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LOCAL COEFFICIENTS AND NORMALIZATION OF
INTERTWINING OPERATORS FOR GL(n)

Freydoon

Shahidi*

Introduction
The purpose of this paper is to use the theory of automorphic forms
to answer several questions in the representation theory of the group
GL, over a non-archimedean local field F. More precisely, in this paper,
the following results are obtained.
In Appendix II of [10], R.P. Langlands has suggested a normalizing
factor for the intertwining operators, coming from the theory of automorphic forms. The normalized operators are then conjectured to be
unitary on the unitary line and to satisfy a functional equation (see
Theorem 3.1 here). For real groups these are verified by J. Arthur in [1].
When the group is non-archimedean the problem is more complicated.
In Theorem 3.1 of the present paper, we shall show that, if a unitary
representation of a Levi factor of a standard parabolic subgroup of
GLr(F) is a component of a cusp form, then the corresponding normalized operators satisfy the above conditions, and therefore, in this case,
we provide a positive answer to the above Langlands’ conjecture.
More precisely, let Po
MN, 0 c d, be a standard parabolic subGLr generated by the partition (rl, ..., rp) of r. Let n be an
group of G
irreducible unitary representation of M(F) which furthermore is a component of a cusp form on M(A). Let w be an element of the Weyl group
of G which permutes the blocks of M. Given v ~(a03B8)*¢, let A(v, n, w) be the
corresponding intertwining operator defined by relation (1.1) of Section
1. There is a decomposition
=

=

*
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where wi, 1

i ~ N -

1,

are

simple reflections and the decomposition

W N - 1.....w 1 is reduced.
For each i, let 03C0i,1 and 03C0i,2 be the representations of the adjacent
blocks of the standard Levi factor of Poi(F) which are interchanged by
w;. Let mi and ni be the dimensions of the corresponding blocks, respectively. Denote by L(s, 03C0i,1 x 03C0i,2) the Langlands’ L-function attached
to the pair (03C0i,1, 03C0i,2) by H. Jacquet, I.I. Piatetski-Shapiro, and J.A.
w

=

Shalika

[6].
Finally, if Cx( - 2s/(mi + ni) · Poi, 03C0i,1 O ni,2, Oi, wo,) is the corresponding local coefficient, defined in [15], then by Proposition 3.1 of this
paper, the product

monomial in qs. We denote this monomial by e(s, 03C0i,1 x ni, 2, X). It is
justified by functional equation (2.2.1) that we call 03B5(s, 03C0i,1 x ni, 2, ~) the
Langlands’ root number attached to the pair (03C0i,1, 03C0i, 2) (it is the subject
matter of a subsequent paper to show that this root number is the same
as the one defined in [6]). Now, write
is

a

This is the normalizing factor which was conjectured by Langlands in
[10]. Then in Theorem 3.1 of this paper, we show that the normalized
operator r(n, w, x)A(0, n, w) satisfies the properties listed in [10].
Beyond the results of [15], Theorem 3.1 is a routine exercise, unless it
is complemented by Proposition 3.1 which shows that (1) is in fact a
monomial. Its proof uses two different versions of the functional
equation satisfied by these L-functions [6,15]. This is an example of our
general method of using global functional equations to compute the
local coefficients for GLr in this paper (defined in general in [15]). By
product formula (1.5) and Jacquet’s quotient theorem, it is enough to
compute them for pairs of supercuspidal representations. This is the
subject of Section 2 of this paper (Theorems 2.1 and 2.2). The reader
must observe that when 03C0 is supercuspidal, Theorem 2.2 becomes a
special case of Proposition 3.1 (which is true in this case by Lemma 2.5),
and consequently, one could conclude it from the proposition. But the
proof given here for Theorem 2.1 (and consequently Theorem 2.2) is
independent of the results of [6] and requires only the functional
equation proved in [15]. Because of the detailed proof of Theorem 2.1,
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have only sketched the proof of Proposition 3.1 which uses several
similar lemmas and arguments. It would be desirable to use local
methods to obtain similar formulas for any pair of non-degenerate
we

representations.
As our first application

of these results, in Theorem 4.1 and 4.2, we
formula for the Plancherel measure M(n; v) (cf. [12]) for the
group GL,(F). We should mention that a more general formula for
M(n; v) (n supercuspidal), and consequently less accurate in the case of
GL,, has been obtained by A.J. Silberger in [13].
Next, in Theorem 4.3, we give a new proof of a result of I.N. Bernstein
and A.V. Zelevinskii (cf. [2]) on reducibility of the induced representations of GL,(F). More precisely, let P MN be a parabolic subgroup
of G
GL,, and assume M GLrx x GLrp. Let rc = 03C01 0 O 03C0p
be an irreducible supercuspidal representation of M(F). Suppose for
obtain

a

=

=

some

=

i and j, 1 ~ i

~j

~ p,

...

03C0i ~ 03C0j Q |det|. Then

...

Ind 03C0 is reducible.
P(F) i G(F)

More generally, in Theorem 4.4, we obtain a similar reducibility criterion in terms of Jacquet-Piatetski-Shapiro-Shalika’s L-functions, if 03C0 is
any irreducible unitary representation of M(F) which is a component of
a cusp form.
Finally, let a be the real Lie algebra of the center of M, and suppose
vE
a*¢ is in the positive Weyl chamber. Assume I(v, n, 0) (03C0 unitary and
supercuspidal) is reducible. Then in Theorem 4.5 and its corollary, we
prove that the image of the intertwining operator A( - v, n, we) is degenerate (see Appendix of [14]). In particular if P is maximal and v is in the
positive Weyl chamber, then the unique nondegenerate subquotient of
I(-v,03C0,03B8) is in fact a subrepresentation. A similar result for real groups
is proved in [16].
We conclude our introduction by remarking that the fact that the
reducibility of the induced representations and the poles of intertwining
operators are governed by the same kind of law (i.e. if P is maximal and
03C01 and rc2 are supercuspidal, then I(v(0, s’), n1 0 rc2, 0) is reducible if and
only if 03C01 ~ rc2 ~ |det|±1 and A(v(O, s’), n1 Q n2, Wo) has a pole if and
only if 03C01 ~ n2) is not a coincidence but a consequence of the fact that
they respectively determine the poles and the zeros of the local
coefficients, which are simply related by Proposition 2.2.

