(notation as in [5, 15]).
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Now, given ¢ € I(v,n,0), choose fe CX(G) ® ¥, bi-invariant under K,
such that ¢ = P, .f is given by

P, .flg) = f g+ eeHe®D n(m) f(gp)d,(p).

Po

Then

Ay, 0, Y)(¢) = J

oo, 67T o) f(nwp), e)y(n) dnd(p).
Consequently P itself will range over a compact subset of Py. Hy(M,) is a
lattice in ag, and {v + py, Hy(p)) (for v = —mn/(m + n)-s- o) takes only
non-zero values for the image of Hy(M,) in a,/3. This image is generated
by tp.. = (1/m+1/n,0) as a lattice in R!. Consequently <v + py, Ho(P))
can take only a finite number of values when p ranges over this compact
set, and furthermore its values are integral multiples of {—mn/(m +
+n)-s-a,t,,» = —s. This completes the proof.

LemMA 2.3: For every fel(v,n,0), v= —mn/m+n)-s-a+s-p, and
for every ge G, A(v,m,0)f(g) is a rational function of q°.

PROOF: (notation as in Section 2 of [15]) With an argument similar to
that of Lemmas 1.4 and 1.5 of [13] one can conclude that, for every
YyeL(n, P), P = Py, 1= "1, cpp(l,m,v}{(m) is a rational function of ¢,
VmeM, =M (using the Riemann sphere attached to ag/L* + 3¢,
L = Hy(Mg)). Then by Lemma 2.2.4 of [15]

CP|P(1, T,V = Y(G/P)_l'/’jp-,p(v,n)T

for every Te F,- End°(s#(n))- F,. Choose F <= &(K) such that = Y for
some TeF,- End(s#%)" F,. Then y;(m) is a rational function of ¢° for all
me M, where j denotes jp- p(v, n). But for (ky, k)€ K>

Yir(m)(ky 1 ky) = tr(m(m)ic;r(k, : ky)).
Now, let F < &(K,), Kyy = Kn M, be a finite subset. Then for every

feap * C2(M) * ar

Km Km

tr(n(f)x jT(kZ k)
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is a rational function of ¢°. But now, since 7 is irreducible, by Lemma
1.11.3 of [12]

n(a;s * Ccoo(M) * d;-) = End Vi

(V is the space of n). Consequently, letting n(f) be suitable projections or
permutation elements of End V, we conclude that for every (k,, k,) e K2,
all the matrix coefficients of x;r(k, : k;) are rational functions of ¢°. Now
for every fe Vv, 0)

UT)ky) = J Kir(ky ko) flky Ydk,

K

is itself a rational function of ¢%, and the lemma follows if we choose T
to be the identity of F,- End(#;) - Fj.
We now prove:

PROPOSITION 2.1: (a) Suppose m # n; then C;'(v,7,0,w,), v = —mn/
(m+n)-s-a+s-p,is a polynomial in C[q*°,q*].
(b) Suppose m = n, but for no complex number s, n, =~ 7, ® u’. Then
C,'(v,m,0,ws)eCLq’,q "], where v= —m/2-s o+ 5 - .
(c) Suppose m = n, and for some seC, n, = n, ® u’. Then
C; I(V, T, 05 Wﬂ) = Q(qs’ q_s)/(l - (1)1(1)2_ l(a-))q—ms),
v=—m/2-s-a+ s f, where Q(¢°,q °) e C[q*, q "] is relatively prime to
1 —w,w; Y(d)g™™.
PRrROOF: C,(v, 7, 0,w,) is defined by
Cx(va T, 0’ WO)}'(WO(V)’ Wo(n)a WO(O)’ X) : A(V’ n, WO) = A.(V, T, 0’ X)-

Now the proposition follows from combining Lemmas 2.1, 2.2, and 2.3.
Finally we need:

LEMMA 2.4: The values of C,(v,m,0,w,), v= —mn/(m+n)-s-a+5-f
are independent of s'.

