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Complex interpolation

by

Martin Schechter *

1. Introduction

In this paper we consider certain intermediate spaces "between"
two Banach spaces. Our method generalizes the complex inter-
polation method introduced by Calderôn [1] and Lions [2].
Let Xo, Xi be given Banach spaces and let 03A9 denote the strip
0  03BE  1 in the 03B6 = 03BE+i~ plane. If 03C1(03B6) is continuous in S2, we
let H(X0, Xl; p) denote the set of vector valued functions f(C)
which are continuous in 03A9, analytic in Q, have values in X,
on 03BE = je i - 0, 1, and grow no faster than p at infinity (for a
precise definition see Section 2). Let T be a (two dimensional)
distribution with compact support in Q. The Banach space

XT,03C1 = [Xo, X1Jp,p is defined as the set of elements of the
form T(f), f e H(X0, Xl; p). The Banach space X’,P = [Xo, X1JP,p
is defined as the set of elements x which satisfy xT = f T in the
sense of distributions for some f e H(X0, X1; p). Basic properties
of the spaces XT,03C1, XP,p are studied (Propositions 2.1-2.6, 2.9,
2.10) and a general interpolation theorem is given (Theorem 2.8).
For the case when the support of T is finite, further results are
obtained (Theorems 2.11-2.16). The duals of both XI, and XP
are determined (Theorem 2.13) and it is shown that when one of
the spaces Xo, X1 is reflexive, then

(Here XT = XT,1, XT=XT,1.) However, in general, these

spaces are larger. This necessitated the study of larger spaces
X’T, XI along the lines of Calderôn [3] (cf. Section 2). When
T = 03B4(03B8), 0  0  1, these results are due to Calderôn [3].
When T is a one dimensional distribution the definition of X T
is due to Lions [2].

In Section 3 we consider the special case of T = 03B4(n)(03B8), 0  0  1,

* Work supported by the U.S. Army Research Office, Durham.
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n = 0, 1, 2, .... Some specialized results are proved. Two ap-
plications of the general theory are given in the following two
sections. In Section 4 we consider the spaces BÀ,p, HÀ,’P, where
is a positive function on En and 1~p~ oo. A function u(x) on
En is in B03BB,p if 03BBFu E Lp(En), where F denotes the Fourier
transform. Such spaces were studied by Hôrmander [4]. The
function u(x) is in H03BB,p if F-103BBFu E Lp(En). These spaces
were studied by several authors. Under mild assumptions on Âo,
03BB1 we show that

where Â2, Âa are positive fonctions depending on 03BB0, 03BB1, T.
The second application concerns functions of a closed operator

A in a Banach space X. Under mild assumption on A, operators
03C8(03B6, A ) are defined in such a way as to be continuous in 03A9 and
analytic in 03A9. From this one obtains an operator "PT(A) which
maps X into [X,D(A)]T,03C1. For 0  0  1 the operator A-03B8
is such an operator with T = 03B4(2)(03B8). Details and other results
are given in Section 5. The last section, Section 6, is devoted to
the proofs of the results of Section 2.

The idea to introduce a two dimensional distribution T is due
to A. Lebow. Further results were obtained with him, and we
hope to publish them soon. We are also grateful to J. L. Lions
for interesting correspondence and H. Tanabe for stimulating
conversations.

2. Complex interpolation

We consider interpolation spaces of the type introduced by
Calderôn [1] and Lions [2]. We shall call two Banach spaces
Xo, X1 compatible if they can be continuously embedded in a
topological vector space V. We let X0+X1 denote the set of those
elements x EV which can be written in the form

where

where the infinium is taken over all pairs x(j) E XI satisfying (2.1).
One easily checks that (2.2) gives a norm on X0+X1 when Xo
and Xl are compatible. Moreover, when X0+X1 is equipped with
this norm, it becomes a Banach space (cf. [3]).
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Let .saT denote the set of complex valued functions of the com-
plex variable e = 03BE+i~ which are continuous on bounded subsets
of ,i2, where S2 is the strip 0  03BE  1 in the e = 03BE+i~ plane.
Let é9 be the set of those functions in .91 which are holomorphic
in 03A9 and nonvanishing in S2. For p E.9I the space H(X0, Xl; p)
will consist of those functions f(C) with values in X0-X1 such that

a) f(03B6) is continuous on bounded subsets of S2
b) j(e) is holomorphic in ,S2

c) f(j+i~) e xi, i = 0, 1, ~ real, and

Under the norm

H(X0, Xl; p) becomes a Banach space. We set H(X0, X1) =
H(X0, Xl; 1).

Let T be a distribution with compact support in 03A9 (1.e.,
T e 03B5’(03A9)). For p c- A we let Xp,p ~ [Xo, X1]p,p denote the set
of those x e X0+X1 for which there is an f e H(X0, X1; p)
satisfying

If we introduce the norm

where the infimum is taken over all f which satisfy (2.5), then
we have

PROPOSITION 2.1. XT,03C1 is a Banach space.
Let C denote the (Banach space of) complex numbers. One

checks easily

PROPOSITION 2.3. I f 03C1~B, then Xy ~ XT03C1 with the same
norm. 

