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1. Introduction

Suppose that f(z) = z+03A3~2akzk is analytic for z ~ E (|z|  1).
For 0 ~ a  1, let Sa denote the class of functions f(z) which
satisfy |zf’(z)/f(z)-1| ~ 1 - oc for z ~ E. These functions form a
subclass of the class of functions starlike of order (x introduced

by Robertson [2]. The function f(z) is said to be convex for

Izi  r  1 if it satisfies the condition Re {zf"(z)/f’(z)+1} ~ 0,
Izi  r. This condition expresses analytically the fact that f(z)
maps the disk Izl  r onto a convex domain [1, problem 5,

page 224].
In a recent paper [3] R. Singh studies the class So . He showed

that each function in So is convex for Izi  (13-3)/2 ~ · 303.
This is not the best possible result, however, and in the present
paper we give the exact radius of convexity for this class. We
also give some extensions of the other results in [3] to the class S03B1.

2

Those results in this section which are stated without proof can
be obtained by minor obvious changes in the proofs of the corre-
sponding theorems in [3].
THEOREM 1. f(z) E Sa if, and only if,

where ~ is regular and bounded by 1 in E.

COROLLARY. Il f(z) E Sa, then

and
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PROOF. Both assertions follow from the fact that

and so zf’(z)/f(z) maps Izi  r into the circle with center 1,
radius (1 - oc)r.

THEOREM 2. Il f(z) E Sa, then

and

[1-(1-03B1)|z|]e-(1-03B1)|z| ~ lf’(z)l ~ [1+(1-03B1)|z|]e(1-03B1)|z|.
COROLLARY. Il ,f e S03B1, then each point in the disk Iwl  e-(1-03B1)

is the image under f(z) of some point in E.

THEOREM 3. If f(z) E Sa, then 1 a,, | ~ (1-03B1)/(n-1), and equality
is attained for f(z) = z exp {(1-03B1)zn-1/(n-1)}.
THEOREM 4. If f(z) E go, then f(z) is convex for Izi  (3-y5)f2.
PROOF. From (1) with a = 0 we obtain

and a calculation yields

Now, |~’(z)| ~ (1-|~(z)|2)/(1-|z|2) [1, p. 168], so

The last expression is positive for Izi  (3-5)/2, so f is convex
in that disk.

If f(z) = zez, then Re {zf"(z)/f’(z)+1} = 0 forz == - (3-v’5)j2,
so this function is not convex in any disk of radius r for
r &#x3E; (3-5)/2 ~ · 382.



124

REFERENCES

Z. NEHARI

[1] Conformal Mapping, New York, 1952.

M. S. ROBERTSON

[2] On the theory of univalent functions, Annals of Mathematics 37 (1936),
374-408.

R. SINGH

[3] On a class of star-like functions, Compositio Mathematica, 19 (1968), 78-82.

(Oblatum 2-4-68)