1. Preliminaries

1.0. Fix

positive integer r. Let F be a non-archimedean local field
containing Q, and denote by G the group GLr. Let B be the subgroup of
a
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elements of G. We say a parabolic subgroup P of G is
standard if P ~ B. Then there exists a partition (rl, r2,..., rp) of r such
x
that M(F) GLrl(F) x
GLrp(F) is the Levi factor of P in the usual
manner. In fact if L1 denotes the set of simple roots of B, then there exists
a subset of L1 such that M is generated by d . Consequently, for every
0 c A, we shall use Pue, Mo, and Ne to denote the corresponding P, M,
and N, respectively.
Now, let Ao be the center of Mo, and denote by ao, the real Lie algebra
of Ao. Then a03B8 ~ RP and (a03B8)*¢ ~ ÇP. Finally, define
upper

triangular
=

...

by

where X(Mo) denotes the group of F-rational characters of Mo, and q is
the number of elements in the residue field of F. Observe that
X(M03B8) ~ Zp and therefore H03B8(M03B8) ~ Zp ~ ao. Extend H03B8 to Po by He(mn)
He(m). Finally, let , &#x3E; denote the pairing between (a03B8)*¢ and ao. It
may be considered, as we in fact do, to be the one induced from the
standard pairing of a., the real Lie algebra of the subgroup of diagonals
(~ denotes the empty set).
Let (9 be the ring of integers of F, and let K
GLr(O). Then for every
c
0
G(F) KPo(F).
Now, let (n, V) be an irreducible admissible representation of M(F).
Fix v ~ (a03B8)*¢ and set
=

=

=

in [15]. Let V(v, n, 0) denote the
mEM(J(F), JE V(v, n, 0)
as

space of I(v, n, 0). Then for

nE

N03B8(F),

where 03C103B8 denotes half of the sum of the positive roots which generate No.
Let W denote the Weyl group of G with respect to the diagonal elements. Then W is isomorphic to the permutation group in n elements.
Now, let 0 and 0’ be

two subsets of

d, and

set

We say 0 and 0’ are associate if W(03B8,03B8’) is not empty. Let {03B8} denote the
set of all the associates of 0. Finally, let 03C8+ and ik - be the positive and
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negative roots spanned by d, respectively, and denote by l’
similar sets generated by 0.

and

Li the

1.1. Intertwining operators. Fix two associated subsets 0 and 0’ of Li,
and let w be in W(03B8,03B8’). Let Ni be the unipotent subgroup generated by
U n wN-03B8w-1.
the roots in t/J- -Li, and set
Givenf E V(v, n, 0), define:

Ne=

To

study

group

P*

such that

the convergence of (1.1), choose a standard parabolic subM* N* of Mo, and a supercuspidal representation (J of M*

=

Ind

Te c

6.

P*(F) ~ M03B8(F)

Choose

~(a03B8*)*¢

Suppose P*

=

P03B8*

for

some

03B8*

c

0

c

11.

such that

take vo E aé and an irreducible unitary supercuspidal represenI(v
6o such that 03C3 = 03C30~qv0,H03B8*()&#x3E;. Then I(vo, 03C0, e)
+ vo, 60, 0*), and the convergence of (1.1) reduces to that of A(v
+ vo, uo, w). Now it follows from [ 15] that the integral representation of
A( + v0, 03C30, w) converges absolutely if for every 03B1~03A3+(03B8*) with

Finally,
tation

w(03B1) E t/J-

where notation is

where

R’i

as

in

[15].

More

L’;’
= L’;’ R’j = t=l

precisely

1 ~ i

~ p’, and

if

(i,j)~03C8+,

then

oc

=

t=l

[(i,j)]~03A3+(03B8*). Here p’ is the number of blocks in M, and 03A3+(03B8*)
denotes the set of positive roots of (G, Ao.).
Now, observe that w~W(03B8*,w(03B8*)). Let 01,,,,, f)n, and 03C9i~W(03B8i,03B8i+1)
be as in Lemma 2.1.2 of [15] (replacing 0 by 0* in the statement of the
lemma). Then from Theorem 2.1.1 of [15], it follows that
=
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where

=

wi-1(i-1), 03C3i

=

wi-1(03C3i-1), 2 ~ i ~ N - 1, 1 = ,
that, by

Here N card(03A3r(03B8*, w(O*), w)) (cf. [15]). Observe
continuation
lytic
(cf. [12,15]) this holds for all v.
from
Now,
Proposition 2.4.2 of [15], it follows that
03C31

=

a.