Spaces closely related to the XT, p as defined as follows. We
let XT,03C1 ~ [Xo, Xl]2,P designate the set of those x E X0+X1
for which there is an f E H(X0, Xl; p) such that
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in the sense of distributions. The norm in TT,p is given by

where the infimum is taken over all f ~H(X0, X l; p) satisfying
(2.7).
PROPOSITION 2.4. XT,p is a Banach space.
The counterpart of Proposition 2.2 is

PROPOSITION 2.5. I f p, a E A and m E C~(03A9), then XT’ p C XwT, p
and

Il 03C9 ~ 0 on the support of T, the spaces are identical.
We set XT = XT,1. The analogue of Corollary 2.3 is not true

in general.
PROPOSITION 2.6. Il 03C1, 03C3~B, 03C1T = 03C3T, then XT, p ~ XP,u,

XT,03C1~XT,03C3 with identical norms.
In studying duality for the spaces XT,03C1 and XT,03C1 one is led

to consider spaces which are slightly larger. We employ ideas of
Calderôn [3]. Let H’(X0, Xl; p] denote the space of (X0+X1)-
valued functions on 03A9 which are continuous on bounded subsets
of 03A9, holomorphic on 03A9 and such that f(j+it1)-f(j+it2) is in

X, for all real t1, t2, j = 0, 1, and

The smallest constant M which works in (2.9) is the semi-norm
of f in H’(X0, X l; p ). If one considers H’(X0, X l; p ) modulo the
constant functions, this becomes a norm and the resulting space
is a Banach space. We say that x E X’, if az = T(f’) for some
f~H’(X0,X1; 03C1) and its norm is the infimum of the semi-
norms of all such f. Similarly, x~X’T,03C1 if f’T = xT for some
such f and its norm is defined correspondingly. If f ~ H(X0, X l; p),
then one checks easily that 03B60f(03B6)d03B6 is in H’(X0, X1; 03C1) with
semi-norm not greater than the norm of f. Hence

with continuous injections. The primed spaces are similar to the
unprimed ones. In fact we have

PROPOSITION 2.7. Propositions 2.1-2.6 hold true if each space
is replaced by its primed counterpart.
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For all of the spaces constructed we can state a general inter-
polation theorem.

THEOREM 2.8. Let Yo, Y, be another pair of compatible Banach
spaces and define Y T,p’ etc., in the same way. I f L is a linear
mapping of XO+X1 into Yo + Y, which is bounded from Xj to Y,,
i = 0, 1, then it is a bounded mapping from XT, p to YT, p and
from XT,p to YT,03C1. The same holds true for the primed spaces.
Let Zl, ..., ZN be Banach spaces continuously imbedded in a

topological vector space V. We let 03A3 Yn denote the Banach
space consisting of those elements of V of the form y Y.,
yn E Yn, with norm given by

The space n Yn is the set of those y common to all the Yn with
norm

PROPOSITION 2.9. Assume that there are distributions Tl, ..., Tv
and f unctions 03C91, ..., cov; 03C41,..., rN in H(C, C ) such that

Then XT, e ~ I XPn’P’ XT,03C1 ~ fi XT,n,03C1, with equivalent norms.
The same relationship holds for the primed spaces.

PROPOSITION 2.10. Il p, 0’ E d satis f y

then and

The same holds f or the primed spaces.
We now assume that the support of T consists of a finite

number of points z1, ..., zN in 03A9. When acting on holomorphic
functions T can be written in the form

In this case we have

THEOREM 2.11. Il p e d and 03C9 c- C~(03A9), then X03C9T,03C1  XT, p
with continuous injection. Il co ~ 0 on the support of T, then the
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spaces are equivalent. Similar statements are true for the primed
spaces.

COROLLARY 2.12.

THEOREM 2.13. Il Xo n Xl is dense in both Xo and Xl, then
the dual o f X T is isomorphic to [X*0, X*1]’T; that o f XT to

[X*0, X*1]’T.
THEOREM 2.14. Il either X o or X1 is rellexive, then X T = X T

and X"’ ~ XP. Moreover, both o f these spaces are rellexive when
X o n X1 is dense in both X o and X1.

If ak,mk ~ 0, we shall say that the distribution (2.12) is of

order mk at Zk. We shall say that To is contained in T and write
T0 T if the support of T0 is contained in that of T and it is
not of greater order than T at any point of its support.
THEOREM 2.15. Il To Ç T, then XT0,03C1 Xp,p and XT0,03C1  XT, p

with continuous inclusions. The same holds f or the primed spaces.
THEOREM 2.16. and each then

A similar statement is true for the primed spaces.
REMARK 2.17. Since e-c" T C T, we see by Theorem 2.15 that

if x E XT,03C1 there is an f E H(X0, X1; p) such that x = T(e03B62f).
Hence, when the support of T is finite, we can restrict ourselves
to those f E H(X0, Xl; p ) which satisfy f/03C1 ~ 0 as |03B6| ~ oo when
defining the spaces XI,,,.
REMARK 2.18. For T = 03B4(03B8), 0  0  1, Theorems 2.13 and

2.14 are due to Calderôn [3]. Our proofs are modeled after his.
Proofs for all of the results of this section are given in Section 6.

3. The case T = d(D)(0)
Let 003B81, n ~ 0 and consider the special case when

T = 03B4(n)(03B8). We set XT,03C1 = X(n)03B8,03C1, XT=X(n)03B8, X(0)03B8,03C1 = X03B8,03C1,
X(0)03B8 = Xo. By Theorem 2.11 we have

PROPOSITION 3.1. For each p ~ A

with continuous injection.
For 03C1 ~ 1, this result is due to Lions [9]. We also have by

Corollary 2.12
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PROPOSITION 3.2. Il p, a 6 e, then

with equivalent norms.
The case n = 0 is of special interest.

PROPOSITION 3.3. 1 f p, 03C3 E e then

PROPOSITION 3.4. Assume 03C1, 03C3 ~ B. Il f E H(X0, Xl; pu) and

then f(03B8) E X03B8,03C3 and

PROPOSITION 3.5. Suppose p E &#x26;. Il f e XI(XO, XI; p) and

then for each real t, f(03B8+it)~X03B8 and

For any Banach spaces Zl, Z2, we shall denote the (Banach)
space of continuous linear mappings from Zl to Z2 by {Z1, Z2}.
If Zl - Z2 we denote it by {Z1}. If C- {Z1, Z2} for each i
in a set E, it is said to be continuous (holomorphic) on E if for
each z e Zl the Z2-valued function H(e)z is continuous (holo-
morphic ) in E.

