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ABSTRACT

The first part of this thesis is concerned with the study of ergodic properties of
stopping time transformations, TV where T is an automorphism and v a transformation with
values in Z. The demonstrations use cutting and stacking methods. Results when T is
Bernoulli have been published in Z. Warhs. Verv. (vol 48, 1979, with K.M. Wilkinson) and
density results when T is ergodic in the Proc. London Math. Soc (vol 43, 1981).

The second part of this thesis is composed of several papers, in probability and in
statistics, about spatial processes and the testing of association. A first paper, published in
J.A.P. (vol 18, 1981 with D. Hémon) derives the asymptotic variance of the correlation
coefficient between two independent lattice processes. The speed of convergence in the
Central Limit Theorem for weakly dependent processes in Zd is the subject of the second
paper (published in Z. Warhs. Verw (vol 66, 1984, with X. Guyon). The speed is
dependent on the dimension d, on moments conditions and on mixing conditions.

The development of tests of association between spatial processes having a controlled
Type I error form the statistical part of this thesis. These tests were proposed in a paper
published in Biometrics (vol 45, 1989, with P. Clifford and D. Hémon). Their power and
an extension to the testing of partial correlations was further studied (to appear in Statistics in
Medecine). The applications discussed concern the field of geographical correlations in
epidemiology (Int. J. Epidemiol vol 16, 1987, with I. Stiicker and D. Hémon).

Keywords : Ergodic properties of stopping times, spatial processes, Central Limit Theorem,
Speed of convergence, Correlation coefficient, Tests of association, Effective degrees of
freedom, geographical epidemiology.

A.M.S. code : 28 D 05, 60 F 05, 60 G 60, 62 E 25, 62 H 20, 62 M 30, 62 P 10, 92 A 15.
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Premiére partie : Processus ergodiques : études des propriétés

ergodiques des temps d'arrét.

Les définitions et les résultats classiques en théorie ergodique utilisés dans cette partie
peuvent se trouver dans les ouvrages de Halmos (5) et Walters (9).

Les temps d'arrét considérés sont de 1a forme TV ol T est un automorphisme (c'est-a-
dire une transformation bijective préservant la mesure) d'un espace de Lebesgue (2,B,u) et
v une transformation mesurable a valeur dans N, telle que les ensembles tV{v = n} forment
une partition de Q. Dans ce cas la transformation 1V est-elle méme un automorphisme. Cette
classe de transformations inclut les temps de retour TV a un ensemble D et la restriction de
1Vp & l'espace de Lebesgue (D,Bp.up) coincide avec Tp 1'automorphisme induit.

Ces temps d'arrét ont été introduits par Neveu (6) qui en a donné une décomposition
en termes de produit de temps de retour associés a une suite décroissante d'ensemble {D;}.
Quand l'espérance de v, E(v), est finie, on peut montrer qu'elle est égale a un entier k qui
coincide avec le nombre d'ensembles {D;}, i =0..., k-1 dans la décomposition de Neveu.
L'entropie de 1V est reliée a celle de T via I'espérance de v.

De nombreux auteurs se sont intéressés aux propriétés des transformations induites :
Friedman (3), Friedman et Ornstein (4), Ornstein et Smorodinski (7). Nous avons cherché a
voir comment leurs résultats pouvaient se généraliser aux temps d'arrét ; une premiere
différence étant que T n'est pas nécessairement ergodique quand < l'est, bien que Ty, le soit
également.

Mes recherches se sont portées essentiellement sur deux aspects. Dans un premier
temps, j'ai étudié les temps d'arrét liés 4 une transformation t linéaire par morceaux, définie

sur [0,1] par une "tour". Dans un deuxiéme temps, la transformation T est seulement

supposée ergodique.



1. Temps d'arréts et "tours"

Une tour, définie sur [0,1], est un ensemble de colonnes composées d'intervalles
disjoints de méme mesure, empilés les uns sur les autres. A l'intérieur des colonnes, une
application partielle bijective est définie de mani¢re a ce que chaque intervalle soit
linéairement appliqué sur l'intervalle situé directement au-dessus. Au sommet de chaque
colonne, la transformation est définie par récurrence en utilisant la méthode du "cutting and
stacking". A l'étape n, la tour existant T, est remplacée par une nouvelle tour Tp41
constituée par une copie réduite de moiti€ de Tp : 12T, ,a la base (cutting) et par une copie
de T, au dessus de chaque colonne de 1/2T, (stacking). Ainsi a I'étape n, la transformation
est étendue linéairement par morceaux a la moitié du sommet. Comme la mesure du sommet
tend vers zéro quand n tend vers l'infini, la transformation est éventuellement définie sur
I'ensemble des intervalles qui composent la tour. Elle préserve la mesure et elle est
ergodique.

Cette classe de transformations, introduite par Chacon (1), a été largement étudiée
(voir Friedman (2)). Friedman (3) et Shields (8) ont montré que les transformations définies
par des tours sont markoviennes (Markov shifts). Il est facile de poser des conditions telles
qu'elles soient, de plus, mélangeantes. Par isomorphisme, cette classe inclut donc les
transformations de Bernoulli (Bernoulli shifts) d'entropie finie quelconque (Friedman et
Ornstein (4)).

Quand T est une transformation définie par une tour T, on peut suivre explicitement
I'action de TV dans la tour quand les intervalles de T sont des sous-ensembles de la partition
E; = Dj.1 - Dj, 0 £1i £k, associée au temps d'arrét v, E(v) = k. Pour certains intervalles (au
plus k) dans chaque colonne, la transformation de TV n'est pas définie. Ceci conduit a
décomposer la tour T en une union de k tours {Tj} disjointes. A l'intérieur de chaque Tj,
les intervalles sont transformés par TV . L'action de TV sur les sommets des colonnes peut étre
identifiée grace a des fonctions associé€es a v, définies sur la partition des intervalles de la
tour. Ces fonctions caractérisent de mani¢re unique un ensemble de permutations qui
indiquent quelle tour placer au dessus de quelle colonne dans la procédure de "cutting and

stacking".



Cette construction géométrique, que nous avons nommée : "tower blocks", peut étre
étudiée indépendamment des temps d'arréts. La transformation qui lui est associ€e est
markovienne et on peut donner des conditions explicites pour qu'elle soit ergodique ou de
Bernoulli. On en déduit que si T est de Bernoulli d'entropie finie, I'ensemble des TV qui sont
de Bernoulli est dense (par rapport a la métrique uniforme) dans la famille des
transformations {tV}. Ceci généralise un théoréme de Friedman (3) pour les transformations
induites.

Ces résultats faisaient partie de mon doctorat (Ph.D) que j'ai soutenu en 1978 a I'Université

de Nottingham (Directeur K.M. Wilkinson); ils ont été publiés dans Z.

Wahrscheinlichkeitstheorie verw.(liste des travaux (1)).

2. Approximation des temps d'arrét

Dans un deuxiéme temps, en supposant seulement T ergodique, j'ai montré comment
on peut approcher une transformation TV quelconque par une transformation TV' de méme
entropie et ergodique sur I'ensemble {v' # 0}. A nouveau, ces résultats sont fond€s sur une
construction explicite par induction de la transformation tV'. L'étape inductive est fournie
par le théoréme de Rohlin, qui donne une représentation géométrique d'une transformation
ergodique T quelconque 2 l'aide de t-colonnes. Le théoréme de Rohlin a aussi €t€ utilis€ par
Friedman et Ornstein (4) dans leur construction d'une transformation mélangeante. Les
fonctions associées a v qui ont été introduites dans la construction précédente sont & nouveau
sollicitées et le temps d'arrét v' est défini comme la limite d'une suite de temps d'arrét v, A
chaque étape le temps d'arrét v est Iégérement modifi€ afin que la transformation limite soit
ergodique. Une fois l'ergodicité obtenue, en utilisant des résultats connus sur les
transformations induites (4,7), on peut en déduire des résultats analogues concernant la
densité des TV mélangeantes ou possédant la propriété de Kolmogorov.

Ces résultats font également partie de mon Ph.D et ont été publiés dans les Proceedings of

the London Mathematical Society (liste des travaux (2)).






Deuxié¢me partie : Processus spatialement dépendants :
convergence vers la normalité, tests d'association et applications.

Etudier ou tester l'association entre deux variables aléatoires est un probleme
classique en statistique. Pearson en 1896 introduisait déja une mesure d'association : le
coefficient de corrélation empirique. Dans le travail que je vais présenter, je me suis
intéressée au cas ol les variables sont observées en différents points d'un espace
géographique et sont des réalisations de processus stochastiques pour lesquels une
dépendance entre des variables indexées par des points géographiquement proches existe.

Cette dépendance ou autocorrélation spatiale peut avoir des origines diverses. Il peut
s'agir d'une propriété intrinseque au processus lui-méme, comme l'existence d'interactions
entre les différents sites, de phénomenes de diffusion ou de contagion. Cette autocorrélation
peut également résulter indirectement de l'influence sur la variable étudiée d'un certain
nombre d'autres facteurs aléatoires ou déterministes qui varient a une échelle spatialement
plus large que celle du réseau de points considérés. C'est le cas de variables définies comme
une moyenne sur une unité géographique de variables dichotomiques observées par individu.
Nos exemples d'applications, choisis en épidémiologie, se situent dans ce cadre
d'autocorrélation crée indirectement.

Cette dépendance spatiale a de multiples conséquences en particulier sur les
conditions de convergence vers la normalité dans le Théoréme de la Limite Centrale ainsi que
sur la vitesse de cette convergence.

Du point de vue des tests d'association, les méthodes statistiques classiques fondées
sur la corrélation ou la régression ne sont pas applicables directement au cas de variables
spatialement dépendantes et il est nécessaire de les modifier. Les conséquences du fait de ne
pas prendre en compte l'autocorrélation dans les modeles de régression ont €té passées en

revue par Johnston (13) pour les séries chronologiques et Cliff et Ord (5) pour les séries

spatiales.
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Certains auteurs ont proposé des mesures d'association qui impliquent une
transformation des données par filtrage pour réduire l'autocorrélation avant d'appliquer des
techniques standards : ce sont les travaux de Haugh (10) développés dans le cadre des séries
chronologiques. La généralisation de cette méthode a des données spatiales irrégulicres
souleéve des difficultés.

Mes travaux ont considéré deux aspects : I'un probabiliste et l'autre statistique. J'ai

aussi développé des applications en épidémiologie.

1. Approche probabiliste

1.1 Variance asymptotique du coefficient de corrélation

11 s'agit d'une étude sur la variance asymptotique du coefficient de corrélation entre
deux processus mutuellement indépendants, chacun étant autocorrel€ spatialement. Dans le
cadre des séries chronologiques, la variance et les covariances des coefficients de corrélation
croisés ont été€ étudié€s par Bartlett (2,3).

La variance asymptotique est établie pour des processus gaussiens sur un lattice et
une suite croissante {Dy} de domaines de Z2 de forme quelconque, de cardinal IDyl.

Supposons que {X(u)} et {Y(u)}, u € Z2, soient deux processus gaussiens
stationnaires, d'espérance nulle et de variance finie, 62x et 62y . Supposons de plus que les
autocovariancesde X et Y : Cx(u,v) =E (X(u) X(v)) et Cy(u,v) = E (Y(u) Y(v)), u,v € Z2,
soient & décroissance exponentielle.

Soit rxy, le coefficient de corrélation empirique entre {X(u)} et {Y(u)}, u € Dy,.

Alors :
lim Dyl var (rxy) =Y Cx(0,v) Cy(0,v)/o%x 6%y
n -->o0 veZ2

ou O est l'origine et la suite {Dp} peut €tre de forme quelconque du moment

qu'asymptotiquement son bord 8Dy, soit négligeable par rapport & Dy,. Cette condition sur la

suite { Dy} est souvent retrouvée quand les processus spatiaux stationnaires sont étudiés.
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Dans le cas de processus markoviens conditionnels ou autorégressifs simultanés des
plus proches voisins, une expression explicite de la variance en fonction des parametres des
processus est donnée. Ces calculs numériques illustrent bien l'influence considérable de
I'autocorrélation sur la variance du coefficient de corrélation.

Ces travaux ont fait l'objet de deux publications dans le Journal of Applied Probability et

la Revue de Statistique Appliquée en collaboration avec D. Hémon., (liste des travaux (3),

(4))-

1.2 Normalité asymptotique de rxy sous des hypotheses de mélange

Les résultats énoncés dans ce paragraphe ne sont pas publiés. On peut les considérer
comme une annexe aux publications des paragraphes 1.1 et 1.3.

Dans le cadre de variables stationnaires dépendantes sur Zd, d > 1, les théoréemes de
la limite centrale (T.L.C.) sont habituellement obtenus par l'imposition de conditions de
mélange qui assurent en quelque sorte une faible dépendance pour des oc-algebres
engendrées par des variables éloignées, (Ibragimov et Linnick (12) et Hall et Heyde (8)

pour d = 1, Bolthausen (4) pour d = 1).

En particulier le champ {X(u)} est défini comme a-mélangeant (mélange fort) si

pour toutes parties A et B de Z4, sup IP(ENF)-PE) PF)<a(d(AB))

Ee 7A,Fe 78
avec a(m) --> 0 quand m --> + oo, FA et 7B €tant les c-algebres engendrées par X sur A et
B et d la distance du sup.

Pour les champs gaussiens stationnaires, cette propriét€ de mélange fort est liée a la
décroissance des covariances qui peut étre facilement vérifiée quand on connait la forme de
la densité spectrale. Cette propriété peut aussi étre vérifi€e dans le cas de champs gaussiens
markoviens non nécessairement stationnaires (Kunsch (14), Guyon (7)).

Une autre notion de mélange, introduite par Dobrushin (6), fait intervenir les parties
A et B par l'intermédiaire de leurs cardinaux ou d'une fonction de ceux-ci. Elle est

particulierement bien adaptée aux champs de Gibbs (Kunsch (15), Guyon (7)) pour
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lesquels on ne sait pas vérifier le mélange fort. Bolthausen considére un coefficient de
mélange op(m) ou Al < 2.

Une classe également intéressante de processus dépendants est celle des processus
linéaires (ou moyennes mobiles infinies) qui ont souvent été étudiés pour les séries
chronologiques (Anderson (1), Rosenblatt (17)). Pour ceux-ci, un T.L.C. peut &tre montré
directement en imposant des conditions sur les coefficients de la moyenne mobile. Les
processus linéaires ne sont pas nécessairement fortement mélangeants (Withers (23)).

Ces différentes notions peuvent étre utilis€es pour formuler des conditions
entrainant la normalité asymptotique de rxy. A titre d'exemple nous allons en formuler
deux.

Soit {X(u)} et {Y(u)}, deux processus stationnaires sur Z2 centrés et de variance
finie, 62x et Gzy.

Soit {Dp} une suite croissante de domaines de Z2, U D =Z2 lim 18Dyl / Dyl = 0.
n-->o0

Les conditions alternatives suivantes sont considérées :

(1) {X(u)}, {Y(u)} € Lays, pour un 8>0, sont mutuellement indépendants et mélangeants

avec coefficients de mélange ocfﬁ(m) et ag(m) satisfaisant

[e ] oo
> m oc}?f(m) 240 <oo et Y m aé(m) %2+ < oo ,
m=1 m=1

(i) {X ()}, {Y(u)} sont linéaires : X(u) =X gk Z(u - k), Y(u) = X h; W(u-1)

keZ2 1e22
avec Z(u) et W(u) i.i.d. de moyenne nulle et de variance finie, Y Iggl < oo, 3 Ihjl < o et les
o-algeébres engendrées par les {Z(u)} et les {W(u)} sont indépendantes.

Sous l'une ou l'autre de ces conditions, on montre alors que : 3 = 2 Cx(0,v) Cy(0,v)
veZ?

est absolument convergente et que si > > 0, |Dyl!/2 rxy converge en distribution quand
n -->oo vers une distribution normale, d'espérance nulle et de variance Y. / 62x 02y.
La démonstration sous la condition (i) repose sur la vérification des hypothéses du

T.L.C de Bolthausen (4). La convergence des variances empiriques vers 62x et 62y est
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a nouveau utilisé. La convergence des autres termes vers O étant assurée par les conditions
de sommabilité des coefficients {gx} ou {h;}.

Pour d=1 Anderson (1) démontre un T.L.C. sous des conditions semblables a (ii).
Ces conditions ont été affaiblies par la suite par Hannan (9) et Hall et Heyde (8) qui
utilisent alors une approche de martingale. Cette approche ne se généralise pas
naturellement a Zd,

d>1.

1.3 Vitesse de convergence du théoréme de la limite centrale pour des champs faiblement
dépendants

Il est aussi intéressant d'étudier la vitesse de convergence dans le T.L.C. pour des
variables faiblement dépendantes indexées par Zd. Ceci a été fait dans le cadre général d'un
champ {X(u)} centré, non nécessairement stationnaire, vérifiant sup lIX(u)llo4s < oo, pour
un d >0, ueZ?2
et d'une suite strictement croissante de domaines a laquelle sont associ€s les suites

(Sn),(0n2)3
Sn=2X(@) , Gn2= Var Sp
ueDy

Ni la stationnarité, ni la forme des domaines D n'intervient plus explicitement
contrairement a la conjecture de Prakasa Rao (16). Il faut seulement supposer que quand
Dy, croit, on apporte toujours du "nouveau" au sens de la variance, d'ou une condition :

lim inf 6,2 IDpl-l = & > 0.
Soit Ap, la distance entre S, renormalisée et une normale réduite de fonction de répartition ®:

An = sup |P(Sn/6n < X) - (D(X)I
X

La technique utilisée par Tikhomirov (21) pour d = 1 a €té généralisée. Elle consiste a
évaluer la distance entre fp(t), la fonction caractéristique de Sp/oy, , et exp (- 12/2) et a utiliser
ensuite 1'inégalité de Berry-Esseen. Pour ce faire, d/dt fn(t) est développée, conduisant a
une équation différentielle qui fait intervenir - t fo(t) et des termes de reste dont le controle
est 1lié a la vitesse de convergence. Dans certains termes du reste, la dimension d apparait

explicitement dans les majorations qu'on effectue sur la covariance de sommes partielles,
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majorations qui utilisent les inégalités classiques du mélange (cf (8)). La vitesse de
convergence va donc dépendre a la fois de de la dimension d, de conditions sur les

moments et de conditions sur le mélange.

Cas d'un champ m-dépendant (c.a.d. a(k) = 0 pour k =2 m)

a)si0<d<1, Ay=0(cpd) .

b)sid=>1, An = O ((Log ©p) {412 g1y

Quand 8 < 1, la vitesse optimale est atteinte (Sergin (18)). Dans le cas de variables i.i.d.,
cela correspond 2 une vitesse en n-9/2 .

Quand 8 > 1 etd = 1, on a également la vitesse optimale en ™! ; mais quandd > 1,ily a
apparition d'un terme en (Log o,)(4-1/2 1ié a l'ordre du développement de d/dt f(t) . La
question reste ouverte de savoir si cette vitesse peut €tre améliorée sans conditions de

moments plus fortes (Heinrich (11)).

Cas d'un champ a-mélangeant, o a décroissance exponentielle

a) An =0 ( (Log Gn)d[1+8] Gn-a) . 0<d<1
Ap =0 ((Log op)?d o) , 6>1,d=2
An=0((]_40g0‘n)5/20'n-1) R 8>1,d=1

b) si de plus X est dans L4+3, § > 0, alors Ap = O ((Log op)d on1)

La vitesse a aussi €té €tudiée pour un mélange a décroissance puissance.

En utilisant une autre technique et un mélange de type Dobrushin, Takahata (19)
obtient une vitesse optimale pour des champs m-dépendants sous une condition L8, tandis
que pour des champs o-mélangeants a décroissance exponentielle et sous une condition
L8+5, § > 0, cette vitesse optimale est ralentie pour le facteur (Log op)4 comme dans le cas
(b) qui impose une condition L4+3, § > 0 mais un mélange plus fort.

De méme que dans §1.2, les résultats formulés peuvent étre appliqués en particulier
a I'étude de rxy sous I'hypothese nulle d'indépendance entre X et Y.

Ces résultats ont fait l'objet d’'une publication dans Z. Wahrscheinlichkeitstheorie verw. en

collaboration avec X. Guyon ( liste des travaux (5)).
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2. Tests d'association

Plusieurs approches - qui se trouvent résumées dans les comptes rendus d'un
colloque (liste des travaux (6)) - peuvent étre envisagées pour tester l'association entre
des variables autocorrelées. Je me suis intéressée au développement d'un test fondé sur le
coefficient de corrélation empirique I’ qui, bien que paramétrique, ne nécessite pas le choix et
I'estimation de modéles paramétriques spécifiques (comme dans les modeles de régression
avec paramétrisation spatiale de la matrice de variance-covariance des erreurs).
Les publications présentées dans cette partie constituent des étapes successives du
développement de ce test : élaboration de la méthode, étude du risque de premiére espéce et
de la puissance, extension au test du lien conditionnel.

Du point de vue statistique, la variance asymptotique du coefficient de corrélation r
trouvée au §1.1 ne peut-€tre utilisée directement pour modifier une procédure de test car elle
fait intervenir les autocorrélations pour tous les décalages et ne tient pas compte de

I'estimation des moyennes et des variances.

2.1 Approximation de la variance de rxy

Une bonne estimation de cette variance pour un domaine A de taille finie a été
développée. Cette estimation est basée sur une approximation au premier ordre de la variance
dans le cas de variables gaussiennes autocorrelées, X ~ N (Ux,2x), Y ~ N (Ly,2y)

indépendantes, définies sur un ensemble A de N sites.

Dénotons par 3¢ et I, les matrices de variance-covariance des vecteurs d'éléments

§a=Xa-)_(,T1a=Ya-\—’,a£A Oﬁ)—(=EXq/N,et‘?=ZYa/N,
OaEA agA

Soit rxy, le coefficient de corrélation empirique, rxy=sxy/sx sy , sxy = N-1 Z(Xa-)_()(ya_?) ,
sx2 = N-1 3(Xo-X)2 et 62 sa variance.

Au premier ordre :

O2f = - (1)

tr Xg) tr (Zn)
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Dans le cas particulier ol : (i) X¢ et Z; commutent, (ii) X, est proportionelle & une matrice
idempotente, (iii) les valeurs propres de X¢ sont nulles si les valeurs propres associ€es de
Zn sont aussi nulles, I'approximation (1) est exacte. En effet dans ce cas, rxy a pour densité

fm() = (1-r2)1/2M-4) / B(172, 1/2(M-2)), Irl <1 ou B est la fonction beta et M=1+ rang (Zy).

2.2 Tests d'association modifiés

L'approxirﬁation (1) conduit a un estimateur de 62; sous I'hypothé&se qu'une partition
{Sk} k=1,..K de AxA puisse étre définie de telle sorte que la covariance de X et de Y soit
constante dans chaque élément Sy. Quand les points de A sont répartis irrégulierement dans
le plan, les strates peuvent &tre indexées par une fonction discrétisée de la distance.

En définissant Cx(k) = 3 (Xa-X)(Xp-X)/Ni
Sk

ou Ny = ISkl, on est conduit a l'estimateur de 6% :

A A
E N Cx(k) Cy(k)

o2 = : )
N2 s2x s2y

a) Tests modifiés

Des tests d'association modifiés pour tenir compte de 1'autocorrélation peuvent alors
étre proposés en considérant soit une covariance renormalisée :
W = N sxy(Z Nk 6x(k) 6y(k))'1/2 , que l'on teste suivant une N(0,1) en se basant sur un
T.L.C, soit un test modifié de rxy : t{}.2, fondé sur une modification, IOI, des degrés de

liberté du test sur la corrélation :
A A -2
M=oc ; +1

Précisément rxy est testé suivant la densité fi(r) définie au §2.1.
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b) Risques de premiere espece

Une premiére étude par simulations portant a la fois sur des processus a valeurs dans
un lattice ou dans un réseau irrégulier montre que le risque d'erreur o de ces tests modifi€s
reste alors proche de la valeur nominale. Dans cette €tude, les performances des statistiques
W et t{y» sont équivalentes.
Ces résultats ont fait l'objet d'un article écrit en collaboration avec P. Clifford et D. Hémon,

paru dans Biometrics (liste des travaux (7)).

Comme les statistiques W et tfy 2 ne sont pas fondées sur les mémes approximations
des distributions, les performances des tests W et tfy_2 ont ensuite ét€ comparées pour des
échantillons de faible taille. On constate alors une supériorité du test tgy.o sur W.

Il a d'autre part été vérifié que les risques de premicre espéce restaient stables si
différentes partitions isotropes {Sx} de AxA étaient définies. Ce risque ne s'accroit que si
trop peu de strates sont considérées.

Dans cette étude par simulations il a aussi ét€ montré que le risque de premicre espece
du test non paramétrique d'association proposé par Tjgstheim (22) n'était pas bien contrdlé

et augmentait avec une autocorrélation positive.

2.3 Puissance des test modifiés

La puissance des tests modifiés est étudi€e sous une hypothése alternative de modele
linéaire entre XetY : H; : Y = aX+W , X ~N(ux, >x) , W ~NQuw.Xw)
et X et W indépendantes. Soit X g la matrice de variance-covariance du vecteur d'éléments
Weq - W, o € A.

11 est difficile de calculer la puissance des tests modifi€s car 'on ne connait pas
exactement leurs lois sous Hj. Cette puissance peut €tre évaluée par simulations. Par ailleurs
il peut étre intéressant de calculer la puissance mr(sxy) d'un test de la covariance sxy ou

l'estimateur N-2 X, Ny ex(k) ey(k) de sa variance est remplacé par son évaluation théorique

sous H1 :
N-2 r (g Zp) = N2 [a2 tr(2e2) + tr(ZeXe)].
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Pour pouvoir comparer les puissances observées par simulations a une référence, la
puissance TN*(r) du test standard de la corrélation basé sur un nombre N* de points
compatible avec la variance empirique observée de rxy a aussi €té calculée. Des tableaux
indiquant T(sxy), TN*(r) et les puissances observées de W et tf).2 par simulations sur un
domaine irrégulier sont donnés dans (8).

On constate que dans I'ensemble toutes les puissances calculées ou observées sont
proches. La différence ne devient notable que dans quelques cas de fortes autocorrélations
pour 1'un ou l'autre des processus.

Ainsi on peut dire que la puissance "théorique” ntT(sxy) donne une bonne indication
dans la plupart des cas rencontrés. Les tests modifi€s ne présentent pas de perte de puissance
notable par rapport a un test classique fondé sur un nombre d'observations N* "équivalent".
L'étude de la puissance par simulation et de certains aspects complémentaires ont fait l'objet

d’'une communication écrite (liste des travaux (8)).

2.4 Tests modifiés des corrélations partielles

11 est souvent intéressant de pouvoir tester le lien conditionnel entre deux variables
aprés conditionnement sur une ou plusieurs autres variables, ce qui revient a tester la
corrélation partielle. Les méthodes développées précédemment s'étendent aisément au test de
la corrélation partielle si I'on considére un cadre gaussien et les distributions conditionnelles
appropriées.

En pratique les tests modifi€s W et tf)y., seront calculés sur les résidus, obtenus par
les moindres carrés, des régressions linéaires sur les variables de conditionnement. Une
étude par simulations a permis de vérifier la bonne performance de cette méthode.

Ces résultats vont paraitre dans Statistics in Medecine (liste des travaux (9)).
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Les études ou les variables considérées sont moyennées sur des groupes (par
exemple les taux de mortalité par département) sont appelées des études de corrélations
écologiques. Ces études sont sujettes a différentes sources de biais qu'il faut prendre en
compte pour pouvoir en donner une interprétation valable.

Dans un premier temps, je me suis attachée a discuter ces biais quantitativement en
comparant la forme des relations dose-effet individuelles ou agrégées et l'effet du niveau
d'agrégation. Dans une deuxi¢me partie, j'ai comparé sur des exemples les risques relatifs
estimés par des études écologiques et des études individuelles. On peut montrer que les
relations dose-effet données par les études écologiques et les €tudes individuelles sont
d'autant plus proches que le facteur de risque étudi€ est prépondérant dans l'ensemble des
facteurs de risque relevants, que les fractions de populations concernées sont bien identifi€es
et que la relation dose-effet individuelle est proche de la linéarité.

Ces réflexions ont fait l'objet d'une publication dans I'International Journal of Epidemiology
en collaboration avec I. Stiicker et D. Hémon (liste des travaux (10)).

D'autre part, j'ai appliqué a différents problémes €pidémiologiques les méthodes
proposées. Les résultats trouvés sont en bon accord avec certains facteurs de risque isolés
dans des enquétes individuelles et illustrent I'intérét des méthodes statistiques proposées.
Ces résultats sont présentés dans la derniére partie de l'article sur le test ajusté de la

corrélation partielle (liste des travaux (9)).
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4. Conclusion

Dans cette deuxiéme partie, j'ai résumé un ensemble de travaux centrés sur I'étude de
tests d'association entre des variables spatialement dépendantes. Ceci m'a conduit d'une part
a m'intéresser a certaines techniques probabilistes, utiles dans le cadre de variables
faiblement dépendantes pour étudier la consistance ou la convergence vers la normalité de
certaines statistiques. D'autre part', j'ai été amenée a proposer un test d'association modifié
fondé¢ sur le coefficient de corrélation empirique. Le coefficient de corrélation est une mesure
d'association qui, bien que paramétrique, ne nécessite pas 1'identification et l'estimation de
modeles particuliers. Le risque de premiére espéce et la puissance des tests modifiés ont été
étudiés, ainsi que leur généralisation au test du lien conditionnel. J'ai montré 1'intérét
d'utiliser ces test dans des applications épidémiologiques sur les corrélations écologiques.

Il serait intéressant de développer d'autres mesures d'association, en particulier non
paramétriques. Un index d'association non paramétrique a été proposé par Tjgstheim sans
que le risque d'erreur de la méthode proposée n'ait été bien contrdlé. Une approche fondée

sur les permutations serait possible si on prenait soin de faire une inférence conditionnelle a

la préservation d'une structure spatiale.
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§ 1. Introduction

In this paper we shall study properties of t¥ where 7 is an automorphism of a
Lebesgue space and v is a non-negative integer valued measurable function. We
shall always assume that v satisfies the conditions. given by Neveu [4] and
discussed in §4. which ensure that t¥ is again an automorphism. Such a v is
called a stopping time and % a stopping time transformation. The set of all
stopping time transformations derived from a particular automorphism < is
equivalent to the positive part of the full group of 7.

We shall restrict attention to that class of automorphisms which are defined
by means of a tower construction. This class contains many interesting transfor-
mations including Bernoulli shifts of any prescribed entropy. For an auto-
morphism in this class. using a theorem of Neveu. we can follow the action of t*
in the tower and this leads to an analysis of ¥ by means of a more general
contruction which we call a tower block construction.

This new construction appears to be of interest in its own right and so
because of this and also for reasons of clarity we shall commence by introducing
the construction and discuss properties of the transformation so defined. In {84
and 5 we show that in general t*. where t is defined by means of a tower
construction. can be represented by a tower block construction. We are then
able to use the results of §3 to obtain density results for t'. our main results
being firstly that the set of t¥ which are ergodic and secondly the set of t° which
are Bernoulli are both dense in the set of stopping time transformations derived
from the same tower transformation 7. As a consequence of this last result we
have that if ¢ is Bernoulli the set of ¥ which are also Bernoulli is dense. thus
generalising a result of Friedman for the induced transformation [2]. Saleski [6]
has also investigated properties of a stopping time transformation where < is
Bernoulli. particularty in the case where v has expected value 2.

Throughout the paper we take Q =[0.1]. 4 the set of Borel subsets of 2 and
t Lebesgue measure on A.

0044-3719:79 0048 0259:S05.20
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§ 2. Tower Block Construction

Our initial definitions follow Friedman ([1]. §6 and [2]). A column C is an
ordered set of disjoint left-closed. right-open subintervais of Q.

C=(L;:1=izh).

The sets L,. 1 i< h, are referred to as column levels and they are assumed to
each have the same measure. C has base B(C)=L,, top A(C)=L,, width w(C)
=u(L,) and height h(C)=h. We let

h
cx=J L,
i=1

and define columns C,.C, to be disjoint if C¥ and C% are disjoint sets. We
denote by t. the one-to-one measure preserving mapping from C*—L, to C*
— L, which maps L; linearly onto L, , ,. | <i<h—1.

A tower T is an ordered set of disjoint columns.

T=(C;: 1=i<m).

T has base B(T)= | B(C). topA(T)= [ A(C) and width w(T)= 3 w(C)
=1 i=1 {
=1(B(T)). We let

(=1

m
* ! *
T*=!) C;

(=1

and define towers T,.7, to be disjoint if T* and T;* are disjoint sets. t, is the
mapping from T*—A(T) to T*—B(T) consisting of the mappings 7o, In each
column C,. 1 =i=Zm.

IfC,=(L,;:1=si=sh)and C,=(L,;: | =i<h,) are two disjoint columns with
w(C,)=w(C,) we define

C,*xCy=(L,;.L5..... Llln'Lll'LZZ'""LZIQ)*

so C,=C, is the column obtained by placing C, above C,.
T, =(C;:1=sis=m,)and T,=(C,;: 1 £i=<m,) are disjoint towers we define

T1+T2=(C11*CIZ""-Cl)n,*Czl' Cﬁ‘}q.-o-C"

so T, + T5 is the tower obtained by placing T, at the side of T;.

Suppose x%;=0.0=i=r. and Y =z =1.If L =[a.b) we define
i=0

ji—1 i
7, L= [a-}-(b—u_) Z L d+(b—d) Z x[). osj=r

i=0 =10
Then for a column C=(L;: 1 £i<h) we define

2, C=(z;L;: 1Zi<h). 0o=sj=r.
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and for a tower T=(C;: 1l =i=m) we define
% T=(x;C;: 1si=m). os;j=sr.

Note that w(x; O)=x,;w(C) and w(x; T)=x;w(T).
If Cis a column and T=(C;: 1<i<m) is a tower such that C* and T* are
disjoint and w(C)=w(T) we define a tower C*T by

CxT=(x_,C*C;,,. l=i=m)

where %, , =w(C,)/w(C). 1=i=<m. So CxT is obtained by placing the tower T
above C. If T, =(C;: 1 =i=m) and T, are disjoint towers with w(T;)=w(T,) we
define a tower T, * T, by

T, *T,= Z Cj*:ej_sz

i=1

where x; _, =w(C;)/w(T,). 1=j=m. So T, =T, is obtained by placing a copy of T,
above each column in T;.

If vo=x,=1'2 we adopt the notation
(zL); ==L (0 =xC. (:T)=x%T.

i=0.1. where L.C.T are. respectively. a column level. a column and a tower.
For any tower T we define a tower S(7T) by

S(M=(:To*(:T),.

So S(T) consists of a copy of T in the base and a further copy of T above each
column in the base copy. The base copy of T in S(T) will be referred to as the
copy of rank O and. if T has m columns. there are m copies of T of rank 1 in
S(T). one above each column in the rank O copyv.

Letting S°(T)=T we define S*(T). u= 1. inductively by

S“= Y (T)=S(S“()).

S*(T). u=0. consists of one rank O copy of T. m rank | copies of T. m? rank 2
copies of T..... and m="~! copies of T of rank 2*—1 and each copy of T of
rank i. 1 =i<2"—1 is immediately above a column in a rank i—1 copy of T.
S*(T). u=0. also contains m=" columns.

If the ith column in a tower 7 has the form

1 2 Y
2t cpRAf caxx c
ry
where %/=0. Y %/=1. 0<i;=<r;. 1Zj=L and ¢;. 1 £j=L are columns. it will
s=0

sometimes be unimportant what the values of %/ . 1 <j</. are. In such a case we
write

C(Ty=[c,.Ch..... <]
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and take this to mean that the ith column of T consists of a copy of ¢, with a
copy of ¢, above it. etc.
In particular: if T=(C,. 1 £i<m). then the m~ columns of S(T) are given by

C (S(TH=[C,,.C,]. 1=i;=m. j=0.L1.

(io— Lym—+1i,
and more generally. for u= 1, the m*" columns of $*(T) are given by

C(io— ym3% =14 iy — 1ym2" (Su(T))

=[Ci,. Cir oo Crpu_ 16 l=si;=m. 0=5j=2"—1.

o

e lau - D)m+iou -y

Note that tg,, agrees with 7 on T* —A(T) and that. in addition. 75, Is
defined on half of A(T). In fact the set on which 4, is undefined is A(S(T))
which has measure i{w (7). Similarly tg.,. #=2. agrees with 75, on T*
—ASY(TH.0=v=u—1 and

1
[(A(SHT))) == w(T).

S

Hence we may define a mapping ©(T): T* —T* by

(T)=1lim Tgur)-

u— r

7(T) is invertible. preserves Lebesgue measure and is ergodic ([1]).
We now wish to define a more general construction for which the resulting
transformation need not be ergodic. We shall use this construction to investigate

properties of stopping time transformations. We start with an ordered set of
towers

T=(T: 1<i<hk)
each with m columns.
T,=(C;;: 1=j=m)

and w(C;
base

L)=w(C,, ). 1=i,.i.=k. 1=j=m. T is called a tower block and has

k k
B(M= | B(T). topA(M={]) A(T)

=1 i=1

and width w(I) = (B(M) =kw(T,). We also put
k

T*=J T~

=1

Let ¥ =t(0;: 1 =i<m) where each ;. 1 =i<m. is a permutation of {1.2 k} and
define P(X.T) to be the tower block (P(Z. T;): | =i=Ak) where

n

P(.\: 7—,)= S (%C”—)()*Z}; ~l(%T

L. L=Sisk
J =
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and

% =wl(C )/ w(T)), l=j=m.