=

where the notation is as in [15] (also cf. [12]).
Finally observe that (1.3) holds, even if 03C3i’s

are

not

and
ana-

necessarily

supercuspidal.
1.2. Local coefficient. Let 03C8 be a non-trivial additive character of F.
Denote by U N~ the subgroup of upper triangular elements whose
diagonals are all ones. Define:
=

where a1,...,an-1~F* are fixed. Then X defines a non-degenerate character of U, and every non-degenerate character of U is of this form for
some
a1,...,an-1~F*. Throughout this paper we shall fix
a1,..., an-1 E F* and define x as above.
Since 6 is supercuspidal, so will be 03C31,...,03C3N-1 as representations of
M1(F),..., MN-l(F), respectively. Consequently 03C3,03C31,...,03C3N-1 are all
non-degenerate. Let Cx(v, 6, 0*, w) be the local coefficient attached to V,
(7, 03B8*, and w as in [15] (also see Lemma 2.2 and Proposition 2.1 of the
present paper). Denote the same coefficients for - 03C3i, 03B8i, and wi,
1 ~ i ~ N - 1, by C~(i, 03C3i, 03B8i, wi). Furthermore suppose rc is nondegenerate. Then by Proposition 3.2.1 of [15]

Observe that

(1.5)

supercuspidal.
As in [15], define:

Then

is still true if

0*

=

0 and

6 = 03C0

is not

necessarily
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Now suppose 03C0 is
normalized, i.e.

unitary; then by Proposition 3.1.4 of [15], A(v,03C0, w) is

Finally Proposition

3.1.3 of

[15]

states that

2. A formula for local coefficients

As it is clear from relation (1.5), to compute local coefficient, we need
only to compute C,(v, n, 0, w) for maximal parabolic subgroups and supercuspidal representations. Thus, let M03B8 ~ GLm x GL", m + n r, and
03C0 = 03C01 O 03C02, where 03C01 and 03C02 are supercuspidal representations of
GLm(F) and GL.(F), respectively. Observe that then w we wl·wl,03B8,
where w, and wl,03B8 are the longest elements in the Weyl groups of G and
M., respectively.
Let a be the simple root (m, m + 1), and denote by 03B2, a base for the
one dimensional complex dual of the real Lie algebra 3 of the center of
G. Then given a pair of complex numbers s and s’, v
mn/(m + n) - s - a
an
In
element
of
with
fact
to
the
+ s’ · 03B2 is
basis (oc, 03B2), every
respect
(a03B8)*¢.
v~(a03B8)*¢ can uniquely be represented in this way for some s and s’. Let
Jl(g) =|det(g)|, and use 03C91 and cv2 to denote the central characters of nl
and 03C02, respectively. We need the following lemma:
=

=

=

=

-

LEMMA 2.1 : (a) Suppose m =1= n, then as a function of v, Cx(v, n, 0, w03B8)
vanishes (Vv E (a03B8)*¢).
(b) Suppose m n, but for no complex number s, 03C01 ~ 03C02 (D ps. Then
for all v E (a03B8)*¢, CX(v, 03C0, 0, we) is non-zero.
(c) Suppose m n, and for some s~¢, 03C01 ~ n2 Q ps. Then the zeros
of C~(-m/2·s·03B1+s’·03B2,03C0,03B8,w03B8) are same as those of the polynomial
never

=

=

1 - 03C9103C92-1(03C9)q-ms,
c) of A(v, n, w03B8), it follows that the zeros of
the
exactly
poles of A(v, n, wo). Now part (a) follows
CX(v, 03C0, 0, we)
from the fact that in this case A(v, n, w03B8) is entire (cf. [11]). To prove
parts (b) and (c), we argue as follows. From the results of [11], it follows
PROOF: From property
are
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that if m = n, A(-m/2·s·03B1+s’·03B2,03C0,w03B8) has a pole if and only if
03C01 ~ 7r2 ~03BCs in which case it is simple and is given by the polynomial
1 -03C9103C9-12(03C9)q-ms. This completes the lemma.

Now, let 03BBs,s’ be the Whittaker functional

attached to the

representation
I(-mn/(m + n)· s· OC + s’· 03B2, n, 0) I(s, s’, n).
More precisely, for every f E 1(s, s’, 7r), there exists an open compact
subgroup N f c Nw(03B8), w wo, such that the following principal value
integral (cf. [5])
=

=

is

given by

Here the notation is as in [15], i.e. ( f(g), e) denotes the value of the
Whittaker function f(g) at the identity element of Mo. We need the following lemma:
LEMMA 2.2: For

every f ~ I(s, s’, 03C0),03BBs,s’(f) is a polynomial in qS and q-s.

PROOF: Let K be a compact open subgroup of G, and denote by
I(v, n, 0)’ the subspace of the elements in I(v, n, 0) which are left invariant
under K, v~(a03B8)*¢. Given an open compact subgroup No c U, define

Then from Lemma 2.2 of [5], it follows that there exists a compact open
subgroup No c U such that for every v ~(a03B8)*¢ and every 0 E 1(v, n, 0)’ the
function P~,No~ has support in pW«(J)wP(J. Choose a larger compact open
subgroup N* c U such that N* ~ No and P~,No~ has support in N* wPe
for all 0 E 1(v, 03C0, 0)’. Then:

(notation

as

in

[5, 15]).
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Now, given ~~I(v,03C0,03B8), choose f~C~c(G) ~ V, bi-invariant under K,
such

that ~

=

Pv, nf is given by

Then

Consequently P itself will range over a compact subset of Po. H03B8(M03B8) is a
lattice in ao, and (v + Po, H03B8(p)&#x3E; (for v = - mn/(m + n) · s - a) takes only
non-zero values for the image of Ho (Mo) in ao/3. This image is generated
by tm,n (1/m + lln, 0) as a lattice in R1. Consequently (v + Po, HO(P»
can take only a finite number of values when p ranges over this compact
set, and furthermore its values are integral multiples of -mn/(m +
+ n)·s·03B1,tm,n&#x3E; = -s. This completes the proof.
=