THEOREM 3.6. Let H(03B6) be in {X0+X1, Y0+Y1} for 03B6 c-
continuous on Ii and holomorphic on Q, where Yo, YI is another
compatible pair of Banach spaces. Assume that H(j+i~) E {Xj, Yj}
with norm ~ Mi |03C1(j+i~)|, j = 0, 1, where p ~ B. Then for each
real t, H (0 + it) E {X03B8, Y03B8} with norm ~ M’O-’9 Mo |03C1(03B8+it)|.
COROLLARY 3.7.

with continuous injection.
THEOREM 3.8. Suppose p e C and that H(03B6) e {X0+X1} for 03B6~03A9,

continuous in D and holomorphic in Q. Assume, in addition, that
H(i~) e {Xj} with norm  MI 1 p (il) 1, i = 0, 1, while H(1+i~)
e{Xo, X1} with norm ~ M2|03C1(1+i~)|. Then for 0  03B8+03B80 ~ 1,
H(O) e {X03B80, X03B80+03B8} with norm  M1-03B8-03B800M03B801M03B82 |03C1(03B8)|.
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COROLLARY 3.9. Under the same hypotheses,

H(03B8)H(03B80) E {X0, X03B8+03B80} with norm s M2-203B80-03B80 M03B801M03B8+03B802 |03C1(03B8) P (00) | .

REMARK 3.10. One sees easily that results similar to those of
this section hold for the primed spaces as well.

PROOF OF PROPOSITION 3.3. By Proposition 2.3,

PROOF OF PROPOSITION 3.5. Set g(e) = M03B6-10M-03B61f(03B6+it)/
03C1(03B6+it). Then one checks easily that g e H(X0, Xl) and

~g~H(X0,X1)  1. Hence ~g(03B8)~03B4(03B8)~1. But g(03B8)=M03B8-10M-03B81f(03B8+it)/
03C1(03B8+it).
PROOF OF PROPOSITION 3.4. By Proposition 3.5,

But by Proposition 3.3

PROOF OF THEOREM 3.6. If x E Xe, then for every 8 &#x3E; 0 there

is an f E Yt’(Xo, Xl ) such that

Set 9(e) = H(C)j(C-it). Then g e H(X0, Xl; p) and

Hence by Proposition 3.5,

But g(03B8+it) = H(03B8+it)x. Let 03B5 ~ 0.

PROOF oF THEOREM 3.8. By Theorem 3.6 H(03B8+it) e {X1-03B8, X1)
with norm  M1-03B81M03B82|03C1(03B8+it)|. If x e Xeo, then for every e &#x3E; 0

there is an f~H(X0, X1) such that f(03B80) = x, ~f~H(X0,X1) ~
l/aeIl8(Oo)+e. Set 

Then
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The last inequality follows from the fact that

Consequently we have H(03B8)x = g(00+0) E X03B80+03B8 and

We now let a ~ 0.

PROOF OF COROLLARY 3.9. H(OO) e {Xo, X03B80} with norm

~ M1-03B800M03B802|03C1(03B80)|. We now apply Theorem 3.8.

4. Some examples

In this section we apply some of the results of the preceding
sections to two very useful families of function spaces. Further

applications are given in the next section.
We consider distributions u(x) on E", x = (xl, ..., xn). Let

eu(e) denote the Fourier transform of u(x), e = (El, ... e.).
For a positive function 03BB(03BE) we let BA,’ denote the set of those
u(x) such that Â-5Fu e Lp(En), 1 ~ p s oo. The norm of u(x) in
BA,’ is the Lp norm of 03BBFu. These spaces were studied by Hôr-
mander [4] when the function Â(e) satisfies certain conditions.

Let 03BB0(03BE), Âl(e) be functions satisfying Âl(e) ~ 03BB0(03BE) &#x3E; 0. We

assume that the distribution T is of the form (2.12). Set 03B3=03BB1/03BB0,
sk = Re zk,

We also write

THEOREM 4.1. BT ~ BÀ8’’P, BT - B03BB2,p with equivalent norms.
The proofs of Theorem 4.1 can be made to depend upon the

following lemmas.

LEMMA 4.2. u E BT i f and only i f there is a g E .Te(L’P, L’P) such
that

PROOF. If u e BT, then there is an f(03B6) ~ H(B03BB0,p, BÀ1’P)
such that u = T(f). Set g = 03BB003BB03BEFf. Then g e H(Lp, LI). Thus
eu = T(Ff) = l/Âo T(03B3-03B6g). Conversely, if u satisfies (4.1) for
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some g E 2(LP, Lp), define f by 57 f = 1/03BB0 y-Cg. One checks
easily that f E H(B03BB0,p, B03BB1,p). But !Fu = T(Ff), i.e., u = T(f)
and hence u E BT. This completes the proof.

LEMMA 4.3. Let Zl’ ..., zN be fixed points in Q and let {vkl},
1  k ~ N, 0  l ~ m, be given complex numbers. Then one

can find a function ro E H(C, C ) satisfying

where the constant K depends only on the Zk and m.

PROOF. It suffices to consider the case when all but one of
the Vkl vanish and the non-vanishing one is 1. For if we can

find 03C9kl ~ H(C, C ) such that 03C9(i)kl(zj) = 03B4jk03B4il, we can take

03C9 = 03A3 03C9klvkl for our desired function. Thus we may assume

"k&#x26; = i, vii = o for j ~ k or i ; l. We take 03C9 of the form

where Q is a polynomial. It is clear that we can pick Q so that co
satisfies the desired requirements.

COROLLARY 4.4. It To Ç T, there is a T e Jt’(C, C) such that
To = zT.