So P(X.T) has a copy of T; in the base and then a copy of T, ;, above the jth
column of 7;. In fact

C (P(Z.T))=LC,,- Co'.-u(i). id l=i;=m. j=0.1.

(ip— Lym—i,

We shall let vy be the transformation defined on T* — A(T) which is t,, on
each T.* —A(T). 1 =i=k. Clearly tp . , agrees with 4 on T* — 4(T) and is also
defined on half of TT* — 4 ().

We now wish to extend the definition of t by defining an inductive tower
block construction. Let T and X be as above. For each u=0 we define an
ordered collection of permutations of {1.2..... k}.

(2.1) G e (D) =2 (G i)

for each 1=i=k. We then define P°’(T,))=T,. 1 <i<k. and for each u=0 we
inductively define

P'=YT)=P(Z,. P T). 1Zigk.
and define P*(T). « = 0. to be the tower block
(PY(T)): 1=<i=Kk).

Note that PY(T)). l =i=<hk. u=0. consists of a rank O copy of T,. above each of the
m columns of 7; there is a copy of one of the towers 7;. 1 i< k. above each of
the m= columns in these rank 1 copies there is a copy of one of the towers T,.
1 <i<k.... and at the top of P*(T,) there are m="~"' copies of some of the towers
T,. 1=i=<k. of rank 2¥— 1. one above each column in the copies of rank 2" —2.
Because of (2.1) for each u=0. 1 Zizk.

(2'2) C(in_ ym2 -t —ym2"— 2~ i a— 1\"1-‘-1':"—1P“(7;)
== [Ciig' C~'1,-0(i). iy ® C‘d',-1 [ PTE) N P, (ai:"—s("' (651 (Giu(l))) "'))‘ il“-— 1
C”i:u- ]’
l=i;=m. 0=5/=2"—1.
So (2.1) ensures that above every copy of the column C;; of rank O.1..... 2"*—21in

PY(I). u=1. we have a copy of the tower T, ;. Note also that in P“(T). u=0.
there are m' copies of each T,. | £i<k. of rank /. 1 £/<2"—1 distributed among
the various PY(T;). 1 Si<h.

AS Tpu- U= 1. agrees with each of tp pr, on T* — H(P(M). OSr=wu—1. and
as

1
tAPY(TY)) = 5 w(TD). u=0.
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we can define a mapping t(X. T): T*—T* by

t(X. )= lim T pu,-
So t(Z.T) maps a column level in T which is a subset of T* — A(M) linearly
onto the column level immediately above and maps A(C,)). 1<k 1=Sj=m.
onto B(T, ).

The above construction in the case k=1 yields

P“(T0) = S*(T)). u=0,

where S*(T,). u=0. is as defined in Friedman’s construction. Note that ¢(Z.T) is
invertible and preserves Lebesgue measure. As an example of (Z.T) which is
not ergodic take k=2 and each o;. 1 Si<m. to be the identity permutation. In
this case

PY(T)=S"(T)

for each u=0. 1 <i<k and so ©(Z.T) leaves each set T;*. 1 i<k, invariant.

§ 3. Mixing Properties of (X, )

Throughout this section we take - =7(Z.T) where T and T are as defined in § 2.
We shall first show that t is a Markov shift. thus generalising a result of
Friedman [2] and Shields [7].

Let & be the partition of TT* consisting of the column levels in T and let ¥,

n—1

= \/ L. If Le¥. n=1. we shall let

i=0
L(LYy={Me¥L,: M<L).

A partition ¥ is a Markov partition for a transformation t with invariant
measure u if we can find p(L.M)=0. L. M € ¥. satisfving

(3.1) For each MeZ. i(M)= Y p(L)p(L.M).
LeZ®
(3.2) Foreach Le#. Y p(L.M)=1. and

Me¥

(3.3) For each De¥,(L). Le¥ and Me¥.
w(tDMY=p(L. M) (D).

We first show that an atom of ¥,. n= 1. can be approximated by the union

of certain column levels in P*(T). «=0.

Lemma 3.1. Let Le ¥ aund Me ¥, (L). n= 1. Then for eachh u=0 we can write

A\I = DU U Ell

n—1
where D, is a union of copies of L in P*(T) and E,= ' o/ (B(P*(T).

J=u
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Proof. Let ¥ =(L;: 1 =i=<s). Each column level in P*(T) is a subset of an atom
of & and if F is a column level of P*“(T) we write [(F)=iif F<L,, 1 Si<s. ie.
[(F)=iif and only if F is a copy of L,. Now for each i. | £i<s. there are 2*m=""!
column levels F of P“(T) with [(F)=i. Let

M=L, ntL,n...nt" 'L,

and let F,. 1 <j=<2"m>"~ ', be the copies of L; in P*(M). Define J, to be the set of
those j, 1 £j=<2*m>"~", for which the column of P“(T) containing F; has no more
than n—2 column levels beneath F,.. For jeJ] welet F;, ,=F and for 1=p=n—1
we let F; ,,, denote the column level immediately below F, ,. Define

Jy=eJi: (F ,)=i,.1=p=n)
and

Jy=UeJi: (F, ,)*i, for at least one p. | =p=n}
and let

D,=\J) F. E,=M-D,.

7 n—1
As E,= | J F= () ©'B(P*(T). we have the result.

JjeJdy i=0
Corollary 3.2. Given ¢>0 we cun find U =U(n. ) such that ((E,)<c¢ for uz U.

n—1 _
U =By ) =" D,

u
i=0 ; -

Proof. n (

Lemma 3.3. ¥ is a Markov partition for .

Proof. Define for L. M e ¥

LEA(M. M =<L.

1
[0 A(M). M =*<L.
(L. M= LEAM). M=+

pt M) o :
(T L=A(C;). M=B(T, ;). 1Sisk 1<j=m.
0 L=A(C;). M&EB(T, ;). 1=isk 1<j=m.

We must check that this definition satisfies (3.1). (3.2), (3.3).
Let Me¥. M & B(Tl and let L, =7t~ ' M. Then

1 L=L
M) = !
p(L. M) {0 L+L,

and so

S (L) ptL. M) = L) = p( M)

L<2
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and (3.1) is true in this case. If now M < B(T)). 1 =i=<k. then

JTIAZ8) . .
rr-ag =. ; - 1 =
p(L. M) = w(Ty) L=A(C,) with o;())=i
l() otherwise
and so
(M)
S wLpL. M= Y A = o
Les (G, Do =i} w(Ty)
as

S ACC ) = Yl A(C -1y, ) =wI(T,).

. Dol =13 ji=1

So (3.1) holds.
Now if L& A(T).

1 M=<tL

M) =
AL M) {0 M=*=tL

and so

S pL.M)=1

Mz £
and if L=4(C). lSisk 1=j=m.

NURYS

E S ‘\ICB(TT u»)*
p(L. M)Yy=w(T),) ;
lO. .\[-:‘:B('I:,:”,).
and so
AY§
N opL.M= N MM
Me st M= B.'_i"’,.-“" wiT))

So (3.2) holds.
Now suppose D= (L). L& 4(T) and let M, =<L. Clearly

wtDMYy=0
for M %= M . Recall that by Corollary 3.2 we can write for u= U (n.¢)
D=D,UE,

where D, is a union of copies of L in P*(Tl) and ((E,)<é&. As L4 A(T) no copy of
L in P“(T) is a subset of 4(P“(T)). Hence the column level in P“(T) immediately
above each copy of L where L =D, will be a copy of M. Hence

WD, ~ .\[1)=j(z(D,,)
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and so

uD)y—e<p(tD; A M ) Sp(tDAM )= (D).
As & 1s arbitrary we have

w(tDAM )= pu(D)

as required for this choice of L since p(L. M ,)=1.
Now suppose De ¥ (L) and L=A(C,;)). lsi=k. l=j=<m. As t maps every
copy of 4(C;;) linearly to the base of a copy of T, ;, we have

DA M)=0

for M ¢ B(T, ;). We write. as before.

D=D,UE,
and let
D,=D,UF,

where D! is a union of copies of L of rank less than 2“—1 and F, is a union of
copies of L of rank 2". If u is large enough we have. for «>0.

WE,JF)<c.

Now. if M =B(T, ;). we have

(tD) M) i) (D,))
u AM)= {
J u “"TI)‘L u
and so
M
(,u(’D)—a)'u( )<u(rD,f ~AMYS p(tD A M.
wi(T))

But
LM
w(T,)

wrtDAMYy= (DA M)+ (t(E,0F)nM)< + &.

As ¢ is arbitrary we have

(M)
w(Ty)

wrtD M) = (D)

. . . M) .
as required for this choice of L. M as p(L. A\'1)=!_ ooy Hence (3.3) holds and the
proof of the lemma is complete. wly)

For u=1. let ¥“denote the partition of T'* consisting of the column levels in

P*(T). Analogous to Lemma 3.3 we have

Lemma 3.4. For each uz 1. " is a Markov puartition for z.
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Proof. Define for L. Me ¥*

1 L&t AP“(M), M =1L
0 L& APY(T). M ==L

p L. My=1 (M)
I o =A(CY). M<B(T,.;
w(P“(Ty)) L (Ci) =BT
0 L=A(CY), M & B(T,u)

where C¥, is the [th column of P*(T;). That this definition satisfies (3.1), (3.2). (3.3)
may be checked in a way analogous to the proof of Lemma 3.3.
Let .o/, be the c-algebra V t°% and for u=1 let .o/, be the o-algebra

— 0

x .
AVAR S
—
Corollary 3.5. t is a Markov shift on each </,. u=0.

T is ergodic on .=/, if for each L. M e ¥ we can find heZ such that
(3.4) ("L~ M)>0.

Now if L is a column level in C;; and M is a column level in C, . 1 =i. p=h.
1 <j.g=m and (i.j) =(p.q) then (3.4) holds with /& the difference in the heights of
L and M in the column C,;. If (i.j)==(p.y) then (3.4) holds if and only if for some
u=1 there is a column in P“(T) having a copy of C;; in the base and a copy of
C,, in the same column or vice versa. Now by (2.2) a typical column of P*(T)
with a copy of C;; in the case has the form

[C,.C., c C

FIU N PR YT ST T AN SRR ﬂ'i:“___ld"':“<j(...(ﬂ‘,‘l(ﬂj(ii))...!).iz“-1]

where 1 =i, =m. 1 =t=2"—1. Hence we have

Lemma 3.6. t is ergodic on .o/, if and only if for each 1 <i. p<k. 1<), g<m. ar
least one of the following holds
(1) (i.)=(p.q).
(i) o;()=p or ag,(p)=i.
(iii) for some uz=2 we can find 1 =s=2"—2 and 1=i,=m. 1 =t=s such that

o, o, (...lc;, (c;(D)...))=p
or

G (G (e (T (P ..)) =1.

iS
Corollary 3.7. If for some j,. | =j, =m. g, is the permutation
g =i+1 (mod k)

then t is ergodic on .o/,.
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Proof. If (i.j)#(p.q) and &;(i) = p, suppose that
p-_—-.(;j(l')—i—s (mod k),

then ¢!(g;(i)) = p. where o}’ denotes the sth power of g; . In a similar way we
can prove

Lemma 3.8. Suppose u=0. If for some j,. | <j, <m>", o'}, is the permutation
o (H=i+1 (mod k)
then t is ergodic on </,.
Theorem 3.9. t is ergodic on A(M*). the Borel subsets of T*. if for some 1 <j,.
j2=m. g .0;, are defined by
o ()=i
o, (N=i+1 (mod k).

Proof. Note that for each u=0. le{1.2. ... k}
i 2 —
thx~l|nx3““-(jx—l)m—'“‘z—...~(jx—l\m«-jl(l)_o—jl (1)—1
and
14
G Ce by - ymA Sy - llm-—j;(“

G- Lim2!

=a-j:(o-f“‘“(l))=1+l (mod k).

where ¢?" and ¢'2“~ !’ denote the 2“th and (2" —1)th powers of o; respectively.
Hence. by Lemma 3.8. ¢ is ergodic on each .«/,. u=0. As A(T™) is the g-algebra
generated by {.=,: u=0}. t is ergodic on # (™).

We now investigate the conditions under which ¢ is mixing. As 7 is a
Markov Shift on each .«/,. ©u=0. t will be mixing on .=/, if it is ergodic and
aperiodic. In addition to conditions on the permutations we have to impose a
condition on heights of certain columns of T. as was the case for Friedman’s

construction. to obtain the aperiodicity of t.

Lemma 3.10. [f for some j,. j,. j3. | =<j;=m. i=1.2.3. and some i. | Sisk. we
have

() o; (h=I1+1 (mod k). le{l1.2..... I
(i) o;,()=0;,(h=L le{l.2.... k}.
(ii1) if h is the height of C,;, then C,; has height h+ 1.
then t© is mixing on .o/,.

Proof. t is ergodic on ./, by Lemma 3.7. Moreover

C(j;— Pym? —(j>— Lym= —qja— l)m*p(Pl('I:'))
=[Cij;‘Cij;‘Cij;*Cip]- l=p=m

and
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pl
C(_i_v— ‘;Iln-;'(i_\—l)nll-v-(jg—-1)'ll+(l(P (7:))
=0Ci.. Cyy,- Cijy- €yl 1=q=m.

and so for any column level L in C;;, we have

2

Wz"LAL)>0 and u(t**+*'LAL)>0
which implies that t is aperiodic and therefore mixing.
In a similar way we can show

Lemma 3.11. Suppose u=0. If for some j,.j,.j5. 1 <j,=m?". i=1.2.3. and some |i.
1<i<k.

(1) of ()=I1+1 (modk). le{l.2.....k},
(i o (h=a,(h=L le{l.2..... Kk}.
(111) the heights of the j,th and jith columns of P“(T)) differ by 1.
then t is mixing on =/ .

However it turns out that if the conditions of Lemma 3.10 are satisfied bv T
and I then the conditions of Lemma 3.11 are satisfied by P“(T) and T, for each
u=0.

Theorem 3.12. [f TT and I satisfy the conditions of Lemma 3.10 then 7 is mixing
on each .«/,. u=0.

Proot. Note that

C«j;— Lim 2=t o= ym" -2 (ja - Ly~ /;(P"(Ti)) =[Cij3' Cij:‘ Cij;' Cij:]
and
Climmtimt — o tm =2 —a— = (PUUT)) =[C, . Cyjee Cij.- Cijsl
have heights differing by | and also for le{1.2..... k)
G?j:— Lvm3 = ja— Lym3" -2 -y — l)rnw-j;{l) = O-;i“,([) =1
and
Gilj;— Lym3Y =t s — ym=Y -2 l)m-—jg(l) =(TJ'3(O-(J'..}“_ 1)([))-_—[’
where ¢I" and ¢{2"~ " represent the 2“th and (2“—1)th powers of &, re-

spectively. Moreover for 1 </<k

o . . 4 (h=c, ('3 (N=I1+1 (mod k.

r—brm3 T e Lym Rt o = Lymi—

Hence the conditions of Lemma 3.11 hold and so t is mixing on each .=/, u=0.

Corollary 3.13. It T and X satisfy the conditions of Lemma 3.10. © is u Bernoulli
shitr on </, u=0.

N
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Proof. In [3] it is shown that a mixing Markov shift is weak Bernoulli and hence
a Bernoulli shift.

Theorem 3.14. If T und X satisfy the conditions of Lemma 3.10 rhen t is Bernoulli
on A(I*).

Proof. By Corollary 3.13. t is Bernoulli on each of the cs-algebras .</,. u=0.
which form an increasing sequence. Hence by a resuit of Ornstein [5] t is

Bernoulli on #(T*), the s-algebra generated by .«/,. u=0.

§ 4. Stopping Time Transformations

Let t be an automorphism of (2. 4. u). If v is a measurable mapping from (. .4)
to the natural numbers IN then the transformation ¥ defined by

TTw=1t"w. we{v=n}. neN.

is an automorphism of (Q. 4. ) if and only if the sets " {v=n}. nelN. form a
partition of Q. If this is the case v is called a stopping time for (Q. 4. . 7) and ¥
is called a stopping time transformation. Neveu [4] established

Theorem 4.1. (i) [f Q=D ,> D, ... is a sequence of measurable sets such thar either
s
D, =@ uand D, =0 for some k=1 or =~ D, =80 then there is u stopping rime v of
n=1

(Q..A4. 1. 7) such thar

(4 1) v ) (UEEI)=D€)
. T )= )
TpTp, - (Tp, () ..) weE,, n=1
where E, =D, | —D,. n=1. and for uny DeA. t, represents the induced rransfor-

mation of t© on D.

(i1) Corresponding to any stopping rime v of (Q. 4. u.7) there is u sequence of
measurable sets Q=>Dy= D ... us in (1) such that t¥ has the form (4.1).

(iii) If v is a stopping time for (2. A. . 1) and T is ergodic then |\ vdu is either u
non-negative integer or + . If | vdu=k < x then the sets D,. n=0. defined in (ii)

satisfy D, _, +@. D, =@ whereas if | vdu= + x we have D,=@. n=Z0 und ﬂ D,

n=2~
In the sequel we shall assume that | vdu=k < x. noting that if | vdu= + =
and Q> D,>D, ... are the sets defined by Theorem 4.1(i1) the transformation
, ) meD,
—Vie —
VW weD;

differs from - on a set of small measure for large k. As " is the identity
transformation on {v=0!. for our study of mixing properties ot ' we shall

LS

restrict attention to the behaviour of " on D,= _ E,. Note that the sets E.

n=1
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O0=n=k. form a partition of Q. We shall only consider those transformations t
for which there is a tower T satistving T*=Q and t=7(7T) and we shall assume
that our stopping time is chosen so that each of the sets E,. 0=n=Ak. defined in
Theorem 4.1 is a union of column levels in T. If a column level L in T is a subset
of E,. 0O=n=k. we say that L has name n and write n(L)=n. We shall also
assume that in each column of T there is at least one column level with name k.
Note that if for some tower T and stopping time v these conditions are not
satisfied then. as the towers S“(7T)., u=1. have smaller and smaller column
widths. we can modify v on as small a subset of €2 as we please to have these
conditions satisfied by S*(T) for some =1 and a slightly modified stopping
time.
Kk
As we restrict attention to the action of t¥ on () E, we delete from T any
n=1

column level with name O and denote by T the resulting tower. Note that the
deleted set is invariant under ¥ and that S{(?)=S“(’f"). u=1.

Recall that in the definition of =. © maps each column level in T. except tops
of columns. linearly onto another column level within the same column of T If
C=(L,: 1<i<h)is a column in T in order to define t* on a level L; with name

n. by Theorem 4.1. we first have to define , | on L,. then. if n=2. define 7, __
4 :

on an_l'(L,.). etc. As D, =i E,. l=n=k. t, (L, is another column level
within C if and only if I=”

Uii+l=sj=sh n(L)=znj
is non-empty. in which case 7, maps L, linearly onto L; where

iy=min y:i+1=j=h n(L)=nj.
Then. if n=2. -, _(L;) is another column level within C if and only if

Ui +1sish n(Lyzn—1]
is non-empty. in which case 7, _, maps L, linearly onto L, where

1

i,=min j: i, +1=j=sh n(L)=Zzn—1}].

Clearly there may be column levels other than 4(Q). ie. some L,. 1<i<h—1.
for which. if ntL;)=n. some or all of the sets

Tpn- (T o GotTp, - (L)) ) 1=l

are not column levels within C. In our tower block construction tor =¥ we shall
be inerested in the number of these sets which are not column levels within C.
For a column level L;. 1 =i<h. with name n we shall define u(L,)=0 if each of

Tpn_(Tp,_ o GodTp, o (L))o 1<sisn.
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is a column level within C and u(L;,)=u=1 if each of

Tp o (Tpu_, o GodTp, (L)) I=lsn—u.

is a column level within C but
7:Du-1(7:1)..(---(1'0.,_X(L,-)) )

is not a column level in C(u(L;)=n meaning 7, _ (L, is not a column level in

C). So u(L,) counts the number of steps in the iterative definition of " on L,

given by Theorem 4.1 which are left undefined within the column containing L;.
Equivalently. if n(L;)=n. u(L;)=0 if the set

{iyciye ... i i<iy<i,<..<i,sh nL;)zn—j+1, 1=j=n}

is non-empty. u(L;)=u. with 1 Su=n—1 if the sets
(i ige i i<, <i <...<I,=h. n(L!.j);n—j—i-l. 1<j<s}

are non-empty for s<n—u and empty for sZzn—u+1 and u(L;)=n if the set
Jri<j=h. n(L)=n;]

is empty.

Note that for any column level L in T with n(Ly=n we have O0=u(L)=n.
Any column level L in T with i L)y=1 is called a v-top. Note that a column level
L is not a v-top if and only if there is another column level L in the same
column as L and above L such that t5(L)=L. If C is a column In T we let
A (O AS(O). ... . 4,1 C) denote the v-tops in C where we number from the top of
C.50 A,(C)=A(C). 4,(O) is the first v-top in C below A (C). etc. We now study
properties of the v-tops in T and. in particular. we shall show that each column
in T may be assumed to contain exactly k v-tops.

Lemma 4.2. For each column C in T. n(4(CH=i. 1SiZL

Proof. Clearly n(A,(C)=1. Suppose n(A;(CN=1. 1<i<j. Then if n(4;, (ON=j
we have u(A; _ (C))=0 and so A ;_ (C) is not a v-top.

Corollary 4.3. There are at most k v-tops in each column of T.
Proof. For any column level L in T we have n(L)=< k.

Lemma 4.4. If C is a column in T and L is a column level of C lying berween
A(C) und A, ((C). 1<iZi— 1. then n(L)= 1.

Proof. The result is clearly true for i=1 since A,(C) must be the first column
level in C (counting from the top of C) with name greater than or equal to 2.
Now suppose the result is true for 1 Si=). If j<I[—2.let L be the first column
level below A;_,(C) with mLy=n=j+2. We show that L is a v-top and so L
=A;_,(C) and the result is true for 1 Sisj+ 1.

Now 1, _ (L) is a column level in C if and only if there is a column level L
above L with n(L)=n and so by the inductive hypothesis and the definition ot L.
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L can only be one of 4,(C), 1 =i=<j+ 1. Similarly each of the sets

fD"_,(fD,,_,,l(.---(TD,,_l(L))---))- l=t=n,

can be a column level in C if and only if it is equal to one of 4,(C). 1 i<+ 1.
Thus we see that u(L)=1 and so L is a v-top.

Corollary 4.5. If n(A;(C))=n and u(A;(C))=u. then each of
Ton-iTpu_is (- (Tp,_, (4;(C))..)), 1=5isn—u,

is a v-top.

Corollary 4.6. Suppose T=(Cj: 1=;=m) and S(T)=(CJ’-: 1<j=m~). If l[; is the
number of v-tops in C;, 1=j=<m. and [, is the number of v-tops in Ci. 1=j=m?
then if |, <k —1.

I;i— 1)m+j;[j+l

for each 1 i< m.

Proof. Recall that for 1 <i<m

C (S(T))=[Ciacj]'

(i—1ym—~j
The copies of 4,(C)). 1 =n=/;. will again be v-tops in C,_,,, _ ;. Moreover if L
is the highest column level in C; with n(L)=1[;+ 1. which exists since we have
assumed that each column in T contains a column level with name k. the copy
of L in the base of C;_,,,,..; will be a v-top in C,; _ Lyma j

Corollary 4.7. For any tower T each column in S*~'(T) contains exactly k v-tops.

Because of this last corollary we shall assume in the sequel that T is chosen
so that each column in T contains exactly k v-tops. If T=(C;: 1 =j=m) we shall
let

m k

A(T)y=) (U 4,(C).

J=1n=1

Lemma 4.8. If C is a column in T with v-tops A(C). 1 =ik, then i=j implies
u(A;(C)) Fu(A;(C)).

Proof. Suppose i=+j; and u(A;(O)=u(A;(C))=u. say. and let n(A,(C)=n,.
n(A4;(C))=n;. If

I — Tp. (Tp,_, (.- (tD"I__l(Al-(C))) ) X u=sn,—1
! 4,00, u=n,

1

A(O) u=~n,

J ° J

Tp Tp, oo Tp, (A(CNM ... u=sn;—1
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“then L;#+ L; and we may as well assume that L; is above L; in C. We shall see

that whatever the values of u. n,. n;. then 7, _ (L) i1s a column level in C.

contradicting the assumption that u(A;(C))=u. If u=n; the result follows from
the fact that n(L;)=u. whereas if u=n;—1 the result follows from the fact that
n(L)y=zu~+ 1.

§ 5. The Tower Block Construction for =¥

In this section se shall show that if t=t(T) and v is a stopping time for
(Q.A.4.7) with {vdu=k then we can find a tower block T and a set of
permutations X such that ¥ =1(Z.T).

Let C be a column in T and let L, (C) be the first column level (counting

from the base) which satisfies n(L,(C))=n. Then define B,(C)=L,(C) and for
n=2

B"(C)=an(rD‘(...(rD"_l(L,,(C))) o))

where we assume that 7 is chosen so that each B, (C). 1 Sn=k. is a column level
in C. (If this is not the case for T it will be for S*(T) for some u=1.)

Now for each B,(C). 1 =n=<k. there is i, =0 such that (t¥)" B,(C) is a v-top in
C and in the column

D (C)=UVB(C):0=j=1,)

nt

-V

¥ maps each column level except the v-top ()" B,(C) linearly onto the column
level immediately above it. Since t* is invertible we have

k
| DC)*=C*.

n=1

Now if T=1Cj: 1 <j<m) we define for 1=n=k
T,=(C,;: 1l=j=m

where C,;=D,(C) and we let
T=(T,: 1=n=k).

Note that TT* =T*. We also clearly have

Lemma 5.1. (i) A(IT)=A"(T).
(i) Tp(w)=1t"(W). weTl* — A(T).

We shall define £={c;: 1=j=m} by o;(m=u(4(C,)). Because of Lemma
48. eachog;. lSjs=m. isa permutation of {1.2..... k].

Lemma 5.2. For each u=0.

(i) AP =4 (S"(T)).
(1) Tpum ) =T"(W). weT* — 4(P“(M).
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Proof. The result is true for u=0 by Lemma 5.1. Suppose the result is true for
O=Zu=rv and let

PUT)=(C;: 1=j=m?"),
ST =(C,: 15j=m?).

Then

X
AP M) = {J AP (T))

n=1
m2Y k

= U Ul A(aj— 1 (%(Pr(‘];;:(np))l))
J=1n=

where x;_, =w(C,;)/w(P"(T))

m2Y  k

= Az (X(P(T)),)
j=1n=1
]k

= J AG(P(T)),)
n=1

=AYE(S (T =4S~ (T

So (1) holds for u=v+ 1. To check that (i1) holds for u=rv+ L. it is sufficient to
check that t agrees with 7. . ¢, on AP (M) — A(P*~ (M. )

Now for each 1 Sisk. 1=j=m™". 4(C;)) is a v-top in C; in S°(T). Suppose
that

u(A(C )y =u. n(A(C, ) =n.
So each of
Tpn- Ty o (Tp, _(ACC ) .. 1=SISn—u
is a column level in S*(T) above A(C;;) but
Tpu_ (Tp (- (Tp,_ (AT ) ...))
is not a column level in S*(T). Now looking at S** !(T) we have
Tpu_ (Tp, (o (Tp, _ (FA(C;))o)) -.2))
=,©1 % (L (C ),
where %;_, =w(C,)w(S(T)). and so

r"((%A(C,.j))O)=;U x;_ (3B, (C)),
=l

U
m-

= % EB,  (C),

=1

ZB(“J' - 1(%_-1’”(7;,,(”))‘)
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and so t" agrees with 7p. ., on each A(C;), 1 Zi<k 1<j<m’" and so
Tpv+ 1(11')((1)) =TV((’Q)

for weT* — A(P"*+'(T)) and so. by induction. the lemma is proved.
Hence we have

Theorem 5.3. t¥ =¢(X., ).
And the following theorem follows from the results of § 3.

Theorem S.4. (i) t¥ is ergodic on {v=+0} if for some 1=j,. j,=m. o; ,0;, are
defined by

o; (I)=1. gi,()=i+1 (mod k). ie{l,2..... k3.

(11) t¥ is Bernoulli on {v=0} if for some j,.j,.j3. 1 Zj;,=m. i=1.2,3, and some
i.1=isk we have

(a) o; (H=I1+1 (modKk). le{1.2,...,k}.
(b) g;,,(D=0c;,()=L. le{l.2..... k1.

(¢) If T,=(C,;. L =j=m) then the heights of C,;, and C;;, differ by one.

2

§ 6. Density Results

In order to investigate density results we need to investigate to what extent a
stopping time needs to be modified in order to satisfy the conditions for t¥ to be
ergodic or Bernoulli as outlined in Theorem 53.4. These conditions are mainly
concerned with the permutations &£ which are in turn determined by the names
of column levels in T. So in this section we shall assign names between O and
k=1 to column levels in T and take v to be the corresponding stopping time of
(Q. A. 1. t(T)) as defined by Theorem 4.1(1). It will be convenient when assigning
names to column levels to insist that if v is the stopping time which arises then
the kv-tops in that column are the top A levels in that column.

Lemma 6.1. Let A,. | i<k, be the top k levels (numbered from the top) in a
column C of T. A necessary and sufficient condition for each A;. 1 i< k. to be a v-
top is

n(dAyefi,i+1.....k}. 1Zigk.

Proof. That this condition is necessary is shown in Lemma 4.2. If n(4,)=n,=1i.
then not all of

ID--,»-,(TD,-[—,'H("' (fD..,.-l(Ai))“-)L 0osj=n,

can be column levels in C as there are only i —1 column levels above 4, in C.
We shall define an n-sequence of order Ak to be a collection {n;: 1 <i<k)
satisfving n,;ef{i.i+ 1.....k}, 1 =i=k. Thus if we give the ith level (counting from
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the top) of a column in 7 the name n;,. 1=i<k, where {n;: 1<i<k} is an n-
sequence of order k. then these k& column levels are v-tops. Note that the number
of different n-sequences of order k is k!. If {n;: 1=i=k} is an n-sequence of order
k then each of

n +1ln,+1.... n +1}, 1=slsk+1.

is an n-sequence of order K+ 1 and in fact we can obtain each of the (k+1)! n-
sequences of order k+1 from the n-sequences of order k by this method.

A collection {u;: 1<i<k} is called a u-sequence of order k if it is a
permutation of {1,2....,k}. Corresponding to each n-sequence of order k& we
define a u-sequence of order k& by u, =n, and for j =2. u;=u, lsu=sn;—1. if the
sets

Updae D TSI <i_ (<. <@y <), naZn,—t+1, 1St<s)

are non-empty for s<n;—u and empty for s=n;—u+1 and u;=n; if the set
f7- 7 i 1
url=si<jomzng

1s empty.

Equivalently. if A,. 1 <i<k. are the top k levels (counting from the top) of a
column in T with n(A4;)=n;. then u; =u(A;). That the collection Wt 1Si<k}) is a
u-sequence of order k follows from Lemma 4.8.

Lemma 6.2. Let (n,: 1Si<k) be u n-sequence of order k and {u;: 1<i<Kk! the
corresponding u-sequence. If {(nj: 1<i<k-+ 1} is the n-sequence of order k+ 1
defined for some I. | <I<k+1. by

ny=I

n,,=n;+1 1=j=<k

then the corresponding u-sequence of order k + 1. ;s l=i=k+1} is defined by
uy, =1
and for 1 <j< k.

, u; l=u;=1—-1
]
J=1 u;+1 | su; =k

Proof. u; =1 by definition. Now for 2 <<k + 1, l=s=n,—1.

Ui il 25ii<i, <...<i, <] nozZn—r+1. 1<t<s)
=y, +Lj,+1.....j +1: lsj<jj_<...<j, <j—1.
-1
izj‘gizj_lft+l. 1=t <s).

The set on the right hand side is non-empty for s=n;_—u;_, and empty for

szn; | —u;_ +1. Since n| =1 if I=u;,  =/—1 and S=H; o —u; .
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t

1si,_ \<i<..<iy<j.n,zn—t+1l 1=st=s+1

={1}uli.is..... i28i<...<i)<]. mpznj—r+1l. 1=1=5)

e =

and so u;=u; | In this case. whereas if [Su; =k and s=n; | —u,

=i <ig<...<i;<j.mpzn—t+ 1. 1Z5rsSs+ 1)

s I

=i iy 0 2SI <...<iy<j. mzn;—t+ L 1<t <)

and so u;=u; ,+ 1.

Theorem 6.3. The mapping which takes an n-sequence of order k to the correspond-
ing u-sequence of order k is one-to-one.

Proof. Note that there are k! n-sequences of order k and k! u-sequences of order
k. Hence it is sufficient to check that each n-sequence of order k gives rise to a
unique u-sequence of order k. We proceed by induction on k. Clearly the result
is true for k=1. Suppose to each n-sequence of order k there is associated a
unique u-sequence of order k. Lemma 6.2 shows that the procedure we have
used to proceed from n-sequences of order A to n-sequences of order k+1 will
preserve the uniqueness of definition of u-sequences.

As a result of this theorem there is a unique n-sequence of order A which
gives rise to any particular u-sequence oi order k. As T depends on the value of
1 on v-tops we want to see how we must change the names in columns of T in
order to obtain the permutations required for the resulting transformations to
be ergodic or Bernoulli. Let T=1C,: Il <j<» and for each 1 Zj<m let A.(C)).
| <i<k. represent the top kK levels (counting from the top) of the column C;.

Theorem 6.4. Let p he a permutation of (1.2..... ky. We can assign numes to
A 0C). l=i=sk. so that ¢;=p.

Proof. Let B, (C)). 1 <n=<k. be as defined in §5 and first of all assign the name k
to each 4,(C). 1Si=sk. Thxs ensures that each A(C). 1Si=k.is a v-top. Now

for each n. 1 <n<k. we can find ttmeil. 2. ... k} and i, =0 such that
(r\‘)i'l B”(Cj) “,”(C ).
Note that r is a permutation of {1.2..... k).

Now we shall assign a new name n; to 4,(C). 1 =i=<k. with {n;: 1<iZk}) a
particular n-sequence of order k and we denote by ' the stopping time
associated with the partition E;. 1 Si=k. by Theorem 4.1. where E; is the union
of column levels now having name i. Note that changing the names in this way
does not affect the permutation 7. i.e.. we shall still have for each 1 ==k

(21" B (C )= A C ).

for. if i, =0. this 1s clearl_\‘ true and if i, =1 and

niz ) BC =1
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for some [ with 1 £/=<k. then for some . 1<h<1,
. Kk
ch(ch+ 1("-(‘7'.01—1((1-“ )i,.— ! Bn(Cj)))"'))q: U AI(CJ)
i= 1

and

k
T (T, (o (Tp,_ (z*)" "1 B(C)) .. = [ 4:(C).

i=1
But because n(A,(C;)) =k we have
Tpn- (Tpp -+ (T, (z7)" 7 1 B,(C))...)) = A, (C))
and so
Tpo(Tp, (- (Tp,_ (V"= L B (C))) .. )= Ay, 1(C))

irrespective of the particular values of n(A(Celici+ L. ..k} 1=Sisk.
In order to have o;=p the particular n-sequence of order k we choose is the
one corresponding to the u-sequence of order k defined by

w,=pt= (). 1=<isk

Then. for 1=igk. a,(i)=u,,; =p(i). as required.
In discussing the density of stopping time transformations with specified
properties we shall work with the uniform metric

d(t,.t)=p{w: 1 () F1,5(w®)}

where t,.7, are both automorphisms of (€. 4. i). It will be of use to relate the
proximity of two stopping time transformations with the proximity of the
associated partitions which are defined by Neveu's Theorem.

Lemma 6.5. Let v and v' be stopping times for (Q. A. p.t) with | vdu=\vdu=k=1
and let E,. O=n<k. and E,. 0OSn=k be as defined for v and v’ respecrively by
Theorem 4.1. For any >0 there is n(e. k) such that

H(E,JE)<n(e k). Osn=k.
implies
d(t*. ") <e.

Proof. The result follows from the fact that. for | <n=<k.

n—1
L{weE, nE,: t"(w)+ " (w)) < > (D, AD))

1=0
where

k
D= ) E, and D;= {] E,.

m=10+1 m=1{~1
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For the case n=1 we note that

{WEE, NE|: Tw)=1"(0)} ={weE,nE}: Tpo () =1p ()}
=(E,nE)ntp (Do Do)ty (Do Dy).
Hence

(wWeE, nE|: t(w)+=1t"(w)} =(E,nE})N (5, (Do \Dp)u T, (Dpy\Dy)]
and so

HHweE NE: T (@) # 1 (0)}) £ u(Do\Dp) + u(Dy\ Do) = 1t(Dy AD}).
For the case n=2 we note that if

wEE,NESnt;'[(D,nD)nt3 (Do Do)l ntp (D, AD)"tp (Do Dy)]
then

Tp w)=Tp(w) and <5 (Tp, (W) =T (Tp, (W) S0

{weE,NE;S: ¥ (w)=1"(w)}
2E,nESnt, D, n"Dy)~1 (Do~ DY)
Nty D, "D~ TL (DyDy)]
or
tEE,NES: () =1 ()}
SE,nE\n(tp (D, D)urty (D, Dy)]
Uty [D DT (D, Dy
Hence
H{weE,NEY: T (w)+1" (w)})
=D D)+ Dy D)+ (DY Dy)+u(Dy\Dy)
=1(DyADy) + (D, ADY).

The cases n=3 follow in an analogous way.
Now

d(r*. ™) =pu({w: T¥(w)+= 1" (w)})

K K
b Z U(E NE)+ E HiweE, nE,: t (w)+1" (w)})

n=20 n=1

k [N n—1
n=490 n=11=0

k k n— 1 I3

=Y WEJEN+ Y Y Y WE,JE,)

n=2~0 n=11==0m=1+1

which establishes the result.
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Theorem 6.6. Let t=1(T). If v is a stopping time for (Q.A. u.t) with [vdu=k=1
then for any £>0 there is a stopping time v’ with | v du=k such that t" is ergodic
on {v *£0} and

d(t. ") <e.