LEMMA 2.3: For every f E I(v, n, 0), v = - mn/(m + n) - s - a + s’· fi, and
for every g E G, A(v, n, O)f(g) is a rational function of q’.
PROOF: (notation as in Section 2 of [15]) With an argument similar to
that of Lemmas 1.4 and 1.5 of [13] one can conclude that, for every
03C8~L(03C0,P), P Pue, i = °i, cP|P(1, n, v)03C8(m) is a rational function of q’,
~m~M03B8 = M (using the Riemann sphere attached to a*¢/L* + 3*¢,
L
H03B8(M03B8)). Then by Lemma 2.2.4 of [15]
=

=

for every T ~ Fo. End’(A’(n» - Fo. Choose F c 9(K) such that t/J = VIT for
some Te F03B8 · End(HF) · Fo. Then 03A8jT(m) is a rational function of qs for all
m E M, where j denotes jP-|P(03BD,03C0). But for (k1,k2)~K2

Now, let F

f~03B1

*

KM

c

8(KM), KM

C~c(M)

*

KM

av

=

K

n

M, be

a

finite subset. Then for every
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is

a

rational function of qS. But now, since

n

is irreducible,

by

Lemma

1.11.3 of [12]

(Y is the space of n). Consequently, letting n(f) be suitable projections or
permutation elements of End Vp, we conclude that for every (kl, k2) E K2,
all the matrix coefficients of 03BAjT(k2 : kl) are rational functions of qs. Now
for every f E V(v, 03C0, 0)

is itself a rational function of qS, and the lemma follows if
to be the identity of Fo - End(YfF) - Fo.
We now prove:

we

choose T

PROPOSITION 2.1: (a) Suppose m =1= n; then Cx ’(v, n, 0, w03B8), v = - mn/
(m + n) · s. a + s’ · 03B2, is a polynomial in [qs, q-sJ.
(b) Suppose m = n, but for no complex number s, 03C01 ~ n2 ~ 03BCs. Then
Cx 1(03BD, n, 0, w03B8) ~ [qs, q-sJ, where v = -m/2’s.oc+s’.p.
(c) Suppose m n, and for some s ~ , 03C01 ~ n 2 Q Jls. Then
=

C-1~ (03BD, n, 0, wo) = Q(qs, q-s)/(1-03C9103C9-12(03C9)q-ms),
v

1

= -m/2·s·03B1 + s’ · 03B2,
-

where

Q(qs, q-s) ~ [qs, q-s]

is

relativel y prime

to

03C9103C9-12(03C9)q-ms.

Cx(v, n, 0, w03B8) is defined by

PROOF:

Cx(V’ n, 0, w(J)Â(wo(v), wo(n), w03B8(03B8), X) - A(v, n, Wo) = Â(v, n, 0, ~).
Now the

Finally

proposition
we

follows from

combining

Lemmas 2.1, 2.2, and 2.3.

need:

LEMMA 2.4: The values
independent of s’.

of CX(VI n, 0, w03B8),

PROOF: Let Ni be the

opposite

v

= - mn/(m + n) · s. oc + s’ · 03B2

are

Re(s) large

to the

unipotent

group

Ne. Then for
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But now it is clear from the decomposition of n- that (s’ · 03B2, H03B8(m(n-))&#x3E;
0. This proves the independence of A(v,03C0,w03B8)f from s’, for any
f E I(v, n, 0). The same argument applies to
=

and the lemma follows.
The main result of this section is the
THEOREM 2.1:
number c( 1t) and

following

(a) Suppose m =1= n; then there exists a non-zero complex
an integer n(03C0), both depending only on n such that

Cx( - mn/(m + n) · s. a + s’ . fi, n, 0, w.)
(b) Suppose

m

n, but for

=

complex

no

C,(- ml2 ’ s. a + s’ . (3, n, 0, w03B8)
where c(n) E Ç - {0} and n(n) E 7L.
(c) Suppose

m

theorem.

=

n, and for

=

=

c(03C0)qn(03C0)s

number s, 03C01 ~ n2 ~

03BCs. Then

c(03C0)qn(03C0)s,

some SE

Ç, 03C01 ~

n2 0

03BCs. Then

C~(-m/2·s·03B1+s’·03B2,03C0,03B8,w03B8)

where

c(n) E Ç - {0}

and

n(n) E 7L.

At this time we can only prove this theorem by global methods. We
need some preparation:
We fix a number field k whose vo completion kvo is F. Let A be the
ring of adeles of k, and denote by G(A), the group GLr(A). We then set
P(A), M(A), and N(A) to denote the groups P03B8(A), M03B8(A), and N03B8(A).
We again assume M(A)
GLm(A) x GLn(A), m + n r, i.e. P is maximal. We need the following lemma:
=

=

LEMMA 2.5: Let n be an irreducible unitary supercuspidal representation of GLr(F). Denote by po the central character of n. Suppose

po(j»

=

1. Then there exists

a

cuspidal representation

6

= Q 6" of
v

GLr(A)

such that 6"0

PROOF: Fix

a

=

n.

character p of

A*/k*,

p

=

Q 03C1v, such that p"o

=

po.

v

This is

certainly possible by,

for

example, considering

po Q Q
v*vo

1v

as a
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character of

O*vo · fl (9* - k+~ ~ A*/k*,

composition A* ~

k* ·fl O*v

and

defining

p

through

the de-

· k+~.

Let V be the space of n, and denote by (, fi its contragredient. Fix
ù E g U =1= 0, and consider the map u ~ fu, defined by fu(g) = 03C0(g)u, &#x3E;.
Denote by e the image of V under this mapping into the space of
smooth functions on GLr(kvo) which are of compact support modulo the
center

Zr(kUO).