PROOF. The distribution To must be of the form

Thus we need for each ~ e H(C, C)

This means that we must have

We can solve these equations for the T(i)(Zk) and then apply
Lemma 4.3.

PROOF OF THEOREM 4.1. If u e BT, there is a g~H(Lp,Lp)
such that (4.1) holds. Now
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Now g(j)(zk) E L-1 and y-ok (log 03B3)m/03B2 is bounded for m  mk.
Hence 03B2-1T(03B3-03B6g) = 03BB3Fu is in L-9. Thus u e B03BB3,p. Conversely,
assume that u e B03BB3,p. We determine a function co E H(C, C)
satisfying

for each k, j, 0 ~ j  mk. This can be done by solving (4.4) for
the values of 03C9(j)(zk) and then employing Lemma 4.3. Then

Thus T(y-’ro) = 1 03B3-zk(1+log y)mk = (J. Set g = 03C903BB3Fu. Then
g ~ H(Lp, Lp). Moreover T(03B3-03B6g) = 03BB3FuT(03B3-03B603C9) = 03BB303B2Fu =
03BB0Fu. Hence u e BT.
Next assume that u e B03BB2,p. Set

Then T = 03A3 Tk. We now pick 03C9k~H(C, C ) to satisfy

and

This can be done by Lemma 4.3. Thus if l ~ 1 we have at e = xx

Thus Tk(03C9k03B3-03B6~) = 03B3-zkTk~ for any ~ ~H(C, C) i.e., 03C9k03B3-03B6Tk =
y-xkTk. Since each Tk Ç T, there is a -c. e H(C, C) such that
Tk = 03C4kT (Corollary 4.4). We now define f by

Hence

This shows that f~H(B03BB0,p, B03BB1,p). Moreover,

Hence u e BT. Finally, assume that u e Be. Then there is an

f e H(B03BB0,p, B03BB1,p) such that f T = uT. This means that for each
~ E H(C, C)
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Thus for each j, k

This implies that for each k

Thus

where g E X’(L-0, Lp). Thus u E B03BB2,p and the proof is complete.
The second family of function spaces we shall consider is closely

related to the first. For positive A(e) we let H03BB,p denote the set of
those distributions u(x) such that F-103BBFu E LII(En), where F-1
denotes the inverse Fourier transform. When 03BB(03BE) is of the form

these spaces were studied by Calderôn [5], Aronszajn, Mulla,
Szeptycki [6], Lions, Magenes [7] and others.

In order to obtain the counterpart of Theorem 4.1 for the spaces
HÀ,p we shall make further restrictions. Specifically we shall
assume that 1  p  oo and that the functions

all belong to the space Mp of multipliers in Lv. Moreover the norms
of yit m Mp are to be uniformly bounded. By employing Michlin’s
theorem [8], one can show easily that these assumptions are
implied by

which in turn holds when 03BB0 and Â1 are of the form (4.6).
Under the above assumptions we can state

THEOREM 4.5. HT ~ H03BB3,p, HT ~ H03BB2,p with equivalent norms,
where
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The proof of Theorem 4.5 follows that of Theorem 4.1 very
closely. In place of Lemma 4.2 we have

LEMMA 4.6. u e HT if and only if there is a g e H(Lp, Lp)
such that

One now follows the proofs of Lemma 4.2 and Theorem 4.1
word for word replacing the fact that the expressions (4.7, 8)
are bounded by the fact that they are multipliers in L9. In

obtaining the co, to satisfy (4.5) we note, as in the proof Lemma
4.3, that they may be taken as linear combination of (log 03B3)j.
Thus the expressions 03C9k03B3zk/03B1 are in Mp.

5. Functions of an operator

Let X be a Banach space and A a closed linear operator in X
with dense domain D(A). We assume that the resolvent of A
contains the negative real axis and that 1

Let ~(03B6, Â) be a complex valued function defined for 03B6 e Sl and
0  03BB  oo and satisfying the following conditions

(a) for each e e S2, ~(03B6, 03BB) is measurable (as a function of Â)
and

is finite.

(b) considered as a function C, ~(03B6, 03BB) is continuous in T2 with
respect to the norm (5.2).

(c) ~(03B6, 03BB) is an analytic function of e in 03A9 with respect to
the same norm.

(d) there is a p E fJ6 such that

Under the above assumptions we define the following family
of operators

1 It is possible to weaken this assumption.
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By (5.1) and (a), 1p(C, A) is a bounded operator on X for each
C e D. For

and in particular

PROPOSITION 5.1. For real q the operator 03C8(1+i~, A) maps X
into D ( A ) and

PROOF. We first note that the adjoint A* of A satisfies the
same hypotheses as A. In particular, ~(03BB+A*)-1~ ~ M(I+Â)-l
and hence ~A*(03BB+A*)-1~ ~ M+1. Thus if y = 03C8(1+i~, A)x
and z e D(A*), then

and hence

Thus y e D(A) and

which gives the result.
Next we consider D(A) as a Banach space contained in X with

norm ~x~+~Ax~. We set

THEOREM 5.2. The operator 03C8T(A) maps X boundedly into

with norm  M+2. In particular, 1p(m)«(J, A) maps X into
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PROOF. For x ~ X we have by (5.4) and (5.5) that 03C8(03B6, A)x e
(X, D(A); p) and

Hence 03C8T(A)x~XT,03C1 and has norm ~ (M+2)~x~.

LEMMA 5.3. For real n the operator 03C8(i~, A) maps D(A) into
itself with norm ~ M|03C1(i~)|.

PROOF. If x~D(A), z~D(A*) and y = 03C8(i~, A)x, then

Hence

showing that y e D(A) and

proving the lemma.

