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ANALYTICAL AND NUMERICAL STUDY OF SOME FREE BOUNDARY
VALUE PROBLEMS AND PHASE FIELD MODELS

Abstract.

In this thesis we study some free boundary problems and phase field models.

The first part of this work is devoted to the study of free boundary problems where the mean
curvature explicitely appears in the expression of the problems. We consider in Chapter 1 the sta-
tionary flow of a viscous liquid known as Marangoni type flow. The main difficulty here is that the
interface between liquid metal and air intersects the boundary of the domain. This leads us to in-
troduce weighted Holder spaces in order to prove the existence and uniqueness of a smooth solution.

In Chapter 2, we present the numerical study of a one phase Stefan problem with surface tension.
The discretization of the heat equation in the liquid part uses a semi-implicit scheme in time and
a finite element method in space based on an adaptative mesh algorithm. The computation of the
discretized interface uses a front traking method.

The second part of this thesis bears on a study of phase field models from the point of view
of dynamical systems. When some small parameters tend to zero, the solution of the Caginalp
phase field model converges to the solution of the viscous Cahn-Hilliard equation or to that of the
Cahn-Hilliard equation. The purpose here is to obtain related properties for the corresponding
maximal attractors. We consider in Chapter 3 the case that the nonlinear function appearing in
the equations is of polynomial type and prove that the corresponding maximal attractor is upper-
semicontinuous. In Chapter 4 we extend these results to the case of a logarithmic nonlinearity.

Key words : Navier-Stokes equations ; Marangoni effect ; weighted spaces ; existence and
uniqueness ; Stefan Problem ; finite element method ; front traking method ; system of second
order ; nonlinear parabolic equations ; maximal attractors ; upper-semicontinuity.
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INTRODUCTION

L’objet de cette these est 1’étude de problemes a frontiére libre et de modeles de
transition de phase.

La premiére partie porte sur des problemes ou la courbure moyenne de la frontiére
libre apparait explicitement dans I’une des équations qui la décrivent. On étudie tout
d’abord un probléme a frontieére libre stationnaire, connu sous le nom d’écoulement
Marangoni. Notre approche s’inspire des travaux de Abergel et Bona [1], Solonnikov
[15] dont le cadre plus simple est celui des équations de Navier-Stokes. La difficulté
essentielle réside dans la présence d’une paroi rigide qui rencontre l'interface air-
métal en des points anguleux. C’est pourquoi nous utilisons des espaces de Holder
pondérés pour démontrer ’existence et 1’unicité d’une solution réguliere.

On effectue ensuite I’étude numeérique d’un probléme de Stefan a une phase avec
tension superficielle, probleme qui apparait en théorie de la corrosion aqueuse. Un=
méthode d’éléments finis est utilisée pour la discrétisation de I’équation de diffusion
dans la phase liquide et une méthode de discrétisation explicite en temps permet
de calculer le déplacement du front. La triangulation évolue au cours du temps de
telle sorte que 'interface discrete coincide avec des cotés de triangles, ce qui permet
d’obtenir des résultats numeériques tres précis.

Dans la deuxiéme partie, on s’intéresse au comportement pour les grands temps
des solutions de modeles de champ de phase, c’est-a-dire de systémes d’équations
d’évolution non linéaires couplées pour la température et un parameétre d’ordre. Ces
modéles constituent des approximations de problemes a frontiere libre, par exemple
du probléme de Stefan avec tension superficielle.

La théorie des systémes dynamiques de dimension infinie développée par R.
Temam [17] constitue la base de notre étude. Les modeles considérés étant fortement
dissipatifs, ils possedent un attracteur maximal, c’est-a-dire un ensemble compact,
invariant par le flot et qui attire tous les bornés.

Le probléme plus spécifique qui nous intéresse ici est d’expliciter la relation entre
quelques-uns des modeles les plus standards en transition de phase et en particulier
de montrer que ’on peut passer contintiment des équations de champ de phase a
I’équation de Cahn-Hilliard visqueuse et a 1’équation de Cahn-Hilliard. B. Stoth [16]
démontre la convergence des solutions du modele de champ de phase vers celles de
I’équation de Cahn-Hilliard pour des temps finis.

En nous inspirant de méthodes dues a Hale et Raugel [8], Debussche [5] et De-
bussche et Dettori [6], nous démontrons la semi-continuité supérieure de l’attracteur
du modele de champ de phase. Nous considérons tout d’abord le cas ou la fonction
non linéaire apparaissant dans les équations est de type polynomiale puis le cas ou
elle est logarithmique.






PREMIERE PARTIE
ETUDE ANALYTIQUE ET NUMERIQUE DE QUELQUES
PROBLEMES A FRONTIERE LIBRE

1. Existence d’interfaces stationnaires réguliéres pour un écoulement
de type Marangoni.

On considére I’écoulement stationnaire d’un fluide visqueux contenu dans une
cavité et dont la surface libre est soumise a un flux thermique non uniforme. Ce
type d’écoulement connu sous le nom d’écoulement Marangoni [4], [13] est caractérisé
par l'existence simultanée d’un phénomene de convection libre au sein du fluide et
d’une contrainte tangentielle localisée a l'interface. On suppose que ’écoulement
satisfait ’approximation de Boussinesq et que l'interface est un graphe.

Le résultat principal de cet article donne ’existence et I'unicité d’interfaces sta-
tionnaires réguliéres dans un voisinage de la solution capillaire, c’est-a-dire la so-
lution obtenue pour un flux nul et un fluide au repos, dans des espaces de Holder
pondérés [10]. Plus précisément, on montre que si les parametres du probléme sont
différents d’une suite finie de nombres réels positifs, apparaissant comme une partie
des valeurs caractéristiques d’un opérateur de Sturm-Liouville, et si le flux thermique
reste suffisamment petit alors le probléme posseéde une solution réguliére unique.

Ce résultat est obtenu al’aide d’un théoréeme de fonctions implicites. La difficulté
essentielle provient de la présence de points anguleux sur la frontiére du domaine
occupé par le fluide. Les démonstrations s’appuient en particulier sur des résultats
obtenus par V.A Solonnikov [14], [15] pour un probleme de Stokes avec des points
anguleux sur la frontiére du domaine, et sur 1’étude d’un probléme de type Sturm-
Liouville dans des espaces de Holder pondérés. A notre connaissance, le résultat
que nous présentons est le premier résultat mathématique ayant trait a ’existence
et 'unicité de solutions régulieres pour un écoulement de type Marangoni.

2. Etude numérique d’un probleme de dissolution-croissance avec tension
superficielle.

On considere un probleme de Stefan en dimension deux d’espace. Ces équations
modélisent 1’évolution d’un systeme physique constitué d’une phase solide formée
d’un seul composé en contact avec une phase liquide qui e une solution diluée de
ce composé. On décrit et on implémente une méthode numeérique simple permettant
de suivre I’évolution morphologique de l'interface solide-liquide au cours du temps.

Plus précisément, on considere des problémes aux limites associés aux équations

C; = DAC dans la phase liquide , (1)
D%% = (‘17 — C’) Vv, sur l'interface T (2)
V, = kV (C — aexp(yK)) sur linterface I'; , (3)

ou C(z,y,t) est la concentration du composant dilué dans le fluide, v est le vecteur
normal a l’interface T, V,, est la vitesse normale de 'interface et K sa courbure
moyenne. Les parametres D, V, k et vy sont respectivement le coefficient de diffusion,



le volume molaire du composant solide, une constante cinétique et un coefficient
proportionnel a la tension superficielle.

La principale difficulté de ce probléme est liée au fait que le domaine spatial varie
au cours du temps. L’idée de la méthode est de résoudre successivement a chaque
pas de temps I’équation (3) pour déplacer 'interface, puis les équations (1) et (2)
pour déterminer la concentration dans le domaine ainsi obtenu.

Deux méthodes différentes ont été adaptées pour le calcul du déplacement de la
frontiére libre. La premieére die a Ikeda et Kobayashi [9], consiste & déplacer les
noeuds de l'interface discreéte en leur associant une direction normale approchée et
une courbure moyenne approchée. Dans la seconde méthode, diie & Roosen et Taylor
[12], on déplace l'interface discrete en associant & chaque segment une courbure
moyenne approchée.

Une discrétisation semi-implicite en temps est alors utilisée pour la résolution de
I’équation de diffusion. L’approximation spatiale repose sur une méthode d’éléments
finis de degré un dont la triangulation évolue au cours du temps de telle sorte que
I’interface coincide avec des cotés de triangles.

Cette étude numérique permet de mieux comprendre les propriétés qualitatives
de la solution. Elle montre en particulier que pour des valeurs physiques des
parametres du probléeme, aucune instabilité morphologique n’apparait. De plus,
suivant la condition aux limites imposée sur le bord supérieur du domaine, la solu-
tion et la frontiére libre convergent soit vers une constante dans le cas de conditions
de Neumann, soit vers une onde progressive dans le cas de conditions de Dirichlet
quand ¢ — +oo. Enfin, dans le cas ou la tension superficielle est nulle, des points
singuliers peuvent apparaitre et se propager au cours du temps.

DEUXIEME PARTIE
SEMI-CONTINUITE SUPERIEURE POUR DES MODELES DE
CHAMP DE PHASE

3. Une perturbation singuliere des équations de Cahn-Hilliard et
Cahn-Hilliard visqueuse.

On considere des problemes aux limites associés a un modele de champ de
. ’ L) \ ’ . . o 7 e
phase constitué d’un systeme de deux équations paraboliques non linéaires pour
\ b ’ ’ . b 4 .
un parametre d’ordre ¢ et la température u. Ces équations s’écrivent [2]

bpr = Ap —g(p) +u dans Q@ x IRT , (4)
eus + o = Au dans Q x IRt , (5)

ol {2 est un ouvert borné de IR*, n < 3 de frontiere réguliére 2. On suppose que
le terme non linéaire g(¢y) est de la forme

2p—-1
9(s) =Y ars* avecas 1 >0etp>2,
k=1

et que les fonctions ¢ et u satisfont des conditions aux limites de Dirichlet ho-
mogenes.



Dans le cas physique [3] ou g(s) = s® — s, le probléme ainsi obtenu modélise
le processus de solidification d’un matériau a 1’état liquide ; le parameétre d’ordre
¢ satisfait ¢ ~ 1 dans la phase liquide, ¢ ~ —1 dans la phase solide et u = 0
correspond a la température de fusion du matériau.

Sil’on pose € = 0, dans le modele de champ de phase et sil’on substitue I’équation
(4) dans ’équation (5) on obtient un probléme aux limites associé & ’équation de
Cahn-Hilliard visqueuse [11] pour la seule inconnue ¢

et + A(Ap — g(p) — ) =0 dans Q x IR*.

Quand § =€ et € | 0, la solution (¢°,u®) du probléme de champ de phase converge
vers la solution d’un probléme aux limites associé a I’équation de Cahn-Hilliard [16],
17

ot + A(Ap — g(p)) =0 dans Q x IR .

Les problemes aux limites associés au systéeme de champ de phase, a 1’équation de
Cahn-Hilliard visqueuse et a I’équation de Cahn-Hilliard possédent des attracteurs
globaux A%, A% et A respectivement.

On démontre la semi-continuité supérieure de 'attracteur A% d’abord en (e,§) =
(0,8) pour § > 0 fixé, puis en e = § = 0.

4. Une perturbation singuliere de 1’équation de Cahn-Hilliard avec non
linéarité logarithmique.

On considére un modele de champ de phase dont la non linéarité est de type
logarithmique. Il s’agit du probléme aux limites

epe = Ap + ap — g(p) +u dans 2 x IRt , (6)
eus + . = Au dans Q x IRt , (7)
p=u=0 sur 80 x IRt

o(z,0) = o, u(z,0) = up(z) dans

ou { est un ouvert borné de IR", n < 3 de frontiére réguliere 952, @ > 1 une
constante et ou la fonction g(p) a pour expression

g(s) = %ln (

On établit dans un premier temps ’existence et I'unicité d’une solution pour le
Probléeme (Q¢). L’idée essentielle de la démonstration est de considérer une suite de
problémes plus réguliers ou la fonction g est remplacée par [6]

1+s>
1-s/

N o2k+1
gN(s) = FYE
=0 2k+1

et de prouver des estimations a priori uniformes en N. On déduit également de ces
estimations ’existence d’ un attracteur maximal.



Si 'on pose ¢ = 0, dans le Probleme (Q¢) et si l'on substitue 1’équation (6)
dans I’équation (7) on obtient le probleme de Dirichlet associé & I’équation de Cahn-

Hilliard [6]
ot + A(Ap + ap — g(p)) = 0 dans Q x IRY,

qui posséde un attracteur maximal ,4;. On effectue alors dans le Probleme (Q°¢) le
changement de variable v = \/eu. On déduit des résultats démontrés pour (Q¢) que
ce nouveau probléme est bien posé et qu’il admet un attracteur maximal Af. On
démontre que cet attracteur est semi-continu supérieurement en £ = 0.
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Abstract. We consider the motion of a fluid, the free surface of which is
subject to a non-uniform thermal flux. We use an implicit function theorem

in weighted Holder spaces to prove the existence of a smooth interface for
small values of the flux.

Résumé. Nous étudions 1’écoulement stationnaire d’un liquide visqueux
dont la surface libre est soumise & un flux de chaleur non uniforme. Nous
prouvons, par un théoréeme de fonction implicite, ’existence et I’unicité d’une
interface réguliére dans des espaces de Holder avec poids.
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Existence of smooth, stationary interfaces for
Marangoni-type flow.

by
F. Abergel and C. Dupaix

Laboratoire d’Analyse Numérique, Université Paris Sud Batiment 425,
91405 Orsay, France

1 Introduction

In this paper, we consider the flow of a viscous liquid, when its free surface is subject
to a non uniform thermal flux. This type of flow, known as Marangoni type flow,
see e.g (7], [12] and [14], is characterized by both a convection phenomenon within
the fluid, and by an additional tangential stress acting at the interface.

Concerning the convection flow, we shall make the classical Boussinesq approxima-
tion for variation of the density, so that the really interesting terms in the modeling
equations will be provided by the surface law.

Our main result concerns the existence and uniqueness of a stationary interface,
in the neighbourghood of the capillary solution, i.e, one that is obtained when the
flux is zero and the fluid is at rest. This result is obtained via an adequate implicit
function theorem. Contrarily to similar works for the Navier-Stokes systems [2], [1],
the main technical difficulties lie in the presence of corners at the boundary of the
domain occupied by the fluid, and use is made of the machinery developped in [15],
[16]. We also need to study Sturm-Liouville type problems in weighted spaces.

To our knowledge, this is the first mathematical result concerning the Marangoni
flow, as far as existence and regularity are concerned. Moreover, we want to mention
[4], where a numerical study is performed, and [3] where a bifurcation problem is
studied.

The paper is organized as follows : Scction 2 contains the main geometrical and
functional hypotheses and notations; in Section 3, the physical problem is described, -
and its mathematical formulation given. Section 4 is devoted to the proof of our
main result : after presenting the variations of domain suitable for the problem, we
study in Section 4.3 Sturm-Liouville problems in weighted spaces, and finally prove
in Section 4.4 the implicit function theorem that we need.

Essentially, we show that, when a certain parameter (the Marangoni number
times the Froude number) does not belong to a finite set of real numbers, then, for
small enough values of the thermal flux, there exists a unique stationary interface
in weighted Holder spaces.



2 Functional setting

Let Q be an open bounded set of IR?* whose boundary 89 is a piecewise smooth

Jordan curve, and denote by S(Q2) the set of points where the tangent vector to 80
is discontinuous.

We define the following functional spaces :

2.1 The space C™* of a-holderian functions of order m

Let m be a non-negative integer and a € (0,1) a real number.

C™(Q) will stand for the space of m-times continuously differentiable functions in
Q.

We then define the space of m-times continuously differentiable functions in Q whose
m-th derivatives satisfy a Holder condition with exponent a.

We denote this space by C™<(2) and endow it with the norm :

luleme@y= >, Sup ID"u(:c)‘ + > Sup p—
ki<m z € Q kl=m z,y € 0 -y

TH#y

2.2 The space C! of weighted holderian functions of order [i]
and exponent [ — [[]

For z € IR, we define [z] as the integer part of z.
For y € 2 we set

d(y):= Inf |ly—=ll,
z € S5(Q)
where ||.|| stands for the euclidian norm.

Let I, be a positive non-integer number, and s a non-integer real number.

For s € (0,1], we define the space C}(Q,S(£)) for which the following weighted norm
is finite :

uleyasiay = luletiotamy + 3 Sup |d(2)*™* Dru(z))
<<l z € Q

+ 3 Sup {Mi”(d"‘(z),d”’(y))

k=l z,y € O
T#y

'D"u(:c) - D"u(y)l
e —y[™" '

and for s < 0, we equip C!(22,5(9)) with the norm :

10



|“cg(n,5(n)) = Z Sup ld(z)lkl_'pk“(m)}

o<lkl<l £ € )

) iD"u(z) - Dku(y)‘} .

+ Z Sup Min(dl"(:c), d=*(y i
|z — v

k=l z,y € Q
T#Y

In the same way, and for all non-integer s and all positive non-integer [ satisfying
s < l, we define the space C}(I,S5(I)) where I is a segment. S(I) is then composed
of the endpoints of I.

2.3 Remarks - Notations

A quite complete study of weigthed hélderian spaces can be found in [13].
We now give some properties of weigthed hélderian spaces which will be useful later.
Let [ € IR™ and s € IR be two given non-integer numbers.

i- Let k be a positive integer satisfying k < [/]. We suppose that s < [+k.
If u € CIH¥(Q,S5(Q)) then D*u € C!_, (2, S(R)).

ii- We suppose that s < I. If u € C}(Q,5(9)) then if U is a primitive of
u, it satisfies U € C}1]1(Q,S(Q)).

iii- Let be given (I3,02) € (lR'*")2 and (s1,s2) € IR? satisfying s; < [y
, 82 < l; on one hand, and /; < I, , s; < s; on the other hand . Then
if uw e C(2,5(Q)) and v € C2(Q,S5(R)), we have (u.v) € C1(2,5(2)).
Moreover there exists a positive constant C, independant of v and v such
that the following estimate holds

I"‘vlcf < Clu!cfll

1(a,s(0) = (n,s(n))|”|c53(0.5(0>) :

Notations
e In the following, when we will consider the space C! , we will always assume that
[ > Maz(0,s).
o |u|  will stand for Sup |u(z)|.
z €N

3 Statement of the problem

3.1 The physical problem

We consider a container C, partially filled with a viscous liquid.The boundary of
the container 8C is composed of two half-lines (z = —1,y > 0) and (z = +1,y > 0)
which are connected at the points (-1,0) and (+1,0) by a smooth curve C~.

0C~ is supposed to lie in the half-plane (y < 0).

The gravity §, is directed along the vector —5(0,—1).
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We denote by § the part of C containing the fluid. € is the open bounded set of
IR? defined as :

Q:={M(=z,y) € Cly < f(z)}
and

Y:={M(z,y)eC/-1<z < +landy= f(z)}
is the interface between the fluid and the atmosphere.
Let T := 092\Z and S(92) :=TNZ.
Let I := (—1,41) and S(I) := ({-1};{+1}).
We suppose that the angles of contact between I' and X are both equal to § € (0, )
with the convention that 8 =0 if f{g = —; at £ = —1 , where iy is the unit tangent
vector to X.
The flow is supposed to be stationary.
The interface is subject to a non uniform thermal flux Z. Thus, the temperature
gradients induce, on one hand, a superficial stress which generates a Marangoni
flow and, on the other hand, a volume force inside of the fluid, which generates a
convection flow.

Several authors have considered the physical aspects of this problem, for example,
[7], [12], or [14].

3.2 The mathematical formulation

We first make the two following assumptions.

A1l- We assume that the Boussinesq approximation holds, namely, on
one hand, the external force satisfies pc(1—a(T —T¢))g and on the other
hand, the mass density p is constant and equal to p¢ in the volume of
the fluid.

Where pc = p(T¢), Tc is the temperature of the boundary of the con-
tainer (ie. the rigid part of the boundary). T¢ is supposed to be a
constant, a is a given positive constant.

A2- The surface tension coeflicient « is given as a non-increasing affine
function of the temperature.

The boundary conditions are the followings :

BC1- The fluid satisfies a no-slip condition at the boundary of the con-
tainer.

BC2- The temperature at the boundary of the container is constant and
equal to T¢.

BC3- The interface is subject to a non uniform thermal flux Z.

BC4- The interface is in thermal and dynamical equilibrium.

We then write the conservation laws of mass, momentum and energy and obtain, in

a dimensionless form, the following system of partial differential equations for the
unknowns (%, 8,0, f,C) :
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Va=0 inQ (1)
(@.V)& — Divo (@) — Mj =0 nQ (2
iV - plo-n6=0 inQ  (3)
u=0and §=0 onT (4)
g% =—-eZandun =0 on X (5)
o(@)Af- MaQ = onS  (6)

(5) \ o(@)ai+ P+ g f - Ma*a() (71_#2) —C=0 on® (7)

(7———1 ]-c: ; 2) (£1) = £cos(B) (8)
/ 11 o (i) Rfide = 0 9)

/nd:cdy =V (10)

\

where :
e U, 0,0 are respectively :
the velocity field, the temperature and the stress tensor with

o(w) = —pJd+ Rzze('&')
where e(%) = %(V'E + V') and p + % is the pressure

e C is a constant which has to be determined
e ) is a constant equal to
either 1 if we consider an evaporation problem
or -1 if we consider a condensation problem
e I =I(z) is the non-uniform thermal flux
¢ ¢ is a small parameter
o P, is the atmospheric pressure
e o(6) = 6 + 8, is the surface tension, where f, is a constant
o Pris the Prandtl number (cinematic viscosity over diffusion coefficient)
o Re is the Reynolds number (characteristic velocity V* of the flow times charac-
teristic length L* over the cinematic viscosity)
e Fr is the Froude number (square of the characteristic velocity over characteristic
length times gravity field)

e Ma* = (%) /—)L—}V—J where %% is the derivative of the surface tension with re-

spect to the temperature 6, and p is the mass density. Remark that Ma* is related

to the usual Marangoni number Ma, with Ma* = —E.F;'AI{-[ZZ

o V is the volume occupied by the fluid.

