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Convergence of interpolatory polynomials
on Tchebycheff abscissas

by
A. K. Varmat!

1

A systematic study of Lacumary interpolation? was first ini-
tiated by Suranyi, J. and Turan, P. [8] and Balazs and Turan, P.
(1, 2, 8] in the special case when the values and second deriva-
tives are prescribed on the zeros of z,(x) = (1—a2)P,_,() where
P, _,(z) is the Legendre polynomial of degree =< n—1 while the
existence and uniqueness have been shown for the abscissas as
the zeros of ultraspherical polynomials PV (z), A = —% the ex-
plicit representation and convergence theorems have been proved
for 7 abscissas only. Later the convergence theorem of Balazs and
Turéan [8] is sharpened by Freud, G. [4] in the sense that the inter-
polatory polynomials of Baldzs and Turdn converges uniformly
to given f(x) in [—1, 41] if f() satisfies the Zygmund condition

[f(+h)—2{(2)+f(@—h)| = o(h) in [—1,+41].

Other interesting results are due to Saxena and Sharma [7, 8],
Kis [5, 6], Varma and Sharma [11, 12] and Varma [15, 16].

The object of this paper is to consider the problem of existence,
uniqueness, explicit representation and convergence of the sequence
R, (x) of polynomials of degree < 8n+-3 such that R,(z), R, (x) are
prescribed at the zeros of (1—a?)u,(x) where

__sin (n+1)0

- ) x = cos 0,
sin 0

u, (@)
while R, (z) is prescribed at all the above abscissas except at
—1 and 1. We shall call this “modified’’ (0, 1, 8) interpolation.

In §2 we state the existence theorem and give the explicit rep-

1 The author is thankful to Prof. P. Turdn and Prof. A Sharma for some valuable
suggestions.
2 They called it (0, 2) case.
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resentation of these polynomials in a most suitable form and in
§ 3 and onwards we prove convergence theorem. It is interesting
to remark that in modified (0, 2) interpolation [15] we require for
the uniform convergence of the sequence of polynomials R, (z) to
f(z) is that f'(z) € Lip «, « > %, and this is best possible in a cer-
tain sense. So one would be inclined to think that in modified
(0, 1, 8) interpolation, we may require f(z) to be twice differen-
tiable or at least f'(z) e Lip «, « > } [compare corresponding
theorem of Saxena and Sharma [7]]. But our theorem 8.1 asserts
that this is not really the case. Here we need only f'(2) € Lip «,
a > 0. Although we could not prove that this is best possible, it
seems quite plausible that this is really so in view of other known
results in this direction [7, 8].

2

Let us consider the set of numbers
(2.1) A=, , <,y <...<2, <@ =1
by which we shall denote the zeros of (1—a?)u,(x), where

__sin (n+1)0

- s x = cos 0.
sin 0

Uy (2)

Then we have the following

THEOREM 2.1 If n = 2k, then to prescribed values f(z;), f'(z;)
(t=1,2,...n+2)and 6, (t =2, 8, . . ., n+1) there is a uniquely
determined polynomial R, () of degree < 3n-8 such that

(2.2) R,(z) = f(x:), Ryz)=f(2) i=1L2...,n+2
(2.8) R (2;) = 6, i=2,8,...,n+L

But if n is odd, (n = 2k+1) there is in general no polynomial
R, (2) of degree < 8n-+8 which satisfies (2.2) and (2.8) and if there
exists such a polynomial then there is an infinity of them.

