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Abstract : There is three parts in this work. In the first part we study the weak
convergence of the truncated and weighted empirical process for sequences of <P
mixing or strong mixing and non stationary random variables. Then we extend this
results to the weighted empirical process indexed by rectangles. After the definition
of a new process called split process, we prove the weak convergence of this
process weighted by a function. In the second part, we deduce the weak
convergence of the multi dimensional linear rank statistic as well as the serial linear
rank statistic always under mixing and non stationary conditions. Then, we
establish the weak convergence of a two sample linear rank statistic. At last, in the
third part, we prove the weak invariance of the U-statistic as well as a signed rank
statistic under absolutely regularity and non stationary conditions.

Key words : weak convergence, weighed and truncated empirical process, rank
process, split process, linear rank statistic, serial linear rank statistic, U-statistic,

mixing, strong mixing, absolute regularity, Skorohod topology.
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INTRODUCTION

Ce travail a pour objet essentiel d'obtenir la convergencefaible de la statistique
linéaire de rang dans des conditions trés générales (faible dépendance, scores non
bornés et non stationnarite).

Il a été mené a bien sous la direction du Professeur Jean - Pierre Raoult.

Mon souci a été de rechercher quelles étaient les hypotheses les plus larges de non
stationnarité qui permettaient malgré tout d bbtenir des théorémes de convergence
faible. En effet, les processus issus de la réalité physique sont rarement
stationnaires. Or, laplupart des théorémes de convergencefaible ont été démontrés
sous des hypotheses de stationnarite.

Apres avoir rappelé les bases sur les théorémes de convergence faible, nous
énoncons les avancées déja effectuees par d'autres auteurs tout en expliquant la
portée de notre travail qui se présente sousforme de trois chapitres subdivisés en
treize articles dont certains, écrits en collaboration avec le Professeur Madan Puri.

Les theoremes de convergence faible

Soient Xi, X2, ... une suite de variables aléatoires (V.A) réelles indépendantes et
identiquement distribuées de fonction de repartition continue F.
La fonction de répartition aléatoire

n
Fn(x) = irl 2 I[X;<x] —00< X< + 00
i=I

([ ] désigne la fonction indicatrice) qui affecte la probabilité n-1a chaque valeur aléatoire Xi est
appelée la fonction de répartition empirique de X i,..., Xn. La normalisation naturelle de Fn
condulit au processus empirique défini par

Un(x) = nl2[Fn(x) - F(X)] —00< X<+ @

On note F'1la fonction inverse de F.
On part du résultat de convergence fonctionnelle suivant

Wh=UnoF"'1 ==WO0 quand n—«

ou WO designe un pont Brownien et => désigne la convergence faible pour la topologie de
Skorohod sur [0, 1].



Si Wn est affecté d’une fonction correctrice, Shorack et Wellner (1982) ont montré que le
processus empirique corrigé (par r) Wn/r vérifie

Wn/r => W/t si et seulement si
r2(t) / [tlog log (I/t)] — °0 quand t-» 0

ou r est une fonction continue, positive ou nulle, croissante sur [0, 1/2] et symétrique au point
1/2.

Si par contre, les V.A. ne sont plus supposees ni indépendantes, ni identiqguement distribuées,
notons

Me Leish (1975) a montré que si les V.A. sont faiblement stationnaires (pmélangeantes avec le
2
taux tp(n) = 0[I/n (log n)2+€], e > 0 sous la condition E(-Jp) —» a2 (a2 constante positive)
guand n —>< la fonction aléatoire Wn(t) = 'A]'}“EL ([x] désigne la partie entiere de x) appelée
nl2c

somme partielle empirique converge en loi (pour I'extension de Stone (1963) sur [0, + «{ de la

topologie de Skorohod) vers un processus Brownien.
D

Par contre, Billingsley (1968) a montré qu'avec la condition plus forte XI (<P(n))V2 < + °°,
n=|

alors la condition E(-S'Z) —>a2est satisfaite.

Les résultats sont similaires lorsque les V.A. sont seulement fortement mélangeantes.
Reprenons le cas de VA. indépendantes et identiquement distribuées. Du processus
empirique, on a dérivé le processus de rang Ln défini par

n
Ln(t) = n-i/2 _XI(I[F n(Xi)<t]-t) O0<t< 1
1=

On considére la statistique linéaire de rang £n définie par

n

= II__I i an(Ri)

ou les cni sont des constantes connues appelées constantes de régression. an(i) sont les scores
connus et R, est le rang de Xj parmi X i,..., Xn. Si on note Jn les fonctions de score definies
par



In(t) —&n(i) &']l et i et 1<i<n

la statistique de rang 8npeut s'écrire

h() dLA) = -n 12 170 dh,,(0)
0 0

En utilisant la propriété de martingale de la suite {Ln(i/n+l)/ (1 —/n) :0<i<n- 1}, Shorack
et Wellner (1986) en ont déduit que n'1/22 §n converge en loi vers une loi Gaussienne.
Enfin, on définit une U-statistique.

1 (n)

Un=(kJ |S<XH...V k<n

ou la sommation 2(L désigne toutes les suites possibles 1 < ii < ... <ik <net g est une
0

fonction mesurable symétrique dans ses k coordonnées.

SoitZn= (Zn(t),0<t< 1}

un processus aléatoire défini par :
si 0<t<(k-1I)/n
Z™M) = <(kn~y”Uj  si t=i/n k<i<n

.linéairement interpolé sit e [i/n, (i+ 1)/n], k-1<i<n-|

Miller et Sen (1972) ont montré la convergence faible du processus Zn(t) vers un processus de
mouvement Brownien. Ce résultat est appelé principe d'invariance faible de la U-statistique.
Nous espérons que ce bref rappel permettra de mieux saisir nos objectifs.

Nos objectifs

Einmahl, Ruymgaart et Wellner (1984) ont montré, pour des V.A. indépendantes, la
convergence faible du processus empirique corrigé multidimensionnel.

Une geénéralisation possible de ce processus est le processus empirique indexé par
ensembles.

n

Wn() = 122 ([xeB]-WB) B¢ B



ou B estun ensemble de parties de IRk et |ii est la mesure de probabilité associée a Xi.

Us ont ensuite établi la convergence du processus empirigue corrigé indexé par rectangles.

La convergence du processus empirique indexé par des ensembles tres géneraux a été étudiee
avec correction pour des V.A. indépendantes par Alexander (1982) et sans correction pour des
V.A. mélangeantes par Massart (1987).

Notre premier objectif (chapitre 1) a été de généraliser les résultats d'Einmahl, Ruymgaart et
Wellner (1984) dans un cadre faiblement dépendant de type mélangeant non stationnaire.

Dans le chapitre 2, toujours dans un cadre mélangeant non stationnaire, on utilise la
convergence du processus empirique corrigé pour montrer la convergence de la statistique
linéaire de rang via la convergence du processus de rang corrigé.

La correction des processus est utilisee pour montrer la convergence des statistiques de rang

a scores non bornés. En effet, selon une idée de Rischendorf (1976), on peut exprimer la
statistique de rang £n sous la forme

n- k<0- jftrce'>*  «

ol

ou Ln est le processus de rang, r la fonction corrective et une mesure donnée par les scores.

La difficulté rencontré pour des V.A. multidimensionnelles est que le processus empirique et
le processus de rang s'annulent sur la frontiére inférieure de [0, 1]k (une seule des coordonnées
de t est égale a 0) mais non sur la frontiere supérieure (une seule des coordonnées de t est egale
a 1) et ceci nous réduit considérablement la classe des fonctions de score.

Pour résoudre cette difficulté, on a été amené a définir un nouveau processus appelé
processus éclaté qui présente I'avantage de s'annuler aussi sur la frontiére supérieure de [0, I]k.

Bien que son intérét se justifie dans le cas multidimensionnel, définissons ici le processus
empirique eclaté unidimensionnel pour illustrer cette nouvelle notion.

Hest donné par

N2 S a si t<1/2

= pyt) Y
Wn(t) = -

nm Ed ! -(1-t)) si t> 1/2
=l [Xi>F AU

lorsque les V.A. sont identiquement distribuées.
La premiere partie de chapitre 2 étudie la convergence de la statistique linéaire de rang
multidimensionnelle. Ruymgaart et Van Zuylen (1978) I'on démontrée pour des V.A.



indépendantes et non identiquement distribuées. Mais leurs techniques du type poissonisation
ne sont plus utilisables dans notre contexte mélangeant.

La deuxiéme partie du chapitre 2 étudie la convergence de la statistique sérielle linéaire de
rang. Cette statistique avait été étudiée par Hallin, Ingenbleek et Puri (1985), mais ils obtenaient
la convergence uniquement lorsqu'il y avait contiguité a I'indépendance, en utilisant un lemme
classique de Lecam. Avec nos techniques, nous géneralisons leurs résultats.

La troisieme partie démontre la convergence faible d'une statistique linéaire de rang ayant
une plus large classe de fonctions de score pour une suite de V.A. uni-dimensionnelle a deux
échantillons. Pour cela, on étend un résultat de Denker et Réssler (1985) du cas stationnaire au
cas non stationnaire en utilisant un théoreme central limite de Withers (1975) pour des V.A. non
stationnaires.

Le chapitre 3 établit I'invariance faible de la U-statistique pour des V.A. absolument
régulieres (mélange intermédiaire entre le (pmélange et le mélange fort) non stationnaires, puis
on déduit l'invariance faible d'une statistique de rang signée utilisée dans la pratique pour tester
la symétrie. Ces résultats avaient été établi par Yoshihara (1976, 1978) pour des V.A.
absolument régulieres mais stationnaires. Pour généraliser, on utilise le théoreme central limite
non stationnaire de Withers (1975).

Nous montrons a présent comment nous avons pu réaliser ces objectifs.

Présentation de nos résultats.

On considére une suite triangulaire Xni = (X”, ... , X”?) 1<i<n, n> 1de variables
aléatoires a valeurs dans avec pour fonctions de répartition Fni et fonctions de répartition
marginales supposées continues pour toutje {1,..., k}.

Pour tout ce qui suit, nous travaillerons avec des suites de variables aléatoires qui seront soit
(pmélangeantes, soit fortement mélangeantes, soit encore absolument régulieres.

On rappelle que la suite non stationnaire {X,j} est dite (pmélangeante si
sup max / sup IP(AIB)-P(A)I;Be CX" 1<i<j),A6 o(X i>j+ m)/l =pmi 0

n>l j<n-m | AB

ou o(X,,i, 1 <j) et G(Xni, i >j + m) sont les tribus engendrées par (Xni, ..., Xnj) et
(Xn,jH Xn,jHH> eee>XnN) respectivement.
Elle est dite fortement mélangeante si

sup max / sup IP(An B)-PAPB)I ;Ae o(X - 1<i<j),Be a(Xni,i>]j +m)|
n>l jEn-m | AB
=a(m)i 0

et enfin absolument réguliére si
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sup max ET  sup IP(A 1©(X?, 1<i <j)) - PAIL = (3(m) i 0
J

nal j<n-m \ Aeo(Xni,i>j+m

On a toujours a(m) < P(m) < cp(m).
Pour une meilleure compréhension des resultats, certaines définitions et conditions techniques
seront, dans ce qui suit, seulement évoquées et non données en détail.

Analyse du chapitre 1.

Soit Hni la fonction de répartition définie par

HAGi......tk) = FIO?» 'L (t,)........ Fe>™ (tt))

n

pour tout (ti,..., tk) € [0,IJTkou F$?=n"12 _F,i
i=i
On considére maintenant le processus empirique tronqué \Wn défini par

KI r k 1

wie=ne LISTNT M

pour touttoe [0, 1] ett = (ti,..., tk) e [0, IJkou [n to] désigne la partie entiére de n to.
Soitf: [0, 1Tk+1 —R. Pour p e {0, 1}k+1, on définit

fp(t) = lim f(s) (s, t) e [0, I]k+i
sst jp(i)=1
31 tjp()=0

si la limite existe et on appelle fp(t) la p limite en t. On note Dk+i I'espace de toutes les
applications f : [0, 1Tk+1 — IR telles que , pour tout p e {0, I}k+1, fp existe et fp =f pour p
=(0,..., 0). L'espace Dk+i généralise I'espace des fonctions c.a.d. l.a.g. Parfois appelé espace
des fonctions admettant une limite dans les 2k+1 quadrants et continues dans le premier
quadrant, il fut introduit par Neuhaus (1971).

On dit que la suite {Hni} est [i-bornée s'il existe une mesure finie et positive (i sur [0, 1Tk
avec ses fonctions de répartition marginales continues telle que pour tout n> 1et 1<i <n,
Hni(B) < jx(B) pour tout rectangle B dans [0, Ik ou |ini est la mesure sur [0, 11k associée a Hni.

On appelle fonction correctrice une fonction continuer : [0, 1]k+l —» R+

On a obtenu le résultat suivant



Théoreme 1
On suppose que la suite {Xni} est
(@) (omélangeante avec (p(m) = 0(m~1“¢), e>0

ou
(00]

(b)fortement mélangeante avec X m2k+l)ae(m) << ee 10, 1/ (2k+4)[

n=|
la suite {Hni} est
(c) |i bornée ou p. est absolument continue avec une densité bornée
ou
(d) {Hni} a des marginales uniformespour tout n> let 1<i<n.
De plus, on suppose que
(e) lafonction de covariance Cn(v) du processus empirique Wn converge vers une
fonction C(v)- Alors, pour toute fonction correctrice r telle que r(t) = 0 s'il existe au
moinsun j e {0,..., K} telque tj=0ousi t=(1,..1) etsatisfaisant

YI1/2'5

(M>A lit: 1-11¢t te [0, 1k, A>0 0<1/2-8< ,
Li V =i JjJ

Wn/r (a valeurs p.s. dans Dk+i) convergefaiblementpour la topologie de Skorohod vers un
processus Gaussien Wo/r a trajectoires p.s. continues (WQ est le processus limite de Whn).

Les résultats d'Einmahl, Ruymgaart et Wellner (1984) étaient vérifiés pour une plus large
classe de fonctions correctrices (satisfaisant les conditions de Shorack et Wellner (1982)) en
raison de leur technique de démonstration différente, non utilisable pour nos conditions de
mélange.

Soit maintenant le processus empirique indexé par rectangle Wn défini par

n/ k >
W,B) = n-WI1 Il )y 4, -U.(B)

k

pour tout rectangle B=1"lJa, bJ ¢ [0, ITk
/A

Si (k) est I'ensemble des rectangles semi ouverts de [0, 1Tk, on généralise I'espace Dk en

un espace noté Dk (trop long a définir ici) qui est un sous-espace de I'ensemble des fonctions
f: & (k) — 1R Sur DKk, on est amené également a définir une topologie de Skorohod adaptée.

On appelle processus empirique modifié le processus Wn défini par
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W (B) = {wnsB) silBI>n'let IBI<1-n'l
I 0 sinon

ou IB lest la mesure de Lebesgue de B.
Pour toute fonction correctrice r : [0,1] — R +, on introduit le processus empirique modifié
corrigé défini par

(WArXB) = Wn(B)/r(1BI)silBI*0
0 sinon

THEOREME 2

Supposons que les conditions (a) ou (b) et (c) ou (d) ainsi que (e) du théoreme 1 soient
satisfaites, alors pour toutefonction correctrice r s'annulanten 0 ou 1 et satisfaisant

ru) >Afu (1- u)]/28 A>0,0 < 1/2- 6< 1/2 k(k+)

Wn/r convergefaiblementpour la topologie de Skorohod vers un processus Gaussien.
Les résultats d Einmahl, Ruymgaart et Wellner (1984) furent établis dans le cas indépendant
en recourant a la bien connue construction de Skorohod, mais uniquement pour des processus

équivalents puisqu'ils n'ont pas envisagé les notions d'espaces et de topologie de Skorohod
sur DK.

Pour tout p = (p(i))o<i<k 6 {0, | }k+1 donné, et tout n > 1 on définit une application
Xi/p) : (RK)n — (R K)n comme suit

VA (X, ..., Xn) = (Yi, Y,) ou
X=08L ..., xK), y. = (YiL}; ..., y[K) etou
XP si p(0)=0 et p(j)=0

-xXP si p(0)=0 et p(j) =1
yia)_ p(0) p() <j<k

*27i-isi p(°)=1et p(j)=°
. siP(°)=1et p(j) =1

On définit aussi
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Vp : [0, ITk+L -» [0, ITk+L comme suit
tl,. ,tk = (to, ...,.t'k) ou

i si p(j)=0

14 si P(j) =1

Vv

0<j<k

Pour tout p e {0, 1}k+1, on note WAt le processus WnOPp(t)) associé a la variable aléatoire
V™ (Xnl, Korn)

Puis, si on note I(p) = Ip(0) x ... x Ip(k) ou

_f[oO, 2] siz=0
e “t[U2i] sie=i

on définit enfin le processus empirique tronqueé éclaté par

w>) = < (t) si tel(p)

[ . o
Le processus Wn  n'est plus défini sur l'espace Dk+i mais sur un espace gque nous notons
*
I\ ou les fonctions ont leur continuité dans un quadrant dépendant de p.

Sur l'espace I\ +1 , nous definissons également une topologie adaptée dite de Skorohod
éclatée.

THEOREME 3

Supposons que les conditions (a) ou (b) et (c) ou (d) ainsi que (e) du Théoréme 1 soient
satisfaites, alors pour toutefonction correctrice r : [0, I]Jk+l —» IR s'annulant s'il existe au
moins un j € {0,..., K} tel que tj=0ou tj = 1et satisfaisant

- = U2-8
1
rt) > A Lj[}jjgdﬂ) ,A>O,0<]Jz-8<2k+4

Wn —(avaleursp.s. dans 1\+1 ) convergefaiblement pour la topologie de Skorohod vers

un processus Gaussien.

Cette notion de processus éclatés est nouvelle et permettra dans le chapitre 2 d'obtenir la
convergence de la statistique linéaire de rang multidimensionnelle et de la statistique sérielle
linéaire de rang avec des constantes de régression et des scores non bornes.
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Analyse du chapitre 2.

Deux types de statistique sont envisagées
- la statistique linéaire de rang ot les observations sont k-dimensionnelles que I'on écrit

n

sn:l N ( AN 0-0><)

ou k désigne une dimension, est donc le rang de la coordonnée X parmi (X7, ..., X7),
cni est la constante de régression et anle score.
- la statistique sérielle linaire de rang ou les observations sont 1-dimensionnelles que I'on
écrit
* 1

— A~ (ian Mn.i-k+1’
n i=|

ou k est une longueur de regroupement, Rni est donc le rang de Xni parmi (Xni, ..., Xnn).

Dans toute la suite (pour des raisons de lisibilité des résultats), an sera supposée définie a
partir d'une fonction de score J avec telle propriété (sauf mention explicite).

J=Jd + J ou Jd est une fonction en escalier ayant seulement un nombre fini de points de

. L e . . aljc

discontinuité et Jc admet des dérivées partielles contlnues--—-!--- sur 10, 1[K+ pour tout
Otj)jel

le {0, ..., k}.

On considére le processus de rang tronqué Ln

[ntoi

k
Mtoy) =r2 S~ { n Iftni>(xr§)s-'5] - HiwW}

pour tout (tQt) € [0, I]k+l ou F® est la fonction de répartition empirique de la suite
(X“),<i

On définit également nn processus de rang trmntiné éclaté Ln.

Apres avoir rajouté une condition technique appelée condition de différentiabilité. nous avons
pu démontrer la convergence faible du processus £n muni d'une fonction correctrice vers un
processus Gaussien pour la topologie uniforme afin d'en déduire le résultat suivant.

THEOREME 4.

Supposons que les conditions (a) ou (b) et (c) ou (d) ainsi que (e) du théoréeme 1 soient
satisfaites, avec en plus la condition de différentiabilité et qu'il existe pour tout je {1,... k}
unefonction de répartition F(i) telle que
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sup IF® (X) -F~M(x) I =0(na), a >0

xeR

alors si lafonction de score J vérifie

a,I © /28

<A il oy
jel je|
A>0, 0<12-S<2"4

n 22 Bn converge en loi vers une distribution normale de variancefinie.

Etudions a présent la convergence de la statistique &n, on obtient deux théoremes selon que
la fonction de score J est bornée ou non.

On affaiblit alors la condition de non stationnarité en supposant Fni = Fnpour tout
ie { 1, n} On note fn la densité de probabilité de F,, et g,, la densité de probabilité de la
variable aléatoire (Xni, X nk) -

La condition de différentiabilité est remplacée par une condition un peu plus forte que nous
appellerons ici condition de pseudo-différentiabilité.

Théoreme 5.

Supposons que les conditions (a) ou (b) et (d) et (e) du théoreme 1 soient satisfaites avec
la condition de pseudo-différentiabilité, alors si lafonction de score Jest bornée, n_1/2

converge en loi vers un distribution normale de variancefinie.
Nous avons alors trouveé des applications aux processus de Markov et processus ARMA.

Théoreme 6.

Supposons que les conditions (a) ou (b) et (d) et (e) du théoréme 1 soient satisfaites ainsi
que la condition de pseudo-différentiabilité. On suppose de plus qu'il existe une fonction de
répartition F telle que

sup IFn(X) -F(x) I=0(n“) cc>0

xeR

et que

k --2+8 k

gu(x.. ....xt) sa 11, W (i-f,w) Uw

Lj=1 J

A>0, 0<l/2-6<jym:
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alors si lafonction de score J vérifie

AN

L jel
n'1/2 8n converge en loi vers une distribution normale de variancefinie.

Enfin, nous envisageons le cas ou la suite {Xni} est 1-dimensionnelle et la réunion de deux
suites indépendantes de variables aléatoires faiblement dépendantes, c'est-a-dire

1<i<n,

X ni»
2 =i m+i<i<n

ou n=nt+” et limnjni1= e ]0,1[
n—0
les deux suites fyniili<i<nl et {Zn2jh<j<n2 sont supposées indépendantes.

Nous montrons alors le comportement asymptotique de la statistique & lorsque la fonction

de score J s®crit J = J0 x Ji ou JO est défini a partir des constantes de régression.
Pour tout 5> 0 on pose ;= 8(4 + 8)*1 et on note jig la mesure sur [0, 1] donnée par la

densité t(I-t)" "2 par rapport a la mesure de Lebesgue. On note  I'espace des fonctions Ji a
variations bornées, |agintégrables et pour lesquelles les mesures rj definies par Ji = Jdrj sont

absolument continues par rapport a la mesure de Lebesgue.
Si on note FA\ A et E(r?, “es fonctions de répartition respectives des variables aléatoires

(Ynii, Ynie) et (Zn2j, Z,,%), on obtient

Théoreme 7.

Supposons que les suites (Ynji) et (zn2j) soient (a) gmélangeantes avec

+00 +0o

2 m((p(m))(2+35)A4+25) < + 00pour 2>8>0,0u (b")fortement mélangeantes avec 2 m2

m=I m=I
(a(m))r2+ <+ 00pour 8 >0,que (c) lafonction JO admet une dérivée a variations bornées
et Ji appartienta 75 et que deplus (d) pour tout me N ettout Ce {1, 2}// existe une

fonction de répartition continue Gm sur IR2de marges F$) telle que

. S A(NITT -1 > TT-1 _
lim  max F(% (F« ti). F nVyl G TV Kk!). H* «2)) =0
n—»>  1-<j—A

pour tout (ti, t2) e [0, 1]20u
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n

Fn=n-l X, F.i et H=XQF0>+ (1- XQFQ)
1=

alors nAl2 £n converge en loi vers une distribution normale de variancefinie.

Analyse du chapitre II1.

La U-statistique est définie par

1)
UF,) - QJ S g(X”, ...X") n2p21

Q)
ou la sommation X recouvre toutes les inégalités 1<ii <... <ip<netg:Rp—R estune
(i
fonction Borel mesurable qui est symétrique dans ses p coordonnées. Si on note Fn,ij la
fonction de répartition de (Xni, Xnj), on obtient alors le résultat suivant :

THEOREME 8.
On suppose que la suite {Xni} est absolument réguliere avec P(m) = 0(m-(2+8)/S), que la
fonction g satisfait certaines conditions techniques d'intégrabilité (non données ici) et appartient

a l'espace Dpet que de plus pour tout me N, il existe unefonction de répartition continue
Gmsur R 2de marges continues F telle que

lim  max | Fn.. (x], X2) - Gm(Xj, x2)| =0

n— la<jfin

pour tout (xi, X)e R2
alors nlfZU(Fn) converge en loi vers une distribution normale de variancefinie.

Des applications aux processus de Markov et processus ARMA sont données.

Remarque : Les U-statistiques ne convergent pratiguement jamais en condition de mélange
fort.

Pour terminer, nous définissons la notion de U-statistique généralisée.
Soit un entier ¢ > 2 et pour toutj (1 <j <c) un entier mj > 1 ; soit g une application de

N (RK)nj dans R, symétrique pour tout j (c’est a dire que g(xi, ..., XC) est invariant pour
toute permutation sur les mj indices de xj).

On considére c tableaux triangulaires indépendants de variables aléatoires a valeurs dans Rk,
notées Xjni (I<j<c, I<n, I<i<n)a fonctions de répartition continues
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Pour tout n( = (ni, ..., nc)), tel que, pour tout j, n,>m; soit Sn :J”:| ijnj;, ou S n est

I'ensemble de toutes les suites strictement croissantes a mj éléments dans {1,..., nj} (1 <ijj <
ij2<... <ijm ™ nj). La U-statistique généralisee de degré m = (mj,... me) est définie par

c R
un) = N fm £ g(X.nj.e,Isesmij, 1SjSc)
Lj=i | mjj

On suppose que, pour toutj, le tableau triangulaire des variables aléatoires Xj>i (1 <n, 1<
i < n) est absolument régulier de taux noté (3.

On étudie le comportement asymptotique de U(n) quand les nj tendent vers l'infini de telle
sorte que, pour toutj, nj/ ni + ... + nctende vers Xj(0 < Aj < 1) : les X seront fixés dans toute

la suite et on note "rrP ce type de convergence,
Pour tout t = (ti,..., te)e [0, lI]Jcetn =(ni,..., ne) on note [n t] = ([ni ti],..., [nc te]).
Soit Z(n) = {Z(t, n), te [0, I]cle processus défini par

Z(ten) = jUAN™ “0¢n) Pourtout tnfl - m
| 0 autrement

ou O(Fn) est un coefficient de centrage
(@ <b signifie aj < bj pour toutj = 1,..., ¢)

Si on note i £ la fonction de répartition de la variable aléatoire (Xj*]j, Xj n”), on obtient

Théoreme 9.

On suppose que les variables aléatoires {Xj"} vérifient

max P (m) = 0(m68)

I<j<c J

o}
que la fonction g appartient a Dkm ou mo = _XI mj & satisfait certaines conditions
J:
d'intégrabilité (non données ici) et que de plus il existe unefamille defonctions de répartition
sur IR, Gj£ de marges Fj(I <j <c, E> 1) telle que pour tout (xi, X)e E X

Iim max max |G .p(q,x2)- G p.(X4, x2)| =0
n Ig<c I<<e< J

alors Z(t ; n) converge en loi pour la topologie de Skorohod sur Dc vers le processus Gaussien
W= (W(t), te [0, ip}oii
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W(t) = J{;:)i/.JWH) t>0

0 avec laprobabilité 1si tj=0pouraumoinsun j, 1<j<c

ou les Yjsont des constantes et les Wj sont ¢ copies indépendantes d'un mouvement brownien
sur [0, 1].

En utilisant des techniques similaires a la démonstration des théorémes 8 et 9, on montre
également un théoreme d'invariance faible pour une certaine statistique de rang ou on prend les
rangs des valeurs absolues des variables aléatoires. Cette statistique est utilisée pour tester la
symétrie.

Actuellement, nous nous attaquons toujours sous des hypothéses de non
stationnarite a d'autres types de problémes de convergence, enparticulier & la loi du
logarithme itéré. Nous espérons ici avoirfourni un outil plus adéquat de travail aux
statisticiens appliqués qui utilisent les théoremes de convergencefaible.
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Chapitre 1

Convergence faible du processus empirique en
condition de mélange.
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| 10 iim i|C 9=CB4=II3BE*
I-a) Rappels.
En [ 6 ], dans ce méme fascicule, S. BALACHEFF et
G. DUPONT établissent des conditions de convergence pour le proces-
sus de rang normalisé tronqué. Cette étude repose sur la considéra-

tion préalable du processus empirique normalisé tronqué; voir aussi
[ 5 Jpour plus de détails.

Ce processus, noté ici Wn, est défihi de la maniére sui-
vante (hous utilisons dans ce texte, sauf avis contraire les méiAes
notations que S. BALACHEFF et G. DUPONT dans [ 6 ])-

Pour tout t (s [0,1] 1+I(), on convient de noter
t= (0,...tk) et t = (tj,---, tk) ( [0,1]1k)
(alors que dans C 6 ], il est noté en général

ts (s, th,.»., o))
On note en particulier 7 = (@,..., D (€ 0,11

Etant observé x (= (X*,..., xn)), suite de n observations
dans IR , on note : *
[ntod
cw (tn & = - I 1 ckFn (X?) < t] - O]
/n j=I1

(les notations [ a, 1 [ 1. £ (ordre dans itdé), Fn, ' sont in-
troduites dans [6 3, Ill-a, 1ll-b et lll-c);

Rappelons en particulier que

i) FC:- s ttril ¢PD T

-1 -1

“ O HT _... “k” - ViT1vto.... IEn,k(tk>>

(H™ est la fonction de répartition de la probabilité notée
*n>

Il résulte alors de [ 5] (Chap. 7, Th. 1) (et, a quelques
détails de normalisation ,pres [ 6 ], Th. 5 que la suite des proces-
sus Wn converge en loi, pour la topologie de SKOROHOD sur [O0,1] 1+k
(voir [13] et [ 6 1), vers un processus gaussien a trajectoires p;s.
continues dés que sont satisfaites les hypothéses suivantes

H, - Les marges P . (@ $i £ K) de la probabilité P régissant
I1"observation x dans ( IRk)n sont supposées diffuses sur R .



48

H2 ” La suite (Cn ; n e N ) des fonctions de covariance des pro-
cessus Wn converge simplement vers une fonction limite c.

Hj - 11 existe une application décroissante & sin % [0,1] véri-
fiant <O =1, J n et pour laquelle la suite
* neN
(Pn, n elN) est mélangeante.
H4 - Il existe une mesure y sur [O,l]le, finie, positive, a marges

diffuses et vérifiant
(MncN) e{l, 2, ..., np) (B bloc de [0,1]k)
¥j ® (u®

(ot comme en [ 5 ], si T est une partie de [0,1] de la forme
k

_nI T,, on appelle bloc de T, toute partie de T de la forme
1=

k _ _
HI] t., t. ] hT ou, pour tout i, t. et t. sont deux éléments de

i
vérifiant t™ < t .

I-b) Cadre de cet article.

L"usage proposé par RUSCHENDORF [ 2 ], des processus de rang
pour la convergence des statistiques de rang multidimensionnelles
repose sur I"étude (qui va fTaire l"objet du présent article) de la
convergence en loi, pour la topologie de SKOROHOD de la suite des
processus du type W . i, ou r est une application continue de
[0,1] 1+ dans IR+ et ou, par convention, on note

r(t):rW Sir(t)*O

v @® = sir ® =0

L"étude de tels processus est effectuée par FEARS et MEHRA
d 3 D (dans le cas unidimensionnel), par MEHRA et RAO (O 8 D
(dans le cas multidimensionnel, mais pour un processus stationnaire
non tronqué); ils la présentent comme 1"étude de la convergence de
la suite des processus WR pour la topologie déduite de la topoloaie.de
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SKOROHOD en adoptant, pour distance entre deux éléments f et g de
Dk* N~ " ™ ol N est distance de SKOROHOD (les auteurs notent

dr (f.g) »d (, 2) et parlent de "dr metrics" ; remarquons que
cette nouvelle topologie n"est, en toute rigueur, définie que sur
I"ensemble des éléments T de Dj¢c tels que ~ soit lui-méme un élé-
ment de Djc ; nous traiterons cette difficulté en posant ci-dessous
une hypothése assurant que, presque slOrement, la trajectoire des
processus corrigeées VvV ? appartient a D"

Comme le remarque RUSCHENDORF, les fonctions r doivent, pour
permettre d"obtenir les résultats de convergence des statistiques
de rang qui constituent son but, s"annuler en tout point de
[0,1] 1+k en lequel le processus; «, prend presque slOrement la va-
leur 0, c"est-a-dire en tout point t vérifiant 1"une des condi-
tions suivantes :

@ =tc =0
@Gi) Il existe i @A $i1 <K tel que ™ « 0

(on dit alors que t appartient a la frontiére inférieure de [O,1]k
notée [0,1]".

@@i) t=1

Nous nous limitons en fait au cas ou r est une fonction cor-
rectrice (et méme, dans une premiére étape, semi-correctrice) aux
sens donnés par la définition suivante

Définition 1.
On appelle fonction correctrice (respectivement semi-correc-
trice) toute application r de [0,1] 1+k dans R+ , vérifiant

M r® - @r ©

~

ou
(@) rQ est une application continue de [0,1] dans [|R-, s"annu-
lant en O et en O seulement.

(ii) r est une application continue d(\a/ [O,l]k dans @® dont Ien-

semble des points d"annulation est [0,1] V {i} (resp. [E)TI]r').

Si r est une fonction correctrice (resp. semi-correctrice) on
dit que le processus N est le r-corrigé (resp. r-semi-corrigé) de
Wn (ou corrigé (resp. semi-corrigé) si il n"y a pas de risque de
confusion sur r).
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Sont en particulier correctrices les fonctions dites de
WELLNER (.par référence a Ci4] ) de la forme :

r(t) =t n € (1 - n t.)]1/2"e
1=1 i=l

(0 <e<P.-

I-c) Objet de cet article.

En C 2 ], RUSCHENDORF présente un théoréme (Th. 2.2) dans
1"énoncé duquel la convergence (en loi pour la topologie de
SKOROHOD) d"un processus (hon nécessairement empirique) corrigé
est déduite uniquement de la convergence du processus lui-méme
("avant correction'™) et d"une condition sur la probabilité limite
de ce processus.

Ce théoréeme n"est pas exact (pour un contre exemple, voir
C 12 P. En fait, nous pensons méme qu-il est vain d-espérer
obtenir un théoréme '"'général' de ce type.

Le but de notre travail est donc de donner des conditions sur
la fonction correctrice (ou semi-correctrice) r, conditions liées
intimement aux éléments intervenant dans la définition du proces-
sus empirigue non tronqué, et assurant la convergence du processus
empirique normalisé tronqué corrigé.

La premiére étape de cette étude consiste a établir la propo-

sition suivante (qui est, pour lI"essentiel, le lemme 3.2 de
C 8 3 et dont nous ne redonnerons pas ici la démonstration).

Proposition.

Soit Wn (nh c IN¥), une suite de processus, a valeurs dans
Dk+1 et convergeant en loi vers WQ, processus gaussien a trajec-

toires presque sdrement continues.

k+1

Soit r une application continue de [0,13 dans R+.

On pose, pour tout O > O

RO = {veR1ltk ; (3w c R1+k) r(wW) =0 et Sup]vi-wi] y O}
NNk
On suppose vérifiées les deux conditions suilvantes
(A Pour tout n, le processus est a trajectoires presque
sOrement dans DX

® (V6>0 (Ve>0 (90>0 (LNO) (Vn * NO)



Pn CSupj Wh.i) (v)| > 6] < e
v k RO

Alors la suite des processus Wn .~ converge aussi, en loi vers
le processus corrigé WO.p (qui est évidemment lui-ihéme gaussien
et a trajectoires p.s. continues).

Dans le cas particulier, ou est le processus empirique
normalisé tronqué, la condition (A) est évidemment assurée par
1 "hypothése suivante :

Hj - r est une fonction correctrice (resp. semi-correctrice)
telle que, pour tout n et tout j (A $ jJ $ n), soient satisfaites
les conditions (1) et () (resp. soit satisfaite la condition (Q))
cir-dessous

(@) En tout t appartenant a la frontiere inférieure,on a

lim H- ) =0
u t n T

(¢)) limCQ@ -HY-4-] @ =0
U T n r

Notre tache essentielle consiste donc a assurer la réalisation
de la condition (B) de la proposition.

On remarque que, par définition méme des fonctions correctri-
ces (resp. semi-correctrices), on a, pour tout O < j ,

:_V 0 V (resp. RO - UCO n

RGO
9 1I=0

ou, pour tout i (¢ $i <K
CO,i = it; © *tL * oI
et CQ={t ; (M c{l,..., kP :1-0<tx £ 1}

toous nous limiterons désormais aux fonctions correctrices et
semi-correctrices réguliéres au sens suivant s

Définition 2.
La fonction correctrice r (resp. semi-correctrice) est dite

réguliére Si et seulement si sont satisfaites l1és conditions- (1)
(2) et (3) (resp. (1) et <&)J ci-dessous.



@ “ 1l existe 00 & 0) tel que r0 est strictement croissante
sur [0, 903

N

|
O™ 1l existe 6 (& 0) tel que r est strictement croissante

sur 4 Cn, ,
i=1 0 ~i
® - 1l existe 0" ¢ 0) tel gue r est strictement décroissante
sur Ch,

L"étude des processus réguliérement corrigés conduit a dé-
composer Rg en I"union des parties des types suivants :

@ Co,i ax<w B
@ g N . :
® 955 n[CO,IT1+k ™~ 0~,1 “ CO0"]
@ 9% 4" com
® O
et a démontrer que, pour chacune (soit R) de ces parties,

or> B >0) (c>0 B9>0 @NO) (Vni Np)

Pn CSupjWn.D W] > 6] < e
V cR

Pour k = 2, on a les schémas suivants :
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/ « /
1
1 I / 1
1 7/ 1 7/
iy Yy
4 - FIGURE 5 - Ci
Lo - 9

Pour les processus régulierement semi-corrigés, il suffit de
procéder ainsi en décomposant RO en I"union des parties suivantes:

@ coi @s$i<k

(2) c6.0 "J, ce*,i

(3°> ce,o0 ig, ce",i)

Nous allons nous limiter dans le présent article a4 1"étude
des processus réguliérement semi-corrigés ; ceci implique évidem-
ment que, pour un processus corrigé par une fonction réguliére r,
la condition BR est satisfaite sur les parties (1), @ et B
pour lesquelles la condition BR corncide avec celle, relative
respectivement a (1O, @ et (3)1,pour tout fonction correctrice
réguliére r* corncidant avec r sur [O0,1] *C%} (il est clair au"il
en”existe).

Il - NQTA4TIQONS=E|=] ™" |S=2]9gg|QyES.
I1-a) - Notations.

0. On notera K= {1,..., k} et K- = {0, 1,..., Kk}
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1- Soit <x¢ ; 1 $1i1 (K une suite d"éléments d"un ensemble X,
de longueur k.

1°) Soit 1 G K ; on note (I : x) la suite partielle
¢ ;oici) (élément de [0,17%).-
(en particulier K : x» = ¥ ;1%$i14K
Soit Cl = K- 1 ; on note 17 x*( l"application de
X~ dans X, qui a tout (Cl : y™) associe I"élément
@ ;1 <1 £K défini par T
si icl, = xN

si i«l, z+ = y+

Si T est une application d"ensemble de définition X,
fol|l : X désigne alors bien sOr I"application déduite de f
par "fixation aux valeurs x* des coordonnées d"indices appartenant
a Ill

2°) Soit (W ;1 * 1 i K une autre suite, de longueur k et
soiént | et J deux parties disjointes de K; alors

A -l ;J sy™ »(1 UJ s zit)

ou si ici, z» = x»

si 1iJ, z+ = yA

Ce type de notation peut bien sir s"étendre a plus de trois
parties disjointes de {1,..., K

Exemple (A" : 1 ; ’\2! o § :x’??) ou 1n, 1j» 13 sont trois

parties disjointes de K.

