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Negligible

subsets of infinite-dimensional manifolds
by

R. D.

Anderson, David W. Henderson, and James E. West *

We say that a subset A of a space X is negligible in X if XBA
is homeomorphic to X. In [1], [3], [4], [5], [6], [11], and [12],
various authors have shown that certain subsets of certain
infinite-dimensional topological linear spaces are negligible. We
extend these results to infinite-dimensional metrizable manifolds
modelled on separable Fréchet spaces. (We call such manifolds,
F-manifolds.) In fact, we give a characterization of strongly
negligible closed subsets of F-manifolds, where we say that A is
strongly negligible in X if, for each open cover G of X, there is a
homeomorphism of X onto XBA which is limited by G. Theorem
5 asserts that a closed subset A is strongly negligible in an Fmanifold X if and only if A has Property Z, i.e. (following Anderson in [4] ) for each non-empty, homotopically trivial, open set U
in X, it is true that UBA is non-empty and homotopically trivial.
In Lemma 1 Property Z is shown to be equivalent, in F-manifolds,
to several other properties, one of which is the property shown by
Eells and Kuiper (in [8] ) to imply homotopy-negligibility. In the
same paper, Eells and Kuiper also show how their results, together
with recent results of Burghelea, Kuiper and Moulis, can be used
to imply some of our results.
The authors feel that the methods of this paper offer simple and
convenient frameworks for the reduction of many point-set
topological problems in F-manifolds (and thus in many Banach
manifolds ) to problems in the Hilbert cube Q and in s (the countably infinite product of real lines ). The reduction is effected by an
iterated use of star-finite coverings, the second use involving
open sets homeomorphic to s and thus admitting canonical compactifications to Q. It has been shown (see [7], [9], and [2] or [5])
that all separable, infinite-dimensional, Fréchet spaces are

homeomorphic
*

to

s.
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LEMMA 1. The following four conditions
subset A of an F-mani f old X:

are

equivalent for a closed

Property Z in X.
2. A has Property Z locally in X (i.e. each point of A lies in
an open set 0 for which A n 0 has Property Z in 0.)
3. Each point of A has a f undamental system of neighborhoods U
in X for which the inclusion UBA ~ U is a homotopy equivalence.
4. Each point of A lies in an open set 0 of which there is a homeomorphism onto s carrying A n 0 into a closed linear subspace which
has an infinite-dimensional closed complementary linear subspace
(i.e., one for which s is the direct product (sum) of it with the first).
PROOF. It is trivial that 1. implies 2. implies 3. That 3. implies
1. is essentially the content of the main lemma of [8]. That 2.
and 4. are equivalent is Theorems 8.4 and 9.1 of [4].
1. A has

LEMMA 2. I f A is a subset of the F-mani f old X which has Property
Z in X and i f A’ is a closed subset of A, then ABA’ has Property Z
in XBA’ and A’ has Property Z in X.

PROOF. The first statement follows immediately from Lemma 1;
the second may be shown from the definition of F-manifold and
Theorems 8.4 and 9.1 of [4] to show that A’ has Property Z
locally in X.
For G an open cover of a space X, a function f of X into itself
is said to be limited by G if for each x in X there is an element of G
containing both x and f(x).
An open cover G of an open subset U of a space X is said to be
a normal cover provided that whenever f is a homeomorphism of
U into itself which, is limited by G, there is an extension of f to a
homeomorphism of X into itself which is the identity on XBU.
This extension is said to be the normal extension of f.

LEMMA 3. For any open set U in a metric space
normal cover of U.

PROOF. Let d be

a

X, there is

a

metric for X and for each x in U, set

f y E U|d(x, y) 2d(x, XBU)}. Let G {Ux}x~U. This cover
suffices, as is easily seen.
LEMMA 4. Each component of an F-mani f old is separable.
PROOF. This is immediate from a result due to Sierpinski
[14; p. 111] which asserts that a connected, locally separable,
metric space is separable
Ux

=

=
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THEOREM 1. Let U be an open subset of s. For each open cover G
of U there is a triple ( G1, G2, G3) of star-finite covers of U refining
G such that, denoting Gi by {gij}j~N,

G1

1.

is a

and

2.
3.