From the uniqueness theorem it follows that R,(z) is given by

n+2 n4-2 nt1

(24)  Ru(z) = 3 Hz,) 4i(a)+ 2 [(@)Bi(2)+ Zzéici(w)

i=1 =1 i=
where the polynomials 4,(z), B,(x) and C,(x) are the fundamental
polynomials of degree < 8n-8. Their explicit forms are given by
the following
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THEOREM 2.2 For n even, the fundamental polynomials have the
following representation

(a) Fori=2,38,...,n+1 we have

 —ahde) [ [ u,l) . 1)
(@68) Cdw)= 6(1—af)u,’(z;) [ai-f—l (1—)} dt+f—1 (1—e) dt:l
where
L) )
20) ma, = — | Ggde L0 = s
(b) .
) Bulo)= S0 (g, )+ 1—a2uso)

’

+(1—atyt f_ (f_"_‘t’;)ﬁ dt]

(1—a*)ui (@)

(2.8) B,,(z) = 4(n1)

and for i = 2,8, ..., n+1 we have

(1—a?)2B(x)u,(2)  (1—a?)iul(z) l:b r u,(t)
(1“‘“?)27‘;(%) (n+1)? ' (1)t

+e fl(ll (tﬁ dt+f1(1pi(;))%dt}

Bed ()20 —£)i(t) _20—al)gd o

(2.9) By(z)= dt

where

(2.10) p(t) =

2(t—wx,) T (n41) S
o, = n(n+2)—r(r4+2)—8

(2.11) ¢, — (n+38)(n—1) a}

' P 6 2(1—a?)

+1 l(t)
(2.12) zb, = —fl (1—t2)% dt—c; f—l o dt
(c)
(1+2)2ui(2) (1—a2)ul (x)u, ()

(2.18) Ay(z) = —(n+1)?By(z)—

4(nt1) (n+1)
(1—a2)}ul(z) [ (1+82)u

4(n+1)3 (l—t2
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(2.14)

and for¢=2,8,...,

An+2(m) =

A. K. Varma

(1—z)*un(x)

(1—a?)?

[4]
Un(@) (@)

Tap TODROF

(1—a*)tus(@) = 1+

8(n+41)3

£2)uy(t) i

o L

n-+1 we have

(1

—12)

[d'f_ —t2 pdite f _tz fwl(—l%dt:l
where
(2.16) ¢, = ["+3 )(n— 1 —6 132752;?;?2]
) = "fj‘(lqi(;))% ‘”‘“;f: (1li(ttl)‘5
(2.18) q.(t) = (@it +b )(t(i;‘igzl—tg)l (t)
(2.19) dja, b} =

(2.20)

aé:[zL

—a? (n+3)(n—1):l
3 .

In view of the uniqueness theorem 2.1, it remains to verify that
the fundamental functions 4,(z), B;(z) and C,(z) are polynomials
of degree < 8n-8 and satisfy the following conditions.

21)

(2.22)

(2.23)

(2.24)

1 i=3 .
Ai(m,.)={0 i;é;', Aw) =0  ij=1,2...,0+2
e ’i 1,2,...,n-|—2
Ay (z;) .
:"“ 335 '-an+1
. 1 7=
B(x;) =0 Bi(%):{o i £ ,7=12,...,,n+2
1y % 1, 2,...,n+2
B; (z;) = .
7=28,...,n+1
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, 1=2,8,...,n+1
25) Cye,) = Cila,) =0
(2.25) Cy(a;) = Ci(=;) i=1,2..,n+2

(226 ”’( ) { . . ] '—-23 +1
2. s O > PR (] .

To verify that the above conditions are satisfied by 4;(z), B,(z),
and C,(z) as given in the above theorem, we proceed on the lines
of [15] and show that they are polynomials of degree < 8n--3.

3

Let f(z) be continuously differentiable in [—1, 41] and con-
sider the sequence of polynomials

n4-2 nt+2 n+1

with arbitrary numbers d,,. We shall prove the following

THEOREM 8.1 Let f(x) have a continuous first derivative in
[—1, +1] and let f'(z) € Lip «, « > 0 and if

o(n?)
(]-_-w?n)

then the sequence R, (z, f) converges uniformly to f(x) m [—1, +1].

(3.2) 16, = i=2,8,...,n+1

4. Preliminary results

LEMMA 4.1 For x = cos 6 we have

T Ua(t) & sin (2/—1)0
(4.1) fl(l——tz) dt = n—0— 221-——?7—,
* Udyra(t) r sin (2j—1)0
(4.2) j_l (1—t2)f jgl a1

LeMMA 4.2 For —1 <o < +1, 2 = cos 0 we have

<

(4.83) __tz)% dtJ <12
35 .