3°) Soit X en et 1 CcJ C K et soit T une application de
X dans R.

On note, si cela a un sens, djf la dérivée de F selon les
coordonnées appartenant a |I.
(si | = i) oo ii Kk

3sif - VIVINIr-..
XL i



On remarque que, si £ est une application de X dans R, on a
GiH K :x£) « (0jFHo Il ;x3) A :x£)
autrement dit :

@jHo Cl : =3 (o S X

2 - Soit (@, b ;1 £ 1 £ K une suite d"éléments de [0,1] ,
de longueur k et soient 1 et J deux parties disjointes de K; alors

[ : aif ;J e dil =0 [x™ yn
ielvy
ou si ici, [xif y*] « [aif b”
si 1eJ, [xA, yx] = [cif d»

Ce type de notation peut bien sur s" étendre a plus de deux
parties disjointes de {1,..., k)

_ 11 2 2 3 3. .
(Ex6iulg = ™M1 * * 12 * * N3 * b3 ou AL1* ~2* 13

sont trois parties disjointes de K.

3 - "L"opérateur différence” ARAF (ou B est un bloc de [0,1] et
T une application de [0,1]" dans R) s"exprime naturellement avec
les notations ci-dessous :

B=[K :ai, bfl,

0,f = | (- icard 1 f(l
ICK

I1-b) - Lemmes techniques«

Dans les démonstrations de la partie Ill, nous serons amenés
a Utiliser certaines propriétés sur les notations que nous venons
de définir ; nous allons les énoncer ici sous forme de lemmes
dont on trouvera les démonstrations (Ffastidieuses mais élémentai-
res) dans [ 7 1.

i» C1 ar

Lemme 1.

Soit f une application de [0,1] dans R nulle sur [0,1]
alors on a :

N :&i,bt ; i :0,cr F=00 :a+, biygere @ :ci)



Lemme 2.

Ny

‘Soient T et g deux applications de [0,1] " dans IR, nulles
sur I[O,i] ; soit pour tout i Q£i1 £K,0£a” $b™$ 1 ; alors
on a :

A[K : aif b~ f*g ~jluj A[l : aif bi ;J-i TO, a ;Cj :0, bi]f

gt -0, bi ;J-1 :a*, b ; : 0, b9
Lemme 3.

Soit £ une application de [0,1]k dans <R nulle sur J[_O_,_l]k ;
soit, pour tout 1 (l£i<k),0<a~$b”~$1 ; alors on a

im: -i) », ,ax,bl ,Ci ,o0, bt] £ +i(K !'bi>
(s (>
Enfin, nous énoncerons une propriété du processus empirigue
Wn qui est en réalité une des deux seules que nous utiliserons
dans la démonstration du théoréme, découlant de la définition

méme du processus empirique tronqué (ITautre propriété sera uti-
lisée dans le lemme 9).

Soit H la fonction de répartition de la mesure y citée dans
1"hypothése (H4).

Soit H* la fonction de répartition de la mesure y* sur

[O,l]lJrk produit de la mesure y et de la mesure uniforme sur [0,1]
Lemme 4.
k k
Soient B=n [a.,, bjJet B”=n |[c,, d,] deux blocs de
[0,1] 1+k tels qa?et): B"CB (c'est—a—dilz'g T

at Fci 1dxgbi# 0OSiik),aQ - cO, bQ - da et afl, b0,
cQ, dQ de la forme
0 . »> _
aQ »>cO » jj , bQ m dQ » — ou t et I" sont des entiers com-
pris entre 0 et n.

Alors on a

1/2
14B' M « '4Bwl+ n 4b h'



Démonstration.

On va majorer séparément WR et - Ag, Wn

a) AB" Wn =

> cif di3 Wn

e K _ _

-n 1J/<%£4T (igi ! CC% ! Fh,ii (X'l|) < df3 T Ci-gij:”_ij'c
V k

Y S . - -
: %/%T!H (igl ! [ai Fn,fAXP b%' Um _aLMlibi> +
X,1 o
n 1/%=il_+I (AL,  _ k tH« A_[ S e d A

5 ACK” : at/bi]Wn +n V2j3J +1 ACK : ai,bi3 Hi

S JAd W,] +n 1/2 U" - %) . &1"™i] H (dapres 1 *hypothese

H4) )

TR VAN | | P
g Wi 1 :

b) D"autre part

x k

CARR e s d fiWy =07 12 8 AFpee A - NGRS Ry d>

tl
" 1/2 AK .
$n j—i}rll Ci#di3 Hn

$ "1/2 ACK : al,bl] H

« 1,172 hK® ', ,1fbt] > & A Wn]
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111 - CQS”BSiSQ|=gg=tgJ=gAN8_yg_VQIS|N48§|_DE_LO gBQSTIERg
iiiSlilissi=
I11-a) - On note

Co/is ft ; Ot 9% @ $i<K (CQi - [0,1] xgg )

FI" F2"*””" Fk ~es f°nct*ons de répartition des marges de p,
F_ la mesure uniforme sur [0,1]

H" la fonction de répartition de la mesure y"' sur [0,1] 1+k,
mesure produit des marges de y et de la mesure uniforme sur [0,1]

(c"est-a-dire i H" —_Hb F .
1=

Théoreme.
Supposons que :
(1-1) Les conditions (H™, ¢, (Y, (Y HY. sont "vérifiées
(1-2) La fonction r est semi-correctrice

Il existe 0Q et O strictement positifs tels que :

(2-1)Sur ] 0,0.],-1- est de classe”™, et 3(]-) <O
ro 0

k

N k N
(2-2) Sur _UI Cg:, .— U C . , - est de classe « et
i= '

| i<kl 0,1 r

=i card 1 est pair, 3* @ o) prend des valeurs positives
r

s card | est impair, 3, (~-) prend des valeurs négatives.
r
(2-3) 1l existe B > 3w * 2

tel que :

a) 1 _ _

8 p—?;_-—.———est fonction croissante, sur [O OJJ de a;
ro (ac>

b) pour toutJC K

Al :a~”™ ; QF : O.,at]H *~Il~ U : bi" Cl ai}



®C A+ aibi : [i : 0.aiDG21 Fi> - a :bi- C -

sont, sur U Cg, ™ fonctions croissantes de ( QX - &%)

@-4)
1
1+R dto <fo
t0,80J ro
1 -4 - (*T,f(D dtO >
[0,e0] ro
(2-5) Pour tout I C K
31 H3 XK # o
U CcHY,
1=1 OM
k
l-rr 3T ( n F)- 3Pt (i) 1 d\] <+
« r p i=1 x FA r
e



Alors la suite des processus Wn .” converge en loi vers le
processus WQ .M gaussien et a trajectoires p.s. continues (ou
WQ est le processus limite de Wn).

Remarques.

1 - 11 résulte évidemment des hypothéses 2-1 et 2-2 que la
fonction semi-correctrice r est réguliére.

2-11 sera pratique d"introduire 1
H H1a fonction de répartition de la mesureNY "sur [0,1] LK
somme des mesures y" et y' (c’est-a-dire ? H = H" + H").

H J,a fonction de répartition de la mesure y , marginale de y

sur CO,IMk (H* * H + n F.)
i-1

Alors I1"hypothése 2-3 b exprimé une propriété de croissance
de

Ul TaLbL ; fi TO,ai] H* ~1*“Q : bi- - ab

et I’hypothése 2-5 exprime que

|] -- 3- H* 3 | dXk < + »
k r~ 1 r
Y 5g”
3 - Un processus Wn vérifiant la condition () de la proposition

avec une certaine fonction correctrice r, vérifiera aussi la
condition (B pour toute fonction correctrice égale a r a une
constante multiplicative prés ; c"est pourquoi par la suite, nous
supposerons toujours que :

rQ <1 sur [0,1]
et r $1 sur [0,I]k

Démonstration du théoréme.

Nous montrerons que la conditions BR est vérifiée dans les
trois cas suivants :
k k _
R _i;# CH/f , R = CQ/ OQ‘LLfg , (noté par la suite Ca )



et R = CD/O nC[O, I]1+k - =Y C6",13 {notée Par la suite CO0,0)

On remarque que CQ »

igl E\?,I (ou pour tout i,

-0,1 “ -0,0 n CO",1}

L"idée directrice de la démonstration va consister a géné-
raliser dans chacun des trois cas une idée donnée, dans le cas
unidimensionnel, par FEARS et MEHRA [3],

k

Ainsi dans le premier cas (R= U CQ .), pour tout i

@1 i1%$K et pour tout n e I\f , on note CE; ~() le sous ensemble

de Ca:tx constitué par les valeurs de t telles que

Fo (o) *iret pour tout j ' 1° Fp(g} 5 ()l+a

On démontre alors la propriété suivante (dans I"énoncé de
laquelle v est une”iffuse et y une constante positive qui seront
précisées par la suitfe}’~ mesure

1 - Pour tout 1 A < i <K), i1l existe une constante >0
telle que pour tout O (< 07), pour tout e (& 0), il existe
Ng (e, 0 ) tel que pour tout n >N* (e, 0) on ait

Pn CSup J(Wn."» @®] > €] < f|— vi+y (cQfi)

e Y e

t€CO,i(n>

Pour tout 1 (@ £ 1 £ k), pour tout O (< 0") pour tout 6,>0
et pour tout > 0, il existe (eif 61, 0) tel que pour tout

n £ (g™, 67, 0) on ait

n Csup [(Wn.) (O] >5t] <c

"« @0,1%Aa, 1 (n)

Cette propriété () assure la réalisation de BR dans le
premier cas, démontrons le :
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En effet, on a

, Kk
Sup |QWn.i(®] 11 (Supln.D®] + SuplWn.idOD,
f K - v S / "' N
tcrCgn i) teCOo,i“C* ,i()

c"est-a-dire

k
PnC Sup 1QWn.PD@I >6] < |  En [ SuplMWn.DH@EI1 > -i-]

i Q)
Y co.i t€CO, i

P,, C Sup | Wh.i)(t)] > -¢-il
t€C0,i_CO, i ()

Pour tout i @1 $i $K, soit 0 >0 tel que I’0on ait™i 0<O£
vi+Y (Cofi) < [KI (™M411 ™
2C

Pour tout O < O., soit alors N 2— ,0) tel auwe pour tout
1 °© 2k

ni ¢ , 0, on ait s
° 2k

pn csip W © TE <Ki T4 ey (el

tcCO,i(n)
< _
2k

D autre part, pour tout i, et pour tout 0 < O, il existe
également N- & , — , 00 tel que pour tout n v n} (—— -~ ,0 ),
2 2k 1 (2k 2k

on ait

P. [Sup (W .o)®O] >
2t S 2k 2k

t£C0,i_CO, i ()
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Alors, si on prend 0 < Inf ()
I<i<k

et NO - sup {Sup (™ (1i,9, n* Gf, ~,6))
I<i*k

on aura pour tout n > Ng,

*n, [guP liw-e> (t>1 > 7 1 k (fk +%k) ~e >
téu c
i=l e"i
k
U

qui est la propriété*Bn (pour R » C. .) annoncée.
K

i=1 971
De méme, dans le second cas R = CO/ ), on définit pour tout
i A <1<k C8 I(n) comme le sous ensemble de C8 i constitué

par les valeurs de t telles que FQ (WQ) < Z et pour tout

J @s$jik, Figp) > (Di+a,et on démontre la propriété (@
formellement identique a (O ci-dessus (en y remplacant 0" par
0Q et en y conservant les mémes mesure diffuse, v et constante
Y) ; le méme raisonnement que précédemment permet d"en déduire

la propriéete B, pour R = ny(’)\

Enfin, dans le troisiéme cas (R « C’OfO) il suffit, r étant
minoré sur R par une constante strictement positive, de défiAir
c’lD‘/O (n), sous ensemble de Cgfo constitué par les t tels que

t 27 ; on démontre alors la propriété suivante (dans 1%énoncé
de laquelle la mesure v* differe de celle utilisée dans les pro-
priétés O et (2)):

3-11 existe une constante K" > 0 telle que pour tout
0 < 0g/2, pour tout e (> 0), 1l existe NO (e,0) tel que pour tout
n 2 Ng (e,0) on ait

Ko
Pn [SPPIWN @® “r"(™) N €] < v" ~(C20,0}
t£00,0
la condition (BD) sera alors réalisée en choisissant 0 tel awe
\a 1+ Cc-. H» —Kg—j ) e car pour tout n > N (e,0) on aura
woze (m6)4

Pp £Syp j (D (O 1> 5] = Pn [Sup Wn(@® r @@E&yl> m0]
teC6/0 e °
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o -
¢ 2 oy
(m6) (m6)

I11-b) - Démonstration des propriétés 1 et 2.

Nous allons décomposer la démonstration en quatre lemmes
dont les deux derniers énoncerons les propriétés 1 et 2. Sans
perte de généralité et pour la commodité de la démonstration,
nous supposerons dans cette partie que

- rQ est de classe 3—-) < 0 sur [0,1] }ce que nous
o

appellerons I hypotheése (2-1)"y
- pour tout aQ€[o0,I1] ,

aQ. g 1---- est une fonction croissante sur [o,I] de aQ t

ce que nous appellerons 1"hypothése (2-3) a").

En effet, rQ étant continue et strictement positive sur

C00,13, il existe m tel que 0 <m < rQ (WQ) si to€COO»1] )

soit rc} une fonction définie par :

ro (0> - ro (o> si V co e}

ro () " (Ato)0 si V C0o"1]

avec 0 <5< let 6i < 1etAm 0QNI2

0o
(onc :rQ () = rQ (Q))

r™ vérifie bien toutes les hypothéses du théoréme 1, ainsi que
@21 et 23) a’) et on a :
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Wa (t) 1

Sup |W (t) 7 (t). i(t) S Sup m 7 <>
JA— b\ ro r r 1 r
vV v 1] t0eCEQ'1 -
t eZO,IT t e[0,I]"
sip VT T s ()] S~ sup W () posrdD T
4 ri (to> m r 0 r
V. C0o'13 to€lo,13
t€. CO,Ilk te [0,1]k
, 6

ou ) est un nombre fini positif,

On définit sur [O,l]k+1 la mesure v par

via) = | L ¥ GI) | d N
| GK '

ou 3> 3k +2
k + 2

Remarquons que la mesure v estla mesure produit des mesures
vQ et qu vQ est la .mesure dgfiftie sur- [0,1] par 1
W ' W ato + | -V 3 (i-) rc| atc ,

Ao - Ao

et v est la mesure défiAie sur [0,1] par

vy - | =4 », a* » Cl«i-)i  dxk
I G K
Par la suite 3 étant fixé, il sera pratique de | ’écrire
sous la forme
p- 2-*JL +«) (o0 a >0)

k (1 +a) + 2

et on défihira

t = (y vérifie (1 +y) (1 + 3) = 4)
k (1 +a) + 1



Pour tout n (e tN) on définit 8(n), ensemble des blocs

k _
B=1m [t.,t,] tels que

<tO»10) €({0,%,...,0°, 1D2 .

k
Pour tout bloc B = n CtN,t.] on pose
i=o

mAB) « Inf (FAt~ - Fi (Ei))
liiik
Lemme 5.

Sous les conditions du théoréeme , il existe K(> 0) tel que
pour tout n et tout bloc de B(n) contenu dans
k M
{ u col UuCO qg~érifiant mj @B a (—)u on ait
i—-1 ' o/

E (B (Wn.]))4 < Kvi+l ®)

Démonstration.

On commence par montrer gu'i& existe une constante K* >0
telle que pour tout bloc B = (1 [, t©]) appartenant a B(n)

i i+« i=°

et vérifiant @® > €) on ait
E (A Wn)4 < K* (AR H*)1+Y ;

d"apreés un lemme technique, dans [4] p. 133, faisant intervenir
1"hypothése de mélange H®, il existe une constante K> 0) telle
que :

E (A W, )4 * Kj (t0-£0)2 <4U = * 2 n K|
de 1 hypothése irt8) > (i)lict on en déduit
k

<S0-V X (FifE b = FICin 5 (5)katl,) * 1

G“*>T T n »
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d"ou
e <sB wni4 < 2Kj [(tO0-io>2(4citltl,tlaH>2+(1BH*>'fIV i0 > 4[ic=tl,tl:R

* 2KX C(AbH*)2 + (AbH*)1+Y]

< K* (AbH*)1+Y avec K” = 2K1 (H*(1,.F.,1)1 Y+ 1)

Soit maintenant J - {ifc K* - t» > 0} =

On a d"aprés le lemme 2,

AB (Wn “r} ACI: tiftt ; J-T : 0,t+ ; (GJ:- O,~] ™ -
A - _ |
[1: O,t~ ; J-T : tj~™"t© ; 0,t™M]r
Utilisant I"inégalité (\ S (23)card E £ x 4
ecE e ecE
k+1
et posant : kG _ (éﬁfb - K", il vient
E A WM.i))4 $ KA 1 Yj
lcr 1
avec
_ _ e Vi+Y
E G g w31y 0tn 0, AT
(ACI: 0,~ ; J-T : trt~r ; Cji o-,~117}
Or
_ 1 .1+8
lafr: o,~ ; J-1 g™t~ 3 E1: Ojtrr |
AU <ic | IV :t4)|1B S

IAU--1' Zlagi-i) @ t7t i <@ ° \IWWO XJr T ?< i>CETti»e

2 (k+1)81ACI-I1T ti’\t.i.?: @ ° |y Cart ti]) IEC%H’Bl (L L*CS: 1))0

k
d"ou, ar croissance de r sur U Ca, ,)UC
P ( 0 »I) %,O
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la R I il+B .
11TUQj - 0,F+ ;J - ITt Tt r 1 *
2(k+1) B . i 1 0j.] - ¢a- .
()8, Cl/ G7: 0,TL; J - 11 tAEAY A {3 R S (B
Comme (1+H0) (@+Y) **4 , on a alors
Yj 1.2(k+1,0 Yj avec
v L'l J-1:0,75 Crjo,Ame ! tuGEEth).

la . 1 [»1+Y
[OGCIG C*7 OfgL ; J - XT tif-

@1 tLtL} O3 o3 o J - hr atu-jtd TGt .

A[ItF (i tA A O i Cis t DY

D*apres les hypothéses (2-1)" et (2-2)

3r T(;‘) est de signe constant sur (b C-, .m¢gn

)7 on a
i L
1 oL -
lau-1: ;. tidr o W>: tjl g in g <tHNM)IXID)
CJ_I "/\>/\/\3

d"ou en vertu des hypothéses (2-3)a") et (2-3) b)

“TT <  risti,ti; ono 3! © -7V U -1iMT 1U C: tA) -

Cl-l:t~,tn3
Yij 1 £ (00 : fi ; J-1I Vil XJ_T (dVi) )1+Y
et en vertu des hypotheses (2-1)" et (2-2) on a ,

pour tout «* v~ c[K* I t~tN

"Gl TY(K*: vi) 1b

en particulier

UU CA: *i :J-1: VA ;

po(K j ovity > ¢ (GUCG] ot J-



donc

q ANiw e ’l-su, ¢ X« k+1)In

Clu (J-ty.ti ,tL ; Cj-.0"t"

ANK* svE)—¢ luCgn*(IC:Vi)1 .3~ (K :vi) |

Clst™t”: 0*0¢ ] U-ITt~tA dXJ"T d\lu ~ ) 1+Y
* Y,
donc si on pose K = 2’k+1”™ , on a ,en raison de I"inégalité
(ou a >1):

Il _ Ixela > I _Ixel)a i
(eeE ecE )

_ 1 - 1+Y
E@BW.i))4 < K | o, HE XK
¢ » Ie*l('B r& ruG

< K VY ® (finde la démonstration du lemme) ,
— Pour tout 1 Q£ 1 6 k), on définit un quadrillage de
C6,i (e < 0,),de base BO,i() “ {(tFf (n"0) = 05 1 3$ £5j:0S1* k}"
vérifiant

t? (n,0) =0 (@O <j <K
(n-6>-1 -Li -n
tf] M0 =1si jJ *i

tlx (n,6) = O

OtHi a
Fj (g ,0))- Fp(gj(n,0)) (u j * o) est indépendant de g et



vérifie:(i)1+0 < Fj (Lj+1 (n,0)}- Fj (t* (n,0) )< ()1+ot> (0l 0 <a* < a) .

A

E.(I) +
Autrement dit.si on note —*-- =D7 (n,0) quand §J * 1 ,
. 3
et Ex = D1 (n,0), on a FJ.(té+l (n,O))-F:] (t"S‘ (n,0))= D3 ®.9)

et la mesure (pour la mesure y") de chaque bloc élémentaire de
notre quadrillage vaut 1 LS Dg n,0)
« =

(ou (1+a <D* (n,0) < <i)l+a’)

On définit également pour tout
lage de g\./fl. © < Oo) de base Eglfx(n)

@$1 1K unquadril-

(@ (n,0) ;0<0<Lj sOij$k), vérifiant,
W M0 *0 O$j$K

™ (n,0) = | >0E « CnO] +1

OI

&l .0

tjJ (,0)

1 si j est différent de O et de i
944 g N S
. (n,0)-F.(t. (n,8))(u j * 0) est indépendant de 1

et vérifie ()0 < Fj (LJ+1 (n,0))-Fj (&3 (n,0))< ()1+a”
(oo 0O < a" < a
©n introdLait comme ci-dessus, (n,0) qui est la valeur
commune des Fj (3°F .0)) - FjCtl (n.0)).
Lemroe 6.

Sous les conditions du théoréme , pour tout
i @$i1ik), il existe K] >0 tel que pour tout
0 0" et tout e & 0), on ait
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K1
pnC SEP Kveée* (t)] >e ] < -J- vI+Y (CO i)
J— *— > G '
ttBe,i(n)

]| existe également > 0 tel que pour tout 0 (< OQ) et
tout e (> 0) on ait :

K1
pn C S?P IlV'VT’ @l » *1 « 'Gr— vi+T <£20.1"
t€-0,i1(n)
Démonstration.

C"est une conséquence directe de 1"inégalité de MARKOV,
du lemme 5 et du théoréme 1 de BICKEL et WICHURA [ 10] (sous la
forme affaiblie qui en est donnée par BALACHEFF et DUPONT en
[5]1 p- 82 en [6] lemme 1).

Pour tout bloc B =_h [a™,b.] de [0,1]k+1 }
i-o

si J * {i*.K?:a> > 0} on note

N IW
X®) " Eitah
G 1siJ=o0

Lemme 7.

Sous les conditions du théoreme , pour tout i(l £ 1 £ k),
il existe K? > 0 tel que pour tout O(< 07) et tout e C 0), il
existe N' (e, 0 eN tel que, pour tout n >N (e, 0O ‘on ait

teC§Ci(n>

Il existe également K7 > Q tel que pour tout O(< O ) et
a , i
tout e & 0) il existe N (e, O)c N tel eue pour tout
I
nitEnle 00 on | :

ti

K
10 L1 V1+T -
P#ril'CSIF;mli V> (el X t - e, i)
te-0, 1 (M
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Démonstration.

Pour e et 9 donnés, fixons également n et notons D"
pour D* (n, 0).

. - 1.+l 4
Soit t£[K":tj,tj] avec g=tj3 C1l i $ £] ;c>SiT k)

alors on a
[Wn. D] =IWn.1)({0} : to;KTtj)| 1
I “rT {0 :t T 1K -t~ i
n IA[{O}:O,E0 o tj,tj ;vai: O,tj]Wn’\ {O}: ; Kit))
ICK
(d"apres le lemme 3).
Posons

Y© "AL{0JTO,~ ; I: ti.ti ;Ql: O,t. ({0} 0™ ; KT tj)

I A+l
(K": tj) appartenant au bloc élémentaire : CK": tj , tjJ 1,

on a pour tout j (0 $ j $K

Fj (g~
donc X ([K": tj-tj]) i 2k+Il

D"autre part, les hypothéses de croissance (2-3) a") et (2-3) b)
entratnant également la croissance de la fonction

lil Fi ! (puisque S >1),on en déduit pour tout J C K:
i-0

i (K* t) $2k+1 i @ t., (V: tD)

Si 1 =0, on a :

YH A[{0}: O0,t ; K: O,t.Jwn]*r ({O0}: "o; K tj) $
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2k+1 QW .i) (©): t~ K: t)]
Si 1 *0

Yi* RO} 0,~; 1z toej? o, eiqwenr KO3 Eor ko ) + -

nl  AC{O>T 0,7~; I: t.,ti? QIT O,t1H,*F ({OT: "0? Ki tj)

(d"apres le lemme 4

Posons K> (D = {t"}» n {t. ... 7l {t.)
=" il ~3 3 jal 3

et soit @Es a(j)) I1"élément générique de K**(1)
(cTest-a-dire a(0)= tQ, a(j)= tj ou tj si jel, et a(g)= tj si j),

On a alors
"*[{0}:”; 1 trtN; CTr 3Wn“Ilr flOFT ~o; Ki tj> *

2k+1 1 I¢h.D & ag)l
K" a@))cK**()

D autre part, la mesure d"un bloc pour la mesure y" étant majo-
rée par la mesure marginale de toute face, on a pour tout

j un,

A0} 0,t0? I: tj,”; C1: 0,t”a" é Dj

d"ou
1
.card 1

A{0}: PN 1V ¢l o,giH * j DD

On en déduit (en utilisant le fait que 0 > 1 et que r est majo-
rée par 1

1/2
nv2 AC{0) : ©Q1 I: gyfej? JI: r {O0y1 Vv Ki g} -
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1
caxdT. 1/2 ,A

-k+IM card I n ni.
2 (In ") > “[«»it_; I, tvr,, CI, _IH
jcl ~° -3 '3 v i
H0}: ™ KT t.))1/2 *
1
2K +1if«card * IT Sard" ul
2  Un e . ( [{O}!'™: 11 tj.ij! C! 0,tj3
J«I
i+ (0} tos Ki Ej_))1/2
1
2k+1((ncard 1 H D*)Card 1)1/72 v1/2([{0}:0,toT ITt/NJTCIsO.tj])
jcl
1
< 2k+l (BCard 1 n Dhcard J")V2 vil/2 ,, c
i.J 3 -1 -
On a done
YIS 2k+1(1  Wn.i)(K's a@)) |+<n€aFd 1 n pty2 card |
(K?-a(3))cK,#() J«l

w2(T Co, .)
izl 0

Soit finalement

suplwp- D@ < 280 Ksup jamp @1 +
tcCOo,i(n) teBO, i ()
2 2 —i S 1 DNy 2 1 Uu CA, .
( I) |gg (n j(r;l ") v (ial 9 »1)
1%0

(et la méme inégalité en remplacant C8 ~(n) par C IfQ ~n) et BO M)
par _o (1)

D*autre part, par hypothése, pour tout j, Dj (n,0) m o (j-)1+0
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Donc (ncard 1 n DbCard 1 =0 (I/n)°T
j«1 3
On pourra donc trouver un (e,0) tel que,si n > ,0)_,
on ait j
Sup (Cncard 1 n Dj)cara 1 $ (2k+1k-1) vis2 (y Cit
1CK
1*0

Donc/si on pose

K», "+ 274 A
Ki

On aura pour tout n 5 (.0

Pn CSup |(Wn.i) @] > €] $ Pn CSup 2k+1 3kI(Wn.D)®)] > f]

—— —ft— —1 A1 v

tcCgfi(n) tcBgntn)
K" .
<-5 v Y (Co i"dlapres le lenune 7)
G 9
(et de méme, si n > (e»0)
K”
P,, [Sup |<Wn.i><t)|] > £] i-7 >1+7, 1=28.1>
/"'l ms e
te—o0fi(>
Lemme 8.
Sous les conditions du théoreme pour tout 1 (@ <1 £ k)T
pour tout 6 (< 67), pour tout 6, > O et tout e, > 0, il existe
I . | _ -
N1 tel 1110 pour tout n > N (e™i”™0) on ait :

wPn «up  ICYF* (DI * 613 < el

t,c6,1''ce, 1))
De méme pour tout 0(<0)) pour tout 6. > 0 et tout e. > O il
. 1 _
existe (e”, £.¢»0) e IN tel que pour tout n > N; -(enfinfl)
on ait

p,, [Sup T(Wn.i)()1 > 5t] <

t<te,i-cé,1(n>
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Démonstration.
Soit,pour tout j,C..= {teCO + - C**(n) ;" $ t* (n,e)} .
Onapour tout 1 O <1 <K

Pn [sup |- P®1 > 651 ¢ X Pn cspl @hD ®© 1 > seh+i ]
/ N Neeee iI=0 /£ zA

tcCOo, 1-C6,1™M" teCj

le terme d"indice j = 0 est nul, car pour tout t tel que
o <bon*<Vvi)@® =072

- e . i 0

si J *0, il vient (en posant provisoirement t. pour t. (n,6) et
R - H> J j

en utilisant la croissance de - ) !

P, BP*Wh.D® 11T jJjij- ]
teCj

» Pn([sup 1@n.J) ®u ~ri"trn,3(Cj @n =

t<ci

5Vinl2% «J)=t}, Cj>= t(lqé> S LI;] SR, - F 1 (@))=03>
On majore /N par MHHI2 & - )12 ;
Or on a, d";-.ue part, i
H @D: 4; G} tqth ) < FI(™)
et d"autre part,
N5 o)ty GOV ) s JITi-V ha i ki
-Cij):0,t§jjQj):- 0, tqq3

L1
<V ({i}:0.t3; £{j):0,tqq)

« v (ce,i)”
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Il en résulte que

P, CSup [(Wn.i) (t)|< jij] >
tcCj

ntt(nFj (tj (n'8>»1/2"1/2<C8,i>i kiTinC?n,5(Fn!j(tj (n*'9)) * 0]}
Or n Fj(tj(n,6)) = o0 (i)°® ; il existe donc N ™ (67,6)
tel que, pour tout n >n’" (67,0) on ait
nFjp (tj (n,6)) <t~ )2 (v(Ce(i))_1
d'ou

P,, CSup JWn.i)(B)]< Tkll PR Fn, (Fn}]-( (n"6))- 01

t,Ci
1450 3 Gl ep qror

>1- n Fj(tj (n,8))

i 1- nd (n,0)

Comme n DA (n,0) =0 (l%a , 1l existe un N h (e~,0) tel que
si n >n"* (ei#e)
n D} (n,0) < G 1 <j <k

I'inégalité cherchée s’en déduit avec j
N1 <ei'5i'8) “ SuP {N'T i 0). n"J (ei>0)}
On fait un raisonnement similaire pour avoir

Pn CSup |(Wn.£)()] > 6°] < £i
/ -—-TE---1 >
0,i O,i
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[11-c) - Démonstration de la propriété 3.

Soit v* la mesure définie sur [0,1] +k par

ve = 385" paaooro aeRd X<
A< A °

(ou 8 est définie comme dans 111-b).

On remarque, que v est la mesure produit de la mesure et
de y*, ou y* est la mesure de fonction de répartition H* (voir
remarque 2 apres I"énoncé du théoreme)et ou Ve %st la mesure
sur [0,1] définie par :

RIZAVAE 148 dto + | -V *@ -} Fol dto »
JAo K
On définit aussi, comme dan\?v I111-b) y, B(n) et mn (B).
On convient de noter —- lTapplication définie sur [0,1] o
W . _ > 1
par ("»tj, ..., ) =Wn@Q, ... ,tK)*ECt-y
Lemme 9.
Sous les conditions du théoréme , il existe K & 0) tel que

pour tout n et tout bloc de 8 () contenu dans C, , vérifiant
mijiB) > (¢)1+a» on ait

E (Wn.pa))4 i V'Y ®)
Démonstration.

Dans le lemme 5, on a déja montré qu il éxiste K* > 0 tel
que E (AR wp} $ K7 (AH*)L+Y

k

avec B = n Ct.,,t.] vérifiant les conditions figurant dans
i=0 1 1

1"énoncé du lemme.

Si t

_9=Oona:

4B @Iy * @BV V5 <V
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d'ou (utilisant en particulier Il'égalité (1+fl) (1+y) = 4)

E (AB(Wn.|-))4 $ K’ (AbH*)1+Y (j- (tQ))4

0 (0]
K’ « bH* - T+F < o>11+i
fxb
du
< K ( 3rs' 4 Xk)1+*
*0l+6<V CKitht”h K
—

$ K' V,1+Y (B)

Si t_@> 0y il vient

UuB (Wn,rQ) “ (A[K:ti,ti; {0}:0,to0] Wn)(rO0 ("o}” rQ(to) +
] 1
(e w
d’ou s

E<Ab(V"»4 « B {ZK, tAit {6}:0R0H)1+Y(l; Go)- ooy +

23 (AbH*)1+Y (i-(tQ))4.
0

Il résulte de la croissance de rQ sur [O,0o03que

1j-'V - 1-<VIn8i IitTo»- It A rr'io’

d'ou A - H*
1 4 3 EKitj/t,,; {0} :0,t ] . . i+v
E <4B<wn-i7»> i 2 < rJ I — tY

j3 <4BH* LT hT<'o0)>1+Y

En vertu de I'hypotheése (2-3)a) on aura alors

A

— =*." 1 ¢ -k 1091



'to
« s aat 7777 3;)(Fhdb
*i0
d A
o M
J*o
Y . (3KH*)dAK
ro
CKxt M

On a de méme :

vV *x -THE <V

o

$( 1+g * dV (3KH*)dXk
CKst™MN
d’ou : t
(0]
E(AB (\Nn_'|'6))4/\ 23( ijr s( iduo B<H®) dXk)1+Y +
0 &,
tO
23 ( i+ 1 duo- OKHY dXk)1+y
ro
10 X -i *is3
< K V'1+Y(®)

(avec K m 2 ) (Fin de la démonstration du lemme)

— On définit un quadrillage de Cg Q (8 < 0Q) de base

b‘é‘o.o @) ((tJ 0o 0% 1< L:] ;0SS j *K telle que



t° (n,9) =0 .,0%$j %K

fo (nNN0) " n»V sCn0] + 1

L.
tj3(M,0) m 1si j *O0

Fj(tj{'+l(n,0))—Fj(tjf(nfO)) (ou j * 0) est indépendant de i

et vérifie (@)1+a < Fj<t*+1 (n,0))-Fj(t*(n,0)) < (]1l+a’

(ou 0 * a" < 0)

Lemiae 10.

Sous les conditions du théoréme _, il existe K* > 0 tel que
pour tout 6(< 0Q) et tout e >0 on ait T

pn csup |J<wn.i-) (O] > ci " +7 (C2610)
—*——— \ ° e

tcB§_e<n>

Ce lemme se déduit du lemme 9 comme, ci-dessus, le lemme 6
du lemme 5.

On déduit alors du lemme 10, par une méthode tout a fait
analogue a celle permettant d"établir ci-dessus le lemme 7 et
en remarquant que, si tQ <jj , Wn@® *0, la propriété Q)
énonceée.
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1. INTRODUCTION
Let Xn~ = Xnir"**"xni~r= I<lca, pn_a be A_yalued random
variables with continuous distribution functions Fn"™(x),

%
X€R and continuous marginal distribution functions

Fni ~ = x€RrR" I£} nEl, 1<j<k . We are interested in the
asymptotic behavior of the truncated empirical process Wn
defined by

GV r  * ,
d-D w (t ,) =n* 2 {T7T 1 @ (¢H) - Hni @G>/
iti Ipn  <«xni <fci]
for all t €[0,1] and t= (t € [0,11k where

[ntQ] 1is the largest integer ,i ntQ" F (€9
10 [ 1
= n 2 Fy* & , and H . 1is the measure on [O0,11 defined
o1 - h w
by

(1.2) Hni () = (F<I>jt )y, ... F<k>(tk))

In section 2, we iIntroduce spaces Dk+1 and Ck+i and

suitable weight function r . Section 3 deals with some
basic tools and the weak convergence of the truncated
empirical process Wn defined in (1.1). In section 4, we

study the weak convergence of the weighted truncated process

Wn e i with respect to the Skorohod topology where r 1is a

V+1 +
continuous Tfunction from [0,1] into B (called the
weight function). The convergence properties are studied
when the sequence

<2ni-

(1.3) <p-mixing with rates <M = 0(m_1"e), e>0

or
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(.4 strong-mixing with rates A m2N +1%Mae (M) < «

m=1
for some e€(0,1/(2k+4)).

Recall that &n”} 1is «P-mixing if sup {|P(B]A) -P(B) |;
A€ a(XXn™MILI£E)) , B € a(Xn?, i>j+m) 3 = <»(mlo for positive

integers jJ and m ; and it iIs strong mixing if
sup {|P(AnB)-P(A) .P(B) I? A € a (X", l1i<]j), B €a (XRi,i>j+m) } =

a(m)io Ffor positive integers J and m . Here a(Xn™ifj)
and a(Xn”,i£j+m) are the cr-fields generated by

xnl_._._ xnj> and (xn,j+m"xn,j+B+1"-""> respectively .

Our results are the extensions of the results of Fears
and Mehra ((1974) and Ahmad and Lin (1978) who considered the
stationary univariate empirical processes under <&mixing.
Einmahl, Ruymgaart and Wellner (1984) studied the weak
convergence of the weighted multivariate empirical processes
when the underlying random variables are independent and the
class of weight functions is sufficiently broad. However,
their approach based on exploiting the representation of an
empirical process as a conditioned Poisson process cannot be
used in the context of this paper. Our results carry the
approach of Fears and Mehra (1974) to the nonstationary as
well as multivariate case.

2. PRELIMINARIES

2.1la. The and ck+l sPaces

let f: [0,17¥ %>R . For pe {0,13Y" , define

f (©® = lim f(s) ((s,)€[0,1] k+1) , IT It exists; 1in which
p SiTtirp(i)=1
siiti,p(i)=0
case, call fp(®) the p-limit of T at t . Denote by
k+1
Dk+1 -~ sPace of all maPs f : [0,1] * IR such that for

all p € {O,l}qul,

= (0,___,00 . Denote by Ck+1 , the space of all continuous

fp exists and f* = f for p
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maps F : [0,1] k+1 » R , and note that for any bounded
function F , if and only if ILim ((F,6) =0 where
6-»0

(2.1) <a(f,6) = sup {|FfO)-FT(t*) |; (L, t")ECLO,I]k+1)2 ,1It=t"1l
£ 6} and Il = sup {|tj].,O0<j<k}

2.1b. Weight function

,A function r : [0,1] K+l R™ is called a weight
function if it satisfies the following conditions:

(i) There exists an rQ : [0,1] =R+ and r : [O, 1]k -* R+

such that r(t) = ro(Q)r(t) for all t = (Q,t)€[0,1]k+1 ,
(i1) r belongs to ck+1 /
(iii)rO:O if0 t =0; r=0 if there exists at least one

Je€{i,...,k) such that tj=0 or t = ((l,...,1)
2.1c. Grids accompanying a sequence of probability measures

+
A grid T of [0,1]kl is a subset of [0,1]\/4_1 such
k

that T = n t~™ where is a finite subset of [O0,1]
J=0
which includes 0 and 1
A pace r of agrid T = h’TjQ is the number t
=0

= max t . where r. = max {]Jt!-t.|], € and t. are
CKjSk 3 3 3 J1 3 3

successive elements in T }

\
A subpace t of agrid T = IT t*J" 1is the number t
J=0
= inf r. where r. = inf {]tI-t_]; t! and t. are successive
O<j”™k J 3 3 3 3 3

elements iIn T~} .
We denote the lower boundary of T by T where
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We call block B of T any rectangle of [0,1]V+1
which 1is of the form
k .
B = U {[t.,t!] where t. and t! belong to , and t.ctl!l}.
Jj=0 J

We call evaluation e™® of B , the operator e”B"
DN+1 * R+ such that

e@®M® - | 11 FrG-e0yyx Ep e
(eo,...,eP€{0,1}|CH1

cees (1 .