THEOREM 5.4. For 0 ~ 03B8+03B80 ~ 1, 1p(0, A) maps Xo. boundedly
into XOo+o with norm  M1-03B8(M+2)03B8|03C1(03B8)|.

PROOF. By (5.4) and Lemma 5.3, 03C8(i~, A) is in {X} and {D(A)}
with norms s M |03C1(i~)|, while 03C8(1+i~, A) is in {X, D(A)} with
norm ~ (M+2)|03C1(1+i~)| by Proposition 5.1. We now apply
Theorem 8.8.

Let Y be a Banach space and let B be an operator defined in
Y with the same properties as A. In particular, we assume

Let L be a linear operator which maps X into Y in such a way
that D(A) maps into D(B). Assume that

Then we have

THEOREM 5.5. For 0  0  1 the operator 03C8(1-03B8, B)L1p(O, A)
maps X into D(B) and
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PROOF. By Theorem 5.4, 1p(O, A) maps X into X8 with norm
~ M1-03B8(M+2)03B8|03C1(03B8)|. Moreover, L maps Xo into Yg with norm
~ K1-03B80K03B81. Finally, 03C8(1-03B8, B) maps Yo into D(B) with norm
S M03B8(M+2)1-03B8|03C1(1-03B8)|, again by Theorem 5.4. Combining
these we get (5.9).

Next consider the operators A03B8 defined by

.as given by Kato [10]. If we set

~(03B6, 03BB) = 03BB-03B6[(log 03BB)2+03C02]-2([(log 03BB)2-03C02) sin 03C003B6+203C0 log 03BB cos 03C003B6},
then the corresponding operator 03C8(03B6, A ) satisfies all of the

requirements above with p = 1. Moreover

Hence we have by Theorem 5.2.

PROPOSITION 5.6. The domain o f A ° is contained in X(2)03B8.
We also have

PROPOSITION 5.7. The operator A-0 maps Xeo boundedly into
X03B80+03B8-03B5 f or every 8 &#x3E; 0, and the operator A e maps X03B80 boundedly
into X03B80-03B8-03B5 f or each 8 &#x3E; 0. I n particular, the domain o f A03B8 is
-contained in X03B8-03B5 f or each 8 &#x3E; 0.

Our proof of Proposition 5.7 rests on

LEMMA 5.8. For x E X03B80 we have

PROOF. We first note that (03BB+A)-1 maps X into X and D(A)
-into D(A) each with norm ~ M(1+03BB)-1. Moreover, it maps X
into D(A) with norm  M+2. We now apply Theorem 3.8 to
obtain (5.10). Next we note that the operator A(Â+A )-1 maps X
into X and D(A) into D(A) each with norm s M+1 and it takes
D(A) into X with norm ~ M(1+03BB)-1. We apply Theorem 3.8
again, taking note that Xo,, = [D(A), X]03B4(1-03B80).

PROOF oF PROPOSITION 5.7. We have by (5.10)
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and since A 8 = A 8-1 A,

by (5.11). This completes the proof.

6. Proofs

PROOF OF PROPOSITION 2.1. One sees immediately that X2,, p is a
factor space of H(X0, Xl; p), which is a Banach space.

PROOF OF PROPOSITION 2.2. If x E X03C9T,03C1, then for every a &#x3E; 0

there is an f ~ H(X0, X1; 03C1) such that

Thus x E XT,03C103C3 and

Letting a ~ 0 we obtain (2.6)..

PROOF OF PROPOSITION 2.3. If p e fil, then it is in X(C, Cr; p)
with norm 1. Hence by Proposition 2.2 Xgp = X03C1T,1  Xp,p and
~x~T,03C1 ~ I/xll2’p. Moreover 1/p is in C and hence in r(C, C; 1/p).
Hence XT,03C1 = X03C1T/03C1,03C1XT03C1,03C1/03C1 xTp and ~x~T03C1 ~ 11 x 11 T, p -
PROOF OF PROPOSITION 2.4. We must show that XT,03C1 is com-

plete. We first note that since T has compact support in S2,
there is a constant K, such that

(6.1) ~T(f)~X0+X1 ~ K1~f~H(X0,X1;03C1), f~H(X0,X1;03C1).

Let e be the manifold in H(X0, Xl; p) consisting of those f for
which there is an x~X0+X1 satisfying (2.7). Since X2, P is a

factor space of .91, the completeness of X",P follows from the
closedness of J. Thus we must show that e is closed in

H(X0, xu p). Suppose fnT = xnT and ~fn-fm~H(X0,X1;03C1) ~ 0.
Then by (6.1)
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for each ~ e X’(C, C). Thus if T~ ~ 0 we see that there is an
x e XO+X1 such that x. ~ x is XO+X1. Moreover, there is an
f e H(X0, Xl; p) such that fn ~ f is H(X0, Xl; p). Thus for

~ e £’(C, C)

and hence f T = xT. Thus e is closed and the proof is complete.
PROOF oF PROPOSITION 2.5. If x ~XT,03C1, then for any e &#x3E; 0

there is an f~H(X0, X1; 03C1) such that

Then f03C9T = x03C9T. Hence x e X03C9T,03C1 and

Letting e ~ 0 gives the result.

PROOF OF PROPOSITION 2.6. If x e XT,03C1 then for a &#x3E; 0 there

is an f e H(X0, X l; 03C1) such that

Set h = f03C3/03C1. Then h e H(X0, Xl; a) and

Moreover T(h) = O’T(f/p) = 03C1T(f/03C1) = x. Hence x ~XT,03C3 and
~x~T,03C3 and ~x~T,03C3 ~ ~x~T,03C1+03B5. Letting 03B5~0 we get the

result in one direction. The other direction follows from sym-
metry. For X",P we use (6.2). In this case hT = (f/p)O’T =
(ffp)pT = xT and the rest is the same.