(4.4) dtl < — 1=2,8,...,n+1.
n
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1 1,.(2) =z 7
(4.5) 0 gf T—a)i dt RICEsY, (1—cos n0,,) = .
(4.6) gl—gw < 9.
(4.7) f_ a f_(;))% dt\ 6(n41)2
(4.8) Lm dt] < 8(n+1), i=12,8,...,n+1

where p,,(t) is defined by (2.10).

Proor. Inequality (4.6) is due to P. Szasz [9]. (4.8) is immediate

from (4.1) and (4.2). Since
nf2
(4.9) Un(2) = 4 jZliuzj_l(w) (n even)

we get (4.7) from (4.9) and (4.8). From a result of Fejer we have
2 (1 _w?n) nd

(4.10) I, (2) = W T;Y_é u(2;, ) u,(x), t=2,8,...,n+1,

n—1

= 142 > cos r8,,cosr0—cosnb,,(u, .(z
+COS emun—l(w))]
Now using (4.3) we get (4.4) and (4.5). From (2.10) we have

n—1

D) [ 21(4ru, o(t)+20, T,(2)) cos r0,,—a,

—Cos nein( Uy, _5(t)+-cos Omun_l(t))]

(411)  p,(t) =

where
re T,(t)dt in 70
T,(t) = cos r0 and J A )2 _ AT
L (i)

, cos 0 =z

Further using (4.3) we get (4.8).
In the estimation of Y742 |4,,(z)| we need the following results.
Let

(112) ) = ol ) = 3 (00 )l
(4.13) @wzm%m=§m4mmmm
r=0

n—1

(4.14) ky(t) = kg(@y, 1) = 3 e,(1—ak, yu,(@;, u,(t)

r=1
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where
(4.15) e, = n(n+2)—r(r+2).
Now we prove the following

LEMMA 4.3 For —1 < 2 < +1, we have

: kylt) sent
(4.16) f—l (1—t2) dt‘ 1= m?,,,) ’ 1=2,8,...,n+1
T ky(2) 36n2 .
(4.17) f_l (l—tz)& dt' = m, 1=2,8,...,n+1
and
0 0@t
(4.18) f (1—t2)‘} dt‘ = \/—wgn sy 1=2,8,...,n}1.

Proor. Proof of (4.16) and (4.17) are similar to (4.8). A simple

computation leads
n—1

4k3(t) = glﬂr(t)ur(win JRALY

where
ky(@;,, 1) = k4lt)
= —ezu;(t)—cos (n+1)Bin(en+1u;+1(t)+en—1u;-—l(t))
and
B (t) = 8u,(8)—2(r+2)e,.5 T, 1 (1) +4(57(r+2) —n(n+2)+8)u, _(t).
Using (4.15), (4.7) and (4.8) we have

(4.19) f_l(-l% dtl < 72(n41)3
and
H () _16(nt1)®  2(m41)°  192(n41)°
P f 1—e) l Viea vVicE o vViea
210(n+1)
\/l—wm '
Therefore
= Loy() dtl 70(n-|—1).
V1 V1 —al,
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LeEMMA 4.4 For —1 < o < +1 we have

* gult) | _B86(nt1)  28(n-t1)
dt) = 3 2
avi—e | 11—y, (1—a3,)t
1=2,8,...,n+1

(4.20)

where q,,(t) is defined by (2.18).
Proor. It can be shown that [15]
Lin u,(t) 1
~ 6(1—al,) u(@,) | B(nt1)
* (22, k4 (8) —@in ko) + Es(2) ]
Now using (4.7) and Lemma (4.3) we get (4.20).

(4.21)  q:u(?)

5

Here we shall investigate the estimation of the fundamental
polynomials.