Remark 1 Equations (6) and (7) result from the local decomposition of the vector
equation
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o(@)i + (P + 3= )i ~ Cii+ Ma* (a(0)HR — Va(8)f) =0 ,

which express the dynamical equilibrium of the interface.
(o(@) + P + }-];; )7t is the superficial density of force describing the action

of the fluid on the interface.
(a(6)HTR) is, following the classical interpretation of [11], the first variation of the

surface energy, and it measures the forces to apply to obtain a deformation at the
interface.

Finally, (—Va(&)?) is induced by the variation of the surface tension and charac-
terizes the Marangoni type flows.

4 Well-posedness in the neighbourhood of the Cap-
illary solution

4.1 The main result

Our purpose is to prove the following result :

Theorem 4.1 If T belongs to C'*? then :
a/ There ezist a finite sequence of real numbers,
0< A< - <Ag < +oo
and real numbers V > 0, g > 0 and so € (0;1] such that if Ma*Frl, # )\; for all
1=1,---,K then
Vel < €0
Vs € (O,So)
YV >V
VI e CHi(1,8(1))
satisfying the condition I(M(®)) = 0
if B = % with S(I) = Ui:l,Z{Mi}a
there ezists a unique solution (4,6,0,f,C) of (S.) satisfying :
e (e (n,5(9)
€ CI+2(Q,5(9))
o € (ciHi(2,59)))°
feciid,s)
C € IR.

b/ Moreover, there ezists a real number 3, > -72': such that if the angle of contact
B satisfies 0 < 8 < B,, then there ezists a positive number s; > 1 such that the
conclusion of a/ remains true for every s € (1,s;1) satisfying s <1+ 2.

The rest of this section is devoted to the proof of Theorem 4.1.
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4.2 A particular solution of the problem

Let us suppose € = 0 and V = Vg, W, given, respectively in (5) and (10).

In this case, (Z,0,0) = (0,0, constant) satisfy equations (1) to (6) and thanks to
(9), 0 =0.

Moreover, integrating (7) with respect to = between -1 and +1, we deduce that

Co:=C=P, + %;‘—/: — Ma*ycos(B) so that (7) and (8) can be written as :

Flr—f(:c) - Ma‘H—o(\/l)_c:(;)( )2) = %2}:/‘ — Ma'-O_ocos(ﬂ) Veel

F(£1)  _ teos(B)
J1+ fe(£1)?

(11)

where V_ is the volume of the fluid enclosed between the line (y = 0) and the curve
aC_.

But —1 < cos(B) < +1, 7%; > 0 and Ma*8, > 0 and therefore thanks to the results
of [8], [9] it is well known that there exists a unique solution g € C*(I) of (11). This

solution is the so-called capillary solution, and determines the interface of the fluid
at rest.

Remark 2 If § is the solution of (11) for V = V,, then g + %1— is the solution of
(11) for V = V; + V;. Thus, we will choose V large enough, so that g(z) > g > 0
for all z € [—1,+1], where g is a positive constant.

We will denote by V the smallest volume such that the condition above can be
satisfied.

We now state a first proposition :

Proposition 4.2 Suppose 3 € (0,7) given.

Let V =V, where Vp € IR is given and satisfies Vo > V.

Then there ezists a unique solution (ug, 8o, 00,3, Co) of problem (So) for (e =0).
This solution satisfies :

(u-b, 90"70) = (0,0,0)
Co= P, + YQQ——Z}TY—‘ — Ma*84c0s(B)
g € C=(I) is the unique solution of (11).

Proof of Proposition 4.2

It remains to prove the uniqueness of the solution of problem (So).

Multiplying the Equation (3) by 6 and integrating over Q, the open bounded set of
IR? associated to g, we deduce, using (4), that § = 0 in .

Moreover, taking the scalar product of Equation (2) with , integrating over §2o,and
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using Equations (4), (5) and (6), we deduce thanks to Korn’s inequality that « =0
in Qo.

Finally, we deduce from (9) that o(%) = 0, which completes the proof of Proposition
4.2.

4.3 Preliminary result

We establish in this section a result that will be useful in the sequel.
We denote by g the capillary solution of Equation (11) and we set z; = —1, z, = +1.

We introduce the two linear operators £ and B defined for every function p of C%(I)
as

1 +g,( )p(m) Ma*8.H(p()) ,

Bo(z) = (pz ) (o),

Lp(z)

1+ g2

with

zz 9z9=z= J92-(1 — 352) GzJzzz
H0) =155 (1+"2)“+((1+92>3 (1+3 )2>

These operators arise naturally in the linearization of Equation (11).
We are now able to deduce the following proposition

Proposition 4.3 Letl > 0 and s > 0 be two real numbers satisfying s < [ + 2.
There ezists a finite sequence of real numbers

0< A<+ <Ag < +o0

such that if Ma*Fry # ); foralli=1,-.- K

then, for all (a1,a2) € IR? and all h € CH' (I S(I)), there ezists a unique function
p € CLE3(I,5(1)) solution of :

Lp(z) = h(z) Vz € I
Bp(z,-) = a; with 1 = 1,2

Proof of Proposition 4.3
Ezistence of a solution

We first assume that h € C*(I) for some non-negative integer n.
Letting

B = T
@« o[ S0s)
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1
Ma*Frl,’

the problem above can be written as a Sturm-Liouville problem :

{ (r(2)p=(2)), + (4p(z) = 4(2)) p = h(z)
Bp(z;) = a; (i=1,2) ;

thus, using for example the results of Churchill [5, p.260-264] or Ince [10, chap.IX],
we deduce the existence of an unique function p € C"*?(I), provided g is not a
characteristic number (u;);en of the Sturm-Liouville operator, namely a number x
for which the homogeneous system

{ (r(z)p=(z)), + (up(z) — q(z))p = 0
Bplz;) = 0 (i=1,2) ;

possess a non trivial solution. This yields the condition Ma*Frf, # \; for all i € IN

with X; = ‘%‘

But, on one hand Ma*§, and Fr are positive real numbers. Since, on the other
hand, no more than a finite number of the A; are positive numbers [5, Th. 4 p267],
we deduce the existence of the finite sequence mentioned above.

We now come back to the weighted hélderian spaces.
If s > 1, which implies [s] — 1 > 0, we have then C!*](I,S(I)) C Cl=1(I), so that
the existence of a solution follows.
If 0 < s < 1, the previous inclusion does not hold; we use the density of C¥(I) in
CI(I,S8(I)) for all k > [I] + 1, to prove the existence.

Regularity of the solution

Letting

ple) = w(z)Bep (—; [ =(0)at)

then, w satisfies the following ordinary differential equation

wee(2) + ¢(2)w(e) = H(z) Yz € T
(Suar) { (w:: + Btus)o)(a;z) = A,‘ with 1 = 172 ’

where, using the previous notations, we have set :
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b 3ule) 3 E)
Ri(z) 4 R(z) ' 16 R¥(z)’

B; := 3R(.ﬂ:)112

1 .
A; = a;Ezp <Z ‘/—1 —}?(t)dt) i=1,2,
We first consider the similar problem with constant coefficient, namely

Zzz(z) + b.2(z) = H(z) Vz € I
(Sen) { (2o + B,-z)(ai))= A withi=1,2.

Let us prove that z € C\¥3(I,S(I)) for H € Ci*i(1,5(1)).
For z € I, z can be written as :

2(2) = 720(2) + var(2) + 5— / (zo(z — t) — z1(z — t)) H(t)dt

where :

a; =+/—=bif b <0, &y =1vb else

2o(z) = e*® and z(z) = e™1®

~ and v being the solution of the linear system
ay(ve™® — ve™t) + By(ye™™ +ve™) = 4
a;(ve* — ve ™) + By(ye* +ve~) = A, — A, ,

with

_ 1
A, = l/ {(1 + _1_> eor(1-t) o (1 - l) e““(l“)} H(t)dt .
2/ a; a;

For notational convenience, we write z in the form

2(2) = ¥(2)+ [ #la,t)H(e)dt

where
P(z) = yzo(z) +va(z),
d(2,8) 1= gi-(z(z—t)—z(z—1)) .
Thus, using the fact that
Vpe IN , 56271;96(2:,1:) =0,
2 nd(z,2) = o,

we deduce that

Vpe IN with2p+ 1< [l]+3,

2 —_
B2 i(z) = Lrb(a) + 3 oD ka kH(:c +/ = 2p¢(z t)H(t)dt ,
kek,
2p+1 2p+1 _ o2r+1
2 ora(z) = '3%2P—+T¢(w +kX£ zplkak z)+/ azp+1¢“)H(t)
€
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where K; = {0,2,---,2p — 2} and K, = {1,3,---,2p — 1}.

Thus, using the results of Remark 2.3, we deduce that
H € C!*1(1,8(1)) implies z,, € c'+§(1 S(I)).

Then, if s > 1, we have |z|Cx+:(I sny) = 12le |22l + iznlct‘l(I,S(I))

and H € C[*}(1,5()) implies that |H|_ < 400, so that

2@ < WE)I+| [ s nH

< [Wle +210l, 1 H|,
< +4oo,

and thus |z| < +o00. In the same way, we deduce that |z.(z)| < +co.
Thus, for s > 1, z € C:33(1, S(1))

On the other hand, if 0 < s < 1, we have [s] = 0, and thus

|z2(z) — z(y
Fleprsi = o lacl + Sup ELDZ20)
z,y€l y
z#y

t IZ"ICfﬂ(I:S(I)) )

But, for 0 < s < 1,

/2 1 ———dt < +0
1 d = (t) ’

and H € Ci*}1(I1,5(I)) implies Sup |d*~*(z)H(z)| < 400 ,
zel

so that

1 tdi(t)
IREOESYE =" )IH(t)ldt

< Sup |d- ‘(tH(tl/ d“ ——dt < +oo.
tel t)

Thus, we deduce that
@) < e+ [ denBE
< Wl + 10l [ V()

< +oo.

and in the same way, we deduce that |z;| < +oo.
Finally, we have
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|22(2) = z2(y)|

|z — 9|’

)= 9uls) + [ ot 00 [ o) E 0
B ERTH

[ (e~ abtonn) )

lz — y|*

< wz(lz) S0

' [ 560wt H(t)dt!

lz — y|*

)= & ou.t)

<Pl + [ HOIdE Sup  Sup

zyel tel =~y
zF#Yy
e,
+|&d_ i H(t)dt‘
< 400 .

Thus, H € CH*3(I,S(I)) implies that z is in C:33(Z,S(I)), which completes the proof
for the regularity of z solution of (S.,t).

We now come back to the problem (.Sy,,).
Let T be the Green’s function associated to problem (S,:) and II, that associated
to problem (S,q, ).
We have for all z € I,

A(z) = / T(e,t)H(t)dt

w(z) f (z,t)H(t)dt .

We then write w in the form
=/ " (e, ) - T(z,8) H(E)dt + (=) .
-1
Thus, we want to prove that
F(z):= [ (I(z,t) = T(a,)) H(t)it € CHIIL,S()) -

Using the properties of the Green’s functions YT and II, see for example [6, p305],
and in particular that (T — I)(.,t) is C! everywhere, and is a C? function exept
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possibly for z = t, we deduce, proceeding as in the case of constant coefficient, that
H € Cl*i(I,5(1)) implies that F € Ci*3(1,S8(I)), and the proof of Proposition 4.3
is completed.

4.4 Proof of Theorem 4.1

To prove the Theorem 4.1, namely the well-posedness of the problem (S.) for small
enough values of the parameter €, we use an implicit function theorem.

Thus we consider the problem (S.) on a domain 5 obtained as a perturbation of
the domain 2y determined by g.

We transform the problem (S.) on s to a problem on the fixed domain §, and we

then apply an implicit function theorem to a mapping defined on a space of suitable
deformations.

4.4.1 The space P"* of admissible perturbations

Let § € IR*™.
In the following, £ will stand for the open bounded set of IR* determined by the
capillary solution g of (11).

For s € IR™ and | € IR" satisfying s < [ + 2 and (p,7) € (Cfﬁ(I,S(I)))Z, we
define the transformation

MOEEo*—+M6=Mo+5(Pﬁo+77£2:) )

where 7, and £, are respectively the outward unit normal and unit tangent vector
to ¥ at Mp.
s will stand for the set of the points M; so obtained.

(p,m) cannot, of course, be choosen in an arbitrary way.

—_—_—) Ed
Indeed, since the container has vertical rigid walls, MyM; and j must satisfy a
colinearity condition at z = 41, namely :

7 =pg-atc==£1.
Moreover, for simplicity, we choose tangential deformations 7 such that
n(z) = p(z).3.(z) Ve € T .

This choice amounts to considering deformations in the ; direction only.

This kind of deformations is allowed because of the existence of a representation of
Yo in term of a function § of z. For a more general case, namely for a parametric
representation of X, the choice of the deformations is a little bit more complicated
but remains possible. Indeed, we would then choose deformations in parametric
forms, as graphs over .

Then we denote by P"*(I), the space of admissible perturbations.
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4.4.2 Perturbations of the open bounded set Q,
For p € Ph#(I), we set

S5 = {Ms | Ms = Mo+ 6p (7o + §ufo) VMo € Sof

={ M; (5,55) | (”‘”" ) Vzo € (=1,1) }

Ys = §(zo) + 6p(z0)y/1 + g2(z0)

We then associate to p a global transformation x = x(p) mapping Qo onto 5 and
defined as

x=x(p): W — Qb
MO — X(MO))

where

X0 = o(zorte) 20

+(1 — ©(z0,%0)) ( !_]—(’!;:’—05 (g(a:o) + 6p(z0)y/1 + 32(z0) ) ’

where ¢ is a smooth function such that

p(z,y) =0 if hy <y<g(z)
OS(,o(m,y)Slif h; <y<h
p(z,y) =1 if y<h,

where h; > h, are two positive constants.

For é small enough, we can define the inverse transformation x~!, which maps Qs
onto o, as

xt=xp): B — Qo
Ms — X"I(Mo),

where

XM (Ms) = o(zs,ys) ( :: )

s
+(1 = o(zs,ys)) ( ys9(2s) ) :
d(zs) + 6p(zs)/1 + 32(=5)

Thus for § small enough, say § < &, the transformations x and x~! are as smooth
as the function p.

Moreover, if p € B4*(0, 31;), the ball of P"*(I) centered at the origin and of radius

51;, we have

x(e) € (Ci13(00,5(20))"
x7(p) € (Ci13(9%,5(%%)))
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Definition :

Let us suppose that 0 < § < 6.

s will be called a perturbation of the open bounded set §g, if there exists a function
p € Bh#(0, 5%) such that Q¢ = x~*(Qs).

4.4.3 Transformation of the problem on Qs to a problem on the fixed
domain Qg

Let Qs be a perturbation of Q.
Thus, we want to find (ds, 85, 05, f5, Cs) solution of (S.) on Q.

But, Qs is a perturbation of (g, so that this problem is equivalent to finding (%, 4, o, f, C)
solution of

Vi=0 ) in
(2.9) — Divo(@) — M = in Q
@.V0 - plp K6 = in Qo
Z2=0and 8§ =0 on T
gg— = —eTanddm =0 on Lo
o(ﬂ).;?.\ti— Mar28 =0 on g

t
cr(i).;i.;i'—i- P, + T%;f — Ma*a(6) (—1\/—%) —C=0 on X

f(£1) +cos(f)
J1+ F2(£1)

1 v Vv
/ o () HAdz = 0
-1

/r; det(J)dzdy =V

where
e J and J! respectively stand for the jacobian matrix associated to x(p) and
x"*(p)

oV=(J)V,A=V

and where we set :

t V) vt

V,Div=V

[}
e
Il
[~
oy
Q
=

o § = fs50x
® 0 = 050X
o f = fsox
o T =TIs0x

b fi(Mo) = 7(x(Mo)) = 7i(Ms)
o {{Mo) = t{x(Mo)) = t(Ms) -
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4.4.4 Using the implicit function Theorem

We define the function F acting from

- 2
IR x (V,+00) x CH3(I,5(I)) x IR x (C1**(R0,S()))
into

CHI(1,8(I)) x R x R x (CH2(Q,5()))” x IR? as

[ LeVip®)=C
i7).7.7id
/;30 o(%).n.ndz

F:(e,V,p,C,®) — fn,, det(J )dzdy — V ,

U—w

fa(£1) cos
| Vit W)

where

v [VARY) 1 f:!:
L(e,V,p, %) = o(W)mn+ Pa+ —f — Ma*o9) (——) ,
) Fr /1+ sz .

and (%, 6, 0) is the solution of the system

B.V)i — Divo (@) — Mj = 0 in Qo

~~

v

B.V0 — P‘rl72‘eA9 =0in Qo
0

2=0and 8 =00n T,
g%:—eIandﬁ.;i':Oonﬁo

If weset So:= (e =0,V = Vp,p = 0,C = Co,%w = 0), it is clear that F(Sp) = 0.
The main result in the course of proving Theorem 4.1, is stated in the following
proposition : :

Proposition 4.4 Let us suppose s > 0 and [ > 0 given and satisfying s <[+ 2.
There ezists a finite sequence of real numbers

0< A< - <Ak <4

such that if Ma*Frly # X foralli =1,---,K then

a/ There ezists an open neighbourhood Wy of So in IR x (V, 4+00) x CH3(I,8(I)) x
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IR x (C£+2(QO,S(QO))>2 such that F is a C' function on W.
b/ D(,,c,5)F (So), the Frechet derivative of F with respect to (p,C,w) at So, is an

isomorphism from C[33(1,S(I)) x IR x (Cﬁ“(ﬂo, S(Qo))) * onto CH(1,8(1)) x IR x
IR x (C1*2(S0,5(R))) x IR?
Theorem 4.1 is a straightforward consequence of Proposition 4.4.

In order to prove Proposition 4.4, we need several auxiliary results.
Therefore, we introduce the following functional spaces

X = (€420, 8(90)) x C1**(0, S(9%)) x (C%4(9, 5(9%))) /R

Y = CHi(0,5(0%)) x (€1;(R0,8(2)))" x C1_,(0%,5())
x (C1#2(To, 8(T4)))" x CL+2(To, S(To)) X CH2(Zo, 5(Za))
X CH1 (S0, (o)) X CH1(S0, S(S0))

and for § = (¢, V,,C,%) = IRx (V,+00) x CHI(1, S(I)) x R x (C+*(Q0,5(%)))”
we define the linear operator A = A(S) such that

AS): X —Y
(4,8,0) — A(S)(4,0,0) ,

where

A(S)(ﬁ,ﬂ,a‘) = 9|r°

Then, we consider the following problem
Given F = (f)., e Y

find (,0,0) € X such that
A(So)(4,8,0) = F.
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This problem can be formulated as

Given F = (f:); 1€Y
find(@, 6,0) € X such that
— P Al = f in Qg (12)
§=fs onTy (13)
% fr on Xo (14)
and
( Vi=f in (15)
—Dwa(u) M5+ f in Q (16)
'&' = f4 on Fo (17)
Un = fe on 20 (18)
\ a(’&').fi.t-‘= Ma* 33 + fs on X,. (19)

Let Q be an open bounded set of IR*. Let I' be a part of 8Q with endpoints
s@)= U {MO®}

1
Let us suppose that there exist neighbourhoods of M) and functions g; such that,
in the local coordinates system (M(i),ﬁ(M(‘)),f(M(i))), I' can be represented as
y=gi(z)for 0 <z < (.
We will say that I' € C! for s € (0,1), if I belongs to CI*-1 and if
gi € Ci(((], Ci)a {0})

We have the two following results

Lemma 4.5 a/ Let Ty € C1}% and ) € CL13 with a € (0,1).

There ezists a real number ag > 0, such that if s € (0, ) then, for all (fs, fs, f1) €
Cl_,(00,S8()) x CH2(To, S(T'o)) x CLF1(Zo, S(To)) satisfying the compatibility con-
dition g—% = fr at points of S(Qy),

there ezists a unique solution 8 € C*2(Qo,S5()) of Equations (12...14).

b/ Moreover, there ezists a real number a; satisfying

a; > Maa:(ao, ) such that, if Tg € CH*% and o € Ci13 withs € (1, ) and s < [+2,
then the concluszon of a/ remains true.

Lemma 4.6 a/ Let Ty € CH12 and £, € CIA3 with a € (0,1).

There ezists a real number ag > 0, such that if s € (0,a) then :

if (fl,fz - /\Gf,f:,fe, fa+ Ma‘me) € Y1 , there ezists a unique solution (4,0) €
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(CH2(0,5(R)))” x (C1*3(0,5())) /IR of Equations (15...19).

b/ Moreover, there ezists an angle 3, such that, if 8 < [, then there ezists a real
number @, such that, if [y € C!*2 and Lo € Cif{ with s € (1,21) and s <[ +2, then
the conclusion of a/ remains true.

Where Yl is the subspace of Y of functions (91,92, 34, 96, 98) € C:F1 (R, S(00)) x

(C1_5(90,5())) x (C1#2(To,8(Ta)))” X CL2(So, 5(So)) x CHL(So, S(So)) satis-
fying the compatibility conditions :

o [ oz wizdy = [ go(2)dz+ [ Guile(r)y(m)dr
o go(M;) = go.ig(M;)
cHp#T
M - 1 [ = 2. 8 . _ = 0=\
9:1(M;) m nzgt—rg4+605(5) 37296 94--55712 (M;)
+ﬁ§5 [tzat—rg:. + sin(f) (Re.gs - g?—zge + 9—;-3?—2‘52)] (M)

.0 ~ MY= (R _ .9 - 8 = M:
E'Bt_pg ( z) = €.gs B‘t;ge +945{£n2 ( ‘)
2
where S(2) = U {M.} and where ir is choosen so that {p = —Ag for 8 = %
1=1

The proof of Lemma 4.6 is given in [16], and that of Lemma 4.5 follows step by
step that of Lemma 4.6.

From these two Lemmas, we deduce the following corollary :

. Corollary 4.7 The assumptions on 'y and Lo are the same as in Lemmas 4.5
and 4.6. ‘ _
a/ There ezists so with so € (0,1), such that, for all s € (0,s0) and all F € Y
satisfying the compatibility conditions of Lemma 4.5 and /.6, there ezists a unique
solution (4,0, 0) € X of Equations (12) to (19).
b/ Moreover, if B < f., there ezists s; > 1 such that for all s € (1,s,) satisfying
s<l+2andal F € Y satisfying the compatibility conditions of Lemmas 4.5 and
4.6, the conclusion of a/ remains true.