For any 6>0 , set
gr (£,0) = sup {IF@®-F(t=)];(t, t=)ET2,lIt-t=IKO> .

We say that a sequence {Tn)neiN* of grids is
asymptotically dense in [0,1] k+1 if the pace Tn of Tn

satisfTies limt = 0; IN= N{O}, N= {0,1,2,._..} .
n=es

Let P , nEIN be a sequence of probability measures on
(Di+1/®c+1l) where @]C+~ s the cr-field generated by the
Skorohod topology (on D”M+1). we say that the sequence {Tn)
of grids accompanies the measure Pn 1i1f and only if V e>0,

3 e*>0 and V 5€[0,1/2),3 Ng€IN* such that

Pn [{f€Dk+1;<j(F,5)>e and «T (F,26)<e"}] = 0 V n>NQ .
n
For the ease of convenience, we state the following
Propositions due to Balacheff and Dupont (1980) which will be
used in the sequel. Proposition 2.1 1is, however, a slight
modification of a result of Neuhaus (1971).

Proposition 2.1. Let P , n€EIN be probability measures on
o+ 1 such that the following conditions are
satisfTied:
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2.2) (pn weakly ** soine probability measure Py on

R where U is a Ffinite subset of [O,I1]k+1
(4~ is the projection of ok+3 ON "U) e

(2.3) Iim blim sup P [F€EDv . ;ti)(F,6)"e]
60 n—> n K+1

1
o

V e>0

Then PHfi converges weakly with respect to the Skorohod
topology to some probability measure P , and p((E+i) = 1

Proposition 2.2. Let v be a positive finite measure on
*

[0,1] k+l with continuous marginals. Let P , nGIN be a

sequence of probability measures on (Ok+i"®k+i) such that

vV neN”, Pn[feDk+1,F|[il] =0] = 1 . Let T , reIN be a

sequence of grids asymptotically dense in [0,1] k+l and
accompanying Pn . Furthermore suppose that for any block B

of Tn ,
Q.4 pn[feDk+1:fe BR (X * X K(«Bn)B , p>1
and wo .

Then, V e>0, 3 a 6 € (0,1) and Ng€IN such that

(2.5) Pn [f€Dk+1;a,(F,5)>] < e V n>NQ

3. CONVERGENCE OF THE TRUNCATED EMPIRICAL PROCESS
3.1. Some basic tools

To investigate the weak convergence of the truncated
multivariate empirical process, we use some of the ideas of
Balacheff and Dupont (1980) who studied the convergence of
the unweighted empirical processes. We need two lemmas.

Lemma 3.1. Let the sequence XNi K-valued random vari-

ables centered at their expectations be <-mixing with rates

2 m1l<pr2M(m) <», g€ IN . Let N be the number of
mn n
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indexes 1 (I£i£n) for which Xn” 1is not identically zero.

Set S" = JIXni " and "Xni"C m (/]Xnil2idpn>V2e < Then*®
there exists a constant Q(<*>) depending only on gq and 9
such that

q
3.1) E(S29) * C @) ) N~ ( sup «X 1 )2q .
«=1 ni €

Proof. The proof is a slight modification of Theorem 2.1 of
Neumann (1982) and is therefore omitted.

Lemma 3.2. Let the sequence (xni) R-valued random vari-
ables centered at their expectations be strong mixing with

rates 1 m2c* 2ae (M < ®, og>1, e € (0,1/29), and
mEIl
| XM EL,LIEiEn, nEl _. Let Nn be the number of indexes i

(1£i<n) for which XR”™ is not identically zero. Set Sn
= 5 Xn. and HXnilke = ({(/|Xni1]|2/(1_e))1l e . Then, there

exists a constant Cg(a) depending only on g and a such
that

o)

(3.2) E(S”") S C (< I N«(sup |xni[>_

e=1 liiin

Proof. The proof is essentially the same as in Doukhan and
Portal (1983) and is therefore omitted.
We shall say that the sequence (Hni) H-bounded ifF

there exists a finite and positive measure n on [0,1]k
with continuous marginal distributions such that for every
n>1 and I<i<n , Hn™(B) < v(B) for all rectangles B in

[0, 1]

Theorem 3.1. Assume that the sequence g .

(@ <p-mixing with rates (1.3) or (b) strong mixing with rates
(1.4); the sequence () ~“bounded where is

Hni
absolutely continuous with bounded density F or (d {Hn"}

has uniform marginals for all n>1 and |[I£i<n . Furthermore
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assume that () the covariance function Cn of the empirical

process converge to a function C . Then, W converges

Wn
weakly in the Skorohod topology to a Gaussian process W

with trajectories a.s. 1In Ck+1

Proof. To prove this theorem, we have to verify (2.2) and
(2.3) for the probability measure Qn on Ok+1i ,2,}cHI?

defined by Wn To verify (2.2) we have to show that the

finite projections of the process Wn converge in law to a
P

normal law; equivalently, we have to show that \éant*)
¢=1

converges in law to a normal law for every
xX1,...,A ) € rP , for every (t1,...,n~) € [0,1]™M1 where

te = (tE,...,t£), 1 S e i p, p € N* Without loss of
generality, we assume that tj <...< t~ . Now set
k
th ) and
N X (i ; Hn f* Tk
st FRP
I i L intl
e=l1
P | m
. _m- , s
Yni = T i i£ [ty 1<miop
e=m
n if 1 > [ntP]

Then, we can write

)

(3.3) I X{Wn(tS) = n'1' 2 |

e=| i=i

ni

Following Withers (1975, Cor 1) we have to show that
n

) e[ Y Yni]2/n converges to some constant,



WEAK CONVERGENCE OF WEIGHTED MULTIVARIATE EMPIRICAL PROCESSES 129

D) N o<F() < « and (i) nl a“(n]™) —*0 (as

n>1
n —»“) where 0<2b<ac<l-Db. Now in our situation
(i) holds by (3.3) and assumption (e); (ii) Tollows from
(1.3) and (1.4), and (ai11) from (1.3) and (1-4) by taking
a=3/4 -¢/8, b =1/4 and e sufficiently small (since

taking a(n) = n7”176" , nl”aa([n]™5) £ Rn~e" where A > 0 1is
some constant) . Thus (2.2) is proved.

To prove (2.3), we use Proposition 2.2 and verify (2.4)
which will imply (2.5).

Let Tn = (i/n;0<i<n) be a sequence of grids asympto-
tically dense in [0,1] k+1 , and we prove that Tn
accompanies Qn . Now for every t €[0,1]V, let (t,t) be
the points of Tﬁ (projection of Tn from [O0,1] k+1 to

[0,1]") such that % £ t £ t and Ht-tll £ 1/n , and denote
t = [ntQ]/n For every tQ€[0,1] . Then, with the

conditions (¢) or (d) of Theorem 3.1, we obtain, after some
computations

lwﬁ(t0 D - anto't:)| < fe). + J_Wn (t0 0D - Wn (g',E')| for

every (tQ,©) and (7N, t") e [O,l]kJrl where Kb

= sup . F (® if we have (c¢), and K(n)=I if we have
t€[0,1] M ~
(d). Consequently, for every 5€(0,1/2] , we have u(Wn,5)
N 2kK(FI) + (w ,26) . 1t follows that Tn accompanies
Vn n
Qn - It remains to show that n satisfies (2.4).
o O 1 174
Suppose we have condition (¢) . Let 1 m m < @
m=1

(implied by (1.3)), and let Bn be a block of Tn as

defined in 2.1c. Then, using Lemma 3.1, with =2 , we
obtain
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efe BN )12 < nZc2 ) [(to-ntePK0i )¢ Tt (.-t jf
K
+ (I ST U (Eot]
Q =t 3

Let v * (C2¢) (K(FO+K2 (HK))JI8 Uk+l where Uk+l is the

k+i
uniform probability measure on [0,1] ' and p
= (k+2)/(k+1) . Then, by the Markov inequality,

@)
QntfeEDk+l;,e n (OI > X] * x4 @B /2

which implies (2.4) for the <p-mixing case with rates (1.3).
(2.5) follows.

For the strong mixing case with rates (1.4), we use
Lemma 3.2 for g=2 and e < 1I/(2k+4) , and obtain

Efe BF <an)]2

< |rC (fl)[(nt -nt” )2{K(f|) (tj_—tgl))}Z(l“e) +

s
~ IIC ~

+ (nt -nt")<K(n) U (t tl)) el
J_

which ith p = ™4 ©+1) inplies (2.3) and hence (2.4)
by proceeding as above.

Now let us suppose we have condition (d). Then, for the
<#>-mixing case with rates 2 m_1q/27k+2~2(Mm) < » (implied by

m=1

(1.3)), we use Lemma 3.1 with q = k+2 , and obtain

E[e(Bn) (Wn)]2(k+2)
k+2 2)/
k+2 o (* e
< w * > |_n ) nto Ito’( *
e=i

x (N (t.—t))]&+2)/Ki
j= 3



WEAK CONVERGENCE OF WEIGHTED MULTIVARIATE EMPIRICAL PROCESSES 131

and now proceeding as in the <mixing case dealt with above,
we get the desired result.

For the strong mixing case with rates (1.3), we use
Lemma 3.2 with g=k+2 and e < 1/2(k+2) , and obtain

/d \ k+2
E[e N Wn)]2k+2) <ck+2@) | n"(yi+2~e)v X
e=i
x (fF (e.-t1)H)~(1"e)/k
j=i J >

Now proceeding precisely as in the first <4mixing case, we
get the desired result. The proof follows.
4. CONVERGENCE OF THE WEIGHTED EMPIRICAL PROCESS

We start with a basic proposition given in Mehra and Rao
(1975), and Harel (1980).

Proposition 4.1. Let Yn , n€EIN be a process with values 1in
Dk+1 * an(* suPPose that Yn converges in law (in Skorohod
topology) to a Gaussian process Yq with trajectories a.s.

in CkJI . Let the weight function r be such that Yn

i ,n € N has a.s. trajectories 1in . Furthermore
assume that V tj>0, 3 0>0 and N0 such that V n > No

“4.1) Pn[sup (]JYn(t) - reo 1 T n>] S 4§

where Pn is the law of Yn , and sup is taken over t =

(to’tI""’tL) with the condition that there is at least one
J
k
J , 0<j<k such that t.£0 or m t. >1-9 . Then
D j=i J

YN e ~ converges weakly in Skorohod topology to the Gaussian

process Yg - ? with trajectories a.s. in Ck+1

We now prove our main theorem.
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Theorem 4.1. Let &ni) satisfy the assumptions of Theorem

3.1. Then, for any weight function r : [0,1] S R
satisfying

K K - X
4.2) r) >A Ut @- It) 2 , te[o,11 <t Aso,
Lj=o J J=

0<2~5< 2(k+2)

Wn <~  converges weakly in Skorohod topology to wO * ~
with trajectories a.s. 1in -

Proof. From Proposition 4.1, it is clear that the proof will
follow i1f we prove (4.1).

Denote
“4.3) CrD) = {t;t€[0,1]k+1, 3 at least one j€{0,1,...,K
such that tj<0}
and
4.9 c82) = {t;t€[0,1]k+1. Imt. > 1-0}

j=1 3

Then (4.2) will follow if we show that
@9 TR WO SITTI27> <0 /E =1

(By convention (ty =0 if r(® =0 .
We Tfirst prove (4.5) for 1i1=1 . Without loss of
generality, take r(t) = (k=1tj)V/2 > 5 . Define a measure

u on [0,1]k+1 by
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(4.6) v = J
1C{0,1,...,k}

k+1 (D) o
\] r/\(t) (atj} . (gat-)J€IC (?) (fb)

X dto...dtk+1
where A 1s any Borel subset of [0,1] k+1, Uk+1 is the
distribution function of the uniform probability measure on
Eo,l]l: 1, p>0 1is a constant, and 1° is the complement of
I .

Let {Tn)ne[N* ke a sequence of grids of [0,1] k+1 with
1. 1Zz*_ »
pace t such that rn£ (ﬁ) >t the subgace of the pro-
- - P ~ IHr
mjection Tn of Tn such that t, > (ﬁl) ; O<a"<a , and

iOn(O) = ,QO.E.,**.n;f.X}: .
(@ We Tirst consider the case when (Xni) 1is "/»mmixing with
rates (1.3) and H*“bounded (viz. conditions (@ and

(¢ of Theorem 3.1).
Then the proof of (4.5) will follow if we prove the

following Lemmas.

Lemma 4.1. For any block B of T

————— n n
B W

4.7 e n(r < K[D(Bn)]1MF

where K>0 1is some constant, y = [k(I+a)+1]-1 and p 1in

(4.6) 1s chosen such that (+P)@+tt) = 4

Lemma 4.2. 3 C>0 such that V 0>0 and V n>0 ,

-4
(4.8) n %é’(?,o(l)ﬂT (IWn (t)‘FT(tT_l >H} <cn v (c’g'))
n .

n

where 9n =0+ n
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Let Cgl~(n) be a subset of c{l) defined by
(4.9) Cgl)(M
= {t;teC"D ;Vj€{o, ..., K}, e *inf{tj;t1€T(Q) ,tj*0}}

Lemma 4.3. 3 c1 such that V 650 and V >0 3 N (O,©)
such that

(4.10) P, Sup {IW ® - |®Pr,} <-Cln4u(C”™>)V n
[tec”~Un) n

> Nag (0, tj)

Lemma 4.4. V 0>0 and V v>0 , 3 N1(@O,r]) such that

(4.11)

P . <4 Vn
N 50%0i>-cW(,,,,W'E) ' - () >™
> N0,77)
Proof of Lemma 4.1. Using Lemma 3.1. with @g=2 , we obtain

B B
(4.12) E[e n(Wn)]4 < Kx[e n (Uk+1)]1Hr

where K~™>0 1is some constant. Let J = {J€{0,...,k};tj>0} ,
and for any I C J , associate to B two other blocks

n
Bh({) and defined as
. = it [t.,tn it [o0,t.] m [o,tn
BHQ(> jei  * > jej-i J j€J J
and
B'(lI) = IM[0,tn MM [t,,tn T [0,tM
n J€i J jej-i jid J

Then we have

B I B (D BA (1)
e ﬁ@Mn . h = eB" MWn) e a

1CJ
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Consequently,

(4.13) E[e n(Wn < i)]4 1 K2 J YJ where K2 1is some

1CJ
constant, where

(4.14) B A O Hr
- [eBh (1) (Uk+1)] [eBizi(D(i) [1+P

+ i, ,
As Uk 1 and r are nondecreasing, we obtain after some

computations (along the lines of Harel (1980, Lemma 5)) that

(4.15) (e\él\lﬂd'i/\ TAWNI+D

) le
, U3V
< K, I li ,U+1 () x
n
,J-1
13)) .
(a—sj }J J—] (p dto---dtk

where K3>0 1is some constant. Using (4.15) in (4.14) we
obtain

(4.16) v |
- J-1
’ k+1 ’
K : T ) (t
(atJ)j€|UJ [) i'i€a- ® ®)
n
i+t
X dto...dt,K

Substituting (4.16) in (4.13) we obtain (4.7).

Proof of Lemma 4.2. This fTollows from the Markov inequality,
Lemma 1 of Balacheff and Dupont (1980) and (4.7).

Proof of Lemma 4.3. Let rj,9 and n be fixed, and let t €
b (m) . For any j€{0,...,k) , let t. and t. Dbe
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elements of T:r? such.that 1:D.<t3<t.J where l:j and t:] are
successive elements of Tn . For 1C{i,...,k} , let B'r;(l)
be the rectangle in C*_L)l defined by
B" (1) = [O,t ] I [t.,t. m [0,t.]
jer j€l J
370

Then, we have an inequality

\% B"(1)
4.17) IWn )1 ~ z le n Wn)]l£(to/t]

1Ic{1,...,k
1 14> , then

B™ (D)

(4.18) le n (wWn)] i(to,t) < 2k+1|Wn-i(to,t]

where t = (tl1#...,tk) , and (tQ,©) e Tn n CND)

n
It 1 , then we show that
B" (1)
(4.19) le n W)H]-1(t ) < K sup (W *1)(s)] +
r€C’(\) ;AT
n
n
+ O(nlla I)
where K4>0 is some constant. (4.19) fTollows because of the

following fact:
For any rectangles Bl and B2 in [0,1]'k+I where

B2CB1 , we have

B B B
(4.20) le 2Wn)I < Je 1(Wn)] + nil/2 e 1(UH)

where U 1s the uniform distribution over [0,1] and H 1is
the distribution corresponding to measure
From (4.15),(4.16) and (4.17), we obtain
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(4.21)
sup (IW (©- l(t)l} <K_'sup {IW (s)-1(s)H) +
tecgd () 3 secW plt n r

n
+ o(n_a" ,

where Kg 1is some constant. Using Lemma 4.2 and (4.21) we

get (4.10).
Proof of Lemma 4.4. Set

C(n,J) = {t;t€[0/1Tk+1, ~ < Inf [tji;ti€T"j) ,tj*0]1},
J=0,1,...,k . We have

nSUED D o M-I 1> @
k

< 1 SR, IRURCEIORR

If j=0 , then V t€C(n,0) , we have wn(@® = 0 It j*0

then
W -4 L9

" tech D " KTT
>p, sup (W (O-1® | < rip)

[tcc(n. 1) r K+1
n EFED (X", FFY XK )H))ECC O, ) , V i€{L, -..,n}
_ n-i/2ptol V £) -
= Pn Li%%(n,j)i [E r(t)) - k+1*
n F(D T “Fnk) ni))eccm=3) v L.
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Pr FIDXii))»——>En Xi1)))ECe (M»3)» v 1€/ o0

for sufficiently large n
* 1 “ y Fp§)oFyin (n"1“"H > 1 - n"o*
i=1

It follows that (for sufficiently large n)

sup {17it) *~(t) | > T)
gD -CgD) (M)

This proves Lemma 4.4.
Now from (4.10) and (4.-11), we obtain (4.5) for i=I1
when conditions (@) and (¢) of Theorem 3.1 are satisfied.

(b) We now consider the case when (xni) strong mixing
with
rates (1.4) and (Hni) ~-bounded (viz. conditions (b) and

(c) of Theorem 3.1).

To prove the result for this case, we use Lemma 3.2 with
g=2 and obtain the inequality (4.7) for

t = [kil+aj+1]71 - a , a < [2(k+2)] 1 and p satisfying
(1+0) (1+tt) = 4 . (Note for a sufficiently small, P Is a
finite measure, and t>0) . Proceeding precisely as in (@,
we obtain for this case also the results of Lemmas 4.2, 4.3
and 4.4. Consequently, we get (4.5 with i=1

(© Let now (xni) ke «p-mixing with rates (1.3) and let

(Hni~  have uniform marginals for all n>1 and I<ifn (viz.

conditions (@) and (d) of Theorem 3.1).
To prove the result for this case, we use Lemma 3.1 with
g=k+2 and we obtain the following variant of the 1inequality

4.7).
B

(4.22) E[e n(Wn-i)]2(k+2) < K6[u(Bn)] ™"
where K6>O is some constant, m = [k(l1+a)+1] -1 is such
that (A+/3) (1+t) = 2 (k+2) . (For a sufficiently small, u

is a finite measure). The proofs follow proceeding as in

@) .
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(@ Finally, let &ni} be strong mixing with rates (1.4)
and let Hni> have uniform marginals for all n£l and

I£iEn (viz. conditions () and (d) of Theorem 3.1).
Here we use Lemma 3.2 with. g=k+2 and get the

inequality (4.25) where + = [k({I+a)+l]-1 - e , e <

[2(k+2)] 1 and p 1is such that @3 (1+tr) = 2(k+2) . The
proof follows proceeding as in (a).
We now prove (4.5) for 1i=2
Without loss of generality, let us take
ic
(4.23) rct) = [t 1 - mt.)H]J1/2 = 5
j=1J

Following the ideas of Einmahl, Ruymgaart and Wellner (1984),
we start with the equality

[htQ]
n«1"2
21 OFEED gD o F 00 B(OTeBE" Hi(e))
[htQ]
=n12J3 < @O O ® ® c " Hni (BC))
izl [(Fn ( ni i ))EB ]

and then using the union-intersection .principle (see Einmahl,
Ruymgaart and Wellner (1984)), we obtain

r ® Va-i
(4.24) m@®] 1 2 le wn>1 " tefo,I]

E€L
where L 1is a finite iIndex set, RM(t) one semi-open

rectangle and Rg (® is the closure of Rg(® . (By

R, (t:)
convention e (WR) =0 if R*(® = - Using (4.23) and

(4.24), we get

wn (t) | , Re()
(4.25) sup fwn (1) le wnl

te §2) r@ oL sj\ljvpc§2> (Uk+1 (Re (t))1/2 "6
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Now let £ be fixed. Then there exists a JC{i,...,K), JM

such that R.(Y) = (O,t 1 x U_ (t ,1]1x(0,1]k—q where q 1is

the cardinal of J . For tl!ue convenlence of sumelluty take
= {i. -q) Set X:§ mct” . and let F .. be the

distribution function of (¢ (D w(ak, Iﬂ'\'*:(i') the

marginal distribution function of X*P" 5 and. let f3 "

- -1 n *( g " IT

=n 3 Fnﬁl]) . lLet H.; be the measure on [O,1]q
defined as Hni'(t;_-""'tq') =

Fni(Fid) 1) " *-"Fniq 1(gn 'i':\nd let R« (® denote the

projection of RMNt) from [O0,1] for [0,1] . Then, |F
RN * * , we get

Re(®
(wn)
(Kk+1RM(BD)))R'6
[nto> q
21 <*hL @ @ cip < HNERe<D)
ni. Ctl

x (t F (1-t.))"1/2 + 6

=1
. 1/22 "1 _
< :
o T3 0 yDha
R A O e

which i1s the empirical process (1.1) weighted by
q
tCt ¥ (1-t))Vv 25 For k=q , and associated with the random
J=l
variable Xni»n "F7TAgpAn T n-1 < and replaced
by 1-tj, J0 . Now proceeding exactly as iIn the proof of
45) for 1=l we get (4.5 for 1=2
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Statistique/Statistics

Convergence faible du processus empirique
multidimensionnel corrigé en condition de mélange

Michel Harel et Madan Puri

Résumé — On a établi dans [6] la convergence faible du processus empirique tronqué multidimen-
sionnel en condition de < mélange pour des fonctions correctrices sannulant sur la frontiere
inférieure de [0,1]J*1.Dans cette Note, nous étendons les résultats en mélange fort et aussi quand
les fonctions correctrices sannulent non seulement sur la frontiére inférieure de [0,1<+1 mais aussi
sur le coin supérieur de [0,1]*+1.

Weak convergence of weighted multivariate empirical processes under mixing
conditions

Abstract — We established in [6] the weak convergence of the multivariate truncated empirical
processes under (p-mixing conditions for weight functions which vanish on the lower boundary of
[0,1 1. In thispaper we extend the results under strong mixing conditions and also when the weight
functions not only vanish on the lower boundary o/[0,1]*+1 but also on the upper cormer of[0,I]k+1.

L Introduction. — Soient X AN XA, ..., Xjy), M i«. n> 1 des variables aléatoires
a valeurs dans IR* avec des fonctions de répartition continues FRi()s), X e jR<et des fonctions
de répartition marginales continues F$ (x), xelR, 1™ i n, iI"K. Nous nous intéressons
au comportement asymptotique du processus empirique tronqué W,, défini par :
AFr *
1) W, (tot)=n 12 X ) X ~[FyNx~gtj]--+ n (t)]
<=i Lj:i
pour tout toe[0,l] et t= (t1, .. ., twe [0,1]* o0 [ni0] est le plus grand entier ~nto,
n
Fw(x)= n-1v; FIf(*) et Hn est la mesure définie sur [0,1]* par
i= |
) Hm(t) = FA(Fj,1)-1 (i), . ... Ak_1(it).
Les propriétés de convergence sont étudiées quand la suite { Xr}} est
(3) < mélangeante avec le taux tp(m)=o (m ~1-€),8>0

ou

(4) fortement mélangeante avec le taux M2(k+1) a2 (m) < co POUr un certain
m=1
ee]o, l/(2/c + 4)[.

Ces résultats sont une extension des résultats de Fears et Mehra [5] et Ahmad et Lin
[1] qui considéraient le processus empirique unidimensionnel stationnaire et cp-mélangeant.
Einmahl, Ruymgaart et Wellner [4] ont étudié la convergence faible du processus empiri-
que multidimensionnel corrigé lorsque les variables aléatoires sont indépendantes.

2. Définitions et notations. — 2.1. Les espaces D fctl et Ct+1.
Soit/: [0,1]*+1 -»R. Pour pe{0,I}t+1, on définit
/p(0= «m f(s)((s,t)e[O,I]k+ 1),
SitTtp(@i)=1
SitiP(0=0

Note présentée par Robert Fortet.
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d la limite existe et dans ce cas on appellefp@® lap limitede/ en t.

On note D k+1 Fespace de toutes les applications /: [0, [k+l = R telles que pour tout
pe{0, 1 }k+i,fp existe et/p=/si p=Q, .- 0.

Finalement on note par CEf+l Pespace de toutes les aoplications continues / :
[0, IJ~1 »>=u.

2.2. Fonction correctrice. — Une fonction r : [0, [k+1—= 15+ est appelée fonction
correctrice d elle satisfait les conditions suivantes :

® il eiiste r0: [0, ] >U+ et r:[0Ifr*=R+ teks que r(t)=ro@@)r® pour tout
1= (10, ©ef0, Ik+1;

@) rappartient a CE+1;

@) rnm=04g91t0=0; r=0 slillexiste au moins unje {1, ...,k } & que t}= 0 (frontiéere
inférieure) ou I t=(, ..., D (coin supérieur).

3. Convergence du processus empirique tronqué. — On dit que la suite {Xm} est |x
bornée s’ill existe une mesure finie et positive p sur [0,I* avec des fonctions de répartition
marginales continues telle que, pour chaque n™l et 1 H rfF®B) ~“ja(B) pour tout
rectangle B dans [O,1\

Théoréme 1. — On suppose que la suite {Xnl }est

(a) (p mélangeante avec la taux (3)
ou

(b) fortement mélangeante avec le taux (@);
la suite {H ni}est
@© Kbornée ol Jest absolument continue avec une densité bornée
ou
(d) a des marginales uniformes pour tout n2:1 et 1™ i n
De plus on suppose que
(e) lafonction de covariance du processus empirique W,, converge vers une fonction.
Alors W,, @valeurs p. s. dans D k+1) converge faiblement pour la topologie de Skorohod
vers un processus Gaussien W 0 avec ses trajectoires p. s. dans Ck+1.

Preuve. — On fait une démonstration similaire & clle du théoréme 5 de [2Z] ou avec
nos hypothéses on utilise d "abord un corollaire de Withers [8] puis une légére modification

du théoreme 2.1 de [7] dans ke cas @ mélangeant et du théoréme 10 de [3] dans ke cas
fortement mélangeant.

4. Convergence du processus empirique corrigé.

Théoréme 2. — On suppose que la suite {Xni} satisfait les hypotheses du théoréme 1.
Alors, pour toute fonction correctrice r - [0, Ik+l -2 IR+ satisfaisant

k / k 1(1/2) —b

rm nN*"l-rujj > g0, 1p+1, A >0

0< - —8 < — 1—

2 2/c+ 4

W,, U (@ valeurs p.s. dans D k+1) converge faiblement pour la topologie de Skorohod
vers W O 1/ra trajectoires p. s. dans Ck+1.

Preuve. — Quand la fonction correctrice sannule sur la frontiere inférieure, on reprend
la ligre directrice de ladémonstration du théoréeme de [6] et quand la fonction correctrice
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s’annule sur le coin supérieur, on reprend une idée utilisée dans [4] pour le cas indépen-
dant.

Recue le 13 awril 1987.
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Abstract
In this paper we study the weak convergence of the weighted empirical processes
indexed by rectangles of [0,I]k under both weak and strong mixing conditions. This is
accomplished by generalizing the Skorohod topology on a space of functions defined on a

set of rectangles.
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1 Introduction. Let Xni = (XAP..... o I<i<n, n>| be IR™~valued random

variables with continuous d.f.s (distribution functions) F | and continuous marginal d.f.s
pr(iP of X"p , I<j<k, I<i<n . Let FA =n— S F~p ,andlet {Hn-} be a sequence of
measures on [0,1]* defined by

(ID HiCL. = i DA Rt

Let Wn be an empirical process defined by

n k.
ANy (Ml fn/ P& -H~B)
) H = g<Fixan)yoy
where B = n (&},bfcJ0,I]Jk when Ifjl denotes the indicator of []
j=1
Our aim is to study the asymptotic behavior of for a certain Skorohod

(1.2) WhiB)

topology (to be defined in Section 3) when the sequence {Xnj} is
(1.3) ip—mixing with rates <) = 0(m—1—e)
or
00
(1.4) strong mixing with rates ~ m”~k+'0</(m) < m for some €g (02" +2)) *
m=|
Recall that {Xni} is y>-mixingif sup {|P(B|A)—P(B)[; A e <(Xni,l<i<j) ,
B e o-(XNi>j+m)} = <AmVJ0 for positive integers j and m ; and it is strong mixing if
sup {iP(AfIB)—P(A).P(B)|; A e ofX*KK]), B GN(X",i>j+m)} = a(m)[0 for positive
integers j and m . Here a(Xnj,I<i<j) and a(Xnj;i>j+m) are the a—fields generated by
Xnl.....V “d (Xn,j+m’Xn,j+m+l--> respectively.
Bass and Pyke (1985) extended the M2 Skorohod (1956) topology for functions on
[0,1] to set functions that are outer continuous with inner limits, but the empirical
processes indexed by rectangles that we are considering have trajectories concentrated on

the set of functions for which an extension of the Skorohod (1956) topology is more

appropriate. Most of the work dealing with the empirical processes indexed by points is



concentrated on the Skorohod's Jj topology. In their basic paper, Bass and Pyke (1985)
posed an open problem of determining a general class of sets on which an extension of
Skorohod's Jj topology is possible. In this paper we provide an extension of the Skorohod
Jj topology to functions indexed by rectangles and thus answer a part of the problem
posed by Bass and Pyke (loc. tit.). We may also mention an interesting paper of Straf
(1972) which deals with the extension of topology to very general index sets. This
requires the existence of a group A of homeomorphisms on an arbitrary space and does
not seem to give real answers perhaps because of its very theoretical nature. Also Straf's
methods seem to be applicable on the space of functions defined only on [0,1)k and not on
[0,1]k , and they do not seem to be applicable to empirical processes indexed by rectangles.

The weak convergence of fche weighted univariate empirical process indexed by
points was established for the independent case by Pyke and Shorack (1968), and for the
(“-mixing case by Fears and Mehra (1974) and later by Ahmad and Lin (1980). The
generalization to the y>-mixing multivariate nonstationary case was carried on by Harel
(1980). Shorack and Wellner (1982) established the weak convergence of the weighted
univariate empirical process indexed by intervals when the underlying random variables are
independent. Their results were later generalized by Einmahl, Ruymgaart and Wellner
(1984) to the multivariate case by using directly the well known Skorohod construction
when the underlying random variables are independent, identical and uniformly distributed
over [0,1]k . Later Ruymgaart and Wellner (1984) considered the case when the random
variables are not uniformly distributed, but left open the problem of the convergence of the
weighted empirical processes (see Ruymgaart and Wellner (1984), remark p. 221). Our
method of constructing Skorohod topology on the space of functions indexed by rectangles
leads also to the extension of the results of Ruymgaart and Wellner (loc. cit.) for more
general classes of distributions (not necessarily uniform distributions).

We may also mention for reference the work of Alexander (1982) on weighted

empirical processes indexed by Vapnik—Cervonenkis classes of sets for the independent



case. For the weak convergence of (nonweighted) empirical processes the reader is referred
to the interesting papers of Neuhaus (1971,1975) for the independent case, Ruschendorf
(1974) and Balacheff and Dupont (1980) for the </>-mixing cases.

2 The and Ck Spaces and preliminaries.
K

We write t = (t,,...,t,) , and half-open rectangles R(t,t") = 'HI (t}ttJ] . By
convention, any point tj e [0,1] will be called a half-open interval a:Id will be written as
(tjtjl © Note that R(t,t) = *eFor (t,t') 6 ([0,1]k)2, t<t' will mean txtj Vj=I,....k , and
t<t' will mean tj<tj Vj=I,....k . For (t,t') 6 ([0,1])" with t<t' or t<t' we can
associate a rectangle R(t,t?) defined as before.

Let J*k) = {R(t,t");R(t,t") c [0,1]*} , and associate with the space k) the

Hausdorff metric dg where djj(R(tt"),R(s,s")) = max max {|§-Y|,|sj—=211} .

Consider a family of k strictly increasing finite sequences of elements of [0,1] such
that O is the first element of each sequence. For example, let B = {t»}, I<i<nj, I<j<k be

k sequences such that "J =0 and t3> < t; N Vi G{I,...,nJ.-I} andj 6 {l,...k} . Now

associate with B a set 1"*i,) defined as
I(\'ﬁ@: jit!';|C[O,l]l * J<tj|+1 I<tj’\+-1} if I<i,/<Hj-I
{(tj.ijlcfo.l] ,tjeStj<tji+i <tk if

and
1(3) W C[O’iJ;tjn <tj<« H
(Note that 17(i,%) = & if t./t»).
Then a partition G of 0°k) defined as
k .
(2.2) G = {n 1()(ijij),I<ij<njdi<ij<nj, and n TUi %}
J 1A &

will be called a grid of o(k) with base B .
Let S be a finite subset of ~"k) where S = {R(a”,b"),...,R(a”,b")}

Then the base generated by S is the smallest base of the grid B such that



{a! 0. aj(pi U »p, c [t_ll }Vj =
Let R(t,t") 6 Jfk) and (/v) € {0,1}* * {0,1}* . Then the (/>e) quadrant of J(k)

with top R(t,t") is a subset Q(R(t,t"),p,e) of ~k) defined as
k
Q(R(t,t),p,e) = jE.|QJ(tJ’tIJpJCJ) where

{(Si,s!.]c[0,1] ,s,<t-,sUtl} if p-=e.=0

: si,sUc[0,I],si>t.,sUtU ifpf I, e-=0
Q@y)".ep E((s '>s-]c{0 I]]56i<t sA>t o} ifp— =
A(s.; : i<t, p.=0, C.=l

(s;,s c[0,1 sj>r s>t if P, izl

Let R(t,t') 6 and (p,e) G{0,1}* x {0,1}" such that Q(R(t,t),/?,e) / (= Then, it is
easy to see that if G is agrid, there exists an S 6 G such that SnQ(R(t,t"),p,e) isa
neighborhood of R(t,t") in Q(R(t,t),p,e) in the topology induced on Q(R(t,t),/9,e) by
the Hausdorff metric.
Let S be a nonempty subset of ~k). S is called a pavement of o’k) if S is of
the form S= Il S where for any I<j<k,3(a”,b™,a(”,b(”) G[0O,1]" suchthat S. =
LI ¥ I »[» ,<b§2)3
For any R(s,s') GS, we call the pair (J,L) the indicator of R(s,s") into S if
J,L) c {l,....k} x{l,...k} issuch that
§ G{aW,a(2)} Vjel ,and s. e (aj™aj2)) VJE£J
SEG{b",br2)}VEeL ,and sjG(b~b") Vidl.
We say F ,asubset of S, isthe face of R(s,s") in S with indicator (J,L) if Fis
of the form
F = {R(u,u") GS; uj=sj Vj&J , and ur=s"VtelL} .
Note that if (J,L) = (@) ,then F=S , and if (J,L) = {I,...k}x{l,...k} ,then F =
R(s,s") .
We say that f:Ak)-*IR admitsa (p,e) limit in R(t,t") if and only if the

restriction f|Q(R(t,t"),p,e) admits a limit in R(t,t") with respect to the metric djj and



the usual metric on IR. We shall denote the (p,c) limit of f in R(t,t") by
fR(LE)+0(/>,8)) . 1f (19,6)=((l,....1),(I,....1)) , then the (p.e) limit of f is f(R(t,t")) .

Denote by Dk,the set of maps f:~k)-*IR such that for any R(t,t")e”k) and
any (p,e) G{0,I}kx{0,1}k for which Q(R(t,t'),p,£) i < f admitsa (p,e) limitin
R(tt) .

Finally denote by ok , the set of maps f: ~k) =R which are continuous in dg
and the usual metric in R.
2.2  Properties of the spaces 13" and ck -

Let Rk and R(t,t") e JKk) ,and forany (J,L) c {l,....k}x{l,....k} , set

, If(R(t,t")+0Q>, e)) f(R(t ©)+00>Le9) [, ~
22.1) H(FR(tt),J,L) = max | [|(R(t,t'),p,€)ft, QR(tt"),p",e')"
Iwhere V jed, Py'P2 ~ ei~e\

Note that if (J',L") ¢ (J,L), then H(f,R(t,t),J,L) <H(f,R(t,t),J,L") andif (J,L) =
{l,...k}x{l,....k} , then H(f,R(t,t),J,L) = 0. If (J,L) = ($9) , then we shall denote
H(f,R(t,t),J,L) by H(f,R(tt)) .
Lemma 2.2.1. Let fef® , R(t,tY)e”k) , (J,L) c {l,....k} *{l,,,..k} and 72>0. Let
B(R(t,t"),a) be an open ball with center R(t,t") and radius a such that V(p.e) 6
{0,13kx{0, 1}k , V(s,5") € B(R(t,t"),a) fl QR(Lt"),/>.C)
(2.2.2) If(R(s,8)) - F(R(t,F) + 0(>i)| < r,.
Then, for any R(u,u’) 6 B(R(t,t),ar) for which tj = U Vjel , tj#Uj VJ£J ; t"=u*VIiEL
and t"u”™ VEEL , we have
(2.2.3) H(f,R(u,u"),J,L) <2rj.
Proof: For any (p.e) £ {0,I}kx-(0,1}k such that Q(R(u,u’),/?,e) # ” , we denote by (p,7) ,
an element of {0,1}k * {0,1}* defined as follows:
ifj 6J,pj = pj if 1EL,

. if | if ;0L 0 ifi i>tn
1 y - .
. J 11 ny>tj | h ifuv<t#

then Q(R(u,u’),/?,c) n Q(R(t,t),p,e) / H.