Proof. Let E,, 0=n=k. be as defined for v by Theorem 4.1. As the column levels
in SY(7T), v=0. generate & we can find ¢ =0 such that

(1) There are disjoint sets E,, 0=n=k. which are unions of column levels in
SY(T) with u(E, 4 E))<n(e k)/2.
(i) w(B(S°(T))) <n(e. k)/2k.

In C, give each column level name n if it is a subset of E,,, 0=n =<k, and then
modify the top k column levels so that

o, ()=i+1 (modk). ie{l.2..... k3.

In C, give each column level name n if it is a subset of E,,, 0=n=Ak. and then
modify the top k column levels so that

oo (=i ie{l.2.....k}.

For 3 <i<m. give each column level in C; name n if it is a subset of E;, and then
assign the name k to each of the top Ak column levels. Now let F, be the union of
those column levels now having name n. 0=n =k and define V' so that

v W welk
™w=
Tpo(Tp, (- (Tp, _ (W)...)). weF,. 1=n=k.

Kk
where D,_, = | ) F,. 1=n=<k. Note that because of Theorem 5.4(i)
l=n

v’

™ is ergodic on {v'%=0}.
Also
H(E, AFR)<ku(A(SY(T))) <wple. k)2
and so
H(E, AFR)<u(E,AE))+ p(E, A F) <in(e. k).
Hence. by Lemma 6.5. we have

d(th. ") <e.

Theorem 6.7. Let t=1(T). If v is a stopping time for (Q.A.u.7t) with |vdu=k=1
then for any ¢>0'there is u stopping time ' with | v du=k such that t* is
Bernoulli on {v'+=0! and

d(th. <.
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Proof. Let E,, 0=n<=k. be as defined for v by Theorem 4.1. As the column levels
in S"(T). vt =0. generate .4 we can find =0 such that

(i) there is a partition F,, 0 <n<k. of Q. with each F, a union of column levels
in SY(7T) and

W(E, AF)<n(&/2.k).
(i) If SY(T)=(C;: 1=i=m) then u(C*<ne/2.k)/4. 1=i<m.

(111) (B(S*(T))) <n(e/2.k)/2k.
(iv) C, has height greater than A.

Let 0 be the stopping time associated with the partition F,, 0=n=<k. by
Theorem 4.1. In C, give each column level name #n if it is a subset of F, and then
modify the top k& column levels so that

g, ()=i+1 (mod k). ie{l,2,.... k}.

In C, give each column level except the top A + 1 levels name O. give the (kK + 1)st
column level (counting from the top) name | and allocate names to the top A
levels so as to give

o,(i)=1I. iell.2..... K.
In C; give each column level except the top A levels name O and give the top A
levels names which give

G yli) =1 e 1.2, kj.

For 4=j=m give the top k column levels in C; name k and any other column
level name »n if it is a subset of F,. Now let E, be the union of column levels now
having name n. 0 =<n =<k. and define v’ so that

- 1) weE]
tTw= .
Tpo(Tp ooy, ())0)) weE,, 1=n=k,
k
where D,_, =) E;.1 =n=<k. Note that the second and third columns of T,. as

l=n

defined in § 5 have heights 2 and 1 respectively and so. by Theorem 3.4(ii) ¥ is
Bernoulli on {v'+0}. Moreover. for 0=n=AxA.
LE, JE)<t(CH +1(CH + ke ASUATN < (/2. k)
which implies that
dit’. o)y < 2.
Hence

dith. =)<
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Corollary 6.8. If t is a Bernoulli shift of finite entropy then the set of stopping time
transformations t*° for which t¥ is Bernoulli is dense in the set of stopping time
transformations.

Proof. Any Bernoulli shift of finite entropy is isomorphic to t=1(T) for some T

[2].
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1. Introduction

In this paper we prove some approximation results within the class % (7)
of stopping-time transformations derived from an ergodic automorph-
ism = of a Lebesgue space.

If v is a non-negative integer-valued measurable function then +°
belongs to &(r) if and only if " is again an automorphism, and v is then
called a stopping time. Stopping-time transformations were first
discussed by Neveu in [6]. &(7) includes induced transformations and
coincides with the positive part of the full group of .

It is known. see [1] and [2]. that &(7) is separable and complete with
respect to the uniform metric and that the entropy of r¥is related to that
of r via the expected value of v. In § 5 we approximate any stopping-time
transformation ¥ by a stopping-time transformation =**, which has the
same entropy and is ergodic on the set {v, # 0}. We then deduce density
results for the set of mixing or Kolmogorov stopping-time transform-
ations using results of [4] and [7]. These approximations are based upon
a construction which is given in §4. In a previous paper [8] we proved
that when = is a Bernoulli shift the set of ¥ which are also Bernoulli
shifts is dense. Throughout the paper we take Q = [0, 1], Z to be the set
of Borel subsets of Q. 1 to be Lebesgue measure on #, and t to be an
ergodic automorphism of (Q.Z#. u).

2. Preliminaries
Let v be a measurable mapping form (Q. #) to the naturalnumbers N.
Then the transformation r* detined by

.‘rv(w) = r"(w). wE€ {V = n}, n e N,
+ The author wishes to thank her supervisor Dr K. M. Wilkinson for much help and
encouragement in the preparation of this paper which is part of her Ph.D. thesis at the

University of Nottingham.
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is an automorphism of (Q, Z. 1) if and only if the sets {+"{v = rn}: n € N}
form a partition of Q. If this is the case. following Neveu, we call v a
stopping time for (Q.B.u.7) and ¥ a stopping-time transformation.
Neveu [6] established the following decomposition theorem:

THEOREM 1. (1) IfQ D Dy o D,... s a sequence of measurable sets such
that either D, _, # @ and D, = Q for some k=1 or (\2o D, = Q then
there is a stopping time v of (Q. B, ., ) such that

{w, if we Ey = Dy,
TDo(TD1("'(TDu—1(w))"'))’ if(l) (S En fOT n 2 1,

where E, = D,_,\D, for n = 1, and for any D € B, vp represents the
induced transformation of r on D.

(i1) Corresponding to any stopping time v of (Q, A, ., -r) there is a sequence
of measurable sets Q > Dy > D,... asin (i) such that ¥ has the form (2.1).

(ii1) If v is a stopping time for (Q. B. . 7) and T is ergodic then fvdu is
either a non-negative integer or + . If {vdu = k < oc then t™e sets D,
with n = 0. defined in (ii) satisfy D,_, # @D, D, = Q. whereas zf
fvdu = + o0 we have D, % Q. for n = 0, and (2o D, = Q.

(2.1)

TVw =

If we let Eg = Dy and E; = D;_ \D,;, forz = 1. then, for a stopping
time v with fvdu = &k < =c. the sets { £;}¥_, form a partition of Q that we
call the partition associated with v. Conversely, given a partition

{E}¥-o of Q. we say that the stopping time v defined as in (2.1) with
Dy* = Eg and D; = (J5-;. E;. for 1 <i < k—1. is the stopping time
corresponding to the partltlon {E}-0-

Note that any stopping-time transformation r* with [vdu = + o
can be approximated by a stopping-time transformation = with
fvedu = k < . Indeed if {D;}2, is the sequence of sets. decreasing to
(. associated with v by Theorem 1 (ii), we define

v . if w € D,,
mHw) = ’(w). if we DS,

and we choose £ large enough so that ¥ and r* differ on a set of arbitrary
small measure.

The entropy of a stopping-time transformation is related to the
number of sets in the decomposition as follows: if {vdu = &k < c0. then

h(¥) = kh(+). (2.2)

The entropy of r¥ was first studied by Belinskayva in [2]. where (2.2) is
proved under the additional hypothesis of ergodicity of +°. By
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decomposition of ¥ into its ergodiec component and use of a result of
Rohlin’s [9] relating the entropy of an automorphism to the entropy of
its ergodic components, Belinskaya’s result easily leads to (2.2).

The construction in §4 involves the geometric representation of an
ergodic transformation via Rohlin’s theorem. Let us recall some
terminology. introduced principally in [3, 4, and 8].

Let {L;: O < ¢ < &} be a collection of disjoint measurable sets. We say
that C = (Li: 0 <i<h)isa r-column if +(L;) = L; ., forO<i< h—1.
The sets L;, with 0 < ¢ < A&, are the column levels of C; C has base
B(C) = Lo, top A(C) = L,_,, height 2(C) = A, and width w(C) = u(L,).
We let C* = | JIZJ L,. Note that, even though r is an automorphism in
Q, in a 7-column C. 7 is not defined within C on A(C). If F < L, the
column (7'F: 0 < i < h) is called a subcolumn (or copy) of C with base F'.

A r-tower T is a finite set of disjoint columns 77 = (C;: 1 <j < m); T
has base B(7T) = (Jj=,B(C;) and top A(T) = \JJ=, A(C;). We let
T* = (7=, C} and denote by £ (T') the set of column levels of 7". In the
sequel. when we simply say column (respectively tower) we mean -
column (respectively r-tower).

We say that a column C is pure with respect to a partition P = {p,-};'= .
if each level of C is a subset of an atom of P. Given any column C. we
purify C with respect to P if we divide C into subcolumns that are pure
with respect to P. This is done by taking the bases of these subcolumns
equal to

h(QC1— 1 .
]3(0) M '?WO T—inja
J-_—

for all choices of i; € {1.....n}, 0 <j < A(C). We purify a tower with
respect to P if we purify each column in the tower.

Let us now consider a fixed stopping time v, with associated partition
{E}¢.o, and a 7-column C, pure with respect to {£;}¥_,. We can then
label each column level of C with respect to {&,}_,, that is, we define a
function » on £ (C). taking values in {0, ..., k} by

»n(LyY=n fLc kK, forO<n<=ctk.

and say that L has name n. Levels with name O are invariant under +°
and will not be involved in the discussion that follows. The action of =¥
within the column C can now be described by an appropriate sequence
of names. Suppose that a column level L; has namen = 1. Then +%(L;) is
another column level in C (we also say 7%(L;) is defined within C) if and
only if there is a sequence of indices

<, <, <...<t,<h
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with »(L;) =Z n—t+1and 1 < ¢ < n. Further, v%(L;) = L,, if each index

i,satisfilest, = min{j: ¢, , +1 <j < h, »(L;) > n—t+1}forl <t < n.
Clearly there may be column levels other than 4(C), that is, some L,

with O < ¢ < A— 1. for which 7%(L;) is not defined within C. For a column

level L; with (L) = n. we shall define «(L;) = u, where 1 < u < n, if

the set

{1, dg i<ty < ...<iy<h, n(L;))=Zn—t+1,1<t<s}

is non-empty fors < n —uand empty fors =2 n—u+1, and «(L;) = 0if
7V(L;) is defined within the column. So «(L;) counts the number of steps
in the iterative definition of ¥ on L; given by Theorem 1 which are left
undefined within the column containing L.

In the sequel. we refer to [8] for properties of the functions » and «
that we quote without proof.

Any column level L in C with «(L) = 1 is called av-top in C and it can
be shown that there are at most k£ v-tops in any column. Furthermore,
anyv level L in C with «(L) = O is mapped by some power of ¥ onto a
unique v-top.

If we now have two disjoint +-columns (g, and C; with
(A(Cy)) = B(C,). we denote by Cy *C; the column detined by

(7'B(Cp): 0 <1 < h(Cq)+h(C,)).
Similarly. given two disjoint towers 7', = (C;;: 1 <j<m,) and
T, =(C,p: 1 <1< m,) with +(A(7T,)) = B(T,). we then define a tower

with base B(7",) and top A(7,) denoted by 7', *7T',. The bases of the
columns of 7', * T, are given by

{B(C )"+ MCDIB(Cy): 1 <j<m,;.1 <1< m,}.

so Ty * T, has at most m m, columns. If Cy and C, are both pure with
respect to {E£;}¥_, and if L is a v-top for Cy, then r¥(L) might be defined
within Cg* ;. Preciselyv. we define at most £k levels in C,:
{B;(C,): 1 <7<k}, called the v-bases of C'|, by

{BI(CI) = L,(C)).
Bi(C,) = 7p(mp,(--(7p;_.(Li(C1)))...)). for2<:i<k.

if 75 (7p,(---(Tp,_,(Li(C1)))-..)) is a column level within C; and where
L,(C,) is the first column level of C', (counting from the base) which
satisties »(L(C,)) = i¢. It follows that when L is a v-top for Cy with
w(L) =1 =1 and when B,(C,) exists. we have

(L) = B,(C,). (2.3)
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Note that, for a column C = (L;: 0 <7 < &), pure with respect to
{E}t_o. if there exists a sequence of indices {7;}iZ5 with
0<ig<i; <..<%H_-y<h—1 and »(L;) =Zk—j, for 0 <j< k—1.
then C possesses exactly k£ v-bases. However, any level in C is the image
under some power of r¥ of a v-basis.

Thus the name function characterizes the action of ¥ within a column
C,; further, if the column Cj is extended by considering Cq * C',, then =
maps v-tops of C, to v-bases of C'; and this action is characterized by the
function .

3. The «-blocks

The definitions concerning 2, «, v-tops, and v-bases given in the
previous paragraph depend on v only through the partition {&;}*_,
associated with v. We could as well have stated these definitions with
respect to a partition and taken v to be the corresponding stopping time.
Since v and {£;}¥_, are interchangeable in this way, we simply refer to
. « functions as defined with respect to a name partition {E }*_,, and
similarly for v-tops and v-bases.

In what follows it will be convenient to impose conditions on
the name structure such that the & v-tops in a column C. pure with
respect to a name partition {£;}¥_,. are the top & levels. We denote
these top & levels by D(C) = (4;(C): 1 <j < k). numbering from
the top so that 4,(C)=AC); if T =(C;: 1 <j<4ki) then we let
D(T) = (D(C)): 1 <35 <k).

A necessary and sufficient condition for each 4,(C) to be a v-top with
respect ,to a name partition {£;}¥_, is

a(A,C)) e {t.i+1.....k}, forl<i<k. (3.1)

In this case {«(A;(C)): 1 <i<~+hi} is a permutation of {1.2.....4}.
Further. we note that if two name partitions {Z;}¥_, and {E’,;,_o, with
associated stopping times v and v’ respectively, both satisfyv (3.1) and
coincide on C\ D(C), then thesets ofvand v'-tops coincide. If Lisalevelin
C with «(C) =0 and +"(L) = A4 ;(C) for some j, where 1 < j < k, then
e’ (L) = 0 and +Y(L) = 4;(C).

We now define a specific structure of names, called a «-block. which
we shall use later to control the action of +".

A tower 7= (Cj: 1 <j < k) is a «-block with respect to a name
partition {E;}f_, if

(i) 2(C;) = k. for 1 <j < k and w(Cj) = w(C)), for 1 <j.l < k.
(ii) the columns of 7" are pure with respect to {£,;}*_,,
(iil) 2«(A(C;) =i+7j—1 (modk), forl <i.j < k.
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A «-block with £ = 3 is illustrated below in Fig. 1. Above each level
we have listed its name and the value of the «-function.

4,0y ==L =1 4cn“ ~ 4,0, = =
A,(Cy) had = A,(C») «=3 =3 A,(C3) = z
a0y 2=2 ==3 40y ==L = A5(C3) = -
Cl Cz 03
Fic. 1

Now suppose that there is no underlying name partition and that C is
a 7-column of height £. Then we can define a name partition so as to
convert C into a «-block. This is done by first dividing 4 ,(C) into
k disjoint subsets of equal measure, which we denote by
{A,(C)J): 1 <j <k}, and then defining

C;= (7"4,(O)j): —(k—1) <i<0).

Thus ' = (C;: 1 < j < 1) satisfies condition (i) of the definition of a «-
block. Secondly we assign names to column levels in each column C; so
that conditions (ii1) and (iii) are satisfied: for 1 < j < k, we let

(J—D+:z. ifl<i<k—j5+1.
(A Cy) = {i. ifk—j+1 <i<*k.

In general. we start with an underlying name partition {£;}¥_, and a
column C. with A(C} = k. pure with respect to {E;}‘_,. We then, as
above. subdivide C into k£ subcolumns of equal width, {C;: 1 <j < k}
and modify the names on the top &£ levels of each C;, and only on these, to
yield a «-block. We call the resulting tower U(C). Thus the new name
partition {£;}*_, defined is such that

(i) the tower {D(C;): 1 < j < k}is a «-block with respect to {E:}*_,,

(ii) ;. (Q\D(C)Y*) = E;n (Q\D(C)*), for 1 <1 < k.

We refer to {E;}¥_, as the name partition corresponding to {£;}¥_, after
formation of U (C).

If T=(Ci:1<!<m)is a tower with columns of equal height A,
where A = k. which are pure with respect to a name partition {&,}_,,
then we let U'(7") denote the tower resulting after modification of each C,
to U(C,), with 1 <! < m. Thus U(T) has km columns and we refer to the
new name partition as the partition corresponding to {E;}¥_, after
formation of U(7T).

To outline the fundamental property of «-blocks. we consider the
following situation. We have a column C = Cy *C |, where A(C,) = k.
h(C,) = k. w(C) > 0. and both Cy and €, are pure with respect to a
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name partition {£;}f_,. We suppose that the k v-bases of C,.
{B(C,): 1 <1<k}, exist. We form U(C,) and let {E}f_, be the
partition corresponding to {;}_, after formation of U(C,). Note that
C, is still pure with respect to {£;}¥_,. We adopt the following notation:
if L is a column level in C of height 2, then define

L(y) = ‘rh—h(CO)Al(Co)(j), forl <j <k

Thus L =\ J%-, L(j). Let v be the stopping time associated with
{E}¥_o. Note that {B,(C,): 1 <! < k} are also the v'-bases of C,. We
now show that the existence of a «-block at the top of C, controls
‘uniformly’ the intersection between images under r* of levels in Cy, and
levels in C;.

PROPOSITION 1. Let C = Co * C ., {E}}i—o, and v’ be as above. Let L be any
level in Cq, and let L’ be any level tn C,, both included in E,°. Then there
exists a unique t > O such that

(YL L # Q,
and. for this value of t.
p((7¥Y L ALY = w(C)/k.

Proof. We first show that foreachz, with 1 < ¢ < k. A subsets of 4,(Cy)
are mapped by =" to different v'-bases. Precisely. by definition of a
e«-block. «(A;(Cy) (7)) =2+j5—1 (mod k) and thus. by (2.3).

Tv"(Ai(Co) (j)) = Bi+j-— 1(01) (j),

where from now on, all indices are taken modulo k. For1 < :.! < k fixed.
there exists a unique j = j(2.!) such that

i+7—1 =10 (modk),
and, forj’ # j, v (A«(Co) (J) N B(C,) = @. Hence, forany 1 < i, < k.
p(mV(A4i(Co)) N B(C1)) = u(BI(C,) (J)) = w(O)/k. (3.2)

Now for a fixed j, with 1 < j < k£, L(j) belongs to a subcolumn of C,,
pure with respect to {E}f_,, with {4,(Cy) (j): 1 <7 < &k} as its v'-tops.
Hence there exists a unique {5 € N, such that

(TV)L(j) = A«(Co) (J). (3.3)

for some 7. with 1 < ¢ < k. Moreover, as remarked at the beginning of
the paragraph. 7 is independent of j because. by definition ot U'(C,). for
any j. with 1 < j < k. the names of {1,(Cy) (j): 1 < i < k} satisfy (3.1).
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Hence (3.3) holds for any j, with 1 <j < &4, and

< K , . K .
(tV)°L = 'Ul (vV)'°L(j) = ‘U1 A (Cp) () = A:(Cy). (3.4)
i= i=
Finally. as C, is pure with respect to {£;}¥_,, there exists a unique /,
with 1 </ < k, and a unique ¢, € N such that

(7)) By(Cy) = L. (3.5)
Letting ¢t = t5 +¢t; +1, we have, by (3.3), (3.4), and (3.5),
(YL AL = (7)'[(+*)A(Co) N B(CHy)],

for unique 1 < ¢, / < k, and the result follows from (3.2).

Note that Proposition 1 still holds if, instead of supposing that C, is
pure with respect to {£;}¥_,, we only suppose that the first 2(C,)—k
levels of C, are pure with respect to {£,;}¥_, whilst D(C,) is partitioned
by {£.}¥_, into any number of «-blocks.

If we now have n disjoint r-columns, satisfying (A4 (C;)) = B(C;.,).
where O < j < n. wedenoteby C = Cqo*xC | *... x(C, the column defined
by (7'B(Cy): 0 <i < 37_0A(C))). If A(C;) =k and each C;. with
0 < j < n.is pure with respect to a name partition {£;}¥_,. we construct
several «-blocks by forming successively

To = L’T(Co).
T, =U(To*C,),

T, =U(T,-,*C)), forl<lI<n—1,

Tn = Trl—l *C".

By abuse of notation we sometimes denote 7', by U(Co*C, *... *xC,)
and. when there is no possible confusion about the determination of the
C; (0 <j < n), we simply say that we have formed independent -
blocks within C. In this process, at each stage, we define a new name
partition {E®P}_,, for 1 <! < n, with {E{V}f_, the name partition
corresponding to {£;}f_, after formation of U(Cy), and {EY*DYs__ the
name partition corresponding to {E{"}¥_, after formation of
UT,-,*=C)). for1 <! < n—1. Note that the names of levels in D(C,)
have not been modified. We refer to {E{}i_, as the partition

corresponding to {E;}f_, after formation of U(Cy*...*xC,). We can
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describe this construction as follows. For 0 <! < n—1. 7" consists of
k'*!' columns. pure with respect to {E{"}_,, and D(T,) is a set of i
«-blocks. T, consists of £” columns. pure with respect to {£{”}¥_,, and
{E{™}f_o coincides with {E;}f_, on Q\ (|24 D(C))*). For an illustration
of the formation of independent «-blocks in the case where £ = 3 and
n = 3. see Fig. 2.

We now state a generalization of Proposition 1 which can be proved
by induction.

PROPOSITION 2. Let C' = Co*Cy * ... * C, be a column, pure with respect
to a name partition {E }i_o. with w(C) > 0 and h(C;) = k, for 0 < j < h.
Suppose also that C, possesses k v-bases with respect to {E . }¥_,. Let {E:}*_,
be the partition corresponding to { E;}_ o after formation of U(Cq * ... *C,),
and let v’ be the stopping time associated with {E.}_o. Then. for any level L
in C; andlevel L' in C; , where O < iy < i, < n and both levels are included
in Eg, there exist t;, with 1 < j < k'*7°7 1. such that
w(C)

A

the union being taken over j ranging from 1 to kit~ 1,

U (LA L) =
J

In the sequel. we adopt the notation
C=[Co,C,.....C,]

it C =cy*cy*...xc,, where c; is a copy of C; for each i. Forming
independent «-blocks within C is then taken to mean forming
U(cog*...*c,). We conclude this section by quoting two results that we
shall use in the next section. Suppose that P = {p;};.;is a partition of Q.
with / a finite set of indices. and that o is an ergodic automorphism. The
following theorem is referred to as the strong Rohlin theorem.

THEOREM 2. Given n. a positive integer. and & > 0, there exists a
o-column C of height n and base B such that

() w(C*) > 1—=.

(ii) d(P/B) = d(P),

where
d(P) = {pu(p))}icr and d(P/B)= {&%?}—)—B_)},e{
For a set 4.€\/ 7, o 'P. with m = 1 and
A=p, ne'p,...Ac ™ Vp, .
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we call the sequence (ig, ..., t,,— ;) the P-m-name of A with respect to o.
As a consequence of the ergodic theorem. the following holds: for any
e > 0, there exists N > 0 such that form = N, there is a collection &, of
sets in \/1—0 o ‘P of total measure at least 1 —e such that for all p; € P
and 4 € &,

| fal@, m) — ()| < e,

where f (2, m) is the relative frequency of the index ¢z in the P-m-name of
A with respect to o.

4. Construction

Throughout this section v is a given stopping time for (Q, #, u, 7) with
fvdp = k = 1 and associated partition {&;}%_

We construct a stopping time v, with [vdu = k, for which the
automorphism 7%, whilst remaining close to =°, is ergodic on the set
{v' # 0}. This involves constructing a sequence of r-towers {7,},-; and
of stopping times {¥"},.,. As in [4] where Friedman and Ornstein
induced a mixing transformation. the recurrence step is provided by a
Rohlin’s theorem. though here we need to use the strong form of
Rohlin’s theorem (Theorem 2). The stopping time v’ is defined as the
limit of the sequence {v+”}, .. where at the rth stage we modify the
existing name partition by introducing independent «-blocks and take
v'” to be the stopping time associated with this modified partition.

We shall use the following notation. {S,},. o is a decreasing sequence
of sets formed inductiveiy in the construction, and =, = 7. the induced
transformation on S,. For each r € N, the dyadic intervals of order »
induce on S, a partition denoted by @,, that is

,={S, 1, ;:1<j<27},

where 7, ; = [(j— 1)2'"' 127 7), for 1 < j < 2" and r = 1. We shall purify
the towers T,., where S, = T'*, with respect to @, in order that the set of
levels of the successive towers generates the Borel o-algebra.

The construction involves a decreasing sequence of positive real
numbers {7,},.,. where 7, <1 is given and {7,},., are determined
inductively. Later, in §5, further conditions will be imposed on the
sequence {17,,},>1 to prove approximation results.

The first step of the induction process constructs a r-tower 77,. pure
with respect to {£;}¥_, and such that the top k levels in each column
have. after modification if necessary, name k.

Let 8o = Q: Choose a positive integer ¢(1) satisfying

t(1) > 2k/m. 4.1
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and apply Rohlin’s theorem to the ergodic transformation ro, = = to find
F, =8, which has ¢(1) disjoint images under 7, and is such that

Wi)y—1 .
,U-< U "'olF1>>F‘(So)_771- (4.2)

Next we purify the ro-column (74'F;: 0 < 7 < ¢(1)) with respect to the
partition {£,;}¥_,, and so obtain a tower 7', where each column level
L e £(T,) is given a unique name by

»2(Ly=171 ifandonlyif L < F;, for0<:<k.

Suppose that 7', has m,; columns, say, 7', = (C,;:1 <j < m,), with
bases B,; = B(C,;). Let w, be the width of the smallest column of 7,
and let H, = h(C,;) = t(1), where 1 < j < m,. Note that H, = k. We
now change to k the names of all levels in D(7";). This defines a new
name function »; on #(7,). Precisely, for L € T \\D(T;), we have
s (L) = »(L), whilst for L € D(T,). s,(L) = k. Letting S; = T%¥, we
define a modified name partition G'P? = {G{V}¥_, by

G\ =\ J{L e L(T,): » (L) =13} U (E;n(Q\S,)), forO<:i<k.
Note that
p(E AGY) < 20p(Fy). forO<i <k,
and so. by (+.1),
w(E;AGY) < n,, for0<i<k. (4.3)

We finally define the first modified stopping time v'!’ to be the stopping
time corresponding to the partition {E{"}¥_, where

EY =GP u(Q\S,),

EV=6"V""S,, forl <<k

In other words. when considering »'!’, we reduce our attention to S,.

We now describe the general induction step which differs from the
construction of 77.

Suppose that at stage r. where »r = 1, 7', is a tower with m,_ columns,
say T, = (C,;: 1 <j < m,) with bases B,; = B(C,;), and ¥, = 72, B,;.
Let S, = T*. let w, be the width of the smallest levelin 7',, and let H, be
the common height of all columns of 7°,. Suppose also that the »,-name
of levels in D(T,) is k.

Define P, to be the partition of F, given by P, = {B,j}T;,. and let
o, = 7g,. Choose

e < w/2"TYH (4.4)
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Since o, is ergodic there exists NV, > O such that for n = NV,, there is a
collection ¢, , of atoms of \/7Z4 o, ‘P, of total measure at least
w(F,)—4n,,, and such that, for all B,; € P, and 4 € ¢, ,,

|fu(Brjs ) —pu(B,) | < im0 4. (4.5)

Recall that f (B,;, n) is a relative frequency of occurrence of the index j
in the P, —n-name of 4 with respect to o,. Inequalities (4.4) and (4.5)
and the definition of w, imply that, for any » = max(N,,2/7,,,) and
any set 4 € &, ,, fa(B,;,n) = 2/n for any j. where 1 < j < m,.

Now we choose {(r+ 1) a positive integer such that

t(r+ 1) => max(N,, 4k/nr+ 1)7 (4'6)

and apply the strong Rohlin theorem on F', to find ', ; < F',, which has
t(r + 1) disjoint images under o, and is such that

W(r+1)—1 W(r+1)—1 .
d( o, P /F )-d( ,“P,) (4.7)

1—0
and

(r+1)—1 . Mr+1
F o 'F, . 4.
< \ g, r 1 < 2t(r) ( 8)

Let 7", |, be the v -tower with base F/,, ; and columns pure with respect
to L(T,). For O0<<:<ir+1)—1 and 1 <)< m, (4.7) implies
that u(o, ‘B NF)=u(B,)u(F,)>0. In other words. for any
0<: < t(r+ 1)—— 1. o,'F,, , intersects the base of any column of 7',. Let
T be the tower with columns consisting of the subcolumns of C,; with
base o,'F, ., ) B,;, for 1 <) < m,. If we follow the successive images of
F,,, under r, = 75, we see that first ¥, | climbs through the subtower
T'©. Further. note that if w e A(7'?). then . (w) < F,, and thus
1 (A(T®)) = 76 (F,+1) = 0(F,, ). Hence next, under ., F,,, climbs
through the levels of 7{!’, and so on. Consequently

— (0) (1) (Hr+1)—1)
T | =TOxT WV T .

r,

So each column of 7", ; is a product of {(r + 1) columns which are copies of
the columns of 7',. A typical column C of 7', ; can thus be written as

C = [Crl'o’ “"Criur»l)—ll' (4‘9)
where 1 < i, < m,and 0 <! <¢r+1)—1. and its base is then
Fr+l M Brto r— 1Bril MN...M or—(t(r+ D= X)B"iur*l)‘l'

We call a column of 7', |, regular if there appear at least two distinct
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copies of each ofthe C, ;. for1 < j < m,.in (4.9). We now delete from 7, ,
all columns which are not regular and call the resulting tower 7, ,.

Leaia L. w(TE ) —m(TE) < dnps
Proof. Let R, be the union of all bases of the columns of 7', ; which are
not regular. Then the choice of ¢{(r + 1) in (4.6) implies that if a base
B=F,.,nB,;,n..."(c) """ ALY : S
of T', , belongs to R, then
B,y ... (a,) " CCTDT 1)Brir(r+u-1

belongs to &; ,,+1),- Thus

rip

c
Rr < §r,z(r+ 1) M Fr+ 1>

and since £f,,41, is a union of atoms of \/{25" ! (¢,) "*P,. (4.7) then
implies that

f"'(Rr) < /"“(frc'.t(r*' l))“’(Fr«':-l) < %”7;-+ ll""(Fr-f-l)?

so. finally.
(T ) —pu(TE2) < 37,4 -

We then purify 7', , with respect to @,. the dyadic intervals of order .
and obtain a tower T, ;. The columns of 7', ; are subcolumns of the
columns of 7, , and so. when considered as products of copies of
columns of 7°,. are regular.

We now form independent «-blocks. the r- «-blocks, within each
column of 7', ;. This defines the tower 7' . ;. So 7T* , =TX; and
D(T,,)* = D(T, ;)*. We let GV* VD = {G"*V}f_, be the partition
corresponding to G\ after formation of independent «-blocks within
each column of 7, ;. and we let »,,, be the new name function
associated with it. The tower 7, , is thus pure with respect to G 1),

The set ./, of the levels of 7', ; whose »,-name has been altered by the
r- e«.-blocks, is a subset of {D(C, ;): 1 < j < m,} and so is included in
D(T,)*. Since all levels in D(7',) have an »,-name equal to k. and since in
forming «-blocks we never give a name equal to O, it follows that

Gg+1) = G
Gr*TV oGP, forl<i<k—1.

Xr+ 1) r)
ka C Gk -
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Note that the set .J, is disjoint from D(7, 3)* and that since
D(T, 3) = D(T,), the »,,,-name of the levels in D(7, 3) is k. It is also
clear that the formation of the r- «-blocks has not altered the names of
the levels of 7', ; included in any of the ¢- «#-blocks, forz < r—1, as they
are disjoint from D(7; ;)* = D(T;, )* and thus disjoint from D(T,).
Now

(G AGTTY) < 2ku(F,),

and so, by our choice of ¢(r),
wGPAGETD) < o, (4.10)

We finally define S,,.; = T*., and let +** ! be the stopping time
corresponding to the partition {E{*VY}¥_, where

E(Or+1) = G(r+ D o (Q\Sr+ 1)’
EFr*Y =Gr*AS,,.,, forl <i<k.

This completes the induction step.

We are now ready to define the limiting stopping time v’. First note
that the monotonic properties of the sequence {G'"}, . ; imply that if we
set G;=%,G". for 0<i<k—1. and G,=N2,G". then
G = {G;}%_, is a partition of Q. Letting S = (2, S,. we can then define
a partition {E:}f_, of Q by

Ey = Gy U (Q\S).
E;=@NS. forl<i<h#k.

and we take v’ to be the stopping time corresponding to the partition
(B | |
Note that as {S,},.0 is a decreasing sequence of sets. S, = Q. Also

n(S)>1—= 2> =, (4.11)
since, by (4.2). u(Sp\S;) < 7, and. by (4.8) and Lemma 1.
.U-(Sr\\Sr-o- 1) < (/J'(Sr) —I-L(T:k 1)) + (IJ-(T:-" 1 ) —,U-(T:kz))
S /AL o B

v

LEMMA
20
wEoAEy) <2 3 7,

P

r=1

e}
WEAE)<3 S m, forl1 <i<k.
r=1
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PTOOf. @
H(Eo A Ep) < p(Eo AGG) +p(Q\S) <y + 2 7

byv (4.3) and (4.11). For 1 <! < k—1.
E;=G,nS and G,=GPU (J (Gr-MaG);
r=1

thus -
w(EAE) < p(EAGY)+ 3 p(GY T P\NG) +p(Q\S)
r=1

o o]
<7’1+2 Z Mr>

r=1

by (4.3), (4.10), and (4.11). A similar result can be proved for u(E, A E}).
Note that the lemma implies. in particular, that

r(Ey) > pw(Ey)—3 ; 7, (4.12)
5. Approximation results
The metric chosen here will be the uniform metric d defined by

d(r.7") = p{w: 7(w) 7 7'(w)}.

where + and " are both automorphisms of (Q. ZA. ).
We shall use the following fact:

LeEMMA 3 [8]. Let v and v be two stopping times for (Q B.un.7), let
fvdu = v du = k. with {E;}i_o and {E}¥_, their respective associated
partitions. For any ¢ > 0. if w(E;AE}) < e/k*(k+2). then d(+". 7)) < e.

We now give a preparatory result based on the following lemma
which is due to Knopp.

LEMMA 4. Let (X. F, m) be a probability space where & is the o-algebra
generated by a ring R of subsets of X. Suppose that there is a subset # of R
such that every R € R is a finite disjoint union of setsin F. Thenif FF € &F
s such that

m(FI)=cm(),
for wny I € F. where ¢ > 0 is a constant independent of I. it follows that
miF)=1.

We use the following notation: i’ represents the ncrmalized Lebesgue
measure on the set {¥' # 0}. and & = {L € L(T,): L < G§'*}.
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COROLLARY 1. If for any r = 1 and L,, L, € ¥ . we have

' ((i=©w(rvf)iLl>r\L2> = cu'(Ly), (5.1)

where ¢ is independent of L,. then, for any L € &£,

y.'(i @ (ij)iL> = 1.

Proof. Fix r = 1 and let L € & . Note that
(%0} = QoS = (G) A S.

If we let 2 be the ring of finite disjoint unions of elements of ¥, where
p = r. then it follows by construction that 22 N S generates the Borel o-
algebra restricted to {# # 0}. Replacing, if necessary. L by one of its
copies in 7', and using (5.1). we see that for any L' € &, with p > r.

© (<=CJ (T”')i[d> A L') = cp/(L). (5.2)

The result now follows from Lemma 4.

We now prove our main result which shows that for a suitable choice
of {5,},.,. the stopping-time transtormation " is ergodic on {v’ % 0}.
has the same entropy as =%. and is arbitrarily close to +".

THEOREM 3. Let T be an ergodic automorphism of (Q. AB. ). and let v be a
stopping time for (Q. B.u.7) with {vdu = k. where k is a positive integer.
Then for any e > O. there exists a stepping time v’ for (Q. AB. u. ) such that
the following statements hold:

(1) ¥ is ergodic in {v % O},
(i) A(=Y) = h(=");
(iii) d(+. ") < e.

Proof. Let {E;}¥_, be the partition associated with v. By Theorem
1 (iii). £, is a non-empty set and so there exists & > 0 such that
w(&) > 6. We now choose a decreasing sequence of positive numbers
{m.},>1 satisfying
x
S 7. < min(8/6. e,/3k2(k + 2)). (3.3)

—

r=1
Next we construct 7', as in §4 for n, = 7). We then chocse 7, < 7}

satisfving (+.4) and construct 7',. and so on. That is. in general. we
3388.3.43 T
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choose 7, ; such that
N4+, < min(y.,,.w,/2""'H,), wherer =1, (5.4)

and define the stopping time v’ to be as constructed in § 4 for that choice
Of {nr}rz 1- ,

(1) To prove that % is ergodic in {v' # 0}, we first show that for any
Le ¥, withr=>=1,

,u’(,:@ (r“’)"L) = 1. (5.5)

By Corollary 1. it will be sufficient to show that for any L, L € &£ .