Therefore, we deduce from the result above that A(Sp) is an isomorphism from X

onto the subspace of Y of functions satisfying the compatibility conditions of Lem-
mas 4.5 and 4.6.
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We now give an other useful result.

Lemma 4.8 Let by > 0 be as in §4.4.2.
For0< §< 50,

S5 — A(Ss) is aC! function from IRx(V,+o0)xB"*(0, zlz)xIRx (Cf“'z(Qo,S(Qo)))z
into L(X , Y ), space of linear continuous operators from X into Y .

Proof of Lemma 4.8
The operator A is a linear function of (¢, V, C,w). i
Thus, we have to prove that, for all fixed (e¢,V,C,w) in IR X (V,4o00) X IR X

(Cf“(ﬂo,S (ﬂo)))z, the mapping

A(s) = A(e,V,0,0,8) = BY(0, ) — LX,Y)
p — Alp) ,
is C1.
This mapping can be written as :

p — x7Y(p) — Alp)
Thus, we first consider the mapping p — x71(p).

Let (pn),cav be a sequence of B™(0, 51-5) converging in C133(Z,S(I)) to p belonging
to BH(0, 31;).
We have :

. . _ 0
(00 =X N0 = 5500030 p(ers) )

with §¥,, bounded in C;13(1,S(I)) independently of .
Thus, there exists C > 0 such that

Ix*(pn) — X_I(P)lc:ﬁ(n,,.s(n,)) < élpn - Plc:ﬁ(f,s(f)) )
and thus .
Ble(0, L CH3(05, 5(26)))
(’5‘6) — (:+1( & ( 5)))
p — xp),

is a lipschitz continuous function.
Moreover, and in the same way, it is easily seen that

x Hpn) — x72(p) = L(pn — p) + |pn — Plc:ﬁ(z,su))f(/’n — p) where L(.) is a linear

operator and where £(p, — p) goes to 0 in (Ciﬁ(ﬂg,é‘(ﬂg)))z as p tends to p, in
Ci13(1,8(I)). Using for example the results of [2], we infer that

B0, k) —  (CH(R,5(0s))’
p — x7*p)
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is Ct.

We now consider the mapping

(32, 5(2))" — 1X,Y)
x~p) — Alp) .

A depends on x~1(p) through its jacobian matrix 7! in a polynomial way. Then,
the fact that the function x~2(p) —— J~!is smooth from (Cfﬁ(ﬂg,S(Qg)))z into

(Cfff(ﬂg, S (Qa)))4, make the proof of Lemma 4.8 complete.

We can now prove the Proposition 4.4.
The mapping F can be written

S VI (ds,8s,05) 2 F(S)(Ts,bs,05),

where (us, 85, 05) is solution of A(S)(%,6,0) = 0.

We set Qg := (s, 0s,05).

Thus, we first want to prove that there exists an open neighbourhood W of S; in
IR x (V,400) x CH3(1,8(I)) x IR x (C£+2(Qg,5(96)))2 such that the mapping F;
is of class C! on W.

Let U = IRx (V,+00) x BU(0, ) x IR x (ci+2(2s,5(9%)))’

Let Qs, be the solution of 4(S50).Qs, = 0.

Let n € IR*™.

For § € U such that |S — So|, < 7, let Qs be the solution of A(S).Qs = 0.

Then A(So).[Qs, — @s] = (A(S) — A(50))-Qs.

so that, using Lemma 4.8 :

A(So)-[@s, — Q5]

= DA(So)(S — S0).[@s — Q@s,] + DA(So)(S — S0)-Qs, + |5 — Soly €(S — So)
where DA(So) is the derivative of A at point S and (S — Sp) tends to zero in Y
when S tends to Sp in U.

Thus, using that

- A(S) e (X LY )
-5 +—— A(S)is a C! function
- (@s, — Qs) remains bounded in X ,

we deduce that, when S tends to Sp in U, then A(So).[Qs, — @s] goes to zero in
L(X,Y).

Thus, using that A~(S) remains bounded in L(Y ,X ) thanks to Corollary 4.7,
we deduce that Qs — Qs, = |S — Soly, £(S — So).

Thus Qs = Qs, — A™(So) (DA(So)(S — S50)-Qs,) + |S — Soly €(S — So) where
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E(S — So) tends to zero in X when S tends to So in U, so that DFy(So) = 0 and
there exists an open neighbourhood Wy of Sp in &/ in which S —— Qg is C .

Using the expression of F(S5).Qs, it is now easily seen that the mapping Qs +—
F(5).Qs is CL.

Taking into account the fact that (g, 8o, 00) = (0,0,0), we can see that the deriva-

tive of F at S, evaluated at (p,C,w), denoted by D,.c.5)F(So)(p, C,w), has the
following expression

rrioio + 3 (py/1+ 32 + Duf(%)) —

(V32 (oo + ofolen) + Z(Dus)) (+1)
where we have set

= D,v(p) + Dwa(%) ’
T = D,T(p) + D, T(®) ,

= D,7(p) + Dur(w),
and where the derivative of the mean curvature H with respect to p at g, denoted
by D,H(§).p, is given by

~ zz zzx zz 1-3g z
DPH(g)p = _1‘:_ (1g+g_2_2'pz (g 1+‘g2 gg' 2 2)

(v,T,7) are the solution of the linearized problem

(V.o =0inQ
— -
—Div(1) = AT7 =01in Qq
PrReAT =01n Qq
(Pls,)q v=0and T =0 on Iy

'UTIT =00‘II.20

6;(; =0on Eo
r.ng.tg — Ma* 3T =0 on X,.
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Thus, we are now going to prove that D, ¢.5)F(So) defined above, is an isomor-

phism from CH3(I, 8(1)) x IR x (C1+2(0,5(%)))  onto CH3(Z, S(I)) x IR x IR x
(c+2(00,5(0%))) " x IR.

Therefore, we now show that, under the assumption that , Ma*Frf, # ); for all

.1=1,---, K, there exists a unique solution
(p,C, ) € CEI(I,5(I)) x IR x C1¥*(Ro, (o))" satisfying :

Li(7,T)+ D,£(p) + Lo(W) —C =hy Vz €1

T.19.10dz = C,

f .
[ o1tz =c,
1

| ¥V — W = hy

together with the condition

1+ g2 (Pz + Pﬁ%gf) + %(Dwf(w)) =a4; at z = £1.
Where (9, T, 7) satisfies (Pls,), and where we have set
—_ = o * gz
Li(7,T) = T.ng.ng — Ma*T 71——{-_§§) ,
D,£(p) = 1rp\/1 + 32+ Ma*8.D,H(p) ,
Ly(®) = 3= Do f (%) + Ma*8o Dy H(35) .

First, we remark that for all (h1,Cl,C'z,h~2,a1,a_1) € CcHi(I1,8(I)) x IR x IR x

(Cﬁ”(ﬂm S(Qo))) "% IR?, there exists a unique solution (v, T, 7) satisfying the system
(Plso) :
(¢,T,7) = (0,0, constant).

Moreover, the condition / T.n9.nodz = C; yields 7 = M—eg%z—jjd, where Id states
0

o
for the identity matrix of IR®.
Thus, ¥ = 0 together with equation v — w = h,, gives W = —h,, so that in order to
prove Proposition 4.4, we only need to study
D,E(p)—C=hVzel (20)
1
/ py/1+ g2dz = C, (21)
-1
(p== + pM%";) (z:) =a; fori1=1,2 (22)
1+g; .
with ¢, = —1
To = +1.

But assuming that p is known, then the equation (20) gives
p=(D,£) Y (h + C), so that Equation (21) gives C' as the implicit solution

of /_II(D,,.C)"I(h ~ C) )1 + g2(z)dz = C, .
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Thus, it only remains to prove, for all function h € C'*1(I,S(I)) and all (a;,4a,) €
IR?, the existence of a unique function p € C}*3(I,S(I)) satisfying

D,E(p)=hVz el
(P: + pﬁ%g) (z:) = a; fori=1,2

with =, = —1
Ty = +1

but this is precisely the result given by the Proposition 4.3.
This ends the proof of Proposition 4.4.
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On a dissolution-growth problem with
surface tension : a numerical study

C. DUPAIX(*), D. HILHORST(') and J.F. SCHEID(?)(?)
(*) Laboratoire d’Analyse Numérique, CNRS et Université Paris-Sud, 91405
Orsay, France
(?) Commissariat a I’Energie Atomique, B.P 6, 92265 Fontenay-aux-Roses,
France

Abstract. We consider a one-phase Stefan problem with surface tension in
space dimension two. We show how this problem arises from corrosion phe-
nomena and present a numerical solution, based on a finite element method
for the discretization in space and on two alternative methods for tracking
the moving free boundary.

Résumé. Nous étudions un probléeme de Stefan & une phase avec tension

superficielle en dimension deux d’espace. Apres avoir montré comment ce

probléme modélise un phénomene de corrosion aqueuse, nous en donnons
’ . ’7 . ’ ’ 717 .

une résolution numérique basée sur la méthode des éléments finis pour la

discrétisation spatiale et sur des techniques fines de déplacement de fronts.

AMS : 35K15, 35R35, 80A22, 65N30, 65N50.

Key words : Stefan problem with surface tension, free boundary, finite el-
ement method, front tracking methods
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On a dissolution-growth problem with surface

tension :
a numerical study

by
C. Dupaix(!), D. Hilhorst(*) and J.F. Scheid(?)(?)

(*) Laboratoire d’Analyse Numérique, CNRS et Université Paris-Sud,
91405 Orsay, France
(?) Commissariat a I’Energie Atomique, B.P 6,
92265 Fontenay-aux-Roses, France

1 Introduction

Many physical processes involve a solid phase in contact with a liquid phase. These
phenomena are accompanied by a change of the geometry of the interface between
the two phases. We are interested in the evolution in time of these interfaces. This
paper is devoted to the study of a dissolution-growth process appearing in corrosion
phenomena where typically a metal is in contact with a liquid and where the two
phases evolve while exchanging mass. The physical model described in Section
2 leads us to study a one-phase Stefan problem in space dimension two for the
concentration C(z,y,t) of the chemical species passed into the liquid phase £; and
the interface I'; between solid and liquid.
In Section 2 we derive the following basic equations for C' and T :

C, = DAC in Q, (1)
DY = (§-C)V, Ty, (2)
V, =kV (C’ - ae"K) onTI}y, (3)

where v is the unit normal vector to the interface I'y, V, is the normal velocity of
Iy, K is its mean curvature, D is the diffusion coefficient, V is the molar volume
of the solid compound, « is a kinetic constant,  is the saturation concentration of
the solution and < is proportional to the surface tension of the interface I';. Closely
related models have been developed by Conrad & Cournil [6] and Gruy & Cournil
[7). The aim of this paper is to present a numerical solution for corresponding
boundary value problems.

In Sections 3 and 4, we describe a numerical algorithm. An essential difficulty
is the variation in time of the space domain. The idea is to successively solve at
each time step the equation (3) for the interface motion and then the equations
(1) and (2) for the concentration. We suppose that I'™ := T'pas, Q" := Q¢ and
C":=C(.,.,nAt) are known and we want to compute I'"*! and C™*1. We proceed
in two steps :
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(i) we use an explicit scheme for computing I'"**?;

(i) we discretize the equations (1) and (2) by means of a semi-implicit scheme
in order to compute C™*! on Q"+,

Section 3 deals with step (i). We adapt two different methods for tracking the
interface. The first one, which is due to Ikeda & Kobayashi [8], consists in moving
each point of the discrete interface by computing an approximate normal direction
and an approximate value of the mean curvature at each vertex of the discrete
interface. In the second method, which is due to Roosen [11] and Taylor [17], [18],
one displaces the edges of the discrete interface by associating a mean curvature
value to those edges.

The fact that we deal with a one-phase problem and that we do not known any
phase field approximation makes it necessary for us to use a front tracking method
rather than phase field computations as it is done by Caginalp & Socolovsky [5] or
a level line method as presented for instance by Osher & Sethian [9] or Sethian [16].

In Section 4 we discretize the equation for the concentration. We use a semi-
implicit scheme for the discretization in time and a finite element method with
piecewise linear basis functions for the discretization in space. In this paper the
triangularization varies in time so that the discrete interface coincides with edges
of triangles at each ti.ne step, whereas some previous computations were performed
with a fixed mesh [13].

We give numerical results in Section 5 and show how they are compatible with the
qualitative properties of the solution. In particular in the case that a homogeneous
Neumann boundary condition is given on the uppzr boundary of the space domain,
which corresponds to the case of a closed physical system, one numerically verifies
that the concentration converges to the saturation concentration a as t — oo

and that the integral /ﬂ (1 - C(z,y,t)) dzdy, namely the total mass of the solid, is

conserved in time. On the other hand in the case that a constant Dirichlet boundary
condition is given on the moving upper boundary of the space domain, one observes
that the concentration C and the interface I'; converge to a travelling wave solution.
Finally we remark that in all the cases that we consider the free boundary does not
develop dendrites and stabilizes for large time.

Boundary value problems associated to equations (1), (2) and (3) have also been
study from an analytical point of view. For the local existence and uniqueness of a
solution in the case that the interface is parametrized in the form y = f(z,t), we
refer to [14]. For the existence and uniqueness in the neighborhood of a stationary
solution we refer to [1], and the local existence and uniqueness of the solution in the
case that the interface is a smooth simply connected curve is proven in [2].

2 The physical model

2.1 The basic equations

We consider a system composed of a solid phase of a single compound and an
incompressible liquid phase which is a dilute solution of that compound. The
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time evolution of this system induces mass transfer processes : a homogeneous one
which consists in a diffusion process in the fluid and a heterogeneous one, namely a
dissolution-growth process, located at the interface between solid and liquid.

Let 2, denote the liquid phase and I'; the interface between solid and liquid. Let
C(z,y,t) represent the concentration of the chemical species passed into solution,
depending on the space variables (z,y) and on the time ¢.

The equations governing the evolution of the concentration and of the interface
are deduced from the following physical laws.

1) Mass transfer

We suppose that the liquid is at rest and that at every point of the interface the
volume decrease of the solid is exactly equal to the volume increase of tk - liquid, so
that the convective velocity can be neglected. Moreover we also disregard all other
fluxes (e.g. gravity induced flux, thermal flux, etc...) with respect to the diffusion
flux. If we denote by J the diffusion flux, the first Fick’s law gives

J=-Dgrad C, (4)

where D is the diffusion coefficient.

Let w; be an arbitrary subdomain which can be decomposed into w!, the liquid
part and w! the solid part, i.e w; = w! Uw}. By the conservation of mass in w;, w;
contains the same number of particules at each time ¢ :

d d 1
E(/‘U:Cdzdy>+a—£</w dedy)_o, (5)

s
t

where V is the molar volume of the solid compound, so that 3 represents the
concentration in the solid phase. Let v! (respectively v*) denote the inward unit
normal to Aw! (resp. Ow!) and V,: (resp. V,.) denote the normal velocity of dw!

(resp. Ow}). We deduce from (5) that

1
/, Cudady - [ CVdo— [ ZViudo =0. (6)

Let V, denote the normal velocity of the interface and let T be the part of the

interface contained into w;, i.e. I' =Ty Nwy.
Using (6) and the fact that J.! = C V., we obtain

1
/ Cudzdy + L (- C) Vo [ Jdiz =0, (7

Equation (_7) holds for any subdomain wy, in particular if we take w; = w}, that is
wf =0 or I' = 0, equation (7) reduce to :

/l Cidzdy = Jdo . (8)

1
Buwy
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Moreover it follows from (4) that

8C
y Jitde = —D 97 =D /w  ACdzdy (9)

and consequently that
/ Cidedy =D / ACdady .
Hence, we obtain the diffusion equation

C,=DAC , ( 10)

in the liquid domain. Then, substituting (10) into (7), we deduce using (9) that

1
A(V—C’)%daﬁ-‘/l_‘J.udo—O,

where ¥ is the unit normal to I'; directed towards the fluid. Therefore, we obtain
the equation at the interface I';

ocC 1
—J.V—Dav—<V—C>V,,. (11)
ii) Dissolution-growth of the solid
We suppose that the rate of dissolution or growth of the interface, follows the law
V. = h(C,K), where h is a kinetic function, depending on the reaction pattern
modified by the mean curvature K of the interface.

We consider an interface reaction of first-order and a Gibbs-Thomson law [10] to

introduce dependency on the mean curvature. We suppose that the kinetic function
is given by

h(C,K) = &V (C - Soe™) ,

where k is a kinetic constant, Sp is the saturation concentration of the solution and
~ is proportional to the surface tension of the interface. With the particular choice
of the kinetic function h, we obtain (3) which +-e substitute in (11) to obtain

p% _ v (-1- - c) (¢ - SoeX) . (12)

The kinetic law (3) is valid only when the argument of the exponential is not
too large which is verified in the experimental context where values of K do not
exceed 2. In practice, it turns out in the numerical experiments that if we choose
an initial interface satisfying yK ~ 2, then YK remains of order 2 or less at all later
times.

Finally we remark that the choice of the kinetic function A is not unique. Another
type of interface reaction could have been used, for example a reaction of second

order where the kinetic function h is a quadratic function of the concentration C
[4].
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2.2 Boundary and initial conditions

We consider two kinds of problems :
1) The Neumann problem
The upper boundary ¥ of the domain , is a fixed plane {y = M}. The concentra-

tion C satisfies the Neumann condition 2€ = 0 on I.

i) The Dirichlet problem ”

The liquid domain Q, is a diffusion layer. The upper boundary %, = {y = d(¢t) + M}
of 2, moves in such a manner that the area of the liquid domain §; is conserved in
time. The concentration C satisfies the Dirichlet condition C = g on %;, where g
given.

Moreover we suppose that C and I'; are L-periodic in the z-direction. This
assumption enables us to transform tie problem into an equivalent one where the
new domain, which we still denote by 2;, is bounded in the z-direction, with z
varying in (0, L). Then C and T satisfy periodicity conditions.

We assume that I'; does not have more than one point on {z = 0}, namely I'; can
be parametrized by the z-coordinate in a neighborhood of {z = 0}. Without this
assumption, the periodicity condition would have to involve all the points of I'; with
z-coordinate zero. However the numerical study shows that if the initial interface
is parametrized in the form y = fo(z), then the interface keeps being parametrized

by z for all positive times, which justifies this assumption for the dissolution-growth
problem.

Then the periodicity conditions are given by :

Cc(0,y,t) = C(L,y,t)

(13)
%%(anat) = %%(Layat) )

and if we parametrize the interface I'; by its arc length, i.e.

I,: [0,]] — IR?
s — (z(s,t),y(s,t)) ,

then
z(l,t) = z(0,t) + L, ‘y(I,¢) = y(0,¢)
9z(0,1) = 82(1,1), (0,)=%(1,1).

Finally, periodic initial conditions are given for C and T} :
I'i=o = I'¢ and C(z,y,0) = Co(z,y), (z,y) € Qo ,
where (g is the initial liquid domain.

(14)
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2.3 Dimensionless equations

In order to obtain dimensionless equations, we set

Some easy computations show that C and f‘; satisfy the following rescaled equa-
tions, where the tildas have been omitted

C:=AC in Q (15)
%—S— =(1-C) (C’-—ae"K) on T (16)
316/':0 onX,t>0 (17)

(P1) j or
C=gonk,t>0 (18)
C satisfies (13) (19)
\ C’(:c,y,O) = CO(z’y), (:B,y) € Q'0 (20)
(V,=C—cae® onT (21)
(P2) T, satisfies (14) (22)
| Te=o=To, (23)

where Q = {(z,v,t), (z,y) €, t >0} and I = {(=,y,t), (z,y) € T:, t > 0}.

2.4 Some bounds on the concentration

With the scaling of Section 2.3, we have that

0 < Co(z,y) <1 forall(z,y)€ N, ( 24)
and
0<g<1. ( 25)

One can formally show, by means of the maximum principle that (24) and (25)
imply a similar property for the concentration C, namely that

0<C<1 inQ. ( 26)

From now on we suppose that the conditions (24) and (25) are satisfied so that
(26) is satisfied as well.
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3 Discretization of the interface equation

This section is devoted to the numerical solution of the equation for the displacement
of the interface
V,=C —aeX on I .

We do so by means of an explicit scheme, namely
V, = C™ — ae"X(nAt) on I'*,
where I'™ := Tpa¢, Q7 1= Qua¢ and C™:= C(., ., nAt).

Since V, = %%‘(nAt).&‘(nAt), we compute the interface at time t**! = (n + 1)At
by means of the formula

I“1.j(nAt) = T".5(nAt) + AtV, .

Hence, the knowledge of I'* and the computation of the normal velocity V, permit
to determine I'"*!. We now present two methods for moving the interface and
computing its curvature.

Let P! be a point of the discretized interface at time t® = nAt and let CF =
Ch (P*,nAt), where C}, is obtained by a discretization in space of the function C
(see Section 4 below). Let {P"}F! be (I + 1) points of I' saisfying

e(Pr)=0 ; z(Pf,)=1L; )
y(Pf) = y(P1)

y(Pr)—y(Pr) _ u(PRa) —u(Pp) | (27)
PrPy PpPp

The interface I'* is then approximated by

i=1

I
h= {U [E“,Pi'll] ; satisfying (27)} ,

where the notation y(P) stands for the y-coordinate of the point P, and with the
convention that the liquid part lies on the left side of the interface when one follows
'™ from s = 0to s = L.

Let p be a positive integer and set At; = épi We also set I'"° = T3, Cp° = Cp
and for ¢ = 1,...,p we define

I
= {U [P™, PY{]; satisfying the same as (27)} ,
i=1
and C;" = Ch (P, nAt) .

We adapt two methods. In the first one, due to Ikeda and Kobayashi [8], one
moves the points P["? so that one has to compute at those points an approximate

41



normal direction and an approximate value of the mean curvature. In the second
method, due to Roosen and Taylor [11] (see also [17] [18]), one displaces the edges
[P%, P}1] of the discrete interface and associates a normal direction and a mean
curvature value to those edges.

3.1 Adaptation of the method of Ikeda and Kobayashi.

Motion of the discretized interface
For ¢ =0,...,p — 1, we obtain I'}"**! from I'"? by computing the displacement

_——

PMPMY = Aty [CF% — ae™ W] 578 ( 28)
fori=1,.--,I+1, where K7 is the curvature of the circle circumscribed about
the triangle (P[], P™%, P[}}), and 7;{ is the unit vector at P pointing into the
liquid phase, and perpendicular to the segment [P, P}{] as shown in Figure 1
below.