ProoF: Let N, be the opposite to the unipotent group N,. Then for
Re(s) large

A(v, 7, wo)f(wy ') =J fn7)dn”.
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But now it is clear from the decomposition of n™ that {s"- f, Hy(m(n"))>
= 0. This proves the independence of A(v,m,w,)f from s, for any
fel(v,n,0). The same argument applies to

Ao () = (f(nw), e)x(n) dn,

Nw(o)

and the lemma follows.
The main result of this section is the following theorem.

THEOREM 2.1: (a) Suppose m # n; then there exists a non-zero complex
number c(nt) and an integer n(z), both depending only on w such that

C—mnfm+n)-s-a+s"-B,m,0,wy) = c(m)g"™*
(b) Suppose m = n, but for no complex number s, n, =~ 1, ® y’. Then
C(—m/2:s 0 +5'- B,m,0,wy) = c(m)g"™,
where c(n)e € — {0} and n(r)eZ.
(c) Suppose m = n, and for some seC, n, = 1, ® u’. Then
C(—m/2-s 0+ B, 7,0, w,)
1— w0, (@)g ™
[—o; oy @)g ™

= clm)™
where c(n)e € — {0} and n(n)e Z.

At this time we can only prove this theorem by global methods. We
need some preparation:

We fix a number field k whose v, completion k,, is F. Let A be the
ring of adeles of k, and denote by G(A), the group GL,(A). We then set
P(A), M(A), and N(A) to denote the groups Py(A), My(A), and Ny(A).
We again assume M(A) = GL,(A) x GL,(A), m+n=r, ie. P is max-
imal. We need the following lemma:

LEMMA 2.5: Let m be an irreducible unitary supercuspidal repre-
sentation of GL,(F). Denote by p, the central character of mn. Suppose

po(@) = 1. Then there exists a cuspidal representation ¢ = ® o, of

GL,(A) such that o,, = 7.
Proor: Fix a character p of A*/k* p = ® p,, such that p, = p,.

This is certainly possible by, for example, considering p,® ® 1, as a
v#vo
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character of 0% - [] 0¥ k% =~ A*/k*, and defining p through the de-

v#vo

composition A* = k*-[] 0¥ k.
v

Let V be the space of 7, and denote by (#, V) its contragredient. Fix
iieV, ii #0, and consider the map u — f,, defined by f,(g) = {n(g)u, &i).
Denote by s# the image of V under this mapping into the space of
smooth functions on GL,(k,,) which are of compact support modulo the
center Z,(k,,).

Now, let f be a function on G(A)/G(k), G = GL,, which has compact
support modulo Z(A), Z = Z,, and furthermore for every ze Z(A)/Z(k),

f(gz) = p(2)f(g). Define

flo= Y flgy

veG(k)/Z(k)

which for a fixed g is a finite sum. Then clearly feL,(G(A)/G(k), p).
Now observe that f may in fact be chosen to be of the form f = ® f,,

where for almost all finite v, f, is the characteristic function of K,
=GL,(0,). In fact, given v #v, finite, suppose p,|Z.(0F)
= K,nZ,k, = 1. Then we choose f, to be the characteristic function
of K,. Next, choose K, = K,, a compact open subgroup such that
.| K, Z,(k,) = 1. Now, we let f, be the characteristic function of Kj,.
Finally for v = v,, fix a function f, €, such that f, (e,,) # 0. Take a
small open compact subgroup K, such that p, |Z(k,) K, =1 and
Soolko) = fuoley,) # 0 for all ke K, . Now let

C = G(k) n(IIK,,- 1K ,- K},,)

and let f, be any C*-function of compact support satisfying the follow-
ing conditions:

1) supp(f,) N G(k) = K,

2) supp(f,)NC # ¢

3) fulC =1

Then

fo= Y [1 £.0) £uo) S @)

yeG(k)/Z(k) v#vo
= card(supp(f,,) N C)
# 0.
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Consequently, the map f — f defines a non-zero G(A)-morphism from

® CZ(G(k,), p,) ® # into L,(G(A)/G(k), p).