(D er2)n ) = s

with a constant independent of L’.

Sosupposethat L € C,;, and L' € C,;, wherel < [l5,l;, < m,. Now L’is
distributed as distinct copies among the columns of 7', ;; precisely. we
write

L'nns, ., =014

iel

where /; is a copy of L’ in a column of 7', ; and 7 is a finite index set. By
construction. forany ¢ € 7, in the column of 7', ; containing /;, there is a
copy of C,,,, that we denote by /;, above or below the copy of C,,
containing ;.

Recall that we have formed independent «-blocks within each
column of 7', 3 and that »" ™! is the associated stopping time. Therefore
we can apply Proposition 2 to each [; and [;. For the sake of
simplification. we shall include more powers of #*"* 1) than those given
by Proposition 2 and hence we have the following inequality:

Hr+l .
(( S+ 1))Jli> ') Z:) = p(ly)/ k.
]"‘ —Hr°l

Now regrouping over z € /. we obtain

Hr+1 .
(( V(l"" 1))JLer+l>ﬁ(L'ﬁSr+ 1)) ?‘L(L'er.,.l)/k. (5-6)

"—H,-...l

Now for r = 1 and by the choice of n,,,; In (5.4).

8
~
i~

x
p(S,  \) < S i< > H
i=r—1

i=r+1
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and so
m(S, 4 \S) < w, . /4H, . (5.7)

Hence writing LNS,,; as LS., =(LNnS)u (LS, ,,\S)) and
similarly for L' S,,,, we deduce. from (5.6) and (5.7), that

((’ e v"’*’”)J'(Lr'\S))r\(L’r‘\S))
= —Hrﬂ-l

2 (H’(L, m Sr+ 1)/k) - (2Hr+ 1 +3)F"(Sr+ 1\\S)
= (Au'(L’er-ﬁ-l)/k)—u"rﬁ-l' (58)
We now notice that, by (4.6),

1 MTr+1 W,
w < << . .
Yrer S i) S 4k 1k (5-9)

and that as L’ is a level in 7°,.

w(L' S, 1) > pw(L)—m, 44

> w(L')—p(L)/2 71 (5.10)
Combining (5.9). (5.10). and (5.8). we then have
Hrei o+ Vo (L) (L) (L)
((,__H,_ DY A 5)>m(L N S)> AT v —y

and therefore in anyv case

#(( U (“'*“)’(me)m(lf b)) (L)) 2k
Jj=—H,-1
w(L' ~S)/2k.  (5.11)

Note that the iterates of L NS under +*"* !’ which make (5.11) hcld
are all within the columns of 7", ., and so the formation of «-blocks of
order 7 = r + 1 will not affect them. So using (5.11). we finallv obtain

,.L< G (r"-')f(LmS)>m(L’mS)>
(( Uy (T"")j(L('\S))ﬁ(L'('\S)>
__H,,l

= w(Ll' N S)/2k.

or equivalently. as (#*)S = 8§ and normalizing. we have

(Q (#-‘)J‘L) A L’) = w/(L)/2k.
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Thus (5.5) holds. Now, since the sets in {(| J2, &, ) N S} generate the
Borel o-algebra restricted to {3’ 5% 0}, the ergodicity of ¥ on {¥’ % 0}
follows by a standard approximation argument (see [3.§6]. for
instance).

(ii) Recall that u(E,) > 8 and, by (5.3), 52, 7, < &8. Using (4.12), we
see that it then follows that the set £} is non-empty and hence that
fv'du = k. As a consequence of (2.2), we have

(") = kh(r) = h(=").

(ii1) If we use Lemma 2 and equation (5.3), we see that

wWEAE)<3 S 9, < for 0 <i < k.

5
Lemma 3 then implies that d(+”, ") < e.

COROLLARY 2. The conclustons (1) and (iii) of T"heorem 3 still hold when
jv dy. = + oC.

Proof. We remarked earlier that we can approximate a stopping-time
transformation r¥ with jvdu = + o0 by a stopping-time transformation
¥ with |y, du = k < 0.

We are now in a position to study indirectly other ergodic properties
of stopping-time transformations by using Theorem 3 and known
density results for induced transformations.

THEOREM 4. Let T be an ergodic automorphism of (Q. B.u), and let v be a
stopping time for (Q. AB. pn. 7).

(1) For any e > O. there exists a stopping-time transformation r°* which is
strong mizing on {v, # 0} and such that d(+*,+"') < &.

(i) Suppose that v has positive entropy. For any ¢ > 0. there exists a
stopping-time transformation vV which 1s a Kolmogorov automorphism on
{v, # 0} and such that d(+°. t°%) < e.

Proof. (i) In [4] Friedman and Ornstein proved that given any ergodic
automorphism . the sets 4 such that =, is strong mixing are dense.

So given £ > 0. we first use Corollary 2 to obtain a stopping time v’
such that 7* isergodic on {» # 0} and d(v*. ") < }e. Let "' |, ., denote
the restriction of ¥ to {v" # 0}. Then there existsaset 4 < {V' % 0} such
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that
(a) u(d)/ut{v" # 0}) > 1 —ge. and
(b) (=% |{,-¢.‘,})A is strong mixing.
Let 7¥* be the transformation defined by

vi _ (" Valw), fwe A4,
T (w) - w, if w € AC.

Then clearly ! is a stopping-time transformation. Moreover, since
! —_ v/
T I{,,j;eo} = (7 ){.,-;éo}, we have

(5.12)

™o, x0; = (77 )4

= (Tv’){v';ﬁﬁ}r‘\A

v’

{v'#O})A’

which is strong mixing byv (b). Also
d(r. 7" < 2u({v # O\ A)+u(A\{V = 0}) < Le.

which in turn implies that d(+". ') < e.

(i1) In [7]. Ornstein and Smorodinsky proved that given any ergodic
automorphism = of positive entropy. the sets A4 such that r, is a K-
automorphism are dense.

As in (i) we use Corollary 2 to obtain a stopping time v with finite
expectation such that =% (= 18 ergodic and d(r”, ) < le. We now
check that the entropy of =" }{V.;ﬂ,} is strictly positive. We have

]I(Tv" !:v’;eu}) = h(("'v'l){v'#n})
= kh(r).n({»" # 0}),
where fv’ du =k < c.u({v' # 0}) = u(£;) > 0. and we have used (2.2)
to deduce the last equality. As A(7) > 0 by hyvpothesis. it then follows
that A(r"' |, .yn) > 0. and we can then choose a set A, with

n(A)/u({¥" # 0}) > 1 —ge. such that (v>|, .i)4 is a K-automorphism.
We then define 772 similarly to +¥! in (5.12).
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Abstract

Consider two stochastically independent. stationary Gaussian lattice proces-
ses with zero means, {X(u). u € Z°} and { Y (u). u € Z°}. An asvmplotic expres-
sion for the variance of the sample correlation between {X(u)} and { Y (u)} over
a finite square is derived. This expression also holds for a wide class of domains
in Z°. As an illustration. the asvmptotic variance of the correlation between two
first-order autonormal schemes is evaluated.

AUTONORMAL SCHEMES: LATTICE PROCESSESN: SAMPLE CROSS-CORRELATION

1. Introduction

We shall consider throughout an infinite square lattice. Z < Z. and random
variables X(u)= X un. Y(v)= Y, .. associated with each point (u,.u:) or
(vi. v:) of the lattice. The processes {X(u)} and {Y(v)} are assumed to be
mutually independent and both stationary Gaussian with zero means and finite
variance o and o3 respectively. Let C..n = 1. be any square region in Z°
containing n” points. C, ={(i.j): s=i=s+n—1:t=j=t~n—1} for some
integers s.t. We consider in this paper the variance of the sample correlation
coefficient rv, between the n° observations from {X(u)}. {Y(u)} over C.:

S X(u)Y(u)

uec,

Tz e Tl e T

wel,

Interest in lattice processes has arisen recently in many contexts, see Besag
(1974) and Tjastheim (1978) for further references. For time series. the asympto-
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tic variance and covariances of the cross correlation were derived by Bartlett
(1935), (1966), and their asymptotic distribution by Hannan (1970). These results
are commonly used in the analysis of relationships between two time series
(Haugh and Box (1977), Pierce (1979)). Similarly, spatial cross-correlation
coefficients have been proposed for studying relationships between spatial series
(Bennett (1980)).

2. The asymptotic variance of rxy
Variances and covariances will be denoted as follows:
Cxx(u, v) = E[ X (u)X (v)], Cyvv(u,v)=E[Y(u)Y(v)]
Cxv (u, v) = E[X (1) Y (v)],

in particular Var[ X (u)] = Cxx (0,0) = o, where in this case 0 is the point in Z*
with both coordinates equal to 0. It will be supposed that the autocovariances of
{X (1)} and { Y (u)} are dominated by exponentially decreasing functions of their
coordinates, that is there exists 6, 8:, 0 < 6,, 6:<1, such that

l C\_‘\, (u_ U)' = Cletlu| CryiTiu, v

ICY v (. U)I =c.0" Gyt vyl

(1)

where c¢,,c. are positive constants. Note that Condition (1) follows trom
Cauchy’s inequalities whenever the autocovariance generating functions of
{X(u)} and { Y (u)} have a Laurent expansion in the neighbourhood of the unit
torus. as is the case for the autonormal schemes of Besag (1974) or the
simultaneous autoregressive schemes of Whittle (1954). It will be shown that

‘1 Z. C,\'_\' (0. U)CYY (Os v)’

NO v J€7°

) lim n *Var(rxy) =

where. due to (1), the series on the right-hand side is absolutely convergent.
To obtain this result, we first derive Var[Z.cc, X (u) Y (u)]. Since {X (u)} and
{Y (u)} are independent and both have mean O,

Var [ Z,“ .‘((U)Y(u)] = Z 2 Ctx(ll. W)Cy'\'(u. W)

uesC usC, wed,

ForO<|uv/|.|v:|=n—1,welet D(v)= D, ={(u.w)E C, X C,; ty — w, = v,,
u.— w- = v:}. With this notation,

uwueC, wvel,

2 Z C_\'.\'(u.W)C\\'(LLW):I z z C\‘X(u~W)C\\ (u~w)'
i =n -1 (uw)iEld(v)

josl=n -1

Note that the number of couples (u, w) in D(v) is equal to the number of points
in the intersection of C. and T..(C,), the translation of C, by — v, that is
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(n—|ov|) - (n—|v:]). Because {X(u)} and {Y(u)} are stationary Cxx(u,w)=
Cyx (0, v) for (u, w) &€ D(v), so that

Var[ > X(u)Y(u)]= > (n—|vi])-(n =] v:])Cxx (0, v)Cyv (0, v).

ueC, loji=n—1
lusisn—1

Hence. using Condition (1),

3) ;1-_ Var [“ezcu X(u)Y(u)] = hm;_| Cxx(0,v)Cyy (0,v)+ O (%) .
orSm—1

Next, we expand Var(rxvy) in powers of n~° using standard techniques. Let

1 : 1 - 1 5
An=|= 3 X@)YW)|, B.=|= 3 Xwy| | 3 vwy|,
[ = xwyw] [ = xwr] [ 2 vwr]
so that E(rxv) = E(A./B.). The first term in the expansion of E(r%y) in powers
of n~" is given by

EE/B}:; - n‘a}i—o‘i E [( by X(u)Y(u)):] .

usC,

To show that E(rxy) equals E(A..)/E(B,.) plus terms of order n ™ we must
consider the variances and covariances of A, and B.. Note that relation (3)
implies that E(A.) is of order n °. Now

E(AY)= 1 Z - E[X(WX@O)XWXX)]E[Y()Y(@®)Y(w)Y(x)],

n:‘ uv.w.x€C,
but since {X(u«)} is Gaussian,
E[X(u)X(v)X(w)X(x)]
= Cxx (U, v)Cxx (W, x) + Cxx (U, w)Cxx (0. x) + Cxx (U, x)Cxx (v, W),

and consequently E(A3;) can be expressed as the sum of nine terms, three
svmmetric in X, Y and six cross-product terms. Each symmetric term is equal to
E (A,.)" and hence of order n . All cross-product terms are of similar form and
so we consider only one. If 8 = max(8,, 8:), and ||u —v||=|u,— v\|+|u.— v:|,
we have:

-;'1_\‘ 2 Cx‘x(uc U)C\’X(wa)CYY(uqW)CYY(v'x)

uuvwxeEC,

C,C:> i — ol —x <+l — x1 ~jlu —wij
—= o« vii+|l xpi+llo —xi~ilu H
n

lIA

uowxeEC,

c.iC: ( D O,Iun):_

n vezs

lIA
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Consequently Var(A.), and similarly Var(B.), Cov(A,, B.) are of order n.
Similarly E(r«yv) =0 up to order n " so that the first term in the expansion of
Var(rxy) is given by

4) Var(rxy) = ;—1?1_‘(-&—:; Var [uezc,, X(u)Y(»u)] + O (;1—_,) .
Using (3) and (4), (2) follows immediately.

Expression (2) can be extended to sequences of domains in Z® which are not
necessarily square-shaped. Consider an infinite sequence of domains {Da}.z:
with lim,— (b./d.) =0, where d. is the number of lattice points in D, and b, the
number of lattice points on the boundary of D,. Comparing the number of points
in D, and in D, N T_,(D.), for v fixed in Z°, it can easily be shown that (2) still
holds in this case. On the other hand, if we now consider an infinite sequence of
rectangles of fixed width m and increasing length n, an expression other than (2)
can be obtained for the asymptotic variance of rxy, namely

hm nm Var(rxy) = 0_2\10_: 2 Cxx (v,0)Cyy (v,0)
n—= xO v v EZ
Oslos=sm -1

- _,1; z I ’-’Zl Cxx (0v.0)Cyvy (v, 0),

ISP 4
O=lvyis=m—1

an expression which is Bartlett’s resulit for time series when m = 1. Result Q) is
therefore specifically related to sequences of domains such that boundary effects
can be asvmptotically neglected.

3. Application to symmetric first-order autonormal schemes

As an illustration of (2), suppose that {X(u)} and { Y (u)} are both stationary
symmetric first-order autonormal schemes with autocovariance generating func-
tions given by

1
l—a(zi+zi'+z.+23")"

1
1—b(zi+z/'+z.+2z:")"

Fx(zls Z:) =

FY(ZI, Z:) =

1—6<|zi,|z:l<1+8, J|a|<i. |b|<i.

The existence of such processes is discussed in Rozanov (1967) and Moran
(1973b).

As noted by Besag (1972), the autocovariances of many spatial processes are
not readily expressed in an analytically tractable form. However, using a remark
of Quenouille (1947) for time series. =,zz: Cxx (0, v)Cyv (0. v) can be calculated
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as the constant term in the Laurent expansion of Fx(z., z:)Fy (2., z:). Denoting
this constant term by P(a, b), we have

P.(a,b) = i i ab™ (5(2 ::))

0 m =0

3<
o
<
a
k]

so that
s 22 () e (1) 0r] axe
S) Pi(a, b) = 1
Qr+1) (2:> a¥, a==b

Moran (1973a) noted that

S 2‘): * =2 p16a’
'=()<t a —7T ( a)

where K(16a”) = [, (1 — 16a°sin” ) d#, is the complete elliptic integral of the
first kind. Similarly, using standard results (Abramowitz and Stegun (1965).
15.1.1.. 17.3.10) we have

w/2

<

Sei+1 (CNar == —L . E@6a:
Qe+, )a” = 7764 E(16a%).

t =4

w2

where E(16a°) =
second kind.

(1 — 16a”sin” 6)'d6. is the complete elliptic integral of the

Consequently
(2 1 - :
— ——5 [aK(16a”) — bK (16b7)], a#b
6) P(a.b) =«
2 1 2 -
‘:1_16a3 E(16a )’ a—'b.

Moran (1973a) also showed that ox = (2/7)K(16a%), o3 = (2/m)K(16b7). We
conclude from (2) and (6) that for a> b

) . _m 1 a _ b
lim n"Var(r ) =5 27— [K(léb‘) K(lba:)]

and for a =0b

1 E(16a°)
1—16a° [K(16a7)]

. Poa w
lim n~ Var(r«v) =35

n—ex

Numerical evaluation of these last two expressions shows that n” Var(ry,)
increases more than exponentially with a and b.
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AUTOCORRELATION SPATIALE : SES CONSEQUENCES
SUR LA CORRELATION EVIPIRIQUE DE
DEUX PROCESSUS SPATIAUX

Sylvia RICHARDSON, Denis HEMON (¥)

RESUME

L'existence d’autocorrélations pose des problémes quant aux tests d’indépendance
stochastique de deux processus spatiaux.

Pour apprécier de facon quantitative ces problémes, on étudie la variance du coefficient
de corrélation empirique des deux processus. Cette variance est évaluée pour différentes valeurs
des autocorrélations et pour plusieurs types de processus. Il ressort clairement de ces évalua-
tions que l'influence des autocorrélations ne peut étre négligée. Ceci conduit a discuter les
approches proposées pour tester I'indépendance de deux processus spatiaux.

1. INTRODUCTION

Les méthodes classiques d’analyse statistique visant i tester I'indépendance
de deux variables aléatoires X et Y supposent que I’on dispose d’un échantillon
de réalisations indépendantes du couple (X, Y).

Cependant lorsque ces variables sont liées 4 un espace géographique, elles
présentent le plus souvent un certain degré d’autocorrélation spatiale. Ceci pose
des problémes du point de vue de lanalyse statistique, comme le soulignent
LEBART [15], CLIFF et ORD [8] et UNWIN et HEPPLE [26]. Ces auteurs re-
marquent en particulier que si I’on néglige I’autocorrélation, on est souvent conduit
i sous-estimer le risque de premiére espéce des tests employés. Pour apprécier
de facon quantitative ces problémes, nous €tudions ici la variance du coefficient
de corrélation empirique.

Comme dans le cas de séries temporelles, I’existence d’une corrélation entre
deux processus spatiaux peut résulter de I’existence de deux tendances.. L’estima-
tion et I'interprétation d’une tendance spatiale a fait 'objet de nombreux travaux,
dont on trouvera une bibliographie dans UNWIN et HEPPLE [26]. Aussi ne consi-

(*) INSERM U.170, 16 Bis av. P.V. Couturier, 94800 VILLEJUIF.
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dérons-nous que des processus stationnaires définis en chaque point d’un quadril-
lage régulier, processus étudiés en particulier par BESAG [6] et TIQOSHEIM [25].

Soient {X(u)} et {Y(u)} deux processus stationnaires, gaussiens, centrés et
de variances finies 0% et 0y respectivement, définis en tout point u = (u;,u,)
de Z x Z.Les autocovariances de {X(u)} seront notees :

Cxx(u, v) = E[X(u) X(W], Cyy(u,v)=E[Y() Y(V)],

en particulier Var [X(u)] = Cxx (O, 0)— 0%, O représentant le point de Z‘2
dont les deux cordonnées sont €gales i zéro. Pour tout sous<ensemble D, de Z
contenant d, points, le coefficient de corrélation empirique ryy entre les obser-
vations de {X(u)} {Y (u)} sur D est défini par :

> X)) Y(u)

uED

I'xy = 2 - 1/2
T xwr] [ 2 oy
uEeD, u€bDg

Sous I’hypothése d’indépendance mutuelle entre {X(u)} et {Y(u)} nous avons

démontré précédemment ([23]) que la variance asymptotique de ryy est donnée
par :

1 <
lim d, Var(rxy) = >~ i Cxx(©0,v) Cyy(0,V), 1
2

n— oo 2

Ox 0y vz~
pour toute suite de domaines D, de Z? ol les effets de bords s’estompent a I'in-

b
fini, (c’est-d-dire tels que lim d—" = 0, b, €tant le nombre de points de Z? sur la
n— oo

n
frontiére de D,_). Notons que la sé€rie intervenant dans (1) converge absolument
pour une large classe de processus. en particulier ceux dont les autocovariances

Cx x(0,v) et Cyy(0, v) sont domin€es par une fonction exponentielle décrois-
sante du type cO!vi,avec |0|1<1 et c >0, [23].

L’expression (1) est analogue a celle de BARTLETT dans le cas de séries
temporelles, [2], [3]- Remarquons qu’il suffit que ’un des processus {X(u)}, {Y(u)}
soit non autocorrelé pour que la variance asymptotique de ry  ait la méme valeur
que dans le cas d’un échantillon de d,, couples (X ,Y) indépendants c’est-a-dire
1/d,. Ceci est par exemple le cas en exp€rimentation agronomique ou des par-
celles disposées selon un lattice recoivent un traitement tiré au sort. Par contre
si les deux processus {X{(u)} et {Y(u)} présentent tous deux une autocorr€lation

positive la relation (1) montre que la variance asymptotique de ry. est supé-
rieure d 1/d,,.

Au § 2 nous évaluerons numeériquement cette variance pour différents types
de processus spatiaux. Au § 3 nous discuterons les différentes approches qui ont
été proposées pour tester I'indépendance stochastique de deux processus spatiaux.
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2. EVALUATION DE LA VARIANCE ASYMPTOTIQUE DE r
POUR PLUSIEURS TYPES DE PROCESSUS

2.1. PROCESSUS DONT L’AUTOCOVARIANCE DECROIT GEOMETRIQUE-
MENT

Considérons tout d’abord le cas ou {X(t),tEZ} et {Y(1) , t € Z} sont deux
processus autoregressifs d’ordre 1 sur Z. Dansce cas {X(t),tE€ 2Z} et{Y(t),tE Z}
sont é€galement des processus de Markov, leur autocovariance est donnée par :

Cxx(0,k) = E[XO)XX)] =0k A" kez, pni<1
Cyy(©,k)=E[YOYX)] =0g ANkl kez, ni<1. ()

La variance asymptotique de ry .y, défini sur un intervalle de n points, est
égale a :

lim n Var (rxy) LM
n ar (r =

formule obtenue par BARTLETT [2].

Cherchant i €tendre la forme d’autocovariance donné€e par [2] 4 un processus
dans le plan, MARTIN [16] considére les processus ‘““‘doublement géométriques”
dont la structure stochastique est celle du produit de deux processus unidimen-
sionnels satisfaisants (2) ; pour ces processus :

- _ 2 lvl“"lvz‘
Cxx(0.v) = a2 A}

’ (3)

I I<1, ve 22,

Contrairement au cas temporel {X(u),ue Z?} n’est plus un processus mar-
kovien et I’dquation ‘‘autorégressive’” qui le définit n’a pas d’interprétation natu-
relle. Si I’on suppose que {X(u)} et {Y(u)} sont tous deux des processus double-
ment géométriques, de paramétre A; et A, respectivement, i’expression (1) devient
alors I’extension directe 4 deux dimensions de la formule (3) :

1+ A, A5\
lim d, Var[rxy ] = ’) )

n— = 1 — A,

2.2. PROCESSUS MARKOVIENS ET “AUTOREGRESSIFS” DES PLUS
PROCHES VOISINS

L’autocovariance de beaucoup de processus spatiaux n’est pas exprimable
sous une forme analytique simple, BESAG [5]. Cependant Pexpression
}:_ » Cx x(©0,Vv) Cyy (0, v) peut €tre calculée comme terme constant du produit
veZ
des développements de Laurent des fonctions ge€ne€ratrices d’autocovariance des
processus {X(u)} et {Y(u)}.

a) Processus markoviens

Nous supposons que {X(u)} et {Y(u)} sont tous deux des processus station-
naires gaussiens, markoviens des plus proches voisins, définis par les fonctions
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génératrices des autocovariances suivantes :

Fx(zl > Z2) = [1 —_ a(Zl + ZTl -+ 22 + Z;l)]—l

5
FY(ZI,22)=[1 _b(zl +le +22+Z;l)]——l ( )

1 —8<lzl,lzi <1+ &, lal < 1/4,|b| < 1/4. L’existence de tels processus

a €té discutée par ROZANOV [24] et MORAN [19].

Ces processus satisfont aux relations suivantes :

Xuguz = 2Xu; 10y + Xugeruz ¥ Xupug—1 + Xy uger)
+ eul,uz,(ul ,u)Zx Z. (6)
Si 8X(u} = Xy, —1,u,, Xup+1uz” Xuyug—1> Xujug+rl} est I’ensemble

des plus proches voisins de X(u), chaque variable aléatoire e(u) intervenant dans
(6) est gaussienne ; conditionellement i 9X(u) elle est indépendante de {X(u)} avec
vy —uyl +ilvy —u,|>1et centrée.

L’expression de la variance asymptotique de ryy que 'on calcule & partir
des fonctions génératirces des autocovariances (5) est donnée dans I’appendice.
Cette expression, qui fait intervenir les intégrales elliptiques des parameétres a et b,
a été tabulée par intégration numérique avec trois décimales de précision (Table 1),
les valeurs des paramétres a et b sont choisies de telle sorte que les autocorréla-
tions d’ordre 1*, py et py , varient de 0,0 2 0,7 par pas de O,1.

TABLE 1
Valeur asymptotique de d, Var(rxy) Pour deux processus Markoviens
P
X 10,000,100 |0,200| 0,300 | 0,400 | 0.500 0,600 0,700 b
Px
0,000 | 1,00 - 1 ~0,000
0,100 | 1,00} 1,042 0,095
0,200 | 1,00} 1,088 | 1,195 0,168
0,300 | 1,00} 1,138 | 1,321 1,558 0,2123
0,400 | 1,00| 1,192 | 1,469 | 1,866 | 2,444 0,2355
0,500 | 1,00 1,248 {1,637 | 2,251 | 3,270 4,989 0,24565
0,600 | 1,00{ 1,307 | 1,824 2,720 | 4,419 7,917 15,903 0,24918
0,700 | 1,00{ 1,368 {2,025 | 3.256 | 5,883 |12,432 33,523 140,603 0,24994
a 0,00{ 0,095 |0,168 | 0,2123| 0,2355| 0,24565 | 0,24918 0,249949

Px €t py sont les:autocorrélations d’ordre 1 de {X(u)} et {Y(u)} respectivement.
Les valeurs correspondantes de a et b peuvent étre lues respectivement en bas et a
droite. Pour a >b, les valeurs sont obtenues par symétrie.
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b) Processus autorégressifs

Supposons maintenant que {X(u)} et {Y(u)} soient des processus station-
naires gaussiens associ€s aux fonctions géne€ratrices d’autocovariance suivantes :

Fx(zl 4 22) = [1 — a(Zl + ZTl + z, + Z;l)]—z
FY(ZI ’ Ll) = [l - b(Zl + ZTI + Z, + z;l)]—-z

1 -6 <1z4),121<1+ &, la1<1/4, |bl<1/4. Ces processus, qui furent
considérés pour la premiére fois par WHITTLE [27], correspondent aux équations
autorégressives :

xul,uz = a(xul —1,uy + xux +1,u2 + xul sugy —1 + )(u1 »Ug +l) + eu,,uz (7)

dans lesquelles la suite d’innovations {E (u)} ,u = (u, ,u,) Z x Z}, est une
suite de variables al€atoires gaussiennes indépendantes, d’espé€rance nulle. No-
tons que pour le processus markovien (6), €(u) et e(v) sont corrélées quand
tu; — vyl + Ju, — vy < 2. L'expression de la variance asymptotique de Ixy
en fonctlon des paramétres des processus est donnée dans l'appendice et a été
€galement tabul€e (Table 2).

*L’autocorrélation d’ordre 1, py, est définie comme le coefficient de corréla-
tion entre X(u) et I’'un quelconque de ses plus proches voisins.

TABLE 2
Valeur asymptotique de d, Var(rxy ) pour deux processus autoregressifs
Py Px 0.00 0,100 | 0,200 | 0,300 | 0,400 70.500 0,600 | 0,700 | 0,800 | 0,900 b
0.000 | 1,00 0,0000
0,100 | 1,00 1,041 0,0493
0,200 | 1,00 1,085 1,178 0.0945
0.300 | 1,00 1,130 1,282 1,458 0,1335
0.400 | 1,00 1,178 1,394 1,655 1,960 0,165
0.500 | 1,00 1,227 1,515 1,878 | 2,320| 2,864 0,1902
0.600 | 1,00 1,279 1,647 | 2,130 | 2,743 3,530 4,540 0,2099
0.700 | 1,00 1,332 1,788 2.411 3,237 4.347 5,844 7,894 0,225
0,800 | 1,00 1,387 1,940 | 2,729 | 3,823 5,369 7,581 ]10,826(15,893 0.2364
0.900 | 1,00 1.444 | 2,094 | 3,096 | 4.541| 6.710 | 10,045 |15.403|24,838 |44.846 |0,2447
a 0.000| 0,0493| 0,0945} 0,1335| 0,165 0,1902] 0,2099| 0,225} 0,2364{ 0.2447

Px et py sont les autocorrélations d’ordre 1 de {X(u)} et {Y(u)} respectivement. les valeurs
correspondantes de a et b peuvent étre lues respectivement en bas et a droite. Pour a > b, les valeurs

sont obtenues par symetne
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En comparant les résultats obtenus pour les différents processus envisagés
(formules (3), (4), Tables 12), on remarque tout d’abord que l’effet de l'auto-
corrélation intrinséque des processus {X(u)} et {Y(u)} sur la variance du coeffi-
cient de corrélation est numériquement bien plus important dans le cas de pro-
cessus spatiaux que dans celui des séries temporelles. Par exemple pour
px = py = 0,3,:1la *‘taille corrigée” d’un N-€chantillon est de N/1,20 pour une
série temporelle satisfaisant (2), tandis qu’elle est de N/1,56 pour le processus
markovien dans Z2 défini par (6).

Par ailleurs les valeurs données pour les processus markoviens (Table 1)
sont plus élevées que celles correspondant aux processus autorégressifs (Table 2)
et aux processus doublement géométrique. Néanmoins quand pyx est plus petit que
0,3, les valeurs données pour les trois processus sont voisines.

3. DISCUSSION

L’analyse de la corrélation de deux séries temporelles est classiquement
conduite en étudiant les corrélations crois€es ou le spectre crois€. La plupart des
concepts utilisés dans ce type d’analyse peuvent étre €tendus au cas des séries
spatiales. Avant d’envisager de facon détaillée les différentes méthodes proposées,
il est bon de rappeler les difficultés intrinséques a I’étude des processus spatiaux.

La premiére de ces difficultés tient 4 I’absence d’un ordre naturel sur z2.
Ceci exclue en particulier la possibilité d’utiliser la distinction entre le passé et le
futur pour interpréter les corrélations, PIERCE et HAUGH [22]. De ce point de
vue, il est clair que I’analyse de séries a la fois spatiales et temporelles est particu-
lierement informative, GRANGER [11]. Une seconde difficulté tient 4 I'arbitraire
du choix de la taille des unités g€ographiques considérées : on sait en effet que
les résultats des analyses statistiques dépendent du degré d’agglomeération de ces
unités. Enfin, les observations sont souvent disposées de maniére irréguliére dans
I’espace ce qui interdit une analyse spectrale classique. Dans le cas d’un quadril-
lage irrégulier, on peut toutefois donner un sens a une décomposition hi€érarchique
en variations locales, départementales et régionales, comme le proposent par
exemple CLIFF et ORD [9] et CURRY [10].

Les coefficients de corrélation croisés sont couramment employés dans
I’analyse de la liaison de deux séries temporelles, HAUGH et BOX [14], PIERCE
[21]. HANNAN [13] a €tabli la normalité asymptotique de ces coefficients sous
certaines hypothéses. BENNETT (4] a suggéré d’entendre cette approche a I’étude
de la liaison entre deux processus spatiaux. Si I’on se place dans le cas de processus
stationnaires sur Z2 et d’un domaine d’échantillonnage regulier assez grand, on

. - Cxx(©,v) Cyy(@,v) |
peut estimer les autocorrélations S s = d’un grand nombre
" Y
de processus de maniére consistante, GUYKON et PRUM [12]. On peut alors estimer
de facon consistante une approximation de la variance de ryy en utilisant une
version tronquée de la formule (1).

Plusieurs auteurs ont &tudi€ des modifications du modeéle de régression
linéaire. LEBART [15] fixe la structure de la matrice de variance-covariance des
résidus en la décomposant suivant des “‘niveaux de contiguités’ décroissants. Cela
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lui permet d’estimer les parameétres du modeéle par la méthode des moindres carrés
généralis€s et d’apprécier la perte d’information due a la dépendance spatiale. Cette
décomposition de la matrice de variance-covariance peut s’appliquer au cas ou
les variables sont mesurées aux sommets d’un graphe quelconque ; elle suppose que
la covariance de deux variables dépende uniquement de leur niveau de contiguité
sur le graphe et qu’elle soit nulle au deld d’une certaine distance. Généralisant les
modeles de régression des séries chronologiques, ORD [2 O] €tudie différents mo-
déles mixtes régressifs-autorégressifs dans lesquels interviennent une matrice de
voisinage suppos€e connue a un facteur de proportionalité prés, p. Il discute la
qualité des estimateurs de régressions et de p et compare I’estimateur du maximum
de vraisemblance 3 plusieurs alternatives. Comme dans le cas de Lebart, ces mo-
déles ne supposent pas une structure réguliére de I’espace et la matrice de voisinage
est adaptée au cas particulier considéré. Une approche empirique visant 4 prendre
en compte l’effet des autocorrélations dans le modeéle lin€aire a été proposée par
MARTIN [17]. Elle consiste & transformer {X(u)} et {Y(u)} en leur différence
d’ordre 1, c’est-d-dire a supposer essentiellement p = 1 avant d’effectuer une
régression lin€aire. Martin €tudie ’effet de cette procédure par des méthodes de
Monte Carlo et montre qu’en supposant p = 1 les estimateurs des parameétres de
régression sont en géeéneéral meilleurs qu’en négligeant les autocorrélations (o = 0).

Plusieurs auteurs se sont préoccupés de la définition d’une mesure de corré-
lation sur des unités que ’on pouvait en principe subdiviser ou regrouper. Les
méthodes proposées sont toutes fondées sur I'idée d’une décomposition hiérar-
chique des variations de chaque processus. CURRY [10] estime les parameétres
d’un modeéle dans lequel la valeur prise par le processus Y en un point u est une
combinaison lin€aire des différentes composantes hiérarchiques du processus X.
CLIFF et ORD [9] utilisent une analyse de variance emboitée en postulant que la
corrélation entre {X(u)} et {Y(u)} est dide a un facteur commun i chaque niveau
hiérarchique. BESAG {[7] propose un test non paramétrique qui fait intervenir
toutes les permutations d’unité€s d 'intérieur d’un méme bloc hiérarchique.

Les meéthodes décrites ci-dessus apportent des solutions partielles au pro-
bléme géneéral de I'analyse de la corrélation entre deux processus spatiaux. Cer-
taines preésentent un caractére empirique impliquant la connaissance de la struc-
ture de la matrice de variance-covariance. D’autres adoptent des méthodes dévelop-
pe€es pour les sé€ries chronologiques, dans ce cas la validité de certains résultats
asymptotiques utilis€s reste a €tablir. Les problémes d’inférence statistique concer-
nant ’indépendance de deux processus spatiaux restent donc encore ouverts, I’im-
portance de ’effet des autocorrélations justifie que des travaux complémentaires
leur soient consacreés.

REMERCIEMENTS

Nous remercions vivement Micheline IMBERT pour la préparation de ce
manuscrit.

Revue ae Statistique Appliquée, 1982, vol. XXX, n” 1 47



APPENDICE

a) LA VARIANCE ASYMPTOTIQUE DE rxy DANS LE CAS DE DEUX
PROCESSUS DE MARKOV

Le terme constant P,(a, b) du produit Fx(z,, z,) . Fy(z,, z,) est égal a

1 - (Zt )2 - (2t)2
=l a > N\t a?t—b >, \t/ b2t ,a#b
a— t=0 t=o0
Pi(a,b) =4 _ (2t ) ®)
20 Qt + 1) t) a2t ,a=b
t=

Les séries constituant (i) peuvent étre exprimées au moyen des séries hyper-
géométriques de Gauss, ABRAWOWITZ et STEGUN[1]15.1.1:

F(k,Q,m,z)=i M.z.t_
t=a (m)t t!

k), =k(k + 1)... (k + t—1).On obtient

o ('2t)2
M\t a?t = F(1/2,1/2,1, 16a?)
t=0

-~ 2
.:t)
N o@t+ 1) (t a2t = F(3/2,1/2,1,16a%)
o

t=
On peut utiliser les relations qui lient les séries hypergéométriques aux inté-

grales elliptiques de la 1°™ et 2€ espéce quand on veut les évaluer numeériquement :

F(l/2.1/2.1,2) =—K(2)

1

1 — 2z

=) :'N

F@3/2,1/2 .1 ,2) E (2)

avec
Km=£

ABRAMOVITZ et STEGUN {1]11739 et 17.3.10.
En conséquence

n/2 1 JT1/2 1
(1 —zsin? ) 2d6 et E(@=/ (1 —zsin®6)*de,
o

201

\ — {aK (16a%) — bK(16b3)] , a# b
[Ta—b

P[(a ,b) = -

1
— ———— E (16a? ,a=b.
(Hl—léaz ( )
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MORAN [18] a remarqu€ que :
) 2

02 =— K(16a2),02 =— K (16b2).
X p- ( ), oy - ( )

On obtient donc finalement poura # b :

" d. Var [ ] I1 1 a b
m ar [r = — - N
n—e O XY 2a—b|K(6b2%) K(16a?)

tandis que poura = b :

1 E(16a%)
1 — 16a% [K (16a2))?

I
im d, Var[ryxy] =?

n —> oco

b) LA VARIANCE ASYMPTOTIQUE DE ryxy DANS LE CAS DE DEUX
PROCESSUS AUTOREGRESSIFS

Le terme constant P, (a , b) du produit Fy (z, ,z,) . Fy(z, ,z;)est €gala
- ! b’ E(16b%) + a® E(16a%)
= _— a
g I (a —b)? 1 — 16b2 1 — 16a?