Let ~>0 and a'>0 be such that
If(R(s,s") - f(R(u,u’) + 0(p,e))| < nx
V (p,e)6{0,1}kx{0,I}k and VR(8,8)€B(R(u,ul),0,)nQ(R(u,u,),/™>g).
As B(R(u,u’,a") n Q((R(u,u),/?,e) i B(R(t,t"),a) fl Q(R(t,t"),p,e) # ¥ we can find
R(s,s") such that (using (2.2.2))
[f(R(s,s7)) —f(R(u,u’) + 0(/?.0))] <
and
[f(R(s,s"))-f(R(t,t') + O(p,7))| < V.
From the above inequalities, we deduce
[f(R(L,t) + 0(p.e))-f(R(u,u’) + 0(>e)| <+ ",
Since t™ is arbitrary, the left side of the above inequality <rj.
Let (p\e') be another element of {0,I}kx{0,1}k such that Q(R(u,u’),p'e") # <
Since (p',e") = (p,7) , we deduce, proceeding analogously,
[f(R(u,u’) + 0(pe)) —F(R(Lt) + O(p. 7))l <1
and
[f(R(u,u) + 0(p\e")) -f(R(u,u") + 0(p,e)) | <277.
Now using (2.2.1), we conclude (2.2.3).
Lemma 2.2.2. Let feD™ and (J,L) c {l,....k}x{l,...k} . Set Tc ~k) be such that V
(R(t,t"),R(s,s") e TXT with R(t.t') 4 R(s.s'). we have t:]:s:] Vijel, tjls:] Vj£], t\I/:ISW
fel, and t"EsMVISL . Then, for any >0, the set of elements of T such that
H(f,R(t,t"),J,L) > 1 is finite.
Proof. Let 7]>0 be fixed, and let T~ be the set of elements of T such that
H(R(t,t'),J,L) >rj. If T isinfinite, then it has a limiting point R(t,t") , and we can find
a sequence R(t*n™t*n”Y) of points of T~ which admits R(t,t") as limit, and is such that
VrelN, tInVtj for VjEJ and tInVtIV#L.
Let 9'<9/2 and a>0 be such that B(R(t,t"),a) satisfies |f(R(s,s') —
f(R(t,t),p,c) | < rf V(pe) e {0,13kx{0,1}k and VR(s,s") g B(R(t,t"),a) n Q(R(t,t),P,e) *



Also let nQdAN be such that R(t*n\t'*n”") e B(R(t,t"),a) Vn>nQ. Then, using Lemma
2.2.1, it follows that H(f,R(t*n\t'~n"),J,L) <2rj'<rf which contradicts the hypothesis.
Theorem 2.2.1. Let R be the set of grids of ~k) and let f: ~k) -»R. Then fef)" if
and only if Vrj>0, 3 (>0, 3 GeR such that VSeG and V (R(tt"),R(s,s')) e S*S we have
(2.2.4) dH(R(L,t'),R(s,s)) <6-* [f(R(t,t") -f(R(S,s"))| < Ve

Proof. (Sufficiency). Let f: k) >K, and let ff"D*. Then we show that (2.2.4) is not
true, that is we show that V>0, VGeR, 3 SeG, 3 (R(t,t),R(s,s") e S*S such that
djj(R(t,t),R(s,s')) <8 and [f(R(t,t)—(R(s,s"))| >rj. Since D", it follows that 3
R(u,u) e k) and 3 (p.e) e {0,1}"x{o,I}* such that Q(R(u,u’),/9¢e) # +>and f has no
(p,e) limitin R(u,u") . This means that V~>0 , 3 (R(t,t"),R(s,s")) € Q(R(u,u"),/9€)
such that djj(R(t,t),R(s,s")) < g and [f(R(t,t)—F(R(s,s"))| > 77.

Let ;>0 and GeR be fixed. Then we can find SeG such that Q(R(u,u’),p,e) i S
is a neighborhood of R(u,u’) in Q(R(u,u’),p,e) . Then, there exists an a>0 such that

Q(R(u,u"),p,e) iB(R(u u",a) c Q(R(u,u"),p,e) nS.

Now choose = min (6,a/2) . Then V(R(t,t"),R(s,s")) 6 (Q(R(u,u’),/?,e) n
B(R(u,u),<*))" such that djj(R(t,t),R(s,s")) <™ . We seethat (R(t,t),R(s,s")) e S*S
and djj(R(t,t"),R(s,s") <6.

We can now choose (R(t,t"),R(s,s")) , such that |f(R(t,t")—KR(s,s"))| > and this
leads to contradiction. Sufficiency is established.

(Necessary Part). Let feD™ . Choose an t)>0 , and let be a class of subsets T of
0"K) such that

(@ VR(t,t) e T, H(f,R(t,t")) >V

(b) V(R(t,t'),R(s,8")) e TXT, R(t,t') # R(s,s) 4 Ws. Vje{l,...k} and tjftj V&{l,...k} .
Note that T isfinite VTe<”™\ Let S”t (e<™) be a maximal element (in &8

By iteration, we construct a sequence S’;) "j of sets in ~k) as follows.

Forany R (s",s'*) eSj andany (J,L) e {l,....k}*{l,....k} such that the Card
J+ Card L=1,let <*R(s"*,s"1"),J,L) be a class of subsets T of <*k) such that



© VR(t,t') GT*, H(f, R(t,t),J,L) > i
(d) VR(t,tYeT*, tj=sW VjGJ and t*sI”™ VteL and

(e) V(R(t,t),R(s,8"))GTXT, R(t,t") # R(s,s") =tj/Sj Vj™) and tjfrj VISL .

Now let S (R(s",s'*),J,L) be a maximal element in <~R(s”,s'*),J,L). We set

=S U US (R(s?,s'),J,L) where U inthe unionover R(s"\s'*)gS, and
(1) @) (1) 1

U is the union over (J,L)g# where 3\ is the class of subsets of Jc{l,....k} and

(2)

Lc{l,....k} suchthat CardJ + Card L= 1.

Proceeding this way we get a sequence S”t cC..C S;k ofsetsin "k) . Let G bea

grid generated by S;k " Now denote

J(R(t,t)) = {jG{l,...k} : 3R(s,s") GS2k and Sj=tj}
and

L(R(t,t") = {¢G{l.....k} : 3R(s,s") Gsfk and s"=t"} .
Then , we first prove the following Lemma.
Lemma 2.2.3. Let R(t,t')G**k) . Then for every (J,L) such that (J(R(t,t"),L(R(t,t") c
(J,L) , we have
(2.2.4) H(f,R(t,t),J,L) < if.
Proof. Let S?be a set of sequences (R isANS'A),N),...,ANN)NMAN) where I<h<2k
JMG{l,...,2k} and I</<h such that

=\ ifji-K$ =V kiti>k (1860

(2.2.5) R(s(1"s'(1))gS*,R(s”,s')gS*(R (s _1\s'~*“1)),J1,L1)

where J, = U {3} L =U { -k} ,andj/ijp-J/i} -«
1 p<Mjp<k p 1 P<Mjp>k p

Note that & has at least one maximal sequence and it is easy to check that
(2.2.6) V&{l,....,h},sW=yfji<t andsI*=t!*kifjpk
Since JjCJ(R(t,t")) and LicL(R(t,t") , it suffices to prove that any maximal

sequence satisfies
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(2.2.7) H(f,R(t,t"),J2,L2) < 77where (J2,L.2) = (J-"jLj) with h=1—4

There axe three cases to be disposed of.
Case 1. Let h = 2k . Then from (2.2.6), R(t,t") = R(s(2k),s'(2k)) (from (2.2.6)),
J(R(t,t)) = L(R(t,t)) = {l,....k} and so H(f,R(t,t),J(R(t,t)),L(R(tt))) = 0 (<77) .
Case 2. Let &= (> Then H(f,R(t,t') < 77, and also for any (J,L)c{l,....k}x{l,....k} ,
H(f,R(t,t),J,L) < 77.
Case 3. Let I<h<2k . Then, for any R(s,s) €S (R (s”",s'"),J2,L2) and »
we have s4t. if j<k, ~af j>k . Now if HAR ™MD, N, IN) >77, then the sequence
would not be maximal, and so we have the contradiction. This proves the Lemma.

Now let G be a grid generated by ) ,and let SeG .

Let S denote the closure of S under djj . (Note that 5 is a pavement). If
R(t,t)e5 ,and (J,L) isthe indicator of R(t,t") in i?, then we have
H(f,R(t,t"),J,L) < 77.

Now we prove that for any SeG 3 (>0 such that V(R(t,t"),R(s,s")) e S*S,
(2.2.8) dH(R(t,t),R(s,s")) < 7=|f(R(t,1")-f(R(s,8"))| < V1

Suppose (2.2.8) is not true. Then, we can find an SeG such V>0, 3
(R(t,t),R(s,s") e SxS, such that
(2.2.9) dH(R(t,t"),R(s,s")) <8and |f(R(t,t"))-f(R(s,s)) | > 77.
In this case, we can extract two sequences R(t*n”t*n”) and R(s”n”*s”n”) in S such
that they converge to the same limit R(t,t") in S’; furthermore 3 (p,e) e {0,1}kx{0,1}k
and (p'.e') e {0,I}kx{0,1}k with R (t~,t'*) e Q(R(t,t),/?,e) and R (s”,s'”) in
Q(R(s,s),/>',e") forany n>l such that [f(R(t"n\t'~)) —F(R(s"n\s'™)| >77.

As fef)k , limf(R(t(n),t'(n))) = f(R(t,t') + 0(*,6)) and lim f(R(s",s,(n))) =

f(R(t,t') + O(p".£)) *
Consequently,

(2.2.10) If(R(t,t,) + O(fte))-f(R(t,0 + 0G>\el))l > I
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Let (J,L) be the indicator of R(t,t") in 5. If (J,L) = (&BH ,I(R(1,1)) = ~ and
L(R(t,t)) = (>, then & is (> and so H(f,R(t,t"))<7/ which is not compatible with
(2.2.10).

If (J,L) / (fa(f>) , then p.=pi Vjed , and Vel , and so
[f(R(t,t") + 0(p,e)) —f(R(t,t") + O™, e*) <H(f(R(t,t"),J,L)

<Hf(R(t,t),J(R(t,t)),L(R(tL)) <7
(from Lemma 2.2.3) and this is not compatible with (2.2.10). This proves the theorem.
Definition (Balacheff and Dupont (1980)). Agrid G' is finer than agrid G ifand only if
VS'eG' , 3 SeG such that S'cS .
Property of a finer grid. Given any ¢>0 and any grid G, we can find another grid G'
finer than G such that the diameter of each element S' of G' is less than or equal to 6.

For any grid G with base B = {{tjj}.,I<i<nj,I<j<k} , we associate the number
m(G) , called permeability m(G) of G, defined as

m(G) = inf inf {1V tji+1ltu# ii+1},tm.+|=1
I<j<k I<i<nj = X1 J1+41 3 J1+i°  Jnj+i

by convention. (Note that this concept of permeability is an extension of the similar
concept given by Neuhaus (1971) for a rather specialized situation connected with the space
D). Now denote

(2.2.11) RA = {G;m(G) > 1 forany rj>0} .

Corollary 2.3.1. Let f: K)->IR. Then

(@) fef~ ifand only if Vr}>0 ,3 agrid GeR suchthat VSeG and V(R(tt),R(s,s")) e
SxS . we have |f(R(t,t")—(R(s,s))| < rj.

(b) feDk ifand only if Vrj>0,3a &0 and GeR” such that VSeG and
V(R(t,t,),R(s,8)) e SxS , we have [f(R(t,t")—FR(s,8")) | < 22

Proof, (a) is a consequence of Theorem 2.3.1 and the property of the finer grid, and (b) is
a consequence of (a).

For any function f: K)->IR, and any &0, we define the 'modulus of continuityl
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W(f,<5) in Dk and wW(f.f) in as

(2.2.12) o/(f,£) = inf max sup If (R (t,t"))—(R(s,s")) |
GeR"SeG (R (t,t"),R(S,s"))eSxS

and
(2.2.13) S(f,6) =sup{|f (R(t,t D)—F(R(s,sD) |;
(R(t,t"),R(s,s,))6"k)x k), dH(R (t,t,),R(s,5"))<<5}
Note that a function g : &W(f<5 where (€(0,1] is nondecreasing.
Corollary 2.3.2. Let f: "K)-»IR. Then

(@) feD, ifand onlyif lim a/(f,£)=0
K 0

(b) feCi if and only if lim w(f,5)=0 .
K £+0

Proof, (a) is a consequence of Corollary 2.3.1(b), and (b) follows by definition.

Note that for any bounded function f: 0K-4R, and any £e(0,£),a/(f.£) <w(f,2<9).
3. Skorohod topology on Dk .
3.1  Preliminaries. In what follows, A denotes the space of maps h : [0,1]*{0,1] which
are nondecreasing, continuous and bijective. A”) denotes the space of maps A:
[0,]k-[0,1Tk where A(tp ...,tk) = (AL(t1),...,Ak(tk)), AQA I<j<k .

1~ denotes the identity map on [0,l]k .

A.(t)-A.(s)
111A111 = max sup [log JtJ J J |
I<j<kO<tj<Sj<I lj sj

for any R(t,t") e ~k) , A(R(t,t})) denotes an element R(s,s') of ~k) defined by
A-(t-) = s. and A.(t) = s, I<j<k . For any bounded maps f,g : k) >R, we denote

g = A (K)1 et ilti- SoAIPIAK) )

do(>g) = Inf (k) max{[[f-goAll| [|A[ 11} -

where |If-goAll = sup  _ {If(R(tt))-goA(R(tt))[} and [[A-17]] =
R(t,t)GJ(k)

suP T {|At)— . We shall call the topologies associated with d and drt as

t€ [0,1]K w 0

Skorohod and modified Skorohod topologies respectively.
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Lemma 3.1. Let fQ: V* be a sequence of maps such that f-rfeD™ in Skorohod
topology. Let R(t,t')e”k) be such that the restriction of f to the face of R(t,t') in k)

Is continuous in R(t,t') . Then limf (R(t,t)) = f(R(t,t)) .
oo

Proof. Proof follows by using the inequality

[fn(H.(t,t))-fF(R(L))] < [fn(R(t,1))-F(A-LR(t,1)))] + [f(A-1(R(t,1))—F(R(L.1))]
where A~ is the inverse function of A.
Remark 3.1. Following Billingsley (1968) and Neuhaus (1971), the following facts can
easily be established.
(i) Skorohod topology as well as modified Skorohod topology implies uniform topology.
(it) Uniform topology is finer than the Skorohod topology.
(iii) The modified Skorohod topology is finer than the Skorohod topology.
(iv) The Skorohod topology and the modified Skorohod topology are equivalent in Rk
(v) The space (137d) is separable.
(vi) The space (£3*,d0) is complete.
(vii) V ¢>0, u>(f£) is upper semicontinuous in fet™ with respect to the Skorohod
topology.
Lemma 3.2. For any R(t,t"e«” k) , let th”\ : \-4 Dbe a map defined bv Yoftt -
f(R(t,t") . If the restriction of the face of R(t,t)) into ”~k) is continuous, then % t.r)
is continuous with respect to the Skorohod topology.
Proof. Consequence of Lemma 3.1.
Theorem 3.1. Let KcD” . Then the closure of K of K (with respect to the Skorohod

topology) is compact if and only if

3.1) sup [ff < @
feK
and
(3.2 lim sup o/(f£) = 0.
Hh o feK

Proof. Let K be compact. Then (3.1) and (3.2) follow from Remark 3.1(vii). We now
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prove the sufficiency part.
Let Kcftk ,and let (3.1) and (3.2) hold. Since (Dk,dQ is complete, we have to
show that V ?2>0, 3 a finite subset K(rj) of 0~ whichis r)-net in K with respect to dQ.
Choose an rj>0 , and an integer m such that i]> 1/m , and w'(f,I/m) < 7VfeK .
Let g,}‘n = {j/m;0<j<m} and let R(Jf") be the set ofgrids G of ~k) , with each
grid having the base of the form {tjjl<i<nj,I<j<k} where t» 6 M and \f.
Let H be an r-net set of [-sup ||f||,sup |If]] and let K(j;) be the space of step

functions of the form E «gig where GeR(~fQ and for any SeG , og belongsto H .
SeG

Then it is easy to check that K(rj) is 27/-net in K with respect to d , and hence K(rj) is
7net in K with respect to dQ.
4. Weak convergence of probability measures in Vo
41  Measurability on o/ .

Forany Tc”k) ,let ip® denote the projection of ol in li]r,and let o4 bethe
Borel a—field generated by the Skorohod topology in p . Forany (J,L) c
{I,...k}*{l,...k} ,let Fj I = {R(t,t");tj=1 VjeJ and t*=I VteL} . Then, we have
Theorem 4.1. 2”7 s the restriction to of the «—field on IR*\) where 3 is
the usual Borel a—field on IR.
Proof. First we show that 3t 4 . To prove this we have to show that
VR (t,t)e”k) , the map %(t,t')f DR is measurable.
Ift=t'=(l,...,I), then the measurability of A follows as a consequence of Lemma 3.1.
If t or t'#(l,...,1) ,then setting J={j;je{l,....k},t*"} and L={4&{l,...k}t"I} , we
notice that LcJ . Then, from the continuity of the right with respect to tj and tj in
R(t,t") , it follows that A = lim hf where
VD =Tcard J + card L) J (f(R(u,u"))(dup)jGj(d u~ L

n [t;,t-+c) Il [U,t»+c)
jed JJ el 11

and
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e < inf (inf (1—+), inf (1-U), inf (t/r-U)
jed J leL 1 fel

where U= 1 if jEJ ,and u*= 1 if tEL .

We prove that hf is continuous with respect to the Skorohod topology.

For any feD"., denote
(4.1) C(f) = {R(s,5");R(s,s")6”k) and the restriction of f to the face of R(s,s') into ~k)

is continuous in R(s,s)} ,
and the map
4.2) nj Le<X%) [01] x[0,1]
defined by

nj,L(RGS,S)) = N"gyey P/ ¢

If fn-*fQ in the Skorohod topology, then fn(R(s,s")) »fQR(S,s") VR(s,s)eC(f0) , and
from Lemma 2.2.2 we deduce that 11j ’\(C*(fQ) where, C* denotes the complement of
C , has the Lebesque measure 0 in [0,I]*x[o,I]™ . It follows (from the Lebesgue Theorem)
that he(fn)->he(fQ , and so hf is continuous in the Skorohod topology. This implies that
hf is measurable and hence A is measurable. Thus * Now we prove
that *&).

Let TcJIK) , and suppose T is dense in ~k) and also for
(J,L)c{l,...k}x{l,....k} , Fj JOT isdensein Fj~ . Then, we prove that 2" is
generated by t,yR(t,t)eT} .

Following Billingsley (1968, p. 121), because dQ is separable, it suffices to show
that for any ftl3k and r>0 , the open ball B(f,r) = {gef)jt;d0(f,g)<r} belongs to the
a-field generated by {<”t tiyR(t,t')eT} . Take a sequence {R (t",t'*} of T ,and
suppose that it is dense in v*K) , and the intersection of this sequence with Fj ” is also
densein Fj ~ . Forany 7?< and any N*elN, denote
(4.3) An*(€) = {geD, ,| 11A | |<r-7/,|g(R(tW t'W))-F(A(R(tW,t'W))| < r-77,0<i<N*,

for some AeAn)}.
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Then, it follows that

(4.4) Vod) = »{¢(.(0),£(0))... )R(E(N*),t'(N*)) }HN*(>))

where
*

(4.5) HN*(i,) = {(a0,...,ari*) e RN +1;|||A ||| errand
laj—F(A (R (t",t'7)))j<r—2M0<i<N for some AeA™)}
which implies that A”*(7/) belongs to the a—field generated by NR(tE)eT) .

Next, we show that B(f,r) = U ( n Am*(t7)) where Q is the set of
77eQn(o,r) N*eIN N

rational numbers.

It is clear that B(f,r) ¢ U ( n AMr?) . It remains to show that for each
72Qn(0,r) N*eIN N
?27eQn(0,r)
(4.6) n An*77) CB(fr) .
N*eN N
Let g€ fl Att*(#). Choose N and AN IEAK o b inat
NelN iN %

l|la (N ) 1L<r-7? and [g(R(tW t"))-F(ANN )(R (t*,t'W)))| <x-1] VO<i<N* .

0/* *
Folloykving Billingsley (1968, p.122), we can find a subsequence {A(/0 );N eN} of
* | x
{a(N ),N*6IN} such that A( N )’\ AeAK) ,and | MALLL < r—=7.
For any R(t,t)eT , we canfind an i such that tj<tj* and , and then we

have
lg(R(tW ,t'W))-f(A('N HR(IW, t'W)))| <r-,
VN >i,ie{0,...,i"*} . It follows that there exists a (/)(R(t,t")),e(R(t,t"))) =

Al<j<k M<K k) e {MIK*{0,I¥k such that

4.7 tji=1 A?j=l VI<j<k and t*=1 3 e"=l V\<£<k
(4.8) Q(R(tt),p.e) # ¢
and

(4.9) l9(R(L))-FA(R(LE)) + O(p.e)) <i-r).
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We now prove that ||g—foA|| <r—#7. To prove this, suppose there exists
R(u,u)6”k) suchthat |g(R(u,u"))—HA(R(u,u’))| > r—7. Then we can find an
R(t,t)eT such that for any (p,6)e{0,I}"x{0,1}" such that (4.9) is not satisfied. This
leads to contradiction. Thus |lg—foA|| <r—7. Now since 111A111 <r—%7, it follows that
geB(f,r) . (4.6) holds.

Corollary 4.1. Let T be denumerable and dense m ~k) . Also let Fj AIT be dense m
Fil v(Q,L)c{l,...k}x{l,..,k} « Let where Mp = {(¢(H")), U is a finite subset
of T, and H"j a Borel—subset of IR'} , and tpy is the projection of Dk+1 N IR If P
and Q are probability measures on 2” .and if P=Q on .then P=Q on 27.
Proof. Consequence of Theorem 4.1.

For any probability measures on (D, 2”) , denote
Tp={R(t,t");R(t,t)6"k);P({f;~™ ™ s discontinuous on f})—0O}
Tp={R(t,t");R(t,t')60"K);P({f; the restriction of f to the face of R(t,t") into ~K) is

discontinuous in R(t,t)})=0} .

Then, it is clear that TpCTp .

Theorem 4.2. TpflFj ~ isdensein Fj~ . V(@,.L) c {l,...k}x{l,....k} .

Proof. It suffices to prove that TpflFj ~ is densein Fj ~ . To prove this it suffices to
show that T F D Is dense in FW'

For any R(t,t') GF ~ | let

JR(t~ = {ffis discontinuous in R(t,t')}
C = {R(t,t");R(t,t,)eFA™; P (JR(D)t))#0} ,
and
RN {ffHEF T >v
Obviously,

C=M mYR(tt)EFASPIHR(),I/ni}) - 7} -
Now using Lemma 2.2.2 and proceeding as in Billingsley (1968, p. 124) we find that
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{RLE)R(L)EF @ t1)})>?71} has a Lebesque measure zero. This implies that
C has a Lebesgue measure zero. Consequently TpflF™ ~ is dense in F~ N,

Theorem 4.3. The sequence {Pn}n>j of probability measures on converges
weakly to a probability measure P on (f~ 7)) ifand only if

(4.10) yfy(P™) converges weakly to <fy(P) for all finite subsets U ofTp.

(4.11) the sequence is tight.

Proof. The necessary part is obvious. To prove the sufficiency part, note that since the
sequence {Pn} is tight, it is weakly relatively compact, we have to prove (cf. Billingsley
(1968), Theorem 2.3) that any subsequence of {PQ} which converges admits P as limit.
For this we use the same line of argument as in Billingsley (1968, Theorem 15.1), the fact
that for any probability measure Q and any finite subset U of Tq , IS a.s.

Q-continuous, and the Corollary 4.1.

Corollary 4.3.1. Let {Pn}n>j be a sequence of probability measureson (i~ ") such

that
(4.12) lim lim sup P (f;,0>'(f6)>) = 0 Ve>0
60 n*o
and there exists a probability measure P on ($">3") such that
(4.13) (¢fy(Pn) > (¢fy(P) weakly for any finite subset U of Tp .
Then.
(4.14) Pn wea”™ v w*h respect to the Skorohod topology.

Proof. Follows from Theorems 3.1 and 4.3.

Corollary 4.3.2. Let {Pn}n>j be a sequence of probability measures on (0”,2”) such

that

(4.15) lira lim sup P (Fo>(ff) >) = 0 Ve>0
670 oo n

and

(4.1i™(Pn) converges weakly to some probability measure P~ on R” for every finite

subset U of ~k) . Then,
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(4.17) n converges weakly to some probability measure P in Skorohod topology
with P("k) = 1
Proof. Follows from Corollary 4.3.1 and the inequality o/(f,<5) < co(f,6) .
5. Convergence of the process Wn .
5.1 Preliminaries and some basic tools. In this section we study the asymptotic
behavior of the empirical process defined in (1.2). Before we do that we introduce the
space py -
Let f:[01]"-»R. For pe {0,1}k, define f (t) =lim _f(s ((s,t)e[0,1]k) , if
p ~ sitti ,p&):a
5; 1t § =0
it exists; in which case, call f~(t) the />-limit of f at t . Denote by D", the space of all

maps f: [0,I]k >R such that for all />e{0,I1}k ,f existsand f = f for p= (0,...,0) .

For any map f : [O,l]k >R, and any rectangle B = 'hl (a:],b:]] , we denote a
J:
difference operator Agf by
(5-1) Afif = E(-l)card 1f((bi)i€l ,(aj)1(f)

where card 1 is the cardinal of | , and £ isover all the 2 subsets | c

We will study the asymptotic behavior of via the empirical process Wil
defined as
n fk
(5.2) Wft) =iT* Y HI —H (1)

. N7 AN+
¢u-1 [)(™)ig] n
The process WQ has been studied by Balacheff and Dupont (1980), among others. (See

the references in Balacheff and Dupont (1980)).

It is well known that the process Wn has a.s. (almost sure) trajectories in ) .

k
Set B= 1l (a-,b-] € ~k) , and by convention, we shall put W (B)=0 if there

=1 J 3
exists at least one ‘|] for which bj=aj.. Then the process W_ has a.s. trajectories in the
n

space o) -
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Our results of section 5 as well as section 6 are based on the following two lemmas.

Lemma 5.1. Let the sequence {Xnj} of real—valued random variables centered at their

expectations be  mixing with rates E m—* m) < 0o. Let N be the number of
m>| n
n
indexes i (I<i<n) for which X@ is not identically zero. Set SQ= E i , and
ni
Anih= 2ai " Aken, "ere exists a constant C”(p) depending only on

qu*:{l,Z,...} and <p such that
(5-3) EfSA) <C () | NA(sup  11x~1/9.
(=1 I<i<n
Proof. The proof is a slight modification of Theorem 2.1 of Neumann (1982) and is
therefore omitted.
Lemma 5.2. Let the sequence {Xnj} of real—valued random variables centered at their

expectations be strong mixing with rates E m ~—2af(m) > @ g>l, c£ (0,1/2q) , and
m>|
|Xni|<1, I<i<n, n>] . LetNn be the number of indexes i (I<i<n) for which X j is not

n
identically zero. Set g, £ xni @nd Ixnillc= (JIxni|2* 1. CV _e « Then, there
i=1

exists a constant C (< depending only on q and a such that
4

q
(5-4) E(SM <C @ | Nw |xni|f) .

=1 11
Proof. The proof is essentially the same as in Doukhan and Portal (1983) and is therefore
omitted.

Now for any grid G with base B = {t-,I<i<n.,I<j<k} , the number r = max
J J 1<j<k

max {11-—r , 11} is called the pace of the grid G .

1j<n—4 1 1+
Let {Gn}n>] be a sequence of grids with paces {rn}n>j « {*nin>i is called
asymptotically dense in [0,1]* if rn-0 as n+co. We denote the lower boundary of a

subset C of [0,k by C where C = {t;teC,tj=0 for at least one j, I<j<k} . For any
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base B = {tjj,I<i<iij,I<j<k} , we say that a subset 6 istiedto B if 6 =

t:« ;9K A R(tt)istiedto B if ¥ {t and tje{t.lv..tjn }
V3 3jd J
VI<j<k and |R(t,t")[#) where |R(t,t")| isthe Lebesgue measure of R(t,t') ,i.e.
k
|[R(t,t) | = Il (tk+) . Note that S is unique whereas R(t,t") is not unique.
=1 31

For any base B ofagrid G and the corresponding subset B tied to B, denote

(5.5 WM = sup {|f(t)—H(t") |;(t,t)6SXS,||[t—F||[<*} for any £>50
where ||t|| = sup {|tj | I<j<k}.

Now for any bounded function f: [0,l]k4R, denote
(5.6) w5 = sup {|f(t)-f(t)],(t,t)e[0,1Tkx[O,]k,||t-t'||<"} .

Let P”, n>l be a sequence of probability measures on (Dk,.S") where 37 is the
a—field generated by the Skorohod topology (on Dk) . We say that the sequence {Gn} of
grids with bases {B"} accompanies the measure PQ ifand only if Ve>0, 3e>0 and V

¢iE[0,1/2), 3N >1 such that Pn[{feDk;a(f<5> and Wy (f2<5)<e’}] = 0 Vn>NQ.
n

For the ease of convenience we state the following lemma due to Balacheff and
Dupont (1980) which will be used in the sequel.
Lemma 5.3. Let v be a positive finite measure on [0,I]k with continuous marginals. Let
<Pn>n>l be a sequence of probability measures on (D" such that
Pn[fEDk;f| [0*1]k=0] = 1Vn>l . Suppose {Gn}n>1 , a sequence of grids with bases
{BjAi) 1 *is asymptotically dense in [0.1]k. and accompanies PQ. Furthermore suppose
that for any R(t"n),t'*n))G”k) tied to Bn ,
(5.7) Pn[f6Dk;|AR t{n)ju' ,n)l;| > A<A-XRitW .t'))1», 1>1,7>0.

Then. V ¢>0. 3 fefO.l) and NQ>1 such that
(5.8) Pn[feDk;w(f,i)>c] <€Vn>NQ.

Finally, we need the notion of ji-boundedness.
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We shall say that the sequence {H".} is /c—bounded if there exists a finite and
positive measure \i on [0,I]k with continuous marginal distributions such that for every
I<i<n, n>1, Hnj(R(t,t")) </i(R(t,t")) for any rectangle R(t,t") in "k) .

52  Convergence of Wn .

Theorem 5.2.1. Assume that the sequence {Xnj} is fa) (>mixing with rates (1.3) or

(b) strong mixing with rates (1-4): the sequence {H"} is (c) /z=bounded where \i is
absolutely continuous with bounded density f or (d) {H"j} has uniform marginals for all
n>l and I<i<n . Furthermore assume that (e) the covariance function Cn of the
empirical process WQ defined in (5.2) converges to a function C. Then. Wn converges
weakly in the Skorohod topology to a Gaussian process with trajectories a.s. in
Proof. Let the probability measure Qn (resp. Qn) on (D ”,n) (resp. (D",%.)) be
associated with WQ (resp. W ). To prove this theorem, we have to verify (4.12) and
(4.13). Then following Withers (1975) ~(Q ™) ->weakly to a Gaussian measure if

(i) C ->some function C, (ii) EI a(m) < oo, and (iii) mﬁ1 é\a([mV\]) »0 (as m>0) where
n m>

0<2b<a<l—b . Now in our situation (i) holds by assumption (e); (ii) follows from (1.3)
and (1.4); and (iii) from (1.3) and (1.4) by taking a = 3/4 —/8, b= 1/4 and e
sufficiently small (since taking a(m) = m——e, ml—aa([m”"]) <Am-1* where A>0 is
some constant). Thus (4.13) is proved. We now prove (4.12). Since
Wn(B)| = |AgWn| where Ag is defined in (5.1), we have
(5.9  sup { Wn(R(t,t))-Wn(R(s,s"))|;dH(R(t,t"),R(s,s"))a}

- sup {2k|Wn(t)-Wn(s)[;||t-s[|a},
to prove (4.12), it suffices to prove (5.8) for Wn . (5.8) will follow if we prove (5.7).

Let Bqg = {i/n;0<i<n}k, n>l be a sequence of bases of grids G , n>l . Note that
Gn is asymptotically dense in [0,I]k , and we prove that Gn accompanies Qn . Now for
every te[0,l]k, let (t,t) be the points of $n where Sn istied to Bn such that t<t<t

and |[t—tj<I/n . Then, with the conditions (c) or (d) we obtain, after some computations
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that |W (t)-W (t)] <2k\l/<M+ W (t)-W (t")| forevery te[0,l]k and Vt'e[0,l]k
n

where K(/¢) = sup hf (t) ifwe have (c), and K(/x)=I if we have (d). Consequently,
N

for every (>€(0,1/2] , we have w(Wn,i) <— " (Wn,2<9) . It follows that
Vn n

accompanies Qn . It remains to show that Qn satisfies (5.7).

Suppose we have condition (c). Let OEOIm _lﬁ(m) < @ (implied by (1.3)) and let
m=

R(t(n),t'(n)) betied to Bn. Using Lemma 5.1, with q=2, we obtain
(5.10) e[# (R(t(n),t'(n)))]4 <c2(V)[(KO0.).n (t'-tiJ))Z + rTI(K(n).n (tt-t,)))].
ji_1d ji=1"J 3

Let v = (C2("™M)(K(/M)+KA(/N)™ Uk where UK is the uniform probability measure on
[0,]k and 0 = 1+k ~. Then, by the Markov inequality, we obtain

fe.

AN » . M
D g MPA XM oR( > s My

which implies (5.7) for the <c>mixing case with rates (1.3). (5.8) follows.
For the strong mixing case with rates (1.4), we use Lemma 5.2 for q=2 and e <
(2k+4)— , and obtain
E[Wn(R(tW,t'(n>))}4 < C2(<)[K() n (tr t))2(1_i>+ iT"KO») H (t.-tl))1*(

=1 =1 J
which (with /?=(1—e)+k—*) implies (5.7) and hence (5.8) by proceeding as above.

Now let us suppose we have condition (d). Then, for the «p-mixing case with rates

Em-=2/2""(m ) < ®(implied by (1.3)), we use Lemma 5.1 with gq=k+I , and
m=I

obtain
k+1 T
E[W (R(t™n),t'-n*))]2k+1*<Ck+,(p) y n“(k+1)[n(k+1™<n (t!-t™MKk+1/Ki]
. £=1 i=1
and proceeding as in the </?-mixing case dealt with above, we get the desired result.
For the strong mixing case with rates (1.4), we use Lemma 5.2 with g=k+I| and

e < 1/2(k+2) , and obtain
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k+1 k
E[«'n(R(t-n,,tPM*)]2(k+1) <Ck+1(a) J ,,-(k+I-i) n
t=| I=1
and then proceed as above for the first ~-mixing case.

The proof follows.
6. Convergence of the weighted empirical process.
We start with the definition of the weight function.
Definition 6.1. Afunction r : [01] >R is called a weight function if it satisfies the
following conditions:
(i) r is continuous.
(@) r(u)=0 if u=0 or u=I.
We will consider a modified empirical process WQ defined as

(6.1) W (R(tt)) = {V R(,t") if IR(t,t)I>n_1and R (t,t")!<lA42
n ¥0 otherwise

where |R(t,t")| is defined in section 5.
For any weight function r , we introduce a weighted modified empirical process

Wn/r defined as

wiR(t,t (R ) if IR(t,t")]
e r ( () jo otherwise.
Then, the following lemma is a slight variation of a proposition in Harel (1980).

Lemma 6.1. For any n>l ,let Yn be a process with values in , and measurable with
respect to . Suppose Yn-»YQ in law where YQ is a Gaussian process with trajectories
a.s. continuous. Let Pn be the probability measure associated with Yn . Let r be a
weight function such that

(6.3) Yq " has trajectories a.s. in , (n>1)

(6.4) Ve>0, 3 0>0, 3N@L such that Pjsup {|Yn(R(t,t)j(|R(t,t) |)]|}>€] <6 Vn>NQ
where sup is over R(t,t) with the condition that |R(t,t)|<0 or 1—|R(t,t") | <$.
Then Yfl «” converges weakly in Skorohod topology to the Gaussian process YQe”

with trajectories a.s. In ck:
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Theorem 6.1. If the sequence {Xn-} satisfies the assumptions of Theorem 5.2, then for

any weight function r satisfying

(6.5) r(u) >Afu(l—)]2 6, A>0

where

(6.6) 0< Tl 6< 1/8k if the condition (c) of Theorem 5.2. is satisfied
or

(6.7) 0<\-8< 1k+1) A the condition (d) of Theorem 5.2 is satisfied.

Wn/r converges weakly in the Skorohod topology to the Gaussian process WQr with
trajectories a.s. in (where WQ is the same as in Theorem 5.2).
Proof. Convergence of to WQ follows from the definition of Whn and Theorem 5.2,
The theorem will follow if (6.3) and (6.4) are satisfied. (6.3) follows from the definition of
Wn ¢ We now prove (6.4).

For any 0€O1] ,let C”~ and C "™ be two subsets of k) where
Cr> = {R(t,t);|R(t,t)|<«}
C ™ = {R(t,t");|R(t,t)I >1-0}-
(6.4) will follow if we show that Vif>0, 3 0>0, 3 Ng>1 such that

(6'8) Pn Rft.t'Jeci) |Wn(R(t't))) e r(|R(t,t))I-» *1 Vn-No>i=1-2 1
First let us take i=I .

Without any loss of generality, let r(u) = u2_c. Set, (for any n>l),

(6.9) mn = max {m; | < m>0}
2
and
(6.10) m(0) = max {m; 0<1/2m, m>Q} .

For any p>0 , consider a base Bp of some grid Gp where
(6.11) Bp = {tj;I<i<n(p),I<j<k, tji = i/2p, njp) = 2?} .

We need a few lemmas.
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Lemma 6.1. Let 0e[O|] and suppose a function f: [0,1] >Ris given. Then, for any two

PQints (u,v) 6 20 &y =% 2 with qu-v] <2 TNG where
2 2 2m 2m  2m
m is an integer > m(0) , the following inequality holds:
m
[f(u)-f(v)| <4 Y sup [f(ul+2 r) f(ul)|
r=m(0)
where the sup is taken for all u.le {0,:—92 q—zj—_—;l .1} and u.1,+2_ €1[01] .

Proof. Follows from Neuhaus (1971, Lemma 5.1).
Lemma 6.2. Let 0e[O,l] and suppose a function f : [0,I]k=IR be given. Then, for any
(t,t) 6 Bm*Bm with t<t' and |R(t,t')] <Z™! . the following inequality holds:

“neu,u,+2 "j1"

GR(¢,t1 fl i=i J J
(6.13) ( (it 4k | svpg _
rvaa (n2rj)u2s
"+ . Hiem™) j=I
i —.
where the sup is taken over all u. 6 {0,*-,...,". ~*} and u.+2 e [01], I<j<k , and
2N 21

where m is an integer > m(0) .

Proof. From Lemma 6.1, we deduce (by iteration)

$-14) IAR(LEY| A~ | S*PilA K £l
rl~m rk-m n(ui,ul+2 J
[+ .. . +rk>m(t) 3= J o

Since each term on the left side of (6.14) is less than or equal to a finite number of terms on

K -r.
the right side of (6.14) for which the Lebesgue measure |R(t,t)] > Il 2 J,and since r is
=1
a nondecreasing function, we obtain (6.13).

Lemma 6.3. V720, 3 0>0, 3 N>1 such that

6B Prre esmid I (RELY)) 'nliuU)) 1} <P VN |

IR(t,t")[#0n
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Proof. See Appendix.

Now we prove (6.8) for i=1. We assume that the condition (c) of Theorem 5.2
holds. Let 0e[OIl] and n be fixed.

For any R(t,t") 6 *k) forwhich |R(t,t")| >n~\let t,t,t' and t' be points of

such that

n
—mn _ —m
t<t-<t.. t'.<tl<tl, t.-t- <2 n and t'.-t1<2 , I<j<k .
J J

For any (J,L)c{l,....k}x{l,...,k} for which JfIL=0 , we define an element

R(t,tY(J,L) of JKK) by

REIL) = n (Lt }J n (&t QJUL(tJ tl.