v¥vo

To prove the cuspidality of £, we only need to check that for every N,
unipotent radical of an arbitrary standard parabolic subgroup of G,

j fign)ydn =0,
N(AYN®)

for every ge G(A), and fe ® CX(G(k,),p,) ® #. Take f = ® f, with
v#Fvo v

f.o €. Let Q be an open compact subgroup of [ N(k,) n N(A). Fix a

v<oo

fundamental domain & of N(k,)/N(k). Then Q x % is a fundamental
domain of N(k,) x Q/N(k)n(N(k,) x @), which by approximation
theorem is isomorphic to N(A)/N(k). Consequently we only need to
prove that for an appropriate Q

II Jogony)dn, = 0.

v JOnN(ky)

But for a suitable Q this follows from

f Joo(Goohup)dny, =0
QA N(kyy)

which is a consequence of the fact that f, is a matrix coefficient of a
supercuspidal representation. This completes the lemma.
Now, let the notation be as in Theorem 2.1. Set

v(s,8)= —mn/m+n)-s-a+s-p.

Define w;e Of and s, C by w;(ed") = wi(e)g™, reZ, eeOF, i=1,2.
Here @ is the fixed uniformizing parameter of F explained before. Set
7y, = n; ® p*'™ and 7, = n, ® p*¥". Then =} has w;e OF, i = 1,2, as its

central character. By Lemma 2.5, let 0, = ® 6, , and ¢, = ® 0, , be
two cuspidal representations of GL,(A) and GL,(A), respectively, such
that g; ,, = 7}, i = 1,2. We also fix a non-degenerate character y' = ® y,

of U(A)/U(k) such that x, = x. Let S be a finite set of places of k, in-
cluding the archimedean ones, such that v ¢S implies that ¢, ,, 0, ,, and
1. are all unramified; clearly vy, € S. Let S’ be the subset of all the finite
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places in S different from v,. Finally we extend S and S’ to contain all
the finite places of k which lie over the same rational prime of Q as v,
(vo¢S).

We need:

LEMMA 2.6: There exists a character p; = ® p, , of A¥/k* such that

1) p1,, =1 for v =g, and
(2) for all veS', C,,(V(s,5),(01,, ® p1,,) ® 03,,,0, w,) is a monomial in

S

9.

ProoF: By Lemma 12.5 of [7], choose p; satisfying (1) such that for
all ve§’ the order of p, , is arbitrarily large. Now fix veS’, choose
P¥, = M¥,N¥,, i =1,2, parabolic subgroups of GL,, and GL,, respec-

tively; and irreducible supercuspidal representation t; , of M, such that

010G Ind T,,and 0, , 6 Ind Ty, pe
PY,u(ky) 1 GLpm(kv) P3,u(ko) T GLn(ky)

Then

01,,® 01,05 Ind (Tl,v®P1,u)~
PY, u(kv) 1 GLm(ky)

Suppose M, = GL,, , x ... X GL,, ,i=1,2,t,eZ%,r;; +...+1,,=m
or n according as i = 1 or 2; and assume 7; ,, =7, ; ® ... ® 7; ... Then by
relation (1.5) we only need to prove (2) for

Cx;,(V(S, s'), (Tl,j ®01,0) ® T4 ojk’ Wojk)

1<j<t, 1 <k<t, But now if we choose the orders of p, , suf-
ficiently large, we will have 7, ;®p; , % 1,, @y for all seC,
1<j<t;, and 1<k<t, Consequently A(v(s,s),(t;;® p1,,)®
® 72,k We,,) 18 holomorphic for all s and s'eC. It also follows from
Theorem 4.2 of [3] that for all s and s'eC, I(v(s,s),(t; ;®p;,,) ®
® 75,4, 03) is irreducible. Now (2) follows if we use the definition of the
local coefficients and their rationality (cf. Proposition 2.1). This
completes the lemma.
We now prove:

PROPOSITION 2.2: There exist a non-zero complex number c,(%) and an
integer n,(m) such that