2 2ab 2 2
P, (a,b)= z +— PgERE [bK (16b2) — aK (16a2?)] ,a#* b

II (a
F(5/2,1/2,1,16a*) ~ 20a® F(7/2,3/2,2,16a%),a=b .

On peut exprimer F(5/2 ,1/2,1 ,z) et F(7/2,3/2,2 ,2z) en fonction
des intégrales elliptiques K(z) et E(z) a l’alde des relauons de récurrence suivantes :

%,;7 z)=2F(—— )+3F(— 5.2z z)
3F %%,2,z)=2(1—z_z—) [F(—% 3 )—F(— —,1 z)]
> F %,;,1,z)=liz [41=(-§-,E )_31:(— —,1 z)]
sz )— (l—z)[: (”—z)F(%,;—,l,z)—F(—;-,;—,l,z)]

Finalement remarquant que dans ce cas o5 = P, (a,a) et 0% = P,(b ,b) est
défini par (8), on obtient :

(V)
-

t
v

P, (a,b)
lim d, Var [ryxy] =
n— o P,(a,a) P, (b,b)
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Vitesse de convergence du théoréme de la limite centrale
pour des champs faiblement dépendants

Xavier Guyon! et Sylvia Richardson?

! Laboratoire de Statistiques. Batiment 425, Université de Paris XI,
F-91405 Orsay, France

2 Laboratoire de Statistiques. Université de Paris V,

45. rue des Saints Péres. F-75006 Paris. France

Résumé. Nous étudions la vitesse de convergence du théoréme de la limite
centrale pour des champs de Z“, faiblement dépendants: m-dépendant ou =x-
fortement mélangeant. Dés que le champ est dans L?*7°% 6>0. la vitesse de
convergence obtenue est o, "~ avec un facteur (logo,)® qui intervient
quand x est a décroissance exponentielle et dans le cas m-dépendant quand
o0=1. Le cas ou x est a décroissance puissance est aussi étudié. Ces résultats
ne font intervenir ni la stationarité. ni la géomeétrie des domaines sur

lesquels le T.L.C. est étudié!’.

§ 1. Introduction

Nous nous intéressons dans ce travail a la vitesse de convergence dans le
théoréme de la limite centrale (T.L.C.) pour X ={X,, jeZ“} un champ defini sur
Z°. centré. faiblement dépendant. vérifiant:

sup | Xl ;=1X1,_ ;< 0, o0=>0. (1-1)
J

Deux types de faible dépendance sont étudiés classiquement: la m-dépendance
et les concepts de mélange. Parmi ceux-ci nous nous limiterons iCl 4 une notion
de x-mélange fort.

La litterature dans le cas d =1 est abondante, traitant également le cas de
processus accroissements de martingale (voir par exemple Ibragimov [10], Hall
et Heyde [11] et Bolthausen [2]).

Pour le cas m-dépendant sans hypothése de stationnarité. Petrov [17],

! Au moment ou est soumis cet article. les auteurs on pris connaissance de ['article de H.
Takahata [23] qui étudie exactement le méme probléme. La condition de mélange (Dobrushin) est
moins forte que la noétre et les résultats sont obtenus en utilisant la technique de Stein. Pour des
champs m-dépendant et sous une condition L%, la vitesse obtenue est optimale tandis que pour des
champs =z-fortement mélangeant a décroissance exponentielle et sous une condition L*~° §>0.
cette vitesse optimale est ralentie par un facteur (logo, ).
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Egorov [8], Sergin [20] et Maejina [13] utilisent la technique de Bernstein
(formation de paquets) et améliorent successivement les vitesses obtenues. Avec
I'article de Sergin [21], la vitesse optimale est obtenue. Sur la base d’une autre
technique d’évaluation d’espérence conditionnelle et sous une condition L2,
Stein [227] obtient également cette vitesse optimale dans le cas stationnaire et
une vitesse presque optimale pour un processus x-fortement meélangeant, x«
étant a décroissance exponentielle. Bolthausen [4] obtient aussi une vitesse
optimale dans le cas de chaines de Markov récurrentes et fortement
mélangeantes.

S’inspirant de l'article de Stein, Tikhomirov [24], sur la base d’une évalua-
tion directe de la dérivée de la fonction caractéristique f,(t) de la somme
étudiée, obtient des résultats analogues pour un processus stationnaire sous la
seule condition [?*?, 4 >0. L’hypothése de stationnarité est levée par Schneider
[19]. Comme on va le voir dans le cas spatial, ni la stationnarité, ni la
géométrie des domaines sur lesquels on somme X, ne jouent un role particulier
dans le probleme de vitesse de convergence. Dans ce travail, nous suivrons, en
la généralisant a Z“. la technique de Tikhomirov.

Dans I'étude des théoréemes limites pour les champs (d =2) deux notions de
mélange apparaissent. L’'une ou seule la distance entre les deux sous-ensembles
sur lesquels on examine les tribus intervient (Deo [5], Gorodetskii [9]).
L’autre. introduite par Dobrushin [7] dans le contexte des champs de Gibbs.
fait intervenir également les sous-ensembles eux-mémes. parfois uniquement
par l'intermédiaire de leur cardinal (Nahapetian [14], Neaderhauser [15. 16].
Bolthausen [3]). C'est la premiere notion. plus forte. que nous considérons.

Dans le cas m-dépendant. la vitesse de convergence du T.L.C. a été étudiée
par Leonenko [12] qui obtient le méme résultat que Petrov dans le cas d=1 et
par Prakasa-Rao [18]. C’est la conjecture annoncée par ce dernier qui a
motivé notre travail: sa conjecture est inexacte et la forme du domaine n’'inter-
vient pas. Le cas de champs mélangeants est étudié par Neaderhauser [16] et
Takahata [23] (voir note (1)). Berkes et Morrow [1] donnent une évaluation
de l'approximation des sommes partielles multidimensionnelles par un drap
brownien.

2. Notations et resultats

Soit X =(X});cz« un champ centré vérifiant (1 —1); soit (4,) une suite stricte-
ment croissante de domaines de Z¢ a laquelle sont associées les suites (S,). (7,):

S,=Y X

Jj?
An

ocr=Vars,. (2-1)
La seule condition que devra vérifier la suite (A,), relative au processus X, est:
liminfe] |4, " '=2>0 (2-2)

(|A| est le cardinal de A).
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Soit ¢ la fonction de répartition de la normale réduite. La distance entre S,
renormalisée et la normale réduite est évaluée par:

A,=sup|P(S,/c,=<x)— p(x). (2-3)

On considérera par la suite la notion de mélange fort suivante: soit 4. B deux
parties de Z% d(A. B) leur distance, ou la distance entre deux points x.y de Z¢
est celle du sup:d(x, y)= sup |x;—y], et F,, F; les s-algébres engendrées par
X sur A.B. 1=i=d
On dira que le champ X est x-mélangeant si, pour tout couple de parties
A.B. on a:
sup |P(ENF)—P(E)P(F) =x(d(A, B)) (2-4)
EeF 4, Fe#p
ou x(d)—0 quand d— + 0.
On dira que la champ est m-dependant si x(d)=0 pour d=m. On a les
resultats suivants:

Théoréeme 1. Soit X un champ centré et m-dépendant de Z°. (A,) une suite
strictement croissante de domaines de Z°. vérifiants (1-1), (2-2). Alors:

a) Si0O<o<l. 4,=0(c]?).

d

— 1
b) Sio=1.4,=0(Loga,) 2 -o, ")

Notant a A b I'inf de a et de b.

Théoréme 2. Supposons que X soit x-mélangeant. x a décroissance exponentielle ;

alors:
ano[(Log o-")d[(l -0 A 2], O_-.(é,\ 1)].

n

Si de plus X est dans L**°, 3>0. alors:
4,=0[(logos, ) o, ']

Théoréme 3. Supposons que X soit x-mélangeant. ou x est a décroissance puissan-
ce: x{m)=0(m~?). Posons:

2d(2+3)[(1 +9)A 2]
a=f}- .

o-(0Al)

Alors. dés que B> 1, on a le contréle suivant de A,:

d,=0(a;E4M), ou
2(6—1)

E(,Bd)=((5/\ 1)m

3. La décomposition de Tikhomirov

Les résultats énoncés au §2 sont obtenus en évaluant la distance entre f, (). la

fonction caractéristique de S,. et exp (—7) puis en appliquant l'inegalité de
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Esseen (voir [10]). A cette fin. Tikhomirov utilise un développement de f, (r).
Nous employerons les notations suivantes:

1 1

S = S X, lzl, SO=— Y X,
O, 4.,(\3(_, Ty Op JjeAdn

- t—1) _ 5D

D= SIS 21,

ou B(j,!m) représente la boule de centre j et de rayon Im, et B(j.Im) son
complément.

Pour k> 2, on a par induction ([24]):

f(t)—o_—[ > E(X; e S5y 4+ Z S E( l;—[ & uSY))

JjeAR r=2 jed,
k
=(l) ,itSk)
+ZE(Xjﬂgj &itS! )]
iEAn (=1

En écrivant:

r—1 r—1
(X H (D usm) —E (Xj I1 :}n{ez:sy)_E(eirsy»)})

=1 I=1

r—1

=(D itSer)
—+—E<le[_[1 &) Ee5)
et en ajoutant et soustrayant f,(r) de E(e"%"") dans le 2éme membre. on obtient:

fi=T, Y (T, (r)+ T5(r)+ T5(r) + R, (3-1)
avec
Ty=— S E(X,e"")

n jed,

et pour 2=r =k, en notant aj(r)=E( I_I "“)

T(r)— Y oa;r) fut).  To(r)=— Y a;(n{E(">")— f,(n)}
Gn jeAdn n jeA,
r—1
Tn=— Y E (X,- I1 zj-“{e“sﬂ"—E(e"S&")})
T, jedn =1
i .
R, =— ( :(_n euS_(,.“'>.
o, ,1 U j

Dans le cas d’'un processus m-dépendant. T, et 7T,(r) sont nuls et la
décomposition (3-1) se réduit a:

L=

ll[4>.~

(T(r)+T('))+R (3-2)
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Dans la décomposition (3-1) ou (3-2) de f,/(¢t). T,(2) contribuera un terme en
—tf,(t) a Péquation différentielle. La vitesse de convergence sera obtenue en
évaluant 'ordre des termes restants. En écrivant I’équation différcntielle sous la
forme:

fa@)—tf (t)+a,(t) f,(t)+ h,(t) avec

a,(t)=a, 00, ot)+a, 0, ,Dltl+a, .0, @O+, >0 (3-3)

hn(t)=bn.0 gn.o(t)+bn. 1 gn. 1 (t) ltl +Z bn.s gn.s(t) 'ds
A

ou 4 est une partie finie de ]1. +xc[; a,_;, b, ; réels positifs, on utilisera:

n.j*“n

Lemme 3.1. Supposons que f,(t) vérifie (3-3), les fonctions 0, 0 étant continues,
uniformément bornées en n.j,t pour |t|<T,(n), a,=max{a,q,a,,;,a,,, tendant
vers O.
Soit 1
0,.,= sup |0, (), T, (n)=inf (To(n),z———),

© = Towm a, 9,

alors pour n grand:

4, inf (max {a,,(T), i})
T=<Ti(m T

Tlfn—e=" 2] o
el )= | P————d1<Ba,~ Clb, o+b, log T+3 b, , T ]
-T | K]

ou

B. C érant des constantes finies.

4. Vitesse de convergence pour un processus m-dependant
4.1. Lemmes fondamenraux

Dans ce qui suit. nous utiliserons a plusieurs reprises les résultats suivants:

e —11=x

- . 4-1
e"‘—l—z‘x=0j(x)|xt“"’“2 ou 6;(x) est bornée sur IR par ¢,. (4-1)
d-—-1
el b (r—1) 2 \r—1 ot
Lemme 4.1. |a;(r)| = ¢ lixii, (I | "'(ra ) ) x(r—1) * =a(r), r=2.
ou
—(d—1)

c,=Qy2n)¢ et b,=CmYVdIXi,e 2

| r—1 r—1

; e YR i =D :«»ui
Démonstration. |a;(1 )lgEin 11:11 =t zI——Ix 30
I[;_uir !l impair ‘

/
<



302 X. Guyon et S. Richardson

Comme les {:;“.l pair (resp. impair)}] sont indépendants entre eux, en

appliquant 'inégalité de Holder. on obtient:

r—1

la;n =i X4, [T ISP,
=1
Soit C,, l'intersection de A, et de la couronne de centre j et de rayons [(/
—1)ym, Im].

En utilisant (4-1):
N >
HC.JHE<’_2E(( Z Xj)-)9
O-n Cn.l

E(2 X)*=@m) < 2dm2Im)y*= 1 X3
Cn.1

a cause de la m-dépendance. On obtient donc:

|z]

_— r—1 d—1
3-(2;71)41/(1 X 2) (r—1 2

ja, i = 11 (

et la démonstration est achevée en utilisant l'inégalité de Sterling.

Lemme 4.2.
Tl <am) St B m X2

l'!

d

+lA 2 B.(m. 1 X )| f. (0]}

ni

arvec

et

Démonsrtration. Posons:

[ (r)y - S(0)
niry=e®S0=S" 1. rz2

1
th("H§—{E' Z aj(r)[:”j(r)—E(nj(r))]l+|fn(t)| | Z aj(")E(’fj("))l}

n JjeAn jeA,

E| Y a0 —EQrNllSar)- Y covinr),n,ont?

JjeA, An < A,

cov(n”. n’)=0 dés que d(j. p)>3rm. Dans le cas contraire. en utilisant (4-1) et

la m-dépendance. on obtient:
r- . "2
cov(ny".n") =—=Cm*2rm* 1 X135,
O-"
et de maniere analogue:
Izl

LEGL O S — 2o 2(2rm)y* 21X,

Gn

ce qui permet de conclure la démonstration.
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Lemme 4.3.

. . lAl _
Tl(2)=.fn([)( _t+lt|(l A2 0_(2_4,(5) — 96([)(2'71)11[(14-())/\2] '1X§§(22:§6’A 3)

ou 0,(t) est une fonction bornée sur IR.

Démonstration. Utilisant (4-1):

E(Xjéfln)=E[XJ{lt(S_(,0) —S(J-”)-FQ(;(I(S}O) _S(Jl))) |t|(1+6)A2 |S§O) _ S;l)l(lﬂ-é)/\Z}]

Notons:
2 E(X;S)=0,,
JE€An
> E(X;S{")=0 a cause de la m-dépendance.
jeAn

La démonstration est conclue en évaluant:

1-0
2+6) 249
1+0

) A2 . | [(1+6)A2](
ECXI SO =S92 X1, EOS — S

' ; -1+ 2]1¢H dl(1+-0)A 2 Nl =) A 2
‘Yiz_éa"[ ~ ](.._’n)[ ~ ]”1Y§i2_é ~ -

A

4.2. La décomposition de f, (1)

On utilisera la décomposition (3-2) et I'on se place sous I'hypothese (2-2).

Examen de T,(2). D’apres le lemme 4-3. T,(2) contribuera une expression de la

forme:
(2”1)d[( 1 +38)na 2]}

— 0+ e U 5 el 2 10

n

a l’équation différentielle. La vitesse de convergence sera donc limitée (Lemme

ﬂl * __ ~—(3A 1) 5 l A ) )d[ql—d)/\ll

3.1) par a} , =0, avec une constante en m égale a (2m .

Examen de R,. Soit ¢>0. k, le premier entier supérieur a ¢logag, et T,(n)
o

n

=ebm(8 logo

CESVES Alors pour k=k,— 1.|t| =< T,(n), utilisant le Lemme 4.1.:

A , 1\ d4=1
le|§l ol eyl X, (‘) k + .
g e

n

Choisissons maintenant ¢ assez grand pour que:

1 tlogon—1 d—1
(—) x (8 log G") < ()-"—2
5

1 = - _
alors R, =—0, o(r) avec |60, (D <c,;i X ».
O-Il
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k
Examen des termes Y T,(r), k=k,— 1. En appliquant 4 nouveau le Lemme 4.1
3

et en faisant sortir du crochet une puissance (1 +J)A 2. on obtient pour

It = Ty (n):
r—1 -
- lA ! |[Ib (1+8) A2
E(X- ;‘-”>‘S ( )
ZA J[I=—[1 /

k
C ",_[(2+5)A3] (d;l_)[(3+25)/\5]
(s ( ) S (r—1) * )

i
r=3 O, jed,

l |(1+6)r\2

=2 TW) =77 0.2 () fu (D),
3

avec |0, ,(D|=b}+Pr2.e=3. T (

Examen des termes > T,(r). k=k,—1. D’aprés le Lemme 4.2, ces termes font

intervenir deux expressions:

k
(@) Ll—LLIA 2B (m X1, Y atr)

k
(b) L2=(']—L|Anl Bom. i X ) f o S aw)rt

L’évaluation de L, ou L, se fait de maniere semblable. en appliquant le
Lemme 4.1 et en faisant sortit du crochet une puissance (0 A 1).
On obtient pour |f] = T,(n):

lt‘(l—é)/\l
L, =—a=5x7 020
5 7
avec |0, =B, (m. [ Xil)ca i X207 e ‘3F( d:l)
I[I(l+6)A2
Lzé O.é/\l
avec [0,(D)| B, (m. | X 1) xc il X |,b27 e~ 3 (361:-1).
Par consequence, pour 1| = T, (n):
. itl”"“”’\2 1o nz
Z Tatn= agont 0,20 1, UH‘WU,..:(I)

avec |0, (D Z105(0)] et [0, 2] S 0,(1).
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4.3. La vitesse de convergence

On déduit du §4.1 que pour |z| = T, (n). f,,(t) satisfait a I’équation suivante:

.f;; ([)= - tj;:(t)+ an.l][](l T2 On, .'.’.(t)jn(t) + bn.O gn.()([)
+b".2([) |tl(l +d) A2
Oﬁ an.2=6;(6A 1)’ bn.()éo-n_1 et bn 2=G;[(l+é)/\2]'
Nous devons maintenant distinguer deux cas:
(a) 6<1: Ty (n)=inf(Ty(n),a; 3)=a, ;
T&

(l+d A2
Op

. B 1
8,,(T)__<..=;3+ C[O‘—+

n n

], 0<T<T(n

et la vitesse de convergence est donc en o °.

G"
eb, (elogo, )4~ 12

(b) =1: Ty (n)=inf(Ty(n).a; 3)=Ty(n)=

B 1 T
sn(T)§G—+C[O_—+ _] O0=T=T,(n).

La vitesse de convergence est donc limitée par
démonstration du Théoreme 1 (b).

T ce qui conclut la

Remarque. Pour o< 1. la vitesse optimale est atteinte. Le seul terme restrictif

est le coefficient de [f]**? dans T,(2). Dans ce cas il n'est pas nécessaire de

pousser le développement de f,(f) jusqua un ordre k=Kk,—1 non borné. Il
. .. 1 . .

suffirait de choisir k= [T—o] + 1 pour obtenir cette vitesse.

5. Cas d’un champ z-mélangeant: démonstration des théorémes 2 et 3

Si X est x-mélangeant, nous avons les inégalités suivantes (cf. Hall et Heyde

Cii).
1Y) 1=Cy [ YL = Cot |[E(Y, Y5)— E(Y)) E(Y))I=4C, Cox2(Y,, Ya) (o)
(x(Y,. Y,) est A prendre en un sens naturel).
Certt inégalité se généralise sans difficultés a:

|E(Y, Ys... V) T]IE(Y)l+4(r—1)C, ... C, x(m)
1

dés que |Y, | =< C,. k=1.r. les Y étant deux a deux “distantes™ de m.

IX|<C.Yel’.p>1:
1

IE(XY)—E(X)E(Y)S6C Y x(X.Y) » (f)
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1 1
Xel? Yeli, —+—<1:
14 ¢

1{
1 1
IE(XY)—E(X)EWI=8IX|,IY,=x(X.Y) » 4 )
Soit la condition:
x I
C2=Zvd_1ac(v)m< %) (C0O)
)

On a le résultat préliminaire:

A
Démonstration. Utilisant (7) avec p=qg=2+J, on obtient:
]
E(C X)*=81X 113,04 T 2()*~2.
A 4

Le résultat s’obtient en constatant que le nombre de j a une distance ¢ de

I'origine est majoré par 2d ¢4~ 1.

3.1. Les rrois lemmes fondamentaux

Soit m un entier positif.

lz]

Lemme 5.1. Supposons que t vérifie: S=4d—2m) Ciil X, _s=1. Alors:
G

n

o Std— 1)
la,-(l‘)iéTiXiiz*d{\ér-Z’x(‘m)'z_';"é—i-Cl(r—l) T

o < =
'[C:O_—lnz(l‘—l) 2 ]@}:a(r)

avec: e(ry=1sir=2:e(r)=2psir=2p+1oul2p+2.p=1

d—1 d 1—-d

C,=R2y2r) 2, C,=4d2Z.-C-e Z iX!,_,.
Démonsrration. Cas. r—1=1: Il suffit d’utiliser I'inégalité de Holder habituelle

pour le produit X ;- 2!’ et le Lemme 5.1.1.

Cas, r—1=2: Des :}“ apparaissent pour [ pair et [ impair. Notons IT le
produit relatif aux [ impair. I7” relatif aux [/ pair. Par Holder:

la,ir ST 200, 4 X T 20 (5-1)

R

2

Utilisant (x) pour IT'. () avec p= pour X ;[IT”. on a:
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E\T P2 Sr- 27 om) + [T E(Z")?
3
EIX; T PP =61XI3_ 52t am)2-o+ | X |, s EUT”

L’inégalité (%) peut a nouveau étre utilisée pour évaluer E(IT")2. Réunissant ces
majorations dans (5-1), on obtient:

‘aj(r)‘ =1 X, su+v)

u=6r2"x(m)*>2+9, v=1IT E(é}“)z, v =I1" E(EP)? (5-2)
et r=max{v,v"}.

Le leme 5.0. permet d’évaluer ¢’,v”

-1 1L -1 r-1
=T 2 S'[z]' ST D 2 52[ 2 ]

([a] est la partie entiére de a); utilisant la majoration de Sterling d’un factoriel
et |S| <1, on obtient:

(r— 1Y(d—-1)
2

) - Sz [:fL]

3(d—1) r—1

r=sr—1) * -Cl-(

(=4

L'examen r=2p+1. r=2p+2 pour p=1 conduit directement au résultat
anonce.

Lemme 5.2. Muajoration du terme T,(r).
Dés que m=24"7.C*. on a:

e, 5 RO
o2 U CalA Jrm»2 + CLlA |F(rm) 2}

n

I To(r) S atr)

avec: C,=42%21/d (X ,_ 5 C: C,=2%4-1D X1,

e e
Démonstration. La démonstration suit la méme démarche que celle du
Lemme 4.2. dont nous reprenons les notations.

Dans un premier temps. il faut majorer Y. cov(n (r).n,(r). Utilisant
I'inégalité () avec p=¢g=2+J. on obtient: P

| 3 covin(n.n i S 81A,lin (i3 .52 2(d(B(O.r m). B(j.rmy)>=2
Ap <A

n A
ou iln(r)l,_,; majore les [#;(Ml ., 5-

— Si d(0.j)<2rm. la distance entre les deux boules est nulle. Il y a (4rm)¢ tels
J-
— Si d(0.j)=2rm+rv.vr>0. la distance entre les deux boules est v. Il y a (4rm

+2ry~ 1! tels j. Une suite de majorations ¢élémentaires permet d’obtenir. sous
(CO):

S x(d(B(O.r m). B(j.r m)) = 22d= 1 my

jsdn
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dés que m=2¢-2. C? Drautre part:
q = P

Iz]

H'?(")Hz__,séo__(.zrm)d !‘xXHza-a-
Ceci conduit a:
, t 2
EIS a0 (n,) — En e S22 V1t Lagyemy2 1x 5,
An n

D’autre part, on a:

12_a;(r) E(n;(m)l = a(r) |4, 1In(r) ;.

Le Lemme 5.0. permet alors de conclure.
Lemme 5.3. Evaluation de T,(2)

5 di(1 + ) A 2] .
T,2)= (—z+91(t)|A,,lac(m)l—é-t+02(t‘)71—|tt”*‘”“-)f,,(t)
ou
O (N=8xiX1,_;
[0.(0) S 24+ 59 " X303 (2.0, définis en (2.2) et (4.1)).

Démonstrarion. La seule modification par rapport au Lemme 4.3 est
'’évaluation de E(X;S{!"). Utilisant () avec p=g=2+0J et linégalit¢ de
Minkowski pour 15}‘{;2_5, on obtient le lemme.

Par la suite les constantes ou les majorants de certaines fonctions de ¢ ne
seront pas explicités: de telles constantes notées € ... seront universelles une
fois fixées J. d. X et (A4)).

5.2. La décomposition de f,(t)

On part de la décomposition (3.1) de £, (1).

k
Majoration de T, + > T,(r): par application de ()

’ o+ 1

ITol =620, X 1, _;x(m)>=2
o+ 1
| T3 Z6x-0,- 27X, _;x(m)o+2

et donc:
K ! d+1
To+ Y Ti(r < 0(0) x(m)~2.2% (5-3)
Examen de T,(Zi: (Lemme 3.3)
T,.2)=f0){—t+00)d,, t+0:(r)a,-lt|t =)
é (5-4)

} 3 > - A2 >
ou: d, ;=14 xmp-2.  q,,=milt=23 ol

n.



Théoréme de la limite centrale pour des champs 309
Examen de R,: Soient ¢ >0, K >0. Choisissons:

ck=k,=[elogo,]+1

. d d—1
S Ty =0,/(X C,m? (eloga,) 7 )
Si:
L =
O§k§_kn,[C20_—m2(k—l) z ]§e‘K
En

n

5(d—1) 7] 4 d— 19k, —1 Sd—1)
k=k,: k, < [Clo_ m2(k,—1) 2 ] <(elogo,) <+ o Ke

n

A e>0 fixé, choisir K(¢) tel que ce second membre soit inférieur a o, 2 On
obtient par application du Lemme 5.1:

-]

R, =03(t)k, 2" 6, 2(m)~2+0 (1) o, " (5-5)
Kn Kn k.,
Examen de Y T,(r): 2. T{(r)|S6-0,/,(0)> a(r).
3 3 3

Dans la majoration de a(r) deux termes apparaissent: le terme en x(m) et le
terme complémentaire: de ce second terme. sortons du crochet une puissance
(1 +9J) A 2 (possible puisque r=3). En constatant que la série:

AN rae—K(e)e(r)< e

/'

on en déduit:
kn 5 mi’-[(t +3) A 2] . N
S T, (r)=1f,(2) {85(00,, k, 2k 2 (m)2+3 +604(1) g ltl“*"”‘zjg (5-6)
3 n

k"
Examen de »_ T,(r): Utilisant le Lemme 5.2, sortant cette fois-ci du crochet une
2

puissance o0 Al (possible puisque r=2), on obtient de fagon analogue, une
premiére quantité facteur de f,(r), une autre non facteur de f,(z):

%[(1-&-6)/\2]

4 N m
fn(t) {97(1)1712 x(m)s~+ 2 1\,;:' 2“"|t3+98(f)—o_‘;‘7—|t|“+6“2} (5-7)
lt| é;i s 11—}71 k L‘l
;—m- {05V +0 o)k, 2 2Fx(m)e+2} (5-8)

n

Reportant les évaluations (5-3) a (5-8) dans le Lemme 3.1 d’intégration, on
obtient:
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5
a,o=k,2" x(m)2+9,
4 4 5 s
a,; =max{d,,,m? k} 2k x(m)2 -9}, Apy =|A,lz(m)2 -9,
an2=md[(l+6)/\2]//o_i/\ 1’ (5_9)
_9
b,,=max{o; ', 0, k, 2" x(m)2+9s},
3d
= 3d 5
mZ —+1 —
b,,= max {1,k 2 2kn x(m)s+2}.

n

On va choisir ¢ et m=m(n) tels que:

-~

a,, est de lordre de q,,,
a,, est de ordre de a,,,
a,o €t b,, sont d’'un ordre inférieur a aq,,,,

3d
b,, est de 'ordre de m2 -o;'.

3d
4,=0 (max{anz, T,(n)~ 1’1_()%5_1_(”_),"_:‘})

n

nl

Alors:
ou
T,(n)=inf{Ty(n). a>"}.

Deés que u,, tend vers O les cing conditions ci-dessus se réduisent aux deux
premieres. soit. en notant E=zlog?2:

. o el =) A 2]
o wm)r-9 < ST (C1)
O-’I
4 14 o
m2 (logo,) 2o0,x(m)y~-2=<aq,, (C2)

5.3. Cas d’'un mélange exponentiel

Le choix m(n)=alogo,, avec a assez grand et £§<1 assure (CO) et (C1)-(C2)
pour tout m=m(n). Pour ce choix:

g, -
To(n)= C‘Wa T,(n)=a,,'

La vitesse est en (log g, )t +9~21/go~ 1

Remarques. 1) Dans le cas d=1, X stationnaire, A,=[1.n] et 0> 1. le résultat
peut étre amélioré. Le Théoréme 1 de [25] est applicable (x est 4 décroissance
exponentielle)

Y X, ,SK|AIY? st 2=r<2+0. (5-10)

Ly
A
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L’évaluation de a,, dans le Lemme 5.3 est ainsi modifiée:

A

E(X Y X0 S 1 X 1, 1S X )0+ 202
A

2490
1+
=m-o;'. Donc si X est dans *>*7, y>0, la vitesse est en (loga,)/c,.

ii) Dans le cas d=1, et sans stationarité, mais sous une condition I[**7vy>0,
on obtient la méme vitesse en utilisant I'inégalité (5-10) démontrée en [6] pour
les entiers pairs r=4. Quand d=2 et si X est dans I**7,7>0, la vitesse de
convergence est en (logo,)¥/o,. En effet, I'inégalité (5-10) est une conséquence

du lemme suivant, qui présente un intérét propre:

Si 0>1, alors 2<r<2+9. On en déduit que a,,

avec r=[(1+3)A2]

Lemme 5.4. Soit q un entier supérieur ou égal a 2, X dans I#*° 6>0, x«-
mélangeant, satisfaisant:

C= > PR x(k)q—g_é< .

k=0

Alors. pour route partie A de Z°. on a:
(3]
EQ X)P=K-|A|-2
A

ou K est une constante finie ne dépendant que de .d. X.

Démonstration. E(3_ X Ji=3" E(X;.X;5..... X
A4q

A

Notons J={j.j;.....j,}. D=D(J)=max {d({j;}. J\{j;})}. X étant centré. on
a. utilisant (;): i=1.q

jq)‘

3
|E(X;, X, ... X, )| S8 x(ky=3 | X2,

Reste a dénombrer '’ensemble des J de A7 tels que D(J)=k.
Ce dénombrement résultera de:

- - - - ’ > q
Lemme 5.5. [l existe un recouvrement de J constitué d’au plus [; boules.

—

centrées en des points de J. de rayon 39 D(J). l'un au moins des points de J érant
exactement a distance D(J) d’un des cenrres.

Admettons provisoirement ce lemme. Le nombre de J tels que D(J)=k est
donc majoré par: g! |A|@21(29d - k9~ 1) (2- 32 k)4e~@21= 1 et donc:
—r44_1 d{g— L1y 1 -6_
ES X =8q11X19,,-20-d-(2-39" 072170 5 20T EDT s,
A <

kz0

l

v

-~

Démontrons le lemme auxiliaire. Il est facile de le vérifier pour ¢=2.3.
Supposons que j, réalise D(J). j, étant le point le plus proche de j,. Deux cas
se présentent:
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ler cas: B(j,.DUNN{js,..--j, 3 =0. Alors D(j3.j,,....j,) est inférieur ou égal a
D(J), et donc avec [q

] boules. de rayon 37~ 2D(J), centrées en certains

P

points de j;.....j,, On recouvre j,,...,j,. Adjoindre alors la boule B(j,,D(J)) et
augmenter les rayons donne le résultat annoncé a I’ordre gq.

2éme cas: Supposons que j; appartienne a B(j,,D(J)). Montrons alors que
D(z.j3..--2Jg) =2D(J). Si cela n’est pas vrai, alors D’'=D(j,,-..,j,)>2D(J). Soit
j" le j qui réalise D’. Alors j' #j, puisque d{i,,j;)< D(J). Donc:

d(j’,j,)=D — D(J)> D(J)
et donc:

d{j’}, JIN\N{U'H> D)

ce qui contredit 'hypothése que D(J) est réalisé en j,.

. ] q ) .
On peut donc recouvrir j,, ---2jq AVEC [ boules centrées en certains de

ces j, de ravon 377! x 2D(J). Il suffit d’augmenter de D(J) le rayon de la boule

contenant j, pour englober j,. Donc [q,) 1] boules de rayon 39— ! x2D(J)
+ D(J) recouvre J. D’ou le résultat. =

Pour obtenir la vitesse annoncée. il suffit alors. dans l'inégalité (5-10) de
majorer la norme r par la norme 4. On en déduit, comme dans la remarque:

d,
a,,=(logo ) o,.
5.4. Cas d’un mélange a décroissance puissance
x2(m)=0(m™*°), a>0

(CO0) est équivalente a: ad>d(2 +9),

N
(C1) est vérifiée si m=m(n)=c", h=— (2+9) [(f +9) A_')] )
ado+dR+93)[(1+9)A2]
Choisissons alors m=m(n):
Le terme a,, tend vers O dés que:

_ ,2d2+0)1[(1+0)A2]
a=p 56D avec f>1 (A)

La condition (A) implique (CO0). D’autre part. on vérifie facilement que si é<1,
et si (A) est vérifiée. (C2) est vraie. Pour ce choix m(n):

. g, -1
To(n)= y =a,,

et donc:
/ log T; EL]
a4 = (max{anz,#(”)m(n)zl)

n
. {
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Sous (A), a,, réalise ce max:

4,=0(a,,), avec:

— +—E(B.5.d)
anZ - O'"

2+9)[(2+)A 3]
ad+dR2+939)[(1+d)A2]

286—1) _
+@AD O

E(B,0,dy=0A1—d[(1 +9)A2]

=(0Al)-

La condition (A) porte explicitement sur J,d, 8. L’exposant dans la vitesse ne
dépend de d que par l'intermédiaire de (A).
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Abstract

This paper presents a snort review of the statistical problems involved in testing
association between two autocorrelated variables.

Cet article contient une bréve synthése des problémes statistiques rencontrés lors
d'un test d'association entre deux variables auto-corrélées.



1. INTRODUCT ION

A question which is frequently asked in statistics is whether the apparent as-
sociation between two variables is due to something other than chance. Of particular
interest are cases where the variables are observed at a variety of spatial locations.

Typical examples are found in the fields of geoqraphy and regional science, for
instance when relating consumption of agricultural output and road accessibility
(C1iff and Ord [121). Examples in socioloay and political science are described by
Doreian [17], with reference for instance to voting behaviour and socio-economic or
political factors. In epidemiology, etiological clues to environmental risk-factors
are sometimes sought through their joint analysis with disease incidence or mortality
maps (Doll1 ([161).

The data in these examples consist of a set A of N locations, and a pair of
variables indexed by their locations. These variables will typically exhibit some
degree of spatial autocorrelation. The first step in studying the relationship between
these variaples is often the testina of statistical independence between pairs of
variables, {(X&,Ya) , 3 € A} . This problem cannot be solved by the usual methods
based on correlation and linear regression which require that both {Xq , * € A} and
{Ya », * € Ar represent independent samples.

The consequences of neglectina the autocorreliation in the X and Y bprocesses
were first pointed out in the case of stationary times series by Bartlett 137. Bartlett
calculated the asymptotic variance of the empirical correlation coefficient ryy -

\lhen X and Y are mutually independent and normally distributed, this variance de-
pends only upon the autocorrelations of both processes. This formula was extended to
stationary spatial process in 22 by Richardson and Hémon [327. Numerical calcula-
tions given in {33] show how, when X and Y are both positively autocorrelated,
first-order nearest neighbour isotropic autogressive or Markovian processes, the asymp-
totic variance of ey increases steeply with the first-order autocorrelation of each
process. Moreover, for two dependent processes, Bivand {77, in a Monte Carlo study,
made similar observations about the increase in the standard deviation of Fisher's Z

transformation of ey -

In regression analysis of Y on X the effect of autocorrelation in the depen-
dent variables and in the error term has been analysed by several authors. In the
case of positive autocorrelation, Johnston [26] for time series, Cliff and Ord [ 12]
and Bennett [41 for spatial series, show that the variance of the slope is inflated
and that the least-square estimator of the variance of the errors is biased downwards,
leading to over significant t and F statistics. An illustration of the bias be-
tween the true variance of the slope and the OLS variance estimate is aiven by
Martin (291 in a Monte Carlo study. Moran's I statistic for testina autocorrelation
has been exterrded by Cliff and Ord [121 to the testing of autocorrelation amona
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regression residuals. Further work in this area was done by Brandsma and Ketellapper
[10. who compared the power of different tests for autocorrelation amona rearession
residuals and concluded that overall !foran's test with ordinary least squares residuals
seems to perform best.

The problem of dealing with spatial autocorrelation in testing for association may
be tackled in various ways. Time series methods such as the prewhitening of each
series before analysis of the cross correlations could be extended. Alternatively,
standard measures of association such as the correlation coefficient can be adapted to
take account of autocorrelation. This approach will be developed in a subsequent paper
and is outlined in Clifford and Richardson "13J. Moreover classical regression an-
alysis can be extended to take specifically into account the spatial structure of the
data. Finally new indices of association can be proposed.