PROOF oF PROPOSITION 2.7. Consider the counterpart of

Proposition 2.2. If x e X’03C9T,03C1 then there is an f e H’(X0, Xl; p)
such that x = T(f’ (J) and

Set h(03B6) = J:f’wdC, where a is some point of Q. Then h(03B6) is

obviously an (Xo+X1)-valued function holomorphic in Q. We
can also write h(C) as a Riemann-Stieltjes integral
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Since !(C) is Lipschitz continuous on bounded subsets of D, h
can be extended to be continuous up to the boundary. But

and hence h(j+it2)-h(j+it1) e Xi with

Making use of the fact that

we have

Now x = T(h’). Hence x ~ X’T,03C103C3 and

Next consider Proposition 2.6. Set o = 0’/ p. Then ce ~H(C, C; 0’1 p).
Thus by the above,

We now note that , mT = aT/p = T and the rest follows from
symmetry. The remaining proofs are similar to those for the un-
primed cases.

PROOF oF THEOREM 2.8. If ae e Xp,p’ then for every 03B5 &#x3E; 0

there is an f e H(X0, Xl; p) such that (6.3) holds. Set g = Lt.
Since

we see that g ~ H(Y0, Y,; 03C1) and that

Since Lx = LT(f) = T(g), we have Lx e Y,,, p and

Letting 03B5~0 we have the first statement. The second follows in
a similar way.

PROOF OF PROPOSITION 2.9. If x e XI,,,, then for every s &#x3E; 0

there is an f e H(X0, Xl; p) such that (6.3) holds. Thus x = T( f ) =

03A303C9nTn(f)=03A3xn, where x. = Tn(03C9nf). Now 03C9nf e;r(xo, Xl; 03C1)
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Thus

Letting e ~ 0, we have

showing that XT,03C103A3XTn,03C1. Conversely, if

then Since

we have x c- X2,,,, and

Next, if x~XT,03C1, there is an f~H(X0, X1; p) such that (6.2)
holds. Then xTn = x03C4nT = f7:nT = fTn. Hence x e XTn,03C1 and

Letting e ~ 0 we have XT,03C1 n XTn,03C1. Conversely, if x E XTn,03C1
for each n, there are ln E H(X0, X1; p ) such that xT n = fnTn and

showing that n XTn,03C1 XT,03C1 and the proof is complete.
PROOF OF PROPOSITION 2.10. If x e XT, P, then for e &#x3E; 0 there

is an f ~ H(X0, Xl; p) such that (6.3) holds. Now

Hence f e H(X0, Xl ; 0’) and

Thus x e XT, o and ~x~T,03C3 ~ M~x~T,03C1. The proof for XT,03C1 is
similar.

PROOF oF THEOREM 2.11. If we can find a ~ e H(C, C) such
that coT = ~T, then the first statement will follow from Proposi-
tion 2.2. But obviously 03C9T  T. Thus the existence of the required
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~ follows from Corollary 4.4. If ro =A 0 on the support of T, we
can set T0 = 03C9T, T = ro-1To and employ the same reasoning
in the other direction.

Corollary 2.12 follows immediately from Theorem 2.11 and
Proposition 2.3.
The proofs of Theorems 2.13 and 2.14 are postponed until the

end of this section.

PROOF , OF THEOREM 2.15. By Corollary 4.4 there is a

ï ~ H(C, C ) such that T0 = TT. We now apply Theorem 2.11.

PROOF OF THEOREM 2.16. By Corollary 4.4 there is a zn ~H(C, C)
such that T n = 03C4nT. Thus the hypotheses of Proposition 2.9 are
satisfied.

Let 03BC0(03B6, t), 03BC1(03B6, t ) be the Poisson kernels for 03A9 (cf. [3, § 9.4]).
Thus every function h(03B6) harmonic in Q, continuous in i3 and
0(ea|03B6|), a  03C0, can be represented by

In proving Theorems 2.13 and 2.14 we shall make use of the
following.

LEMMA 6.1. Il the support of T is finite, then there are distribu-
tions Tl, ..., TM contained in T and a constant K3 such that for
every 03C9 e C~(03A9) one can f ind a T ~ H(C, C ) satisfying

PROOF. If T is of the form (2.12) we can take the Tn to be the
distributions ô (1) (z..), 1  k  N 0 S l  mk. Then TT = coT if

Tn(T-ro) = 0 for each n. We then apply Lemma 4.3.

THEOREM 6.2. For each compact set E C Q having the support
of T in its interior there is a constant K with the following property.
For each f E H(X0, Xl) and each a &#x3E; 0 there is an h e -Y (Xo, Xl)
satis f ying hT = fT and

where

PROOF. Let 039E and e be given. Let 03C8j(t) be bounded functions
in C°°(- oo, oo ) satisfying 03C8j(t) ~ log ~f(j+it)~Xj, j = 0, 1. Set
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We can choose the functions 03C8j so that 03C8 ~ ~+03B5 in e Let
W e 3Q(G, C) be such that "P(C) = Re 03A8(03B6). By Lemma 6.1 there
is a z e H(C, C ) such that

Let 039E1 be a closed set in the interior of 039E but containing the
support of T in its interior. Since W is holomorphic

where m is the maximum of the numbers mk. Set h = -re-1J1f.
Then fT = fe-1J’e1J’T = hT and by (6.10)

This completes the proof.
COROLLARY 6.3. The inequality

holds f or all f e X’(Xo, Xl ). Moreover i f xT = f T, then ~x~T is
bounded by the same expression.
PROOF. By Theorem 6.2 for any a &#x3E; 0 there is an h e H(X0, X1)

such that hT = f T and (6.6) holds. Thus T(f) = T(h) and

Hence

Now let e ~ 0. Similarly, if xT = f T = hT, ~x~T is bounded by
the same expression and the same reasoning applies.
THEOREM 6.4. There is a constant K6 depending only on T with

the following property. For each f e H(X0, Xl) and e &#x3E; 0 there is
an h ~ H(X0, Xl) such that hT = fT and

PROOF. We follow the proof of Theorem 6.2. The only difference
is that we replace (6.10) by the following reasoning. Since T" C T,
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there is a 03C4n c- Ye (C, C ) such that T n = 03C4nT. Since W is holo-
morphic we have by (6.4)

Hence

We now merely make use of the fact that ~(j+it) = log~f(j+it)~Xj
and choose the 03C8j so that 03C8(j+it) ~ ~(j+it)+03B5 for real t. 