C (s, 5), 7,0, W) C,((1 — 5,5, %, 0, we) = ¢4(m)g™ ™ (2.1)
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Proor; For every v¢S, let L(s,0, , X 0, ,) be the local unramified
Langlands’ L-function attached to the pair (¢, ,,0,, ,), which is defined
in general by H. Jacquet, L.I. Piatetski—Shapiro, and J.A. Shalika in [6].
Choose p, as in Lemma 2.6. Let S; o S be a finite set of places such that
v¢S, implies that o, , ® p, , is unramified. Set:

Ls(s,(0; ® py) X 65) = 1;! L(s,(01,, ® p1,,) X 63,,)-

Then by Theorem 4.1 of [15] we have

Lg,(s,(0, ® py) X G3)
= l_l Cz;(V(S, §),(01,,® p1,)) ® 03,0, wp)

veSy

"Ls,(1 —5,(6, ® p1 ') x 03) (2.2.1)
Changing s to 1 —s, o, to &,, 6, to 65, and p, to p; !, we obtain

Lg,(1 —s,(6, ®pit) x0y)
= H Cx;(V(S, sl)’ (&l,u ® pl_,ll)) ® &2,0’ 0, WO)

veSy

“Ls,(5,(01 ® py) X 65) (22.2)

Finally comparing (2.2.1) and (2.2.2) we have

l;[ Cx;,(v(s, S’), (Gl,v ® pl,o) ® 62,0’ 0, Wo)
“Cp (1 = 5,5),(61,,® P1a)® Gy, 0,we) =1 (2.2.3)

First suppose v = co. Then by Theorem 3.2.2 of [15], the correspond-
ing factor in (2.2.3)is +1 or —1.

Next suppose ve S, is finite. First assume veS and v # v,. Then for
every v # v,, the corresponding factor in (2.2.3) is only a monomial of ¢$
(Lemma 2.6). Now assume v = v, or veS; — S. Since no veS, — S lies
over the same rational prime as v,, we conclude that no two poly-
nomials in €[q%,q9"*], ¢ = q,,, and C[g},q, “], veS; — S, can have a
non-trivial factor in common. Consequently, the corresponding factor
for v, in (2.2.3) must be a monomial in ¢’, i.e. there exist ¢,(n')e € — {0}
and ny(n)e Z, ©’ = n} ® n’,, such that

C,(v(s,5), ', 0, w)C,(W(1 —5,5), &, 0, wg) = c,(n)g" 224
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Now, set
t=s+(m+n)/2mn-(s; —s,).
Then

T ® q<V(s,S’),He( » >*1® q<V(t,S').Ho( »

and (2.2.4) reduces to

C,((t,5), 7,0, w)C,(v(1 — 1,5), 7, 6, wg) = cy(m)g" ™™

¢y(r)e € — {0}. The proposition now follows if we set n,(n) = n,(’) and
change t to s.

REMARK 2.1: Lemma 2.6 would not be necessary if we knew that v, is
the only place of k lying over a rational prime.

Proor oF THEOREM 2.1: For parts (a) and (b), observe that by the
same parts of Proposition 2.1, C;(v(s,s),7,0,ws) and C,'(W(1—
— 3,5, &, 0, wy) must both be polynomials in C[¢*,q *]. Consequently
by Proposition 2.2, C,(v(s,s'), 7, 6, w,) must be a monomial as desired
(independent of s’ by Lemma 2.4).

For part (c), we again observe by (2.1) that the poles of
C,(v(s,s), m,0,wy) must be the same as the zeros of C,(v(1—
—5,5), 7@, 0,wg). But the zeros of this last function are given by
1 — i 'w,(@)g ™" 9, and therefore C,(v(s,s'), 7, 6, w,) has the required
form. This completes the theorem.