Then, we have the inequality:

(6.16) [Wn(R(tE)*r R (t,t)[)1 - I IR, t1) (3,LAFCIR(E L)
GMEcIL,... . k¥x{l,...,k}-

If J=L=4>, then we have the inequality
(6.17) [Wit(R (t,f) (M) r(|R(@11tD) ) I<BKIWit(Ra,P))— i- -1l

If JuL/0 , then we have the inequality

(6.18) I * n(R(t,t)(J,L)) r(|K.(t,th )1
<Wn(GK) * r(IR(t,F)[jl + "* K(/uk(Gk)'r(|H.(t,th)]i
where

ok= n (tpty n ftlp]ln ft,P.
K JeJ(PJJeL Jpl%’\JuL J]

(6.18) follows due to the fact that for any (Bpl”) Gck)x*k) where B2CBJ ,

(6.19) l« n(B2)l < |Wn(Bj)| +nV (B1).
As r is non—decreasing, we deduce
(6.20) IWn(R(t,t)(,L)) (E(Tl
<3K|W (GK)Kr(|G, N)* 1+ n*(KW n (t.-t.) n (t' I ))(4+<)}.
1 K jed J JjeL J

Now
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(6.21) n*(H(tr £ (t1-ti))AA = n*(2 mn)A+*)A 0
jed J JjeL J J

as n++oo, where | = Caxd JUL .
Using (6.16), (6.17), (6.20) and (6.21), we obtain

(6'22) R(t,t")eC >IMWn<R(t*"))-I-(|Rft.t") [)1-
N , (o _MN  H-j
<K S% - I*n Rt1Y) HIK( 0(n“(2
H |
IR(t,t")]|"0

where K>0 is some constant.

Using (6.22) along with Lemma (6.3) we get (6.8) for i=1 when the condition (c) of
Theorem 5.2 is satisfied. The proof when the condition (d) of Theorem 5.2 is satisfied is
essentially similar, and is therefore omitted.

Now we prove (6.8) for i=2 .

Without loss of generality, we take r(u) = (l—t:l)‘ZL_C . Following the ideas of

Einmahl, Ruymgaart and Wellner (1984), we start with the equality Wn(B) = -Wn(B )
* * in « *

where B is the complement of B and Wq(B ) = n e eB H, B )

where Fn = (FM .. F ~), Forany R(tt)€*$c) with |R(t,t")] <1— ~ and using the

union—intersection principle (see Einmahl, Ruymgaart and Wellner (1984)), we obtain

(6.23) IWN(R(L)] <1 W jR/L.t))!
I

where L is a finite index set, R™(t,t") is an element of J*k) with the condition that there
exists Jc{l,....k} and Mc{l,....k} with JIM = (and JUM # $>such that
R/t,t') = n (o,t] » n (t;,i]. n (0,1]

1 e J jeM J 7 jAJuM
From (6.23), we get
1
:6.24 sup A 5
R(t, "1« »oTTOYD MR R,t1 )ivn 1S

where av b = max (a,b) .

If |R™t,t')] >n \ then RAt,t)eC” and from (6.8) for i=I, we get the desired
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result for Wn(RA(t,t")) «(r(|R(t,t") |))'1
If [R™,t)| < n \ then using the inequality (6.19), we get
(6.25) Wn(R /t,t"))-~"FJ| <|#n(R"(t(n),t'(")))
+ AR AH M )) /A% A
where R~ (t(n),t'(n))ed(k) , |R*n)(t(n),t'(n))|] = n-1 and R/t,t") C4 n)
Since R™)(t(n),t'(n))eC~", we get the desired result from

(6.8) for 1-1 for »,, (RAFEW .t'W)) o/ %1.)(t(i)|t,(n)])- Stoce H FW )1 “ » 1.

i 1« -(n) o
n)2<= 3 <K(m I‘I&': | :K(.
(n-1) (n-1)y~ ™ n '*
as n>o.
Using (6.24), and the properties of W (R/t,t')) ----------- -—-- x_r for each

(JR/t,t") [vn )2
¢eL obtained in the discussion following (6.24), we get the desired result, viz. (6.8) for
i=2 . The proof follows.
7. Appendix.
Proof of Lemma 6.3. (a) Let us suppose that {Xnj} is </?-mixing with rates (1.3) and
{Hni} is /-—bounded (viz. conditions (a) and (c) of Theorem 5.2.1).
From Lemma 6.2, we obtain if m(0) <mfl that

| t.t

(71) R(t,t")eBml4 *) | n(R o r(tt(It)], 1
IR (t,t)]/0n
I*k | mn | SP »n(n (yi.+2 J) k ~r. |

rl-m rk-nm J (¢,2 >
rh+.. . +rk>m(?) A

where the sup is taken as in (6.13). Let a be a real number such that

— (H
2K(

(7.2) O<a<l and a4 . > 1.

If the left side of (7.1) exceeds 77, then 3 (rp...,") e {l,...mn}x..x{l,...mn} with



30

N - 41N > m(O) such that

(7.3) sup {IWn(Ak) « k  *r. I} > Bk
(n 2 J)2-6
K 7
S r.-m(0)
i=l 1
where Ak_ n (Uj.Uj+2 J, Bk- rj and
J Vv
S r*-m(o)
Y al=! = Ofm « ) ).

rl+. il >m ()

From (7.3), we deduce

P .
N ffit,f)« 0 (W n(R( %) r(lk (t1t')[) 17t

st nCh
n

) Tk

<T4) < I H I I = I PnHWn (\) Kk BK]

rl-mm rk-m ur ° uk=0 (.5,2 J’
rh+.. . +r’>m?) J

-1 2 -1

2rI_1 2rk_l
11l w1 I-" 1 eYEMWnEKk (H2 rj)~]4

rl-om  rkimnul=0 V ° J
r/\+” .+I’A>m(’\)

by the Markov inequality.
Using Lemma 5.1 for g=2 , the right side of (7.4)
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5y 1
< S.. S KB, 1) ,K, >0 a constant
ri-% rk-m 1
ri+. +em?”)
< (fBJ1)4 1,, . | b-m”") e (bad)mW'i8iri,b=2"(1" > |
rA riA
i\j+...+rk>m(™)
Kk
u -E i.+m(0)
(7.5) <K jtI-BAV B b““ ") where b[2>= ] (bad) i=1

r1+...+rk>m®)
Using (7.2), we note that B ~ = 0(mk-1(")) and since (mk_1("))5-b-m” ) >m as 00
(m0)-»00 as #>0) it follows that the extreme side of (7.5) >0 as (hO which implies that
n»00. This proves (6.15) with conditions (a) and (c) of Theorem 5.2.1.
(b) Let {XQi} be strong mixing with rates (1.4), and let {H"} be /;-bounded (viz. the

conditions (b) and (c) of Theorem 5.2.1). Choose a real number a such that

"—6-2(2-4

4
(7.6) O<a<l and a <2 > 1.

Now using Lemma 5.2 for q=2 , and proceeding as above, we obtain

. <K9(™ B1X)4B12)b
(U)P"RS(7,t)Hi ncA1AnW ~'i-FnW JU 1 ( %) )

IR (t,f) Moa

r—e-4(i—S) ) ) ) )
where b = 2 and K2>0 is a constant. Using (7.7) and arguing as in (7.5), we

find that the right side of (7.7) ->0 as ¢(M) (and therefore n>w0). This proves (6.15) with
conditions (b) and (c) of Theorem 5.2.1.
(c) Let {Xnj} be "™»-mixing with rates (1.3) and let {Hnj} have uniform marginals (viz.
conditions (a) and (d) of Theorem 5.2.1).

Choose a real number a such that



(7.8) I<a<l| and a%\('uli) 2F<"2(k+1)(2—</\ >

1
(This is always possible since from (6.7), ~ — 2(k+l)(E—s) > 0, and so we choose a ¢ (0,1)

such that (7.8) is satisfied). Using Lemma 5.1 for gq=k+I , and proceeding as above, we

k 2k+2 \
note that the left side of (7.7) <K3(|-b[") H1 where
k
-m(8)
>= I (ba2k*V =iri+mW = mk—1R)), b= 2F-2(k+1)(i- {)

"+ . _Hiem(0)
and Kg>0 is some constant. Using (7.8) and arguing as in (7.5), we prove (6.15) with
conditions (a) and (d) of Theorem 5.2.1.
(d) Finally, let {Xnj} be strong mixing with rates (1.4) and let {H”~} have uniform

marginals (viz. conditions (b) and (d) of Theorem 5.2.1). Here choosing 0<a<l| and
a2(k+2)2(2—e(k+1)k 2(k+2)(E—§ > ™ usjng Lemma 5.2 for q=k+2 , and proceeding

as in (b), we get (6.15). This proves Lemma 6.3.
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Statistique/S tatistics

L’espace Dket la convergence faible du processus empirique
indexé par rectangles en condition de mélange

Michel H arel et Madan Puri

Résumé — On a établi dans [5] la convergence faible du processus empirique corrigé multidimen-
sionnel indexé par points en condition de mélange. Dans cette Note, nous étendons les résultats au
processus empirique indexé par les rectangles de [0, Ik aprés avoir au préalable généralisé la
topologie de Skorohod sur un espace de fonctions indexées par rectangles.

The space D* and weak convergence for rectangles-indexed processes under mixing
conditions
Abstract — We established in [5] the weak convergence of the weighted nultivariate enpirical process
indexed by points under mixing conditions. In this paper we extend the results for the empirical

process indexed by rectangles of [0, IJ* after a generalization of the Skorohod topology on a space of
functions indexed by rectangles.

1 Introduction. — Soient XAXj,**, ..., X)), [*i*n, n”1 des variables aléatoires
a valeurs dans R* avec des fonctions de répartition continues Fri(x), x &€ R* et des fonctions
de répartition marginales continues (x), xe IR 1~in, 1iS/5Tk. Nous nous intéressons
au comportement asymptotique du procesksus empirique Wndéfini par :
n s

(1) W,(B)=n-Y2£ ( FlIg@<F~(x~]-M B)
i=1 \j=1
k

pour tout rectangle B= Y\ Jap bj\ a [0, 1J* ou
J=i 0
FA(X)=n-1X F“>(X
(x) & ()

et |ini est la mesure, sur [0, 11k admettant pour fonction de répartition la fonction définie
par

2 = Fni(F*) 13X, .. FA0*)),  1ii*n.
Les propriétés de convergence sont étudiées quand la suite { Xni} est
3 g mélangeante avec le taux tp(m)= O (m~1-c), s>0
ou
U]
(4) fortement mélangeante avec le taux JT m2(l+1)a{m)<oo pour un certain
m=1

se]0, l/(2/c + 4).

Ces résultats sont une extension du cas indépendant au cas mélangeant des résultats
de Einmahl, Ruymgaart et Wellner [3]. L’introduction d’une topologie de Skorohod
permet une extension de leurs résultats pour des classes plus générales de variables
aléatoires (non nécessairement uniformément distribuées).

Note présentée par Robert Fortet.

0249-6291/88/03060207 $ 2.00 © Académie des Sciences
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2. Définitions et notations. — 2.1. — Les espaces Dk et Ck — Nous écrivons
t=(ti, ..., tRe[0, Ik s’il est souhaité de détai(ller les coordonnées de t. On note les
rectangles semi ouverts de [0, IJ* par R(f, t')=  ]t7 £

=1

Soit J (k)= {R(r, t'); R(E, f) < [0, 1]*}; on associe a l'espace J(k) la métrique de
Hausdorff dH ou
dH(R(t, t'), R(s, s"))= max max{|sj-ij|, |s"—i"|}.
I~ jAk
Soient R(i, f)e</(/c) et (p, e)e{0, 1}x {0, 1}*. Alors™e (p, 8)-quadrant de J (k) de
sommet R(f, t') est le sous-ensemble Q(R(t, t'), p, s) de J)(k) défini par

o
QR V. p. €)= n QLD PP S)

ou
{15p sil <=0, 1], Sj<tj, §<t'j} si Pj=£;,=0
) ) {Isy, S1 <I0, 1], Sj™ tj, sji<tj} si pPj=1 et £j=0
Q tj9F»g) {Isp sl <0, 1], Sj<tj, Sj~tj} si pr=0 et £j=1
{IS.sHCO 1], §™t, §Mtj}  si pj=6j= 1
On dit que /: (A) > F5 admet une (p, e)-limite en R(t, t') si et seulement si la
restriction de/a Q(R(i, t), p, ) admet une limite en R(i, t) par rapport a la métrique
dH et la métrique usuelle sur R
On note DkI’ensemble des applications/ : 5 (k) -+ IRtelles que pour tout R (i, t") e (k)
et tout (p, e)e{0, 1}kx {0, 1} pour lesquels Q(R(r, t'), p, s)~ 0, / admet une (p, si-
limite en R (f, ).
Enfin on note Ck I’ensemble des applicationsf :J (k) = [Rqui sont continues pour dH
et la métrique usuelle sur IR

2.2. Topologie de Skorohod sur fi*. — Soit A I’espace des applications h : [0, 1] —+[0, 1]
qui sont continues, croissantes et bijectives. On note Aik) I’espace des applications
X : [0, I1k-> [0, 1J* ou

Mil, oo (&= (M (N)> » -, Xk(fR), XjGA, 1Mjrk.

IR désigne I'application identité sur [0, Ik
Pour tout R(i, t')eS(k), X.(R(, r') désigne I'édlément R(s, s') de J (k) défini par

h (tj)= SJet h (0 = sp 1=zjrk.
Pour tout couple d’applications bornées/, g :J (&)-* IR on note

d(f> g)~ _inf max{|[/-g°\[[, [IX-1(l}
JeAe>

[0 hff= sup o {[IREE Q) ()R O) 3

R(t, t')eS (K
et

un— = sup {iM o-i(*)()[}.

te [0, 1]*

La topologie associée a d est dite de Skorohod.
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2.3. Fonction correctrice. — Une fonction r: [0, I]-*-IR+ est appelée une fonction
correctrice si elle satisfait les conditions suivantes :

(i) rest continue

(i) r(u)=0sim=0ouu=1

3. Convergence du processus \V,. — On dit que la suite {nni} est |j.-bornée s’il existe
une mesure finie et positive |a sur [0, I]t avec des fonctions de répartition marginales
continues telles que, pour chaque n”1l et Pi(R (i, t')™n.(R(f, t)) pour tout

rectangle R(i, t") de J{k).
On note W,, le processus empirique indexé par points défini par

(5) W, (t)=»*» | N lFY .xifis.d-H ., «)
1= ‘WL )

pour tout t=k(ti9 ..., iKe[0, 1]*
Soit B= Y[ Jap bj]eS(k); par convention on pose Wn(B)=0 s’il existe au moins un j
=1
tel que aj = hj.
Théoréme 1. — On suppose que la suite {xX m} est soit cp mélangeante avec le taux (3),

soit fortement mélangeante avec le taux (4); la suite {jcm} vérifie Vune des deux conditions
suivantes :

(a) elle est yi-bornée, |i étant absoluement continue avec une densité bornée;

(b) pour tout n™. let tout 1 liwa des marges uniformes.

De plus, on suppose que la fonction de covariance du processus empirique W n converge
vers une fonction. Alors W,, (a valeurs p.s. dans D#® converge faiblement pour la topologie
de Skorohod vers un processus gaussien WO avec ses trajectoires /2. 5 dans Ck

Preuve. — Dans un premeier temps, on démontre que I’'espace DEtposséde des propriétés
identiques a celles du trés connu espace DT voir Balacheff et Dupont [1] et Billingsley [2]
pour k= 1. Puis, on montre que la topologie de Skorohod sur Dt possede également les
principales propriétés de la topologie de Skorohod sur D*. Enfin on termine en utilisant
des techniques déja utilisées dans [5] pour la convergence du processus W,,.

4, Convergence du processus empirique indexé par rectangles et corrigé. — On
considére maintenant un processus empirique modifié W,, défini par
W, (R(i, O) S IR(r, 1 et IR(i, t)I<1-n"1

(6) W, (R(t,t"))= \( 0 smon

ou |R (i, t") | est la mesure de Lebesgue de R (ik t") c’est-a-dire

IRCE, =
J=1
Pour toute fonction correctrice r, on introduit le processus empirique modifié et corrigé
défini par
f W, (R(f, i")Ir(|R(E, OI si IR(i, Ol ~0
(WnHr)(R (r, t'))=\ ( g( ) F\l/l ( ) 1 (
10 smon.
Théoréme 2. — On suppose que la suite {x m} satisfait les hypothéses du théoréme 1.
Alors WJr converge faiblement pour la topologie de Skorohod vers le processus gaussien
W 0/r a trajectoires p. s. dans c f; pour toute fonction correctrice r : [0, 1] —!R+ satisfaisant

r(u)*Afu(l-u)Jl/2-\  A>0



210 C. R. Acad. Sci. Paris, t 306, Série I, p. 207-210, 1988

ou 0< 1/2—06< 1/8k si la condition (a) du théoréme 1 est satisfaite, ou bien
0< 1/2—6< 1/2k (k + 1) si la condition (b) du théoreme 1 est satisfaite.

Preuve. — On généralise une idée déja utilisée par Neuhaus dand [6].
M. P. :Research supported by the Office of Naval Research Contract N 00014-85-K-0648.
Note recue le 14 septembre 1987, acceptée le 9 novembre 1987.
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Résumé

Nous avons établi dans (6) la convergence du processus empirique multi-
dimensionnel en condition de $ mélange avec des fonctions correctrices
égales a zéro seulement sur la frontiére inférieure et dans cet article
nous établissons la convergence d*un nouveau processus : le processus
empirique éclaté avec des fonctions correctrices égales a zéro sur toute
la frontiére. C'est une premiére étape pour obtenir la convergence des
statistiques de rang.

Abstract

We established in (6) the convergence of the multidimensional empirical
process in $ mixing condition with weighted functions equal to zero only
on the lower boundary and in this paper we establish the convergence of
a new process : the split empirical process with weighted functions equal
to zero on all the boundary. It is a first step to obtain the convergence
of the rank statistics.

Mots clés : Processus empiriques multidimensionnels éclatés, espaces de
Skorohod multidimensionnels éclatéss fonctions correctrices éclatées,

$mixing.
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0. INTRODUCTION

Parmi les différentes méthodes envisagées pour établir des théoremes
de convergence pour des statistiques de rang relatives a des suites
d'expériences +-mélangeantes et & valeurs dans Rk, L. Rischendorf
propose dans (7) d'exprimer ces statistiques sous la forme

(V\nc N¥) (W £ Rk)n)

nx) =f . KNhix(s,u) du (s,u)
Ik nx n
ou pn est une mesure signée sur [0,1] H(, et ol M est le processus
de rang défini par

(Vx e (RK)n (Vs £ [0,1]) (Vu £ [0,1]K)
:ji [ns] k
V, (s,u) - n tFn,:’(X}) su.]

ol [ns] désigne la partie entiére du nombre réel ns, | la fonction indica-
trice, et Fn“x la fonction de répartition empirique associée a la suite
Xi = (XN ixj) des i ™ 5 composantes des observations.

Pour obtenir des applications au comportement asymptotique des tests
de rang dans les cas les plus généraux avec des fonctions de scores prenant
des valeurs infiniment grandes, il est indispensable d'envisager des mesures
signées yn qui ne convergent pas faiblement (en particulier de variations
totales non bornées) on est alors conduit a exprimer Tn(x), une fois conve-
nablement centré et normalisé, sous la forme

5o, iTx[o, ik, X (57 gls7u) r(s'u) dPp(s>u)

Mh-Kn
ou Ln est de la forme — — (ou Kn est une fonction de centrage convenable)

et ou r est une application continue de [0,1]1+k dans F + (et on note par
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convention t) =0 si r(t) =0), on doit alors vérifier la convergence
faible des mesures signées r(s,u)dyn(s,u) et la convergence au sens de la
topologie de Skorohod des processus Ln.~ (autrement dit la convergence des
processus M au sens de la topologie de Skorohod corrige’efpaa r, en adop-
tant pour distance entre deux éléments f et g de Dj”, d(— ou d est

la distance de Skorohod).

Il est clair que cette nouvelle topologie (Skorohod corrigée) n'est,
en toute rigueur, définie que sur I'ensemble des éléments f de tels
que ~ soit lui-méme un élément de ; par conséquent, on ne peut
obtenir des résultats de convergence de la suite Ln que si la fonction r
s‘annule en tout t tel gue L (t) ~=s 0, c'est-a-dire en tout
t(=(tQt)) e [0,1]*[0,1] "vérifiant |’une des conditions suivantes

(i) to =0
(ii) I'une au moins des coordonnées t. (ou 1 £ 1 £ k) est nulle
(iii) t=1 =(1,...,1).

Une étude préalable a celle de la convergence de la suite Ln est celle
de la suite des processus Wi empiriques normalisés tronqués définis par

1 [nto] Kk
“re>=E g qm |[F 0.V oev>
08}
Fn, =i " B, (1sisk
* i=l *
J
et . est la fonction de répartition de la marge régissant I'observation

n,l
A'<i<k 1<j<n).

Le passage de la convergence des (Wh) a celle des (Mh) est traité par
Balacheff et Dupont (1) et (2) dans le cas de la topologie usuelle. Dans
le présent travail, nous abordons seulement I'étude du processus W pour

la topologie de Skorohod corrigée.

71,

Cette étude a déja été partiellement effectuée par nous en (6) pour des
fonctions r vérifiant (i) et (ii) ; par contre en imposant la condition
(iii), nous avons été astreints a des conditions excessivement fortes sur
la fonction de mélange, ce qui nous a conduit a penser qu'en exprimant les
statistiques de rang sous la forme proposée par Rischendorf, on ne pourra
obtenir les résultats souhaités. Il semble préférable d'exprimer ces
statistiques de rang au moyen de processus s'annulant a la f?e's sur la
frontiére inférieure et sur la frontiére supérieure de [0,1]

Les nouveaux processus que nous allons définir et que nous appellerons
“processus éclatés™ répondront a ces critéres.

L'idée directrice est la suivante (exprimée ici pour k = 1) on considére
le processus Wt déduit de Wi par

-siooy Voe o122 » ftw =W V

- si (Vtj) e [1/2,1] X ro.i/2[w;(t0,t1) - JL [nf£ to)l 1[P fV II

nto]

L ]
Moo= Gnae (ta

SSi (W« 10,1/2[ x [1/2,1]W*(t0,t1)

- si (t0.tl) e [1/2,1] W*(t0.tl) = ~ [n<”™ ° ) I[rn)1(x*j),t1]-(1-Ka(tl))
ol x*j =xj+1’j (1 s j s n).

L'étape suivante de cette étude consistera a déduire de la convergence
de W au sens de la topologie de Skorohod corrigée, celle de Ln pour la
topologie de la convergence uniforme (ou L* se déduit de Ln par éclatement
comme W de W) puis a exprimer Tn (centré et normalisé) sous la forme
JI*. -p.r du* , ol y* est une mesure sur [0,I]1+k, que I'on aura construite
a partir des fonctions de scores d'une maniére presque similaire a celle
que I'on a déja utilisée pour la construction de y



1. L"ESPACE Dj+k ET LA TOPOLOGIE DE SKOROHOD ASSOCIEE k k-1
Ar+Kk (D, f, [a..*b~]) = Ak(JIn ({O0,..., k-13),f(.,bk), n [ar 3)
1.1 L'espace DMk k-1
A (J n ({0,... ,k-I>). f(.,a.), .n [a_b.]) si k €13
. Kiz0 "1"1
BADISIoE-8-139Sii21]8 o
On reprend les notations de (2) sur les espaces D, on note =a(J n ({0,...,k-1}), f(.,b.), .n_ [a,,b,])-
o ‘ , oot : R i 1%
Q= [OkI/Z[ et 11 =1[1/2,1] ; on pose pour tout p = (pi)O<i<k * {0,1}
k-1
I =n | pour toute application f e DIx., tout p € {0,1} et AK(I N ({0 k-13}), f*(.,ak), n [a~b.]) si k tJ
p i=0 pi 1+k i=0

tout (xQ,...,xk) g Ip on pose

Pour tout p ¢ {0,1} Bk , on note
......... xk> = f((x0>...,xk)+()

Jp) =(0 <i <k ; Pi=0*

(qui est la limite de f(x”,...,xk) quand (x”,...,xk) tend vers (xO0»...,xk)
par valeurs supérieures pour les xI tels que p. =1 par valeurs inférieures o ) ) .
pour les xI tels que p» =0 (on dit que c'est la limite de f en (x0,...,xKk) On définit I'application y sur Dj+k  par

dans la direction p)) ; aussi, pour k=1, on a :
(Wp C{0,1}1+k)(v(xQ,...,xk) € Ip) 1(f)(x0,...,xk) = D1+k(J(P),f» n 1 )

X0 .xD) = fxoxp Si =54, [0,172]2 ;
ou Ix est égal a [0,x*] ou a [x"11 selon que x- < 1/2 ou x- > 1/2.

*(Vxb © X)) si 0 .Xi) £ [0,172[x[1/2,1] ;
Soit I'application y' définie sur D™k par

0 xi) = FOG.xD  si xoexa) £ [1/2,10X[0, 122 ;

Y'(f) - (AlHc(J(p). fllp. A~ IXi)pe(0fl)l+k

AXO XN = f(x;,x-) s (O xi) £ [/2,1]2
Pour toute application f e D™Mk* tout J ¢ {0,...,k} et tout pavé Définition_I_

k il 1+k . . .
| [a-ib-i inclus dans [0,1]I " on note Pour tout p e {0,1} , on note Dp I'ensemble des applications f de |

10 dans F prolongedmes a | en une application admettant des limites dans
K R les 21+k directions en tolt point, et continue dans la direction p ; on note

Atk <Ifr A [V D) ~ _ 14k ,
DI+k 'I'esPace des fonctions f telles que pour tout p € {0,1} la restric-

défini par récurrence avec tion de f a Ip appartienne a Dp.



.74,

Par une surjection évidente de D+k sur Dp, on retrouve pour Dp toutes 1

propriétés énoncées pour 14k dans (2).

On a aussi une bijection évidente y" entre et D?..

T D
{01} P
Lljne=I

°n a r(D1+k) = D1+k

Y=y"o0y’

]
Dk
. ) ) 1+k .
On appelle base de quadrillage éclaté de [0,1] ‘toute famille de k+1
suites finies d'éléments réels telle que chaque élément de chaque suite
appartienne a [0,1[, que le premier élément de chaque suite soit égal a

0 et que 1/2 appartienne a chaque suite.

Soit par exemple, B = {(t;j ; 1 < j < , 0 < i < k)} une telle base.
Posons pour tout i (0 n < k)
Moo= v G sioa s 1/2 ie (1,...,L}
= f1/2} Si  fj = 1/2 joe {1..... L.}
M'j*1 = Jtj,tj+1]si fj all2 je
N . Li+1
(oo par convention t. = 1).
_ ) i Si
Alors l'ensemble des parties non vides de [0,1] de la forme M.
ou pour tout i, e {1,... ,L.j+1} est appelé quadrillage éclatél-0

de [0,1]1+k de base B.

*
On note R* Il'ensemble des quadrillages éclatés de [0,1]

B =

.75.

A tout quadrillage R appartenant a R* de base

{(t*) ; 1 <j < L., 0<i < k)}, on associe

positif

m(/?) = Inf inf {t~r-t?2 }
O<i<k 0O<j<L.

m{r ) est appelé la perméabilité de R.

le nombre réel strictement

R* de perméabilité

On note R* le sous-ensemble des quadrillages de
strictement plus grande que 6.
Exemple de schéma pour k = 1
1 r-n ----—-—-—-- r-—-—-—--
1 11 1
2 J- f —— e
R P e 1
11 j
7'5 1/2
2 . — -
| e
| R
A I
i I' i
0 t 1/2 t: I
1-*1 1
ona B = {0, tj, tj, tp x {o, tz) ;
la perméabilité du quadrillage de base B est ici 1/2 - tj.
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Définition_2

1x1/
Pour toute application f bornée de [0,1] dans F , on pose

w'(f,6) = Inf M sup |[F(t)-f(t")|
Re I% RerR (t,t")eR2

Proposition 1

Soit f une application de [0,1]}\% dans F ; pour que f appartienne
a D~ il faut il suffit que :

lim w*(f,6) =0
0->0 *
Démonstration
Cette caractérisation des éléments de il+k S8 déduit élémentairement
de la caractérisation classique des éléments de D~ par la convergence

vers 0 de w'(f,6) ou
wil(f,6) = Inf max sup. [f(t)-f(t")|
/?£R6 RR (t,tl)€R

ou R ej>t I'ensemble des quadrillages usuels composés des pavés de la

forme « [t.,t".] et de perméabilité plus grande que 6 et de la bijection

Y " i=0 11

L"esgace a+k
O note

Cl+k = ,f * Vp e I°»D1+k) fU p aChet un Prolongement continu a Ip)

w (f,6) = max., . sup. [f(t)-f(t”)]
pclO.ir k (e, t")ilr2

7.

Proposition 1
Soit f une application de [0,1] Lk dans IR ; pour que f appartienne a

A+k A et ~ 9ue

limw (f,6) =0
6-+0

le principe de démonstration est le méme que pour la proposition 1.
1.2 - Topologie de Skorohod

l22212918_d§_Skgrghod_associée_a D~

Soit A I'ensemble des applications x continues, bijectives et [0,1] dans
[0,1] vérifiant x(0) =0 x(1/2) =1/2 x(I) =1

Si A= (XQ,... . X on note

(f o] X) (Xq, L* *X|<) = T RAAKARAKA

d*(f,g) = Infl+k max. (||f-g o x||, U -il+kll }
Xc A

(ol i1+ est I'application identique de [0,1] 1+k).

La distance d* et la topologie qu'elle définit sur I'ensemble des appii-
cations bornées de [0,1] 1 dans IR sont dites de "Skorohod éclatée™.

Il est clair que I'application y" définie dans 1.1 ci-dessus établit un

homéomorphisme de , . D (muni de la topologie produit des topologies
PE{0,1} p
de Skorohod sur chacun des D ) sur D~ (muni de la topologie de Skorohod

éclatée).

C8r§CT8uis§TT9D-~88.C2/!BECis_de i +k

On peut montrer I'équivalent d'un théoréme connu de Billingsley
(généralisé a D™ par Balacheff et Dupont en (1)).
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Proposition 2
Soit Kune partie de D~k ; la fermeture de K est compacte si, et
seulement si les deux propriétés suivantes sont vérifiées

P, - Sup [l fll <+ -
1 fcK

Po - Lim Sup w'(f,6) =0
6-0 fe K *

Démonstration

Elle découle inmédiatement de |'homéomorphisme y" de la caractérisation

des ensembles compacts de D j~.

1.3 - Convergence faible de probabilités sur Dj+k

On retrouve élémentairement des résultats équivalents & ceux énoncés
dans (1). (l.l-b proposition 1 et I|.l-c théorémes 1 et 2) pour les

espaces D~/

SoWEIEIAM o« Tk

On note la tribu borélienne associée a la topologie de Skorohod

éclatée sur DA+A.
Pour tout T c¢ [0,1]1+k, on note T la projection de D "~ sur

Proposition 3
¥ S _ _ o I1*+k
est la restriction a D A~ de la tribu puissance sur JR1 J

(F étant muni de la tribu borélienne).

Démonstration

1+k
Pour tout p e fO0,1} , notons D la tribu borélienne associée a la

p
topologie de Skorohod usuelle sur Dp ; on sait, comme pour Dj+k, que

est un espace séparable ; la démonstration va donc résulter du lemme suivant
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Lemme 2

1+k
Soit T une partie dense dénombrable dans [0,1] telle que de plus

pour tout Je {£0,...,k} si on note
Fi = {(t0,...,tk) £ [0,111+k ; Vj e J tj = 1/2}.
Fj n T soit dense dans Fj ;

alors la tribu . est engendrée par D te T}

Démonstration

On note a( ) pour "tribu engendrée par ( )".

y

On a d'abord <> i te T) c p*+k ; en effet, si pour tout
p(e{0,I}1+k) et tout Tp(c 17), on note " la projection de Dp sur F p
ona 0UQ.Xx;te€Tn 1) =0D et , . D

{t} P P 1+k  p£{0yi} P
Donc, pour tout t, est mesurable.
Montrons maintenant la réciproque ; on note

* . T Y * i

p Dy Dp ¥ soit DH”

f P
-1
I'ensemble des parties de Dp de la forme <y (H ), ol Uest un

finie de Tnlp et Hu une partie borélienne de Ku (0ynj est une

qui engendre Dp ).

Soit enfin Z?% l'ensemble des parties de D ~ de la forme 4>yT(Hu

est une partie finie de T et Hu une partie borélienne de F u

e partie

algebre

) ou U
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On a alors

\ 1(pTnld ¢ dT et p('pl(Dinl.)> = ST, »

donc
-_I .
T CCm i > c 0f

ou encorem

soit
Cc = t Cr(e tt d ) on a
pe{0,l)1+k p'P)E {51‘;‘}Pl+k
* 1+k C. = 1*1, *'1 <c_) « °(»t)
Pe{0,1) 0 pe{0,1} PP 1
d'ou

T D o(/
N ) S S

soit encore

A C =Nt} *Ne

Convergence_faille

Une suite (Pn ; ne |si) de probabilités sur (D ~, D\+") est dite

faiblement convergente si elle est faiblement convergente pour la topologie

de Skorohod éclatée.

Pour toute probabilité P sur (Dj+k»~+k)» on note Tp l'ensemble des
points t (dans [O0,lI]1+k) en lesquels est P presque sOrement continue

(on rappelle que™j (f) = f(t), et que f e D~ +k).

Proposition 4

Soit (Pn ; n € N) une suite de probabilités sur *
elle admet une probabilité P sur (Di+k”~i+k) P°ur limite faible si

et seulement si sont vérifiées les conditions suivantes

1. (Ve > 0) lim lim sup P ({f ; w'(f,0) > e}) =0 ;
6-0 N>
2. Pour toute partie finie U de Tp, <>j(Pn) converge faiblement
vers <»(P) quand n tend vers Il'infini.

Démonstration

Conséquence des propositions 2 et 3.

Corollaire_|I

Soit (PR ; n e IN) une suite de probabilités sur (D ~, |k)

vérifiant

1. (Ve > 0) Ilim lim sup Pn({f ; w (f,6) >e}) =0
6->0 n-*» n *
2. La condition 2 de la proposition 4
Alors la suite (Pn) admet une limite faible P vérifiant
p(Cl+k) =1

Enfin on énonce un résultat qui est une variante d'un théoréme de

Dudley (5) et que nous utiliserons pour la convergence des processus L*.

Corollaire_2

Soit (Pn *ne N ) une suite de probabilités sur ( »~+k)  “ou
Ul+k est tril)U engendrée par la topologie de la convergence uni-
forme sur Dj+k) ; alors il existe une probabilité P avec PiCjr) =1

pour laquelle la suite (Pn) converge faiblement pour la topologie de
la convergence uniforme si et seulement si sont vérifiées les conditions

1' et 2 du corollaire 1.
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Démonstration

La condition suffisante est une conséquence du corollaire 1 comme cela
a été fait par Billingsley (4) chapitre 3, p. 151, pour DM

Montrons la condition nécessaire; on suppose donc que Pn converge

faiblement vers P avec p(C™Mj) = 1.

Soit la topologie de la convergence uniforme sur ; comme P
est concentré sur un espace séparable, il résulte du théoréme 1, p. 284
dans (8) qu'il existe un espace de probabilité (fi, a ,y) et des variables
aléatoires (Xn ; n £ IN) et Xtelles que p(Xn) = Pn» y(X) = P et que
Xn converge vers X p.s. pour y

Pour tout 6( > 0), on considere I'application de dans IR définie
par
Ys :Ditk - R

YAf) =max i I+k sup {[(f)-f(f)| ; (t.f)e I*. |t-f|] s 6}
PE
alors Y, est une application continue pour la topologie de la convergence

6
uniforme.

Soient (zn 6 ; ne IN ) et zfi les variables aléatoires définies par

Zn6 " Y6 0 Xn 26 =Y« 0 X
alors on a
Ve>0 3noe IN VWVn>nQ y{|Zn)6-Z| >e/2} < el2

comme X est concentré sur il existe, pour tout e >0, 6 > 0 tel
que y{z6 > e/2} < e/2, et ceci entraine y{Zn>6 > e} <e , soit encore

Pn((f i wW(f.6) > e}) = y(Zn#6 > e} < e

on a ainsi établi la condition 1* ; la vérification de la condition 2

est immédiate.
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I - CONVERGENCE EN LOl DU PROCESSUS EMPIRIQUE NORMALISE TRONQUE
EQLATE CORRIGE PAR LA TOPOLOGIE DE SKOROHOD
2*1 ' Nature des observations

Soit x = (x l,...,x n) une suite de n observations dans IRk ; pour tout

i e {l,...,k}, notons x = (x.,...,x!?) la suite des iémes composantes
des observations, Fn x la fonction de répartition empirique associée a la
suite x.., Hl (1 <j < A la fonction de répartition de la marge Q| de la
probabilité q1 régissant l'observation x.dans (IRK)n, et FH,i' 1<isk
la fonction de répartition de la marge Q" ...

On note également
FH’j:%PFn nifL*i<k
(pour plus de détails voir (6)).
Nous nous plagons sur 1'hypothése de continuité suivante
Hj- les marges @1 . (1 < i < k) de @ sont supposées diffuses sur IRn

le processus empirique W sur lequel nous travaillerons sera défini en
notant pour tout t = (tQ,t) = (t0,t1#... ,tk) (e [0,1]1 K),

(»,,(tnoo-i "1« i) - Hii)
avec II <

Hei vl i<y pkeo

n suppose également que sont satisfaites les hypothéses suivantes

H - la suite (cn ; n e IN*) des fonctions de covariance des processus

Wh converge simplement vers une fonction c.
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H3 - Il existe une application décroissante $ : IN* [0,1] vérifiant
4>(1) =1, n™N* n *112(n) < +» et pour laquelle la suite
(@Qn : neW*) est $ mélangeante.

H4 - Il existe une mesure y sur [0,1] , finie positive a marges diffuses
et vérifiant
(WM\ne K*) (Vj £ (1 . ,n}) (VBbloc de [0,I1k) ~(B) <y (B)
est la probabilité ayant HJ pour fonction de répartition).
O note H la fonction de répartition de la mesure u.

2.1 - Convergence en loi

(b7§T12D§-87.définitions

Définitjon_3
. . . . R 1+k
On appelle fonction correctrice éclatée toute application r de [0,1]

dans IR+ vérifiant

(i) Il existe rQet r applications de [0,1] et de [0,l]k dans IR+
telle que pour tout t (=(tQt), r(t) = rQtQ r(t) ;

1
(ii) pour tout pc{0,1} , rll admet un prolongement continu sur

p

(iii) r est nul sur toute la frontiére de [0,1] Tk

Nous énongons d'abord une généralisation immédiate de la proposition
équivalente énoncée en (6) p. 50.
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Proposition 5

Soit pour tout n, un processus Ynh défini sur ([0,1] k)n a valeur dans

Di+k * on suPP°se 9ue suite des Yh converge en loi vers YQgaussien,
a trajectoire presque slrement dans C|+k pour la topologie de Skorohod
éclatée ; on note Pnla loi de Yp (c'est la probabilité sur Dj+k) et on
suppose que les conditions 1' et 2 du corollaire 1 de la proposition 4
sont vérifiées.

Soit r une application de positive ou nulle.
Soit également pour tout a( > 0)

Ra = {(v0,...,vk) £ [0,1]1+k ; (-ii e (O..... k}) sup (v., 1-v™ s a}

On suppose vérifiées les deux conditions suivantes

(A) pour tout n, le processus Ynh.-p est a trajectoires p.s. dans Dj”.