2. REVIEW

In time series, Haugh [ 231 nas prooosed that univariate time series model should
be fitted to each series. The cross correlation coefficients between the innovation
orccesses are then calculated. This set of cross correlation coefficients is found to
be asymptotically independent and normalily distributed and can be used to rcerform a

“ test of independence of the two series. He also uses prewhitening as a first step
in identifying (dyvnamic) rearession models relating the two series. Usina this ap-
proach, Pierce “31. found only weak evidence of a relationsrip between pairs of econ-
omic time series which were traditionally considered as related. In a subsequent
paper, Geweke i 18] compares several tests of independence between stationary time
series, in particular Haugh's test and an F test on the regression parameters of a
mixed regressive-autoregressive model between the two series. He concludes that in
many cases the rate of type II error of Haugh's test is larger than that F test of
the regression coefficients. For spatial series, no comparabie study has been done to
date although the prewhitening of series has been discussed by Griffith -201. It is
likely that a similar conclusion to Geweke would hold and that tests of independence
or estimates of regression coefficients based on the original series will be more ef-
ficient than those based on their residuals after prewhitening.

As for time series, spatial structure has been traditionally accounted for in
regression models in two ways, either by considering a mixed simul taneous regressive-
autoregressive model :

Y = L(Y) + X3 + =, (1)
wnere < 1is independent of Y and L(Y)_t represents some linear function of the
value of Y 1in locations - , » = a or by considering a regression model with
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autocorrelated error term
Y =X8+ U, (2)

where the spatial autocorrelation is reflected in the structure of I , the variance
covariance matrix of the error U (see, for example, Cliff and Ord (12], Upton and
Fingleton (371).

The interpretation of 8 1is essentially different for the regressions (1) and
(2), hence these equations should not be treated as alternatives but the choice be-
tween them should be motivated by the problem considered (Cox [15]). 1In (1) the
spatial autocorrelation is concentrated on Y and'Fepresents the effect of X when
the influence of neighbouring values of Y has already been taken into account,
whereas for (2) the autocorrelation is generated solely by U

There are cases when equation (1) does not provide a plausible explanatory model,
for instance when relating the incidence of a non contagious disease to environmental
factors, since the neighbouring disease rates have no direct causal influence. On the
other hand, for some examples, a propagation effect of Y 1is conceivable like in models
of regicnal income diffusion considered by Haining [21], or those on the Huk rebellion
considered by Doreian [17].

The estimation of models (1) and (2) was first discussed by Ord [30]. The auto-
regressive term in (1) is usually modelled as : L(Y) = o WY , where W 1is a matrix
of weights representing contiguity introduced by Cliff and Ord (121, and o 1is a pa-
rameter summarising the overall level of autocorrelation which has tc be estimated.
If the error term is multivariate normal with uncorrelated components, the 1ikelihood
of Y can be written down and the parameters can be estimated, usually by direct
search. The least-square estimates are not consistent for the simultaneous represen-
tation in (1) but Cliff and Ord {12] and Besag {57 have pointed out that this is not
the case in the equivalent Markovian scheme.

Mardia and Marshall [28] have studied the asymptotic properties of the maximum
likelihood estimators for model (2). Supposing that Y 1is a Gaussian process and
that its matrix of variance-covariance £ can be parametrised in term of a finite
number of parameters 6 , they give conditions which ensure the consistency and the
asymptotic normality of (ﬁ,é) , the maximum 1ikelihood estimates of (8,9)

Models for £ have been basically of two kinds, either a specific autoregressive
model for U 1is supposed to hold :

U=o0 WU+ = ,»:~N(O,021), (3)

1 1

which implies that I = cZ(I ~cW) T (I -ok*) " , or the elements of £ are assumed
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to depend on distance with a functional form suggested by the variogram of the ordinary
least-square regression residuals.

Equation (3) has been fitted by Bodson and Peeters [91, Cliff and Ord {12} and
Bivand [8]. Equations (2) and (3) can be combined to give :

Y = oWY + XB - c WX 8 + &, (4)

and so giving a particular case of a laraer class of regression models in which Y is
also regressed on WX . Tests of tne adequacy of (4) within this larger class are dis-
cussed by Burridge {11]. A Bayesian analysis of model (3) has been given by Hepple
£24]. Using a uniform diffuse prior for 3 = (Bl.ﬁz) , o and 1loag o , Hepple shows
how the conditional posterior distribution of 32 is sensitive to value of o and he
derives the bivariate posterior distribution for 52 and o , witn mode corresponding
to the maximum likelihood estimates of 3o and o .

The arbitrary nature of the definition of ' is a common criticism of model
(3). Arora and Brown's 72, alternative approach either needs the availacility of
spatial data at different time intervals or assumes that the spatial autocorrelation
is entirely created through an unknown common error term. Their aoporoacn does not
apcply to data or which spatial autocorreiation decreases with distance.

The cnoice of parametrisation of I by plotting the varioara~ of the least
sgquare residuals has been discussed by Ripley 34, Ccok and Pocecc- “14 2and Agterberg
71:. Care nas to be taken when interpretatina the variogram since it is sensitive to
the number of pairs of data points used to estimate the empirical covariance at a

oarticular distance.

The number of pairs will vary witn the distance, typicaliy irncreasing at first.
Riplay advises tne use of cross-validation by successive deletina of data 2oints to
assess the fit of the model cnosen for the covariance function. <Cook and Pocock
fitted an exponential function cdecreasing with distance, wnilst Acterbera uses a
quadratic one.

Once a particuiar parametrisation is chosen, the parameters may be estimated by
maximum likelihood, either by grid search or by iteration. Maradia and Marshall 728!
recommend updating the parameters by scoring, Cliff and Ord {12  suaqest finding a con-
ditional maximum for .- , : ©Deing fixed, then estimatina : by zeneraiised least
squares and iterating until converacence; a convergence however wnich is not necessar-
ilv guaranteed {see Haining 22 ).

Other ways *to model I , for instance by a spectrai decomposition (Streitberqg
357) or with a finite number of contiquity matrices of increasins order (Lepart 27
nave been procosed but are infreauently used.
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Clearly, the regression methods described above are computationally involved and
entail a certain degree of arbitrariness. Bivand (81 discusses model selection and
introduces the use of Akaike's criterion. In a trend surface analysis, Hainina [221
compares three different models for I in (2).

A non parametric index of association based on the locations of the ranks of two
spatially defined variables ((Xa.Ya) , & € A} has been introduced by Tjgstheim [36"
and generalised by Hubert and Golledge [25]. This index is defined as the sum of the
distances between the locations of similar ranks, with a suitably chosen distance
function.

In a simulation study, Glick (191 illustrates the performance of this test in
comparison to Spearman's rank correlation. WYhen the X process has no autocorrelation
and the Y process corresponds to a simple spatial shift of the X process,
Tjéstheim's index .\ detects an association whilst Sperman's rank correlation is non
significant. The situation is reversed when the dependence between the X and the Y
orocess has no spatial component. The randomisation model used by Tjgstheim and, Hubert
and Golledge to generate a reference distribution against wnicn observed values of
are compared under the null hypothesis is that of a spatial redistribution of one of
the variables, the other staying fixed. This full set of zcermutation cleariy does not
oreserve tne autocorrelation of the variabie and nence the sizni<icance of . is not
correctly assessed in this case. One would need to consider a smaller set of permuta-
tions wnicn would respect in some way the spatial autocorreiazion of the variabie.

This would also be the case for the lMonte Carlo method prcoosed bv Besaq and Diagle
(61 for the agetection of spatial association between two sets of continuous quadrat
counts over a simple region.

3. CONCLUSION

In this review we have tried to outline different approaches to the problem of
testing association between spatial variables. Further work on the nodification of
existing measures, in particular with the aim of taking into account the spatial scale
of the processes would be of interest and of practical use. Studies comparing the
power of these methods would give useful insight into this compiex probliem.
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SUMMARY

Modified tests of association based on the correlation coefficient or the covariance between two
spatially autocorrelated processes are presented. These tests can be used both for lattice and nonlattice
data. They are based on the evaluation of an effective sample size that takes into account the spatial
structure.

For positively autocorrelated processes. the effective sample size is reduced. A method for evaluating
this reduction via an approximation of the variance ot the correlation coefficient is developed. The
performance of the tests is assessed by Monte Carlo simulations. The method is illustrated by examples
from geographical epidemiology.

1. Introduction

The calculation of correlation coefficients for variables that are observed at a variety of
different spatial locations has suggested intriguing hypotheses about the relationship be-
tween environmental factors and disease pathologies (Armstrong and Doll. 1975: Hoover
and Fraumeni, 1975). It is well known that the null distribution of r. the product moment
correlation coefficient. is influenced by spatial and temporal autocorrelation (Student.
1914; Bartlett, 1935; Richardson and Hémon, 1981).

In a preliminary report. Clifford and Richardson (1985) have suggested a method of
approximating the critical values of r. Their method depends on an estimate of the variance
of r. In this paper we investigate a general method of obtaining such an estimate and show
that the test which results is related to a test based on the standardised covariance between
the processes. Theoretical properties of the distribution of r are reviewed in Section 2. In
Section 3 we report on an empirical simulation study of the performance of these procedures
and in Section 4 we apply our methods to test the association between cigarette consump-
tion. industrial risk factors. and deaths from lung cancer for French départements.

Some authors have devised measures of association that involve transformation of the
data before standard techniques are applied. Student (1914) advocated a form of what
would now be called prewhitening, and more recent work, such as that of Haugh (1976)
with time series and Davies and Jowett (1958) can be seen as developments of this local
approach. in that filters are applied to the data in order to reduce temporal or spatial

Requests for reprints should be addressed te the second author.

Kerv words: Correlation coefticient: Geographical epidemiology: Monte Carlo simulations:
Significance tests: Spatial processes.
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autocorrelation. However. the application of this approach to irregularly spaced data
presents a number of problems that have not been thoroughly explored and information is
lost by filtering techniques.

The problem of testing the association between autocorrelated variables can also be
tackled by regression techniques (Ord. 1975) when a relationship between a dependent
variable and a set of independent vanables is postulated. Cook and Pocock (1983), in their
study of the association between water hardness and heart disease, considered a regression
model with stationary autocorrelated errors. the autocorrelation decreasing exponentially
with distance. Mardia and Marshall (1984) have demonstrated the asymptotic properties
of this approach. In general. these techniques involve a substantial amount of computing
time and depend on an explicit parametric model for the autocovariance.

A nonparametric index of association has been proposed by Tjgstheim (1978) and
generalised by Hubert and Golledge (1982). However. they assess the significance of the
index with reference to a randomisation distribution that involves the spatial redistribution
of one of the variables, the other staying fixed. This full set of permutations clearly does
not preserve the autocorrelation of the permuted variable and hence the significance of the
index is not correctly assessed.

2. Mlodified Tests of Association

2.1 Basic Properties of r

We are interested in data sets which consist of a set 4 of N locations numbered from
1 to .V and a set of pairs of observations (.Y, Y..). « € 4. where each pair is indexed by its
location. The correlation coefficient is then given by

_ S‘\.).

r= (2.1)

SyvSy )

where syvy = V7' £, (X, — X)(Y, — Y) is the sample covariance, s3 = N7' £, (X. — X)>,
sy=N"'"3v,(Y.— Y), and where Y= VN"!'T, .Y, and Y= N"! 3, Y,. If, conditional on
X. the elements of Y are normal i.i.d. variables or conditional on Y, the elements of X are
normal i.i.d.. then r has the standard null distribution with p.d.f.
. (l —_ rl)(.\'-J)/Z
SO = B IV = a1

r=1, (2.2)

where B is the beta function.

Critical values of r are usually obtained from z-tables since (N — 2)?r/(1 — r*)"/? has a
t-distribution with NV — 2 degrees of freedom under these assumptions. This is also the
t-statistic that is calculated in testing the significance of the linear regression either of Y on
XorofXonY.

2.2 The Standardised Covariance

For independent samples the correlation coefficient can be thought of as a standardised
covariance. If the elements of Y are i.i.d.. then conditional on X = x the sample covariance
Svy has mean zero and variance N™° T, (X, — %) o3 where o7 is the variance of the elements
of Y. To standardise svy. the unknown quantity o3 is replaced by an unbiased estimate
S, (Y. — Y) /(N — 1) and sy, is divided by the resulting estimate of its standard deviation.
This leads to the expression (.V — 1)' “r. whose significance would be approximately assessed
with reference to tables of the normal distribution. relving on a central limit theorem to
justify the approximation. Thus. a test based on the standardised covariance is equivalent
to a test based on r.
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In the general case, we suppose now that X and Y are independent but that both X and
Y are multivariate normal vectors with constant means and variance—covariance matrices
2« and Z.. respectively. The conditional variance s, is given by

N7 T (X. — X)X, — X)cow(Y.,, Y,), (2.3)

which isequal to N2, 4 (X.. — X)(Xs; — X)cow(Y,— Y, Y, — Y)since =, (Y., —.XY) =0.
Replacing cov(Y, — Y. Y, — Y) by the unbiased estimate (Y, — ¥)(}, — Y) gives the
expression siy. as a trivial estimate of the conditional variance of syy. It is clear that no
progress can be made until some plausible restrictive structure is imposed on =\.

2.3 Structure for Tx and =+

We will assume that the set of locations A is a subset of some larger set Q. For stationary
processes Q can, in principle, be arbitrarily large. For real spatial data. Q is finite, per-
haps equal to .4 itself. We assume that the set of all ordered pairs of elements of @ can be
divided into strata S,, S, S-, ...., so that the covariances within strata are constant,
i.e., cov(X,, X;) = Cx(k) and cov(Y,,, Y;) = Cy(k), (o, B) € Sk, k=0. 1, ....Of course. if
(a. B) € Si. then (8, «) € S, for consistency. For stationary processes the stratification is
indexed by directional lags. For isotropic processes the number of strata is reduced in the
lattice case and when the data are irregularly spaced the strata can be indexed by a discrete
distance function. The general formulation is flexible enough to permit spatiallv inhomo-
geneous variances and other aspects of nonstationarity. With this structure (2.3) becomes

Ny M[z,.‘. (X, — D)X, — X)] il o1

k Ng

where N, is the cardinality of A,, A, = (4 X 4) N S, and the summation over A, is for all
ordered pairs (a. 3) € ;.
For stationary processes, Clifford and Richardson (1985) have suggested using

Cr(k) = (Y. - Y)Y, — Y)/N: (2.5)

as an estimate of Cy (k) for values of k& corresponding to small spatial lags and shrinking
C\ (k) to zero otherwise. This was partially for computational convenience. Here we propose
to consider the inclusion of all lags. The resulting estimate of the conditional variance of
Syvy 1s therefore

N7 3 Nl (k) Cy (k). (2.6)

IS
It does not rely on an arbitrary notion of what constitutes a small lag, it is invanant to
shifts in the mean. and it is unbiased for periodic processes. It has the additional advantage

of being symmetric in .X and Y, so that it is also the estimate of the conditional variance of
Syy given Y. Note that when S; = 4 X 4. (2.6) reduces to N7 'sisy.

2.4 The Standardised Covariance and the Modified t-Test

Using the estimate (2.6), the standardised covariance, W, becomes

—-1/2
W = Ns\v,-[z N, C\(k)(?\-(k)] (2.7)
A



126 Biometrics. March 1989

If we consider the correlation coefficient. in Appendix 1 it is shown that to the first order.

. var(syy)
PR . 2.8
77T E(SVE(s3) (28)
We therefore take as our estimate of 4;
52 = > fV‘A’CX(k)C\'(/\—). (2.9)

N-=s3is5

We consider a modified ¢-test for the correlation coefficient by approximating the critical
values of r by percentage points of the p.d.f. fi;(r), where M = 1 + ¢;° and f'is defined by
(2.2). The quantity (M) .M can be thought of as an (estimated) “effective sample size” that
takes into account the spatial autocorrelation in the variables X and Y. Note that when
So = .4 X 4. M = N + 1. For positively autocorrelated processes, the estimated effective
sample size is typically less than V. If one of the processes has negative autocorrelation it
is, in principle, possible that the effective sample size will be larger than M.

Comparing (2.7) and (2.9), we see that

W = (‘\AJ —_ 1)1/2,-’ (2.10)

A

where M = | + ¢;°>.

In Section 3 we consider the performance of the test obtained by assuming that ¥ has a
N(O, 1) distribution under the null hypothesis and compare this test with that obtained by
assuming that » has p.d.f. fi7(r), that is, using a ¢-statistic with 3/ — 2 in place of N — 2.

3. Monte Carlo Simulations

The performance of the modified r-test or the test based on the standardised covariance
has been assessed by Monte Carlo simulation in both a lattice and a nonlattice case.

3.1 The Lattice Case

Method We simulated stationary first-order isotropic simultaneous autoregressive
processes defined by

X, = a(Xs’—l.l + Xyt + Xoo + wa+1) + &0, (3-1)

where {e,,} is a sequence of i.i.d. N(0, 1), 0 < |a| < 3. This class of processes has been
widely discussed in the modelling of spatial patterns (Whittle, 1954; Besag, 1974; CIliff and
Ord. 1975) and is relatively easy to simulate (see Appendix 2).

The simulation was performed on a DPS7 C.I.I. Honevwell Bull. A spectral decomposi-
tion similar to that given by Besag in the discussion of Bartlett’s (1978) paper for autonormal
processes was used to generate processes on a 26 X 26 lattice with zero on the boundary
and then restricted to middle 12 X 12, 16 X 16, and 20 X 20 squares. This restriction was
sufficient to render negligible the influence of the boundary condition.

For each simulation, a 26 X 26 field of i.i.d. N(O, 1) variables was first generated using a
polar algorithm. Values of a equal to 0, .0945, .165. .2099. .2364 were chosen to give values
of the nearest neighbour autocorrelation, px(1), equal to 0, .2. .4, .6, and .8, respectively.

For each value of a. 500 pairs (X,,, Y..), « € A. were generated. Taking advantage of the
lattice structure. each process X can also be rotated by 90° or reflected with respect to the
diagonals. leading to eight copies ( four rotations and/or two reflections) of the original
process. These copies have the same set of estimated autocovariances. {Cx(k)}, which
therefore is calculated only once. Thus. 4,000 trials. dependent in groups of eight, were
obtained for each value of px(1) and py(1).
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The proposed statistics are denoted by M and 7,—-. where 17 is the estimated effective
sampie size. W/ = | + 5. If expression (2.6) for the estimated variance of sy, gave an
inadmissible negative estimate. it was replaced bv the product N7's3is3. which is the
estimate in the case of no autocorrelation. The standard -statistic for » based on N
observations is denoted by ¢._.. For the three statistics. W tv-2, and tv-2, a 5% nominal

rejection level was chosen. For testing 7y,_.. the integer part of .W/ was taken. The empirical
variance of the rejection levels was estimated by first averaging the rejection indicator
function over the eight dependent pairs (.Y,, Y.) (where .\, is obtained by rota-
tions/reflections) and then calculating the empirical variance of this average over the 500

independent simulations.

Results Figure 1 illustrates the poor performance of the standard z-test in the presence of
positive autocorrelation. The observed Type I error rates are represented for the three lattice
sizes together with their 95% confidence interval. Note that the ohserved Type I error rates
are significantly larger than 5%. even for low values of px(1) and p+(1).

%
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Figure 1. Standard test of the correlation coefficient: 95% confidence intervals for the proportion

of Type I errors for a 5% nominal test in the case of two mutually independent simultaneous

autoregressive processes on a lattice. For each value of the nearest neighbour autocorrelation for X or

Y. px(1) or py(1). the confidence intervals are plotted for three lattice sizes: 12 X 12, 16 X 16,
20 x 20.

When both X and Y are highly autocorrelated, observed Type I error rates vary between
25% and 55%, thus clearly showing that the testing procedure needs to be modified.

For the two proposed tests. the observed Type I error rates ranged from 4.2% to 5.85%
for the I test (Figure 2) and from 4.1% to 5.9% for the ry;—- test. and are thus close to the
nominal 3% level. Note that when one of the processes has no autocorrelation. 1" and
ty,—» perform as well as the standard r-test. The contidence interval did not include the 5%
nominal level in only two cases [20 X 20. px(1) = .2, py(1) = .2 and 16 X 16. px(1) = .6.
pyv(1) = .8]. Inadmissible estimates were rare: they did not occur more than twice per lattice
size in all the trials except in the case px(1) = 0. py(1) = .8. where there were three negative

estimates tor the 12 X 12 lattice.
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Figure 2. Test based on the standardised covariance W: 95% confidence intervals for the proportion
of Type I errors for a 5% nominal test in the case of two mutually independent simultaneous
autoregressive processes on a lattice.

A comparison of the empirical variance of r (averaged over the 4,000 trials) and of the
average v, of the estimated variance 47 given by (2.9). was also made. For small to moderate
autocorrelations. there is practically no difference between the empirical variance of » and
v,. As the autocorrelation increases, v, is consistently too low. That (2.6) is negatively biased
as an estimate of the variance of syy can be easily seen in the case T\ = Z,.

Quantile plots of the distribution of the I statistic show that it has short tails compared
with the normal distribution in the extreme case of px(1) = pyv(1) = .8. The departure from
normality is confirmed by a Kolmogorov-Smirnov test, which is significant at the 3% level
but not at the 1% level. The tendency for short tails also occurs in other cases of px(1) and
pyv(1). but is more marked for higher autocorrelation. Nevertheless, the departure from
normality of W and the order of the negative bias in v, do not seem to be quantitatively
altering the levels of the ¥ and ¢,,-- tests even in the strongly autocorrelated cases.

3.2 Nonlartice Case

Choice of the model The structure of the network and the type of spatial dependence were
both chosen in order to be similar to that of examples in geographical epidemiology which
will be discussed in the next section.

The coordinates of the points of the network were identified with the geographical
locations of the administrative centers (“préfectures™) of French départements. The vari-
ables considered are the mortality rate for lung cancer (LC) for men, the cigarette sales
(CS) per inhabitant, and the percentage of metal workers (MW) and the percentage of
textile workers (TW) with respect to the male working population in each département.

The spatial structure of these variables was investigated by means of a variogram. In this
analysis, V = 82 locations were retained after grouping the départements around Paris into
one area. T'he distances between the centres of départements were partitioned into
15 classes of 30-km intervals each. This gives 15 strata S,. .... S|s: the stratum
So = {(e. «) « € 4}. The number of strata chosen should take into account a balance
between the sampling fluctuations of the estimated autocovariances when the number of
strata is large and the introduction of bias when the number of strata is small. In making
this judgement it is helpful to compute the observed semivariogram for several cases. For
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the present data set we have tound that the results were not sensitive to the choice of the
number of strata.
The observed variogram of LC. i.e.. the plot of
NTOOY (XL - LX), k=1.....13,
(PES,
against the average distance. d.. for départements in S.., is shown in Figure 3. The
variograms of CC and MW were similar and exhibited also an upward trend of fairly linear
shape with increasing distance. Hence. a disc model for the covariance matrix (Ripley.

1981. p. 55) seemed appropriate and we chose it to simulate a spatially dependent process
on this irregular network.

10 T ®

(deaths/inhabitant/year)2 X 108

1 3 3 e - e 3 e d
T T Af T T T T 1

o 100 200 300 400 S00 600 700 800 km

Figure 3. Variogram of the lung cancer mortality (LC). Fifteen classes of distance are considerea:
the number of ordered pairs in each class is (82: 400: 382: 674: 764: 822: 812: 726: 630: 476: 304:
172: 94; 58; 40). The abscissa corresponds to the average distance in kilometres within each class.

Method The average distance between départements in the first stratum S, is approxi-
mately 40 km. The parameters of the disc models tor X and Y were chosen to be such that
the autocorrelation at distance 40 km is equal to .2. . . .. .9. We also denote these by px(1)
or py(1).

For each chosen value of px(1), the matrix =« was triangularised (£Zx = LL") and then
a realisation of X was obtained by first generating a vector of .V i.i.d. N(0. 1) and then
multiplying this vector by L. In each case 300 pairs of mutually independent processes
(X. Y) were simulated and the statistics W and 7y,—: calculated for each pair (X. Y) as in
Sections 2.2 and 2.3, where the autovariances Cx(A) are defined as

Cx(k) =N;7' T (XL — 0, - 0.
(L ENS:

The same procedure as in the lattice case was adopted tor an inadmissible negative estimate
for the variance of sv,. A 5% nominal level was chosen to assess the performance of I}
tvi—-.and f._-.
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Results  Figure 4 demonstrates the increased proportion of Tvpe I errors of the standard
i-test in the case of positive autocorrelation of both processes. Figure 5 shows the perfor-
mance of the 1 test. which is indistinguishable from the performance of the ry,_- test. All
observed Type I error rates, even in the most highly autocorrelated case. were close to 5%.
No inadmissible negative estimate. ;. arose. Kolmogorov—-Smirnov tests performed on the
distribution of H were significant in two cases (.2 X .6 and .9 X .9).
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Figure 4. Standard test of the correlation coetficient: 95% confidence intervals for the proportion

of Tvpe I errors for a 5% nominal test in the case of two mutually independent processes generated

by a disc model on a network of 82 points. (The parameters px(1) and p+ (1) of the disc models for X
and Y respectively are equal to the autocorrelation at 40 km.)
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Figure 5. Test based on the standardised covaniance H: 95% confidence intervals for the proportion

of Type I errors tor a 5% nominal test in the case of two mutually independent processes generated

bv a disc model on a network of 82 points. (The parameters p«(1) and p, (1) of the disc models for X
and Y respectively are equal to the autocorrelation at 40 km.)
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4. Examples

Our examples concern the relationship between lung cancer. smoking. and industrial
factors. We calculate " and ry;,--.

4.1 The Data

For 82 départements we considered male lung cancer mortality rate (LC) standardised over
the age 35-74 and over a 2-vear period, 1968-1969: cigarette sales per inhabitant (CS) in
1953 (a 15-vear time lag was chosen to account for the delay between exposure and the
onset of the pathology): and demographic data on the percentage of emploved males in the
metal industry (MW) and the textile industry (TW) recorded by census in 1962.

4.2 Results

Using the standard test based on r. there is a highly significant positive association both
between LC and CS. and between LLC and MW. The association between LC and TW, on
the other hand. is less strong but still significant at the 1% level (Table 1). The W and
ty;—-~ statistics for these three examples are shown in Table 1. One can see a substantial
reduction of the degrees of freedom when the autocorrelation is taken into account.

Table 1
Comparison of the significance levels for tests of the association between lung cancer mortality rates
and several risk factors given by standard test. W, and tyv,-- tests

r [\_:"I [V .‘2{ [\7—:
Cigarette sales per inhabitant 10.48 2.94 4.22
(1953) (CO) .76 P= 107" P = .0032 15 P =.001
%% male workers in metal industry 7.16 2.48 3.00
(1962) (MW) .63 P=10"" P = 0136 16 P = .01
% male workers in textile industry 2.57 1.51 1.52
(1962) (TW) .28 P= .01 P= .13 30 P =15

* Standard test (/-transtormation with 80 d.f.).

For CS and MW the CS effective sample size is about 20% of the onginal sample size.
Consequently, the significance levels are reduced but even after this “adjustment” these
two factors are statistically significantly associated with lung cancer. For TW the significance
disappears after adjustment.

These results can be considered in good agreement with current knowledge concerning
life style and occupational risk factors for lung cancer (Schottenfeld and Fraumeni. 1982).

5. Discussion

Our study of the correlation coefficient has been motivated by its widespread use in
epidemiology, where relatively small data sets of up to 100 irregularly spaced points are
encountered. In this context, positively autocorrelated X and Y are most commonly
observed.

We have confirmed both theoretically and empirically that the uncritical use of the
correlation coefficient for testing association between positively autocorrelated processes
leads to an inflated proportion of Type I errors. and have shown theoretically that the
magnitude of this inflation is consistent with a reduction in the effective sample size. We
have then investigated how the correlation coefficient behaves when it is adjusted to take
account of this effect. We have done this in two related ways. the 1 and 7,,-, tests. and
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have shown that when adjustment 1s made the Type [ error rate is much closer to the
nominal level. These methods do not require the identification of a particular parametric
model for the tvpe of spatial autocorrelation and they cope equally well with regularly and
irregularly spaced points. [sotropy need not be assumed. The strata can be defined byv
orientation as well as distance in the spirt of Granger (1969) because equations (2.7) and
(2.9) can be easily adapted to anyv partition of the set of pairs ot locations. Only simpie
calculations of autocorrelations. which can be done on small computers, are involved.

The detection of association between spatial data sets is not a simple problem. In this
paper we have investigated one particular approach. As well as having reservations about
the assumption of stationarity. in a detailed statistical analysis it should be recognised that
association can exist simultaneously at a number of different geographical scales. The
correlation coefficient is a single omnibus statistic that averages the scale-dependent
association. Thus. for example. it is possible that negative association at small scales is
swamped by positive association at large scales. We have not attempted to explore the wayvs
in which these scale-dependent associations can be separated out. This is an important area
of research.
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RESUME

Des tests d’association moditiés. portant sur le coetficient de corrélation ou la covanance entre deux
processus spatiaux autocorrelés. sont proposés. Ces tests peuvent étre utilisés a la fois pour des données
observées sur un lattice ou sur un domaine irrégulier. Il sont fondés sur I’évaluation d’'un nombre
d’observation corrigé qui prend en compte la structure spatiale de chaque processus.

Le nombre d’observations corrigé est inférieur a la taille de I'’échantillon quand "autocorrélation
de chaque processus est positive. Une méthode pour évaluer cette réduction par l'intermédiaire d’une
approximation de la variance du coefficient de corrélation est développée. La pertormance des tests
est évaluée par des simulations de Monte-Carlo. La méthode est illustrée par des exemples d’épidé-
miologie géographique.
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APPENDIX 1

The Variance of r

Let Z, and Z, denote the variance—covariance matrices of the vectors with elements ¢, = X, — Y and

n.=Y.—7Y.
If we write
r=¢&"n/(§TEn"n)"?
then
E " 1’ 38 ’
var(r) = E Ir{ETE %} = tr<E E_r—é E %) (A.1)

bv the independence of & and 7.
Expanding n"n about its expectation. A, = tr(XZ,). we have
m' _m'|, _aln—k  ('n— k)
k| k.;' ’

n'n ki
Note that in the case £, = I we have A&, = NV — | so that we would be expanding in inverse powers of
N — 1. To evaluate the expectation of (A.2) we calculate

E(m") =232 + k, =,

(A.2)

and
E(m™) =82, + 2k-Z, + 4k 2, + ki=,,

where k> = tr( =}).
If we make the plausible assumption that the maximum eigenvalue of Z, is bounded above by Ay
as N — o, then using the inequality tr(Z;) < A\g tr(=Z,), we have the second-order asvmptotic

expression
T
(-1 -23
nn A k

ERN

=,k

+ 2
k3

(A.3)

-ty

Finally. substituting (A.3) and a similar expression for E(££"/£7£) into (A.1). we have to the first
order

L w(Z,Z)

= . (A4
7 INWE
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and to the second order

L t(Z,Zy)  2r(ZIZ,)  2r(=,Z;) <k: j;) 2tr(=,23F)
y = N - ~ . + . — + = — T s .
ki ji ki ki jy L Jik

o; (A.D)
where j,, = tr( Z¢).
In the case £, = =, the second-order term in (A.3) becomes
Juw(z)  wEhHwEhl| 4 {"-' <4‘-‘ >3]

-4 - S opi=1 T p
| & At = P = P

=1 =1

N—1 N—d . 2 1

=1 =1

!

where p;, = u,/> ' i, . tu {5 being the eigenvalues of £, and 2 (matrices of rank =< .V — 1), i.e.. the
first-order approximation is no larger than the second-order approximation.

Note that in the case where (i) £ and £, commute. (ii) £, is proportional to an idempotent matrix.
and (ii1) the eigenvalues of =, are zero whenever the associated eigenvalues of =, are zero. then the
first-order term in (A.4) is exactly equal to o;. This follows from the remark that in this case r has
p.d.f. f1,(r) with effective sample size W/ = 1 + rank(Z,). where fy,(r) is the standard distribution of r
defined in (2.2).

APPENDIX 2

Simulation of Simultaneous Autoregressive Process

For a process given bv (3.1) with zero boundarv. i.e.. Y., = X\, = X0, = X -1 =0 (s, 1 = 0. 1.

. 1 + 1). the spectral decomposition of =\ can be deduced from the expression given by
Besag [discussion ot a paper by Bartlett (1978)]. The process can be simulated by computing
P'diag(é’' “)Z. where Z is a vector of independent N(0O. 1) variables and where P'diag(s,)P is

the spectral decomposition of . If we denote the matrix {.\,{”,-, bv X and rearrange the vector
of Z into an » X n matrix whose elements are Z,, (i.j = 1. 2. ... .. n). then. exploiting the properties
of P. we tind that X is simulated by
X =Qi{Z N, 1Q.
where
A, = 1 — 2afcos[wi/(n + 1)] + cos[xj/(n + 1)]}
and

Q. =[2/(n + DY “sin[nij/(n + 1)], n even.

The computational cost of a single realisation is therefore of the order of »° operations or N3/ since
.V = n-. In contrast. a single triangulation LLT of = requires an order of V? operations and each
realisation involves an order of V? operations.
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TESTING ASSOCIATION BETWEEN SPATIAL PROCESSES
Sylvia RICHARDSON¥*, Peter CLIFFORD+
1. Introduction

This paper is concerned with a topic in spatial statistics, that of testing for association
between two spatial processes. This question arises frequently in various fields and examples
abound in geography and regional sciences (Cliff and Ord, 1981), geology (Malin and Hyde,
1982), sociology (Doreian, 1981)... In the epidemiology of chronic diseases, etiological clues
are sometimes sought by studying joint geographic variations of environmental risk factors and
disease rates (Doll 1980). The examples discussed in the later part of this paper will be taken
from this field.

Throughout the data will consist of a set A of N locations and pairs of variables
Xa, Yo ), @ € A, indexed by their location. These variables will be spatially autocorrelated.

In the first part a method for approximating the critical values of the product moment
correlation coefficient ryy will be summarised. This method has been described in detail in
Clifford, Richardson, Hémon (1989).

In the following section we give some complementary results on the performance of the
tests for small domains and on their power. We also discuss the influence of the choice of the
partition of the covariance structure. Finally we give some examples, comparing our results
with those of Monte Carlo tests and giving pivotal confidence intervals for the regression

coefficient.
2. Modified tests of associations

We have devised modified tests of association based either on sxy: the empirical
covariance between pairs of observations (Xq, Y )), & € A, or based on rxy : the

corresponding empirical correlation coefficient. We shall use the notation :
X = N1EXq), sxy =N1I (Xa-X)(Yor V), sx2=N"1Z (Xg - X)2

and similarly for Y and sy2.

* INSERM U.170, 16 Avenue Paul Vaillant-Couturier
94807 VILLEJUIF Cedex, France

+ Mathematical Institute, University of Oxford,
24-29 St Giles, Oxford OXI 3LB



Method

Suppose that X and Y are independent but that both X and Y are multivariate normal
vectors with constant means and variance-covariance matrices Zx and Xy respectively. A
stratified structure for Xx and Xy is imposed. Pairs in A x A are divided into strata SQ,S1,

S2,... such that the covariances within strata remain constant,
ie cov(Xa,Xp)=Cx(k) if (o,B) € Sk

An estimate of the conditional variance of sxy is then derived :

N-2 Nk Cx(k) Cy(k) 1)
k

N is the number of pairs in strata Sk and éx(k) (respectively éy(k)) is the estimated
autocovariance :

8x®) =T (Xo- X) (Xp - X) / Nk
Sk

Thus the estimate takes into account the autocorrelation of both X and Y.

Further it can be shown that, to the first order, the variance of rxy, O2ris:

Var(sxy)
% = - : @
E(sx2) E(sy?)
which leads to the following estimate :
INk Ex() Cy(k)
A
o2 = e 3)
N2 sx2 sy?2

Note that an equivalent expression for Var(sxy) is N-2 tr (X¢ ) where X and Z,, are
the variance-covariance matrices of the centered vectors X - )_( and Y - \}

In the classical non autocorrelated case, when either £x or £y =1, it can be shown that

the approximation given by (2) is exact and that rxy follows a t-distribution with N-2 d.f (tn.2).
Further: N=1+ (02p)-1
In general, an estimated effective sample size, 10[ is defined by the relationship

f=14+(02)1



where 321- is given by (3). A modified t-test : tX).2 is proposed which rejects the null hypothesis

of no association when :
| (L-2)1/2 1(1 - 12)-1/2 | > 0} 5

where tO&y).» is critical value of the t-statistic with -2 d.f.

Equivalently a standardised covariance can be used :

W =N sxy (& Nk &x(®) Ey()12
and tested as a standard normal relying upon central limit theorems for spatially dependent

variables.

Results on the performance of W and tx)-2
The performance of these tests under the null hypothesis of stochastic independence

between X and Y was first assessed by Monte Carlo simulations for two models :

a) X and Y were generated on 3 lattice sizes (12x12, 16x16, 20x20) as nearest neighbour
isotropic autoregressive gaussian processes, with 1st order autocorrelation px(1) and py(1)
ranging from 0.2 t0 0.8 ;

b) X and Y were generated on the grid of the administrative centres of the French départements
as gaussian variables with a disc model for their autocovariance (Ripley 1981) and arbitrarily
defined 1st order autocorrelation ranging from 0.2 to 0.9.

In both cases and for several levels of autocorrelation in X or Y, 500 trials were
executed with a nominal rejection level of 5%.

For the two statistics, tyy.2 and W, the type I errors found did not vary in any systematic
way with the level of autocorrelation and fluctuated around the nominal 5% level (the
confidence interval excluded 5% in only 2 cases out of 45 simulated in (a)). This contrasted
with the performance of the standard t-test procedure based on N-2 d.o.f. where the type I error
increased systematically with the autocorrelation to reach values around 50 % in the highly
autocorrelated cases (Clifford, Richardson, Hémon, 1989).