COROLLARY 6.5. The inequality

holds f or allie H(X0, X1). I f xT = f T, then ~x~T is bounded by
the same expression.
THEoREM 6.6. Let {fn} be a sequence ot elements in H(X0, X1)

such that

and assume that In(it) converges in Xo for each t in a set E of
positive measure. Then

(a) T(fn) converges in XT .
(b) There is a subsequence (also denoted by {fn}) and a sequence

{hn} of elements in H(X0, Xl) such that fnT = hnT and h. con-
verges in H(X0, Xl).

(c) Il x. T = ln T, then x. converges in XT.

PROOF. (à)(c) We may assume that K7 ~ 1 and that E is
bounded. Set

Then

Let 039E be a compact set in S2 containing the support of T in its
interior. Since 03BC0(03B6, t ) is positive and bounded away from zero
for CEE and t E E, we have ~nm ~ - oo as m, n ~ oo uniformly
on 039E. By Corollary 6.3

as m, n ~ oo. The same reasoning applies to (c).
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(b) By deleting members of the sequence, if necessary, we may
always guarantee that

for CEE. Thus by Theorem 6.2 we can find a g. ~ H(X0, X1 )
such that gnT = (fn-fn-1)T and

(Here we have taken 10 = 0.) Set h,, = 03A3nk=1 gk. Then clearly {hn}
is a convergent sequence in H(X0, Xl). Moreover hnT =

03A3nk=1 (lk-fk-1)T = I.T. This completes the proof.
We shall employ some additional ideas of Calderôn [3]. For a

Banach space X, let 0393(X) denote the space of X-valued con-
tinuous functions h(t) on the real line such that

is finite. The space of Lipschitz continuous X-valued functions
g(t) is denoted by ^(X) with semi-norm

When h e 0393(X) has compact support and g e A (X*), then the
Riemann-Stieltjes integral

is easily seen to exist and satisfy

By continuity, this extends to all h E r(X). Thus the integral
(6.14) represents a bounded linear functional on 0393(X). The con-
verse was also proved by Calderôn [3].

LEMMA 6.7. Every bounded linear functional F on r(X) can
be expressed by an integral of the f orm (6.14) with g E ̂ (X*) and
~g~0394(X*) = /lF/I.
We shall also use the following from Calderôn [3].

LEMMA 6.8. Assume that Xo n Xl is dense in both Xo and Xl.
Let g, (t) E A(Xj), i = 0, 1, be such that for each x E Xo n Xl
the functions d/dt x, gj(t)&#x3E; are the boundary values of a holomorphic
function in Q. Then there is a g e H’(X*0, Xi ) such that
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LEMMA 6.9. 1 f Xo is reflexive, g e H’(X0, X1) and

then hn(it) converges in Xo for almost all t.

We shall also use

LEMMn 6.10. 1 f g(t) is a bounded measurable function in (0, 2n),
lor any f(z) analytic in Izl  1 let H,(z) be the harmonic function
in Izi  1 satis f ying

Suppose that for some integer m &#x3E; 0,

lor every f satisfying f(m)(0) = ... f(0) = o. Then g(ei8) is the

boundary value of a bounded function analytic in Izl  1.

PROOF. We have

where z = re’O and

Hence

By hypotheses, this vanishes if we take f(z) = zm+k, k ~ 1.
Hence

This implies the conclusion.
The following is due to Aronszajn-Gagliardo [11, Th. 8. III].
LEMMA 6.11. Let Zl, ..., Zn be Banach spaces continuously

embedded in a topological sector space such that n Z f is dense in
each Zk . Then

We are now ready for the

PROOF oF THEOREM 2.13. We first note that it suffices to

prove the theorem for the case when the support of T consists
of a single point. For by Propositions 2.9 and 2.16,
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where the T n are weaker than T and have supports consisting of
single points. Suppose that the support of T is at zo and it is
of order m. Let To be any other distribution equivalent to T.
Then XT = XT,,. For every f e H(X0, Xl) the function

is in P(XI), i = 0, 1. For L e (XT)* we define

Now consider S as a linear functional on a submanifold of

r(Xo) E9 r(X1). By Corollary 6.5 it is a bounded functional.
Thus we may consider it extended to the whole of 0393(X0) ~ r(X1)
with the same norm. Thus by Lemma 6.7 there are g,(t) e ̂ (X*j)
such that

Now the functions d(x, g,(t»Idt are bounded and measurable,
and the above expression vanishes whenever To(h) = 0. We map
.S2 conformally onto the unit disc Iwl  1 in such a way that xo
is mapped into the origin, e.g., we let

This maps lwl ~ 1 continuously onto S2. Set

Then g(ei") is a bounded measurable function. Now

is the harmonie function in 03A9 with boundary values h(j+it)d
(x, gi(t»/dt. Under the mapping it is taken into the harmonie
function in lwl  1 with boundary values h(W(ei03B8)(ei03B8). Call
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this function Hh(w). The discussion so far holds for any distribu-
tion T. equivalent to T. We now pick a particular one - namely
the one which maps into 03B4(m)(0) under the conformal transfor-
mation. We consider the g,(t) associated with this particular
distribution. In this case we have H(m)f(0) = 0 whenever

f(m)(0) =... = /(0) = 0. This allows us to apply Lemma 6.10
to conclude that the functions dx, gj(t)&#x3E;/dt are the boundary
values of a holomorphic function in Q. This in turn shows by
Lemma 6.8 that there is a g~H’(X*0, Xi ) such that g(j+it) =
igj(t)+constant. Hence