Now, let f be a function on G(A)/G(k), G GL,, which has compact
support modulo Z(A), Z Zr, and furthermore for every z E Z(A)/Z(k),
=

=

f(gz)

=

p(z) f(g).

which for

a

Define

fixed g

Now observe that

is

a

f may

finite

sum.

Then

clearly ~L2(G(A)/G(k),03C1).

in fact be chosen to be of the form

f

=

~ fv,
v

where for almost all finite v, fv is the characteristic function of Kv
= GLr(Ov). In fact, given v ~ v0 finite, suppose 03C1v|Zr(O*v)
Kv n Zr(kv) ~ 1. Then we choose Jv to be the characteristic function
of Kv. Next, choose K’v c Kv, a compact open subgroup such that
03C1v|K’v n Zr(kv) ~ 1. Now, we let fv be the characteristic function of K’v.
Finally for v = vo, fix a function fvo ~ H, such that Jvo(evo) =1= 0. Take a
small open compact subgroup Kvo such that 03C1vo | 1 Zr(kvo) n Kvo - 1 and
fvo(k’0) = fvo(evo) ~ 0 for all k’0~K’vo. Now let
=

C = G(k) ~ (03A0K’v · nKv’ KJ
and let f~ be any C~-function of compact support
ing conditions:

1) supp(f~) ~ G(k) ~ K’vo
2) supp(f~) n C ~ ~
3)/oo!C=l.
Then

satisfying the follow-
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Consequently, the map f - f defines a non-zero G(A)-morphism from
C~(G(kv), Pv) ~ H into L2(G(A)/G(k), p).
To prove the cuspidality of f, we only need to check that for every N,
unipotent radical of an arbitrary standard parabolic subgroup of G,
~

v ~ vo

for every

g ~ G(A), and f E ~ C~c(G(kv)03C1v)~H.

Take

f = ~fv

with

fvo E Je. Let Q be an open compact subgroup of fl N(k") n N(A). Fix a
v

00

F is a fundamental
fundamental domain F of N(k~)/N(k). Then Q
x
x
n
of
which
domain
N(k~) Q/N(k) (N(k~) Q),
by approximation
theorem is isomorphic to N(A)/N(k). Consequently we only need to
prove that for an appropriate Q

But for

a

which is

suitable

Q this follows from

consequence of the fact that

is a matrix coefficient of
supercuspidal representation. This completes the lemma.
Now, let the notation be as in Theorem 2.1. Set
a

v(s, s’)

=

-

fvo

a

mn/(m + n). s. a + s’ · 03B2.

Define

03C9’i~O*F and si ~ by 03C9i(03B503C9r) = 03C9’i(03B5)qrsi, r ~ Z, 03B5 ~ O*F, i 1, 2.
uniformizing parameter of F explained before. Set
and
03C0’2 n2 Q 03BCs2/n. Then 03C0’i has 03C9’i~O*F, i 1, 2, as its
n1 ~ 03BCs1/m
=

Here w is the fixed

03C0’1

=

central character.
two

=

=

By

Lemma

cuspidal representations

that 03C3i,vo

=

03C0’i,i

=

2.5, let

of

03C31

GLm(A)

=

~ 03C31,v

and

and 62

=

~ 03C32,v

GLn(A), respectively,

1, 2. We also fix a non-degenerate character x’

=

be

such

O xv

U(A)/U(k) such that ~’vo x. Let S be a finite set of places of k, including the archimedean ones, such that v ~ S implies that (J 1, v’ (J 2, v’ and
~’v are all unramified; clearly vo E S. Let S’ be the subset of all the finite
of

=
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in S different from vo. Finally we extend S and S’ to contain all
the finite places of k which lie over the same rational prime of Q as vo

places

(vo e S’).
We need:
LEMMA 2.6: There exists

a

character 03C11

=

~ 03C11,v of A*/k*

(1) pl,v 1 for v vo, and
(2) for all v ~ S’, C~’v(v(s, s’), (03C31,v ~ 03C11,v) ~ 03C32,v, 03B8,w03B8) is
qsv.

such that

=

=

a

monomial in

PROOF: By Lemma 12.5 of [7], choose p 1 satisfying (1) such that for
all v ~ S’ the order of 03C11,v is arbitrarily large. Now fix v E S’, choose
Pi*" M*i,vN*i,v, i 1, 2, parabolic subgroups of GL. and GLm respectively ; and irreducible supercuspidal representation 03C4i,v of M*i,v such that
=

=

Then

Suppose M*i,v ~ GLr ... x GLri,ti, i 1, 2, ti~Z+, ri,1 + ... + r i,ti = m
according as i = 1 or 2; and assume 03C4i,v Ti,, Q ... Q 03C4i,ti. Then by
relation (1.5) we only need to prove (2) for
=

or n

=

C~’v(v(s, s’), (L 1,j O 03C11,v) O ’r 2, k, Ojk,w03B8jk)
1 ~ j ~ t1, 1 ~ k ~ t2. But now if we choose the orders of 03C11,v sufficiently large, we will have 03C41,j~03C11,v~03C42,k~03BCs for all SEÇ,
1 ~ j ~ t1, and 1 ~ k ~ t2. Consequently A(v(s, s’), (03C41,j ~ 03C11,v) ~
0 ’t 2,k, w03B8jk) is holomorphic for all s and s’ ~ . It also follows from
Theorem 4.2 of [3] that for all s and s’ ~ , I(v(s,s’),(03C41,j~03C11,v)~
(D 03C42,k, 03B8jk) is irreducible. Now (2) follows if we use the definition of the
local coefficients and their rationality (cf. Proposition 2.1). This
completes the lemma.
We

now

prove:

PROPOSITION 2.2: There exist
integer n1(03C0) such that

a non-zero

complex

number

c1(03C0) and

an
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v ~ S, let L(s, 03C31,v x (J2,v) be the local unramified
attached to the pair (03C31,v, 62, v), which is defined
L-function
Langlands’
in general by H. Jacquet, 1.1. Piatetski-Shapiro, and J.A. Shalika in [6].
Choose pi as in Lemma 2.6. Let S 1 ~ S be a finite set of places such that
v ~ S1 implies that 03C31,v O 03C11,v is unramified. Set:
PROOF: For every

Then

by

Theorem 4.1 of

have

[15]

we

and

(2.2.2)

Changing

Finally comparing (2.2.1)

we

have

First suppose v
00. Then by Theorem 3.2.2 of [15], the correspondin
factor
is
ing
(2.2.3) + 1 or -1.
Next suppose v ~ S1 is finite. First assume v E S and v ~ v0. Then for
every v ~ vo, the corresponding factor in (2.2.3) is only a monomial of q§
(Lemma 2.6). Now assume v vo or VESl - S. Since no VESl - S lies
over the same rational prime as vo, we conclude that no two polynomials in [qs,q-s], q = qvo, and [qsv, q-sv], v ~ S1 - S, can have a
non-trivial factor in common. Consequently, the corresponding factor
for vo in (2.2.3) must be a monomial in qs, i.e. there exist c1(03C0’) ~ - {0}
and n1(03C0’) E 7L, n’ 03C0’1 p 03C0’2, such that
=

=

=
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Now, set
Then

and

(2.2.4)

reduces to

c1(03C0) ~ - {0}.
change t to s.

The

proposition

now

follows if we set

n1(03C0)

=

n1(03C0’)

and

REMARK 2.1: Lemma 2.6 would not be necessary if we knew that vo is
the only place of k lying over a rational prime.
PROOF

THEOREM 2.1 : For parts (a) and (b), observe that by the
parts of Proposition 2.1, C. 1(v(s, s’), n, 0, w03B8) and C; 1(v(l s, s’), fi, 0, w03B8) must both be polynomials in [qs, q-s]. Consequently
by Proposition 2.2, C,(v(s, s’), n, 0, w03B8) must be a monomial as desired
(independent of s’ by Lemma 2.4).
OF

same
-

For

observe by (2.1) that the poles of
C~(v(s,s’), 03C0, 03B8, w03B8) must be the same as the zeros of C~(v(1 -s,s’),,03B8,w03B8). But the zeros of this last function are given by
1 -03C9-1103C92(03C9)q-m(1-s),and therefore C,(v(s, s’), n, 0, wo) has the required
form. This completes the theorem.
Now, let

part (c),

L(S, 03C01

X

03C02)

we

=

again

(1 - 03C9103C92(03C9)q- ms)-1

if m = n, 03C9103C92 unramified, and there exists
03C01 ~ n2 ~ 03BCs, and

L(s, 03C01

x

03C02)

=

otherwise. In each

Then

1

case

define

(cf.

Theorem

2.1)

some

SEÇ such that
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[6], using a completely différent method, similar factors are defined for any pair of irreducible representations (cf. Section 3 here), and
in this particular case their L-functions are in agreement with ours (cf.
[15]). It is the subject of a subsequent paper to show that the two root
numbers are also equal.
In

We

now

reformulate Theorem 2.1

as

follows:

THEOREM 2.2: Let 03C01 and 03C02 be two irreducible supercuspidal represenof GLm(F) and GLn(F), respectively. Define g(S,7rl x n2, X) and
x
L(s, 03C01 03C02) as above. Then
tations

We

now

observe the

following properties

of

L(s, n1

x

03C02), c(n),

and

n(03C0).
PROPOSITION 2.3: Let nl and n2 be two irreducible unitary supercuspidal representations of GLm(F) and GLn(F), respectively. Define
8(S,1tl x 03C02, X) and L(s, 03C01 x 03C02) as before. Write

Then

and

(2.2) is a consequence of 03C9i 03C9-i 1. To prove (2.3) and (2.4),
relations (1.8) and (2.2), together with Theorem 2.1, to conclude

PROOF:
we use

The desired relations

=

are now

trivial.
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3.

Unitary représentations and normalization
of intertwining operators

We let the notation be as in Section 1, i.e. P
Po is any standard
a
G
of
GL, generated by partition (r1,...,rp) of r.
parabolic subgroup
We fix an irreducible unitary non-degenerate representation of M(F)
Mo(F), where M Me is the standard Levi factor of Po M(J. Ne. Fix
w E W(O, 0’), where 0’ E {03B8}.
Choose 03B8 = 03B81,...,03B8N C 11, N card(03A3r(03B8, w(O), w)), as in Theorem
2.1.1 of [15] such that
=

=

=

=

=

=

and 03C01
n. The representations 03C0i are all unitary.
For each i, let 03C0i,1 and 03C0i,2 be two adjacent representations of the
blocks of the standard Levi factor of Pi(F) which are interchanged by w;.
Let mi and ni be the dimensions of the corresponding blocks, respectively. Denote by L(s, ni, 1 x ni,2) the Langlands’ L-function attached to the
pair (03C0i,1, i,2) by H. Jacquet, 1.1. Piatetski-Shapiro, and J.A. Shalika
=

[6].
The

following lemma

LEMMA 3.1 : The

is

is clear.

product

independent of the decomposition of w.
Now, in view of Lemma 3.1,

we

define

From now on we assume v 0. Then 1(n, 0) 1(0, n, 0) is the unitarily
induced representation of G(F) by n. We now introduce a new normalizing factor for A(O, n, w) as follows. We set
=

=
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and

we

define

We then have:

.a(0, n, w) have the following properties:

THEOREM 3.1 : The operators

(a) .a(0, w(n), w - 1 ).a(0, n, w) 1
(b) .a(0, n, w)* = .a(0, w(n), W-l), and consequently a(0, n, w)
(c) Given v c- define 03C0v n Q qv,H03B8( »,and set
=

is

unitary.