LEMMA 5.1 For —1 < o < +1 we have

10(1—af,) .
(5.1) [C (@) g——s—, 1=2,8,...,n+1, n=4,6,...
n
ntl
(5.2) X (1—a},)YCy(a)] = 10072
=2
LemMA 5.2 For n = 4,6, ... and for —1 < 2z =< 41 we have

3

(53) IBu@l = Bue) =

1—a2)13, 80 )
G4) 1Bl s e 1 2 2.8 antl
and

n4-2

The proof of these two lemmas follows very easily from Lemma
4.2 and (2.5)—(2.12).
LeEMMA 5.8 For —1 < 2 < +1 we have
(3.6)  Ap(@) =Tn, [Appsa(2)] = Tn
én(1—a?)l3,(z) 1400 119
1—af, (n+1)(1—a%)  Vi—a?,

(57)  |du(2) =
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and
n4-2

(5.8) > A (2)] = 1626 n log n.
i=1

Proor. (5.6) follows easily from (2.18), (2.14) and (4.7). From
(2.16)—(2.18) and (4.20) we have

(5.9) le;] < %(f—l—?—:;—z i=28,...,n+1
(5.10) A —
(5.11) I(L:—m%ﬁ_) =35 —1 =z <41
Therefore using (5.4), lemma 4.2
(o) < on T2 Ll%” Ty \/111_97
ntl

.3 |4,(@)] < 12n4-1400(n-+1)4-119n log n < 1612n log n.

=2
LemMA 5.4 Let f'(z) e Lip «, 0 < o < 19n [—1, +1]. Then there
exists a sequence of polynomial {p,(x)} of degree at most n with the
following properties for —1 <z < +1

(312)  If@) =g, (@) = 1+a[\/1—w2 oy W]

' ’ 51 CRC 1
(18)  [f @) =g =3 | (Vi=eyr ]

n

2—a

(1—a?)

(5.14) oy (2) < in —l<a<+1L

Proor. The existence of ¢,(z) satisfying (5.12) and (5.18) are
well known [see Timan [14]]. (5.14) follows closely on the lines
of Freud G. [4].

6
Proor or THEOREM 3.1 From the uniqueness theorem we have
n+2
n+2 n+4-1 "
+ Zl [ (@50) = @n(@0) 1 Bin(@)+ 22 [Oin—@n (@:,)]Cin()

+ou(@)—f(x) = I;+1,+13+1, say.
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From (5.8) and (5.12) I, = ¢/n'** 1616 n logn = o(1).
From (5.18) and (5.5) we have I, = o(1).
Using (5.2) and (8.2), and (5.14) we have immediately

—n+1 o(n2) n2—o
I3 - z [(l_wgn) + (l—di’?”)

i=2
=o0(1) for 0 <a<1.

| ica@

and lastly from (5.12) I, = o(1).
Thus R, (f, z)—f(x) = o(1) which proves the theorem.

7

Here we shall consider existence and uniqueness theorem for
modified (0, 1, 8) interpolation when nodes are taken as zeros of
ultraspherical polynomials. Since 4 and n are fixed, we shall de-
note PM(2) = ¢,(2). It is well known [11] that the differential
equation for ¢,(z) for all non-negative integers n’s is given by

(7.1)  (1—a?)p, (2)—(2A+1)2g,(z)+n(n+21)p,(z) = O.

It is also known [11] that all the zeros of ¢,(2) are real, simple and
lyingin —1 <a < 1.

We shall prove the following theorem (a special case of which is
theorem 2.1 which corresponds to 4 = 1).

THEOREM 7.1 Let n = 2k, and A # +%,

m—1

2 s m=12,...,n+}+2,

e

then to prescribed values a;, b;, (1 =1,2,...,n4+2), ¢, (1=2,8,...,
n—+1) there is a uniquely determined polynomial f(x) of degree
= 8n-+3 such that

(7.2) @) =a; f'(;))=0b;, ¢1=1,2,...,n+2
(7.3) 1" (@) = ¢ 1=2,8,...,nt+1.
Here z;’s are zeros of (1—a2)p,(z)

(7.4) +l=z,>2,>... > Xpyqg S Bpye = —1

Proor. Proof of theorem 7.1 is on the lines of the paper [9] by
J. Suranyi and P. Turdn. We shall show that in the case