More precisely, V4; and K} ; are given by the formulas

J.P;,_, P,
Dhi = it el s 8 , ( 29)
| Pi_1Piy1 |

0 1
whereJ—(_1 0) , and

2 det (PiPi—l’ ) PiPi+;)
Kh'i = > > >y
| PiPi_y |.| PiPiys |.| Picy Piyy |

(30)

In view of the orientation that we choose for the interface, we remark that the
mean curvature K} ; is positive when the solid part enters the liquid one at point
P,.

Also note that the method is of order 1 for the computation of the normal and
of the curvature. (see Appendix A).

Furthermore, we deduce C;"*! from C}*? by the formula

—_—

1 1 ’
C{"l,q-{- = Ch (Pin‘q-*-l ’ nAt) >~ Ch (P“n'q, 'nAt) + Pin,qpiﬂ,q-l' . VCh (Pin, nAt) )
in which we substitute (28) and in view of the interface condition (16), this yields

CPe*t = O 4+ Aty [CF9 — ™" (1 - C7) . (31)

42



Hence, I'3*! = T}® follows from solving (28) and (31) for ¢ = 1,---,I + 1 and
g=0,---,p— 1L

The time step At; is chosen in order to avoid numerical instabilities. Moreover
we have to control the length of line segments of I'y'? in order to prevent some pos-
sible self-intersections of the interface. We do so as follows :

Control of the edges
Let lnaz > lmin > 0 be two given real numbers.

_
1. If | P P71 | < lmin, we consider the midpoint of [P"?, P{] as a new vertex

and remove P,"? and P[}3.

—_—

2. If | PP > gz, we introduce a new vertex P4 . If P™? would be taken
1 1+1 i+3 i+

as the midpoint of the edge, it would be a point with zero curvature. Thus,
in order to avoid this problem we use an idea due to T.I. Seidman [15] (see
Figure 2 below).

We suppose for simplicity that K7 # 0 and K[} # 0. Let C; and Ciyy be
the circles of radii R; and R;;; circumscribed respectively about the triangles
(P23, P, PYY) and (P4, P13, PS). Let (Di+ ) be the mediatrice line

1
2

1

of [P%, P}i]. Let M; denote det(Pi"‘qPi'l“I}, P-""qP{:jé) and N(P) denote

det{ PP, PP}

We then define

N; = {(D,_*_%) ﬂC,-} with M,‘N(Ni) >0,

an

N,‘+1 = {(Dt+%) ﬂC,-+1} with M,‘+1N(Ni+1) > 0.

This condition means that N; is the intersection point of the mediatrice line

_—
D;,1 with the circle C; and that the angles between the vectors P[P}

. 775)

_— - —_— _
and PP{ and between the vectors N;P["? and N;P[}{ have the same

orientation. Finally, we set the new vertex P;, 1 as the midpoint of [N:y Nita).

As it is shown in Appendix B, one can check that the curvature corresponding
to point P, +1 is approximately equal to the average of the curvatures corresponding

to the points P/*? and P}3.

3.2 Adaptation of the method of Roosen and Taylor.

We propose here an alternative formula for computing the curvature which was pro-

posed by Angenent & Gurtin [3] and Taylor & al. [17], [18] in the case of crystals
with polygonal edges.
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Motion of the discretized interface

To each edge [P;, Piy1], we associate Vpitl, the unit normal to the edge pointing
into the fluid, and the curvature K"v"‘*"’i'

This is done according to the formulas :

J.P,P
gh,i+‘5 = —:__—,—“H ) ( 32)
IPiPi+1 |
and Sic 1 g 8:iiq Qs
Kh,.H.% — _( 1,1—1 9;,1—1 + 1,141 gi,t+1) , ( 33)
| P;Piy1 |

where

1 = Upuiyd Vhjtl

- . 271/2 ?
1~ (Bhivy Phiss)

9ii =

and

6;; = +1 if they are adjacents and the solid enters
into the fluid (concave case),

= —1 else.

Note that this method is of order 1 for the computations of the normal and the
curvature (see Appendix A).

As mentioned above, the motion by mean curvature of the interface is imple-
mented by moving each of its edges. Thus, w- need another description of the

discrete interface. We associate to I'}, the set I't = {( ;11’1?4,3) 1=1,--- ,I} ,
2 2 2

—_—

where P’.’;% = %(P{‘ + Ph,) and 7 L= PP, |, and we define the vector C’;_‘

of components (C7); :=CF; = %(C{‘ +Cn,), i=1,...,1.
2 2

1

In the same way, we define the set I'1" and the vector CT? for ¢ = 1,---,p, and
2 2

l

we set I'7° = I'7, Cr° = C7. Moreover, to each edge (
2 2

1 ) we associate
2 2

n n
3 -1‘, . 1
1+37 1+g

D';'f’+1 and K}':‘?+, as defined above and we denote by (B:ﬁ) the whole straight line
1T 3 2 1+3

]

containing this edge.
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Then I'p*! = I'}'” is obtained by solving for ¢ =0,---,p—1,

_—
~K™1
n,g n,qg+1 __ At C"vq _ h|+§ —n,q
P,+,P1+, 1|¥igr — @€ Vitl

fori1=0,.--,1 -1,

Pﬂy<1+1 — Bﬂ-9+1 n B”;‘I"{'l for i — 1, e ,I ,
and Pp}Y AR ca.lculated from the periodicity

condltlon for the interface

n,g+1 _ n,q
cy" = C;" ,

K™9
+ An[op - e (- o)
| fort=1,---,]+1.

Control of the edges
As in the case of the previous method we have to control the lengths of the segments.
Let lmgz > lmin > 0 be two given real numbers.

_—
1. If | P™*P}1 | < linin, we consider the midpoint of the edge as a new vertex and

remove P and P}5.

_—
2. If | P™P7}| > lmas, we take the midpoint of the edge as a new vertex.

Moreover, the method requires another kind of test. Indeed, the calculus of P?
as the intersection of the two lines B]"% and B':'_q, can generate what Roosen &
2
Taylor [11] call flipped-segments. This corresponds to the case vh’q+1 ':'q+1 <0.If

2
it happens, the vertex P/"? is removed. The Figure 3 below gives an example of

such a segment.

4 Discretization of the equations for the concen-
tration

To begin with we give a weak formulation for the diffusion problem (P;). Since the
space domain (2, depends on time, we are led to introduce function spaces which
depend on time as well. Fort > 0, weset S; = {v € H* () ; v|z=0 = v|z=r}. (Fora
domain 2, we denote by H!() the space of square integrable functions with square
integrable first derivatives).
We also introduce the spaces H; and V; defined as follows :

(i) in the case of a Neumann boundary condition,

Ht=Vt=St,
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(12) 10 the case of a Dirichlet boundary condition,
ng{UESg; 'v=00n2t}
Vi={v €S8 v=gon L;:}.

Next we define the set
Qr :={(z,y,t), 0 <t < T and (z,t) € Q:}.

We assume that the interface I'; is smooth enough. We multiply equation (15)
by ¢ € H; and integrate by parts on ;. We obtain the problem

Find C € H'(Qr) with 0 < C <1 such that

(’L) C(:B,y,O) = CO(zay) (way) € Qo;

(it) C(t) € V; for a.e. t € (0,T);

(34)

B )

(i22) /r“n. Cip dzdy +/n, VC’Vgod:cdy-}-/m Cepdo ‘/;'C pdo
vK — ¥K

+a I“C’e pdo a/I:'e pdo

| for ae. t € (0,T) and for all p € H, .

4.1 Discretization in time.

Next we show how we discretize in time Problem (34). For all ¢ € H(n41)as and
for all integer n € [0,(T — At)/(At)], we associate to problem (34) the following
discretized problem.

( Find C™*! € V(nt1)ae such that

1

Qn+1

| = Klf - Crodzdy + a/ e"K"Hgoda

I‘n+1

for all ¢ € H(nt1)ae and for all integer n € [0,(T — At)/(At)] ;

(ii) C’O(:c,y) = CO(m,y) ("c,y) € o,

\

where C™ is an extension of C™ to the domain Q7+1. We will explicitely show such
an extension after having presented the discretization in space.

4.2 Discretization in space.

We use a finite element method.
Before discretizing in space Problem (35) we introduce some notations. We
denote by Q71! the discrete approximation of the domain Qnt+1)ae and by Tt a
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triangularization of Q%! such that to each point of the boundary {z = L} there
corresponds one point having the same y-coordinate on the boundary {z = 0}.

Furthermore we denote by N™t! the number of nodes of 7,"** of z-coordinate stricty
less than L.

Next we introduce some discrete approximations of the function spaces, namely
gri1_ [vmEC (95%7) for all K € T+,
h vy, is linear on K and vx(0,.) = vx(L,.)
In the case of the Neumann boundary condition, we set
HEt =Vt = SpH

and in the case of the Dirichlet boundary condition we set

Ht = {vh € Sptt, vy =0on EZH}

Vit = {on € S;*, v =gon Tp}

where }*! is the upper boundary of Qp*'.

Nn1
Let {(p"“} " be the piecewise linear basis functions of SP*! (they take value
one on one node and vanish at all other nodes). We decompose the approximate
solution C}*! on this basis,

Nn+1

C’,’:‘"l(m,y) = Z Ciﬂ+1 ?+1( 'Y), (z,y) € Q’I:H’

i=1

where CI't! = C7t1(Pr*1). In the same way

N'n+l

Ch(zy) = 2 Crei™(zy)  (9) € 37,
=1,

K™ (z,y) = E eftloit(z,y) ,

with

X% if the node P! of T, belongs
e = to the moving interface,
0 elsewhere.

Furthermore we decompose (CFCr*!) and (CJ+1e® ™) according to

Nn+1 _
CrCrti(z,y) = Y CrCrteiti(z,y),
i=1
Nn+1
n n+l1 n n n
Ch+1€7K ' (z,y) = Z G +lei+1‘Pi+1(1‘,y)-

=1

47



In the case that a Neumann boundary condition is prescribed we obtain the
linear system :

[ Nn.+l

>, o [Kli /m“ ertleitt dedy + / VeIt Vet dzdy+

=1 h

+ (1 -Cr+ ae?“) / prtipitt da]

(136)

Nn+1

_ Z [At ’.'/Y'IM1 (p:z+1 nH go dy +aen+1/ (pf“go;““ da},
h

forj=1,...,Nrtl |

One obtains a rather similar system in the case that a Dirichlet boundary con-
dition is prescribed on the upper boundary of the domain which is then moving.

Construction of the extension C} of C} to the domain Q}*!.

We now describe the construction of the extension CJ of CJ to the domain Qp*.
Let P! be a node of Q}*!. Either

(i) P! € QF and Ch(P*?) is computed by linear interpolation in the triangle of
T,**! containing P71,
or

(ii) P! ¢ QF and P! is located in a neighborhood of the interface I'7.
First of all we suppose that PP is a node of I'} and P/**? the corresponding node

I'7*! obtained by moving the free boundary, i.e. by computing the displacement
n
PrPrY = At[CF — ae™Rs] 7, (37)

We use the approximation formula

—

—
CR(PF*) = Cp(PM)+ PPPF.NCp(PP),

so that in view of the equation (37) and by means of the interface condition (16),
we obtain

CR(PI*Y) = CF + At [OF — e )" (1 - O7).
Then we choose
Crr = Cr + At[C! — aexp (vK(PP))* (1 - C7),

on the discrete interface I'pt?!.

Otherwise, if the node P7*! is strictly located between the two interface I'} and
I'7*!) we determine the quadrangle (P;‘,P,:‘,P;‘“,P,:‘“), where P7*, Pl € I'} and
PPt PPt € T, which contains P**! and interpolate in this quadrangle the
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value of CJ at PM*1.

(iii) P ¢ QF and P! is located above 7.

In the case of a Dirichlet boundary condition on the moving upper boundary
£p*1, when T}t! is above I7, we have to extend C beyond to T} up to Z3*!. In
this case we set C = g, in the whole part delimited by it and T7.

Two variants of the conjugate gradient method have been used for solving the
linear system (36) : BI-CGSTAB which was introduced by Van Der Vorst [19] and
GMRES introduced by Y. Saad & M. Schultz {12]. No significant differences in the
results were observed.

At each time step a new triangularization is generated by means of the mesh
generator Modulef in such a way that the nodes used to move the interface are
degrees of freedom of the problem. An advantage of this method is the possibility to
refine the mesh in a neighborhood of the interface without increasing too much the
cost of the numerical computations. Furthermore, a part of the triangularization of
the domain may be fixed, at least for a number of time steps. The main draw back
of this method is that since, at each time step, at least on a part of the domain

the triangularization changes, we have to interpolate the value of the concentration
there.

5 Numerical results

In this section we present and discuss a number of numerical results; some have been
obtained with a homogeneous Neumann boundary condition on the fixed upper
boundary of the space domain while others have been obtained with a Dirichlet
boundary condition on the moving upper boundary (cf. Section 2.2 (i) and (i) ).
The computations have been performed with the method of Ikeda & Kobayashi for
tracking the moving free boundary. In the case of the Neumann boundary condition,
we present a comparaison test between the methods of Ikeda & Kobayashi and of
Roosen & Taylor.

5.1 Domain of variation of the different parameters.

The main parameters to be chosen are the initial concentration Cj, the initial in-

terface Iy, the value of the saturation concentration a and the value of the surface
tension o.

(1) Typically initial concentrations are given by Co = 0 and Cy = 2a.

(i) Most of the tests have been performed with taking as initial interface the function

2Tz

y = fo(z) = bsin <T) . zelo,I] ( 38)

with b = 4 107®* m and L = 15 107® m. More rapidly oscillating or less smooth
initial interfaces have also been considered (see test 2 in Section 5.2 and test 4 in
Section 5.3).

111) o is chosen as a multiple of the value Sy = 1.42 10® mol/m?® which corresponds
P P
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to the saturation concentration of copper, for example a = 305,.

(iv) Two values of the surface tension o have been chosen, ¢ = 0 and o = 30. The
value of the constant v is then given by v = 6 107® 5. When there is no surface
tension, i.e ¢ = 0, singular points may appear on the interface in finite time : this
is due to the fact that the interface then satisfies a first order equation.

The other parameters, i.e. the diffusion coefficient D, the molar volume V of the
solid and the kinetic constant «, are fixed and take the values D = 107® m?/s, V =
7.09 107 m3/mol and & = 7.09 107° m/s.

5.2 The case of a homogeneous Neumann boundary condi-
tion.

The height M of the fixed upper boundary is given by M =6 10 m

Before describing the numerical results, let us make some remarks about the solu-
tion.

(1) The concentration satisfies a conservation law, namely the total mass of the
solid is preserved. Indeed coming back to the dimensionless equations, integrating
(15) by parts over §; and using the boundary conditions (16), (17), (21) we find that

[ (1-0), dedy = /r,(l" C)V, do,
but since

gz/n'(l—C)d:z:dy=/‘;t(1—C)tdzdy——/rt(l—C)Vyda',

we deduce that for all ¢t > 0
[ (1-0) dedy = /n (1 — Co) dzdy . ( 39)

When performing numerical computations, we systematically compute the quantity
/ (1 = C) dzdy. A numerical observation is that this integral varies slightly in the

first steps of the computation and becomes constant afterwards; in order to remedy
the variation for small times, we take smaller time steps 1mt1a]ly and let them in-
crease with time.

(ii) Suppose that 4 > 0. A numerical observation in the case that I'y is parametrized
in the form y = fo(z) is that the pair (C, I';) converges to (a, constant) ast — +oo.
Next we show how one can compute this constant.

Suppose that

lim C(t) = a.

t—+o0
Letting t goes to +oo in (16), we formally deduce that for v # 0,
im K(t)=0,

t—+4o0
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which means that the free boundary converges to a plane {y = y} as ¢ tends to
~+00.
On the other hand, letting ¢ tend to +co in (39) and using that [Qw| = (M — Yo )L
gives
1
- 1—
(1 -a)L Ja, (

This also provides a criterium for checking the validity of the numerical programs.

yoo = M Co) d:ndy ( 40)

Next we present the results of some numerical computations.

1. The case that Co =0, a =305y, 0 = 0.

Applying formal arguments based on the maximum principle one can check that
0 < C L asothat V, = C—a < 0. Therefore this case only involves the dissolution
process.

The curves presented in Figure 4 show the interface at several times starting
from time ¢ = 0. Clearly the interface decreases in time and converges to some
nontrivial stationary state. In fact we remark that every solution (C, f) with C = a
and f arbitrary is a stationary solution.

2. The case that Co =0, a = 305y, o = 30.

Both dissolution and growth occur here and as it has been discussed above the
solution converges to a constant as ¢ — +oo.

Figure 5 shows the time evolution of the interface, whereas Figure 6 represents
the concentration in the all domain at times ¢t = 10s, ¢t = 1700s and ¢ = 4200s.

The process seems to exhibit two stages : in the first one, only dissolution occurs
and the concentration C on the interface stabilizes to the saturation value : Figure
7 shows the time evolution of the mean concentration on the free boundary; in the
second stage both dissolution and growth occur and the interface converges to the
constant y. as t increases.

We show on Figure 8 the variation in time of the quantity / (1 - C) dzdy for
1
three different sets of time steps : At, At/2 and 2A¢. We remark that the variation
of / (1 — C) dzdy decreases as the time steps become smaller. The relative error
Q¢

is of order 0.1%.

In Figure 9 we present error estimates, when multiplying and dividing the time
steps by 2, namely the quantities

(a) e%‘At — HfAt - f2At”L2(0,L)
| faellz2go,z)

and (b) ezt/2

where we suppose that the interface I'; is given in the form y = f(z,t). Note that
el,, and efAt/2 are respectively of order 1% and 0.5%. Similarly we have computed
relative errors €3, /,(t) and e§,,(t) for the concentration on the interface. The errors

are very small since e$,, and €%, /2 Tespectively have a maximum value of order
0.25% and 0.125%.
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Finally we compare the two methods for tracking the front. In Figure 10 we
present the relative error of the computation of the interface when using the algo-
rithms based on the methods of Ikeda & Kobayashi and of Roosen & Taylor. Note
that the error is at most 0.1%.

We show in Figure 11 the relative error of the computation of the concentration on
the interface. This error is at most 1.75%.

Moreover the relative error for the computation of the asymptotic value y, of
the interface as t tends to +oo is equal to 0.8% in the case of Ikeda & Kobayashi,
whereas it is equal to 1.6% in the case of Roosen & Taylor.

Two more numerical tests have been performed with different initial data. Figure
12 represents the time evolution of the free boundary in the case that the initial
interface is given by

. [27z . (87z
y= fo(z)=b [sm (—) + sin (—-—)] , ¢€[0,L],
L L
with$=410°m, L =1510"® mand M =1 1075 m.
Figure 13 shows the time evolution when starting from a rather singular initial
interface; we note the regularization in time of the free boundary.

5.3 The case of a Dirichlet boundary condition.

This case is characterized by the existence of a planar travelling wave solution where
the interface T, is given by f(z,t) = fo + vt, where fo, = constant is the initial
interface and the concentration is given in the form C(z,y,t) = U(y — vt — fo).
In fact we can compute the expressions of the dimensionless quantities v and U,
namely if we set
z =y —vt— fo,

then

U(z)=14+(v+a—1)e", (41)

and v is the unique solution of the algebraic equation
(v+a-1e"M=g-1, ( 42)

where g is the value of the concentration on the upper boundary and M is the height
of the initial upper boundary. It turns out that there is growth, i.e. that v > 0,
when a < g < 1 whereas there is dissolution, i.e. v < 0, in the case that 0 < g < a.
If g = a, the travelling wave solution reduces to a stationary solution of the form
(Cooy ') = (a,y = constant).

From a chemical point of view, one would expect the travelling wave solution U
to be linear in z instead of having the exponential form (41); however for practical
purposes it does not matter too much since the profile of U is very close to linear.

The height M of the initial upper boundary is given by M = 6 107® m. The
saturation value o is fixed and equal to 30S5,. On the upper boundary three values
of the Dirichlet data g have been chosen, i.e. g = 0 which corresponds to a global
dissolution process, ¢ = « which in view of (42) implies that v = 0 and g = 2«
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which corresponds to a global growth process. We also choose two values of the
surface tension, i.e. ¢ = 0 and o = 30. We observe that as t increases, the solution
converges to the travelling wave solution (U, f,v) computed above.

Next we present the results of our numerical computations.

1. The case that Cy = g =0, a = 305,, ¢ = 30.

Global dissolution occurs and the solution converges to the travelling wave solu-
tion as t increases.

Figure 14 shows the time evolution of the interface and the convergence to a
plane.

We show on Figure 15 the time evolution of the difference between the velocity
v of the travelling wave and the velocity v.(t) of the mean plane of the interface.
For large enough times, v.(t) practically coincides with the travelling wave velocity
v.

We show on Figure 16 the time evolution of the mean concentration on the in-

terface which asymptotically tends to the dimensionless value v + a, namely to the
physical value 1.812 mol/m?.

2. The case that Cy = g = a, a = 305, o = 30.
Since g = a we deduce from (42) that the asymptotic value of the velocity should
be equal to zero.

Figure 17 shows the time evolution of the interface. We observe here that the
mean planes of the interfaces do not move, even for small times.

3. The case that Cy = g = 20, a = 305,, o = 30.
Global growth occurs here and the solution converges to the travelling wave
solution as ¢ increases.

Figure 18 shows the time evolution of the interface and the convergence to a
plane.

4. The case that Cy = g = 2a, a = 305,, ¢ = 0.
We take as initial interface the function

y=folz)=0b [sin (2—7;2) + sin (4—?” , z€[0,L].

Figure 19 shows the time evolution of the interface. Global growth occurs here and
two singular points appear on the interface exactly at the local minima of the initial
interface. The two singular points move and converge to a unique singular point.