=

Then

a(v, n, w) is a meromorphic function of v on (a03B8)*¢, and furthermore
for every decomposition w wlw2 the functional equation
=

is

satisfied.

PROOF: We only need to show (a) and (b) as (c) follows from the
results in [15]. To prove (a), observe that by part (a) of Proposition 3.1.4
of [15], the same identity holds for A(0, n, w) (cf. Section 1.2 here). But
now by relation (3.1)

and

consequently

Part (a) now follows from relations (3.2) and (3.1.1), together with the
above observation.
To prove (b), we observe that if 1tt and 03C02 are unitary, then

Consequently

which is the normalizing factor for d(O, w(n), w-1)
follows from part (b) of Proposition 3.1.4 of [15].

by (3.1.1).

Now

(b)
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03C01 and 03C02 be two irreducible unitary representations of
and
GLm(F)
GLn(F), which furthermore are respectively the vo local components of the cuspidal representations 03C31 = ~03C31,v and (J 2 = ~03C32,v

Now, let

of GLm(A) and GLn(A) as in Lemma 2.5, i.e. ni 03C3i,vo, i
1, 2. As before
A is the ring of adeles of a number field k for which kvo
F. The following proposition will allow us to define the Langlands’ root number attached to a pair of unitary representations satisfying the above condition. (We assume the existence of the global functional equations attached to the pairs which is the subject of a work in progress of H.
Jacquet, 1.1. Piatetski-Shapiro, and J.A. Shalika [6]).
=

=

=

PROPOSITION 3.1: Let 03C01 and 03C02 be two irreducible unitary represenof GLm(F) and GLn(F), which furthermore are local components of
some cuspidal representations of GLm(A) and GLn(A), respectively. Then
there exists a non-zero complex number c(03C01 Q n2) and an integer
M(7Ci Q rc2 ) such that
tations

is

equal

to

We set

call e(s, 03C01 x n2, X) the Langlands root number attached to the pair
(nb n2). Furthermore c(nl Q n2) and n(nl 0 03C02) satisfy relations (2.3) and
and

we

(2.4), respectively.
PROOF: This can be proved by comparing functional equation (2.2.1)
with that of [6], and making use of the lemmas proved in Section 2, the
following lemma, and finally an argument similar to that of Proposition
2.2 and the fact that r -functions (L-functions at oo) are not rational
functions of qs.
LEMMA 3.2: Let nl and 03C02 be two irreducible admissible non-degenerate
representations of GL.(k,) and GLn(kv), respectively (v finite). Denote by
L(S,1tl x n2) the corresponding Jacquet-Shalika L-function attached to
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the pair

(nl, n2).

of O*v. Then there exists an integer
L(s,(03C01~03C1) 03C02) = 1 for every p whose order is

Let p be

mv ~ 0 such that
greater than mv’

a

character

PROOF: Given w1~W(03C01) and W2 E W(n2); let 03C8(s, Wl, w2)(03C8(s, w1,
W2,4» if m n) be as in [6] (as in [9], resp.). Then L(s, ni x 03C02) is the
G.C.D. of all these 03C8(s, Wl, w2)(03C8(s, Wl, W2, 0), resp.) when Wl and W2
range over W(nl) and W(03C02) (~ over Y(Fm), resp.), respectively. But now
a glance at the integral representations of 03C8’s and making use of Proposition 2.2 of [8] will show that, when w, E W(03C01 Q p), w2 E W(n2), and the
order of p is sufficiently large, 03C8(s, Wl, w2)(03C8(s, Wl, W2, 0), resp.) are all
holomorphic and therefore L(s,(03C01 Q p) x rc2) 1. This completes the
lemma.
=

=

REMARK 3.1: This is

a

result similar to Theorem 2.2.

REMARK 3.2: We in fact believe that our root numbers are
those of H. Jacquet, 1.1. Piatetski-Shapiro, and J.A. Shalika.

We

now

which is
Then

equal

to

set

clearly independent of the decomposition of w since L(s, n, w) is.

normalizing factor conjectured by Langlands in Appendix II of
[10]. Consequently in this case Theorem 3.1 provides a positive answer
for the questions posed there.

is the

4.
4.1. Plancherel

measures.

From relation (1.4), it is clear that to comone only needs to compute them for maxand supercuspidal representations. For this

pute the Plancherel measures,
imal

parabolic subgroups

Applications
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take the notation as in Section 2, i.e. take M
GLm x GL,,
irreducible
where
and
are
and
supercuspidal repreni 0 03C02,
n2
ni
sentations of GLm(F) and GLn(F),.respectively. We then have
reason, let
1t

=

us

=

THEOREM 4.1: Let 03C01 and 03C02 be two irreducible
tations of GLm(F) and GL.(F), respectively. Set
v

= -mn/(m+n)·s·a+s’-03B2.

if m

= n

and 03C01 ~ n2

(D M’for

supercuspidal represenMe GLm x GL., and
=

Then

some s ~ , and

otherwise. In other words:

PROOF: This is

a

consequence of the relation

C~(w03B8(v), w03B8(03C0), w03B8(03B8), wi 1 )Cx(v, n, 0, w03B8)
(Proposition
More

3.1.1 of

generally,

[15]),

we

=

Y 2(G/P03B8)03BC(03C0; v)

and Theorems 2.1 and 2.2.

have:

THEOREM 4.2: Let 03C01 and 03C02 be two irreducible

unitary representations

of GLm(F) and GLn(F) which furthermore are local components of some
cuspidal representations of GLm(A) and GL,,(A), respectively. Set Mu
GLm x GLm v = -mn/(m+n)·s·03B1+s’·03B2, and n nl ~ 03C02. Then
=

=

=

4.2. Irreducibility Criteria. We shall now give a new proof of a result
of I.N. Bernstein and A.V. Zelevinskii (if part of Theorem 3 of [2]) on
irreducibility of the representations induced from supercuspidal repre-
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sentations. The proof is now very short; in fact not much besides
Theorem 2.1 of this paper is necessary to prove this converse to their
Theorem 4.2 in [3] (if part of Theorem 3 of [2]).
We again choose a partition (r1,...,rp) of r and we let P = Po MONO
be the corresponding parabolic subgroup. Then Me(F) = GLr 1 (F) x
x
x
GLrp(F). Let n 03C01 O O np be an irreducible supercuspidal
representation of Mo(F).
=

=

...

...

(1.N. Bernstein and A.V. Zelevinskii). Suppose for some i
and j, 1 ~ i ~ j ~ p, 03C0i ~ 03C0j ~ 03BC. Then the representation 1(0, n, 0) is
THEOREM 4.3:

reducible.
PROOF: Suppose for some i and j as above, 03C0i ~ 03C0j 0 y. Then by part
(c) of Theorem 2.1 of this paper and Proposition 3.2.1 of [15], there
exists a factor C~(vk,03C0k,03B8k,wk) in C~(v,03C0,03B8,w03B8) which has a pole at
0. Now let M’k denote the centralizer of A03A9k in G, Qk Ok U {03B1k},
Vk
=

and

=

use

Then

Pk

by

=

M’k. Nk

for its

Theorem 3.3.1 of

ducible, where Pi

1(0, 7rk, Ok)

=

=

corresponding

standard

[15], the representation

parabolic subgroup.
Ind

03C0k is

re-

Mor - (Mk n Nok). Consequently

Ind

(

Ind

7rk)

is reducible. But now by Theorem 6.4.1 of [4], so is 1(0, n, 0). This proves
the theorem.
Theorem 4.3 is in fact true for certain unitary representations. For the
sake of simplicity we restrict ourselves to maximal parabolics, i.e. we
2. Then we have
assume r
=

THEOREM 4.4: Let 03C01 and 03C02 be two irreducible unitary representations
of GLm(F) and GLn(F) which furthermore are local components of some
cuspidal representations of GLm(A) and GLn(A), respectively. Let
L(s, 03C01 x n2) be the corresponding Jacquet-Piatetski-Shapiro-Shalika Lfunction. Suppose so is a pole of L(l - s, fil x 03C02)/L(s,03C01 x fi2). Then
1( - mn/(m + n) · So. a, n, 0) is reducible, where n 03C01 Q n2.
=

PROOF: This is a consequence of the definition of the local coefficients
and Proposition 3.1.

4.3. Non-degeneracy of subrepresentations. It is proved in [16] that
for a principal series representation of a real group, the unique (topo-
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appears in fact

subrepresentation, if the parameter v~(a~)*C is in the positive Weyl chamber. Here
we shall prove a similar result for G(F)
GLr(F), F non-archimedean,
when P MN is maximal, M = GLm x GL,,, and 03C0 ni x n2 is super-

logically) non-degenerate subquotient

as a

=

=

=

cuspidal

and

unitary.

THEOREM 4.5:

Suppose Re(s) ~ 0. Set v(s, s’) = -mn/(m + n) - s - a +
1(v(s, s’), 03C0, 0) contains a unique non-degenerate irreducible
subrepresentation. Furthermore suppose 1(v(s, s’), n, 0) is reducible; then the
image of A(v(s, s’), n, 0) in I(v( - s, s’), w03B8(03C0), w03B8(03B8)) is degenerate.
+ s’- 03B2. Then

only need to prove this for reducible 1(v(s, s’), n, 0). By
I(v(s, s’), n, 0) is reducible only when s 1, m n, and
03C01 ~ 03C02. Consequently by part (c) of Theorem 2.1, C,(v(s, s’), n, 0, w03B8) has
a pole at s
1. Now from the corollary of Theorem 3.3.1 of [15], it
follows that the image of A(v(1, s’), n, 0) in 1(v( -1, s’), w03B8(03C0), w03B8(03B8)) is degenerate, and consequently the kernel of A(v(1, s’), n, 0) which is irreducible (the length of I(v(1, s’), n, 0) is 2) must be in fact non-degenerate.
This completes the theorem.
PROOF: We
Theorem 4.3,

=

=

=

COROLLARY: Suppose P03B8 MeNe is a standard parabolic subgroup of
G, and assume v ~ (a03B8)*¢ is in the positive Weyl chamber of (P03B8, Ae), i.e.
Re( v, Ha) &#x3E; 0 for Va E L + (0). Let 1t be an irreducible unitary supercuspidal representation of M03B8(F). Suppose I( - v, n, 0) is reducible. Then the
well-defined image of A( - v, n, w03B8) in I( - w03B8(v), w03B8(03C0), w,,(O», i.e. the
=

Langlands’ quotient,

is

degenerate.

is in the positive Weyl chamber and n is unitary; the
operator A( - v, n, we) is well defined (even convergent). But now suppose
I(- v, n, 0) is reducible. Then by Theorem 3.3.1 and Proposition 3.2.1 of
[15], one of the rank one local coefficients must have a pole. Now
Theorem 4.5 implies that the image of the corresponding rank one intertwining operator is degenerate, which proves the corollary.
PROOF: Since

v
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