G2

are open covers
closed sets of s;

by

sets

homeomorphic

to s, while

G3

by
G1 is a normal cover of U; and
for each j E N, g’ C g2j C g2j C g1j.

cover

PROOF. Let s be regarded as lying in the Hilbert cube Q as
the "pseudo-interior", i.e., let Q
03A0i~NIi, where for each i,
and
let
s
[-1, 1],
I2
03A0i~NI0i, with 1° (-l, 1). Let Go
be a normal cover of U refining G, and set V
Q""s""’go.
Since V is a separable, locally compact metric space, it may be
written as the union of an increasing sequence {Xi}i~N of compacta, each lying in the interior of its successor. Let D be the set
of all triples (A, B, C ) of basic connected open subsets of V such
that A ~ A ~ C ~ B ~ C and there is a g° in G° such that
C C Q""s""’go, and let E be the subset of D composed of all triples
(A, B, C ) for which C n Xi~ ~ implies that C C X0i+1, for each i.
The collection of all initial elements of members of E is an open
cover of V, and each Xi is compact; so for each i, there exists a
finite subset Hi of E for which the initial elements of members
of Hi cover XiBX0i-1. Set
=

=

=

=

==

G1

=

G2

=

Gg

=

{C n si
{B

{A

n

n

si
si

Index ~i~NHi
and G3.

there
there
there

by

are

are

an i,
an i,

B, and an A
for which (A, B,

C)

is in

77 J,

A, and a C
such that (A, B,

C)

is in

77 J,

a B, and a C
for which (A, B,

C)

a

an

N and induce the

LEMMA 5. Each open
open re f inement.
of

an i,

are

cover

Ug0~G0o

of

an

same

and

is in

77 J.
indexing on G1, G2,

F-manifold

has

a

star-finite

PROOF. This is immediate from Lemma 4 and from Theorem 1
[10], which uses the same idea as our Theorem 1 above.

THEOREM 2. For any countable, star-finite, open cover G of a
space X, there exists an ordering {gi}i~N of the elements of G such
that i f {fi}i~N is a sequence of homeomorphisms with f1 a homeo-
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morphism of X into itsel f which is the identity o f f g, and, for each
i &#x3E; 1, with fia homeomorphism of fi-1 ··· f1(X) into itself which is
the identity off g,, then it follows that f (x)
limiti~~fi ··· fl(x)
de f ines a homeomorphism of X into itsel f .
PROOF. Let {Gi}i~N be any ordering of the elements of G; let
Hl {G1}, and (inductively for i &#x3E; 1) let Hi be the set of all
elements of GBUjiHj which intersect members of Hi-1 together
with the least-indexed element of GBUjiHj. Since G is star-finite,
each Hi is finite. Let {gi}i~N be an ordering of G listing the elements
of Hl, then those of H3, followed by those of H2 and then of H5,
and so forth. Now suppose {fi}i~N is a sequence of functions as
in the hypothesis with respect to the cover {gi}i~N. Let
hk fk ··· f1. Set j(k) max {n|gn E Hk}, and let Hti Uj~kHj.
If m is an odd integer, then
=

=

=

=

=

Now for

and for
is the

identity; therefore, hk(H*m) ~ H*m

for all

k ~ j (m+2).

Thus, for
Now, since k &#x3E; j(m+1) implies that fk|H*m+1 ~ hk-1(X) is the

identity,

it follows that for

and the theorem follows.
THEOREM 3. Il U is open in s, A is a relatively closed subset of U
with Property Z in U, and G is an open cover of U, there is a homeomorphism of s onto sBA which is the identity off U and is limited
on U by G.

PROOF. Let G1, G2, and G3 be as per Theorem 1, and assume
that G1 is indexed in accordance with Theorem 2.
Let H1 be a normal open cover of g2. Since g2 is homeomorphic
to s and (by Lemma 2) A n g1 is a closed subset of a’ with
Property Z in it, there exists, by Theorem 8.4 of [4] 1 and Lemma
1
Theorem 8.4 of [4] asserts that if X is a closed subset of s with Property Z,
then there is a homeomorphism of s onto itself carrying X into a closed linear
subspace of s which has an infinite-dimensional complementary closed linear

subspace.
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9.1 of [5] 2, a homeomorphism of g2 onto 12B(A n g31) which is
limited by H1. Let fi be the normal extension of this homeo-

morphism

to

s.

For each i &#x3E; 0, A ~ (Ujig3j) ~ g2i is a relatively closed set in
g2i and has Property Z in it (Lemma 2), so g2i(B(A n (Ujig3j)) is
homeomorphic to s (Theorem 8.4 of [4] and Lemma 9.1 of [5],
together with the choice of g2i as being homeomorphic to s). Let
ai be such a homeomorphism.
Suppose, now, that f1, ···, fi-1 are homeomorphisms of
s, - - -,

sB(A

n

(Uji-1g3j))

onto

which are the identity on sBg21, ···,sBg2i-1, respectively, and
for which fj ··· f1(g2mBUnmg2n) lies in g1m for each j ~ i -1 and
m ~ j. Let Hi be a normal open cover of g2iB(A n (Ujig3j)) for
which no element meets both fi-1 ··· f1(g2mBUnmg2n) and sBg1m
for any m
i. Now apply Theorem 8.4 of [4J to obtain a homeomorphism bi of s onto itself carrying ai(A n (g3iBUjig3j)) into a
closed linear subspace which has an infinite-dimensional complementary closed linear subspace. Let ci be a homeomorphism
of s onto s"’aibi(A n (g3iBUjig3j)) limited by the image under
bi ai of Hi, as guaranteed by Lemma 9.1 of [5]. The homeomorphism a-1ib-1icibiai of