5.4 Conclusion

For the values of the physical constants considered in this paper and which were
chosen in view of the physical context, the dissolution-growth problem (P,), (P) in
space dimension two does not exhibit morphological instabilities, i.e. no fingering
occurs. In both the cases that a homogeneous Neumann condition and a constant
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Dirichlet condition are imposed on the upper boundary of the domain, the numerical
interface converges to a constant profile as ¢ increases whenever the surface tension
o is positive. In the case of the Neumann boundary condition the concentration C
converges to a and the interface converges to a constant as ¢t — +oco whereas in the
case of a constant Dirichlet boundary condition the concentration converges to the
travelling profile U and the interface converges to a constant which displaces itself
at the constant velocity v; if the boundary value is larger than the saturation value
a then v > 0 and only growth occurs for ¢ large enough while if the boundary value
is smaller than the saturation value a then v < 0 so that only dissolution occurs
for large times. A final remark is that in the case that ¢ = 0 singular points may
appear on the interface and propagate as t increases.

Appendix A :

Estimation of the numerical error on the computation of the
unit normal vector and of the curvature.

We assume for simplicity that the interface is parametrized in the form y = f(z)
with f sufficiently smooth.

A1l. The case of the method of Ikeda and Kobayashi.
The discrete interface I'y, is defined by
Ty = {P; = (i, fi) where f; = f(z;), 1 =1,...,I}.

Moreover, we suppose that z; > z;_; and we set h = r{rzxaxI} (z; — zi—1). Then the
1€4{2y.eey
following result holds.

Proposition 1 : Let ; and K; be respectively the unit normal vector and the
curvature of the interface y = f(z) at a point P;. Let Uy; be the approzimate unit

normal vector defined by (29) and Ky ; the approzimate curvature defined by (30).
Then :

1% = Fnill = O(h) and | Ki = Kns| = O(h).

Proof :
We have

— — 1

_Jit1 — Ji1
Vhi = 1z ( 3i+11— Ti—1 ) .
[1+ (fazfa) }

Tit1 — Ti-1
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By Taylor expansion up to order 1 for f, we have f, = %’3—_—_‘{’:—11 + O(h), where
fz = fz(z:). Hence we have that

~ 1 —fz =
Vh'i:W( 1 )+ O (h).

Thus we get
1% = Tnill = O (R).
From (30) we obtain

K

= X
T 2o — Tz — -’Cilﬁiﬂ — i

2 (i —;Ci)(fm —fi) — (-'Citl — 2:)(fi1 — fi)] — (43)
REST ==y

Tit1 — T4 Ti-1 — T4 Tit1 — Ti-1

Using Taylor expansion up to order 2 for f, we get

. — ».\2
fir1 = fi+ (ziz1 —z:) fe + @7&)—]‘:3 +0 (h3> ;
where the derivatives f, and f,, are taken at z;. Thus we have
(zi—l - wi)(fi+1 - f:) - ($i+1 - zi)(fi-1 - fz) (44)

= $(2ics — 2:)(@is1 — ©)(@in1 — ©ic) fax + O (RY).

Remark that (zi_; — z;)(zi41 — z:)(Zit1 — Ti—1) < 0, and thus using (44) and expan-
sions for f, in the expression of K} ;, we deduce that
_f:::c + O h f:z
Ky = ( )2 32 2 3/2+O(h)-
[1+ (f- + O (R))?] (1+£2)

Thus we have
|K; — Kni| = O(h).

Remark : For a constant discretisation step,i.e z; —z;_;y = hforall 2 = 2,..., I, we
have the following improved estimation for the normal vector : ||I; — 7, ;|| = O (h?).

A2. The case of the method of Roosen and Taylor.
The discrete interface I'; is defined by
T = {[P;, Piy1) where P, = (z, f;) with f; = f(z:), fori=1,...,I }.

We also suppose that z; > z;_; and we set b = r{réaxl} (z; — zi—1). Then the fol-
1€412,..y
lowing result holds
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Proposition 2 : Let U; and K; be respectively the unit normal vector and the
curvature of the interface y = f(z) at a point P;. Let v +1 be the approzimate
unit normal vector associated to the edge [P;, Pi11), defined by (32) and K, ;. L the
approzimate curvature associated to [P;, P11}, defined by (38). Then

”‘7:'—‘7};,4;“ = 0(h),

1
Kiiyy = 3 (Ki+ Kisa) + O(R).

Proof :
We have
_ firn — fi
- (ziy1 —2)* + (firr — fi)2]1/2
141 1

(i1 — 2:)? + (firr — £)2

=-afam( ﬁ>+ow)

Thus we obtain
17 = Dhigsll = O ().

Next we compute the approximation order for the computation of the curvature. In
order to simplify computations, we assume that z; — z;_; = h for 1 = 2, ..., I.
We set

Ciici = VpiptVhi-y (45)

(firr = fi)(fi = fia) + B2
[(Firn = £3? + B2 ((fi = fia)? + BT

By Taylor expansion up to order 4 for f, we have

fi:l:l = fi * h.fz + b;‘fzz + %:if&: + é%f‘h: +0 (hS)

where all f derivatives are taken at z;. Then equation (45) becomes

o [ ARG S~ 3f5) + O ()]
ii-1 = 2

dy
where 12
s=(1+ ) 1thar+h e £h*as+0 ()],
with
f=f3:l= fzzf&c + lf=f4z
— z)xz 3 g z:z — 2
T+ T TIER  B T (11 )
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Using Taylor expansion of (1 + z)~*/2 up to order three, we get

d' = (14 f)7 15 Ja+ 5 (fad - )
+2 (2010, — a5 — $a}) + O (h“)] .
Then we obtain I’ ,
Cii-1=1- Emi}f_)i +0 (h“) .
Moreover we get

1- Ci,i—l 12 hlfz:l 3
Giji-1 = ('_—) =2—(——+O(h),

1+ Ciina 1+ f2)
and
_
| PiPiyr | = R(1 + £2)"? + O (h?).
Thus —Jii=l  _ % '_*'_fx;l)s/z + O (k) and with the definition of §;; in Section 3.2,
| PPy | *
we obtain
9ii-1 fz:c
biisi—— = ——F53; tO0(h),
S T i
1
= 5K,~+O(h). ( 46)
In a same way, we have
i 1
5i,s‘+1'_‘qii—, =R+ O(R) . (47)

| P;Piyy |

Thus, in view of (46) and (47) we obtain
| 1
Knivy =35 (Ki+ Kiy1) + O (R).

Appendix B :

Approximate curvature of the new points introduced in the
case of the method of Ikeda and Kobayashi.

The aim of this part is to justify the procedure described in section 3.1 which allows
to introduce a new vertex P, 1 with non-zero mean curvature, when the segment
[P;Piy1] is too long. We show that the approximate curvature K at point Py

satisfies K ~ K—‘i-z—&ﬂ where K; and K;,; denote the approximate curvatures
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respectively at P; and P;;;. More precisely, if we put A = P—‘P‘ﬁl we have the fol-
lowing result.

Proposition 3 : Let K; and K;,, be the approzimate curvatures respectively at
points P; and P,y, defined by (30). Let P;,1 be the point determined as in Section

3.1 and K the corresponding approzimate curvature at P; L defined by (80) as well.
Then

1 2
K = (Ki+ Kipa) + o (r?).
Proof :

The notations that we use here are those of Figure 2. We assume that K; # 0 and
K11 # 0. Let O; be the center of C; for I = 1,2 + 1 and O the center of the circle

circumscribed about the triangle (P,-P,- +1 P,-+1). We suppose that the line (0;, 0;41)
is oriented so that

Olle-Ilf—z with [ =1¢,1+1 andﬁﬂ_% =?1(—.

By construction of the center O there exists ¢ > 0 such that

b}

[V

where M is the midpoint of [P;P;y;] and since
]‘{‘P’-_*_x5 = OPH-% —0OM = OP{+15 (1 _ (1 _ thz)l/z)
we deduce that

Wq.% = —0_;4_13 (1 - (1 - thz)l/z)
1

I
I
N
+
o
—~
o>
-

(148)

In the same way expressing that MN; = O;N;, — O M, we have for [ = 1,2 + 1

MN, = E;K, +0 (h*). (49)

Since MP;y 1 = % (MN,- + MN,~+1) we deduce from (48) and (49) that

K;+ Ky
2
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i+2

Figure 1. Discrete unit normal and discrete mean curvature at vertex P; for the method of
Ikeda & Kobayashi.

Figure 2. Introduction of a new point as midpoint of [N;, Ni11], using an idea due to T.I
Seidman.
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Figure 3. The case of a flipped segment.
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A singularly perturbed phase field
model : upper-semicontinuity of the
attractor

C. DUPAIX(!) and D. HILHORST(?)
(*) Laboratoire d’Analyse Numérique, CNRS et Université Paris-Sud, 91405
Orsay, France

Abstract. We consider a singularly perturbed phase field model for the
Cahn-Hilliard and the viscous Cahn-Hilliard equations and we prove that
the maximal attractor associated to this model is upper-semicontinuous.

Résumé. Nous considérons un modele de transition de phase qui est une
pertubation singuliere des équations de Cahn-Hilliard visqueuse et de Cahn-
Hilliard et nous montrons que ’attracteur maximal de ce modéle est semi-
continu supérieurement.

AMS : 35K50, 35B25

Key words : System of second order, nonlinear parabolic equations, maxi-
mal attractor, upper-semicontinuity
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A singularly perturbed phase field model :
pper-semicontinuity of the attractor

by
C. Dupaix and D. Hilhorst

Laboratoire d’Analyse Numérique, CNRS et Université Paris-Sud,
Batiment 425, 91405 Orsay, France

1 Introduction

In this paper, we consider a phase field model as well as boundary value problems
for two limiting equations, namely the viscous Cahn-Hilliard and the Cahn-Hilliard
equations. All three problems possess a global attractor and our concern is the
upper-semicontinuity of the global attractor. More precisely, these problems have
the following form. The phase field model which we consider [1], [2] is a coupled
system for an order parameter ¢ and the temperature u, namely

(b= Ap —g(p) +u in @ x IR*, (1.1)
€U + pr = Au in Q x IRY, (1.2)
(PF)
p=u=0 on 6Q x IR*,
(p((C,O) = (PO(:C) ) 'LL(:B,O) = 'U'O(z) z €,

where Q0 is an open bounded set of IR" (n < 3) with smooth boundary 99, (¢o,ue) €
(L2(92))’. We assume that the function g has the form
2p-—1 )
g(s)= > a;s’ withagp_1>0,p>2.

i=1

In the physical case g(s) = s3 — s [2].
The problem for the viscous Cahn-Hilliard equation which has been introduced by
A. Novick-Cohen [11] is obtained by setting ¢ = 0 in Problem (PF) and substitut-

ing equation (1.1) into equation (1.2) : one then obtains a problem for the single
unknown function ¢, namely

or + A(Ap —g(p) —6p:) =0 in Q x IR,
(VCH){ o =Ap =0 on 9Q x IRT,
o(2,0) = goz) sea.
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The problem for the Cahn-Hilliard equation is obtained by setting € = § = 0 in
Problem (PF) and substituting equation (1.1) into equation (1.2). One obtains

pe+A(Ap—g(p)) =0 inQx IR,
(CH) p=Ap=0 on 9 x IR*,
¢(z,0) = wo(z) z € Q.

In [13], Stoth considers Problem (PF) on a finite time interval in the case that
g is a cubic function. In the case that € = §, she proves that as € | 0, the solution
(¢°,u°) of problem (PF) converges to a pair (¢, u) where ¢ satisfies Problem (CH)
and u = —Ap + g(p).

Elliott and Kostin [6] and Elliott and Stuart [7] prove continuity properties of
the attractor of Problem (VCH).

This paper is organized as follows. In Section 2, we recall existence and unique-
ness results for the solutions of the problems (PF), (VCH) and (CH) as well as results
concerning the attractors associated to the corresponding semigroups. In Section
3 we derive time independent estimates, uniform with respect to the parameters ¢
and 6, for the solution of Problem (PF). Finally we prove in Section 4 the upper-
semicontinuity of the attractor of Problem (PF) in the space H?(2) x L*(), first
at (e,6) = (0,8) with § > 0 arbitrary and then with € = § at e = 0. Furthermore an
immediate consequence of the proofs is the upper-semicontinuity of the attractor of
the viscous Cahn-Hilliard equation in the space H*(f2) at § = 0, which was already
proven by Elliott and Stuart [7]. Our methods of proof are partly inspired from
methods due to Hale and Raugel [8] and Debussche [3].

The results proven in this paper will be extended to the case of Neumann and
periodic boundary conditions by Dupaix, Hilhorst and Laurengot [4] and to the case
that g is a logarithmic function by C. Dupaix [5]. The authors also plan to consider

the general case where the nonlinear function g involves a maximal monotone oper-
ator.

Acknowledgement. The authors wish to thank A. Debussche, I. Kostin and Ph.
Laurengot for many inspiring discussions.

2 Preliminaries

In this section we introduce some notations used in this paper and recall existence
and uniqueness results as well as results about the existence of a global attractor
for the three problems (PF), (VCH) and (CH).

To begin with we recall some properties of the polynomial function g which will
be useful in what follows.

(1) There exists a constant C; such that

gssZEaz 18 — C; for all s € IR. 2.1
4 P
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(ii) For every n > 0, there exists a constant C; = C,(n) such that
lg(s)| < nazp—15* + C, for all s € IR. (2.2)
(ii1) There exists a positive constant C; such that
g'(s) > —C; forall s € IR. (2.3)

!

In the sequel we will use the scalar product and the norm in H-1(Q) = (H(Q)) .
For w € H™1(Q) we define

Y = Nw

as the unique solution in H}(2) of the problem

—Av = w in the sense of distributions in £,
¥ = 0on 0NQ.

Then if v, w € H7(Q) and if = Nv, { = Nw

(v, 9) g1 = /ﬂ V$Vide,
and
||v||§_1(n)=A|v¢|zdz.

Finally we present known results about the problems (PF), (VCH) and (CH). To
begin with, we recall results of Brochet, Chen and Hilhorst [1] about Problem (PF).

Theorem 2.1  For any (po,u0) € (L2(Q))?, Problem (PF) has a unique solution
(4%, u®) which satisfies

(9%, uf) € I (0, T; (ZA(Q))*) N L*(0, T; (HA(Q))®) ¢ € L**(Qr)
for all T > 0, where Q1 := Q x (0,T) and
(%, u) e C (m+; (LZ(Q))Z) .
Moreover
(9%, u) € (C=(@ x (0,+0))",
and the mapping
Sp(t) = (poyuo) — (9%(2),u(t))

is Lipschitz continuous on (L2(Q))? for allt > 0 and (Sp#(t)),>o is a semigroup on
(L2 ()"
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For the maximal attractor of the phase field problem we have that

Theorem 2.2  The semigroup (Sps(t)),, associated with Problem (PF) possesses
in (L*(Q))? a mazimal attractor A% that is connected. Moreover A% is bounded in

(C"‘ (ﬁ))z for allm € IN.

The following result 7] holds about the well-posedness of Problem (VCH).

Theorem 2.3  For any po € L*(2), Problem (VCH) has a unique solution ¢°
satisfying

¢ € L= (0,T; L*(2)) N L*(0, T; H3(Q)) N L**(Qr)

for all T > 0, where Q7 :=Q x (0,T), and

¢ € ¢ (IR*; L1*(9)).
Moreover

o’ ec*® (ﬁ X (0,+oo)) )

and the mapping

Suen(t) & o — ©(t)
is continuous on L*(Q) for allt > 0 and (Syen(t)),5, s a semigroup on L*(Q).

Next we give a result about the existence of a global attractor for the viscous
Cahn-Hilliard problem.

Theorem 2.4  The semigroup (Sych(t)),>, associated with Problem (VCH) pos-
sesses in L?(Q) a mazimal attractor A® that is connected. Moreover A® is bounded

in C™(Q) for all m € IN.

Finally, the well-posedness and the existence of a maximal attractor for Problem
(CH) follows from Temam [14] and Marion [10].

Theorem 2.5 For any ¢o € L*(Q), Problem (CH) has a unique solution ¢ satis-
fying

¢ € L= (0,T; L*(2)) N L*(0, T; H*(Q) N H3(Q)) N L**(Qr)
for all T > 0, where Qr :=Q x (0,T), and
v € C (IR*; I*()) .
Moreover
p €C® (ﬁ X (0,-{-00)) ,
and the mapping S.n(t) : @o — @(t) is continuous on L*(Q) for allt > 0 and
(Sen(t))s5o is a semigroup on L(9).
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Theorem 2.8  The semigroup (Sch(t)),5, associated with Problem (CH) possesses

in L*() a mazimal attractor A that is connected. Moreover A is bounded in C"‘(Q)
for all m € IN.

3 Time uniform a priori estimates

The main purpose of this section is twofold : show the existence of an absorbing set
in H3(Q2) x H() which does not depend on the small parameters ¢ and §; obtain
strong enough estimates in order to be able to prove the convergence of orbits.

In what follows we suppose that

(z)  (po,u0) € L*(Q) x L(Q). (3.1)
(22) 0<e<1,0<6<1. (3.2)

A natural function to consider [1], [9] is the enthalpy v = eu®® + . We also
use the notation v§ = euo + wo.

The first result is the following.

Lemma 3.1 There ezist positive constants a and b such that the function v% =
eu® + o satisfies

6|le° 6(t)”L2(ﬂ) + ||v° s(t)HH -1(q) = (5”‘190“1,2(9) + ”wOHH l(n)) ~*+b
for allt > 0.
Proof. We rewrite (1.2) as
v = Au,
multiply this equation by N(v®®) and integrate on 2 to obtain

&b eb _ 2] eb
/n"’r, N(v )dm—/nAu N(v*°)dz,

that is
/r;— (AN(v‘s))tN('u‘&)d:c =/u’5AN(v‘6)d:c,
0
so that
1d ¢6 2 €6, eb _
= [ [VN@*) d:c-}-/u vdz = 0,

7



which we rewrite as

1d 6|2 e§\2 e, e _
id—t”v ||H,_1(n)+/;){e(u )+ o%u }d:c—O.

By substituting the expression for u in (1.1) in the equality above and using (2.2)
we obtain

6112 5112
%éiz {5“90 6”[)(0) + [jv 6”;{-1(0)}

+/n {eue®)? + |V + pg(¢) }dz = 0,

which in view of (2.1), gives

(4 (4 2
38 L5163y + 0% l-sa) }

3 (3.3)
+/;) {E(u¢5)2+ |V(Pe8|2 + Zazp_l(goeS)zp}dz S Cl-

Using that € < 1 we deduce that

IA

5112 5112
| 6”H—1(ﬂ Callv 5”L2(n)
)

[ £ 2 (4 2
Cs (ellus®l oy + 1ol 22 () »

IN

and thus since § < 1,
& 2 € 2
811l z2cay + 1% lz-1(ay

2
< Cs <6|Iu‘5||§,z(n) + %azpq/n (<P‘6) "de + 1) ,

which we substitute in (3.3) to deduce that

1d es112 e5112 b2 512
EEZ {6”9" 6”L2(0) + ”v 6”[{—1(9)} + Cr (5“‘19 6”52(9) + “’U EIIH-l(n)) < Cs.

The result of Lemma 3.1 then follows from applying Gronwall’s Lemma.

Corollary 3.2  There ezist a positive constant Do and a time to = to(||¢ol| ;2(qy: [[woll 7-1(a))
such that

€ 2 [ 2
6]l 6(“’)”1:2(0) + v 5(t)||H_,(n) < Do
for allt > t,.
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A key ingredient for the next estimates is the functional

Ve = [ {51961 + 6lp) + 27},

8

where G(s) = / g(7)dr. We show below that it is a Lyapunov functional for Prob-
0
lem (PF).

Lemma 3.3 Forallt > 0 and all > 0, the solution (¢, u®®) of Problem (PF)
satisfies

d

GVl )1 <0, (34)

and

t+r
Ve u)t+r)+6 [ [ (i) deds

ttr 6§12 . e§ _ eb
+/t /n|vu Pdeds = V. (0%, u)(2).

Proof. We have that

EdZVe(soes, u) = /n {(—A<,ods + g(so‘é)) 0sf + eu‘5uf5}d:c,

in which we substitute (1.2) to obtain

ditv‘((‘oes’u‘s) _ /;) {(—Aga‘s + g(o®) - ues) % — IVu‘élz}dz.

In turn substituting equation (1.1) gives

d e§ _ eb\ __ e6\2 6|2
SVl u) = [ {~8(pif) - [Vut}de <0,
which gives (3.4). In order to obtain (3.5) one integrates the equality above between

tand t 4 7.

The next step is to show that V, (%, u%) enters an absorbing ball.

Lemma 3.4 There ezist a positive constant Dy and a time t1 = t1(||ol| 2 (qy, HuOHH-l(O))
such that

Vo(p®,u®)(t) < Dy for all t > t,.

Consequently (¢, /eu®) enters an absobing set of H'(Q) x L?(f).
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Proof. We deduce from (3.3) and Corollary 3.2 that

t+r
/ V. (9%, u®)(s)ds < C(r, Do)
t
for all t > to and » > 0. The result of the lemma then follows from (3.4) and the

Uniform Gronwall Lemma.

In what follows we show a serie of auxiliary estimates which will allow to prove
the existence of an absorbing set in H3(2) x H!(Q) for the solution (¢, u®) of
Problem (PF).

Lemma 3.5 For all v > 0 there ezists a constant C = C(r) such that

o Ap®® 2d:t: <C forallt >t,. (3.6)
t 0

Proof. We multiply equation (1.1) by Ay and integrate by parts. This gives

6 d (4 (4 & 4
¥ |V<p‘6| d:z:+/ Ago‘5 'z = / {g HAap® —u®Ap 6}d:c,

which we rewrite as, using also (2.3),

2dt/ Vo |2 dz + = / (a¢%) d:c<03/ Vo™ |?dz + = /|Vu‘5|2dz

Next we suppose that t > ¢; and integrate the inequality above between t and t + r.
Using also the results of the lemmas 3.3 and 3.4, we deduce the result of Lemma 3.5.

Next we use the lemmas 3.5 to prove the existence of absorbing sets.

Lemma 3.8  There ezist a positive constant D,, a time t, > t; and a positive
constant ¢ such that for all € € (0,¢o),

(i) / {5 () + |[Vus(t)| }d:c <D, forallt>ty; (3.7)
(ii) /:”/n{|v¢;6|2+e(u;5)2}dmds < D,. (3.8)
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Proof. We differentiate equation (1.1) with respect to ¢, multiply the result by ¢¢
and integrate by parts to obtain

2dt./( d:c+/ |Vt |2 d:c—/{ +u:5<p§6}d . (3.9)

Multiplying equation (1.2) by u¢® and integrating by parts gives

/ﬂ {e(u®)? + ¢ ugé}dm 4 / IVu|?de = 0. (3.10)

Hence adding up (3.9) and (3.10) gives, in view of (2.3),
14 /ﬂ {6(p5°) + [V P} do + / Vi + e(u)? }de
< Co [ (¢if)ds (3.11)

e [, 46112
<Cs (%/; |Vgot5|2dz + C‘l%&”H-l(n)) .