Now, let

L(s,my x mp) = (1 — 601602(0")‘1_"”)_1

if m=n, w,w, unramified, and there exists some se€ such that
Ty = Ty ® ﬂs, and

L(s,m; x7m,) =1

otherwise. In each case define (cf. Theorem 2.1)
&S, Ty X T, %) = My @ 7y)g" ™ @2,

Then

Cx(—mn/(m+ n)-s-ot,nl ®7~t2,09 WG)
L(l — 5,7, X #,)

= &S, Ty X T
8(, 1 Z’X) L(S,7'E1XTC2)
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In [6], using a completely different method, similar factors are de-
fined for any pair of irreducible representations (cf. Section 3 here), and
in this particular case their L-functions are in agreement with ours (cf.
[15]). It is the subject of a subsequent paper to show that the two root
numbers are also equal.

We now reformulate Theorem 2.1 as follows:

THEOREM 2.2: Let 7, and 7, be two irreducible supercuspidal represen-
tations of GL,(F) and GL,(F), respectively. Define &(s,m, X m,,y) and
L(s, m, X m,) as above. Then

C—mnfm +n)-s 0+ 5 - B,y ® 5, 6, W)

L(1 — 5,7, X m,)

= 8(s7n1 X ﬁZ’X) us T, X ﬁ )
s 1 2

We now observe the following properties of L(s, 7; x 7,), ¢(rn), and

n(m).

PROPOSITION 2.3: Let n, and m, be two irreducible unitary supercus-
pidal representations of GL,(F) and GL,(F), respectively. Define
&,y X Ty, x) and L(s, m, x ®;) as before. Write

&S,y X My, 1) = c(my ® ﬁz)qn(m®ﬁ2)s-

Then
LG, 7, X 7,) = L(s, &y ) 2.2)
cmy @ my) = c(n, ® my) (2.3
and
n(n, ® n,) = n(n, ® n,;)mod(2mi(logq) 1) 249

PROOF: (2.2) is a consequence of @; = w; !. To prove (2.3) and (2.4),
we use relations (1.8) and (2.2), together with Theorem 2.1, to conclude

o, ® nz)q—n(m®nz)s =c(n, ® 71_.1)‘1—n(1:2(>91|:1)s.

The desired relations are now trivial.
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3. Unitary representations and normalization
of intertwining operators

We let the notation be as in Section 1, i.e. P = P, is any standard
parabolic subgroup of G = GL, generated by a partition (r,,...,r,) of r.
We fix an irreducible unitary non-degenerate representation = of M(F)
= M,(F), where M = M, is the standard Levi factor of Py = M,- N,. Fix
we W(0,0), where 0’ € {6}.

Choose 6=40,,...,0y = 4, N = card(Z,(6, w(0),w)), as in Theorem
2.1.1 of [15] such that

A, m,w) = AVN_ 1, Ty — 1, Wy —1)- .- A(V1, T3, W),

W=Wy_g. Wy, V=W (Viog), T =Woqg(m-y), 2<ISN—1, vy =,
and n, = 7. The representations 7; are all unitary.

For each i, let n; ; and =; , be two adjacent representations of the
blocks of the standard Levi factor of P,(F) which are interchanged by w;,.
Let m; and n; be the dimensions of the corresponding blocks, respective-
ly. Denote by L(s,n; ; x &; ;) the Langlands’ L-function attached to the
pair (m; 4, 7; ;) by H. Jacquet, LI. Piatetski-Shapiro, and J.A. Shalika
[6].

The following lemma is clear.

LemMA 3.1: The product

N-1

l_[ L(s, M1 X T 5)

i=1

is independent of the decomposition of w.
Now, in view of Lemma 3.1, we define

Lis,mw) = T Lis, s x ,2) G.)

From now on we assume v = 0. Then I(w, ) = I(0, =, 0) is the unitarily
induced representation of G(F) by . We now introduce a new normal-
izing factor for A(0, w, w) as follows. We set

L, m,w)

rm,w,x) = Cy(0,m,0,w) L7 W)

(3.2)
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and we define
a(0, t, w) = r(z, w, x)A(0, @, w) 3.3)
We then have:

THEOREM 3.1: The operators «(0,n, w) have the following properties:
(@) (0, w(n),w™ Y)a(0, 7, w) = 1

(b) (0,7, w)* = (0, w(r),w™ 1), and consequently (0, ,w) is unitary.
() Given ve(ay)§, define n, =1 @ q<H° Y, and set

afv, t,w) = (0, T, w).