(B) (Vi >0) (Ve >0) (-]a>0) (-3 nQ (Vna nQ Pn(Sup |Y,.i| >S) <t.
a

Alors la sulite des processus YH? converge aussi en loi vers le processus

corrigé YQ.- (qui est lui-méme gaussien et a trajectoire p.s. dans
C~k) Pour la topologie de Skorohod éclatée.

Nous devons maintenant étudier dans quelles conditions on peut appliquer
la proposition 5 au processus éclaté, Wt défini par :

( = Y(Wn) Si 0<t05!_

VV ) - *<V (Vii't)  sl7stofllr

=0 s Ml
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Vérifions tout d'abord la convergence en loi du processus W.

Par la continuité de I'application y, on sait déja que i(Wh) converge
en loi vers y(Wwo) (ol W4 est le processus limite de wn) pour la topologie
de Skorohod éclatée.

y (W) es_t‘ p.s. a trajelgl_‘glres dans Ci+|'< et de plus nul p.s. sur toute
la frontiére de [0,1]

Considérons maintenant pour tout n £ N* I'application ~n, de Dj+k dans
lui-méme défini par :

f = twt) si 0s *0s 7
(O o - f(toln+t) si \ <tQ<

V =0 si A vV 1

*
Soit fQe Cj+k» nul sur toute la frontiére de [0,1] et soitlfh une
suite de fonctions de Dj+k tels que fp converge vers fQ pour la topolo-
gie de Skorohod éclatée ; alors ~n(”n) converge aussi vers fQ pour la

topologie de Skorohod éclatée, donc, d'aprés le lemme 3 de (2), W conver-

gera en loi vers y(WQ) pour la topologie éclatée.

Les conditions 1' et 2 du corollaire 1 sont élémentairement vérifiées
pour le processus WA

Il résulte de I'expression méme de W (qui est identiquement nul pour

t suffisamment proche de 0 ou suffisamment proche de 1) que la condition
Acest vérifiée pour W si la fonction correctrice éclatée r et les
fonctions Hj sont liées par la condition (H|) ci-dessous :

H pour tout Z appartenant a la frontiére de [0,1] k, on a :

(T(Hj).i (4) =0
t r
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ou pour tout p = *jhsisk (cio.l) I() et tout (vj,....,vk) e I~ = * 1Ip

on a =1 *
IH <o vk) = Ak(I(i). HAE- 1y )

avec 1

J5) =0 <i<k; P. =0}

Il nous reste a assurer la réalisation de la condition (B).

I+k

Pour cela, on va décomposer Ra en 2 sous-ensembles

mp C %’ﬂl+k définis par fy =R, ni P
et montrer que (B) est vérifiée sur chacun des sous ensembles Rp.
Notons €=<etl1l = >
Définition 4

Soit J ¢ (0,...,k) et soit f une application d'une partie de [0,1]"

dans R ; f est dite monotone éclatée si, pour tout p et tout couple
((t'inied* ~-Piej) de Peints de projection de Ro sur [0,1]J vérifiant,
pour tout i appartenant a J, l'inégalité t. <ti, on a

f(1 t1)

O note, F*, Fg»--<»{" les fonctions de répartitions des marges de vy,
Fq celle de la mesure uniforme sur [0,1], et H la fonction de réparti-
tion de la mesure produit de la mesure uniforme sur [0,1] et de .

Pour tout f e Cj+k et pour tout p e {0,1}1+k, on note ep I'application
qui a f|lp associe son prolongement continu fp sur |

Enfin, pour tout Lc {0,...,k} et toute fonction f de classe Cl+k, on
note aL f sa dérivée partielle d'ordre card(L), par rapport aux coordon-
nées appartenant a L
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111
On suppose alors qu'il existe a( > 0) tel que, pour tout p €{0,1 ) . . . . . o
PP o q (', ) ) q P ] -p { }_ Pour établir que les propriétés (H”), (H6) et (Hy) impliquent la propriété
les conditions suivantes (dans I'énoncé desquelles J désigne (0<j < ket (B) sur tout Fp . nous remarquons que, en (2), nous avons établi cette
pj = 0}) soient satisfaites. implication pour p° = (0,0 0)
H - I"intéri d , 1 est de cl K+l et, tout P X . . Lo .
sur IMintérieur de Rp, 4 est de classe ) _e pour ,ou . Pour la généraliser a tout R, nous considérons p étant fixé, l'appli-
Lc (0,... Kk}, prend des valeurs positives ou négatives selon cation A de Fk dans lui-méme, telle que A (Xj»...A) = (x] X~) ol
que card (L n J) est pair ou impair.
) 7[]"{'0 * p0 =0 N = X si =0
H - Il existe ¢ > (lue» Pour tout Lc fO,...,k}, toutes les
fonctions, notées fj ou f2» définies ci-dessous soient £L monotones x{ = -xi si.pi =1
éclatées sur F&: on fixe tout d'abord,z pour tout i c L, t.l etltT .
tels que th <tj <~si ielLnJ,etj<t!l< siielLn ; Sl po=1 xi =xn+l-i si pi =0
on définit alors, pour toute famille ((t™){ e [LnJ* ~17i e £L n q) Xi = *n+l-i si pi - 1

telle que t- <~siied@nJetti >y siieCL nC >
L 1+ L
et I'application t/, de [0,1] l’<*dans lui-méme, telle que

flrVieCLnJd’ ~NiNGCLNCIN Ak (6P (y (H") ) (ci)Qsisk) K (tosti,-" 'tk)P= t;,. ..t(;) ol
* [a. .b.]
et =0 1 T = ti si Pi =0
* P ; i b=

f2((VieCLnJ’ (tINECLNIA @ k (Bv(i:O FiMe p(r))C A~ Cin 0si'skn y=1-u st P=1

* [a. ,b.]

=0 1 1 . ) . S

On note F™’'J la fonction de répartition de la marge Q"J de la probabilité
ol [a.,b] est égal & [t.,t~],[ti.t~],[0,ti3 ou [tj,I] (£ régissant I'observation i (x) dans (J”)net Fp,j (1s i s k) la
ni P n

fonction de la marge
selon que i appartient a LnJ, LnfJ, [LnJ, CLnCJ, et ou c" est égal
a t- ou ti selon que i appartient a (fLnJ) u (LnCJ) ou a n note également Fp . =2 __zl PP (1 <i <K
(InL) u (CLnCJ). " =
« hS -j €h eV 1+ FS'J<FS <v — T I A
Hy - Pour tout Lc {O0,...,k}
, Si *;(t0.)) = (tj.t"), ona Hy j<t*) =C (Hi)(D)
frr 31 (H) 3a #) d *1+k<+* et
k on en déduit que pour tout (tQ,t) appartenant a Ip,
ilgl? * L (,(i"0 F)) SAL <! 1 >* < * -
Wt oo fg ifo AL (r(xp) <t - Cj(tL



.90.

c'est-a-dire

w (D) wn(*; (0)* (x)
-w - = r ipY)

o0 rp est défini sur 1™ par rp(t) =:I’(*(', 1))

donc si on pose t’ = P (t) et x’ = (x) le processus
wn(f)(x") p p
——™M i~~~ vérifie (B) pour p = p-.

Théoréme_fondamental

Il résulte de la proposition 5 et de I'étude menée au paragraphe précédent

qu'on a le théoreme suivant

[blQCl01
On suppose que le processus des observations vérifie les conditions
(H ) a (H,) et (Hj) et que la fonction correctrice r est monotone éclatée
et qu'il existe a( > 0) tel que, pour tout p(e{O,I}l+k) les conditions
(H-) a (Hy) soient satisfaites.

Alors la suite des processus W*.-i converge en loi pour la topologie de
Skorohod éclatée vers le processus i (Wj).i gaussien et a trajectoire

presque sdrement dans CT+k*
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1. Introduction

Let X ni=(Xjl]),....Xjt), 1</<«, «>1, be (Revalued r.v.’s (random variables)
with continuous d.f.’s (distribution -functions) Fni(x), xe IR* and continuous
marginal distribution functions F%\x)j xelR, I<z</i, n>1,  j<k. Our aim is
to study the asymptotic behavior of the rank statistics

n = iI ~nicn WK Ri’) O'i)

where cni are the regression constants, a,,(ee*) are the scores, and RV* is the rank of
X among {X%\ 1</<«}. We assume that the underlying r.v.’s are ~-mixing
with rates

<p(m=0(m~1_£) for some £>0 (m> 1) (1.2)
or

X m~Il<pi/4(m)<oo. (1.3)
m=1

Recall that the sequence {Xni} is «N-mixing if

sup{|P(5[>1)-P(5)|IM€<7(A'm, 1</</), Beo(Xni,i>j+m)}=<p(m)IO

0378-3758/88/S3.50 © 1988, Elsevier Science Publishers B.V. (North-Holland)
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for positive integers j and m. Here o(Xni, 17i<j) and o(Xni,i>j+m) are the
CT-fields generated by (Xni ,X,,i) and Xn,j x n, -mEy %) respectively. Our
methods of proofs are based on some of the ideas of Fears and Mehra (1974), Mehra
and Rao (1975), Riischendorf (1976), and Ahmad and Lin (1980). For the case
of independent observations X,,it the asymptotic behavior of Sn is studied by
Ruymgaart and Van Zuijien (1978).

Denote by F~ the right continuous empirical d.f. of Xfi\ / =1 ,i.¢e . let

X) =n I IT[Xu”™xi

) 1=

where I[ jdenotes the indicator function, and set F*\x) =E{F”*\x)) =n~x£"=1F " (x).
Let {Hni} be a sequence of measures on [0,1]* defined by

Hni{t) = Fni(FUr \tx\...,F « r \tk))y *=(/,..../*)e[0,1]*. (1.4)

We now define the truncated rank process Ln as

Info] k
L, (to>t) =n~1/2 Y, )II st ~Hni(O( ioe [0,1]. (1-5)
=i J

where [ntO\ is the largest integer <ntQ Then, we can rewrite Sn equivalently as
Pn=n~12JL,,(t) et (t) er(t) «du,,(t)+ d,, (1.6)

where t-(t0,t), fi,, is a signed measure on [0,1]*+1, r is a continuous function from
[0,1]*+1 into IR+ (called a weight function, see definition in Section 2.1b) and dnis
a centering constant. (By convention, (I/r)(/) =0 if r(/) =0.) The weight function
is introduced to deal with the situations when the regression constants and/or score
functions are unbounded. We shall first establish the weak convergence of the pro-
cessLne(1/r) with respect to the topology of the uniform convergence (i.e. uniform
topology), and then the convergence of 9»r will follow. Since the process L,, «(1/r)
does not necessarily vanish on the upper boundary of [0,1]*+1, we introduce (in
Section 3) a new process L,, called the split rank process which vanishes on the
upper boundary and which admits the representation of S in the form

A=« - |12 j[q - Ln(t)-r(t)-r(t)dx n(t) +bn (1.7)

where X,, (a certain measure) and b,, (a centering constant) are defined in Section 4.
In Section 3, we shall establish the convergence of £,,» (1/r) via the convergence of
Wne(1/r) where Wn is the truncated empirical process Wn defined as

wil r K A
W,,(t0,t) =n~1/2 £ n HniiOy *oe [0,1]. (1-8)

Our methods are the extensions of those of Fears and Mehra (1974) and Ahmad
and Lin (1980) who studied the problem for the one-dimensional stationary case,
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and of Mehra and Rao (1975) who considered the multidimensional stationary case.
These authors study the convergence of the processes without truncation and their
findings are limited to the case where the regression constants are bounded. The
results of our paper take care of these limitations, and provide not only the exten-
sions of the results of Fears and Mehra, and of Ahmad and Lin, but also improve
upon the results of Mehra and Rao (loc. cit.). For example, in the Ar-dimensional
case with stationary observations having lly=i tj as their common d.f., we obtain
the convergence of empirical process with weight functions like r(f},...,/*) =
(Ny=itj)aifa<(k +1)/4k (a<{k +2)/MJIc+ 1) with truncation), where Mehra and
Rao provide results for a<\/2k. Moreover the main theorem (Theorem 3.1) of
Mehra and Rao (loc. cit.) can be used only for weight functions which vanish on
the lower boundary and not on the upper boundary. Here the results hold for weight
functions which vanish on the lower as well as on the upper boundary. We may also
mention that in the one-dimensional case, Neumann (1982) uses a much slower
mixing rate for «»-mixing than in Harel (1980), but his results can only be applied
for stationary processes and in untruncated situations. Here we also obtain a slight
generalization of his results by considering intermediate «»-mixing and for truncated
and nonstationary processes.

We would also like to draw the attention of the readers to work of Ruymgaart
(1974) who studied the multidimensional i.i.d. case, and of Ruymgaart and Van
Zuijlen (1978) who investigated a similar problem for the case of independent but
not identically distributed random vectors.

2. Preliminaries
2.la. The D *+, and C*+ j spaces

Let/:[0,I]*+,-IR. For e =te(0),...,9(k))e {0, 1} Ar+l, define

fe(0= Iim as) ((5,i)e [0, A+,
s,Tt,,e(igzl
sihi, e (i)=0
if it exists; in which case, call fe(t) the £>-limit of f at t. Denote by D k+1, the space
of all maps /: [0,I]*+,-*IR such that for all ge {0, 1} Ar+l, fe exists and fe=f for
q=1(0,...,0). More generally, for a closed rectangle R in [0, I]*+I. Let DO(R) =
{/;1:1?-y (R fQ exists Vg'e {0, I}k+I and fQ=/}

Let ={/;/:[0,1]*+ IR Vq, restrI'c i{n ﬂ@has an extension \En 1(q)

with /(£)} where /_ = 1e(Q) X *** X
7 n<u) if IFQ
oM, I it =,

where A denotes the closure of the set A. Denote by Ck+l the space of all con-
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tinuous maps /: [0,1]*+1-» IR, and note that for any bounded function /, fe C k+I
if and only if im5_0(o(f,3)=0 where

a>(f,S)=sup{|/(0 (i, /") e ([0,11* +1)2, (2.1)

and |/| = sup{|f,-], 0<j< k}.

Now put C*+1={/; /: [0,1]*+1+IR; Vg, f 11(@) has a continuous extension
to /(E>)}. We define a modulus of continuity for any bounded function
[: [0,1]*+1-*IR, to be denoted by a>*(/,<5), (&> 0) by setting

ct>*(/,<5) = m ax sup [7(i)-1(*% \t—1'\< S, (2.2)
ee{0,\}k+, (t,ne/2e)

Consider an operator y:D k+i-+D*+| defined as
yEOM®= 1 (-1 *fiibi emai)<)* tel(e), (2.3)

where aj= 0 and bj= if g(i)=0, a,=tj—and bj= 1if £2(/)= 1 and Card/ denotes
the cardinality of I.

For example, suppose k —1. Then

y(/)(0 =/(*o>tXR~ 0)-/(0,/j) +/(0,0) if (i0,ii)6 [0,1)2,
y (/)(0 = /(1,ii)-/(io - [i)-/(l,0)+ /(fO- 0) if (ror.)e [i, 1] x [0,i),
y(/}(0 =/(*<>,1)-/('0, i -) ~/(0,1)+ /(0,h -) if (fo, e[0,1)x II, 1],
y</)(0 = /(U )-/('0 - 1)-/(l,ii-)+ /(io - [1-) if (W i)e [*,I]2.

2.1b. Weightfunction

A function r: [0, 1]*+1-+(R+ is called a split weight function if it satisfies the
following conditions:

(i) there exists an r0: [0, 1]-*1 IR+ and r : [0, 1]*-* IR+ such that r(t) = rO(t0)r(t) for
all i = (f0,i)e [0, 1]* +1;

(ii) r belongs to C *+1;

(iii) r=0 if there exists at least one je {0, such that /)= 0 or tj= 1.

r is simply called a weight function if (i), (ii) and (iii) are replaced by

(i)' r belongs to C *+1;

(ii)' r= 0 if there exists at least one je {0, such that tj=0 or i =(l,...,I).
2.lc. Grids accompanying a sequence ofprobability measures

A grid T of [0,1]*+I] is a subset of [0, 1]*+1 such that T= n *=0 " where r °") is
a finite subset of [0, 1] which includes 0 and 1.

A pace x of a grid T=H|j=07*J) is the number r= maxoS7S*Ty where zy=
m ax{|/j—tj\, tj and tj are successive elements in T {J)}.

We denote the lower boundary of T by 7U where
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v y\iic g nA
y=0 L /=0 I=j+ 1
We call block B of T any rectangle of [0,1]*+1 which is of the form

k

B =, where tj and tj belong to 7 ~, and tj<tj}.
J=0

We call evaluation e(B) of B, the operator e(,S):E>"+1- ¥R+ such that
E (- E=F[(l-e0)t0+ eg& ...,(1 -e k)tk+ ektk}.
(£0. — .C*)E{<X1}*+I

For any <5>0, set

«r(/l.<5)=sup{|[/(0O-/(O]; (t,t")e T z, \t-t'[< S }.

W e say that a sequence {r,}BeN. of grids is asymptotically dense in [0,1]*+1 if
the pace r, of Tn satisfies lim,_oo =0 (IN*= N —{0}, N={0,1,2,...}).

Let Pnf neIN* be a sequence of probability measures on (Dk+1 ® *+i) where
@k+ j is the <T-field generated by the Skorohod topology (on Dk+1). We say that the
sequence {Tn} ofgrids accompanies the measure P, if and only if Ve> 0, 3e'> 0 and
VSe[0,]), 3NOe N * such that P ,[{feD k+1I; to(f,S)>e and (oTn(J,2d)<e'}]=0
V n>N 0.

For the ease of convenience, we state the following results due to Balacheff and
Dupont (1980) which will be used in the sequel.

Proposition 2.1. Let Pn, «eIN* be probability measures on (Dk+1 ® *+i) such
that the following conditions are satisfied:

O(j(Pn)-rweakly to some probability measure Py on IR17 (2.4)
where U is a finite subset of [0,1]*+1 (iy is the projection ofDk+| on IR17); and

lim lim sup/w[/ei? t+1; ai{f,5)>e\ =0 Ve>0. (2.5)
¢ 0 n-*oo

Then Pnconverges weakly with respect to the Skorohod topology to some probabi-
lity measure P, and P (C*+1) = 1.

Proposition 2.2. Let v be a positive finite measure on [0,1]*+1 with continuous
marginals. Let P,, «elM*, be a sequence ofprobability measures on (Dk+i, @k+,)
such that Vn e fN*, P ,[fe D k+I,f\ [0, ]I+l =0]= 1. Let Tn, nelIN*, be a sequence
ofgrids asymptotically dense in [0,1]*+1and accompanying Pn. Furthermore sup-
pose thatfor any block Bnof T,,

P,[feDk+Il; |le(fI")(/)|>AI<A->'(v(5n))/?, 0>1,y>0. (2.6)
Then, Ve>0, 3<5e (0,1) and NOe N such that

PnifeD k+l, a>(f,S)>e)<e V n>NO. (2.7)
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3. Weak convergence of the weighted and split rank process

In this section we shall study the weak convergence of the weighted rank process
as well as that of the split rank process. We start with preliminaries:

3.1. Split rank process

For a given e =(6(0),Q)e {0,1}*+1, we define a map
AR —(IR%)" (3.1)
as follows:
Dy *An) - (N> e%o»2(i)
where x, =(xfl),...,xjk)), 4=(zjI\ ...,zjk)) and where
0) if (0) =0 and q(J) = 0»
r0)=J - Xjj} ife(0)=0and q(J)=1,
xMx 1 if £(0)=1 and q(J)=0,
iftf(0)=1 andffC/)=1.
Also define
Aclai]l*+1-tai]*+l, VS’[0,1]*-[0,1]*, ~ d0):[0,1]-*[0,1] (3.2)
as follows:
Ve(to, ...,tk) =(Vo,e(0)(to), V6(t)) = (to, ,tk)
where

ifeu)=o,
0-0 (feO")=i.
For any 0e{O,I}*+1, denote by L% the process Ln°iff'e associated with the r.v.
i"M\X,,u...,Xnn) on (IR*)", and consider the process L* defined as

ri Ai-n*+1
©O=i ° .
e«<F(O0=1 . ) )
Loy if»els = T ngi). a3)
Then, we define the split rank process Ln as
11 T kt 1
L P /P
thn ifi ni(Q),

n+] n+1
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where

ifeU)=o,
1t' ! if q(J)= I* oY
—tj- - if a(d)=

Definition. We say that the sequence {//,,,} of measures on [0,1]* is /¢-bounded if
there exists a finite and positive measure /i on [0,1]* with continuous marginal
distributions such that for every /i> 1 and 1 Hni(B)<fi(B) for all rectangles
B in [0,1]*.

{Hni} is said to satisfy the differentiability condition if:

(j) (d/dtj)Hni exists and is continuous; and

() Inj=n~x£ 1] (d/dtj)Hni(t)-*/,(t0, t) in uniform topology as n~*a°; lje C k+l
and (dk~i/(dti)i))lj exists and is bounded.

Theorem 3.1. Assume that (a) the sequence {Xni} is <p-mixing with rates (1.2); (b)
the sequence {Hni} is fi-bounded where fi is absolutely continuous with bounded
density (c) the sequence {Hni} satisfies the differentiability condition-, (d) the
covariance function Cnof the empirical process Wndefined in (1.8) converges to a
function C; and (e) there exists a d.f F”\x) such that

sup |JNCx) - /I~(je)! =0(n "), a>0. (3.6)

jcelR

Then, for any split weight function r satisfying

r j1/2-5

r(t)"A\Ly,é}te) | «IJI{q) (1-(1) V/elte) (3.7)

where A>0 is a constant, | —(k+ 2)/(4k+4)<0< 4 and J(Q)={j\ ye{0,...,A},
£C) =0}, Ln-(1/r) converges weakly in uniform topology to a Gaussian process
y{LO) * (1/r) with trajectories a.s. in C*+l where L0 is defined in Proposition 5.1.3.

Proof of this theorem is given in Section 5.
Let us now consider the untruncated process Ln defined as

if 1 n «
0 I L«+i  rt+ij

Liu ifti 1 :

Nt+1 rct1l

A(0H (3.8)
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where
tj ife (j)=o,

n+1 1
tj- - ife (/) =1i.
n n

and where /(E?)=/e(i)X esex /eW . Then, we have:

Corollary 3.1. Assume that (a') the sequence {X ni} is stationary, and <p-mixing
with rates (1.3); (b') the common d.f. Hni has a continuous density; and (c') H ni
satisfies the differentiability condition. Then, for any split weight function
r: [0,1]*-*- IR+ satisfying

[ -i1/2 —5
r(t)_ I n tj n (1 —<N1 for all te lie) (3.9)
jed(e) J
where A >0 is a constant, \ —(k+\)/4k<d<%, and ./(E)={y;ye {1,...,&},

£(y)=0}. Ln'(\/r) converges weakly in uniform topology to a Gaussian process
y(LO)e(1/r) with trajectories a.s. in C*. Here L0O=L00>0 and Y*"A t-*At *s defined
as in (2.3).

The proof is given in Section 5.

Example 3.1. Let the d.f. Fni be given by
* r *

Fn<= 11 §*” 11+ A/ n

L —

1- ~ 1
J-1 7_1( J

where F * is a continuous d.f. and — 1< fini:S 1. Suppose there exists a /?e [—1,+ 1]
and an a>0 suchthat |[/27m—/?|=0(n ~a). Then, it is easyto check thatthe conditions

of Theorem 3.1 are satisfied. (Note that here H ni(t) = fly =i tj{\ +/3ni []*=t (1 - (,)]*)

Example 3.2. Let F be a continuous d.f. with marginals F ", 1<y<&, such that
Fni(uu ...,uk)=F(ul+ \/n, ...,w*+ \/ri)

for all (M|],...,M*)elR* and F(F (@) (),...

the conditions of Theorem 3.1 are satisfied.

, F{k ()) has a continuous density. Then

Example 3.3 (Dupont). Assume that Fr)~a~F " +fij/i) G QJ), y=1, ...,£, where
&Ctlli’(\S 3.#})) 0,1]2and 1; and let F ~ and G~ admit continuous density
functions which are strictly positive on some bounded interval, and zero outside. Let
or*elO, 1] and y> 0 be such that lor*-a0*=0(n~y), 1<y<£. Then, the condi-

tions of Theorem 3.1 are satisfied (since /,,(/) converges uniformly to tO ).
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4. Asymptotic normality of linear rank statistics

A measure Aon [0, Il A+l is called a pseudo-measure of order /C{0, ..., &} if for
any fe C*+,,

i fw di)= f ()X (dt).
J [<UT*+' 3{(/o, ®):0=1 /2 Vjel]

A will be called a general measure if it is the finite sum of pseudo measures.
For any # we define a measure A, concentrated on {lI/(n+ 1),...,n/(n+ 1)}*41
by setting

X_(jeﬂg)tﬁjr*'“y/\ﬂcw_z ;’i+?})-<*«'<' ..............

for all (JO/(/i+ 1),..../* /(«+1»el/(i?)n{l/(«+ 1),....,n/(n + 1)}*+ Denote by
the d.f. of A£E=(Aj"™* ....,*#*) and F%)e the marginal d.f. of where
wS&nu — ,Xm)=(X%u ...,.X%n) and set

P E F$»,
1=1
Heg=-n ikl )eol***-(» for any i?e{0,1}*+L.

For any n, we also define a centering coefficient bn by

b., | f Itf(f)A,(d/)

ee{<u}*+ J/fe)
where //jJ is a map: [0,1]*+1-*>R+ such that

Hi* (0 = | H°niag>€ (t')
where
A
g ifet/) = o,
t
«+1 1 . -
N tj—;1 ifgU)= 1.

We now state the following theorem, the proof of which is given in Section 6.

Theorem 4.1. Let r be a split weight function such thatfor some general measure
A0 we have

lim ( IrdA,,=f frdAO for allfe C*+,, (4.1)
»-<» J[0,1]*+ J[0,13* +1
sup f /rd]A,|<o00, (4.2)

fieIN J[0,Iy*+
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where |A,| denotes the measure of total variation. If the sequence {X ni} and r
satisfy the assumptions of Theorem 3.1 then n~x/2(9>n—bn) converges in law to the
normal distribution with mean O and variance T2 where

T2=\ \ E[y(LO)(t)y(LO)(n]X0(d t)W n . (4.3)
J(UPL U

Remark that the above theorem is proved under the assumption that the sequence
{X'ni} is «»-mixing with rates (1.2). The theorem does not hold with the «»-mixing
rates (1.3) unless one assumes stationarity and the special case when cni= 1 for all /.

Let SPn denote the statistic 3Pn when cm= 1 for all i, i.e. let

. >
anil Rm
1=1

and let 8n denote the corresponding centering coefficient i.e.

bn= | f H%(t)X, (dt)
ée{(U¥* Ji(é)
where
rn+ 1 )
) tj ife(j)=o,
H*(t)=E H ~o"it"), tj=<
»=1 n+| . . .
tj-~ if (C/)=i.
n
and

X{(ye{(%) I”]V\é) n n+1]/ e KO

Corollary 4.1. Let r be a split weightfunction such thatfor some general measure
Abon [0,1]* we have

lim £ JrdEn=1f JrdX0 for allfeC*, (4.4)
Jo, ij* Jian*

sup f/-fd|A,|<c». (4.5)

nelN J

If the sequence {Xni} and r satisfy the assumptions of Corollary 3.1, then

n~xl2(&n-b n) converges to the normal distribution with mean 0 and variance T2
where

T2 L, EIY(£0(0))KA(n)tfo(dOA~0(dO.

= f f
J[an*Jto,n
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The proof of Corollary 4.1 can be deduced from the proof of Theorem 4.1.
Let I(e)= nj=04u) where
_f(0,*] if/ =0,
u>1 if/=

The following corollary gives sufficient conditions under which the conditions
(4.1) and (4.2) are satisfied.

Corollary 4.2. Let J be afunction on [0,1]*+1 such that

4> h
a| n+ 1 =Cya«(/o—»)

for all (/0,...,/*) e {1, ..., w}*+1, J=Jd+Jc where Jd is a step function taking only
a finite number of jumps, and where for any /C{0, Jc has a derivate
drdd/(dtj)jel which admits a continuous extension on I(qg) and satisfies {on 1(67)
,—2+&

f—je\ra)l n (> n 0-0)]1

jjci™ | Ljeinjte) jeinj*(e) J
for all te I(qg), with A>0 and "~k + 2)/(k + 4)<<5'<”. Then the conditions (4.1)
and (4.2) are satisfiedfor any split weightfunction r which satisfies (3.7) with S<§S".

Proof. It is sufficient to prove the above corollary in the case when Jd has only one
jump, say ata=@o,...,ak)e [0,|) Atllet A" and A" be measures on [0,1]*+1defined
by

« C.iL [T’ CAE]) AGTM e ATIY

X' (jiL [n+T *2) [ I 'n+1]) =3d(T T I....... iTm)-

for all ((<I(*+ 1),...,Ik/(n +21))e I(e)C\{l/(n + 1),...,n/(n + 1)}*+*
It is easy to check that

lim [ /e rdA’
n-°° J1(e)
3
I{6...k} JQb' V (dtj)jel
for all /eC*+1L where £=(0,...,0) and /=Card/ and similar limits exist if

Q7(0,...,0).

Thus we obtain a general measure X0 satisfying

Je ek (e he

lim f [e rdX',, =i [-rdAg.
»—< J[O, I|*H J[0.11**1
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Analogously, we obtain

lim [+rdA>(/*10@) E (- H%((«/-)yel(«y+))/«])

for all /e C*+! where /= Card /.

5. Proof of Theorem 3.2 and Corollary 3.2

A previous work is to obtain the weak convergence of the process Wndefined in
(1.8) then the weak convergence of the process Lndefined in (1.5) and finally the
weak convergence of the weighted process Wne (1/r).

5.1. Convergence o fthe empiricalprocess and the rank process

Proposition 5.1.1. Assume that the sequence {X ni} satisfies the assumptions (a),
(b) and (d) of Theorem 3.1. Then W, converges weakly in the Skorohod topology
to a Gaussian process WO with trajectories a.s. in Ck+1.

The proofis based on the ideas of Balacheffand Dupont (1980) who considered
the asymptotic norm ality of the truncated em pirical processes under <p-mixing w ith
rates £ “ =1 m<pl/2(m )< oo.

Further in this paper, we consider the rates (1.2) or (1.3) which are slower than
the one considered by them . To establish their result, Balacheffand Dupont (1980)
used a slight m odification of an inequality due to Riischendorf (1974) which is not
applicable in our situation. Our result is based on the following lemma.

Lemma 5.1.1. Let the sequence {X ni} of R-valued random variables centered at
their expectations be (p-mixing with rates Y,m>i m ~ xpx/2g(m)<<x>. Let Nn be the
numbero findexesi (1l < /< ri)for which X niisnotidentically zero. SetSn= £"=, X ni,

and |A'm|/= (f\Xni\22dPn)l/2t. Then, there exists a constant Cq(<p) depending only
on g and <psuch that

s 2«
Es?)sc,w | turf sup xn (5.1)
1=1

Visiert /

Proof. The proofis a slight modification of Theorem 2.1 of Neumann (1982) and
is therefore om itted.

Proof of Proposition 5.1.1. We have to verify (2.4) and (2.5). Following W ithers
(1975, Cor. 1) we have to show that if Q, isthe probability measure on (Dk+,, 2%+))
defined by fVv,, then <Pa(Q,) converges weakly to a Gaussian measure Q, if (i) C,

converges to some function C, (ii) gm* a(m)< oo, and (iii) m I~aa([m]b)->0 (as
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m~>00) where Q <2b<a< \—b. Now in our situation (i) holds by assumption (d);
(ii) follows from (1.2), and (iii) from (1.2) by taking a=\ —-g-e, 6 =t and e su ffi-
ciently small (since taking or(m) = m l~aa([m]b)<A m ~E& where A > 0 in
some constant). Thus (2.4) is proved.
To prove (2.5), we use Proposition 2.2 and verify (2.6) which will imply (2.7).
Let Tn={i/n;0<i~n}k+i be a sequence of grids asymptotically dense in
[0,1]*+1; we prove that Tn accompanies Q,. Now for every fe [0 ,1]*, let (iL,fu)
be the points of T? (projection of T, from [0,1]*+1 to [0,1]*) such that
and J/L—fu|< I//i, and denote to = [nt0]/n for every tOe [0,1]. Then, with condi-
tion (b) of Theorem 3.1, we obtain after some computations

Iw n(t0,t)~ w n(t'0,n \ < + lwn{trtv)~ fvn”™ \ t fL)\

for every (t~t) and (tQ,t')e [0,1]*+1 where A'(//]) = sup,e[0>1j*y"i(/). Consequently,
for every 6 e (0,|], we have e (W ,,6)<2kK(n)/'/n + y/Tn(W,,2S). It follows that
Tn accompanies Qn. It remains to show that Qn satisfies (2.6).

Let E“=Im~V 1/4(/n)<» (implied by (1.2)), and let B, be a block of Tn as
defined in 2.1c. Then, using Lemma 5.1.1, with <= 2, we obtain

E[e(B"\Wn)\"(<n~2C2(<;)|i-(ntO-n tHEK (M)2 ft « /-< /)2

t(ntl - ntd)K(fi) 1 itj~(l]]

Letv=(C2(<p)(K(jj) + K 2(ji)))P~"uk+l where Uk+i isthe uniform probability measure
on [0,1]*+1 and 0 =(k+ 2)/(k+ 1). Then, by the Markov inequality,

Q.\feD ke !;e™ (f)\ > A]~ A %)Y

which implies (2.6) for the «*-mixing case with rates (1.3) and therefore (1.2). (2.5)
follows.

Proposition 5.1.2. Assume that the sequence {X ni} satisfies the assumptions (a')
and (b') of Corollary 3.1. Then Wn(\,t) converges weakly in the Skorohod topol-
ogy to a Gaussian process WO(Il,t) with trajectories a.s. in Ck.

Proof. From the proof of Proposition 5.1.1 it is sufficient to prove that the finite-
dimensional distribution of the nontruncated process IV, (t) (= fV,(l,t)) converges
in law to anormal distribution; equivalently, that , XtWn(t~) converges in law
to a normal distribution for any pe fNI*, any t{l)= (t\l),...tt")e [0,1]* and any
A€ IR (1<l<p).

Let be the common distribution function of the (ne IN*) and let gjriXj)
and gj(Xj) be the random variables defined by gh)(Xi)= in:'|- ~
and g,(Xi)= Nig FAX ). ' ' '
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We have

D n

Al ke > =n V2 ¢ Al
1':1 K< i=19 (A)

where gj(Xj) is a sequence of strictly stationary ~-mixing random variables. We

deduce from Theorem 2.3 of Neumann (1982) and Theorem 18.5.1 of Ibragimov

and Linnik (1971) that A/FPj,(/())) converge weakly to a normal law.

Proposition 5.1.3. Assume that the sequence {Xni} satisfies the assumptions (a) to
(d) of Theorem 3.1. Then Lnconverges weakly in the uniform topology to a Gaus-
sian process L0 with trajectories a.s. in Qr+l where
k
L O(to,t = Wo(to, t)- E 1j(o,©)x fvodl 1).

Proof. It is proved by Balacheff and Dupont (1980) in their Theorem 6 under
A-mixing rates E''=1 m<px/2(m)< o0 but the p-mixing rate is not used in the proof
of this theorem because the rate is used only for the convergence of Wn.

Proposition 5.1.4. Assume that the sequence {Xni} satisfies the assumptions (a') to
(c") of Corollary 3.1. Then Ln(l,t) converges weakly in the uniform topology to
LO(I,t) with trajectories a.s. in CK.

Proof. Consequence of Proposition 5.1.3.
5.2. Convergence of the weighted empirical process

We start with a basic proposition which is given in Mehra and Rao (1975) and
Harel (1980).

Proposition 5.2.1. Let Y,,, ne IN* be aprocess with values in Dk+i, and suppose
that Y,, converges in law (in Skorohod topology) to a Gaussian process YQwith tra-
jectories a.s. in Ck+I. Let the weightfunction r be such that Y,,- (1/r), /i>N, has
a.s. trajectories in Dk+1. Furthermore assume that Vtj>0, ¢{10>0 and NOsuch that
Vn>NO,

pwisupj® rn(r)-— in (5.2)

where P,, is the law of Y,,, and sup is taken over t= (10, t{, ..., tk) with the condition
that there is at least onej, 0<y </, such that tj< 6. Then Y,,*(1/r) converges weak-
ly in Skorohod topology to the Gaussian process YO-(1/r) with trajectories a.s. in
Cictle

We now state the proposition for the convergence of Wn~(1/r).
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Proposition 5.2.2. Assume that the sequence {X ni} satisfies the assumptions (a),
(b) and (d) of Theorem 3.1. Then for any weightfunction r satisfying

1

r(t. E O j . ie[0,1]*+1, A>0, 2~4k +4<a<2' (53)

Wne(l/r) converges weakly with respectto the Skorohod topology to the Gaussian

process fVO-(1/r) with trajectories a.s. in Ck+1.
Proof. See Harel and Puri (1987).
5.3. Some preliminary lemmas

Before the formal proof we give five lemmas.
Lemma5.3.1. Let Y, be aprocess with valuesin D *+! and measurable with respect
to ,, the a-field generated by the uniform topology (on D *+j). LetPndenote
the law of Yn. Then, there exists a probability measure P with P(C*+1)= 1for
which Pn converges weakly with respect to the:umiform topology if and only if:

(i) for allfinite subsets U of [0,1]*+1, Q®n) converges weakly to <PV {P)\
(ii) lim5_0 sup,,-«Pn[{/lcti*(/<5)>e}l =0, Vc>0.

Lemma 5.3.1 is a variant of Theorem (12) of Dudley (1978) and the proof will
be omitted.

Lemma 5.3.2. For any n> 1, let Yn be a process with values in D *+x which con-
verges in law with respectto the uniform topology to the Gaussian process YO w ith
the trajectories a.s. in C*+1. Let Pndenote the law of Y,, n> 0, (itis aprobability
measure on (D*+ It 1)). Letr be afunction on C*+ xwith values in IR+ such that
[ ]
Y, - h%as a.s. trajectories in D k+1, (5.4)
V6>0 30>0 3Ngsuch that Vn>NDO,

P,(sup”™ Yn(t)"(t) :30<y<A:min(/;,I-/7)<0js~"<<5. (5.5)

Then the sequence o f processes Y ,-(l/r) converges weakly with respect to the
uniform process YO-(1/r) (with trajectories a.s. in C *+1).

Remark 5.3. This lemma improves slightly the results of Pyke and Shorack (1968)

and of Fears and Mehra (1974) (in the one-dimensional case).

Proof. According to Lemma 5.3.1 it is sufficient to verify the following conditions.
For any e>0,
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lim limsup Pn?j/; a>*M* "N <G> et =0. (5.6)
For all finite subsets U of [0, I]*+I,
<t>u(Yne  converges in law to <PGNYO" ™ . (5.7)

it suffices to show (5.6) because (5.7) is an immediate consequence of the hypo-
thesis. From Lemma 5.3.1 and the hypothesis above we deduce that

Ve>0 limlimsupPw{/; a>*(/<5)>e})=0
S0 N-%40
where co*(/,<5) is defined in (2.1).