Furthermore, we deduce from (1.2) that

5?11~ i(a) = 1Au® — e |- -1(q) (3.12)
14 € 2
< 2[|Au 5||H—1(n) + 2leu? || -1 qy
€ 2 € 2
<2||Vu 6”1,2(0) + 2(;'52H1Lt5||.r,2(n)'

Using (3.12) we deduce from (3.11) that

34 [ (8o + 1vuPhae + 5 [ {1V + e(ui?)? e

(3.13)
c/n IVu|?dz,

provided that ¢ is small enough say, € < €. The result of the lemma then follows
from (3.5), Lemma 3.4 and the Uniform Gronwall Lemma.

From now on, we suppose that € € (0, o).

Lemma 3.7 There ezists a positive constant D3 such that

||90¢6(t)||f{2(n) < D3 (3.14)

for allt > t,.
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Proof. We multiply (1.1) by Ap® and integrate on Q. This gives

A(Aweé)Zdz — /{; {&p:&Asotb' +g(soe6)A(pc6 __u¢6A‘pc§}dm,

which we integrate by parts to deduce that, using also (2.3),

1 e§\2 e6\2 |2 €62
5 [ (@eide < C [ {8t + V65 + [Vurt P de.

The result then follows from the lemmas 3.4 and 3.6.

In order to be able to show in Section 4 that the trajectories on the attractor

are compact in C ([—T,T); H*(Q)) for all T > 0, we need the following result which
is a direct consequence of (3.8).

Corollary 3.8 There ezist a time t, and a positive constant C such that

10511 2 (3,4 00522 () + VENUE | 2283 4+00s22(01)) < C. (3.15)

Lemma 3.9 There ezist a time t3 > t, and a positive constant D such that

/ {5|w;5(t)|2 +6e(u(t)) }de < D for all t > ts (3.16)

(ii) 52/ /(ptt dz < D.

Proof. We differentiate (1.1) with respect to t, multiply the resulting equation by
©f and integrate by parts to obtain

1d
§ [ (oityde+ 55 [ IVeiPde = - [ g(o)eioiide + [ uifeiide
<Nl (05l m e5Y2 )7( e6)2 )5
<19 @z ([ (017d2)" ([ (024
eé eé‘d .
+/;l""'t P AT
Using (3.14), we deduce that for all ¢ > ¢,, g'(¢*®) is bounded in L®(Q) so that

(4 4 C €
[ (oidn+ o [ 1VerPdn <§ [ (pPdet o [ (o)de (317)

26
eé
dz.
+/nut Pe AT
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Next we differentiate (1.2) with respect to ¢, multiply the result by u¢® and integrate
by parts to deduce that

ed

5% Jo (us®)2dz +_/;)<p:fu:5d:c + A |Vusé|?dz = 0. (3.18)

Adding up (3.17) and (3.18) and multiplying then by § gives

i 52 5) 2 §y2 542
dt t : : < ¢ . .
6= [{IVer P + e }da + 8 [ (@) < © [ (of)da. (3.19)

Using also (3.15), we deduce Lemma 3.9 (i) by means of the Uniform Gronwall
Lemma. Part (ii) of Lemma 3.9 then follows from integrating (3.19) in time be-
tween t3 and ¢t and letting ¢ tends to +oo.

Lemma 3.10 There ezists a positive constant D such that

e () |lzs(ay < D for all t > ts.

Proof. The result of the Lemma follows from (1.1) together with (3.8), (3.6) and
(3.9).

One can summarize the previous results as follows

Theorem 3.11  There ezist a time t3 and a positive constant D such that

Vallor (1)l qay + 197 (Ol sy + VBellui (D)l zagay + 1w O)llgagay < D

for allt > tj.

4 Upper-semicontinuity of the attractor

As it has been recalled in Section 2, the semigroups corresponding to the problems
(PF), (VCH) and (CH) possess global attractors that we denote by A%, A° and A
respectively. In this section we prove the upper-semicontinuity of the attractor .4
first at € = 0 for § > 0 fixed and then at € = § = 0. The upper-semicontinuity of
the attractor .4% of Problem (VCH) at § = 0 then follows.
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4.1 Upper-semicontinuity of the attractor for the perturbed
viscous Cahn-Hilliard equation

To begin with we define a convenient embedding A% of .4° into a product space.

It follows from setting € = 0 in equations (1.1)-(1.2) that the viscous Cahn-Hilliard
equation can be written as the system

{ 8ot = Ap® — g(¢?) + v
;= Al

which gives
—6AuS +ub = —AP* + g(¥°).
This leads us to set

A% = {(p,Ls(~Ap + g(p)) , p € A |,

where the operator f — v = Ls(f) is defined as the unique solution of the Dirichlet
problem

—6Av+v=f in
v=20 on 0.

Next we prove the following result.

Theorem 4.1 Let § be a fized constant. The attractor A% is upper-semicontinuous
at e = 0, i.e. the Hausdorff semidistance d (A‘s, A°6) converges to zeroase | 0 :

N

im  Sup Inf (9% = &l + I = vl )* = 0.

€l0 (peb ue)e A (pb,ub)EA06

Proof. Let 7 > 0 be arbitrary and let (¢‘5,v‘6) € A be such that

I (19 = ¥l + 10 )" 2 4 (A% 4%) =, (4)

and let (¢*¢(t),u®(t))icmr be the complete orbit in A% such that

(¢9(0),u(0)) = (#%,0%). (42)
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We deduce from the invariance of A% and from Theorem 3.11 that there exists a
positive constant C = C(§) such that

19 (Ol ay + N0 Oll sy + VEllu O)llpaay + 1@l gy € (4:3)

for all t € IR. Since by Lemma 3.9 we also have that
Hgoiflle(nx(_T’T)) < Ciorall T > 0,
we deduce from Simon [12] that the set {<p‘5} E(00) is precompact in C ([-T, T}; H*(2))

for all T > 0 and that the set {goja}ee(o ) is precompact in C ([—T,T}; L*(Q)) for all

T > 0. Therefore there exists a subsequence of {90‘6} which we denote again by

66(0,20)
{go‘s} and a function ¢® belonging to {¢ € Cioc (IR; H*()), ¢: € Cioc (IR; L*())}
such that

0® —— ¢ in C([-T,T); HXN H}(Q))

o — ol in C([-T, T}; L()), (+4)
as € | 0. For n < 3 one has the embedding H%(Q) C L=(Q) [14, p. 44-47] so that
ase |0

9(¢%) — g(¢°) in C([-T, T}; L*(9)). (4.5)

Therefore, using the parabolic equation

ue& — &,0:6 _ Asoe& +g(cpeé)’ (4.6)
and (4.4) we deduce that as ¢ | 0

u® —— wf = 608 — AP’ + g(¢?), (4.7)

in C([-T,T); L*(R2)). Moreover we deduce from (4.3) that g(¢°®) is bounded in
L*(-T,T; H}(2)) so that by (4.6) and (4.3),as e | 0

Ap® —— Ap® weakly in L*(=T,T; H3(Q)). (4.8)

Note that also by (4.3) ,as € [ 0

u®® —— of weakly in L*(=T,T; HY(Q)). (4.9)
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Next we show that the function ¢ satisfies Problem (VCH). It follows from (1.1)-
(1.2) that the pair (¢, u®) satisfies the integral equation

‘/{; {su:‘s + gog‘s} Xdz = /;] {&ofs — Ap® 4 g(go‘a)} AXdz, (4.10)

forall t € (=T,T) and all X € D(Q). Letting € | 0 in (4.10) we deduce in view of
(4.3), (4.4) and (4.5) that the function ¢’ satisfies the viscous Cahn-Hilliard equation

o8 = A (605 — Ag® + g(¢%)) in C (=T, T); L¥(Q)) . (4.11)

Also by (4.4) and (4.11), ¢* = Ap® =0 on 80 x (=T, T).
Substituting (4.7) into (4.11) and then (4.11) into (4.7) and also using (4.9) we
deduce that u® satisfies

{ —8Au +uf = —ApP + g(¢°) in C([-T, T]; L¥())

4.12
u® =0 on O9. ( )

Next note that by (4.3), ¢* € BC (IR; H*()) where BC stands for bounded con-
tinuous. Therefore, the complete trajectory (¢®(t)):cm belongs to A%, Since also
u® satisfies (4.12), it follows from the definition of A% that the pair (%(t),%%(t))
belongs to A% for each ¢t € IR. Moreover, it follows from (4.4) and (4.7) that
(¥* v®) = (¢°5(0),u(0)) converges to (¢?(0),u%(0)) € A% in H?(Q) x L*(Q) as
e | 0. This implies that

1
I I e _ 16112 + e§ _ 602 2 _ 0
zfgl (¢5,u:§£A°6 (”11’ 4 Hm(n) l|v v ||Lz(n) ) )

which, in view of (4.1), implies that for each > 0
: e é
OSI.CI?(TJI sup d(A ,A) <n.
Therefore

lim d (A%, A%) = 0.

el0

4.2 Upper-semicontinuity of the attractor for the perturbed
Cahn-Hilliard equation

As in the case of the viscous Cahn-Hilliard equation we define a convenient embed-
ding of A into a product space, namely

A = {(p,—Ap+9g(p)), pe A},

In what follows we prove the following result.
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Theorem 4.2  The attractor A® := A is upper-semicontinuous at € = 0, i.e. the
Hausdorff semidistance d (A, A%) converges to zero ase | 0 :

im Su In @ — o2 + [|ut — ul|? Ca—"
€i0 (w‘,u‘)ze)At ((p‘u)éfAO <H ”H’(ﬂ) | HLz(n))

Proof. Let n > 0 be arbitrary and let (¢*,v¢) € A° be such that

(¢I?*EJCA° (”1/” — Iz + [I0° = "’“iz(n))5 >d (AC,AO) -, (4.13)

and let (¢°(t),u°(t))iem be the complete orbit in A° such that

(¢°(0),u%(0)) = (¥, v%). (4.14)
The invariance of A® together with Theorem 3.11 imply that there exists a positive
constant C such that

Vellei )l oy + le* Ol s @y + Il ga oy < € (4.15)

for all t € IR. Since by the Corollary 3.8 we have that forall T > 0

05 | 2(-7,15m30)) + Velui® |z ax(-1.1y) < C, (4.16)

it follows from Simon [12] that there exists a subsequence of {P}ec(o,e0) that we
denote again by {¢°} and a function ¢ € L*(-T,T; H*(Q) N Hi(2)) such that

¢* — ¢ in C([-T,T]; H*(Q)), (4.17)

as € | 0. In turn, (4.17) and (4.15) imply that as ¢ | 0

9(¢?*) — g(p) in C([~T,T); L*(Q)) and weakly in L*(—T,T; H}(R)). (4.18)

Next we use that

ut — epf = —Ap° + g(¢), (4.19)

to deduce from (4.15) and (4.17)-(4.18) that there exists u € C([-T, T}; L*(2)) such
that ase | 0

u® —— win C([-T,T); L*(Q)) and weakly in L*(-T,T; H3(Q)), (4.20)
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and
u=—Ap+g(p) inC([-T,T}; L)) and in L*(~T,T; H(Q)).  (4.21)

Also by (4.21), (4.18) and (4.20) one has the boundary condition Ay € L*(—T,T; H3()).
Since the pair (%, u) satisfies the equation
euy + o = Aep; — Ap® + g(¥°)) ,

it is clear that it satisfies as well the integral equation

T T
/-T/n (eui + ¢f)Xdzds = /_T/;]{scpt — Ay + g(p°)} AXdzds, (4.22)

forall ¥ € D(Q % (—T,T)). Next welet € | 0in (4.22) and use (4.15), (4.17), (4.18)
and (4.16) to deduce thet the function ¢ satisfies the Cahn-Hilliard equation

v+ A (Ap —g(p)) = 0,

in L?3(-T,T; H'(Q)), together with the boundary conditions ¢ = Ay = 0.

Moreover it follows from (4.15) that ¢ € BC (IR; H*(R2)). Therefore, the com-
plete trajectory (¢(t)):cr belongs to A. Since also u € BC (IR; L?(Q)) and satisfies
(4.21), it follows that the pair (p(t),u(t)) € A° for each t € IR. Finally it follows
from (4.17) and (4.20) that (¥¢,v¢) = (¢°(0),u(0)) converges to (¢(0),u(0)) in
H?(Q) x L*(Q) as € | 0.

This implies that

: e 0y __

lim d (A%, 4°) = 0.

4.3 Upper-semicontinuity of the attractor for viscous Cahn-
Hilliard equation in the limit of the Cahn-Hilliard equa-
tion

Up to now we have been interested in the upper-semicontinuity of the attractor of

the phase field model. However, the upper-semicontinuity of the attractor of the

viscous Cahn-Hilliard equation appears to be an immediate consequence of our esti-

mates, as we will see below. Note that this result has already been shown by Elliott
and Stuart [7].

Theorem 4.3 The attractor A° is upper-semicontinuous at § = 0, i.e. the Haus-
dorff semidistance d (AS,A) converges to zeroas § | 0 :

im Sup Inf|¢® —¢lla(a) = 0.
610 sc A6 peA
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Proof. Let 7 > 0 be arbitrary and let %% € 4% be such that

Inf |9 = el 2 @ (4%, .4) -, (4.23)

and let (¢%(t))tcr be the complete orbit in 4% such that ¢*(0) = 4°. The invariance
of A® together with Theorem 3.11 imply that there exists a positive constant C such
that

\/‘?HSOf(t)Hm(n) 10 Ollgrs gy + 1wl gra ey < C (4.24)
for all t € IR.
Since by Corollary 3.9 we have that for all 7' > 0
ot 23 (-r,7mm300) < C, (4.25)
it follows as in section 4.2 that there exists a subsequence of {<p6}6€(01) that we

denote again by {(p“} and a function ¢ € L=(=T,T; H*(Q) N Hi(N)) such that as
510

¢’ — ¢ in C([-T,T); H*(Q)), (4.26)

and that

9(¢%) —— g(p) in C([-T,T); L*(Q)) and weakly in L*(~T,T; H(Q)). (4.27)

Next we use that

uf — 60} = —A@® + g(¢%), (4.28)

to deduce from (4.24), (4.26) and (4.27) that there exists u € C([—T,T}; L*()) such
that as 6 | 0

v —— win C([-T,T); L*(Q)) and weakly in L?(-T,T; H(Q)), (4.29)

and

u=—Ap+g(p) in C([-T,T} L*(Q)) and in L*(-T,T; H}(Q)).  (4.30)

Furthermore, it follows from (4.30), (4.27) and (4.29) together with equality (4.28)
that Ap € L?(-T,T; H}(Q)).
Next we note that ° satisfies the integral equation

/_i/n {£°2 + (88 — A’ + g(¢%))AX Jdads = 0, (4.31)
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for all X € D( x (=T,T)), welet § | 0in (4.31) and use (4.24), (4.26), (4.27)
and (4.25) to deduce that the function ¢ satisfies the Cahn-Hilliard equation in
L*(-T,T; H*(Q)), together with the boundary conditions of Problem (CH).

Moreover it follows from (4.24) that ¢ € BC (IR; H%(Q2)) so that the complete
trajectory (¢(t)):cr belongs to A. Finally (4.26) implies that 4° = ©¥(0) converges
to ¢(0) in H?(Q) as § | 0. This implies the result of Theorem 4.3.
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Abstract. We consider a phase field model with a logarithmic nonlinearity.
We prove that this model is well-posed and that it possesses a maximal at-
tractor that is upper-semicontinuous.

Résumé. Nous considérons un modele de champ de phase avec terme non
linéaire de type logarithmique. Nous montrons que ce modéle possede une
solution unique et qu’il admet un attracteur maximal. Nous prouvons que
cet attracteur est semi-continu supérieurement.
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92






A singularly perturbed phase field model with a
logarithmic nonlinearity

by
C. Dupaix

Laboratoire d’Analyse Numeérique, CNRS et Université Paris-Sud
Batiment 425, 91405 Orsay, France

1 Introduction

In this paper we consider a phase field model and a Cahn-Hilliard equation with a
logarithmic nonlinearity. More precisely we consider the Dirichlet problem

[ epr = Ao+ ap —g(p) +u in @ x IR*, (1.1)
. eus + o = Au in Q@ x IRY, (1.2)
() p=u=0 on 89 x IR*,
[ o(2,0) = ¢o(a) » v(z:0) = ue(z) =€,

where (1 is an open bounded set of IR" with smooth boundary 89, € € (0, M) for
some given constant M, a > 1is a given constant and the function g has the form

o) = 310 (723).

The function ¢ can be interpreted as an order parameter whereas the function u
stands for the temperature. We suppose furthermore that (po,u0) € K x L*(Q)
where

K={peL*Q), -1<¢<lae inQ}.

Setting € = 0 and substituting equation (1.1) into equation (1.2), one obtains the
Cahn-Hilliard equation for the single unknown function ¢. This leads us to consider
as well the Dirichlet problem

ot + A(Ap+ap —g(p)) =0 in O x IRT, (1.3)
(P)q p=Ap=0 on 89 x IR*,
o(z,0) = po(z) z €N

Elliott and Luckhaus [4] prove the existence and uniqueness of the solution of an
extension of Problem (P) with a vector unknown. Debussche and Dettori [2] give
an alternative proof for the existence and uniqueness of the solution of Problem (P)
and show the existence of a maximal attractor of finite Hausdorff dimension.
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The purpose of this paper is twofold : (i) show that Problem (P¢) is well-posed
and possesses a maximal attractor .A° in arbitrary space dimension; (ii) prove an
upper-semicontinuity property for this attractor at € = 0 in the case that n < 3.

Following an idea of Debussche and Dettori [2] we consider the approximation
of the function g

N 52k+1
() = 2 31

k=0

(1.4)

and the boundary value problem (P§) that one obtains by replacing g by gy in
Problem (P¢).

In Section 2, we recall the precise results of [2] about Problem (P) and the results
of Brochet, Chen and Hilhorst [1] about Problem (Pg).

In Section 3, we give a priori estimates which do not depend on N for the solution
pair (¢S, u%y) of Problem (P§). Many of the estimates are also independent of e.

These estimates permit to establish in Section 4 the existence and uniqueness
of the solution (p°,u¢) = S°(t)(wo,uo) of Problem (P¢) such that S¢(t) satisfies
the usual semigroup properties and such that for each ¢ > 0, S¢(¢) is a continuous
mapping from K x L*() into itself.

We prove the existence of a maximal attractor .A¢ in Section 5.

The function pair (¢, v) = (¢, \/eu) satisfies the rescaled boundary value problem

(e = Ap + ap — g(p) + ﬁ'v in @ x IR, (1.5)
-1 :
(P9) VeEv: + o = \/EAv in @ x IR", (1.6)
p=v=0 on 90 x IRt
[ (2,0) = po(z) » 9(2,0) = %0(2) = Veuo(z) = € .

In Section 6, we reformulate the results of the sections 3, 4 and 5 in terms of
the function pair (¢,v), namely we state an existence and uniqueness result for the
solution of Problem (Pf) and a result about the existence of a maximal attractor
A:. We then show the upper-semicontinuity of A¢ at € = 0.

This paper extends similar results obtained by Dupaix, Hilhorst and Laurengot

[3] and Brochet, Chen and Hilhorst [1] in the case that the nonlinear function g is -
a polynomial function.

Acknowledgement. The author is greatly indebted to D. Hilhorst for her
guidance and encouragements.

2 Preliminaries
In this section we introduce some notations used in this paper and recall results

of Debussche and Dettori [2] about the existence and uniqueness of the solution of
Problem (P) and about the existence of a maximal attractor of Problem (P). We
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then give a theorem due to Brochet, Chen and Hilhorst [1] about the existence and
uniqueness of a smooth solution of Problem (Pf).

In the sequel we will use the scalar product and the norm in H~1(Q2) = (HE(Q))
For w € H~1(Q) we define

1
.

P =Nuw
as the unique solution in H}(Q) of the problem

—A® = win the sense of distributions in (2,
¥ = 0on 0f.

Then if v, w € H}(Q) and if ¥ = Nv, ¢ = Nw

(”7"”)3—1(0) = /r; V¢ Vidz,
and
lolfz-s0y = [ IV Pds.

Finally we recall results about the Cahn-Hilliard Problem (P) and the phase field
model (Pg).
Theorem 2.1 [2] For any po € K, Problem (P) has a unique solution ¢ satisfying

e € L= (0,T; L2(R)) M L*(0, T; H*(Q))
for all T > 0, and
v € C (IR*; L¥(9)) .
Moreover for allt > 0,
o (®) gy < 1

and the set {z € Q, |p(z,t)| = 1} has measure zero.

The mapping S(t) : o — p(t) is continuous on K endowed with the topology of
L*(Q) for allt > 0 and (S(t)),s, is a semigroup on K.

Theorem 2.2 [2] The semigroup (S(t)),s, associated with Problem (P) possesses
in K a mazimal attractor A that is connected.
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Theorem 2.3 [1] For any (o, u0) € (L*(R))?, Problem (Pg) has a unique solution
(5> usy) which satisfies

(e uir) € I (0, T3 (ZX(Q)") N L2(0, T3 (HA(Q))*), vy € L*(Qr)

for all T > 0, where Qr :=Q x (0,T) and

2
(vivous) € € (IR¥3 (22() )
Moreover

(¢iuiv) € (C=(@ x (0,+00))",

and the mapping

Sn(t) = (oyuo) — (e (t), u(t))

is Lipschitz continuous on (L*(Q))? for allt > 0 and (S5 (t));>0 is a semigroup on
(L2(Q)".

3 Uniform a priori estimates for the solutions of
Problem (P§)

The main ‘purpose of this section is twofold : obtain uniform a priori estimates
with respect to NN for the solutions of (Pf); obtain uniform a priori estimates with
respect to /N and € for these solutions. The first kind of estimates permits to prove
results concerning the well-posedness of Problem (P¢) and the existence of a maximal
attractor whereas the second kind is used to deduce the upper-semicontinuity of the
attractor of Problem (PF).