Take f = hx, where h e H(C, C) and x e Xp n Xl. Then

and hence

provided T0(h) ~ 0. This shows that there is an element

x*~X*0+X*1 which equals To(hg’)/To(h) for all h c- H(C, C).
This means that g’T0 = x*T0, i. e., that x* e [X*0, X*1]’T0. Thus

Working back, one checks readily that every x* e [X:, X*1]’T0
does indeed give rise to a bounded linear functional on XTo’
This shows that (XT0)* = [X*0, X*1]’T0. But by Proposition 2.7,
[X*0, XiJ’To = [X*0, X*1]’T. Hence the first statement is estab-

lished. To prove the second, let L be a bounded linear functional
on XT. If xTo = f To, where f c- H(X0, Xl) we have by Corol-
lary 6.5

Reasoning as before we see that there are gj(t) e ̂ (X*j), j = 0, 1,
such that

We shall prove, as before, that there is a g ~H’(X0, X 1 ) such
that (6.16) holds. Assuming this we have
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Since g ~H’(X0, Xi), T0(g’) e [X*0, X*1]’T0, which is the desired
conclusion. It therefore remains only to show that such a g exists.
By Lemma 6.8 it suffices to show that for each x e Xo n Xi
the function d(x, gj(t)&#x3E;/dt are the boundary values of a holo-
morphic function in 03A9. If x e X a n Xi we may take f = x and
hence by (6.20)

Moreover if h~H(C,C) and h0T=0, then xT0~(h+1)xT0 and
hence

Subtracting we have

whenever hT. = 0. The result now follows as before.

PROOF OF THEOREM 2.14. Assume X o is reflexive. If x e Xy, 
there is a g~H’ (Xo, Xl) such that x = T(g’). Set

Then hn(03B6) e H(X0, Xl) and

By Lemma 6.9, hn(it) converges in Xo for almost all t. Hence by
Theorem 6.6(a) T(h") converges in XT to an element of XT.
But T(h.) converges in X0+X1 to T(g’) = x. Hence x e XT.
If x e X’T, then xT = g’T for some g e -Y’(Xo, Xi). Moreover
hnT(~) ~ g’T(~) for each ~ e H(C, C). This follows from the
fact that hn and all its derivatives converge to g’ uniformjy and
each compact set in (J. Now by Theorem 6.6(b) there is a sub-
sequence {n} of {hn} and a sequence {fn} of elements of H(X0, Xl)
such that fnT = nT and fn converges in H(X0, Xl) to some
f e H(X0, Xi). Hence fnT(cP) - fT(~) for each ~ e H(C, C).
But fnT(~) = nT(~) = xT(~). Hence xT = fT and x c- XT.
This completes the proof of the first statement. The second

follows from the first and Theorem 2.13.
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7. Remarks

THEOREM 7.1. Xo n Xl is dense in X2,.

PROOF : If x e XT, there is an f e H(X0, Xl ) such that T(f) = x.
We may assume that f vanishes at infinity. Calderôn has shown
[3.9.2] that sums of the form 03A3 cPiaei with ~j e 3Q(G, C) and
xf e Xo n Xl are dense in H(X0, X1). Hence there is a sequence
ln of such sums which approaches f in £’(Xo, Xi). Thus T(fn)
approaches T(f) = x in XI,.

THEOREM 7.2. If Xo n Xl is dense in both Xo and Xl, then it is
dense in X ’1’ .

PROOF: Suppose 1 e (XT )* and l(x) = 0 for all x e Xo n Xl.
Then 1 can be realized by an element y e [X:, Xl*] , 21 (Theorem
2.13). This latter space is continuously imbedded in X*0+X*1,
which by Lemma 6.11, is isomorphic to (Xo n Xi)*. Since 1
vanishes on Xa n XI, y must be zero.

zvith continuous injections.
PROOF : If x~X03B83, there is an fe:?e(Xo’X1) such that x=f(03B83).

Set 9(e) = f((1-03B6)03B81+03B603B82). Then g e:?e(X01, X03B82), g(O) = x and

This proves (7.1). If y~X’03B83, there is an h~H’(X0,X1) such
that y = A’(9g). Now for 0 C ex  1, h’(03B1+it) is in X’03B1 and

Set

Then

Thus v~H’(X03B81,X03B82) and ~v~H’(X03B81,X03B82) ~ ~h~H’(X03B81,X1). Since
x = v’(0), this gives (7.2). 
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THEOREM 7.4. Il X o n X1 is dense in both X o and X1, then

PROOF: By (7.1) and (7.2) and the fact that (X03B1)* = [X*0, X*1]’03B4(03B1)
(Theorem 2.13), we see that X03 is a closed subspace of

A = [X03B81, X03B82]03B4(03B8). Now A* is continuously imbedded in

X*0+X*1 = (Xo n X1)*. If a functional in A* vanishes on Xo ,
it vanishes on X0 n Xi and hence must be identically zero. Hence
X03B83 is dense in A and must therefore be the entire space.
Theorem 7.4 was proved by Calderôn [3] under the additional

assumption that Xo n X, is dense in X03B81 n X03B82. Howeveu, this
assumption is superfluous since X03B81 ~ X03B82 = X T with T = 03B4(03B81)+
03B4(03B82) and we may apply Theorem 7.2. Theorem 7.4 was also
proved in [12] under the additional assumption that X0 and X,
are reflexive.
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