Then a(v,n,w) is a meromorphic function of v on (a,)§, and furthermore
for every decomposition w = wyw, the functional equation

a(V, , W) = a(WZ(v), Wz(n)a Wl)d(v, w, Wz) (34)

is satisfied.
ProoF: We only need to show (a) and (b) as (c) follows from the
results in [15]. To prove (a), observe that by part (a) of Proposition 3.1.4

of [15], the same identity holds for 2/(0, n, w) (cf. Section 1.2 here). But
now by relation (3.1)

N-1
L(s, w(n),w™ 1) = Hl L(s, ; ; X m; 5),
and consequently

L(s, m(m),w™ ") = L(s, &, w) (311

Part (a) now follows from relations (3.2) and (3.1.1), together with the
above observation.
To prove (b), we observe that if n, and 7, are unitary, then

L(s,m, x m;) = L(5, %, x @T3)
= L(§, 7, X 7,).

Consequently

L(1, =, w)/L(1, &, w) = L(1, &, w)/L(1, 7, w)

which is the normalizing factor for (0, w(r),w™') by (3.1.1). Now (b)
follows from part (b) of Proposition 3.1.4 of [15].
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Now, let n; and n, be two irreducible unitary representations of
GL,(F) and GL,(F), which furthermore are respectively the v, local com-
ponents of the cuspidal representations ¢, = ® 6, and 0, = ® 0, ,

v v

of GL,(A) and GL,(A) as in Lemma 2.5, i.e. 7; = 0; ,,, i = 1,2. As before
A is the ring of adeles of a number field k for which k,, = F. The follow-
ing proposition will allow us to define the Langlands’ root number at-
tached to a pair of unitary representations satisfying the above con-
dition. (We assume the existence of the global functional equations at-
tached to the pairs which is the subject of a work in progress of H.
Jacquet, LI. Piatetski-Shapiro, and J.A. Shalika [6]).

PROPOSITION 3.1: Let m; and m, be two irreducible unitary represen-
tations of GL,,(F) and GL,(F), which furthermore are local components of
some cuspidal representations of GL,(A) and GL,(A), respectively. Then
there exists a non-zero complex number c(n, ® m,) and an integer
n(n, @ m,) such that

L(s, my X m,)

C(—2s/(m +n): pg, m; @ 75, 0, wp) L =57, x 7,)

is equal to
c(nl ® n2)qn(1!1®1r2)s.
We set
&(s, 7y X My, §) = c(my ® my)gnm En2s

and we call &(s, m, X ©,, x) the Langlands root number attached to the pair
(my, m,). Furthermore c(n, ® m,) and n(rw, ® n,) satisfy relations (2.3) and
(2.4), respectively.

Proor: This can be proved by comparing functional equation (2.2.1)
with that of [6], and making use of the lemmas proved in Section 2, the
following lemma, and finally an argument similar to that of Proposition
2.2 and the fact that I'-functions (L-functions at oo) are not rational
functions of ¢°.

LEMMA 3.2: Let n, and ©, be two irreducible admissible non-degenerate
representations of GL,(k,) and GL,(k,), respectively (v finite). Denote by
L(s,m, X m,) the corresponding Jacquet—Shalika L-function attached to
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the pair (n,,m,). Let p be a character of OF. Then there exists an integer
m, >0 such that L(s,(n, ® p) x n,) =1 for every p whose order is
greater than m,.

Proor: Given w;eW(rn;) and w,eW(rn,); let (s, wy, wy)(W(s, wy,
w,, @) if m = n) be as in [6] (as in [9], resp.). Then L(s,m; x =,) is the
G.C.D. of all these (s, w,, w,)((s, w;, w,, @), resp.) when w, and w,
range over W(r,) and W(n,) (¢ over F(F™), resp.), respectively. But now
a glance at the integral representations of ¥’s and making use of Propo-
sition 2.2 of [8] will show that, when w, € W(n; ® p), w, € W(r,), and the
order of p is sufficiently large, (s, wy, w,)(W(s, wy, w,, @), resp.) are all
holomorphic and therefore L(s,(n; ® p) x n,) = 1. This completes the
lemma.