Problem (Pf) can be written as

[ epe = Ap + ap — gn(p) + u in @ x IR*, (3.1)
. eu; + o = Au in Q@ x IR*, (3.2)
(F&) p=u=0 on 80 x IR*,
0(2,0) = po(z) , u(2,0) = ug(z) = € N,

where gn is given by (1.4).

A key ingredient for the forthcoming estimates is the functional

. 1 a €
Viloow) = [ {5176l = 567 + G(0) + Su? de,
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s 2k+2
here Gn(s) = dr = .
where Gn(s) /; gn(T)dr = D T Ty

Note that if ¢ € K then Gn(¢) < G(p) where G is defined by

Mz

+o0 2k+2 1
G(s) = [ g(r)ar =3 GrraergT) ~ 2 (@R 9+ (- 9in(—s)

We remark that 0 < G(s) < In(2) and that g'(s) > 2 for all s € (—1,1). Therefore
1 a €
Ve < 3 = it 2 _ —,2 e 2}
(o u) < Ve(p,u) /‘;{ZIVgol 2cp + G(p) + 2u dz

< el + §lulliam + R2)9L.

In particular this implies that the estimates for which the right-hand-side only de-
pends on Vi (o, uo) are uniform with respect to N.

We now prove a result that will be useful to deduce estimates for (¢%, /euy) in
Hi(Q) x L¥(Q).

Lemma 3.1 Let (p,u) € (H}(Q)NLP+2(Q)) x L3(Q). Then
0

1 € 3 .
§||<P||fqg(n) + 5““”22(:}) < gazlﬂl + Vi (o, u). (3.3)

Proof. We have that

/0 {—gvz + Gn(sO)}dz

1 1 902k+2 d
- n{_f“’ TR +—‘P +2(2k+2(2k+1)} “

Thus using the inequality

a 1 3
—'2-82+—243 > _Eaza
it follows that
a o, 3, 1
/0 {_5"0 + GN(‘P)}dz 2 —5¢ 2] + E/QGN(‘P)‘Z“” (3-4)

so that

Vi) 2 —3a210l +§ [ (V6] + Gulp) + cu?)de

v

~3079] + 3lleli @) + §lullzam):
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3.1 Uniform estimates with respect to -V

In this section we prove estimates for the solution of Problem (Pf). They will per-
mit to prove the existence of solutions for Problem (P¢) in Section 4.

Throughout this section, we assume that the initial functions (o, uo) satisfy

(oyu0) € (K H(R)) x L*(9).

Next we prove the following result.

Lemma 3.2 There ezists a positive constant C such that for all T > 0, that

C
5 (E) gy + w53y < G (Ioliaay + luolliagey) exp (57 (5.5)
for allt € (0,T);

“995\/“21’,2(0];}!3(0)) + 5”“5\!”22(01;!{&(0))
o (3.6)
IGx(3)llzsozzsa < C (lloliZaqay + luollza(a)) exp (;T) :

Proof. We multiply the equation (3.1) by —le-gojv, use the inequality

enan(pi) > Gr(el)

multiply the equation (3.2) by eu$y + ¢%, and add the two resulting inequalities to
obtain

1 d e \2 3 e \2 1 1 c 12 c 12 1 .
732/‘;{(9%7) + (euy + o) }d:z: + 5/{; {;|V¢N| + e|Vuy|* + EGN(‘PN)}dx
<1 [ {alen) + ehus o
1
< 2 [ (w5 + [ (cusy + oy — i )eida, (3.7)
e 1 . .
<% /; (o) 2dz + 27 /;} (eufy + #¥v)’dz,

<G [ {(en) + (cuse + ¢5)7}da,

so that using Gronwall’s Lemma we deduce that
2C,
/ { + (euy(t) + o (1)) }d:c < / 0t + (euo + o) )dz: exp( t)

2C
</ 302 + 2¢2u2)d (—lt)
< n( Po + suo) T exp =

98



Moreover we have that

| {ton) + (u)}ee = |

<

[4 1 [ 4 [4 (4
{(Wv)z + ?(WN + YN — ‘PN)Z}d‘”

o)

5~

{1+ 20680 + S (eusy + 037}
<% / {(SON + (euy + o)’ }d“”

and thus

/Q {(S”;r)z + (ujv)z}d:c < / 3pE + 26%u d:z: exp <z-q—t)

2C,
%/ ‘Po+% dz exp (-——T)

which implies (3.5). (3.6) then follows from integrating (3.7) in time.

Lemma 3.3 There ezists a positive constant C such that For all T > 0

T C
[} Ve uids < C (ol + luollagey) exo (57).

Proof. We have that

T ] T ) )
| Vitetunds < [ [ {9kl + Guleh) + e(ui)?} deds,

which in view of (3.6) implies (3.8).

The result below expresses the fact that Vj is a Lyapunov functional for Problem

(P§)-

Lemma 3.4 Forallt >0 and all 7 > 0, the solution (%, uly) of Problem (Pg)

satisfies

(i) L Vi (o3 ui)(t) < 0;

t+r
(i) Vilewui)t+)+ [ [ {elei)? + [Vuy P} dods

= Vi(#5, uiy)(?).
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Proof. We multiply the equation (3.1) by (¢%):, the equation (3.2) by u$, integrate
by parts and add the resulting equations to obtain

d € € € [ (4
ZVilehun) = [ {—e(ei)i - [Vuyl} s, (3.11)

which implies (3.9) and (3.10).

Lemma 3.5 There ezists a positive constant C such that for all T > 0
T N .

c (3.12)
< C (lollaqay + volliagny + T) exp (57)

Proof. We multiply the equation (3.11) by ¢ to obtain

d 14 [ 4 € € € 14
ZEVilerun) + [ ¢{elon)? + 1Vl dodt < Vi (o, ).

Next we integrate this inequality in time between r and ¢ using also (3.8) and (3.10)
to deduce that

t
Vileorun) O+ [ [ s {elein)i + [Vusl}deds
T
< [ Vileivui)(s)ds + rVie(oh us)(r)

Cr) 4 v
< C (Iolliaay + luollfagey) exp (5T + Vi (oo, o),

and let then r | 0 to deduce (3.12) in view of (3.3).

Lemma 3.6 There ezists a positive constant C such that for all > 0
1 1
[ {eeni®) + VunPlde < 0 (- +2) (Vileouo) +1)  (313)
forallt > r > 0.

Proof. We differentiate equation (3.1) with respect to ¢, multiply the result by
(¢% ), integrate by parts and use the monotonicity of gy to obtain

%%/ﬂ(%)?dm +/QIV(905v)tI2dw < /n {a(pn)? + (usy)e(P)efde.  (3.14)
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Multiplying equation (3.2) by (u$): and integrating by parts gives

/{ € )2+ (0% ):(us )}dz-{-——t/ Vs, 2dz = 0. (3.15)

Hence adding up (3.14) and (3.15) we obtain
%;‘[i{g { (o%): + [Vule}d:c+/ {|V (P3)el* + e(ufy }dv"‘«

(3.16)
< a/‘; (¢iv)ide.

Using (3.10) and (3.3) we can apply the Uniform Gronwall’s Lemma to (3.16) and
thus we deduce that for all s >0

a

[ {eteni+ o)+ Vus(t+ o)tz < 0 (S +2) (Vilpoma) +1) (3.17)

for all ¢ > 0, which completes the proof of (3.13).

Lemma 3.7  There ezists a positive constant C such that for all T > 0 and all
te(0,T)

£ [ {e(pm)i(t) + [Vus(t) o

(3.18)
< ST +1) (ol + uolliagey + T) exp (5T)

Proof. Multiplying inequality (3.16) by t* we deduce that

s [ {elo8)? + [Vas e < £ [ (oi)ide + [ {eloh)? + [Vugft}e.

Next we integrate between r and ¢, using also (3.12) and (3.13)

5 [ {eleni® + [Vus ')} dz

< [* [ {#alon)? +t (o8 + [Vu ) }da + ; [ {e@m?r) + [Vusl?(r) e

C, 1 1
< Cl(% 1) (||<Po||L2(n) + [[wollza(ay + T) exp ( T) +Cor (s + ) (1+ Vi (o, w0)) -

The result of Lemma 3.7 then follows from letting = | 0.

Lemma 3.8 There ezists a positive constant C such that for all T > 0

A(AwN( ))*dz < C’( + - )(VN(cpo,ug) +1) forallt >r > 0. (3.19)

101



Proof. We multiply equation (3.1) by A¢% and integrate by parts. This gives using
the monotonicity of gy

1 62 € € 14
> [ (aesrdn< S [(eaida+C [ {IVeql?+IVuyl)ds,  (320)

and (3.19) follows from (3.13), (3.3) and (3.10).

Lemma 3.9 For all T > 0 there ezists a positive constant C = C(r) such that

V/;:+r/n(A<p;v)2d:c < C(VE(po,uo) +1) (3.21)

< C(Ve(posu0) +1)
for allt > 0.

Proof. We integrate (3.20) between t and ¢ + r and use (3.3) and (3.10) to deduce
(3.21).

Lemma 3.10 There ezists a positive constant C such that for all T > 0 and all
te (0,T)

. % C
[ h(eh(®)de < ST + 17 (pollian) + luolliage) + T) exp (7). (3:22)

Proof. We multiply the equation (3.1) by gn(% ) to obtain
[ gi(ei)da
< fn {—an(e3) Vel + apivan (o) + uivan(eh) — e(eh)an(vy) pdz (3.23)
1
<O [ {(eh)? + (i) + o)z + 5 [ ghlen)ds,

Multiplying (3.23) by t?, we deduce (3.22) from (3.5) and (3.18).

Lemma 3.11 For all T > 0 there ezists a positive constant C = C(r) such that

t+r
/t /n g2(0%)dzds < C (V§(wo,uo) + 1) (3.24)

< C(V¥(po,uo) + 1)
forallt > 0.

Proof. The result follows from integrating (3.23) in view of (3.3) and (3.10).
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Lemma 3.12 There ezists a constant C such that for allT > 0

/ (w5 (1)dz < C'( + -i—)(VA‘,(cpo,uo) +1) forallt>r>0.  (3.25)

Proof. (3.25) is a direct consequence of inequality (3.23) together with (3.13), (3.10)
and (3.3).

3.2 Time uniform estimates

In this section we prove time uniform estimates, independent on N, for the solution
of Problem (Pf;). The bounded absorbing sets depending on ¢ will permit to prove
the existence of a maximal attractor of Problem (P¢) whereas the bounded absorb-
ing sets that do not depend on ¢ will be used to prove the upper-semicontinuity of

the attractor.

Throughout this section we suppose that (o, ue) € K x L*(Q).

A natural function to consider [1] is the enthalpy z§ = eufy + ¢%. We also use
the notation z§ = cug + @o. We first prove the following result.

Lemma 3.13 There ezist positive constants a and b that do not depend on N and
€ such that the function z§ = eufy + @} satisfies

el () + 125 (Ol-1(0) < (elleollzs(ay + 126l 5= (a)) € + 8
for allt > 0.

Proof. We rewrite (3.2) as

(Z;V)t = Au;\”

multiply this equation by N (z§) and integrate on 2 to obtain

/;)(zfv)t/\f(zjv)dz=/;)Au§v./\/(zjv)d:c,

that is

/n — (AN (25)), N (25 )dz = fn uS AN (25)dz,

so that

2dt./ VN (2%) |2d:c+/ uyzyde =0,
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which we rewrite as

ey + [ {eu)? + iy = =0,

By substituting the expression for u% in (3.1) in the equality above we obtain, using
also (1.4),

12 {ellonlliam + 1zl o)}

e \2 V e |2 2 ( 2k+2 (3‘26)
'*‘/;{5(%7) + | Voy|* — aley) kZO 2k+1 } = 0.
Then using the inequality —az? > —1z* — 2a?, we deduce that
, e )Pk+2 ;
/{ (N)+,§ 2k+1}"J
( )2k+2
~g [ (px)idz — -azlﬂl + ((‘PN + (so )* + dz
6 / / kzz 2k +1
- - ) e )2k+2
> —
5o I+/( (p5)" + N)+2 2k+2(2k+1)>d”

> —3a|0l+ [ Gn(ey)ds.

Thus we deduce from (3.26) that
b {elelzm + o}

e \2 2_ & 2 3 5 (3:27)
+ [ {etws? + 1Ven P = S50 + Gt dz < Sl

Since

ellonlizagay + 128 llz-1a) < ellefllzaga) + CrllzklIZa(qy

e 112
< 263G gy + 4(c + 200) 1N 2@

using that € < M we deduce that

elll gy + 2il-scoy < Cs (elluiliagny + 3 [ Gwlei)de)

which we substitute in (3.27) using also (3.4) to deduce that

235 (el + 15 sy} + s (ellebliagay + Iofilamscmy)” < O
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The result of Lemma 3.13 then follows from applying Gronwall’s Lemma.

A direct consequence of Lemma 3.13 is the following result.

Corollary 3.14  There ezist a positive constant Do which does not depend on N
and € and a time ty = to(”SOoHLz(n), llewoll g-1(q)) such that

elleiv (M z2ca) + 25 () -1(a) < Do
for allt > t,.

The next step is to show that V§(p%,u$) enters an absorbing ball which neither
depends on N nor on €.

Lemma 3.15  There ezist a time t; = t1({|@ol|12¢qys l|€%0ll g-1(qy) and a positive
L3( )l H (ﬂ)

constant Dy which neither depend on N nor on € such that
(i) Vi (S, uiy)(t) < Dy for all t > ty; (3.28)
(i) el + elluf@iza @y < Dy forallt 2t;  (3.29)

(iii) / / { 24 Vuy)? }d:cds < D,. (3.30)

Proof. We deduce from (3.27) and Corollary 3.14 that

t+r
| Vilehui)()ds < C(r, Do)

for all ¢ > ¢ and » > 0. (3.28) then follows from (3.9) and the Uniform Gronwall

Lemma. (3.29) then follows from Lemma 3.1, whereas (3.30) is a direct consequence
of (3.10).

The next result gives the existence of a bounded absorbing set for u§ in H} ().

Lemma 3.18 There ezist a positive constant D,, a time t; > t; that do not depend
on N and € and there ezists a positive constant o such that for all € € (0,¢,),

(i) / {e(e30)(t) + [Vusy(t)?}do < Dy for all t 2 ta; (3.31)

(ii) / /{|v )il? + e(uf)? }deds < D, (3.32)
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Proof. Our starting point is the inequality (3.16). Its right hand side can be
estimated as follows

4 az € 1 4
o [ (pi)ide < TRl + 5 [ IV (eR )l de. (3.33)
Using equation (3.2) we deduce that
(%)l -1y = 1Aus = e(u)ellz-1(ay
< 2/ Augyl - oy + 26?1 (ufe)ell -1 (ay
< 2/ Vgl zagay + 2C2 ) (w5 el 22 a)-

Thus in view of (3.33), we deduce from (3.16) that

14 fn {e(eh)? + [Vuy|*}d= + % /n {IV(e3)el? + e(ugy)? }dz

(3.34)
< 02/ |Vu§ |2 dz,
a

provided ¢ is small enough. (3.31) then follows from (3.30), (3.34) and the Uniform

Gronwall’s Lemma. In order to show (3.32) we integrate (3.34) between t, and ¢
and let then t T 4o0.

We provein the next Lemma a similar result as in Lemma 3.16 but for arbitrarily
large values of €.

Lemma 3.17  There ezist a positive constant D, that do not depend on N and ¢
such that

—

[ {eteni® + IVas(e)P}de < % for all t > t,. (3.35)

Proof. Using (3.30), we can apply the Uniform Gronwall’s Lemma to inequality
(3.16) which implies (3.35).

The next lemma implies the existence of an absorbing set for ¢4 in HZ(Q).

Lemma 3.18  There ezists a positive constant D3 which does not depend on N
and e such that for all € € (0,¢)

A (t)2dz < D; for all t > t,. 3.36
a N
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Proof. This is a direct consequence of inequality (3.20) in view of (3.31) and Lemma
3.15.

Lemma 3.19  There ezists a positive constant D; which does not depend on N
and € such that

P —

/ (Apy)dz < -I—ZE for allt > t,. (3.37)
Q0

Proof. Here again we use inequality (3.20) and deduce (3.37) from (3.35) and
Lemma 3.15.

The next result gives the existence of an absorbing set for the nonlinear term
gn(p%) in Problem (Pg).

Lemma 3.20 There ezists a positive constant Dy which does not depend on N
and € such that for all € € (0,¢)

/n 0% (0%(8))de < Dy for all t > t,. (3.38)

Proof. (3.38) follows from (3.23), (3.31) and Lemma 3.15.

One can summarize the previous results concerning the existence of bounded
absorbing sets for the solutions of Problem (P ) as follows.

Theorem 3.21  There ezist a positive constant C, and a time t, which do not
depend on N and € and a positive constant o such that for all € € (0,¢0)

(i) el (@%)e()Iz2(y + o5 (W)l zra(ay + llgm (o3 (O Zacay + luse @y < C
for all t > ty;

) [ {Iehye + ellihlinm } < ©.

Finally for € > 0 arbitray the following result holds.

Theorem 3.22 There ezists a positive constant C, times t, and t, > t,, which do
not depend on N such that for all e > 0

for allt > ty;

ol

(i) ||‘va(t)”§73(n) + ||“5v(t)”iz(n) <

(i3) o5 ()| zrsay + l1ufe (O3 (ay < € for all t > t,.
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4 Well-posedness of Problem (P*)

In this section, we prove the existence of a unique solution of Problem (P¢) that we
construct as the limit as N — 400 of the solution (%, u$y) of Problem (Pg).

More precisely we prove the following result

Theorem 4.1

(i) For every (po,u0) € K x L*(R2), Problem (P¢) has a unique solution (p°,u°)
which satisfies

(p%,u) € L= (0,T;(L3(Q))*) N L*(0, T; (H(R))?)
for all T >0, and
(¢%u) €C (IR+; (Lz(ﬂ))z) :
(12) If (vo,u0) € (KN Hy(R)) x L2(Q) then
(¢%,uc) € L= (0,T; Hy(2) x L*(Q))N L*(0, T5 H*(Q) x H(Q))
for all T >0, and

(¢, u) € C (IR*; H}(Q) x L*(Q)) .

Moreover for allt > 0, ||¢®(t)||Lo(n) < 1, the set {z € Q, |¢*(z,t)| = 1} has measure
zero and the mapping S(t) : (po,u0) — (¢°(t),u®(t)) is Lipschitz continuous
on K x L*(Q) endowed with the topology of (L*(2))?. Furthermore (54(t))ss0 s @
semigroup on K x L?(QQ). -

4.1 Continuity of the semigroup - Uniqueness of the solution

Let (o, u0) and (%o, o) be pairs of initial functions in K x L?(Q2) and let (¢°,u¢) and
(¢¢,u°) denote the corresponding solutions of Problem (P¢). We set ¢* = ¢° — 9°
and w® = u® — 4%, then

(o = Ad +adt — (g(¢) — g(¥) +wf in Qx IRF, (4.1)
ew + ¢ = Aw® in Q@ x IR*, (4.2)
FF=w=0 on 89 x IR*,

[ ¢°(2,0) = ¢o(z) , w(z,0) = wo(z) z €,
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where we have introduced the notations ¢g := o — ¥y and wqg := ug — %Ug.
We multiply the equation (4.1) by %qﬁ‘, the equation (4.2) by ew® + ¢¢, integrate by
parts and add the resulting equations using the monotonicity of the function g to

obtain
1%‘/(‘){(¢¢)2+(€w‘+¢:)2}d33

—AI%V¢’+\/§VW‘|2°{$+%/O{a(¢°)2+w‘¢‘}d%

and thus proceeding as in the proof of Lemma 3.2 it follows that

1% /n {(d)‘)z + (€w° + ¢,e)2}d:z: < 5_2/;{((;5:)2 + (Ewg n ¢e)2}dz.

Using the Gronwall’s Lemma we then deduce that

/{(¢:(t) )? + (ew(t) + ¢°(t) )}d:c<exp< )/ {¢0+(ewo+¢o)}

for all £ > 0. This in particular implies that

{(qf)‘(t))2 + (w* }d:c < —C— exp {¢0 + wo}dm (4.3)
9]

for all £ > 0. Thus we deduce on one hand the uniqueness for Problem (P¢) and on
the other hand the Lipschitz continuity of the mapping S¢(t) from KX x L%(Q) into
itself.

4.2 Existence of solutions

Throughout this section, we suppose that € is a fixed positive constant.

We first consider initial functions (o, uo) that belong to (K N HE(R2)) x L*(Q).
It follows from the lemmas 3.1, 3.4, 3.9 and 3.11 that for all T > 0 there exists a
positive constant C' = C(T, ||ol| g1(a)» w0l 2(q)) Which does not depend on N such
that

lew (Ol Lo, i3y < C (4.4)
[Aexlz2(er) <C (4.5)
lgn (e )llz2(@x) <C (4.6)
les(®)llzmoranay <5 (47)
lusll 22 0,73y <C (4.8)
Ieidizen < (49)
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where Q7 = 2x(0,T'). Thus we deduce that there exist a subsequence of {(¢%, u%)} ¥>o
that we denote again by {(¢%,u%)} and functions (¢¢,u¢) which satisfy -

(¢%,u%) € L* (0, T; (H*(Q) ) Ha(Q)) x Hi())

such that as N — 4o

5 — . & weaklyin L¥Qp), (4.10)
Ay ——  Ap°® weakly in L?(Qr), (4.11)
gv(ey) —— ¢ weaklyin L*(Qr), (4.12)
uy —_— weakly in L%(0,T; H}(2)), (4.13)
(%) — weakly in L*(Qr). (4.14)

Letting N — +oo in the equation (3.1) we deduce from (4.14), (4.11), (4.10),
(4.12) and (4.13) that the pair (¢°,u®) satisfies

epf = Ap® + ap® — ¢g* +uf in L*(Qr). (4.15)

Next we let N — +oo in the equation (3.2). Therefore we remark that using
(4.8) and (4.9) together with equation (3.2) it follows that

”(uir)t||L=(0.T;H—1(n)) <C, (4.16)
and thus

(ufy)e uf weakly in L?(0,T; H*()) (4.17)

as N -— 4oo. From equation (3.2) we deduce that
(e(uiv)e + (piv)e » X) = = (Vuy , V),

for all X € D((0,T) x Q) where ( ,) denote the duality product between D'((0, T) x
Q) and D((0,T) x Q), and let then N — +oo to deduce from (4.17), (4.14) and
(4.13) that

eus + o = Au  in L}(0,T; H~1(Q)). (4.18)

Moreover using Simon [6], (4.4), (4.9) on one hand and (4.7), (4.16) on the other
hand imply that as N — +o0

oy — ¢ in C(0,T); L*(Q), (4.19)

u§y —— u¢ in C([0,T]; H~1(9)),
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so that in particular ¢*(z,0) = @o and u*(z,0) = ug in Q.
Note also that using for example Temam (7, Lemma 3.2, p.69], it follows from (4.8)
and (4.16) that

u® € C([0,T); L*(Q)). (4.20)
Hence the functions ¢° and u° satisfy
ep; = A+ ap® —g* +u°  in L*(Qr)
+ @t = Au® in L?(0,T; H~1(Q))

(4.21)
pt=u=0 on 00 x (0,T)

©*(z,0) = po, u(z,0) =up in Q.

