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Certain theorems on unilateral
and bilateral operational calculus

by
B. S. Tavathia 1

1. Introduction

A generalization of the Laplace-transform is given [5] as

(1.1) F(p)=p [, e ¥ Wiy n(pt)(pt) >4 ()dt,

where W, ,(t) is the confluent hypergeometric function. F(p) is
called the Meijer-transform of f(¢) and is symbolically denoted by

(1.2) ft) 22 F(p) or F(p) < 1),

For k = m, it reduces to the Laplace-transform.
In two variables f(¢) and F(p) will be replaced by f(¢;, t;) and
F(p,, ps), where F(p,, p,) is defined by the double integral

(1.8)
F(p1, p2) = P1p2 fooofow ebmtidnate Wird,m (P18 Wi 13, m, (P2ls)
X (o) 17 H(paty) T f(2y, £5)dt, dbs,
and this relation will be symbolically denoted by

(1.4) H(ts, 1) 225 F(py, pa), i=1z2.

Further, if the range of integration in (1.8) is — 0o to oo in place
of 0 to oo, it will be denoted symbolically as

(1'5) f(tla 2] 'kTrl:%‘» F(pp pg), =1, 2.

For k;, =m,, i =1, 2, (1.4) and (1.5) reduce to the Laplace-
transform of two variables where the range of integration is 0 to
o0 and — oo to oo respectively. When the range of integration is
0 to oo, we call either transform (Laplace or Meijer) unilateral
two dimensional transform and when the range of integration is

1 This research was supported by N.R.C. Grant.
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[2] Certain theorems on unilateral and bilateral operational calculus 59

— oo to oo, it is called bilateral two dimensional transform. The
right hand sides of (1.1) and (1.8) are defined by L{f} and L}{f}.
The integrals are taken in the sense of Lebesgue. The domain of
convergence is the domain of absolute convergence as explained
in Die Dimensionale Laplace-transformation by Doetsch and
Voelker [6] and also in the paper of Gupta [3].

In this paper, we have proved certain theorems in ‘unilateral
and bilateral two dimensional Meijer-transform and a self-reci-
procal property. Examples are given in one variable as an applica-
tion.

2
THEOREM 1. (a). Let
(i) B8 f(ty, 1) “2Es F(py, pa),

where L2 {#}1152/(t;,5)} is absolutely convergent in a pair of asso-
ciated half-planes H,, , H, which may be defined by Re (p;) >0,
(z=1,2).

@) hy(A,,t) =2 o+ir e~V Wkrf'ir,m‘[}“iwz’(pi)][Ai’lpi(pi)]_k‘_iy

where y,(p;) = ¢:'(log p,), 4; > 0 and Ly;(h,) is absolutely con-
vergent in the half-planes D, (say) defined by Re (p;) > 0 and

(iii) e Frivite) Wit g, m[A:pi(p))] [Aipi(pi)]~*d

and h,(4,, #;) are bounded and integrable in (0, o0) in p, and %,
respectively and {17! 27 f(4,, t,) is absolutely integrable in ¢,
ty in (0, o0).

(iv) ¢,(¢;) is monotonic, varying from — oo to oo at #; varies
from — oo to oo.

(v) (F(ty,t,)) [t, 8, is absolutely integrable in ¢, ¢, in (0, c0). Then

(2.1)
Glty, ta) = f{ehrttn, ebstin}emrtinrtmbatin) 8 (1,) by (1) -t ""* T(py, pa)

4, ¢
—mmffhmmmm&)“guw%

provided that L% {G} is absolutely convergent in a pair of associated
convergent strips S, and S, which are common regions of H, ,
D, and H,, D, respectively.

Proor. Let us consider the image-integral
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I=pp, J.:o f:) ettt Weig,m, (P18) Wi 14, my (Pats)
X (pyty) 1 (pyty) FaE Hed1(0), efalt)} em dat)+nadalta)
X ¢y (1) po(ta) dit, dty.

Suppose it to be absolutely convergent in a pair of associated

convergence domains.
Let us put y, = e#*), Then, by virtue of (iv), y; varies from 0

to oo and ¢, = ¢;(log y;).

But ¢; (logy,) = v; (), . t; = v;(y,), © =1, 2. Therefore,
we have

I=p,p, J'0°° fo°° et e—in e W, o (p gy (y;)]
(2.2) X Wiytd, my[P2¥2(¥2) 1 [P191(y1) 11 [p, va(ys)] o H
X[y Y2)yir " Y3 dy, dys,

which remains absolutely convergent for Re (p;) > 0 and
Re (p;) > o.

Now using (ii) in (2.2), we have

IT=pips [ [ s y)go e [y, [ [ et
(2.8) X Wiy, mg @12 Wi g my (Yo 222) (y121) 1 (yp ) 2 E
Xhy(p1s @1)ho(ps, @5)dxy dy | dyy dy,.