REMARK 3.1: This is a result similar to Theorem 2.2.

REMARK 3.2: We in fact believe that our root numbers are equal to
those of H. Jacquet, LI. Piatetski—Shapiro, and J.A. Shalika.

We now set
N—-1 .
&(s, mw, x) = 1_11 (s, m; 1 X T 2,X)
i

which is clearly independent of the decomposition of w since L(s, 7, w) is.
Then

r(m,w, x) = &0, 7, w, y) L(1, 7, w)/L(0, 7, w)

= n &0, m; X T 5, %) LA, m; X &, 5)/LO, 7, y X 7, 5)

i=1

is the normalizing factor conjectured by Langlands in Appendix II of
[10]. Consequently in this case Theorem 3.1 provides a positive answer
for the questions posed there.

4. Applications
4.1. Plancherel measures. From relation (1.4), it is clear that to com-

pute the Plancherel measures, one only needs to compute them for max-
imal parabolic subgroups and supercuspidal representations. For this
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reason, let us take the notation as in Section 2, i.e. take M = GL,, x GL,
and © = n; ® n,, where n, and &, are irreducible supercuspidal repre-
sentations of GL,(F) and GL,(F), respectively. We then have

THEOREM 4.1: Let 7, and m, be two irreducible supercuspidal represen-
tations of GL,(F) and GL,(F), respectively. Set My = GL,, x GL,, and
v=—mn/(m+n)-s-a+s-p. Then
S S e (Y
—m(1+s)

1 — w0, '(@)q”
— o1 'wy(@)g " 7Y 1 - w0, (@)

(m, v) = y*(G/Py) c(m)]? I

ifm=nand n, = n,® u* for some se¢, and
u(m,v) = y*(G/Py) c(m)|?
otherwise. In other words:

,u(n, V) = yz(G/PB)s(S’nl X ﬁZ, X)ﬁ(—S, ﬁl X Ty, X)
L1 + s,y x &) L(1—s,@; X 7,)
L(s,m, x 7,) L(—s, 7, x p) ~

ProoF: This is a consequence of the relation
Cz(Wo(V), Wo(n), WB(O), W‘; l)cx(v9 T, 0’ wﬂ) =7 - Z(G/Po)/l(ﬂ.', V)
(Proposition 3.1.1 of [15]), and Theorems 2.1 and 2.2.
More generally, we have:
THEOREM 4.2: Let w, and 7, be two irreducible unitary representations
of GL,(F) and GL,(F) which furthermore are local components of some
cuspidal representations of GL,(A) and GL,(A), respectively. Set M, =

=GL,xGL,,v=—mn/m+n)-s-o+5-B,and 1 =, ® n,. Then

w(m,v) = y2(G/Py)els, my X &y, x)&(— 5,7y X Tz, ¥)
L( + 5,7y x 7)) L1 —s,7 X 7p)
L(s,m; x &) L(—s,fy X m,)

4.2. Irreducibility Criteria. We shall now give a new proof of a result
of LN. Bernstein and A.V. Zelevinskii (if part of Theorem 3 of [2]) on
irreducibility of the representations induced from supercuspidal repre-
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sentations. The proof is now very short; in fact not much besides
Theorem 2.1 of this paper is necessary to prove this converse to their
Theorem 4.2 in [3] (if part of Theorem 3 of [2]).

We again choose a partition (ry,...,7,) of r and we let P = Py = M,N,
be the corresponding parabolic subgroup. Then My(F)= GL, (F) x
X...x GL, (F). Let 1 =m, ®... ® m, be an irreducible supercuspidal
representation of My(F).

THEOREM 4.3: (LN. Bernstein and A.V. Zelevinskii). Suppose for some i
and j, 1 <i#j<p, nm;=n;®p. Then the representation 1(0,n,0) is
reducible.