We now prove that g* = g(¢°) and the set {z € Q, |p°(z,t)| = 1} has measure
zero and that (¢°,u¢) € C(IRY; H} () x L*(Q)).

The usual monotonicity argument does allow here to prove that g* = g(¢°).
Therefore we adapt a method introduced by Debussche and Dettori [2]. For an
arbitrary small n € (0,1) and for all ¢t € (0,T), we set

EN(t) = {z €9, |pi(z,t)|>1—n},

and we denote by |Ef,v(t)| its measure namely |E,I7v(t)l = Meas(E}(t)) = /N( )d:c
EN(t

and by AV(t) its characteristic function :

1if z € EN(¢)
erv(mat)={ "

0 elsewhere .

Using Lemma 3.12 we deduce that

tlon(oir (s < 0 T2 forall t € (0,7), (4.22)
and thus
1/2 N 1/2
s ot e sol " o (eh())*
{/Eﬂt)gN(soN)d} = ]E" (t)l {:cEIEi;(t) (;;u 2k +1 )}
(z)|2k+1

1/2
> |EN() Inf 2'992“1
z € EN(t) k=0

1/2 (1_ )2k+1
= ‘E’I’v(t)l ,; 2k+1
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which implies that

|1/2 < C(T,¢) .
- \/Zi (1 _n)2k+1

o 2k+1

|EN(2)

(4.23)

Thus letting N — +o00 we deduce from (4.19), (4.23) and Fatou’s Lemma that

|E, (t)] = /ﬂ X,(t)dz < /ﬂ Jim_infxl()de < lim _inf /n XX (t)dz
< lim_inf |EY(2)]
<__ 4C
Tt In? Z;_Tl ’

where |E,(t)| and AX,(t) respectively stand for the measure of the set

{z € Q, |¢°(=,t)] > 1 — n} and for its characteristic function. Letting then 5 | 0, it
follows that for all t € (0,T)

Meas{z € Q, |¢°(z,t)| > 1} = 0. (4.24)
Next we show that (4.19) and (4.24) implies that as N — o0, for all ¢t € (0,T)

gn(pn(t)) — g(p(t)) ae. in Q. (4.25)

It follows respectively from (4.19) and (4.24) that for all ¢ € (0,T) and almost every
z e

‘P?V(zat) - tp‘(:c,t), (4'26)

(2, t)| < 1. (4.27)

Fix (z,t) € Q x (0,T) such that ¢%(z,t) converges to ¢°(z,t) as N — +oo. It
follows from (4.27) that there exists a positive constant Ny such that for all N > Ny,

@hi(z )] < 1. (4.28)
Then we have that

lan (©v(2,t)) — 9(¢°(2,t))] < |gn(pi(z,t)) — 9(p5 (=, 1))l (4.29)
+lg(ei(z,t)) — 9(¥°(z,1))l-

It follows from (4.26), (4.27) and (4.28) that the right term of the right-hand-side

of (4.29) converges to zero as N — +o0o. Concerning the remaining term we have
that

, PN < S 1CR)
gN((PN(z)t)) - g((PN(z,t)) - k:;-}-l 2k +1

(4.30)
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In view of (4.28), there exists a € (0,1) such that |¢%(z,t)] < 1 — a. Hence for
M>N+1

i (995\,)2}:-:—1 1 f: | |2k'1
l ] < SN T3 o7
k=N+1 2k T 1 2 + 3 k=N+1
M
< oy X (-t
k=N+1
< (1 _ a)2N+3 1 — (1 _ a)Z(M—N)
< “an T3 T—(1—a)

Thus letting M — 400 we deduce that

22 (o)t

| Z 2k+1

k=N+1

(1- a)2N+3 1

| < ,
2N +3 1-(1-a)?

which implies in view of (4.30) that gn(¢%(z,t)) converges to g(p%(z,t)) as N —
+00. This completes the proof of (4.25).

Then using Lions [5, Lemma 1.3, p.12] it follows from (4.6) and (4.25) that

gn(#%) 9(y°) weakly in L*(Q x (0,T)). (4.31)

so that g* = g(¢°).

Next we prove that (¢¢,u¢) € C([0,T]; H3(2) x L?(£2)). Since we already know
that (%, u) € C([0, T); (L2())?), it only remains to prove that o* € C([0, T]; HX(2)).
We deduce from Lemma 3.8 that for all § > 0 there exists a positive constant
C = C(6) which does not depend on N and such that

li5() | ragay < C for all ¢ > 6 > 0.

Thus using (4.9), this in particular implies that the limiting function ¢° is in
C([6,T); Hy(2)) for all § > 0 so that in turn ¢° € C((0,T]; H3(Q)).

In what follows we first prove that G(¢°) € C([0,T]; L}(f)), then that the map-
ping t — V(¢ u®)(t) is continuous on [0,T]. Since the functions ¢° and u® are
continuous from [0,T] into L*(Q), this implies that ¢ € C([0,T]; H3(2)).

Let ¢o € [0,T] and let tx be a sequence in [0, T] converging to to as k — +oco0. We
deduce using (4.19) and (4.24) that G(¢°(x)) converges to G(¢(%0)) as k — +oo
almost everywhere in Q, since also |G(p°(tk))| < In(2) it follows that G(¢°(t))
converges to G(¢(to)) in L}(R) as k — +oo by the dominate convergence theorem.

Next we prove that ¢t —— V(p®,u®)(t) is continuous at ¢ = 0. We deduce from
the Lemma 3.4 that

VE(p®,u)(E) < VE(po, wo),
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and thus

l%lrgl sup V(¢%,u)(t) < V¢(po, uo)- (4.32)

But since ¢¢ € L*>(0,T;Hy())NC([0,T]; L*(R)), we deduce using Temam |8,
Lemma 1.4, p.263] that the function ¢° is weakly continuous on [0,7] with val-
ues in H}(§2). Hence it follows that
V(o 0) < limint V<(p%,u%) (1),
which in view of (4.32) implies that
i V(6 w)(E) = V(o 0),

and thus

¢ € C([0,T); Ho(2))- (4.33)

This conclude the existence part of Theorem 4.1 (ii).

In order to prove part (i) of Theorem 4.1, we consider initial functions
(o, u0) € K x L*(£2) and we define a sequence {(®ok, tok)};>; such that (oo, uok) €

(KNHH(Q)) x L*(Q) for all k > 1 and (pok,uok) — (o, %) in (L2(R))* as

k — +oo. Let (p5,us) and (pf,u;) be two solutions of Problem (P¢) with ini-
tial functions (@op, %op) and (poq, uog) respectively. We deduce from (4.3) that

({65 — 02)(8) + (ut — w2} de < Dexp (SF) [ {(0, = 05,)? + (5, — u5,)? .
(9] € € 0

Thus {(¢f,u§)}i>; is a Cauchy sequence in C([0,T];(L%(2))?) and there exists
(%, u®) € C([0,TT; (L*(©))?) such that as k — +oo

(Phruk) — (9%, u) in C([0, T]; (L3(R))%). (4.34)

It remains to show that (¢¢,u¢) satisfies Problem (P¢). It follows from the uniform

estimates with respect to N of Section 3.1 and in particular the lemmas 3.2 and
3.10 that

. e C C
(ks vl Z2go,zscmzcyyy < §|l(¢0k,u0k)||fm(n))z exp (§T> (4.35)

¢ C C
Itg(e%)l e (o,i2()) < ?(||(900kau0k)”fm(n))2 + VT)(T + 1) exp (;T) . (4.36)
Thus we deduce from (4.35) that as k — 400

(ph,up) —— (¢°,u) weakly in L*(0,T; (H2(R))?). (4.37)
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Moreover it follows from the existence proof above that for all ¢ € (0,7) the set
{z € Q, |pi(z,t)] > 1} has measure zero. By a similar proof as above, one can
show as well that for all £ € (0,T) the set {z € Q, |¢*(z,t)| > 1} has measure zero.
Therefore using again (4.34)

g(ps) — g(¢°) a.ein Q and for all t € (0,T) as k — +oo. (4.38)

Next we prove that as k — +o0

(k) — g(¢°) in L=(0, T; L}(Q)).

To that purpose for arbitrarily small n € (0,1) and all ¢t € (0,7'), we introduce the
sets

E!;(t) {:l: € Q, “Pi(z)t)l >1- 77}) F:(t) = Q \E!;(t)’

E,(t) = {z€Q, [p*(z,t)| > 1—n}, Fy(t) = Q\E,(2),

and the associated functions Z¥ and Z, defined by

1if z € FX(t)

Zk(z,t) =
2(®1) {OifzeE,’;(t),

1if z € Fy(t)
0if z € E,(t).

Zy(z,t) = {

Note that using similar techrics as before one can deduce from (4.36) that

k(s\[1/2 C _ 2C
B S o = ) (4:39)

7
Next we have that for all £ € (0,T)

[ 19(ei(®) = ale"@ld= < [ [olei)(1 - 24(z,1)da
+ [ o(er®)2i(=,0) — g(e () Zalz,D]dz + [ la(e* ()1 = Za(a,t))lde (440)
= (E) + (F) + (G),

and we estimate the three terms of the right-hand-side of (4.40) : (E), (F) and (G)
as follows.
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We deduce from (4.36) and (4.39) that
(8) < { [ seiiz} " { [(1 - 2tz t1)ae)
<%0 |Bxw)[” (4.41)

< 2C(T
2 1n 2—;—11

Next we show that (F) tends to zero as k — +oo. Using (4.34) and (4.38), we
deduce that for all t € (0,T) as k — +o0

9P () ZX(z,t) — g(#°(t))Zn(z,1) a.e. in Q.

1/2

Moreover g is a non-decreasing function and

(i) 28e00) < o2 - n) = 3in (227,

and thus for all t € (0,T)
9(#k(t)Z5(2,t) — g(¢*(t)) Zn(2, ) in L}(R), (4.42)

as k — 400 by the dominate convergence theorem.

Finally we consider the term (G) = /;) lg(¢°(8))(1 — Z,(z,t))|dz. We deduce from
(4.36), (4.38) and Fatou’s Lemma that

tllg(e®(£))llz2(ay < C(T) for all ¢ € (0,T),
and proceeding as for the term (E), we deduce that

20(T)
(@) —F—— (4.43)

Thus we deduce from (4.40), (4.41), (4.42) and (4.43) that for all ¢ € (0,7
9(pi(t)) — g(¥°(t)) in L*(Q) as k — +oo. (4.44)

Note that the pair (pf,uf) satisfies the integral equations

T T T
_e/o /n(PkXtdzdt = —/; /ﬂVgokVXd:cdt+/(; /n{agpk — (%) + ul} Xdedt

i P+ ei} Xedzd i VuiVXdzd
/;/r;{euk-*-(pk} t:ct—-/(;/‘; uj, zdt
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for all X € D((0,T) x Q). Letting &k — +oo in this equations we deduce from
(4.34), (4.37) and (4.44) that the pair (¢, u®) satisfies Problem (P¢) in D'((0,T) x Q)
together with the initial and boundary conditions of Problem (P*¢).

5 Existence of a maximal attractor of Problem

(P*)

The aim of this section is twofold : prove that the nonliear term g(¢°) enters an
absorbing set of L?(Q2) and show the existence of a maximal attractor for Problem

(Pe).

5.1 Existence of a bounded absorbing set for the nonlinear
term of Problem (P*)

We show in this section that the nonlinear term g(¢°) enters an absorbing set of
L*(Q). More precisely we prove the following result.

Lemma 5.1 There ezist a positive constant D and a time t, which do not depend
on € and a positive constant €q such that for all € € (0,¢0)

lg( e (E)lzagqy < D for all t > t,. (5.1)

Proof. We deduce from Theorem 3.21 that there exist a positive constant C and a
time t, which do not depend on N and € and a positive constant € such that for
all € € (0,€0) the solution (¢S, u$y) of Problem (P§) satisfies

I3 (Ollrsoy + lan(e3(Ol3agay < O for all £ > b (52)
teo e 2
L ey < ©- (53)

Thus we deduce that there exists a subsequence of {¢%} >, Which we denote again
by {¢%} and a function ¢ such that for all T > ¢, -

ey — ¢° in C([ts, T); Hy(Q)),

as N — +4o00. In particular

ey —— ¢° a.e. in Q and for all ¢t € (¢,,7) (5.4)

as N — +oo. Note that by Section 4.2 the function ¢° satisfies Problem (P¢).
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Moreover it follows from (5.2) that on one hand there exists a function g* such
that

an(eN) g* in L™(t,, +00; L*(Q)) weak * (5.5)

as N — 400, and

lg*(})l|zaay < C for all £ > 15, (5.6)

and on the other hand that for all » € (0,1) the measure of the set
ER(t) := {z € Q, |p%(z,t)] > 1 — n} satisfies

C

|ERE(8)]/? < for all t > t,. (5.7)

N (1 )2k+1
D T

k=0

We denote by X3°(t) the characteristic function of this set. Using (5.4), (5.7) and
Fatou’s Lemma 1t follows that for all ¢ € (¢,,T) and all n € (0,1)

B(t) = [ X(a,0)de < Im_inf [ X7(a,)de = | lim _inf ER()|

where | E™¢(t)| denote the measure of the set {z € Q, |p*(z,t)| > 1 — } and X™*(z, 1)
its characteristic function. Letting then 7 | 0 it follows that for all ¢ € (¢,,T)

Meas {z € Q, |¢*(z,t)] > 1} = 0. (5.8)

Using (5.4) and (5.8) one can show in a similar way as it has been done in Section
4.2 that as N — +o0

gn(py) — 9(¢°) a.e. in Q and for all ¢ € (¢;, 7). (5.9)

Using Lions [5, Lemma 1.3, p.12] it follows from (5.2) and (5.9) that for all T > ¢,
as N — +o0

an(e%y) g(¢°) weakly in L*(t,, T; L*(9)),

which in view of (5.5) implies that g* = g(¢°). Therefore (5.1) then follows from
(5.6).
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5.2 Existence of a maximal attractor

Next we prove the following result about the existence of a maximal attractor for
Problem (P¢).

Theorem 5.2  The semigroup (5°(t)),s, associated with Problem (P¢) maps K x
L*(Q) into itself. It possessesin K x L?(}) a mazimal attractor A° that is connected.
Moreover A° is bounded in (KN H2(Q)) x H}().

Proof. It follows from the existence theorem that the semigroup {S¢(t)},,, is
continuous on K x L?(Q). From Theorem 3.22 (i) we deduce that the solution
(¢°(t),uc(t)) of Problem (P¢) enters an absorbing ball B of H}(Q) x L?(Q) for
t > t,. Moreover Theorem 3.22 (ii) implies that there exists a time ¢, > ¢; such that
S¢(t)B is bounded in H?(Q) x H'(Q2) and thus relatively compact in H}(2) x L*(Q)
for all ¢t > t,. The existence of the maximal attractor then follows from Temam [7,
Theorem 1.1, p.23].

6 Upper-semicontinuity of the attractor

From Theorem 4.1 we deduce that Problem (Pf) is well-posed and that the mapping
SE(t) = (po,v0) — (9°(t),v(t)) where (%, v°) is the solution of Problem (P¢) with
initial functions (o, o), defines a continuous semigroup on K x L?(Q2). Moreover it
follows from Theorem 5.2 that the semigroup {S:(t)},,, possesses in K x L*(2) a
maximal attractor .Af. -

Note that there exist simple one to one relations between the two semigroups S¢(t)
and S¢(t) and the two corresponding attractors, namely

. 1 0 . 1 0
Sr(t)=(0 \/E)S(t) 0 ﬁ ;
and
e _ 1 0 €
(1 e
We also introduce the set A° = 4 x {0} and prove the following result.

Theorem 8.1 For  C IR"™ with n < 3, the attractor A% is upper-semicontinuous
ate =0, i.e. the Hausdorff semidistance d (Ag, . A°) converges to zero ase | 0 :

N

lim Sup  Inf (I!<P° = ¢l @) + 101122 ) =0

€l (prve)eds (p,0)€40
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Proof. Let n > 0 be arbitrary and let (¢, w®) € A¢ be such that

In ¢ — D3y + llwe I3 %Zd Az, A% — 1. 6.1
S (5 =Sl + o) 2 4 (45, 4%) = (6.1)

Let (¢°(t),v%(t))ter be the complete orbit in .4¢ such that

(¥%(0),v%(0)) = (¥, w°) (6.2)

We deduce from the invariance of A%, from Theorem 3.21 and Lemma 5.1 that there
exists a positive constant C' which does not depend on € such that for all € € (0, ¢)

\/EHSOf(t)”iz(n) + H‘Pe(t)”irz(n) + ||9(‘Pe(t))”21’;2(n) <G, (6.3)
and
“vz(t)”i{(}(n) < Ce (6.4)

for all ¢ € IR. Moreover

H‘P:“i’(—T,T;Hg(ﬂ)) + vl 22 (rriz3(ay < C for all T > 0. (6.5)

Thus we deduce from Simon [6] that the set {cp‘}ce(o'%) is precompact in
C([=T,T}; H*7(Q)) for all v € (0,1] 2ad all T > 0 and that the set {v°},¢ (g, is
precompact in C ([—T,T); L*()) for all T' > 0. Next we also use that if v € (0,1/2)
the embedding H2-7(2) C C(2) holds [7, p. 44-47] to deduce that there exists
a subsequence of {ga‘}e,_.,o'eo) which we denote again by {(p‘}ee(o'eo) and a function
o € L° (—=T,T;(H*(Q),1H;(R))) such that as e | 0

ot — pin ([T, T); HAQ) C(@ x [-T,T)). (6.6)

Moreover it follows from (6.4) that

v* —— 0in C([-T,TJ; L}(Q)),

as € | 0. Also note that if n < 3 and if v € (0,1,2) then the embedding H>~7(Q2) C
C(Q) bolds [7, p. 44-47). Therefore we deduce that as e | 0

¢* — ¢ in C([-T,T] x Q). (6.7)

Next we show that as e | 0

9(9°) —— g(v) weakly in L*(=T,T; L*(2)).
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The method of proof is similar to that of Section 4. Let ¢ € (0,1) be arbitrary small.
For all ¢ € IR, we introduce the sets

Ez(t) = {2: € Qa [(p‘(:c,t)l >1- 5}’ Ef(t) = {2: € Qa [(p(z,t)l >1- 5} )

and we denote by |Ef(t)| and [E¢(t)| their measures and by Xg(t) and X,(t) the
associated characteristic functions. It follows from (6.3) that for all ¢ € IR

4C
[B{ () < —5—v - (6.8)
In? (7——{>
Then letting € | 0 we deduce that for all t € IR
Meas{z € Q, |p°(z,t)| > 1} = 0. (6.9)

Moreover we deduce from (6.7), (6.8) together with Fatou’s Lemma that for all
te(-T,T)

|Ee(t)| = /n Xe(e,t)dz < lim inf /n X (2,t)de = lim infl E(t)] <

so that letting ¢ | 0 it follows that for all t € (- T, T)
Meas{z € Q, |p(z,t)| > 1} =0. (6.10)
Thus using (6.6), (6.9) and (6.10) we deduce that for all t € (=T, T)

g(¢°) — g(p) a.e. in Q. (6.11)

It then follows from (6.3), (6.11) and Lions [5, Lemma 1.3, p.12] that

9(9°) —— g(p) weakly in L*(=T, T; L*(Q)). (6.12)

Next we rewrite the parabolic equation (1.5) in the form

(4 (4 [ (4 1 14
Ap® — g(¢°) = epf — ap® — —=0°,

/e
and use (6.5), (6.3) and (6.4) to deduce that

8¢ = g(o*)z2(-1,msm300)) < C

so that using also (6.3) and (6.12) it follows that as e | 0

Ap® — g(¢°) —— Ap — g(p) weakly in L*(—T,T; Hy()) (6.13)
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and thus since g(0) = 0, we deduce from (6.7) that ¢ satisfies the boundary condi-
tion Ap = 0.

Next we prove that the limiting function ¢ satisfies Problem (P). To that purpose
we rewrite the equations (1.5) and (1.6) in the form

Vevf + ¢f = A(—Ap° + g(¢°) — ap® + epf),

and remark that the pair (¢°,v°) satisfies the integral equation

/_TT/n {Veui + i} Xda = /_TT /n {-0¢° + g(¢°) — ap* +epi} AXdz  (6.14)

for all X € D((0,T) x ). Letting € | 0 in (6.14), we deduce in view of (6.5), (6.13)
and (6.6) that the function ¢ satisfies the Cahn-Hilliard equation

pe+ A(Ap + ap —g(p)) =0

in L*(—=T,T; H3()), together with the boundary conditions ¢ = Ap = 0.

Next note that by (6.3) and (6.10) ¢ € BC (IR; H}(2)NK) where BC stands
for bounded continuous. Therefore, the complete trajectory (¢(t)):emr belongs to A.
Moreover, it follows from (6.6) that the pair (3¢,w®) = (¢*(0),v%(0)) converges to
(¢(0),0) € A° in H}(Q) x L*() as € | 0. This implies that

1
B i 2oy )’ =0
eff)l (#’-07)26']:.40 (“¢ d)“Hol(n) + ”w “L?(n) ) ,

which, in view of (6.1), implies that for each > 0

Oﬁlziﬁ)l sup d(A:,AO) <n.

Therefore
: [ 0} _
lim d (4, 4°) = 0.
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