For any 0>0 set Cq—{/; te [0, I]*+\ 3 at least oneye {0,...,&} such that tj<6
or tj> 1—0}. We can write

1
co* max SUD /(0 2(0-/(*)-(*")
I r
(I ce{0, 1} Iﬂlt-/??{%ﬁe)

< max Su Ssu - “J(*"Y-(*"'
ee{<u}*+1te|Qi)CF\)COi P /(0 r(o I( )I'( )|

+  max su sup  </(o-A N o
0e{O, [}*+ tei(e)npcs-a P </(o-An)ru)+/(n(j(o-1(io)

co*(f,d) (©+(r,S)
2 Em -ty m m reptheq /(DI

where m =m\ntml(e)_c*Isr(t) and we obtain (5.6) easily.

Lemma 5.3.3. Let {Yni, 1 «>1} be real-valued random variables with con-
tinuous distribution functions Fni, «>1. Assume that the Ynis are (p-mixing with

rates 1m~xpd{m)<co. Furthermore, assume that there exists ad0>0 and a
continuous distribution function F such that

sup [Fn(x)-F(x)|<A(n &), A>0, n>IVOEN, (5.8)
Xt R

where F,=n 1£"=1Fm. Then, V(a,a') where O<a<a'<(a0Ai), RK>0 and
N(a,a") such that

sup |F,,oF-Ax)-A:|>/:(/]-a)I<A'(«rl+2a+a’ (5.9)
n J

L*eio,

Vn>N(a,a') where Pnis the right continuous empirical distribution function of
{Yni, i=1,...,n}, and F~1is the inverse function defined as



M. Harel / Weak convergence under g>-mixing 57

-00 ifte[0,1/n),

E g TF N
rm Ln n
0 ift=1

where Yw < eee< Y/ s the ordered sequence Ynl,-,Y nn.
Proof. The proof follows by showing that
Pn\ SUB I, («) —F(u)|> Kn~“1"K'n~I+2a+a'
Lue J
and then making standard transformation (see Harel (1986)).
Lemma 5.3.4. Assume that the random variables {Yni} satisfy the assumptions of

Lemma 5.3.3 and condition (b) of Theorem 3.1. Then Ve>0 and Vr (0<r<|),
3/?>2 such that

P, [FOF-\x)<Px¥=f x>n=l\>\-¢ Vvn>Noe IN*. (5.10)
Proof. Follows from Theorem 3.1 of Fears and Mehra (1974).

Lemma 5.3.5. Under the conditions of Proposition 5.1.3 the process Ln converges
in law to y(LO).

Proof. For any ge {0,1}*+1, we put
i6=n~ <
i§=n~x =1 dt &< Uh

If we denote by L'nthe process defined by
LUt) =Ln(*~tfK \§

where 1=(1,...,1) and af\b = (a0AbQ,...,akAbk), we have

,JHAC
y(Kxo+mo ift © L0 ]
n+1 1+1

(© f 1 n 11+

0 ift$ oo,

where

en(t) = n~W2 1§1 HIAVa<o) m 1&a(/)). tel(6),
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with

S e cmi

o if f20) =0,

AETY T oV

From Proposition 5.1.3, Ln converges in law to L0 therefore L'n converges weakly
to Lgand consequently y(L',,) to y(LO).

It remains to show that e,, is uniformly convergent to O.

Using the differentiability of HE we obtain

__ [«"aeSp)(io)]

K d
en(t) =n~1/2 eq{tj-tj) /I:1 aj HS'O”ich)

where
N = if 1>],
c0)=(c@), ...,cEJ), ©)j)* e [tjt] if I=j,
L= if I<j;

equivalently, e,,(t)=nl/2 V}—y)/E(cy). We deduce from the differentiability
condition that there exists an A>0 and an NOe N such that for any n>N0 and
j o et

m”~A .

Therefore \e,,\<nl/2k(n+\)~ *A<n~1/2kA, which converges to 0 as n-*ao.
5.4. Proofof Theorem 3.1 and Corollary 3.1

It is sufficient to prove Theorem 3.1 because in the formal proof the rate of <
mixing is not used.

Once it has been shown that (5.5) is satisfied for Ln, the theorem follows from
Lemma 5.3.2 and Lemma 5.3.5. However, it is sufficient to show it for L* defined

in (3.3) and even for L*\I(qg) for £ =(0,...,0); the case for g"(Q,...,0) will be
deduced by symmetrization.

Let /~/) be the right continuous inverse of Fat i.e.
-oo fori7e|”0, —
FOT' = r/i+\\
n ]* - forH ; "— >

¢ Xamn for tj=\,

where Xtf* denotes the /-th order statistic of (Xffl,... ,X%]}).
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We have

'n K& wnig zn i(R:

where
. X
Wo ke AT, SR Wk (e forte ’
’\«(O =
0 otherwise,
Irfo]
n~X2 | “Hni(F °FA~~ (tl),...,FfoFkr (tk))~Hni(t)
Zw(0 = " f1 n— lk+1
«
0 otherwise.

We first show the condition (5.5) for the process Wn-(1/r).
Let S, S' be such that

r k 412-6
r(¢/)» nllJ , A>0, I€[0,l1*+1,

and such that 3—Ar+2)/(4fc+4 ) < a n d define r' to be a function by
setting

r * -12Ss
rv)=\ntj\ , Te[<U]*+1.
Using Proposition 5.2.2, we have Ve>0, 30(1)>0, (N*, Vrt>N~\
N[y __T77_ <e
P st 1O Vi el
where C*={/; /e[0,1]*+1, 3 at least one./e{0,1 , such that (,<#}.

From Lemmas 5.3.3 and 5.3.4 and the preceding inequality we deduce that
Ve>0, 30(2>0, 3A"2)e IN Vn>N$\

P N i
Ite(%l%l(g &n(t) r'ify'o/wr ( / , ) , . () >e,] <1e
and Ve>0, 30(3>0, 3N<3eN*, VNn>N&\

o\ _sup " fITn] (U ik e ()
LieC,in/(j) - J

(take t with 1- r> (- <5)/(|- 3")) setting Q=02 Ao and NO= AJ2)vA/J3. The
condition (5.5) follows.
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Now we show the condition (5.5) for Z,,-(l/r). We define the function r' as
before. The process Z,, can be written in the following form:

[d k
Z,)=n~ 1 £ //man)-//m*0))
=ij—+

where
au=(au aUl aU={losqns oy S

b o if /ny,
R NI X~ (i) if /<y,

As {i/m} is bounded and the measure n admits a bounded density, we have
[id *

zn'ol =i VA
i=ly=1

1
> 2o of; 7 t0
i f -l /<yA (t, oy

where >1> 0. From the equalities

B V=" a '«)- '(«)+ PY'I°PHr '<1)- ]
N -U“WnK i, ’9)0 . rXI, I)+C]<<—:D
We deduce that
Znt) _int0]  * AL, M AYND),.0) +o(rt-12)
A 175 2 1/2-5
r(t) wio < O yE

n PROPY U K

i<j - 1/72-5 p;_)’l_/EI/Z—S 7

We apply the previous estimate to WA, (I,... Ril) PUY (tj), ... 1)/212 G in the non-
truncated one-dimensional case, and Lemma 5.3.4 to '*g)bp,y' (tj)/tf/2~s with
1—> | —& Since tj>\/n we deduce o(n~|/2)/tJ/2~s<t? and the conclusion
follows immediately.

6. Proof of Theorem 4.1
First we give the integral representation of $hin the form of (1.7). By definition,

n-/V ,,-bn=n Y2 i c*"Rj»,...*<«)-A]

- \/\/_1/2[ i—EI Ofnls/jEs;n (A». (It) 7r:] 1 h*{' an\

1sys/c
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=n W2 Jo_l i 1* .
re{i, a arc+ I'=-"nlay JIWLHA . 11~ 0
k h - A h
\« + 1 n+l1/ n \n+1 "'ﬁ&ﬂ

sch, g ANAET 0 ) oy MIROSIT L TRUZD
X | 1 k\ndyM I° k A

nV(<+i’l“,n+iy (1] U+i”"’((+i/

-t 4(0A,,(d/)
Jiaif

where £ Ais the sum over all 1</,<|[l +ri\ yel, |[1 +n]<lj<n, y'$J, I"N/0<
+[I+/i]; and £Bis the sum over all 1</y<|[I| +/i], ye/, 11+ «]<(,</!, y$/,
[{1 +/i]</0<« and

0 ifyers,
Q{D ,E>m, eu: ify*/_
We now prove that
f £, o-rX,,(dt)~* f N 0) rA0(d)). ®6.)
r J<ui*¥l  r

Let hn:D*+,-+[R be defined as

h,,(/)=\ fr-X,,(dt), «”0,
J[ai]*H
let {/,,: n> 1} be a sequence of functions in D*+I|, and suppose that f,,/r~*fQr in
uniform topology wheref Oe C*+ and/ 0« (1/r) e C*+,. We show that hn(Jne(1/r)) *>
hQ@Jo-(\/r)) as «—oo:

. 1080(dO

A, (dO-t.
Jiaii

f - /1’
Jjo,i]*H

n---/o--V,,(dO + f fo*“r(A,—20)(d/
J&<u]*+ls/ r r/ ( Jlau*H v * )(ah

1
=1 - f *,{dt) + f —r(A,,—20)(d/
SuD . /0 r(ol1 Saur r*.,.{dt) T r(A )(d/)

From (4.1) and (4.2), we obtain A,/, (I/r))-*/i0(/,,-(1/r)), n-*o00, and by
Theorem 5.5 of Billingsley, (6.1) follows.
It remains to show that <«2<o00. For this, we have to prove

( ( £lya*) (Oy(£0) (nUo(dOAo(d/ " )<«. 6.2
0,11*H XO.U*H
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By smetrization £ ssfiettodon
f iy +E(LO(0a0)()]A0(dNA0(d/)< s
We hae by ARquartian 51.3,
(;0(0:>>o(0-j:lE<i iy WOty 1).
By asunption @ of Theoren 31, iF¢/)6 2,
Un VA O WA Lot s D

JW o- Ew'. Wn( ---yery 1>]]
= |E[co (0 A> ()]
k
<lim wn(t) 1= [1. 0- ])]:I]Q
2n1/2i
e [w,,(n- e tjV'Wniu...,..., 1)j2]
=inpAg ]
by tte Sdvarz e ality. i _
Fram Lemma 511 fa <AL, ad aditao © of Theoram 31, we dotain
k
An V5 (o¢+ 2\wn(01 o wn:i.. )¢ D-f0
+E E WG, -iy....DWAD....../....... 15H

were (] Bsore arsat. Snibadysn<ci\{k=qtj]x2. _ i
Thus “LoiO™Mo0iCH shoud=d by a fuctaonvhidh BA0XA0 riegade, ad
S [S 1 B AXAO Negde.

AdcoMecarent

Qateful ttalsaed e oRdkesy JP. Roultwho ecoursgd teattor ©
work on prdolens el 0 s asa ntte caurse of Feldidl dsess0s. The
athar dowdes b ttak tre daee o ad sl Sgptios.
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Statistique/Statistics

Convergence fTaible de la statistique de rang

multidimensionnelle en condition de  mélange

Michel Harel

Résumé —On considére des suites de variables aléatoires multidimensionnelles et g mélangeantes.
La convergence faible des processus empiriques corrigés associés fut établie par Harel [3]. Dans
cette Note on continue cette recherche et on prouve des résultats de convergence pour les processus
de rang corrigés et certaines statistiques de rang.

Weak convergence of multidimensional rank statistics under g mixing condition

Abstract —We consider arrays of <p mixing multidimensional random variables.  The weak conver-
gence of the associated weighted enypirical processes wes, established in Harel [3].  In this paper ve
conﬂr;ttgt 'tsthls research and prove weak convergence results for weighted rank processes and certain
ran istics.

1 Introduction. — Soient Xni= HiBsee X)), 17i7n, n2 1des variables aléatires
a valeurs dans IR avec pour fonctions de répartition Fri(X), XxeR 1, supposées continues
et pour fonctions de répartition marginales &) xelR, 1l<i<in,n 1,1 k, Suppo-

sées continues également. Notre but est d &tudier ke comportement asymptotique de la
n

statistigque de rang <3,,= X cri an , R°JP) ou les cni sont les constantes de régres-

sion, an(. . .) sont les fonctions de soore, et est le rang de X{£ parmi {X», 1",
On suppose que les variables aléatoires sous jacertes sont pmélangeantes ou le coefficient
de mélange \érifie :

(@) oM =0 (m-1-E) ou 8>0 (MTD
ou
®
(2) X m*“1(pl4 (m)<oo.
m=1

On note PU) la fonction de répartition continue a droite de x$, i=l, ... n; cest
n

adire FM))=n-1 £ IP@)gq ou 1IPO)X] est b fonction iIndicatrice, et on pose

(x)=E(FQ(x)=n~1Y R/ Soit {HbI} une suite de mesures sur [0, If* definie

1=1
par
Hm@©=Fm(F>"1(t), - .., FR-1EK), =G, ... tKe 0, I\

On considére maintenant le processus empirigue tronqué W ndéfini par

W, Bt)=n 12 X dn I[AX L i0eKO, H
i=1 1 J

Note présentée par Robert Fortet.

0249-6291/88/03060433 $ 2.00 © Académie des Sciences
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ou [ntQ] désigne la partie entiére de ntO et on considére le processus de rang tronqué L,

défini par
BI{ k %

Le«(root)=n 12 Z O AAN)  stji~ Hm()j-

pour tout (t0, t)e[0, I]k+1.

2. Définitions et notations. — 2.1 — Les espaces D£+1 et C*+l. — Soit
/. [0, 1Tk+1 ->R. Pour pe{0, I}k+1 on définit fpt)=  lim f(s) ((s, t)e[O0, Ik+1), si
Sit p<o=i
iiHp(@)=o0

la limite existe et on appelle /p(i) la p limite de/ en t.

On note Dfctl I’espace de toutes les applications /: [0, I]k+1—R telles que, pour tout
pe{0, 13}k+1,/pexiste etfp=fpour p=(0,.. 0). Plus généralement, pour un rectangle
fermé R dans [0, 1]k+1, soit Dp(R) = {f; f: R -+ R fp existe Vp'e{0, I} k+1 et/p=/}.
Soit Dj*+1={/;/: [0, I]k+1-)» R; Vp, la restriction/ 11(p) a une extension Jpsur T(p) avec
JpeDp(I(p)} ot I(p) = Ip(0)x * <« XlIp(K),

j _f[o>l/2[ si /=0,
1 |[1/2, I si /=1etA désigne la fermeture de I'ensemble A.
On note CkH [I'espace de toutes les applications continues /:[0, I]k+1—#iR et
C*+1={/;/: [0, ITk+1—+M Vp,/ 11(p) a une extension continue sur T(p)}
On considére un opérateur y : DE+1 -2 D*+1 défini par

(3) Y (/) (0= 1<${6, (-1 (but.  (0i)i m)’ Tel(P)
ou a,=0 et bi=tisi p(i)=0, a—i,- et Z=1si p(i)= 1et card | désigne le cardinal de I.
2.2. Fonction correctrice. — Une fonction r: [0, IJt+1—4¥R+ est appelée fonction

correctrice si elle satisfait les conditions suivantes :

@) 1l existe r0: [0, 1] [R+ et r: [0, I]k—HR+ tel que r(t) =r0(t0) r(t) pour tout
t=(t0, ) 6 [0, I]k+1,

(i) r appartient a Cjf+t,

(iii) il existe au moins un7e {0, ..., k } tel que tj=0 ou tj= 1.

3. Convergence du processus de rang éclaté. —Pour p=(p(0), p)e{0, 1}k+1ldonné,
on définit une application \/f): (RKNn-+ (RYncomme suit :

VB)(Xi, ¢*-, xn = (yi, **-,V,,)

ou x~Ocjl* ..., x|K), yi= (>il), =« jf0) et ou
XY* si p(0)=0 et p(j)=0
u)= , -xH* si p(0)=0 et pOH=I
y* 4 +i-i si p(0)=1 et py)=0

X)), si p)=1 et p(;)=I.
On définit aussi
[0, ITk+1™ [0, I]k+\ [0, Tk-+]0, 1]k Vo, P@,: [0, 1]-+]0, 1]
comme sulit :
- % (t0, . . ., tk =(\/o, p(0>(t0X 'Ifc(t))=(to, 11 -, tk
] si p0)=0
tj o \I-i, si p0')= 1
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Pour tout p6 {0, 1}k+1, on note LE le processus L,°\|/' associé & la variable aléatoire
B,(Xn1? . Xm) sur (R*)", puis on définit le processus de rang L,, par

0 si ot ko o2 TH

L. (0= T 1 T +1
L5(0  si te . -, T TP
[ n+]l n+lj
ou
n+l tj si p0)=6
4 - .
(4) t] N+l

1 , i
tj-- st p(j)=I
n

et enfin on définit le processus de rang non tronqué L,, par

0 s ter t "
n+1 n+1
L"(t)=* r!' non
Ul p(t) si te -—- nT(p);

(t') est défini comme dans (4), et T(p) = Ip() x . .. x Ipfo).

On dit que la suite {Hni} de mesures sur [0, 1]t est n-bornée s’il existe une mesure p
finie et positive sur [0, I]k avec ses marginales continues telles que pour chaque ng: 1 et
170~ n, Hm(B) 55]j.(B) pour tout rectangle B de [0, 1]*. { Hni} est dit satisfaire la condition
de différentiabilité si

() (6/6t)) Hmexiste et est continue;

Ra g

() Inj= n~1_Y,1 Etj HBi(t) -+ 1j(t0, t) pour la topologie uniforme quand n *>o00; I}e Ck+1

i=

et (dk~2(dth)¥j)1J existe et est continue.

Théoréme 1. — Supposons que la suite {Xm} est (a) g mélangeante avec le taux (1),
ou (b) stationnaire et g mélangeante avec le taux (2); (c) la suite { Hni} est \i-bornée ou (x
est absolument continue avec une densité bornée, et (d) la suite { Hni} satisfait la condition
de différentiabilité, (e) la fonction de covariance du processus empirique W,, converge vers
une fonction et (/) il existe une fonction de répartition F(J) (x) telle que

sup |FE° (x) - Fw(x) |= O (n~a), a> 0.

XxeR
Alors, sous les hypothéses (a) et (c) a (/), pour toute fonction correctrice r satisfaisant
r0=A[n h fi (1-0)](¥2-8> Vrel(p)
jed® i*I@
ou A>0, (1/2) —((/lc+ 2)/(4lc+4»<8< 1/2 et J(p)={;e{0, ..., k}, p(j)=0}, t,.Ur
converge faiblement pour la topologie uniforme vers un processus gaussien y(LO0).l/r a

trajectoires p. s. dans C*+1, (LO processus limite de L,) et, sous les hypothéses (b) a (e),
pour toute fonction correctrice r: [0, IJE— F5” satisfaisant

r()~A[ 1Y tj (1 —ij)]1/2_s pour tout tei(p)
je7(p) i 7<p)
oo A>0, (1/2) —((c+ N)/4fc)<O< 1/2, et J(p)={y; j& {1 ..., k}, p()=jO}, tn.l/r

converge faiblement pour la topologie uniforme vers un processus gaussien y(LO0).l/r a
trajectoires p. s. dans C*. [LO= LO(1.t) et y: Dk-+D™* est défini comme dans (3)].
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4. Normalité asymptotique de la statistique de rang. — Une mesure X sur [0, I1]k+1
est appelée une pseudo mesure d’ordre Ic {0, ..., k} si pour tout/eCj*+1,
f I(OM dt)=f  mudty,
J[o, 11k+1 J{(to  f*):ij=1/2-, Yjel)
X sera appelée une mesure générale si c’est une somme finie de pseudo mesures.
Pour tout n, on définit une mesure Xnconcentrée sur {I/n+ 1), ..., n/(n + 1) }k+1 par
X'ﬁjﬁﬂ(p)l_mu 2139 P)L2 n+1J3J ---- W
pour tout (i0/(n+ 1), ..., IK(n+ D)el(p) H{l/(n+ 1), -2 n/(n+1)}k+l- On note
FEf la fonction de répartition de XP=(XMP, ..., X,*)p) et p la fonctri]on de
répartition de X™)p ou \kn(X,, 15.. X,,,,)=(XPL ..., Xp,) et soit FNp=n_1 £ F*ip>
C":
US; —Fm(Fi,)p 1( FXp 1( )). Pour tout n, on définit aussi un coefficient de

centrage bn par

L w nCe)Xnm
pe{0, 1Jt+1 Jl(p)
ou Hpest une application : [0, I]k+1-» IR+ telle que
[*+0, p(O)(*O)!
Hp(0 = N Hpf (t')
1=

ol (t0, t) est défini comme dans (4).

Theéeoreme 2. — Soit r une fonction correctrice telle que pour une certaine mesure
générale X0 on a :

lim /. rdXn= f.rdX0 pour tout f e Cjf+1
J[O, 1k+1 J[O, Ik+1

sup /. rd|Xn|< go
ne NJ[o, I11k+1

ou | Xn| est la mesure de variation totale. Si la suite {Xni} et r (ou r) satisfont les hypothéses
(@) et (c) a (/) [resp. (b) a (¢)] du théoreme 1, alors n*“1/2(®w—bn) (resp. avec cni= 1pour
tout i) converge en loi vers la distribution normale de moyenne nulle et variance T2 ou

T2=f i ELy(LO) (i) y(LO(™)] (*) (¢O-
J[O, I]k+1 J[0, 1]k+1

Note recue le 20 janvier 1988, acceptée le 25 janvier 1988.
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CONVERGENCE FAIBLE DE LA STATISTIQUE DE RANG MULTIDIMENSIONNELLE
EN CONDITION DE ¢+ MELANGE OU DE MELANGE FORT

par

HAREL Michel

Institut Universitaire de Technologie de Limoges
U.A. C.N.R.S. - Rouen

Nous établissons la convergence des statistiques de rang multidimensionnelles munies de
fonctions de scores et de constantes de régression non bornées sous des conditions de 4 mélan-
ge ou de mélange fort. Les démonstrations seront pour la plupart dérivées de M Harel (1980,
1984, 1985).

Mots clés : processus empiriques et processus de rang multidimensionnels éclatés et corrigés;
statistiques de rang multidimensionnelles;<f> mélange, mélange fort; fonctions
correctrices éclatées.

7. INTROVUCTION

Apres les résultats de F.M. Ruymgaart (1974, 1978) dans le cas indépendant, une méthode
plus adaptée au cas mélangeant est celle qui fut utilisée par R. Pyke et G. Shorack (1968)
dans le cas unidimensionnel indépendant puis reprise ensuite par T.R. Fears et K Mehra (1974)
dans le cas unidimensionnel <4 mélangeant.

Cette méthode consiste a écrire la statistique Tn sous la forme

vn € Tti* vx € (IRk)n

"(X) = i.r[rbvl'h’;r[cb'ﬁk Ln<V*><x> ¢ 7 (to.t)r(to.i)d,n(to.t)

1+k

ou est une mesure signée définie sur [o,11 et Ln le processus de rang normalisé tronqué

et centré défini par

vx e (Kk)n vt0 e [0,1] vt = (t]........ tk) e [0,11k

_A otk : ~ @
bt D0 =45 1 21 Ynx (ol rho

ou [n tO] est la partie entiére de n tU’ Fn * est la fonction de répartition empirique continue



a droite associée a la suite (xK ...» x!?) de la iéme composan&is_lkdes observations, Hj une

+
fonction de centralisation et r une fonction continue de [0,1] dans IR (on note par con-

vention ~(t) =0 si r(t) =0).

La fonction r est appelée fonction correctrice et fut introduite pour obtenir des ap-
plications au comportement asymptotique des tests de rang dans les cas les plus généraux,
c'est-a-dire avec des fonctions de scores et des constantes de régression non bornées. Nous
devons vérifier tout d'abord la convergence faible du processus Ln(tQ,t) . ~ (tQ,t) par rapport
a la topologie de la convergence uniforme et ensuite la convergence de Tn.

Nous n'obtiendrons la convergence de la suite Ln . -p que si la fonction r s'annule pour

tout t tel que LR(t) 0 c'est-a-dire en tout t = (tQ® € [0,1] x [0,1]k vérifiant une des
conditions suivantes

(i) t0=0
(ii) au moins une des coordonnées t.. (1 < 1< k) est égale a zéro
(iii) t «7 - (1, .... 1).
Pour obtenir le résultat souhaité, l'utilisation du processus Ln n'est pas suffisant
car il ne s'annule pas sur la frontiere supérieure (l'ensemble de tous les t = (tQ, oY)

pour lesquels au moins une des coordonnées est égale a 1).

Nous sommes conduits a écrire Tn sous la forme suivante
Tn—an.-lj.rd)%
ou Ln est un nouveau processus possédant la méme limite qu'un autre nouveau processus L*

appelé processus de rang éclaté (ces deux nouveaux processus s'annulent sur la frontiere in-
férieure et sur la frontiére supérieure de [0,1] 1Jrk)(voir M Harel (1985)).

xn est une mesure générale définie sur [0,1] 1tk

La principale idée est la suivante : (pour k » 1) on déduit de L* le processus Ln, en

posant
Ln<V*i> 1 L,<V'i> ** <Vli>e '»el
(1
t' t » —1— r - Ll i t € X 0
- ) jsi [ 0GR mdl of Vi) [
[n tQ )
Ovh) -7: * 'v.oo Vv, -Hixh) (t0,tl) € ro.jt X4 ,1]
1 [nd] j 12
Ln<to*tl) “ n jrll -[’,‘n'x (XJ _tii-(I-H Ansioo (to.tj) e 1)
o X =xip+l-j (K j <n) et f;>Xiu) -1 J_ji I[xj >ul (UBR).
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Une étape préliminaire est la convergence du processus empirique tronqué éclaté et
corrigé W . ~ déduit de Wh, comme L* est déduit de Ln, ou Wh est le processus empirique tron-
qué normalisé défini par

v K '
WP 09 L - M
vk o 1l 1 X) 1<)
j— 1 n . .
avec M1 £ Fi . (1< i< k) et F“#. la fonction de répartition de la marge régissant

'observation x? (1 < i < k, 1<j <n).

Nous avons établi dans M Harel (1980) la convergence du processus V\{1 corrigé et dans
M Harel (1983, 1984) la convergence du processus W_corrigé par rapport a la tgpologie de
Skorohod, puis dans M Harel (1985) nous montrons la convergence du processus Ln corrigé par
rapport a la topologie de la convergence uniforme et en déduisons la convergence de la sta-
tistique de rang Tn sous des conditions de ¢ mélange. Nous montrerons ici que la convergence
de Tn reste vraie pour des observations ayant des lois de probabilités un peu plus générales
et aussi sous des conditions de mélange fort.

2. DEFINITIONS ET NOTATIONS
2.1 L'espace «x
On note 1Q = [0, [1j = 1]

soit k € IN* fixé pour tout

© J4k
P = (00, p) « (p”™ e (0,...,k} e '
on pose k k
I =n |1 7~ =n |
p i=0 pi p i=l pi
0(p) ={i € {0, ..., k»; p. =0}
Jp) = {i € {1, ..., k}; p. =0).
VéAinljbion 2.1.
Pour tout p € {0,1} l+k, on note D V espace AonctlonA f de | dans IR oui admet-
+
tent une prolongation sua | {fermeture Ee Ip), ont une timlte daii8 les 8 directions en
tout point et sont continue4 dans la direction p; on note D, . l'espace des &nctions f telles

que pouA tout p e {0,1} 1+ la restriction de f & | appartienne a D .
p p

2.1. L'espace

n e 1+k 1+k .
On note = {f définie sur [0,1] ; VW € (0,1) f/l admet une prolongation
continue sur | } et par

Ck(i) , 1~ i <k I'espace de toutes les applications continues et bornées
f: A(G) --—--»IRou A(i) = [o, 1]1“1 x 10,1[x[0,1]k 1
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2.3. La woluAQ de* ob6eAvation&

Soit x = (x1, ..., xn) une suite de n observations dans IRk. Notons pour tout
i € (1, ..., Kk}, Xy = ()|<j, . x!I?) la suite des iiémes composantes des observations, F la
fonction de répartition empirique continue a droite, pour tout j 6 (I,...,n> F~ la fonction de
répartition de la marge de la probabilité Qe régissant I'observation x dans (IRk)n et FJ .
la fonction de répartition de la marge QJ ™ de Q-

On note aussi

Fni =% * Fpi 1€ 0l «
Hj la fonction de répartition définie sur [0,I]1k par Vt = (t©, .. tk) € [0,1]"

«nM........ V' TFnconii (L), eees AnTkAKs-
2.4. Le* p*oce66U&

Les processus empirique tronqué normalisé WR est défini par

VX 6 (Kk)n Vvto € [0,1] vt = (tr . .... tk) e [O,I11k

mn H = miikd)<t.] "

Le processus de rang tronqué normalisé Ln est défini par

VX e (®k)n Vto e [0,1] vt = (tj, -.... tk) e [o,l]1k

Ln(t ,t)(x) ==+ fv o1 n i i - HiCH.

A= i=i i=i trn,Xi(xJd) =t.]

Pour tout p = (PO*™) € (0,I}*+k, on définit Il"application de (K™)n dans lui-méme et pour
tout i € {0, ..., k}. ij/b l"application de IR dans lui-méme tels que

WOV oooy X = (e(Xi)» - *k(xk) = (Xj, ... X¢)

Xy = (k3. aFe* Xy o= (x!1, Xin) i € {1, k} j€{1, .... n

*1j -—<Si mZO et o0 =0

yeJ i =

Xi S1 m O et pi = 1

xi=X-“1 si . -1 et p =0

N "™ 1 et pi=1
On définit aussi l'application ij/ de [0,1] Bk dans lui-méme, pour tout i € {0,...»k> .

.pl
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I'application de [0,1] dans lui-méme, pour tout i € {1, Kk} i//'i_ I'application de

i
co#1](0,...,k>-(i> dans ly-j-méme et ~ |I'application de [0,l]k daﬁs lui-méme tels que
p

;0. ti. ... t) - (#;TPOC0). ... . ~(EK)) - (*i T, ~(tl)
= (+¢#0 (10)-% (T)T - n. ...~
ou
0N =t si p. =0
t*t=1-t Si p. =1

Le processus empirique éclaté tronqué et normalisé Wr est défini par

Vo € {0,1}1+k vt € | vx € (Fk)”
virtkKx) =0 Si ti nQI[I , 2=1]
H* (1) (x) = Wa(*: (1)) (*p(x)) si. te .nQ[l . Sii]

Le processus de rang éclaté tronqué et normalisé est défini par
vP € {0,1}1+k vt € 1 vx € (IRk)n
L;(t)(x) =0 si t* nQI[I , 2=1]

L (t)(x) « Ln(*;(t)) (*p(x)) si.  t€ mQI[I, bzi]

Le processus de rang éclaté non tronqué Ln est défini par
vPe {0,i}k vt e T~ vx e (FK)n
LnCT)(x)=0 siTHEA I, itl]

rnCh(x) = Ln(i,"FE))(*(0 ~)(x))si te ~ [l , nri]

On note également pour tout p = (pO»® € {0,I}*+k Fp’~ la fonction de répartition de la marge

n de la probabilité Qﬁ’ régissant l"observation &p (xX) dans (IRk)n et Fr/1\t,'>? la fonction de ré-

partition de la marge

n,i
On note enfin
P*
AL o= JEI P 1€ {1% eeex k>
L 1<#] -k V)
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#P»d PJ S

n,i P

n " P}_? Vs

2.5. MeAuAe gtnéAate

Pour tout I ¢ {O, ...» k} on appelle pseudo-mesure d'ordre | une mesure X sur [0,1]

t

concentrée sur {-j}O037T™ x 0,1 ~-card telle que pour tout f € C~+k I'intégrale I f d Xest

définie par

() = Mgy

f[O.111+k f d x = i [Ofl]lk-card 1 ¢ {0, .... K} - I» e
d(xi 5i € (0, .... K}y - 1=°
X est appelée pseudo-mesure, s'il existe 1 <= {O, k> tel que X est une pseudo-mesure

dordre 1.

On appelle mesure générale une somme finie de pseudo-mesures.

Rejrefqe 2.5.
Une pseudo-mesure d"ordre 0 est une mesure.

3. LA NATURE VES OBSERVATIONS

Nous allons supposer que les observations vérifient deux types d"hypotheses

H.1. Llesmanges o ; i € {I,....k> SOME ((¢EUSeS sua Fon.

H.2. Lasuite (cn; n € 1) des ¢onctions de covarlUance du processus enpiAlgue wn corverge sim-
plement veAS une ¢onction c.

H.3.a. IL existe une ¢onction décfotssante ¢ : N+ = [0,1] MVAJZ 40) = 1,
(n) = 0(n~*~e) au e > 0 et pouA laquelle ta suiXe 0N est © mélangeante.

ou

H.3.b. IL existe une ¢jonction décroissante a : N* = [0,1] ~é/elant a0) = 1,
z (n+l)2a6(n) < + « avec 6 €]0, g(k;lr'l)’\ N pouA LaneLLe Lasuite on €St ;oAtement

mélangeante de taux a(n).

H.4. It existe une mesuAe u sua [O,l] qui est positive, de maAges dijiuses et qui virU,ii.e

VNEIN* Vi € (1,...,n) v (Bloc dans [0,11k  VIiI® < p(B)

(ij est la probabilité qui a pour fonction de répartition et on note H la fonction de ré-

partition de la mesure u).
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H5a WM€N M€ {L K} \ € {4, n}
*ni =it? Hh % syr A(i) et appartient a HO)

Pour tout n€ Nret i 6 {1 ..., K}, mmnnote *n . I'élément de DMK défini par

[n ]
(t0, t) e [0,nk ‘nivVA-TT 3oy ()
H5b. vi6{l, _ k A €04 tel qe £, conveAge velu i paui lu topolo-

gée niidtime. sur tout compact de A(i).

H6. M€{, ..., k vt 6 [0,I1k
i € .(T) converge \&ia 0.

\b €{0,I}*k on note Hb la fonction de répartition ce la mesure ~(u)-

vi€fl, ..., Bonote Flamrge b (1, ..., L te, 1, ..., Det b limite
detg.i

Oh note Fq la fonction de répartition uniforme sur [0,11.

H7. Il exMAte ure fonction continue r définie *wa [0,1] YK telle qe
WB>TA Vb € {0,1}1+k KB = H3.B).
H7.a vic {0 — K v [a.b.]uk= [0, AJHk

A by ool € W) G« CDigH ey

6ont ¢sonctions cAof&6ante& de (ad) I'op&iateuA de difaéAence mulXicUmen&ionnel).

H7b. Mc {0, ..., K
I, A7l E(lefB @0 H> BIrV)1d bk +~
St EBIHD O el d Xk <
n.7.c. vi e {i, Ky pueR =(te [0l g fi  t4=0)

. t- H\(t) ) . ]
iim N o =oet t°1 appartient a Ck(l)

t = (tQ1) - U ru
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H7.d. vn £ Nvj e (1........ n vileK={?€[0,]k; 31 =0} vtQ€ [0,1]

1in Hh) . - — =0
Wi *>
*
H.8. Voua, tout i € (1, k}, iZ ext&te une fonction de *épaAtition continue F.., a> 0,

A> Oet Nge h* tet que
vn > N Sup P .(u) - f!'(u)] < A(i)a.
° u€lIR n’1 1 n

Le deuxieme type d"hypothése est

H*.1. =H.1l.
H*.2. Lea obteAvationd aont AtatiowuLUieA

H*_.3.a.l£ existe une ionction décAot&Aante ¢ : Ji * =* [0,1] v&itEumE PO = 1,
E n_1 " (4n )<+ e+ &£ pouA taquette Q eat $ mélangeante
n 1

ou
H .3.b.= H.3.B.

H .4. Si. on note
vj € (1,

ta ¢onction de A.é.paAtition commurie aux gmotieviio HJ fH’\ =H Vn € H
_ n}) ette, venrifae H.5.a. et H.7.

4. CONVERGENCE VE LA STATISTIQUE VE RANG

L"objet de cette section est de montrer la convergence des statistiques de rang de la
forme

T = 2 V <l . R «
ou an(...) est une fonction de score, gj une constante de régression et Rjj
A<j<n, i€, K}y est le rang de Xj » dans la suite (X* ., XM

4.1. Vé~inttiond et notatens

Pour tout n, on définit une mesure concentrée sur =, ee=» 7~x}1+k définie par

W0 e (0,131 v(ii-). e e IPn Ao vk

X' (£I(p) [é.* ? [123(P) [?° M ]: cn’ an<(*i>i€(l,...,10>-

Pour tout n € fi * et tout p e (0,I1}*+k, on définit une fonction H"(t) définie sur [0,1]

lll‘é‘.p/\o))
Ho(D = Z HF (M (7))
J=1 p
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avec *L mTT *1 sl pi =0
t» H4 1 1
h™ = “FT

*n 51 1 * g

vi 6 fO» K}

et pour n, on définit un coefficient bn appelé coefficient de centrage par

0 = e )

Lorsque toutes les constantes de régression sont toutes égales a 1, on note alors pour tout n

] HO(®M) x (d1).

T la statistique de rang

k
~n la mesure concentrée sur __»nTr* définie par

V~€ {0,1,k VA2A)Y., € {1 k} =7~ n ™ Tk

-n( n @Al [H il>Tm] =ani@ix1€ {1... K
ie3(p) W(p)

i?(?) :J.:ZI Fg-e),j Cr}gﬂ*))

t*

Ui t. Si P. =0

Ho

; -1 s °l -1

iin le coefficient de centrage par

n=pefol}k =W n

4.2. Convergence, de. Tn zt Tn

Théoréme. 4.2.

On ;juppodz que Zza obozrvcutlond ocutlo”ont Zzo conditions H.l. a Hs. e-t Hs . ainsi
que. Zzo condbubLona 6uivantzo.

1Z zxXd6tz une ¢onction r poolXivz ou naZZz zt appaAXznant a Cj+k vérifiant H 7. zt

H.9. 3B > 0 Vp € {0,1}1+k vVt € |p
1 s
r(t) >Bf n t{ n (1-t-)F avec 0 <s<i.
MeJ(P) 1 ii£J(p) J £
1Z zx16tz unz mzbul/iz génzraZz \Q dé~Inlz o6u/i [0,1] I+k tzZZz quz

H. 10. pour tout f € C*+k

limif'r dL =ff*rdi
n—! n J 0
sup | rdl I <M< +

ne IN



ou |Xni Qj>t mesuAe de vcvuiation totale. Aloas n”~”~(Tn-bn) conveAge en loi veAs une loi gaus-
sienne N(0,0 avec

2 m B0, 17tk S o, 1] HIKE g (gL Max guge () <+ -
* *
ol Lg est te pAoceASus Limite du pnoceASus Ln.

Remarque 4.1.
Si H admet une densité bornée, on a

\ MM <6 <7 avec H.3.a.
et

2"fIEiI<A<? awc H3b-
ConoltaiAe 4.2.

On suppose que les observations satisfont les conditions H .1. a H .3. CLinsl que les
conditions suivantes.

* *

| existe une £fonction r positive ou nulle et appartenant a véAirlant H A. et

H<.5. 31>0 € {0,I}k vT e '|'~P
I.4a
7f1) >B [.n t- ..n @ - avec O <a < -
ieJ(™ 1 ieil(o) 1] 7

Il exAJSte une mesuAe généAale \Q définie sua [0,1] telle que
H*.6. pouA tout f 6 cjl,

lim [? *rdA =f? «r dx

n-« & J

sup fr diT | < M< + ».

neJRJ n

-1/2 = ~ . ) ., L —0
klo>u> n (Tr - bn) convel/ige en loi veAS une toi. gaudAiesine N(0,a ) avec

°2 = 5[0,1]kﬁ[o’|]k E(Lo(t)LO(f))dXO(t) dxo(f) < 4~

ou LQ(t) est le processus limite du processus L*(I,t).