Hz) = f(z;) =0, t1=1,2,... n}+2,

o 1" (z;) =0, i=2,8,...,n+l
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the only polynomial of degree < 8n-+-3 is f(2) = 0. Thus, using
first part of (7.5) we have

(7.6) f@) = QA—a*)g;(@)r, 1 (2)

where 7, _;(z) is a polynomial in « of degree < n—1. Also,
F'(x;)=0,1=2,8,...,n+1 and since the zeros of ¢,(x) are
simple, we obtain

(7.7) (A—a2)r,_y(®;)+(24—38)z;r,_1(2;) =0 ¢=2,8,..,n+1.
Since the polynomial
(1—a?)r, () +(24—8)ar, ;(2)

is of degree < n, and by (7.7) all its zeros are the same as those of
@.(z), we obtain

(7.8) (1—a?)rs_y(@)+ (22 —3)ar, (@) = cp, ()

with numerical c.

Now we have to investigate whether or not the equation (7.8)
has a polynomial solution of degree =<n—1 (n even). We try to
solve the equation by

n—1

(7.9) T,—1(®) = igoci(pi(w)'

We shall be using the identities for ¢ =1 [see Szego [11]].

(7.10) (1—a?)gi(@)

{(i+24—1)(i+24)p;_4(2)

— s
2(i+1) —i(i41)piia (@)}

and

(7.11) ap,(z) = {(+1) (@) (i4-24—1) @,y (2)}.

1
2(i+-4)

Substituting (7.9) in (7.8) we obtain

n—1 n—1
o (@) = glc,-(l—w2)¢2(w)+ goci(%——?»)w%(w)

and using (7.10) (7.11)
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n—1

@) = 3 g (21420 (@)~ i+ g (@)

€o(24—3)py(z) " c,(24—3)
T 22D
{(7'_}_]-)(pt-%l(m)"{'(l—|'2;L 1 ¢z—1(w)}
_6p(24—38) n1e,(¢+1)(2A—8—1)
=" p1(2)+ i§1 2(i17)
rle,(t+24—1)(i+44—38)
+i§1 2(i+1) )
. ¢o(24—3)py(2) 2ot _1(24—1—2)p,(w)
B 22 T 2T a1
" (1424)(i4-44—2)(2)
"l"igociﬂ 2(i+1+2) .
We have Lo compare the coefficients of ¢,(2) in (7.12). Comparing
the coefficient of ¢,_,(z) we find for n = 4

Cp_s(n—1)(2A—n—1)
> .

Pisa(@)

(7.18) 0=

If n = 4 and n # 24—1 then (7.13) implies
(7.14) ¢,y = 0.
Comparing the coefficients of @y(z) in (7.12) we obtain
c,(24)(24—1)
A+1
From the conditions imposed in 4 in theorem 7.1

(A#0,A# 31> —1)

we have
(7.15) c; = 0.
If n=4and i=1,2,...,n—2, the comparison of the coeffi-

cients of ¢, () in (7.12) gives
ic,_1(2A—1—2) = (1+24)(t+44—2) .
2(i—142) 2(i+1-44) G

Evidently ¢,,, can be expressed always by ¢;_; from (7.16).
Starting from ¢; = 0 we have

(7.16) 0 =

(7.18) GG =0C=-e.=¢C,_1 =0 (n even).
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Similarly starting from (7.14) (i.e. ¢,_, = 0) and using (7.16) we
have

(7.19) Choog=2Chg=...=0C=20C =0 (n even).

Here we remark that (7.19) was possible owing to the condition
A # (m—1)/2m =1, 2,n+2. Therefore we conclude from (7.10)
and (7.19) that r,_;(#) = 0. This implies that f(2z) = 0. There-
fore in general equations (7.2) and (7.3) determines a unique poly-
nomial f(z) degree =< 8n-8. This proves the theorem.

This research has been supported by the University of Alberta
Post-Doctoral Fellowship, Dept. of Mathematics, Edmonton
(1966-67) and N.R.C. grant M.C.A. 26 (1964).
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