ProOF: Suppose for some i and j as above, 7; = n; ® pu. Then by part
(c) of Theorem 2.1 of this paper and Proposition 3.2.1 of [15], there
exists a factor C,(v,m,0,w,) in C,(v,7,0,w,) which has a pole at
v, = 0. Now let M; denote the centralizer of A, in G, @ = 6, U {},
and use P, = M; - N; for its corresponding standard parabolic subgroup.
Then by Theorem 3.3.1 of [15], the representation Ind =, is re-

PL(F) 1 Mid(F)
ducible, where P¥ = M,, - (M; n Ny, ). Consequently

10,7,6)= Ind ( Ind =)
Pi(F)t G(F) P(F)t Mi(F)

is reducible. But now by Theorem 6.4.1 of [4], so is I(0, 7, 6). This proves
the theorem.

Theorem 4.3 is in fact true for certain unitary representations. For the
sake of simplicity we restrict ourselves to maximal parabolics, i.e. we
assume r = 2. Then we have

THEOREM 4.4: Let ©t, and 7, be two irreducible unitary representations
of GL,,(F) and GL,(F) which furthermore are local components of some
cuspidal representations of GL,(A) and GL,(A), respectively. Let
L(s,m; x m,) be the corresponding Jacquet—Piatetski—Shapiro—Shalika L-
function. Suppose s, is a pole of L(1—s,7y X m,)/L{s,m; x &,). Then
I(—mn/(m + n)- sy a, 7, 0) is reducible, where n = m; @ ;.

Proor: This is a consequence of the definition of the local coefficients
and Proposition 3.1.

4.3. Non-degeneracy of subrepresentations. It is proved in [16] that
for a principal series representation of a real group, the unique (topo-
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logically) non-degenerate subquotient appears in fact as a subrepresen-
tation, if the parameter ve(ay)¢ is in the positive Weyl chamber. Here
we shall prove a similar result for G(F) = GL,(F), F non-archimedean,
when P = MN is maximal, M = GL,, x GL,, and = = &, X 7, is super-
cuspidal and unitary.

THEOREM 4.5: Suppose Re(s) > 0. Set v(s,s)= —mn/(m+n)-s-a+
+ 5" B. Then 1(v(s,s’), w,0) contains a unique non-degenerate irreducible
subrepresentation. Furthermore suppose I(v(s, s'), &, 0) is reducible; then the
image of A(V(s,s),m,0) in I(V(—s, s'), we(m), we(0)) is degenerate.

Proor: We only need to prove this for reducible I(v(s,s’),n,6). By
Theorem 4.3, I(v(s,s),n,0) is reducible only when s =1, m =n, and
ny = m,. Consequently by part (c) of Theorem 2.1, C,(v(s, s"), w, 6, wy) has
a pole at s = 1. Now from the corollary of Theorem 3.3.1 of [15], it
follows that the image of A(v(1,s),x,6) in I(v(—1,5"), we(r), wy(0)) is de-
generate, and consequently the kernel of A(v(1,s'),n,6) which is irre-
ducible (the length of I(v(1,s'),x, 0) is 2) must be in fact non-degenerate.
This completes the theorem.

COROLLARY: Suppose P, = MyN, is a standard parabolic subgroup of
G, and assume ve(ag)¢ is in the positive Weyl chamber of (P,, Ay), i.e.
Re{v,H,> > 0 for Yae Z*(0). Let © be an irreducible unitary supercus-
pidal representation of My(F). Suppose I(—v,,0) is reducible. Then the
well-defined image of A(—v,m,wg) in I(—wg(v), we(w), we(B)), ie. the
Langlands’ quotient, is degenerate.

ProoF: Since v is in the positive Weyl chamber and = is unitary; the
operator A(—v,m, wy) is well defined (even convergent). But now suppose
I(—v,m, 0) is reducible. Then by Theorem 3.3.1 and Proposition 3.2.1 of
[15], one of the rank one local coefficients must have a pole. Now
Theorem 4.5 implies that the image of the corresponding rank one inter-
twining operator is degenerate, which proves the corollary.
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