3. Comparison of W and t§}-2 on small lattices
Based on our first results the performance of the statistics ty)-2 and W seemed indis-

tinguishable. The number of sample points was reasonably large and a difference between their
respective performances could be better highlighted by studying smaller samples.

Results from further simulations on smaller lattices of sizes 6x6, 8x8, 10x10 are shown
in Figure 1. The type I errors of the W statistic exhibit a systematic downward trend with
increasing autocorrelation which is not apparent for the modified ty}.2 statistic. Consequently,
for small domains, the use of the modified ty).; statistic is preferable to that of W.



We also note that the convergence of W to normality is slower as the autocorrelation
increases. Figure 2 shows a Q.Q. plot of W, i.e. quantiles of a standard normal distribution
against the sample quantiles of W for 500 independent trials, in the case px(1) = py(1) =0.8
and a 12x12 lattice. We note that the distribution of the W statistic has short tails compared to
the normal distribution. The departure from normality is confirmed by a Kolmogorov-Smirnov
test which is significant at the 5% level but not at the 1% level.

4. Power of the modified tests

The power of the modified tests was assessed under a simple alternative hypothesis of a
linear regression between Y and X : H; : Y=aX + W, X ~ N(ux, >x), W ~ N(uw,Xw) and
X and W independent. It is difficult to calculate theoretically the power of the modified tests
because their distribution under Hj is not precisely known. Their power can be assessed by
simulations.

Two independent spatially autocorrelated processes X and W were generated on the grid
of the administrative centers of French départements as gaussian variables with a disc model for
their autocovariance. Without loss of generality 62x = 02w was chosen and hence the
correlation Pxy between X and Y was only dependent on the parameter a. Five hundred trials
were carried out for several levels of autocorrelation in X and W and for the values pxy = 0.2
and 0.4. The grid contained N = 82 points. Results for higher values of pxy are not reported
because the power of the tests was very close to 1. In these simulations, the power of W and
t{y.2 , was evaluated with a 5 % nominal level.

On the other hand it might be interesting to calculate the power ntT(sxy) of a test on
N N
the covariance sxy, similar to W but where the estimate : N-2 ¥, Ny Cx(k) Cy(k), of the
variance of sxy is replaced by its theoretical value under H1:

N2 tr (Zg Zn) = N2 [a? tr(Xe2) + (T o)l

where 2g denotes the variance-covariance matrix of the centered vector W - W and 3¢ and Xy,

are defined as before.
In order to carry out the calculation of nT(sxy), it is necessary to suppose that the

distribution of YN sxy under H1 is approximately normal. This approximation can be justified
by central limit theorems if appropriate hypotheses are placed on the rate of decrease of the
autocovariances of X and W as a function of the lag.

The expectation and the variance of sxy under H1 are given by :

En1 (Nsxy) =atr (Xg)
VH1 (Nsxy) = 2a2 tr (Zg2) + tr (ZgXe).



The traces of the matrices Y3 or their product can be expressed in terms of Yx and

> w and thus evaluated for specific models for Xx and Xw.
The power Tt(sxy) of the test of the covariance using the statistic Nsxy tr(Xg Zn)-172

for a bilateral test of nominal level a is thus equal to 1 - [® (M) - ® (M2)]

with :
Co [a2 tr (Te2) + tr CeXp)]l/2 - a r(Xe)
M, = S A
[2a2 tr (Zg2) + tr (Ze2e)]1/2
- Co [a2 tr (Ze2) + tr (TeXp)]1/2 - a r(e)
M, =-

(222 tr (52) + tr (SeZo)]12

® being the N(0,1) distribution function and Cgy being such that P{IN(0,1)| > Cy} = .

It is also interesting to be able to compare the power observed by simulations to a

reference value. Along these lines, we thus also calculated the power of the classical test of
rXy ; Tn+(1), in a case which would be compatible with the observed empirical variance of

Xy, Ve, estimated by the Monte Carlo simulations. Recall that in the case of non
autocorrelated variables X and Y and large samples, the variance of rxy is approximately
equal to (1 - pzxy)2 / N-1 for a sample of N observations. For autocorrelated X and Y, we
thus computed an approximately equivalent sample size, N* :

N*=1+(1-p2xy)2/ve

This number N* was used to compute the reference value, nn«(r), power of the
p P

classical test of rxy based on N* observations.
A summary of the results is given in Tablela and 1b. In those tables, the observed

power of W is only given since it is almost identical to that of ). Overall all the powers,
whether observed or calculated, are close. The only differences are seen a few cases of high

autocorrelation for either X and W.
In summary we can say that the "theoretical power" mwr(sxy) gives a good

approximation of the observed power in most cases and does not require Monte-Carlo
simulations. Furthermore, the modified W and tf).; tests have comparable power to that of a
classical test based on an "equivalent" number of observations N*.



5. Choice of the partition for the covariance structure of Xand Y.

Computations needed in order to apply the modified tests to a data set are straight
forward but rely upon a choice of strata {SQ,51,52,...} of AxA, on each of which the
covariance of the two processes is assumed to be constant.

In Table 2 the performance of the tf}.» statistic is investigated for different choices of
strata in the case of the irregular grid network and gaussian disc models. Six partitions were
defined, ranging from 5 to 21 strata and corresponding to different discretisations of the
distance between pairs of locations (assuming isotropy).

Overall the type I error was close to 5 % for most of the partitions. As the
autocorrelation increased, the type I error for the 5-strata partition was inflated whereas there
was a stability in the observed error rate when the number of strata increased. The results
for the W statistic were similar.

This confirmed that a balance has to be reached between choosing too few classes
which can bias expression (1) or too many resulting in less precise estimates of the
autocovariances. Clearly in the case simulated where the autocorrelation decreases smoothly
with distance, the performance of the tfy ; statistic is robust to various choices of partitions.

6. Confidence interval for regression coefficient

Once we have a test for independence it is possible to construct a confidence interval
for the regression coefficient b, in the model

Y=al+bX+2Z

where Z is a process independent of X and 1 is a vector with unit elements. The confidence
interval for b is the set of values of b which we would not actually reject i.e the set of b such
that Y - bX has no significant correlation with X. Defining :

fo = Xo - X and go=Yo - Y the standardised covariance between Y - bX and X is :
(gTf-bfTH)

%> Ni Cx (%) Cy-bx(®)

where Cy-bx(K) = Cy(k) + b2Cx(k) - 26 N1 = for gp
Sk



This standardised covariance can be used as a pivot to obtain a confidence interval
for b. We do not reject the null hypothesis when

IWpl < Cq where : P{IN(0,1)I > C} = L.

Therefore the confidence interval is :
(b: (gTf - bfTH2 < Ca? T Nk Cx(k) Cy-bx(K)) @
or b - Tp % (Ty2 + Ty - T1T3 - 2bT + b2T3)1/2 (1 - T3)"1

. A A A A
where b = sxy /sx? 5 T1=dx X Nk Cy(k) Cx(k) ; Tz =dx X Nk Cx(k) Cxy(k)

k k
T3 = dx ¥ Nk Cx2(k) and where Cxy(k) = X for g0,/ Nk and dx = Co2 N-2 sx4 -
k
7. Examples

Our examples concern the relationship between lung cancer, smoking and
industrial factors. We calculate W, tyy.2 and a confidence interval for the regression
coefficient for each example. To provide an additional check on the performance of our
tests, we also carried out a Monte Carlo test based on the disc model for cases in which such

a model is plausible.

The data

For 82 départements we considered male lung cancer mortality rate (LC) over a 2
year period, 1968-1969, standardised over the age 35-74, cigarette sales per inhabitant (CS)
in 1953 (a fifteen year time lag was chosen to account for the delay between exposure and
the onset of the pathology) and demographic data on the percentage of employed males in
the metal industry (MW) and the textile industry (TW) recorded by census in 1962.

The coordinates of the points of the network were identified with the geographical
locations of the administrative centers ("préfectures") of French départements. The spatial
structure of these variables was investigated by means of a variogram. In this analysis, N =
82 locations were retained after grouping the départements around Paris into one area. The
distances between the centres of départements were partitionned into 15 classes of 50
kilometres intervals each. This gives 15 strata Sy, .... Sis.



The observed variograms, i.e the plot of Nk Y Xo- XB)2,

(a,B) € Sk
k = 1,... 15, against the average distance, dk, for départements in Sk, for the four variables
considered are shown in Figure 3. Note that the last two classes contain few pairs and hence
have a large variability. Three of the variograms (LC, CS, MW) exhibit clearly an upward
trend with increasing distance. Up until the 10th class, the shape of this trend is fairly linear
with increasing distance, thus compatible with the disc model for the covariance matrix
discussed by Ripley (1981). The variogram for TW gives little indication of any spatial
autocorrelation.

Results

Using the standard test base on rxy there is a highly significant positive asso-
ciation both between LC and CS and between LC and MW. The association between LC
and TW on the other hand is less strong but still significant at the 1 % level (Table 3). The
W and t).2 statistics for these 3 examples are shown in Table 3. One can see a substantial
reduction of the degrees of freedom when the autocorrelation is taken into account. We note
that this occurs also for the case LC-TW which is surprising if one recalls the shape of the
variogram of TW. A possible explanation for this is that the geographically small
départements, which are over-represented in the first few strata, are atypical for this
particular variable (TW). For CS and MW the effective sample size is about 20 % of the
original sample size. Consequently the significance levels are reduced but even after this
"adjustement” these two factors are statistically significantly associated with lung cancer.
For TW the significance disappears after adjustement.

The first two examples were also investigated by a Monte Carlo test. A disc model
for the covariance was fitted by maximum likelihood. The parameters were found by direct
search and corresponded to autocorrelation p (1) of 0.91, 0.85 and 0.91 respectively for
LC, CS and MW.

For each example, 1000 pairs of mutually independent variables, with covariance
given by the estimated disc model, were generated and the observed correlation coefficient
was ranked among the 1000 generated coefficients. The significance levels obtained are
given in Table 3. The agreement between them and the significance levels of the W or ty}.»
tests is better for CS than for MW ; this is possibly due to a better fit of the disc model for
the CS variable. Confidence intervals, given by (4), for the regression coefficients were also
calculated. We note that they are not symmetric.



8. Discussion

In this paper we have studied the properties of modified tests of the empirical
correlation coefficient between two spatial processes. We have shown that by a simple
adjustment, correct level of significance can be reached and that the power under a simple
linear alternative is compatible with that of a standed test in an equivalent situation. These
tests can be applied both to regularly and irregularly spaced points and can be considered as
a first step in an analysis of association when detailed spatial modelling is not suitable.

The performance did not vary much when different strata of equal covariance were
chosen. On small lattices, the modified tp .2 statistic is better than the standardised
covariance.

Application of these tests to data may also give pivotal confidence interval for the
regression coefficient. Furthermore, if one is prepared to model the observed covariance
structure, Monte Carlo tests of association can be performed. In the examples investigated,
the results from the two types of testing procedures were close.

It would be interesting to develop distribution-free tests of association based on
permutations and to compare their performance to that of the proposed modified tests in the
case of non gaussian spatial distributions.
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Comparison of the performance of tH-, and W tests
for small lattices : 6x6, 8x8, 10x10

®-2

It

F R
——]
——

CO~~ PN UULTTIVVNIIIND®D OO
SCLwouvwovLomouvwowmomomomo wmeo ®
bl 12 oo d 1 1 1 F B G VO
——

I L LI 1 1

T T T T T T T T T T T T 1 T
0 0.2 0.4 0.6 0.8 0.9 0.2 0.4 0.6 0.8 0.9 0.4 0.6 0.8 0.9 0.6 0.8 0.9 0.3 0.9 0.9
0 0.2 0.4 0.6 0.8 0.9

T

95 % C.I. for the % of type I errors for a 5 % nominal test

-
»n

O O = e DN WL, IO W WO
. . . . . . . . . . . . . . . . . . . . .
i

1

O UVOoOoO UCouwLmouLmouUwoD uUmo ubmlmhomo oo O
4 11
S
———
‘g
———
SN,
i
[ A
————
————e
R G
[P, S——
———
OIS S
JRONNID PO A—
RS S
———
——te
———
—— ]
PR Sa—
RO S
——

T T T T 1T 1 17 1T 1 1T T T T 1 | p—

) ! I I i
0 0.2 0.4 0.6 0.8 0.9 0.2 0.4 0.6 0.8 0.9 0.4 0.6 0.8 0.9 0.6 0.8 0.9 0.8 0.9 0.9
0 0.2 0.4 0.6 0.8 0.9






Figure 2

QQ plot (sample quantiles (Y) against quantiles of a standard
normal distributions (X)) of 500 trials for the W statistic
with two mutually independent simultaneous autogressive vrocesses

(12x12 lattice, ox(l) = py(l) = 0.8)
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Table 1a

Power of the modified tests: results concerning the testing of the correlation between X
and Y=aX + W where both X and Y are spatially autocorrelated, X and W independent
and of equal variance and a is chosen so that the correlation pxy between X and Y takes

the value 0.2.

Oxy =0.2
Puy Py 0.0 0.2 0.4 0.6 0.8
N* 79 82 78 79 84
() 0.42 0.44 0.42 0.42 0.44
0.0 powerof W 0.42 0.44 0.43 0.39 0.35
rr(sxy) 0.44 0.44 0.43 0.42 0.37
76 74 67 7 63
0.2 0.41 0.40 0.36 0.38 0.34
0.42 0.42 0.39 0.34 0.30
0.44 0.41 0.39 0.36 0.32
80 78 66 57 | 54
0.4 0.42 0.42 0.36 0.32 0.30
0.44 0.36 0.37 0.34 0.21
0.44 0.39 0.36 0.32 0.27
78 75 61 46 35
0.6 0.41 0.40 0.33 0.25 0.20
0.48 0.36 0.36 0.28 0.20
0.45 0.39 0.34 0.27 0.20
78 66 54 39 19
0.8 0.41 0.36 0.30 0.22 0.12
0.52 0.48 0.42 0.28 0.12
0.48 0.40 0.33 0.23 0.13

500 simulations were carried out. The observed power of W is compared with mtn+(r) and

nr(sxy) (cf § 4). The observed power of tg)_; is almost identical to that of W. Standard
deviations and confidence intervals for the observed proportions can be calculated
according to binomial sampling.






Table 1b

Power of the modified tests: results concerning the testing of the correlation between X
and Y=aX + W where both X and Y are spatially autocorrelated, X and W independent
and of equal variance and a is chosen so that the correlation pxy between X and Y takes

the value 0.4.

Oyy = 04

Pw pe| 0.0 0.2 0.4 0.6 0.8

N* 83 87 81 70 63
Tpee (D) 0.97 0.97 0.96 0.93 0.90
0.0 powerof W | 0.97 0.96 0.96 0.92 0.87
r(sxy) 0.94 0.93 0.92 0.89 0.74

T 82 73 76 68 | 55

0.2 0.96 0.94 0.95 0.90 0.86
0.96 0.96 0.94 0.92 0.83
0.94 0.91 0.90 0.85 0.70

84 67 61 63 49

0.4 0.97 0.92 0.89 0.90 0.81
0.97 0.92 0.91 0.88 0.79
0.94 0.91 0.87 0.81 0.65

1T s | 69 66 44 30
0.6 0.97 0.93 0.92 0.77 0.58
0.96 0.95 0.93 0.81 0.56
0.94 0.90 0.85 0.74 0.54

T 68 | s2 | s1 33 20

0.8 0.92 0.83 0.82 0.63 0.39
0.97 0.93 0.89 0.76 0.42
0.95 0.91 0.84 0.68 0.38

500 simulations were carried out. The observed power of W is compared with 7tn«(r)

and nr(sxy) (cf § 4). The observed power of ty}., is almost identical to that of W.
Standard deviations and confidence intervals for the observed proportions can be
calculated according to binomial sampling.






Table 2

PERCENTAGE OF TYPE I ERRORS OF THE tp;.» STATISTIC FOR
DIFFERENT PARTITIONS OF THE COVARIANCE STRUCTURE

Number of
strata in each 5 9 13 15 17 21
partition
p(;() = p(y =0 0.056 0.052 0.05 0.056 | 0.054 0.054
p(;() = p(y =0.2 0.04 0.04 0.036 0.032 | 0.034 0.03
p(;() =ply) =04 0.062 | 0.046 0.05 0.05 0.052 0.05
p(;l() = p(1Y) =06 0.066 0.058 0.054 0.056 | 0.052 0.052
p(;() = pq() =0.8 0.068 | 0.058 0.048 | 0.04 0.046 0.046
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per inhabitant 0.76 10.48 2.94 15 4.22 2/1000 0.78

(1953) (cs) px10-21| p=0.0032 p=0.001 [0.54;0.88]

i male workers

in metal 0.63 7.16 2.48 16 3.00 45/1000 0.29
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(1962)  (MW) ~10"11| p=0.0136 p=0.01 [0.11;0.3¢]

$ male workers

in textile 0.28 2.57 1.51 30 1.52 - 0.18

industry

(1962) (W) p20.01 | p=0.13 p=0.15 [F0.07;0.37]
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Table 3 : Comparison of the significance levels for tests of the association
between lung cancer mortality rates and several risk factors given by standard

A
test, W and ty _, tests and Monte Carlo simulations, ¥ is the estimated regression

coefficient.

* gtandard test (t transformation with 80 d.f.)

+ Monte Carlo significance levels over 1000 simulations.






A METHOD FOR TESTING THE SIGNIFICANCE OF
GEOGRAPHICAL CORRELATIONS WITH APPLICATION
TO INDUSTRIAL LUNG CANCER IN FRANCE






A method for testing the significance of geographical correlations

with application to industrial lung cancer in France

Sylvia RICHARDSON

SUMMARY

This paper discusses some of the problems encountered when using tests
of significance in geographical epidemiology studies where the variables
analysed will typically exhibit some spatial autocorrelation.

A test of partial correlations between spatially autocorrelated variables is
presented. This test is based on an evaluation of an effective sample size which
takes into account the spatial structure. Its performance is assessed via Monte
Carlo simulations. The method proposed is applied to studying the relationship

between male lung cancer rate and specific industries.

Key words :
significance tests, partial correlation, spatial processes, geographical

epidemiology, lung cancer.



1. Introguction

Ecological correlation studies aim to analyse the association between a
set of variables defined on groups. Among these, geographical correlation
studies are particularly concerned with variables measured as averages over
geographical units and the study of their joint variations.

In epidemiology, studies of the geographical distribution of incidence or
mortality rates for particular diseases have been widely used for obtaining some
clues about the etiology of those diseases.2.3. In particular, the correlation
between the spatial variation of exposure indicators, like dietary practice or
industrial employment, and health indicators have been investigated4.5.
Ecological analysis has also been used to check epidemiological hypotheses
suggested by other approaches such as animal experiments, case-control or
cohort studiesb.”.

Examples of geographical correlation studies are also found in other
domains like regional science, for instance when relating agricultural output and
road accessibility8, or sociology with reference for instance to voting behaviour
and socio-economic factorsS.

When considering results from such studies, it is necessary to be aware of
the methodological problems which arise from their design. These problems fall
broadly into two categories : problems of interpretation due to the nature of the
data considered, and statistical problems connected with the spatial structure of
the data. Indeed, the data units can rarely be considered as independent
replicates and often present some spatial autocorrelation.

In epidemiology, the limitations which stem from the nature of the data
have been reviewed by many authors10-13, They are related to numerous factors :
the potential non uniformity in diagnosis and registration of causes of death, the
difficulty in adequately defining the population at risk, the difficulty in finding data

on health and exposure on the same geographical units, the use of average



exposure when exposure is heterogeneous within the population and the
difficulty in considering appropriate time lags between exposure and disease.

A discussion of the biases encountered when trying to estimate quantitatively
relative risks from ecological studies is given in Richardson, Stlicker and
Hémon14 and Greenland and Morgenstern15,

Furthermore, geographical data often exhibit a regular component in these
spatial variations analagous to a trend or a gradient. Such gradients, if they are
present in both the exposure and the health indicator rates, make the
interpretation of the joint variations difficult since many potential confounder
variables may also show the same regular spatial gradient. This is clearly
illustrated in the study of cardiovascular mortality and water hardness of Pocock
et al1® where a northwest to southeast gradient is observed for both variables
which is also related to climatic and industrial variables in Great Britain. At an
individual level, this situation would be equivalent to having a confounding factor
whose distribution nearly parallels that of the risk factor investigated. This has
suggested a further step in the analysis : correlating the residual variations in the
exposure and the health variables after removing a trend component or gradient
which is obtained by regression of each of the variables on the coordinates of the
geographical units. This is equivalent to computing the partial correlation
between the exposure and the health variables after conditioning on the
coordinates of the geographical units. A significant correlation between both the
non-adjusted and adjusted observations would strengthen a causal
interpretation.

Similarly one might want to adjust the relationship investigated on some
geographically distributed confounding factors. Nevertheless, the residual
variations after the removing of confounding factors and/or a spatial gradient
might still be spatially autocorrelated. In a multifactorial chronic disease for
instance, this residual autocorrelation might arise from the spatial structure of

other unidentified or unmeasurable risk factors. In the case of autocorrelation



among the residuals the classical methods for testing the significance of the
association are not applicable.

In this paper, we will describe a method for assessing the significance of a
partial correlation coefficent in the presence of spatial autocorrelation. This
method is an extension of a modified test of correlation developped in Clifford,
Richardson and Hémon17 to the case of several variables. The proposed method
is outlined in section 3, and some results on its performance are given which
were obtained by Monte Carlo simulations. This section is preceded by a review
of some available methods in geographical correlation studies where, in
particular, the modified test of correlation between two spatially autocorrelated
variables is briefly described as well as the fitting of multivariate regression
models with a variance-covariance spatially parametrised error matrix. In a final
section, the test proposéd is applied to an example concerning the relationship
between lung cancer mortality for men in France and particular industries. This
relationship is investigated at the level of the French départements and
adjustment is made on cigarette sales. The results clearly illustrate the interest of
performing an adjustment for spatial autocorrelation. The effect of adjusting a
linear spatial gradient is also discussed on the examples and through some

simulations.

2. Review

The data usually considered in geographical correlation studies is a set A
of N locations and variables indexed by their locations. These variables will
typically exhibit some degree of spatial autocorrelation. A first step in the analysis
is often the calculation and testing of correlation coefficents between pairs of
variables (Xq,Ya), o € A.

The consequences of neglecting the autocorrelation in the X and Y
variables were first pointed out by Bartlett!8 in the case of stationary time series.

When the autocorrelations are positive, the significance level of classical tests



are overestimated. This phenomenon is more accentuated for spatial series. For
instance, when X and Yo are both spatially autocorrelated with nearest
neighbour autocorrelation around 0.8, the observed significance level of a 5 %
nominal test of the correlation coefficent can be increased up to 50 % 17.

The situation is similar in regression analysis. The effect of neglecting the
autocorrelation in the dependent variables or in the error term has been pointed
out by several authors, Johnston® for time series, Cliff and Ord® for spatial series.
Inflated values of the t and F statistics are again found when there is positive
autocorrelation even though the estimation of the regression coefficient is not
biased.

A modified test of the correlation coefficient rxy has been proposed by
Clifford, Richardson and Hémon7 for testing the association between a pair of
variables (Xqo,Yor). It consists in modifying the degrees of freedom of the classical
test on rxy. An effective sample size is calculated based on an estimation of the
variance of rxy which takes the internal autocorrelations of X and Y into account.

Suppose that X and Y are independent but that both X and Y are multivariate
normal vectors with constant means and NxN variance-covariance matrices Xx and Xy

respectively. It can be shown that, to the first order, the variance of rxy, o2ris :

Var(sxy)
G2r = ’ (1 )
E(sx?2) E(sy?)

where sxy denotes the empirical covariance between pairs of observations (Xq,Yo),
o € A and sx2 (respectively sy2) the empirical variances of X (respectively Y).

To be able to estimate var (sxy), one needs to impose a stratified structure for
Y x and Yy. More precisely pairs in A x A are divided into strata Sg,S1, S2,... such that

the covariances within strata remain constant, i.e. cov (Xo , Xg ) = Cx(k) , if (a,B) € Sk.

An estimate of the conditional variance of sxy is then derived :

N-2 £ Nk Cx(k) Cv(k) | 2)



where Nk is the number of pairs in strata Sk and éx(k) (respectively éy(k)) is the

estimated autocovariance :

Ex(k) =% (Xo- X) (Xg - X)/Nk
Sk

Thus the estimate takes into account the autocorrelation of both X and Y.

Equations (1) and (2) lead to the following estimate of the variance of r :

=Nk Ex(k) Cy(k)
&2 = , . 3)
N2 sy2 sy2

In the classical non autocorrelated case, when either X x or Zy = |, it can be

shown that the approximation given by (1) is exact and that (N-2)12 rxy / (1-r2xy)1/2

follows a t-distribution with N-2 degrees of freedom (d.f.) (in:2). Further : N=1+(c2)-1

A
In general an estimated effective sample size, M, is defined by the relation-
ship

I<>|=1 + (821 ’

where 82ris given by (3). A modified t-test : tf}.2 is proposed which rejects the null

hypothesis of no association when :
| (W-2)172 r(1 - r2)172 | > tog) 5 (4)

where t%f).o is critical value of the t-statistic with -2 degrees of freedom.

Monte Carlo simulations carried out both for lattice and non lattice models
show that the tfy-2 statistic has indeed a correct significance levell7.

In the case of several variables, classical regression analysis can be
extended. The spatial structure is taken into account either by considering a

mixed simultaneous regressive-autoregressive model :



Y=L(Y)+XB+ ¢ (5)

where {€q} are i.i.d. N(0, 62), and L(Y)q represents some linear function of the
values of Y in neighbouring locations v, y# o ; or by considering a regression
model with autocorrelated error term :

Y=XB+U (6)

where the spatial autocorrelation is reflected in the structure of ¥y, the variance-
covariance matrix of the error U, which is parametrised in terms of a finite number
of parameters 6.

The interpretation of B is essentially different for the regressions (5) and
(6). In model (5), P represents the effect of Xg on Yo when the influence of

neighbouring values of Y has already been substracted. When relating the

incidence of a non contagious disease to environmental factors, model (5) is not
plausible since disease rates in neighbouring areas do not have a direct causal
influence and model (6) should be chosen. In model (6), it is assumed that the
autocorrelation of the variable Y comes from an underlying structural variable U.

The estimation of models (5) and (6) with an autocorrelation structure
modelled via a contiguity matrix of weights W, was first discussed by Ord=29.
Mardia and Marshall2! have studied the asymptotic properties of the maximum
likelihood estimators for the model (6). Assuming that Y is a gaussian process,
they give conditions which ensure the consistency and the asymptotic normality
of (ﬁ,’é) the maximum likelihood estimators of (B, 6). Conditionally upon 6 the
variance-covariance matrix for ﬁcan be calculated and hence tests of the
regression coefficients can be performed. Because of the conditionality, the
standard errors of ﬁ might be underestimated, which leads some authors to
prefer a Bayesian approach?2.

In using model (6), one is left with choosing how to parametrise 2y and to

perform a numerical maximisation of the likelihood function which can lead to



involved computing and is fraught with difficulties. A study of Warnes and
Ripley23® showed that the Fisher scoring technique usually ensures convergence
only to the nearest local maximum. Moreover Ripley?4 reports some simulation
results where the global maximum found is well away from the true value. Models
used for Yy have been basically of two kinds, either involving directly the
contiguity matrix29, or supposing that the elements of Xy depenrd upon the
distance between pairs of locations with a functional form suggested by the
variogram of the ordinary least square regression residuals. This is the approach
chosen by Cook and Pocock?25 in their study of cardiovascular mortality and
environmental factors (in particular water hardness). They fitted an exponentially
decreasing function of distance for Xy and still found a statistically significant link
with water hardness.

In summary, generalised regression where the variance-covariance matrix
of the errors follows a specific spatial model involves some degree of
arbitrariness and is often computationally difficult in practice. We have thus found
it interesting to develop a simple test of partial correlation which does not depend

on parametric modelling.

3. A_modified test for partial correlation

Our aim is to show how the modified tf).o test described in §2 can be
simply extended to test partial correlations. For the sake of clarity the method is
going to be described and assessed for testing the association between two

variables (Yq,Zq) adjusted on a third one, Xq, a € A. Its generalisation to any

number of adjustment variables is straightforward.

X
We suppose that the 3N vector[YJ follows a multivariate normal
Z

X
distribution with mean (ﬁv) and variance-covariance matrix given by :
Hz
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Then the joint distribution of (Y,Z) conditional on X is also a multivariate
normal with marginals given by N(uy - Xxy Zxx Tux, Zyy - Zxy 2xx1 Zyx) and

N(uz - Txz Ixx Tux, XTzz - Txz Txx 1 Xzx) respectively. We can therefore test the
hypothesis : pyz.x = 0, where pyz.x is the partial correlation between Y and Z

conditional on X, by testing that the correlation between the residuals of the
regression of Y on X and of Z in X is zero. Hence, the method outlined in §2
equations (1) to (4) can be extended to test the partial correlation by considering
the relevant variance-covariances in the conditional distributions of Y and Z
given above and carrying out the same adjustment of the degrees of freedom
(d.f.). This adjustment will now take into account spatial autocorrelation in the
conditional distributions. The same approach can be used if conditionally on X,
(Y,Z) is multivariate normal even if X is not a random variable as it is the case
when X is a vector of spatial coordinates.

In practice, this implies using the modified tf).2 statistic on the residuals of
the linear regression of Y on X and of Z on X respectively. These residuals need
therefore to be estimated. We are proposing to do this by ordinary least squares
(O.L.S.), thus ignoring the autocorrelation, since the O.L.S regression estimates
are unbiased.

In summary the following steps are followed :

1 - regress Y on X by O.L.S giving estimated residuals 0

2 - regress Z on X by O.L.S giving estimated residuals v

3 - test the correlation coefficient between 0 and ¥ using the modified

test statistic t{y.2 given in formula (4) with

M=(var rg )y + 1 (7).



If the residuals U and V are non autocorrelated, the variance of the partial
correlation coefficient is (N-2)-1, hence M = N-1 as usual.

In order to check whether the estimation of the residuals by O.L.S could
influence the performance of the test, a Monte-Carlo simulation was carried out to
check the type | errors and to give some indication on the power of the proposed

method.

imulation m I |

In order to stay close to the epidemiological examples which will be
analysed in the last section, the simulation was carried out on an irregular grid of
points defined by the administrative centers of the French département (N = 82).
Spatial dependence was introduced directly on the variance-covariance matrix of
the multivariate normal distributions by considering a disc model. In this model,
the covariance between the values of the variable in 2 areas (represented by
their grid points) is defined as proportional to the intersection area of 2 discs of
common radius R, centered on the grid points (see Ripley26 p. 55). By varying the
length of R, models with different degrees of autocorrelation can be generated.
The shape of the covariance function of this model shows a fairly linear decrease
with distance. This shape is similar to the observed variograms ; i.e. the plot of

Nkl T (Xo-Xy)? against the average distance between
(er,Y) € Sk

locations in Sk, of a number of variables such as lung cancer mortality rate or
proportion of workers in specific industries (Figure 1). These will be considered in
the next section. The parameter R of the disc model is chosen so that the
autocorrelation for a distance of 40 km between points is equal to 0.2, 0.5 or 0.8.
We denote this autocorrelation by p(1) indexed by the name of the variable.

To simulate a process X on A, for each chosen value of px(1), a NxN matrix

Tx is generated following the disc model. Zx was then triangularised, Tx = LLT,



and a realisation of X distributed as N(0,Zx) was obtained by first generating a
vectorof N i.i.d. N (0,1) and then premUltipIying this vector by L.

The distances between the centers of départements were partitioned into
15 classes of 50 km intervals each. This gives 15 strata Sq, ... S5 ; the stratum
So = {(o,a0), a0 € A}.

-Figure 1-

We now describe the model for partial correlation which was chosen. First
three mutually independeht autocorrelated variables, X, V and W are generated.
Thenwedefine:Z=aX+V, Y=cX+dZ+W. (8)

For simplification, the autocorrelation structure of X,V and W are chosen to be
identical. Therefore pyz.x depends only on the value of d : pyz.x = d/(d2 +1)1/2.
The test statistic tf).o is computed as described in §2 steps 1 to 3 and formula (7)
using {60(k)} and {6\’}(k)}, k = 1,... 15, the estimated autocovariances in each of
the 15 strata of the O.L.S residuals : (\J and <\/ from the regression of Y on X and
Z on X respectively.

Five thousand simulations were carried out for pyz.x = 0.0, 0.2 and 0.4 and
px(1) = pv(1) = pw(1) equal to 0.0, 0.2, 0.5 and 0.8. The values of a and c were
fixed. Several sets of a and c were tried and were found not to influence the

results.

RESULT

Type | errors of the modified statistic were first checked by setting d=0 in
(8) and choosing 5 % and 1 % nominal levels. The results are summarised in
Table 1. At the 5 % nominal level the performance of the modified ty).2 statistic is
clearly satisfactory as the value 5 % belongs to all the confidence intervals and
there is no systematic variation with increasing autocorrelation. At the 1 % level
the modified ty}.o statistic becomes slightly conservative for the highest

autocorrelation but is otherwise satisfactory. As an illustration, the empirical



variance of ryz x is also shown and one can see that it increases significantly with
p(1). As expected, the type | errors of the non adjusted standard test of partial
autocorrelation are greatly inflated for high values of p(1). The results are similar
to those obtained in an earlier work for the test of the single correlation
coefficient1”.

In choosing in practice the number of strata for the partition of AxA, a
compromise has to be reached between choosing to few strata resulting in a bias
in formula (2) or too many leading to imprecise estimates of the autocovariances
in each strata. Further simulations were carried out to check the robustness of the
performance of the ti).o statistic with respect to the choice of partitions. Using the
same random number generator seed as in Table 1 and 5000 trials, we
evaluated the type | error for isotropic partitions ranging from 5 classes of around
150 km each to 21 classes of around 35 km each, in the most highly
autocorrelated case (px(1) = py(1) = 0.8). The observed type | errors stayed
overall close to their nominal level and decreased progressively from 6.4 %
[5.7 %-7.1 %] for 5 strata to 4.8 % [4.2%-5.4%] for 21 strata for a 5 % nominal
level and from 1.1 % [0.86 % - 1.45 %] to 0.56 % [0.35 % - 0.76 %] fora 1 %
nominal level. This indicates that at the 5 % level the test is slightly over
significant when too few strata are used and that a finer partition with number of
strata between 11 and 17 is preferable. In a case (like the one simulated) where
the autocorrelation decreases smoothly with distance, one can thus see that the
performance of the ty).o statistic is robust to various choices of partitions.

Table 1

The power of the modified test was then investigated for value of pyz x
equal to 0.2 and 0.4 and a 5 % nominal significance level. Higher values of
pyz.x led to a power close to 100 % and were less informative.

In order to have a reference value for the power the modified ty).o statistic,
we also calculated the power of the standard test of pyz. x in a case which would

be compatible with the observed empirical variance of ryz x, ve, estimated by



Monte-Carlo simulations. Recall that in the case of non autocorrelated variables
X, Y and Z, the variance of ryz.x is approximatively equal to (1 - p2yz.x )2/ N-2 for
a sample of N observations when N is large. For autocorrelated X, Y and Z we
thus computed an equivalent sample size, N* :
N*=2+(1-p2vzx)?/ve - (9)

This number N* was used to compute the reference value r, power of the
standard test of pyz x based on N* observations.

A summary of the results is given in Table 2. On the first line is indicated
ve, the empirical variance of ryz x. One can see that ve is smaller for pyz. x = 0.4
than for pyz.x = 0.2 for the same autocorrelations. This is similar to the case of
non correlated variables. Further vg increases noticeably with increasing p(1). N*
and &t are given respectively on the 2nd and 3rd lines. Note that as expected N*
is fairly constant for the same autocorrelation. The power of the test t).2 is given
on the 4th line. Clearly the test t\j.o perform satisfactorily as its power is

comparable to =.

-Table 2-

§4 Examples
We consider in this section examples concerning the relationship between

male lung cancer and some industrial factors after adjustment on smoking.
Among the different cancer sites, male lung cancer has been frequently
associated with industrial exposure27.28 and the estimation of the proportion of
lung cancer due to occupational risk factors has been the subject of recent
debates?29. To illustrate and discuss further the method proposed we present

some results on 4 industrial branches : metal, general engineering, mining and

textiles.



The data

Male lung cancer mortality rate has been standardised over the age 35-74
and over a 2 year period, 1968-1969. The data were provided by the French
National Institute for Health and Medical Research (INSERM) at the scale of the
French départements. Cigarettes sales data were compiled by the French
Nationalised Tobacco Company (SEITA). To take into account the time lag
between smoking and the onset of a lung pathology, cigarettes sales per
inhabitant were recorded in 1953. Demographic data on the percentage of
employed males in the metal industry, in general engineering, in the textile
industry and in mining were taken from the 1962 census (INSEE). After the
grouping of the départements around Paris into one area and the exclusion of 4

others owing to the poor quality of the data, N = 82 locations were retained.

Results for the modified ty.2 test

Separate results for the 4 industrial branches are presented in Table 3.
Simple correlations, partial correlations after adjustment on smoking or after both
adjustment on smoking and a linear gradient were tested by the standard
methods and using the modified t.2 test.

Generally one can see that by including more explanatory variables the
autocorrelation in the residuals decreases and so the effective sample size IQI
increases. As expected, the difference between the standard and the tg).2 tests,
which can be substantial, is more marked where there is more autocorrelation.