On changing the orders of integration in (2.8), which is permissi-
ble as y- and z-integrals are absolutely and uniformly convergent
due to assumptions in (i) and (ii), we get

I=p,p, f owfom b1(p1s 1) ha(ps, @5) [f:o J.:o etnm—inm
X Wi, m W121) Wi g, m (Yas) (1 200) 173 (yp ) o3
X YBY5* (Y1, o) dys dys | dayday,
from which the result follows by using (i).
THEOREM 1. (b). Let
: Eotd
@) 1(t1, 15) o~ F (P15 Pa)s

where L%{f} is absolutely convergent in a pair of associated half-
planes H, , H, which may be defined by Re (p;) >0, ¢ =1, 2.

. k
) Byl t) St AWy (T Rewip] ™,

where
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1 {IOg P

s 0
log a,} k>

'/’t(ps)
and L;{h;} is absolutely convergent in the half-planes D, (say)
defined by Re (p,) > 0 and

(iii) e v Wi g, m, [A:9:(ps)] [pi(p)] ™

and h,(4;, t;) are bounded and integrable in (0, c0) in p, and %,
respectively and 1/(¢,2,)f(t;, t;) is absolutely integrable in ¢, #; in
(0, ).

(iv) #(t;) is monotonic and af*) tends to zero as ¢, tends to
— o0 and to oo as ¢, tends to oo

(v) (F(t1, 1)) ity is absolutely integrable in £, , £, in (0, c0). Then

(2.4)
Gty ta) = flaf®, a1 (1) (ta) 2t
— P1P2 i F(ty,1,)
T2, 7o) = s [ || It atpa, i) =2 dudy
a; >0,

provided that L%{G} is absolutely convergent in a pair of associated
convergence strips S, , S, which are common region of H, , D,
and H, , D, respectlvely

The proof is on the same lines as in Theorem 1(a).

If we substitute k, = m,, ¢ = 1, 2 and @, = a, = ain the above
theorem, we get Gupta’s theorem [8, p. 197].

We now give a general theorem which can be used both in
unilateral and bilateral transforms.

TaEOREM 2. Let
(i) B linf(t, ) “oLs F(py, pa),

where LL{B/melrf(t,,1,)} is absolutely convergent in a pair of
associated half-planes H,, H, which may be defined by
Re(p,) > 0,4 = 1, 2.

(i) k(A t) ——— kd-* —‘}Mw(m)wkt"‘i,mg[liwi(pi)]U‘iwi(pi)]—k‘-%’

where w,(p,) = ¢7(pl#), A, >0 and Lpf{h;} is absolutely
convergent in the half-planes D,, i=1,2 (say) defined by
Re (p;) > 0 and

(iii) e dMvuz0) Wi org,m[Ai(p:) 1[4 pi(p)] 7+t
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is bounded and integrable in p, in (0, c0) and #MA) 1M1 1(2,, ¢,)
is absolutely integrable in ¢,, £, in (0, ).

(iv) ¢,(t;) is monotonic in ¢, and varies from 0 to oo as ¢, varies
from — 00 to oo or from 0 to oo as the case may be. Then

k
o3
mg

G(ty, ta) = F[#52 (1), $52(ta)] b1(t1) $a(ta) 01;
ok

F(tlatz)
1l
p1>0, ps >0,

T(tlatz)Eplpaj f hy(py1s t1)ha(p2s ts) di,dt,,
0o Jo

M1l

provided that L%{G} is absolutely convergent in a pair of associated
strips S,, , S, which are common regions of H,, , D, and H, , D,
respectively and the integral on the right hand side is absolutely
convergent in ¢,, 2, in (0, c0).

A self-reciprocal property:

Let us consider the above theorem in one variable. We also
take the image integral in which ¢ varies from 0 to co.

Let y = ¢#(t) = 1/t, so that ¢t = ¢ (y/#*) = y(y).

St=—=9(y),
Yy

here t - 0, y — o0 and when ¢t — o0, y — O.
Now

0180 = 1 (7) (- o-em) 2 2 [ Ca, 0

or

®© F(t
romap(2) 2 [a, “ P
0

But
#ef(t) s F(p).

So if we take

£I4f(t) = /w1 ('1“) Le. f(%) = 1),

we get
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(2.6) (”) f hip ,t)mdt :

ie. F(p)/p is self-reclprocal under the kernel A(p,t), provided
F(p) and [$h(p, t)(F(t)/t) dt are continuous functions of p in

(0, o).
Now
—k—}
h(A, t) 25 g3 A/») Wirg,m (;) (%) , where y(p) =—

I(—2m) (1 —8k+m)
I(—m—k)T'(1—2k) I (1—2k+2m)
7 [1+m—3k,1+m+k; _M]
28 1 14-2m, 1—2k, 1+2m—2k;
I(2m)I'(1 —8k—m)
T(m—k) [(1—2k) I'(1—2k—2m)

1—m—38k, 1 —m-k;
s [1——2m, 1—2k, 1—2m—2k; _zt]}

() = {(zt)m—k

(2.7)

+(at)y

provided 2m is not an integer and
Re(1—8k+m) >0, Re(1—8k—m) > 0.