is

now

limited

by Hi ;

let

fZ

be the normal extension of it to

sB(A ~ (Ujig3j)).
By induction, there exists a sequence {fi}i~N of homeomorphisms of the sort supposed in the preceding paragraph. By
Theorem 2, there is a homeomorphism f, defined by the formula
f(x) limiti~~fi ··· f1(x) for each x in X, of s onto sBA which
is the identity off U. This homeomorphism is limited on U by G
because if x is in U and i is the integer for which g2iBUiig2j
contains x, then fm ··· f1(x) is in gi for each m. Thus, f(x) is in g1i
because there is an 1 for which fl+k ··· f1(x) = fl ··· f1(x) for all
k &#x3E; 0 by the nature of the ordering of G1. Since G1 limits f and
refines G, G also limits f.
==

2

Lemma 9.1 of [5] asserts that if X is a closed subset of s lying in a closed linear
with a complementary closed linear subspace of infinite dimension and
if G is an open cover of s, then there is a homeomorphism of s onto sBX limited
by G which may be required to be the identity off any open set containing X.

subspace
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THEOREM 4. Il X is an F-mani f old and A is a closed subset of X
which has Property Z, then X is homeomorphic to XBA ; furthermore, the homeomorphism may be required to be limited by any
open cover of X and to be the identity on the complement of any
open set of X containing A.

PROOF. It suffices to prove the theorem without requiring the
homeomorphism to be the identity on the complement of a given
open set U containing A. This is true because then if H is any
open cover of X, there is a normal open cover Hl of U which
refines the open cover of U composed of the intersections of
elements of H with U, and the normal extension to X of a homeomorphism of U onto UBA which is limited by H1 will be limited
by H and will be the identity off U. Therefore, let H be any open
cover of X. By Lemma 5 and the definition of X, there is a starfinite open refinement G of H by sets homeomorphic to open
subsets of s. Because the homeomorphism may be defined on each
component of X separately, there is no loss of generality in the
supposition that X is separable and, hence, that G is countable.
By Theorem 2, there is an ordering {gi}i~N of G such that if
{fi}i~N is a sequence of homeomorphisms with fi carrying X into
itself and moving no point not in gi, and with, for i &#x3E; 1, fi a
homeomorphism of fi-1 ··· f1(X) into itself which moves no
point not in gi , then f(x) limiti~~ fi ··· f1(x) defines a homeomorphism of X onto ~i~Nfi ··· f1(X). Assume that G is so ordered.
For each i E N, let Hi be a normal open cover of
=

and let ai be a homeomorphism of gi onto an open subset of s.
Let cl be a homeomorphism of a1 (gi) onto a1(g1BA) limited by
the image under al of H1 (Theorem 3). Set f 1 to be the normal
extension of a-11c1a1 to X. For each i &#x3E; 1, let bi be a homeomorphism of sBai(A ~ gi n (Ujigj)) onto s which is the identity off ai(gi n (Ujigj)), as guaranteed by Theorem 3. Since
biai(giB(A ~ (Ujigj)) is open in s and biai(A n (giB(Ujigj))
is relatively closed in it and has Property Z in it, Theorem 3
yields a homeomorphism ci of ai(gi) onto

which is limited by the image under bi ai of Hi. Now, a-1ib-1icibiai
is a homeomorphism of g,E(A n (Ujigj)) onto giBA limited by
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Hi. Let fi be the normal extension of it to XB(A n
and define f : X - XBA by f(x)
limiti~~fi···
Theorem 2, f is the desired homeomorphism.
=

(Ujigj)),
f1(x). By
then A

I f A is a closed subset of an F-manifold X,
strongly negligible in X i f and only i f A has Property Z.

THEOREM 5.

is

Only the necessity remains to be proved. Let A be
strongly negligible and let i : Bn+1 ~ U be a map of the (n+1)-ball
into an homotopically trivial open subset U of X such that f(Sn)
is contained in UBA. We need to show that f|Sn can be extended
to a map F : Bn+1 ~ UBA. Let h be a homeomorphism of X
onto XBA which is limited by {U, XBf(Bn+1)} and which is fixed
h of
on the closed set f(Sn). (See the proof of Theorem 4.) F
PROOF.

=

is the desired extension.

Added in proof. Extensions of our results to non-separable spaces
have recently been given by W. H. Cutler (Negligible subsets of
non-separable Hilbert manifolds (to appear)). In addition, Cutler
shows that our Theorem 4 may be strengthened to require the
homeomorphism to be ambient isotopic to the identity by a
small isotopy.
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