The results obtained are quite different for the 4 industries. For metal and
general engineering industry, there is a statistically significant association with
male lung mortality rate after adjustment on cigarette sales both with and without
the removal of a linear gradient. For mining, the significant association after
adjustment on smoking is not observed after the removal of a linear gradient. For
the textile industry, no significant association is found before adjustment with the

modified ty.2 statistic whilst this would not be the case if only standard test were



carried out. After adjustment on both cigarette sales and a linear gradient, the
association is also clearly non significant. Note that in all the examples except
mining the adjustment solely on cigarette sales leads to slightly larger ty.o
statistic.

-Tabl -

In Table 3, the t\).2 statistic is calculated using the 15 isotropic strata
defined in §3. To further study the influence of the number of strata we have
calculated as an example values of the ty).2 statistic for metal industry adjusted
on cigarette sales (2nd line in Table 3) for 9 isotropic partitions ranging from 5
classes to 21 classes. The values of ty.o varied little, from 3.61 for 5 classes to
3.34 for 21 classes ; similarly the effective sample size I<\A varied only from 37
(5 classes) to 32 (21 classes). When these calculations were carried out for the
other examples there is again little change in the results. This is in agreement
with the simulations described earlier.

In a further analysis, it was thought interesting to also include other
industrial factors in the adjustments. We chose the metal industry and general
engineering for this purpose since they are the only two factors clearly
significantly related to lung cancer. The results are presented inTable 4. Taking
metal industry, with an adjustment on general engineering, or taking general
engineering, with an adjustment on metal industry, did not overall modify the
results found in Table 3 and the relationships are confirmed. It is interesting to
note that for mining, adjustment on both industries had a similar effect to that of
adjusting for a gradient with the association with lung cancer mortality becoming
non significant and the residual autocorrelation disappearing. For the textile
industry, the adjustment for both industries gives a similar result to that for

cigarette sales with no clear evidence of any link with lung cancer mortality.

-Table 4-



The inclusion of a linear gradient, whilst strengthening the interpretation of
the association of lung cancer mortality with metal or general enginnering
industry has on the contrary, weakened the observed association with mining or
textile. We now discuss in some detail the problems connected with the existence

of gradients.

Gradient influence

The adjustment of gradients always involves some degree of arbitrariness
in the definition of the appropriate trend. Furthermore, the observed variations in
the residuals may be of a smaller order of magnitude than the original variations
thus leading to less precision in the estimates. Hence, one needs to be cautious
when interpretating a non significant result after de-trending.

We have investigated the effect of omitting to adjust a gradient on the
performance of the standard and modified t)).2 test of the correlation coefficient.
Simple models were chosen for two variables X and Y, o € A. The centred and
standardised coordinates of a point o in A will be denoted by io and jo. Define :

Xo = Uqg + aig + bj, and Yo = Vg + a'ig + D'y (10)
with Ug and Vo mutually independent variables, Ug ~ N(0, Zy), Vo ~ N(0, Zv), =y
and Xy generated by a disc model with equal parameter P(1)- X and Y defined
by (10) will not be stationary and the autocorrelation between 2 points will
depend on their coordinates.

The effect of the linear gradient on the expectation of the covariance
between X and Y leads to a term proportional to aa' + bb' involving Yis2 and
Xjo2, corrected by a term involving Yigjo. The correction term is small since our
centered and standardised coodinates are nearly orthogonal. Hence the effect is
mainly related to aa' + bb' which is maximum when a' = a, b' = b and minimum
when a' = -b ; b’ = a. The effect of the gradient on the correlation coefficient is
more complicated since a,a’,b,b’ are also involved in the denominator and a first

order approximation for the expectation of ryy can be calculated. For the sake of



simplicity in the following discussion we relate the results to aa' + bb'. Values of
the first order approximation are indicated in brackets in Table 5. Five hundred
simulations were carried out for different choices of aa' + bb' (keeping a + b =
a' + b"), 3 levels of autocorrelation and a nominal 5 % significance level. The
results are presented in Table 5.

-Tabl -

For the standard test and p(1) = 0, type | errors are clearly increasing with
aa' + bb'. The situation is similar when some autocorrelation is present
(p(1) = 0.4) with overall higher type | errors. When the autocorrelation is high
(p(1) = 0.8) the gradient influence on the overall type | error decreases in regard
to the autocorrelation effect.

The modified ty).2 test is based on the estimated autocovariances {6x(k)}
and {e:y(k)} even in the case p(1) = 0. Due to the linear trend, these
autocovariance functions are quite regular and reach moderately large negative
values for high k. From formula (2), it is easy to see that the adjustment in the
degrees of freedom for ty).2 is strongest when {6x(k)} and {6y(k)} are quite
similar, whether positive or negative. This happens clearly in the extreme case
a' = a, b'= b of parallel gradients ; but also to a slightly lesser extent in the case
aa' + bb' = 0 since values of the variable {Yo} would be equal to those of {Xy} if
the set of coordinates were rotationaly invariant by n/2 which is nearly the case
in France. This explains that for aa' + bb' = 0, the d.f. are overadjusted and the
statistic tf).o is conservative. For the other values of aa' + bb', the correction of the
d.f. reduces the type | error in comparison to that of the standard test but
nevertheless it does not always stay close to 5 %. When p(1) = 0.4 or 0.8, the
intrinsic autocorrelation prevails more and more on the gradient so that
irrespective of the gradient, all the type | errors are around 5 % for p(1) = 0.8.

In conclusion it is worth calculating ty).2 both before and after de-trending.
Even in the presence of a gradient, t{).2 may realise a satistactory adjustment if

the intrinsic autocorrelation in the variables is strong.



ncluding remark

In this paper, we have outlined a simple test for partial correlations
between spatially autocorrelated variables which is particularly suitable for
ecological correlation studies. The performance of this test was shown to be
satisfactory by Monte Carlo simulations. The application of this method to data
sets is straightforward and only requires simple computing. The examples
analysed concern the relationship between male lung cancer mortality rate and
some industrial factors. They were chosen in order to illustrate that geographical
epidemiology studies, when analysed with concern for the spatial structure, can
identify risk factors which are related to those found in individual epidemiological
studies and that this can be done quite easily with the modified test proposed. It
would be interesting to compare our results with those of a generalised
regression with spatially modelled error structure.

At the level of individual epidemiological studies, working in the metal
industry, ship building and motor vehicule construction has been recognised to
present a carcinogenic risk for lung cancer due to possible exposure to arsenic,
chromium, benzo(a) pyrene, nickel or asbestos. Concerning the mining industry,
the association is specifically reported for arsenic, iron-ore, asbestos or uranium
mining but not for coal mining. Finally, there is no reported relationship between
lung cancer and the textile industry29. Hence, the associations observed in our
results using the modified tM.2 statistic with the metal industry and general
engineering are particularly interesting as well as the non-association with the
textile industry. Using standard methods would lead somewhat to misleading
results concerning the textile industry. For the mining industry, the association is
bordeline as it can be accounted for by a simple spatial gradient structure or by
other industrial factors. As the epidemiological evidence does not involve all
types of mining, a more detailed indicator of exposure would need to be

analysed.



It is also interesting to note that part of the autocorrelation in the dependent
variable is explained by the inclusion of confounding factors in the model. In this
light, the gradient can be thought of as a proxy confounding variable. Finally one
has to recall that as discussed in Greenland!5 confounding at the geographical
level by a covariate can occur under broader conditions than for individual
epidemiological studies and that geographic adjustment might be insufficient to

control for it.
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Table 1

Type | errors (per cent) of the t¥.2 statistic for testing at 5 % and 1 % nominal
rejection levels the partial correlation coefficient ryz x between Z = aX + U
and Y = cX + W after adjusting on X.

5000 simulations are carried out for several levels of autocorrelation in X,U and W (px(1)=pu(1)= pw(1)),

with a = 2c = 0.204. As reference, the empirical variance of ryz x and the type | errors (per cent) for

the classical test of ryz x based on N = 82 observations are also indicated.

autocorrelation p(1)
for variables X,U and W

0.0 0.2 0.5 0.8
empirical variance 0.0128 0.0137 0.0176 0.0522
of ryz.x
% type | errors for tfy-2 55% 5.44 % 554 % 516 %

[95 % CI]
5 % nominal level

[4.87% - 6.13%)]

[4.81% - 6.07%]

[4.91% - 6.17%]

[4.55% - 5.77%]

% type | errors for the

ttest * of ryz.x based

on N observations
[95 % Cl]

5 % nominal level

5.56 %

[4.93% - 6.19%]

6.5 %

(5.81% - 7.18%]

10.48 %

[9.63% -11.33%)]

36.42 %

[35.09% - 37.75%]

% type | errors for tfy-2
[95 % Cl]
1 % nominal level

114 %
[0.85% - 1.43%]

1.2%
[0.9% - 1.5%)]

0.92 %
[0.65% - 1.18%]

0.72 %
[0.48%- 0.95%)]

% type | error for the
t test *of ryz x based
on N observations
[95 % CI]
1 % nominal level

1.22 %
[0.92% -1.52%]

1.76 %
[1.40% - 2.10%)]

3.06 %
[2.58% - 3.53%]

22.96 %
[21.79% - 24.13%)]

* test of VN-3 ryz x / (1 - r2yz.x)12 as a tn.3 distribution







Table 2

Power of the modified ty).2 statistic for testing at a 5 % nominal rejection level the
partial correlation coefficient ryz x between Z=aX + U and¥Y =cX + dZ + W after

adjusting on X.

500 simulations are carried out for several levels of autocorrelation in X,U and W (px(1) = pu(1) =
pw(1)), with a = 2c = 0.204. N* defined in (9) is an equivalent sample size base on veg, the observed

variance of ryz. x and = is the power of a standard test of ryz x based on N* observations.

o(1) 0.0 0.2 0.5 0.8
PYZ.X
Ve 0.0111 0.0121 0.0156 0.0465
N* 85 78 61 22
0.2
L 44.8 % 40.4 % 33.3 % 10.8 %
powerof t{y-o] 43.4 % 41.7 % 34.6 % 13.6 %
Ve 0.0087 0.0094 0.0120 0.0372
N* 83 77 61 21
0.4
T 96.4 % 95 % 89.1 % 41.7 %
power of t{)-2 96 % 95.4 % 91 % 46.8 %







Table 3

Comparison of the significance levels for tests of simple and partial correlations
between male lung cancer mortality rates and industrial risk factors (adjusted on
cigarette sales or on cigarette sales and a linear gradient) given by standard

tests and ty).o tests.

. A
r standard test Modified ty).o test M
(N=82)
(values of the tN_2 statistic | (values of the ty}.; statistic
and significance level) and significance level)
Metal industry workers
no adjustment 0.63 7.16 3.00 16
p<109 p = 0.01
adjustment on cigarette 0.52 5.46 3.46 34
sales p<106 p = 0.002
adjustment on cigarettes 0.35 3.34 2.72 55
sales and a linear gradient p =0.002 p =0.01
5 Lengi . I
no adjustment 0.43 4.23 2.72 35
p<104 p = 0.01
adjustment on cigarette 0.37 3.58 2.86 53
sales p<103 p = 0.007
adjustment on cigarettes 0.26 2.41 2.32 76
sales and a linear gradient p=0.02 p =0.02
Mine workers
no adjustment 0.33 3.16 2.37 47
p = 0.003 p=0.02
adjustment on cigarette 0.24 2.26 2.42 94
sales p=0.03 p =0.02
adjustment on cigarettes 0.14 1.27 1.26 81
sales and a linear gradient NS NS
Toxtle ind I
no adjustment 0.28 2.57 1.52 30
p =0.01 p=0.14
adjustment on cigarette 0.26 2.40 1.91 53
sales p=0.02 p=0.07
adjustment on cigarettes 0.11 1.02 0.96 73
sales and a linear gradient NS NS







Table 4

Significance levels of partial correlations between male lung cancer mortality
rates and industrial factors after respective adjustments on metal industry and/or

general engineering given by the standard tests and ty)-2 tests.

A
r standard test Modified tK)-2 test M
(N=82) .
(values of the tN.7 statistic | (values of the ty}.7 statistic
and significance level) and significance level)
Metal industry workers
adjustment on general 0.58 6.33 3.32 24
engineering p<107 p = 0.004
adjustment on cigarette 0.34 3.28 2.62 53
sales, general engineering p =0.002 p=0.02
and a linear gradient
neral engineering worker.
adjustment on metal 0.33 3.09 2.81 68
industry p =0.003 p = 0.007
adjustment on cigarette 0.25 2.33 2.20 73
sales, metal industry p =0.03 p =0.04
and a linear gradient
Mine workers
adjustment on metal 0.17 1.5 1.54 86
industry and general NS NS
engineering
adjustment on cigarette 0.11 0.96 0.98 86
sales, metal industry, NS NS
general engineering
and a finear gradient
Textile i
adjustment on metal 0.23 2.07 1.88 68
industry and general p=0.05 p=0.07
engineering
adjustment on cigarette 0.18 1.63 1.51 70
sales, metal industry, NS NS
general engineerning
and a linear gradient







Table 5

Proportion of type | errors for the standard test and the tj}.2 test of the correlation
coefficient between the variables Xy = Ug + aig + bjg @and Yo = Vg + @'igq + bj
where Uy and Vg are mutually independent spatially autocorrelated disc
processes with equal parameter p(1).

500 simulations are carried out in each case. The nominal rejection leve!s of the standard and t}-2

test chosen is 5 %.

Linear gradient slopes for Y

[the linear gradient slopes for X are fixed with a=0.1 and b= 0.4]

a=04 a'=0.35 a'=0.3 a=02 a'=0.1
% type | errors b'=-0.1 b'=0.05 b'=0.2 b'=0.3 b'=0.4
aa'+bb’'=0 aa'+bb' = 0.075 | aa'+bb' = 0.11] aa'+bb’' =0.14}aa'+bb'=0.17
(0.00)* (0.043)" (0.091)" (0.119)* (0.143)*
standard t 4.6 % 6.8 % 13.2 % 16 % 26.4 %
p(1)=0
tm-a 1.8 °/o 28 °/o 6.2 °/o 78 cyo 14 °/o
standard t 10.4 % 12.2 % 16.8 % 218 % 28.6 %
p(1) =04
tr-2 3.8% 4.8 % 52% 8.6 % 1%
standard t 35.4 % 46.2 % 43.6 % 50 % 46%
p('l) =0.8
-2 2.6 % 4% 52 % 5.2. % 5 %

* first order approximation for the expected value of rxy
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Figure 1
Variograms of lung cancer mortality rate, cigarette sales per inhabitant and
proportion of workers in the metal industry

* 13
*
ol "
21
8+ ~
. NIO-
5 7 . . c 9 ¢
] . . 1S
S e Js
3 S 14 .
:Sv . <
3 . 30t
H = P
S 4 L4 S s+
3 S .
&= * .
5 3 . 54 .
3 . '5-3 .
<> . =~ .
2+ .
2+
' J 1
190 200 00 400 300 600 700 800 km 0 100 0 30 400 00 600
30+ .
.
43 4
40
35+ .
. .
30 ¢+ *
23+
*
0 *
*
13+
1 . * e
104
*
03
9 100 200 200 400 300 600 700 900  km

Fifteen classes of distance for the plot of N‘Q (X - Xq,)2 against the average distance between
locations in Sk are considered.

The number Nk of.pairs in each class is : 82, 400, 582, 674, 764, 822, 812, 726, 630, 478, 304.
17¢, 94, 58, 40.
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This paper is concerned with the problem of estimating relative risks from ecological correlation studies. In the first
part, some of the biases encountered when analysing aggregated data are discussed and in particular attention is
focused on the shape of the dose-response relationship obtained from aggregated and non-aggregated data, on the
need for extrapolation and on the scale of aggregation. In the second part some empirical observations are made on
these points by means of four examples concerning the relative risk between smoking and different pathologies. The
estimates of relative risks derived from French geographical data and from case control or cohort studies are
compared. The performance of ecological studies is discussed with respect to the strength of the risk factor con-
sidered, the geographical distribution of counfounding factors and the adjustment of different models.

Studies of the geographical distribution of incidence or
mortality rates for particular diseases have been widely
used by epidemiologists in formulating hypotheses
about the aetiology of those diseases.!~* These studies,
where the variables concerned are averages measured
on groups of people, are often referred to as ‘ecological
correlation studies’. How to interpret and to assess the
statistical significance of an observed. ecological cor-
relation has been discussed by many authors.*!* Our
aim is to compare the quantification of the dose-
response relationship obtained by geographical studies
to that assessed at the individual level, an approach
first used by Béral.!*

ESTIMATION OF RELATIVE RISK FROM
ECOLOGICAL DATA: THEORETICAL
CONSIDERATIONS
Comparison of the Shape of the Dose-Response
Relationship berween Aggregated and Non-
Aggregated Data
Consider the relation:

f(x) =P(D| X =x) (D
which models the probability of contracting the disease

* INSERM U170 Unité de Recherches Epidémiologiques et Statisti-
ques sur 'Environnement et la Santé. 16 av. Paul Vaillant-Couturier,
94807 Villejuif Cedex. France.

+ Laboratoire de Statistiques Médicales. Université de Paris V 45 rue
des Saints Péres, 75006 Paris, France.
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D if an individual is exposed to the risk factor X taking
the value x. Suppose that inside a group G the distri-
bution of X has mean ug and that it is only possible to
observe the relationship between u; and the mean
level of the disease in the group Yg:

Yo = g(us) = Ex[P(D : X)]. ()
It is assumed here that Ex [P(D | X)] can be indexed
solely by pg. Let us compare in some examples estima-
tions of the relative risk (RR) derived from (1) and (2).
(a) Firstly let us consider the case where f is linear,

f(x) = a + Bx 3)
then clearly g is also linear with the same coefficients
Yo = « + Buc. (4

Assuggested by Béral.!* (4) can be used to estimate the
relative risk RR(x,) for an average exposure ug = Xq:
RR(xg) = (B/x) xo + 1.

RR(xy) can therefore be equally estimated from
equation (3) or (4), thatis from individual or ecological
studies. So in the linear case with one risk factor there
is no mathematical bias resulting from using aggre-
gated data.

(b) Secondly if f is convex. then using Jensen’s in-
equality, it follows that
Yo = g{ug) = Ex(f(X)) = f(ug).
In particular in the classical exponential case.
f(x) =ce™.y>0 (6).
Then we have

Yo = g(us) = Ex(ce™) = cexp(y ug) X b(y. X)  (7)
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where the bias coefficient b(y, X) can be expressed in
terms of the cumulants of the distribution of X and will
in general depend on ¥, pg and the parameters of f.!
Consequently (7) will lead to a biased estimate of
RR(x,) unless b(y, X) cancels from the numerator and
the denominator of RR(x). This is the case for
instance when X follows a normal distribution (ug, 03)
under the condition that o does not vary over the
range of u, a condition which would rarely hold.

In general the bias in the estimate of the relative risk
will be more pronounced the larger the values of u, the
wider its range and the more pronounced the convexity
of f. ,

Average response at zero exposure

In most cases, the range of the distribution of the
ecological risk factor will not include zero. An extrapo-
lation towards a non-exposed group will be necessary
in order to compute an ecological relative risk. This
extrapolation is subject to errors and even if two mod-
els are indistinguishable in terms of fit on the range of
the ecological risk factor, they might lead to quite
different risk estimates at the non-exposed level. The
problem of extrapolation can also occur in individual
studies where only a few cases have low exposure. In
both individual and ecological studies information
about relative risks can still be derived by considering
non-zero reference exposure within the range of the
risk factor.

Scale of aggregation

The geographical units on which the ecological analysis
is based are divisible. Hence ecological studies can
often be performed at several levels which may not
give identical results. Checking the stability of the

results in relation to the geographical scale of the
analysis is important for their interpretation.'¢2

Assuming that the variables can be considered at
two levels, either ungrouped or averaged over groups
(symbolized by G), the total variation of a variable (var
(X)) can be decomposed into the average variation A
= E[var(X | G)] within each group and the variation B
= var [E(X | G)] of the mean between groups:
var (X) = A+B = E [var (X | G)] + var [E (X| G)].
Similarly for the covariance:

cov (X,Y) = A’+B’ = E [cov (X. Y| G)] + cov

[E (X]G), E(Y|G)].
When the slope of the individual association of X and
Y does not vary from one area to another, several
situations can occur:
(a) A'/A = B'/B (Figure 1a). In this case the slope of
the between group variation of X and Y is equal to the
within groups one. Hence (A’+B’)/(A+B) = A'/A
and so the evaluation of the slope is the same using
total or intra-group variation.
(b) A’/A # B'/B (Figures 1b and c). In this case there is
an ‘ecological cross level bias’ caused by the presence
of a confounding factor which alters the intra-group
variation of X and Y either by amplifying it (Figure 1b)
or by reducing it (Figure 1c). This confounding factor
can influence the analysis either at the ungrouped or at
the grouped level.

The same reasoning applies to situations where
small areas can be grouped into larger regions. When
the slope of the relationship changes from one level to
another, one may consider this as the result of a con-
founding factor which varies with the level of the
analysis.

ESTIMATING RELATIVE RISKS FROM
ECOLOGICAL DATA: SOME EXAMPLES

In the following examples French ecological relative
risks between cigarette consumption and lung,

Y
no Y positive ecolngicasl Y negnative ecologicsl.
blas bias / blas
/

R

FIGURE 1 Aggregation and ecological bias.
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bladder, oesophagus cancer and coronary heart
disease (CHD) mortality are compared with those esti-
mated in individual studies. Confidence intervals for
the relative risk are calculated by Fieller's method.>

Mortalitv Rates

Throughout we consider the mortality in France for
two time periods 1968-1969 and 1974-1976 corre-
sponding to national census. The mortality rates have
been standardized by the direct method using ten-year
age groups from 35—44 to 65-74 and the 1968 popula-
tion. From the 86 administrative areas (départements)

19 countries linear model
France exponential model
France linear model

>» Ox% e

RISK

RELATIVE

USA linear model

154 *
2
5

o
6
a
101

for which both cigarette consumption and mortality
rates were available for those dates, four were
excluded from the analyses because the proportion of
deaths due to unspecified causes was too large.>*

Cigarette Consumption
Damiani and Massé have estimated tobacco consump-
tion per age and per sex for the 22 French regions-26
under the assumption that individual and ecological
relative risks are equal. Their estimates cannot ther-
fore be used in the present study which aims at discuss-
ing that assumption.

(*)

RR=36.52

Ecological relative risk estimntes for an average
consumption of 10 cigarettes per day:

o

w

DAILY

CIGARETTE

15 20
CONSUMPTION

FIGURE 2 Relative risk for lung cancer as a function of current number of cigarertes smoked per day estimated in

eight cohort studies and in ecological studies.
Cohorrt studies as quoted in:*S :

1 Best et al., 1961

2 Cederlof et al., 1975

3 Doll et al., 1972

4 Hammond and Horn, 1958

5 Dorn et al., 1974
6 Hammond et al., 1976
7 Weir et al., 1970
8 Hirayama, 1977
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It is necessary to consider an average time lag of 15
years between cigarette sales and mortality rates. The
number of cigarettes sold per inhabitant for each
French ‘département’ was recorded in 1953 and 1957
by the French nationalized tobacco company.”’ To
correlate mortality rates in the age range 35-74 to
cigarette sales which occurred 15 years before, we
assessed retrospectively the proportion of the total
cigarette sales (in 1953 or 1957) which is attributable
solely to men aged 20-59. We were able to estimate this
proportion using the results of a large survey carried
out in 1960 on smoking habits in France.?® These esti-
mates will be used throughout the rest of the study and
referred to as cigarette consumption for men.

Lung Cancer and Cigarette Consumption
In Figure 2, are represented relative risks for lung
cancer mortality (ICD 162) among men as a function of
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current consumption of cigarettes per day estimated in
eight major cohort studies.” The relative risks corre-
sponding to 5. 10, 15 or 20 cigarettes per day estimated
geographically in France by a linear model between the
standardized mortality rate for lung cancer in men in
1968 and cigarette consumption for men in 1953 are
also shown in this figure.

The values corresponding to daily consumptions of
15 or 20 cigarettes are far outside the range of the
average consumption in French ‘départements’, which
is 2 to 10 cigarettes per day (Figure 3). The comparison
between cohort estimates and ecological estimates
should only be judged on the 2-10 cigarettes per day
range where there is a good agreement with a linear
model fitted to the French data.

In this figure are also represented the same relative
risks estimated by a linear model from international
data and from US data. Correlation between national
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ESTIMATION OF AVERAGE DAILY CIGARETTE CONSUMPTION FOR MEN

IN COHORT 20-59

FIGURE 3 Lung cancer moriality and average cigarette consumption per day in 82 French départements:

fitting of linear (—) or exponential (--—) modei.
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lung cancer mortality and cigarette sales has been dis-
cussed by many authors.!*** Data on lung cancer mor-
tality in 1975 or 1976 for 19 countries (age-
standardized over the range 35-74 using the European
population as reference) were taken from WHO statis-
tics® and the corresponding national cigarette sales per
adult (in 1957) from Lee.*? The US data represented
come from Fraumeni.** The relative risks estimated for
the international and US data sets are much smaller
than those given by the cohort studies or the French
ecological data. This could be the consequence of the
different ways of collecting data. Furthermore. US and
international data on cigarettes sales and mortality
rates were not restricted in this study to the most
relevant age and sex groups thus resuiting possibly in a
dilution effect. In Table 1 estimates for different time
lags and different models are given.

For the purpose of illustration, a consumption of 10
cigarettes per day was chosen, but the results are
similar within the range 2-10 cigarettes per day. All
correlation coefficients corresponding to this table are
highly significant. and vary between 0.75 and 0.79. All
ecological estimates given in Table 1 are within the
range of the individual relative risks cited in the US
Surgeon General's Report.® Further. estimates corre-
sponding to 1953 and 1957 cigarette consumption are
very close together. On the other hand. estimates
based on 1968 death rates lie closer to the median value
of relative risk obtained from individual studies than
those for 1975 (Figure 2).

Similarly the estimates given by the linear model
correspond better to cohort studies in the 2 to 10 ciga-
rettes range than those given by the exponential model
(Figure 2 and Table 1). This is understandable when
looking at the fairly linear shape of the individual dose-
response relationship in this range. Nevertheless there
is a very good fit of both models on the French data
(Figure 3). The exponential estimates of the relative
risk are lower than the linear ones because the baseline

TaBLE 1
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mortality rates tor non-smokers given by the two mod-
els are different.

Health and exposure variables often exhibit a regu-
lar component in their spatial variations analogous to a
time trend which makes the interpretation of the joint
variations difficult since many potential confounding
variables might also show the same regular spatial
gradient.** This suggests a further step in the analysis,
the multiple regression of the heilth variable on the
exposure variable and on trend components expressed
in terms of the coordinates of the geographical units. A
causal interpretation would be strengthened if a statis-
tically significant correlation between exposure and
health indicators is observed both with and without
adjustment for a spatial trend. Table 2 shows that for
both the linear and the exponential model, the regres-
sion coefficients between lung cancer mortality and
cigarette consumption after the adjustment of a linear
gradient are hardly modified.

Bladder Cancer and Cigarette Consumption

In Figure 4, the relative risk for daily cigarette con-
sumption and bladder cancer mortality (ICD 188)
estimated from the case-control studies of Wynder.*
Cartwright.* Howe.*” and Vineis’® are represented. In
contrast to Figure 2, only two studies clearlv demon-
strate a dose-response relationship. As for lung cancer
the geographical estimates of the relative risk for the
French data analvsed and for the US data from Lee™
are shown in Figure 4. but in this case the relative risk
estimates based on French ecologicai data are higher
than those of the individual studies.

In Table 3 we note that the relative risks do not vary
between 1968 and 1975 and that the linear model gives
only slightly larger estimates than the exponential one.
Correlation coefficients corresponding to this table
were all statistically significant and vary between 0.52
and 0.65.

In the case of bladder cancer we therefore observe
some discrepancy between ecological estimates and

Lung cancer mortality and cigarette consumption: estimation of the relarive risk corresponding 1o 10 cigarettes per day, from French

ecological data

Linear model

Exponential model

1953t 1957t 1953 1957
1968 8.2 3.2 6.0 5.1
Death rate (5.8 : 11.3%(™) (3.7 : 11.6)7) (4.2 : 8.6)(%) (3.6 1 7.20(7)
1975 5.3 ' 5.2 1.7 1.1
Death rate (+.1: 6.7 (4.0 : 6.00(7) (3.3 : 6.2)(™) (3.1 : 3.4%(")

(*) 95% confidence intervals.
Evaluation of cigarette consumption {(a) in 1933, (b) in 1957.



116 INTERNATIONAL JOURNAL OF EPIDEMIOLOGY

TaBLE2 Simple and partial correlations between lung cancer, bladder cancer and CHD mortalities and cigarette consumption after adjustment for a
linear trend.

Significant(*)
Fitted model Estimated slope % variance explained explanatory variables
Lung cancer
y=a+BX+e 7.76 x 1077 57.3% Cigarette consumption
y=a+pX+aU+aV+e 7.84 x 1077 67.9% Cigarette consumption, latitude
logy=a+BX +e¢ 1.09 x 103 55.3% Cigarette consumption
logy=a+pX +aU+aV+e 1.10 x 107 63.7% Cigarette consumption, latitude
Bladder cancer
y=a+pX+e¢ 1.07 x 107 30.5% Cigarette consumption
y=a+pfX+aU+2aV+e 0.71 x 107 35.4% Cigarette consumption, longitude
logy=a+pX +¢ 0.97 x 103 27.2% Cigarette consumption
logy =a+BX +a,U+2a,V+e 0.61 x 1073 33.1% Cigarette consumption, longitude
CHD
y=a+pX+e¢ 5.37 x 1077 22.1% Cigarette consumption
y=a+BX+aU+2a,V+e 5.46 x 107 32.9% Cigarette consumption, latitude
logy=a+pBX +e¢ 0.34 x 1073 21.1% Cigarette consumption
logy=a+BX+a,U+aV+e 0.35 x 1073 31.2% Cigarette consumption, latitude
y = standardized mortality (men) 1968. U: longitude.
x = cigarette consumption per inhabitant 1953. V: latitude.
(*) p <0.05.

individual studies. A possible explanation may be Thus the slope of the regression between bladder
found through failure to take into account ecological cancer mortality and cigarette consumption would also

confounding factors which would be positively corre- include part of the effect of these confounding factors
lated with the distribution of cigarette consumption. and lead to an overestimation of the relative risk. A
(%)
RR=25.15
* A
10 0

Ecological relative risk estimates for an average
consumption of 10 cigarettes per day:

A
A USA linear model
O France linear model
> * France exponential model o 1
1)
-4 A
0]
5 4 *

RELATIVE
K»
w

o 5 10 15 20

DAILY CIGARETTE CONSUMPTION
FIGURE 4 Relative risk for bladder cancer as a function of current number of cigarettes smoked per day

estimated in four case-control studies and in ecological studies.
1 Vineis*® — 2 Howe’” — 3 Wynder’> — 4 Cartwright’®
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good candidate for such a confounding factor is the
exposure to some industrial risk factors.** Indeed, we
know from consumer surveys? that cigarette consump-
tion is higher among industrial workers. When a linear
gradient is adjusted on ecological data (Table 2) the
slope of the dose-response relationship varies more
than for lung cancer, thus pointing to the likely influ-
ence of confounding factors having an heterogeneous
spatial distribution.

Coronary Heart Disease and Cigarette Consumption
Figure 5 shows the relative risks for coronary heart
disease (ICD 410-414) with respect to the current
number of cigarettes smoked per day estimated in five
cohort studies,* together with the ecological estimates
for the French data analysed or for the US data taken
from Friedman.*! Estimates are given both for the
standardized mortality and for the age group 45-54.
In Figure 5 one sees a good agreement between the
individual and ecological studies and in Table 3 it is
shown that the estimates for the 45-54 age group are
higher than those for the 35-74 one. This tailies with
the Framingham study* where the effect of cigarette
consumption is more pronounced among middle-aged
men than for those over 65. Just as for lung cancer the
estimates for 1968 seem to give a better fit than those
for 1975. All the correlation coefficients corresponding
to Table 3 are statistically significant and similar for the
two periods but are of a lower order of magnitude
(from 0.35t0 0.47) than for lung or bladder cancer. The

consumption

J France linear

ﬁ’ France linear
51 .

TaBLe 3 Ecological relative risks (French data) estimates for an
average consumption of 10 cigarettes per day

Exponential
Cause and year of death Linear model model
4 5.
Bladder cancer 1968 (a) (3 :58.3)(‘) @8 : 899)(')
Bladder cancer 1975 (b) 36 573 o) G0 f‘:g)(,)
1.8 1.8
CHD 1968 (a) 14:22() (L4:22)(%)
24 25
CHD 1968: age (45-54) only (a) (1.6 : 3.2)(") (1.7 3.7)(")
1.5 1.5
CHD 1975 (b) (12:18)(")  (1.2: 1.9)(%)
2.0 2.0
CHD 1975: age (45-54) only (b) (1.5 : 2.6)(%) (1.4 2.7)(%)

(*) 95% confidence interval.
Evaluation of cigarette consumption (a) in 1953, (b) in 1957.

linear and exponential models give very close esti-
mates due to a less pronounced convexity of the expo-
nential curve. Adjustment of a linear trend does not
modify the slopes of the dose-response relationships
(Table 2).

Oesophagus Cancer and Cigarette Consumption

The consumption of alcoholic beverages and of
tobacco products has long been suspected of increasing
the risk of oesophagus cancer (ICD 150).*> The ecol-

Ecological relative risk estimates for an average

of 10 cigarettes per day:

model age 45 — 54 years *
* France exponential model age 45 - 54 years

model age 35 = 75 years

France exponential model nge 35 — 75 years

O USA linear model 1
x a
P~ P——
w &
2 4
- 5
3 1
w
«

o 5 10 15 20
DAILY CIGARETTE CONSUMPTION

FIGURE 5 Relative risk for coronary heart disease as a function of current number of cigarettes smoked per day

estimated in five cohort studies and in ecological studies.

Cohort studies as quoted in:*
1 Veterans Administration study
2 British Physicians studv
3 American Cancer Society study

4 Framingham study
5 Pooling Project
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ogical analysis presented concerns 1968 death rates
and cigarette consumption for the year 1953. A group-
ing of the deaths from alcoholism (ICD 291, 303) and
cirrhosis of the liver (ICD 571) was used as an indicator
of alcoholic beverage consumption and these causes
will be referred to as alcoholic mortality.

The simple correlation between standardized
oesophagus cancer mortality for men and cigarette
consumption is negative and statistically significant (r
= —0.28) and the same result holds for the partial
correlation coefficient when alcoholic mortality is
taken into account, whether an additive model (r =
—0.27) or a multiplicative one (r = —0.28) is fitted.
Looking at Figure 6, a group of eight contiguous
‘départements’ situated in Normandy or Brittany
clearly stands out by their very high standardized

oesophagus mortality and their low cigarette consump-
tion. When these eight ‘départements’ are excluded
the correlation coefficients between oesophagus
cancer mortality and cigarette consumption becomes
non-significant for the additive and the multiplicative
model.

Thus cigarette consumption does not appear to play
a part in the variations by ‘départements’ of the male
mortality for oesophagus cancer in France. This is not
due to a parallelism in the geographical trends of alco-
holic mortality and cigarette consumption since in
France they display nearly independent variations at
the ‘département’ level although they are correlated
among individuals.

In a recent analysis of the geographical pathology of
cancer of the oesophagus, Day*’ points out that there
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FIGURE 6 Oesophagus cancer mortality and average daily cigarette consumption in 82 French départements:
regression line (a) including all départements, (b) excluding eight contiguous départements « situated in the

west of France.
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are some geographical contrasts, for instance within
Normandy and Brittany, that cannot be explained
solely in terms of variations of alcohol or cigarette
consumption. [t seems that even in industrial countries
nutritional deficiencies which could interact with alco-
hol consumption might play an important part in the
aetiology of the disease. Hence finding the precise role
played by smoking is a difficult task, the more so as the
dose-response relationship is weaker with respect to
smoking than with respect to alcohol consumption.*¥ In
this context ecological analysis in France at the ‘dépar-
tement’ level does not contribute to our understanding
of the aetiology of oesophagus cancer.

CONCLUSIONS

In this paper the biases that one encounters when
trying to estimate a relative risk from an ecological
study are discussed.

For smoking and lung cancer, a good match between
individual and ecological relative risk estimates is
obtained. In this case smoking is an overwhelming risk
factor with a fairly linear dose-response relationship in
the low and medium dose range. Furthermore, time
lags were included and a careful evaluation of the
relevant exposure was possible. Using a time lag is
necessary but its magnitude is difficult to interpret
since both mortality and consumption have been aver-
aged over different age groups. This example also illus-
trates that the choice of the model has consequences on
the estimates because of the frequent need for extrapo-
lation to zero.

In the case of bladder cancer and cigarette consump-
tion the ecological relative risk found is higher than the
one given by individual studies. This example brings
out the importance of considering the geographical
distribution of confounding factors. This is also under-
lined by the modification of the regression coefficients
when spatial trends are adjusted.

As in the case of bladder cancer smoking is not
necessarily the dominant risk factor involved in CHD,
but here the geographical estimates show a better
agreement with the individual studies. The difference
between the two examples probably stems from the
different geographical distribution of possible con-
founding factors. Whilst cigarette consumption and
industrial exposure are very likely to be positively
correlated, this is presumably not the case for the other
important risk factors for CHD such as diet. In this
example of a multifactorial disease the closeness of the
geographical and individual estimates of the relative
risks might thus be partially coincidental.

The last example on smoking and oesophagus cancer
illustrates that. in the case of a complex multifactorial

disease. ecological analysis techniques are likely to fail
to bring out aetiological factors when performed with
routinely collected data at a regional level.
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