Application of the above:
Let tY/4f(t) = ¢-%*(1+¢)¥*-1, which has the property that

fUBf(E) = t-U/m-1f (%) .
But
Bif(t) 2> F(p).
Therefore, we have [2, p. 237]

F(p)  I'(1—8k+m)I(1—8k—m)
p I(1—4k)

pF e P Wy 4 m(p)s

ie. p*ter2W,, —3,m(p) is self-reciprocal under the kernel h(4, ¢)
given by (2.7).

If we substitute k = m, we see that p=™3e?/2W,,, _, ,.(p) is
self-reciprocal under the kernel Jy(24/4t) which is a known result
[2, p. 84].

2 The negative sign is omitted in view of the fact that when t - 0, y — o and
when ¢ —» oo, y — 0.
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3

Example on Theorem 2

We take the range of integration from 0 to oo and consider the
case in one variable only.

Let y = ¢#(t) = 1/t so that y(y) = 1/y.

Further let #V/#f(t) = t*m—4e=(¢/9, then taking k=m—1%, we
have [1, p. 217]

F(p) = = atmph=+" [y (/)]
7
From (2.7), we have

I'(—2m)I'(§—2m) 2m, 3+2m;

I'(—2m)Ir(2—2m) +Fs [2 1+-2m, 2—2m; )'t]
I'(2m)I'(&—4m)

v/7l(2—2m) (2 —4m)

,o—4m;
oF3 [2‘ ’ —lt]}-
1—2m, 2—2m, 2—4m;

Then, according to Theorem 2, we have

h(it) = {(}lt)

-+ (atytm

2a2m —2m)I(3—2
t}—»‘lme—at____)___p {( ) F( m) (2 m)
I'(}—2m)I'(2—2m)
—2m, %+2m;
Fy |2 —
ane [2, 1+-2m, 2—2m; pt}
I'@2m)IE—am)
Val(2—2m)(2—4m)
35 —dm; ]
K t)]2h—2md,
oF5 [1 —2m, 2—2m, 2—dm; —pt }[ 2m(ﬁ)]t
Re (p) > 0, Re (a) > 0, Re (m)<1.
Evaluating the left hand side [4, p. 887], we get after arranging
properly
® I'(—2m)I'(5—2m) 2 —2m, }+2m; :l
t)% F —pt
f {(p ) I'—2m)r(2—2m)?* ?® [2, 1+2m, 2—2m;  F
r@em)rE—4am)
Val(2—2m)I'(2—4m)

L5 4m;
3.1 F.|2®2 ’ _ :l} /al) 22 dy
31)  oF [1 —2m, 2—2m, 2—4m; Pt|| [Kam(vat) Pt d

+ (pt)t—2m

-+ (pt)i—2m
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_ y/al(2—4m)T(2—6m)
 2eI'(3—6m)

Re (p) > 0, Re(a) >0, Re (m) < 3.

2—6m, 2—4
(3.1) " “],

am—3 F [ _
p 1 5 Gm; P

If we substitute m = % in (8.1), we get a known result [1, p. 182].

4

TaEOREM 3. Let
(i) 1t ta) “2Es F(py, py), i=1,2

where L%{f} is absolutely convergent in a pair of associated
domains S, and S,

(i) A t) 2hs gi(p)e PO W, L R (p)]
X [Aiwi(pi)]—k‘—%’ i1=1,2,

where 1, denotes a real parameter and Ly{h,} is absolutely con-
vergent in #, in the domain 0, (say) and y,(p;) €S,, and
$:(p;) € S,,. (iil) f(t;, %) is absolutely convergent in (0, ) and
hy(41, t;) and hy(A,, t;) are bounded and integrable in 4,, 4, and
1, 83 in (0, o0).

Then

Gltas ta) = [ [ halAa, ta)ha(Ra, 8)f(Aa, Ag)diydig

ketbd $1(p1) $a(ps)
™ y(p1) Ya(Ps)

provided that L%{G} is absolutely convergent in a pair of asso-
ciated domains 2, and 2, where 2, is the common part (suppose
it exists) of S, and D, in the complex p, plane and 2, is a similar
common part of S, and D, _in the complex p, plane.

(4.1)

Fly1(p1)s va(ps)]s

Proor: Wereplace p, and p, in (i) by y,(p;) and p,(p,) and rest
of the proof is simple.
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