Remarque 4.2.

Si H admet une densité bornée, on a

\ ~ < $<7 avec H .3.a.

et
1 2k+1 1 u* K
7 HT-7 ¢ avec ”~ .3.b.

140



Démonstration

Nous ne regarderons que les points de démonstration ou les nouvelles hypothéses par
rapport a M Harel (1985) entrainent une modification.

L'hypothése H.3.b. ou H*.3.b. est nouvelle et intervient dans le Lemme 5 de M Harel
(1980).

Dans cet article, au bas de la page 67, on prend comme nouvelle valeur de s

_6k(U«) + 3
3 “ -2kTIVa) V '5

on pose a nouveau

Y =TiTRaV + 1

alors si

0 - TKTHED + 2
on aura

(1-")(1+B) » 4
et

1-5+y> 1

On aura alors dans les conditions du Lemme 5

k
3K (> 0) tel que pour tout n et tout bloc de B(n) contenu dans ( U CO, .) U Q

vérifiant mH(B) > (-p)*+a on ait 0
E(AB(Wh . 7))4 < KVI+Y &£ (B)

(voir M Harel (1980) pour la définition des notations) et la démonstration est identique a
celle du Lemme 5 en utilisant le Théoréme 10 de P. Doukhan et F. Portai (1983). L'hypothese
H.3.b. intervient aussi dans la Proposition 2 de Balacheff et Dupont, mais la proposition reste
vraie comme conséquence immédiate du Corollaire 1 de Withers (1975).

L'hypothése H.7. est plus générale que H.7. de M Harel (1985). Les hypotheses H.7.a.,
H.7.b. et H.7.d. n'interviennent que dans la convergence du processus Wh < -p donc dans les
démonstration de M Harel (1980), mais H.7.a. et H.7.b. sont moins générales que les hypothéses
(2.3) a (2.5) de cet article et H.7.d. c'est I'hypothése H.5. (1) de ce méme article.

L'hypothése H.7.c. intervient dans la démonstration de la Proposition 4.4. de M Harel(1985)
et on vérifie facilement que la proposition reste vraie avec cette nouvelle hypothese.

Exemple 4.2. Si k - 2 et si on a :

vnh € IN vj € {1, n) Hj est la fonction de répartition d'une loi gaussienne de marginales
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centrées réduites et de coefficient de corrélation p avec 0 <o <1, dans ce cas |'hypothése
H.7. est vérifiée alors que ceci n’est pas vrai pour I'hypothése H.7. de M Harel (1985).
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1. Introduction. Let {X ., I<i<n, n>I} be real—valued random variables with conti-

nuous distribution functions Ffl(x) = P(Xn }kXx) , I<i<n, n>| . Consider the statistics
n
(1.1) = (u-k)-11 cn.an(Rn._k...R,, )
i=k+l
where the C,p are known constants, a, are the scores, R ) denotes the rank of

Xn,'r among (Xn,P"'an"n) ,and k>l is a fixed integer (< n). Our aim is to study the

asymptotic behavior of g® when the sequence {Xfl is (*-mixing with rates

(1.2) yXm) = 0(m * c) forsome e>0 (m>l)
or
(1.3 I m“1»:/2(3+k>(m) <.

m=I

or strong—mixing with rates

00

(1.4) A m~k+2) </(ni) < @ for some e6 (0,1/2(3+k))
m=I
Recall that the array {X ., I<i<n, n>I} is A~-mixing ifsup sup {|P(A|B)—P(A)j :
11 mn I<j<n—m

B e M(X"j,I<i<)), AGtf(Xn j, i>j+m)} = <AmMJO as mfoo for positive integers j and
m , and it is strong-mixing if

sup  sup  {|P(AnB)-P(A)P(B)|,Ae<r(X .lI<i<j),B6a(X .ji>j+m)} = a(m)|0 as
<n—A n>*

mn 1<)
m|oo, for positive integers j and m . Here <r(Xn -i<j) and <4(Xq .,i>j+m) are the

(T-fields generated by (X Iv..,Xnj) and (xnj+m>nj+m+p--) respectively. The
asymptotic behavior of the statistic under strong—mixing conditions leads to interest-
ing applications in ARMA processes in time series as well as in Markov processes (section
6). In passing we may mention that Hallin, Ingenbleek and Puri (1985) established the
asymptotic normality of linear serial rank statistics ¢ defined in (1.1) for an ARMA
process contiguous to white noise. We show (in section 2) that contiguity is not necessary

for the derivation of the asymptotic distribution theory derived in Hallin et al. (1985)’and



our results also lead to applications in some Markov processes which are either geometri-
cally ergodic or Doeblin recurrent, and to some ARMA processes. For a related problem
dealing with the applications of U—statistics (see Harel and Puri (1989a), (1989c)) to some
Markov processes and ARMA models, the reader is referred to Harel and Puri (1989b).

2. Asymptotic normality. We start with a few preliminaries.

Denote by Fn(x) , the right continuous empirical distribution function of  *,

i=l,..n; ie let F (x) = nl B oy i where Ir i denotes the indicator function.
n i=l 1An,i-J H

Denote by Gn the distribution function of the k+1 of the successive random variables
Xn, p...Xnn. Let Hn (for each n >k+1) be a sequence of continuous distribution
functions on (0,1)+\ defined by

(2.2) Hn(t) = Gn(F“1(tl),...,F;1(tk+1)) forall t = (tr ...,tk+1) E(0,l)k+1
where Fn*(u) = inf{t: Fn(t)>u} , O<u<l . (Since Hn is continuous, it is actually well
defined on [0,1]™+"). Though G ,Hn and t depend on k , we have suppressed this
fact for notational convenience.

2 >R, and by

Denote by , the space of all continuous maps f: [0,1] K+
Ck j_i(j) »(I<j<k-hl) , the space of all continuous and bounded maps f: A(j) -+IR where
A() = [01]-i_1x(0,)«[0,I]k+1_j .

Definition. We say that the sequence {Hn} satisfies the differentiability condition
if (i) -r’l- Hn exists on A(j) and belongs to Ck+i(j) , I<j<k+l , and (ii) BN e in the

J J
uniform topology on any compact subset of A(j) as m»,and ~ belongsto W » e

We define the graduate empirical process (also called the copula process, see e.g.

Gaenssler and Stute (1987, Chapter V)) W1l as

[nt@ k+1
(22) W W n-k -Hl
' ke j=1 Tl tiok- i1
rio
forall t = (tQt) =  tp. Kl £ (0,1)| , Where [ntj denotes the integral part of

the real number nto.



W e also consider the rank process Ln (called the graduate rank process) defined as

[nt T k+I
(2.3) L.(t) = (n-kP £ I{Fn(Xn<l+j_k_D<tj}" Wi(t) -
i=k+l
For any n>l , we define a signed measure A concentrated on " k+2
by setting
k+1 i-
VvV ..nn = cn,i
J=u 0

for all (io,...,ik+1) e {l,...,n}k+2 « (By convention cRj =0 if < k+1).

We also define a centering coefficient bQby

(2-4) b, = HJt)An(dt)

n
[01]
where Hn is the function: [0,1]*'" > IR* such that Hn(t) = ([ntj—k)Hn(t) .

We now state the following theorem the proof of which is given in section 5.

THEOREM 2.1. Assume that there exists a Radon measure A" on [0,1]k+2 such

that

(2.5) lim [fdA,, = ffdA forall fe C, ,0
rnJ n J 0 k+2

and

(2.6) sup [fd|A | <m®; N= {0,1,2,...}
relN J n

where |AQ| denotes the measure of total variation.

Assume that the sequence {Xn,'r} is (a) ip—mixing with rates (1.2) or (b) strong-
mixing with rates (1.4) . Furthermore, assume that (c) the covariance functions {l<n,n>l}
ofthe empirical processes {Wn,n>I} defined in (2.2) converge to a function K(-,-) in
pointwise topology as n>e and (d) {Hn} satisfies the differentiability conditions, then Ln
converges weakly in uniform topology to a Gaussian process LCD with trajectories a.s. in
Cfcr 2 >and (n—k)*(<y"—bn) converges in law to the normal distribution with mean 0 and

variance (P1 where



(2.7) a . E[L (t),L (t)IdA (H)dA (t') (< o).
* If+9 . V4.0 (0] (00] ow ov ¢ \Y '
[0,ITk+2 [0,11k+2
REMARK 2.1. The above theorem is proved under the assumption that the
seguence {Xm-} IS nonstationary and, either <-mixing with rates (1.2) or strong—mixing
with rates (1.4). The theorem does not hold with the </?-mixing rates (1.3) unless one
assumes stationarity (which implies that the distribution functions Fn,Gn and Hn are
equal to unique distribution functions F,G and H respectively) and the special case when
c .=1 forall i.
n.i

Let a7n denote the statistics dfn when Cht= 1 forall i,ie. let
n

(2-8) <= | an(Rn,i-k’- 'Rn,i}
i=k+1

and let Bn denote the corresponding centering constant, i.e.

(2-9) Bn= j H ()X (dt)

il
where v isa-measure concentrated on —,...,57\}1}”\"&*';\ and
fk+1 i-

M “Vh= W) *
Then, we have the following theorem.

THEOREM 2.2. Assume there exists a Radon measure X on [0,1]** such that

(2.10) lim fTdX = |T dX
IHoo J J O
and
(2.12) sup fid|X | <00
nelN J n

where |An| denotes the measure oftotal variation.
Assume that the sequence {Xn i} is (a') tp-mixing with rates (1.3) and (fcd H
satisfies the differentiability condition, then L (I,t) converges weakly in uniform topology

to a Gaussian process £ with trajectories a.s. in and (n—k)2(<”"—EBn) converges

ck+l"’

in law to the normal distribution with mean O and variance 39

where



~2 - ] ]
(2.12) G ol o1 E[lCO\(/E),EO\("E nldloglt)'dxovt)' (<00) ,

[0,11" 1 [0,1]'
The proof follows from Theorem 2.1 by putting t~=I| for the processes Wn and

Ln , and showing that the finite projections of Wwn °onverge to a normal law (the proof of
which is given in Proposition 3.4).
The following corollary gives sufficient conditions under which the conditions (2.5)

and (2.6) are satisfied.

COROLLARY 2.2. Let J be afunction on [0,I]k+2 such that --ripl) =
k_i_9

cnjW -A +i) forau (i0"*ik+IN e il»-»1}  “’J = Jd+Jc where Jd is a step
e
junction taking only a finite number ofjumps, and where for any 1c{0,....k+1} ,J has a

1
¢

jel
PROOF. It suffices to prove the above corollary in the case when iy has only one

continuous derivative , then the conditions (2.5) and (2.6) are satisfied.

jump, say at a:(ao,...,ak“},) e [0,l]k+2 . Let Ar'] and A;]' be measures on [0,l]1k+2
defined by

V n0f 1= Jof - Ancki)
and

K+1 1. 1

A20. = dd(i...1 11)

forall (jov.i]t+i) € ., n .1}

inv
It is easy to check that

Jc h2 —i\
lim - . -
k2 — 1 t ff e j6l«Vibl-«k+2 >
ol 1c}0,... k+1} jOnjk+2 J —
for all fe Ckj 2 whose i = card I
Thus, we obtain a measure satisfying
Iim J id> » fdA’(t) .
n*oo k+2 2 0

k+
[0,1] [0.11



Analogously, we obtain

limi fdANt) = f(a) J (-1)1Jd(Cqj-),(ai+))

“r” [0,1] Ic{0,...,.k+1} iel Ul
for all 6 where i = card I .
3 Weak convergence of the graduate empirical process and the graduate rank process.

We start with preliminaries.
3.1la Thespaces Dj+2 ax® ~+2 o
Let f:[0,l]k+2 »R. For pe {0,I}k+2, define

f () = lim f(s), (s,) e ([0,/]k+2)2 (i=0,1,....k+1) , ifit exists, in which case,
b s.Tt.,p(i)=i

Sjitj, p(i)=0
call f{t) the /Mimit of fat t . Denote by Dic-2 " the sPace of all maps f g >
such that for all p € {0,1}*2 ,f existsand f = f for p — (0,...,0) .

We say that we have special Skorohod topology on D ~” if we have the uniform
topology for the first coordinate and the Jj—Skorohod topology for the other coordinates.
(For definition of Skorohod topology, cf. Skorohod (1956) and Billingsley (1968)).

We define a modulus of continuity for any bounded function f: [0,1]'(‘LO R to
be denoted by wW({f,<5),(&0) by setting

(3.1) wWi<5) = sup k+2,2if(t)—fft) 1, lit=tll < S,
(t,t)e(o] )

where |[t]| = sup {|tj|,0<j<k+I} .
Note that f belongsto Cv,0 ifand only if lim a*,i) = 0.

The following proposition which is a variant of Theorem 1.2 of Dudley (1978), will
be used to prove Proposition 3.4.

PROPOSITION 3.1. Let Yn be aprocess with values in D A" and measurable
with respect to 27°+2 »the a- field generated by the uniform topology (on D~”)- Let Pn
denote the law of Yo Then, there exists a probability measure P with P((yjon = 1 /or

which Pfl converges weakly with respect to the uniform topology ifand only if



(1) for all finite subsets U of [0,1]'('1'9 , J>u(Pn) converges weakly to cYY(P) - ((G)y is

the projection of Dj,+2 on u),

@) Ve>0, lim lim sup ?n[{f,w(f,6)>e}] =0.
60 e

The proof is given in the Appendix.

3.1b  Grid accompanying a sequence of probability measures:

We call a grid T of [0,I]k+2 asubset of [0,]k+2 suchthat T= 1I T*
j=°
where T/ is a finite subset of [0,1] which includes 0 and 1.
k+1l /.n
We call apace r ofagrid T= Il Tu' the number r = max r- where
j=0 0<j<k+l J

tl = max {11J—t—_1, t, and t- are successive elements in T~} .
J | J

We denote the lower boundary of T by T where

k+1 rj—1 (f\ k+1 [«o
T= U n Tw x{0}x n Tt
j=0 L=0 ¢=j+l

We call block B of T any part of T in the form

= N - - N 1
B jI:IQ{(tJ’tl fl T) where tJ and tJ belongto T~ and tJ<tJJ :

We call evaluation e*” of B into T, the operator e,j" : Dk- such that
k+1
E ei
(3.2) enB\t) = | (-1) fl(I-£o)to+id;.... (I-ek+1)tk+i+ fk+1ti+1] «

(e0’**'’ek+1)e{0,1}
Let v be a finite measure on [Ol]k~*~" and let T be agrid of [O,!]*2. We call

reduction v of v on T the measure on T defined by

(0 if t6T
= k+1

Ivi n (tu.]) if 11T
j=o0

where
tj = max {x;xeT";x<tj,tjGT"} .

For any ¢>0 , we set



Uj, (1) = sup{|f(t)-f(t)[;(t.,t") 6 T2,[[t—tHS}
We say that a sequence {Tn}ne™ of grids is asymptotically dense in [0,1 - if

the pace rn of satisfies lim =0 (N=NH0}IN=0,1,2,...) .
N

Let Pn,nc N be a sequence of probability measures on (Djia.2,'"k+2" w’ere
~k+9 ISthe a -field generated by the Skorohod topology (on D"”)- We say that the
sequence {Tfl} of grids accompanies the sequence {Pn} if and only if Ve>0, 3 >0 and
Vie [0,1/2), 3 GN ,we have

Pn[{f G N><B) N e (28 < €3] = 0 Vn>NQ.

The following propositions (3.2 and 3.3) are variants of a result of Neuhaus (1971)
(see e.g. Theorems 2 and Theorem 4 in Balacheff and Dupont (1980)) and will be used in
section 4.

PROPOSITION 3.2. Let PnAN be prosebility measures on (0~ 2 **"k+2" such
that the folloving conditions are satisfied:
(3.3)  (jj(Pn) conver9es weakly to some praxebility measure P?j on IR for any finite

sbset U of [0,[]k+2

and

(3.4) Ve>0, limlim sup P [feD,+2;w(f <>) >¢] =0,
st e

then, Pfl converges weakly with respect 1o the Skorohod topology o some prooebillity

measure P and PiC/AN) = **

PROPOSITION 3.3. Let u be apositive finite measure on [01}¥*2 with conti-
nuous marginals. Let Pn be a sequence ofpraosbility measures on (D]i+2,' k+2" suc®
that Vn ¢ N, pn[feDi(+2;* k+2 °l = 1e Let Tfl be asequence ofgrids asymptoti-

k_i_9
cally dense in [0,]] -- and accompanying Pn . Furthermore suppose that for any block

B, «/ Tn.

(3.5) Pn[ftiD2+kile f (f) |>A <



10

where is the reduction of v on Tfi, and (3>l and 7>0 . Then, we have Ve>0, 3
¢£(0,1) and NAN such that

(3.6) Pn[f6Dk+2A(f,i)>f] <f Vn >No.

3.2a Convergence of the graduate empirical processes.

PROPOSITION 3.4. Under the conditions (a) and (c) or (b) and (c) of Theorem 2.1,
W  converges weakly in the special Skorohod topology to a Gaussian process W ; with
trajectories a.s. in KD * Under the conditions (0') of Theorem 2.2, = Wn(l,t)
converges in the Skorohod topology to a Gaussian process W  with trajectories a.s. in
Ck+i-
3.2b  Convergence of the graduate rank process.

PROPOSITION 3.5. Under the conditions (a), (¢) and (d) or(b), (c) and (d) of
Theorem 2.1, _ converges weakly in uniform topology to a Gaussian process Lno with
trajectories a.s. in Ck+2 ¢ Under the conditions (al and (b") of Theorem 2.2, £n =
Ln(l,t) converges weakly in uniform topology to a Gaussian process LOO with trajectories
as. in K] b
4. Proofs of Propositions 3.4 and 3.5.

Our proofs of the Propositions 3.4 and 3.5 are based on the ideas of Balacheff and
Dupont (1980) who considered the asymptotic normality of the truncated empirical pro-
cesses under ~—mixing with rates E”~_~m ~/2(m) < 0o. Here in this paper, we consider
the rates (1.2) and (1.3) which are slower than the one considered by them. In addition we
also derive results under strong mixing (1.4) which have not been considered in the litera-
ture. To establish their result Balacheff and Dupont (1980) used a slight modification of
an inequality due to Riischendorf (1974) which is not applicable in our situation. Our
proofs are based on the following two Lemmas.

LEMMA 4.1. Let the sequence {Xn i.} of real—valued random variables (centered at
its expectation) be (p—mixing with rates S~ _~m ~~/~(m) < 00, where ( is an integer.

Denote by Nn the number ofindices i (I<i<n) for which Xfl j is not identical to zero. Set



11

Sh= S j and || Xn = (LIxnjI~*dPn)*~ e Then, for any g>l , there exists a

constant C4(<£3 depending only on g and ip such that

4.2) E(S) <C (,,) | Nf(sup 1[XnJ||()2q *
£=1
The proof is a slight modification of Theorem 2.1 of Neumann (1982) and is
sketched briefly in the Appendix.
LEMMA 4.2. Let the sequence {Xn  ofreal—valued random variables (centered at
its expectation) be strong mixing with rates £/ _jm 2c*2ae(m) < oo, ¢ G(0,”) and

|Xnj|<I, I<i<n, n>I where q is an integer. Let Nfl be the number ofindexes i (I<i<n)

n
for which Xn,'r is not identical to zero. Set S, = I-gpxn’l: and H)%IIIE =
(J|Xn 2/(I"?(Z‘P n)*—e. Then, for any g>l , there exists a constant C/(tt) depending
only on g and a such that
4.2) E(S) <C (0) I n£(sjd ||[Xn.]|/.
£=1 1N1Mn

The proof is similar to Theorem 11.10 of Doukhan and Portal (1987), and is
therefore omitted.

LEMMA 4.3 (Neumann, 1982). Let {Y]j,i>l} be a stationary sequence of

real-valued random variables centered at its expectation and with finite second moment.
Assume that the sequence is ip—mixing with rates @m— |p5(m) < 00. Then, there exists
m=|

a positive constant K such that n4E(_E Y-)2—»K2 as n>oo.

i=l 1
Since the reference Neumann (1982) is not readily available, we have (at the

suggestion of one of the referees) given the proof in the Appendix.
Proof of Proposition 3.4. Consider a sequence Zm j, I<i<m, m>| of F\k+1—valued
random variables defined by Zmj = (Xm+k i, . Xm+ki+k)= 1. ,z(ki 1))f

I<i<m, m>l . Then, the (k+1)—variate truncated empirical process W  associated with



12

this sequence is given by

[(m+k)to]-krk+1
(«) «wvi) - N 11 V. m+k(Z<:)<tj}- Hm+kO)
and this is the same as the graduate process Wn defined in (2.2). Now the process Wn
defines a probability measure Qn on (Dk+2>"k+2~ "

To prove this proposition we have to verify (3.3) and (3.4). Following Withers
(1975, Corollary 1) it can be shown that (j)y(Qn) converges weakly to a Gaussian measure
Qy if (i) Kn *some function K, (ii) sm>| a(m) < oo, and (iii) ml_0 a([mK]) »0 as
m-*00 where 0<2b<a<Il—b . Now in our situation (i) holds by assumption (c), (ii) follows
from (1.2) or 1.4), and (iii) follows from (1.2) or (1.4) by taking a = 3/4 —/8 ,b = 1/4
and e sufficiently small. (Since taking a(m) = m ~ e, m*~aa([m”]) <Am *0 as
m >a0). Thus (3.3) holds whenever conditions (a) and (c) or (b) and (c) of Theorem 2.1 are
satisfied.

Now suppose that the condition (a') of Theorem 2.2 holds with Xn . =X. . Then,
forany pdN ,any t~ € [0,k and any A€ R, (I<Kp), let gj*(Xj) and gj(Xj) be the
random variables defined by

MH1 n
4°(Xi>= Ny [I(F(XI'-er'—i(—’l)<tj} -H (t(«)] and g.(X.) = J A~giOfX,)

where X, = (Xi_k,Xi_k+1,..pCi). Then, we have £ &w - = (n-k)-*£ gl(XD),
/[ ' i—k 11

and so (3.3) also holds by Lemma 4.3 and the central limit theorem for the stationary and
«-mixing case (cf. Ibragimov and Linnik (1971, Theorem 18.5.1 and Lemma 4.3)). Now to
prove (3.4), we shall use Proposition 3.3 and verify (3.5) (which will imply (3.4)).

Let Tr = {i/m;0<i<m}|\r/+9‘ be a sequence of grids with n= m+k . Tr is asymp-
totically dense in [0,1]kJr2 and we prove that Tfl accompanies Qn . Now for every
t € (0,1)~"~ | let (E,£) be the points of 7r(Tn) where ir is the projection defined by
;i) = t such that J <t <¥,and |T—£|| <1/m . Let us write Eo = [ntj/n for every
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t e[01] . As the marginals of Hn are uniform, we obtain (after some computations) that
iw n<vi> - Waltgt ja
V(to,t) 6 [0,1]li+2 and V(t;,t") e [0,I]k+2 .

Consequently, Vie (0,1/2] , we have w(W & <— + T (W ,25) . It follows that T
Vm n 1

accompanies Qn . It remains to show that Qn satisfies (3.5).

+ Ivvd - Wn<|t@:t')|

Let SI m N [ A~*'k)(m) < (» (see (1.3)), and let B Dbe a blockof T
m= n

defined in section 3.1.b. Using Lemma 4.1 with g = k+3 , we obtain (see (3.2))
E[e"Bn\w n)J]27k+3" <
n

k+3
<ck+3M 1 m-ik+3)[(m+k)(tot:)](k+3)/rx AL (tr th)] (K+3)/(k+DE
¢=1 j-1
k+3 v
<cv+q(h) I me(k+3) x (M+K)(k+3~ X [0 (t-t)](k+3)/(k+2)"
K =0 J ]
<ck 3(r)(ke3)kn gy thI(k+3)/(k+2) -

1
Now let v = (Ck™ _g(™>)(k+3))* U where U is a uniform measure on [0,l]k™2 and /?=

(k+3)/(k+2) . Then, by the Markov inequality, we obtain (see (3.5))

V eDk+2;ieTBn)w i ]s A_2(k+3)(i;,,(B,,))"
which implies (3.6) for the A-mixing rates (1.3) (and so also for (1.2)). For the strong
mixing case with rates (1.4), we use Lemma 4.2 with e < (2(k+3)) *and obtain from

4.2)

E[4B")(wn)]2(k+3)<ck+3(«) I ™ (k+3 <Q(t0-t;)<(kn1(tr tj))"1 f)/(k+1>
n /=1 j-1
which (with P = "&+2j[* € ) implies (3.5) and hence (3.6). We derive the conver-

gence with respect to the special Skorohod topology because W1l is measurable with

respect to this topology and we use Proposition 3.1 to the first coordinate (of W ).
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Proof of Proposition 3.5. The main line of proof is as follows:
We consider a map Gfl : where Y isasubset of D" anc® such
Ln = Gn 0 Wir nil . We show that Gn : (/Yn 'd)'»\(Pk-\-E’p) IS a continuous map where d
Is the special Skorohod metric and p is the uniform metric.

Let Y beasubsetof Dj.” such that forany ve Y, v equals zero on the lower

boundary of [0,l]k"2 and also for t - (1,...,1) . It will be noted that Y c Y for

vn>| .
Let G:Y->0"2 beamap defined by
k+1
(4.9 G(Vv)(t) = v(1)-tQ £ [v(l,....tj,....1) x/j(tp...,tk+1)]

j=1
where " is the limit of Hn as n*». We will show that V (vn)ng|ff* € ("nelN*

and Vv6Yn n~"N%  Gn(vn)-"-*G(v) as n“*°e Now using Lemma 3 of

Balacheff and Dupont (1980), we get the desired convergence.

Let = {ye[0,I]n : (y,—>y") are distinct points of (0,1)} . We define Yn:
k+1
[0,J]n- Dk 9 by setting Y (y)(t) = (n-k)_1/2"S n i{ (i+j-k-1)<t}-H n(t)

forally = (y*V-,y*) e/n~d t = (tQt)e[0,l]k+2.
We define the space Y by V —Yn( . Forany je {l,. k+I} we define an

operator t-: ?7->D" as follows:
Let y(1)<-<y(n) be the order values of (y ~,—>y”) « (By convention, y * = 0,
y(n+l) = x)>and let vn = Yn(y) « Then
(4.5)  ij(vn)(Lj) =
wherey & =max{y(m);me{j,j+n-k-1}} if tj=I
V gMwherey & =max{yW<y” ;me{0J ,...,j+n-k-1}} if tj 6 [ip-")
where i = {0,,....,n—} .

Now the map Gn: YA >D *” s given by
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(4.6)  Gn(vn)(t) = vn(to, A (vn)(t1),..,,rk+1(vn)(tk+1)

J nt0] r
+ (n-k)* | Hn(ri(vn)(t1),...,r1+ 1(vn)(tk+1) - I I n(t1,...,tk+1)
i=k+IL
We now give the formal proof.

The first thing we have to show is that Gn is continuous for every n .
Let {VR n>l, t>\ be a sequence of functions in and let vn™ wvn (G
with respect to special Skorohod topology. We show that Gn(vn  *Gn(vn) in uniform

topology. From the definition of the special Skorohod topology, we have a sequence

{A e Ak+* such that Ve>0, e IN such that max |A Mt-)—2| <e
J’ — - 1 <j<k-|-I
and

@7 Iv (‘K (V A,((ti))"-A+i,/(lk+iD)>I<iV |ii<
and Vt 6 [0,l]k+2

where A denotes the space of maps h : [0,1]->[0,1] which are nondecreasing, continuous
and bijective, and AK™”" denotes the space of maps A: [0,I]k*"[0,ITk™*™ where
A(tp...,tk+1) = (AL(td),...,Ak+1(tk+1)) , AGA, I<j<k+l . Then, we have
LEMMA 4.4. 3 :,0>0 such that V Vje{l,.. k+I} and Vtj e [01],
ARG VORE ety .
PROOF. Forfixed j,let (y’ ,..y — ) be a nondecreasirig sequence of disconti-

» |
nuity points of r:](vft)*,*), and let (y0' ,..,yO’ ) be a (nondecreasing) sequence of discon-
tinuity points of rj(vn) ¢ (By convention, y*° = y°* =0,y ,n = yo,n = 1).

For 16 {0,,...n—k+1} let tj £[y"\y"+%*) ¢ Then

(4.8) (n"kr t V (1v-,tj,-)D+Hn(,....tj,....D] = i(n-k)-1.
Let h€{0,l,....,n-k+1} *A ~(t)) 6 [y>,y0,h+1) « Then, we have
(4.9) (n—kr*[vn(l,...,A™ (t)),....D+Hn(l,...,Aj* (t.),...,D] = h(n-k)"!

From (4.8) and (4.9), we deduce
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(4-10) Ih=lc—r=d - 1 ( V I+ (n_k) 1”2|vn/ (1v,tj,-,1) vn(l,...,A™ (tp,....]) |

< -ii- VI >some (°.
n k 3

Thus Me—n~  iive an®  "mPresthal ph=je rgwr = Ty Then, W >

| and th € fy\i,y?i+1) , we have AKA”(tJ;) e [y0,i,y0,i+1) ¢ Since the functions Aﬁnf are
0
continuous and strictly nondecreasing, the proof follows.

We now decompose Gn defined in (4.7) as Gn = 7n+~n where 7n(vn)(t) —

vn (V TI(vn)(tl)’- "k+1(vn)(tk+1)) and = GiT V

LEMMA 4.5.
@ 7n: (y"AY-* Pk+2™) 7 continuous.
(b) ("A) (®k+2"™  ZScontinuous.
PROOF. Fort € [0,I]k+2, for Ve>0, 31 9W >t , we have (using Lemma 4.4)

IV (VTI(V )t “rk+1(vn, Atk + 1)) -vn (Vrl(vn)(tl) - Tk+I(vii)(tk+IWIl < ( »
The proof follows. Part (b) follows analogously noting that Hg has uniform marginals.

We now prove the convergence of the sequence {Gn} .

Let vne nell\i-jj and suppose that vﬂ—1 »e Ck+2an(™ v=0 on the lower
boundary of [O,l]kl]'2 and also when t=(l,...,I) . We have to prove that
Gn(vn)—2-+G(v) « The proof is based on the following Lemmas.

LEMMA 46. Vje{l,...k+I}

@ rj(vn) 1] “n uniform topology.
(b) (n-k)y~r~rn~y~ N Yy)-*-v(l,...,idjo0ilj,...,1) in uniform topology. Where idjQ
Is an identity Junction on [0,1] .
PROOF. Note that Vvn, 3yn = gy |’K(n such that vn =Y JyJ . Now
for fixed j ,and for each n >k+1 , definev~(tj) as v~(tj)) =n 2£ {I 7 —tj}
i-1  {yn <tj}
and note that vj”~(t-) can also be written as
K-j n

W3)(tj) =(M /nIV I-"-V -I) + L [Ify(i)<i1j] * 1 Lify(i)<t .i*J|-
i=l 2yn -1y i=n— Y
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Since vn-"-*v (which => vn-"-*v), it follows that v/ (tj)-*->v(l,....tj,...,1) . Thus, we can

write
n

I'jW V. =1" 11 {18/ <r(v )t )%— lj} M >W | »1
=1 n"- jvn'y
< n_1u2B(vP,v(l,...,-,...1)) + &(v(l,...,1),9)] -+0 as n*» where gEO.
This proves part (a). The proof of part (b) is similar.
LEMMA 4.7. 7n(vn) *v in uniform topology.
PROOF. Follows by definition and Lemma 4.6(a).
LEMMA 4.8. ¢n(vn) ¢(v) = G(v) —v in uniform topology.

PROOF. For te [0,Ik™2 , we have
[nt J-k ( 1
%,t)=72175 {Hn(rl M t)--""7k+I<vnKW |» “ “JV " -W |

if there exists a j € {1....k+1} ,t. < n ,then
k—fnt 1 k—nt 1 1

W (t> = Hn(tl> <tk+1) 2 *5
and so ¢n(v ) »0 as n>oo.
If Vj€{l,.. k+I}, tj >n~\ then by the Taylor expansion
fnt 1k
in<Vn)(t) = M 01?25 A <if(vn)(tj) - ‘j> * 4“n tV oIl-"wW w 1
where Onj(tj) € [tj Ar.(vn)(t)), t. Vr.(vn)(tj)] .
Since {Hn} satisfies the differentiability condition, we deduce from Lemma 4.6, the

desired result.
Now since Gn{yir) = 7/n9/ir + Gn(yn)/ , We obtain g,lsing Lemmas 4.7 and 4.8) that

Gn(vn) *G(v) = v + &\ . The proof of Proposition 3.5 follows.
5. Proof of Theorem 2.1.

First, we show can be written as

(5.1) Ja=(n-k)" jjojjk+2 Ln(t*V dt)  bn
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where Afl is a signed measure on [O,l]lxﬂ"9 and bn is the centering constant defined in
section 2.
rn
(n-k)*«n-b,n) = (n-k)"™* Vv Cn,l'an(}qn,l'—k""’Rn,l'? —bn
li=k+1
= n
naa- -V % k+1
(-K)7 1 @i 1A | AK+P AR ni+) K 1=ij]
li=k+l IA J i nw 1 3
_V\ A R 1 G )
Z nn n n' n**n
B
I rlok+l 1 1
=)y o« f "V 14
B ) 4:kt%:1 n.»+J—t§~1 Jj
= h/ \ngjﬂ %6c 1y n 1 r]I n"l*! n 1 = Ln(t)An(dt)
k+2
B [0.1]
where S is the sum over all (i1,...,il ,,) in {l,...,n}" and E is the sum over all
A B
ki9
(V"*,ik+l) ™ >where Afl is defined in Section 2, and Ln is given by (2.3).
We now prove that
(5.2) t)An dt) L (H)A (dt) as nx»
lk+2L + 0
[0,1] [0,1]
Let hn:Dj+2 R be defined as
(5.3) h m dt) n>0
hn(f>= | _k+2f-Xn(dt)’ n«°"
[01]
Let {fn,n>I} be a sequence of functions in , and suppose that fQ>f" in

uniform topology where *0eCk_ 2 « We show that

(5.4) hngn) > ho(fo) .
We have

f fA(@dt)- | f A (dt)
Jik+2n n m iik+2 0 0
[0,1] [0,1]
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Sl A

[0,1] + [0,1]
<sub  k+9|fn(tH (1)] An(dt) + f (An-A )(dt)
te [o,1] [0,1]k+2 0.1] +2° n O

(5.4) follows using (2.5), (2.6) and (5.3), and (5.2) follows using Billingsley (1968, Theorem
5.5) and Proposition 3.5.

Now we prove that condition (2.6) of Theorem 2.1 is satisfied. By using (5.1) and
(5.2) we deduce that

2
(55) a _[0“,i]<+2[0; ﬂk+2E|v| t)LJ t,)]Ao(dt)Ao(dt,) *
We have (see (4.4))
k+1
(5.6) Lafih = Wefd - g tWgll- g DAWD
j=1

From (5.5) and (5.6) the equality in (2.6) holds.
9
It remains to show that <7*<oo.

By assumption (d) of Proposition 3.4,
K+l K+l

(5.7) lim |[EWh(t) - | tom(,... tj,....D<)H{Wn(t)- | t;vii,.. ty..iKj®)}|

i=l =1
= [EAwt)]!
k+l
< rl]i:go[E{Wn(t) N A tji ..... |)2:(t)}+ x [E{W n(t")
k+] =
- Tewad,.. g, i)<i (32
J=1
= |im tAn BJ

n-»00

by the Schwarz inequality.
Let now {Xn i-} be *mixing with rates (1.2) or (1.3). Then from Lemma 4.1.

with g=1 , we obtain
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k+1
(5.8) An < [E{W-(t)+2|Wn(t)ito | [Wn(l....tj....1)]/j(t)
j=I

k+1 k+1
s=1 j=I
k+1 k+1
<Ci((kn* tm)R:5 + 2t (lif “tm)~ < (t) +t21 | ijiEsyes; M2
m=| m=| J s=1j=I

where Cj>0 is some constant.

Similarly Bn < some inequality with t's changed to t"s . Thus |E[Lo(t)Lo(t)]|
is bounded by a function which is integrable, and so |E[Lo(t)Lo(t)] | isalso "xA”
integrable.

Let now {X]ll} be strong mixing with rates (1.4). Then, using Lemma 4.2 with

g=2 , We obtain

1-€ 1-e_ k+1 k+1 l-e 1ei1/2
- m n "0 J S
ra=0 m:]r 1 j=I

and a similar inequality for Bn , and the result follows as in the case of ~-mixing.

The proof of Theorem 2.2 follows analogously.
6. Applications to Markov processes and ARMA processes.
6.1  Markov processes. Consider a sequence X\ ,n;n=€Z} , of IR-valued processes such
that for all teIN* : {XQ]_‘L} Is a k—Markov process with stationary transition probabilities
Pj.(xp...,xkK;A) where AelJ?, $ isthe Borel a—field of R, and (xp...,xKk) e IR.

We say that the Markov process is ergodic. if there exists a unique probability
measure on R with marginals 1l on IR such that

.(A) = J PAxp...,xk;A)/Zj.(dxp...,dxk) for all AC

We denote by P™ | the m-step transition probability defined by
PACxp-.~kjA) = IpNX2,....xk,y; A)PIL(xp...,xk;dy)

forall Ae and (xp...xk)eR.
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For a transition probability P{(...;.) and invariant measure and marginal nfc,
*

we denote by Pt(->0 the transition probability defined by

r *hH > k
I Pt (u1,".,uk;(”,,vi+1P"t(dul,...,duk) =) Pt (“k+1; ni(™»,yi])nt(duk+1) .
_m
i=l 1

We say that the Markov process is geometrically ergodic if it is ergodic and if there

exists 0</>t<| such that
IIPj(xlv..xk;.)-nt ()l =0(pj) forall a.s. (xp...,.xk)elRk,
where ||.|| denotes the norm of total variation, (p” is called the rate).

The Markov process is Harris recurrent if there exists a a—Ffinite measure on R
with zt(IR)>0 such that it(A)>0 implies Pt(xp...,xk;Xj, neAi.0.) = 1 for
all (x*,...,xk)elR".

Finally, the Markov process is Doeblin recurrent if it is ergodic and there exists a
finite measure on Rwith zA(IR>0, an m>| and c¢>0 such that P~(xp...,xk;A) <
1— if M(A) <e forall (xp...pck) €[k and

Let us denote Vje {l,...k+I} and VM > 0,

R.(M) = ("0,400)j_1 x FM,M] x (_ @Dk- j+1 .
Then we have the following theorem:

THEOREM 6.1. Let {X n,nel} be a Markov process such that for every teN*,
{Xu,n} is either (a) aperiodic, Harris recurrent and geometrically ergodic with rates
0<p,\<p0 : poe (0,1) or(b) aperiodic and Doeblin recurrent. Suppose there exists a proba-

bility on I and a transition probability P~(...;.) such that

(6.1) sup* \nt(A)-nQA)\ = 0(t~ft), a>0 ,
Ae.
(6.2) sup |Pt(xp...,xk;A) - Po(xp ..., xk;A) | »0 as t%,
where sup is over and (xp...,xk)eRMM) for every j€{l,...k+I} , VM > 0, and

(6.3) sup Ipt(xk+i;Ak)“ Po(xk+1;Ak)l "*° as
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where sup isover |xk+7*|<M and Vv

Then, under the assumptions (3.2) and (3.3) (n—k)*/2(<* —b ) converges in law to

%

a normal distribution with mean O and variance o~ where bfl and a* are given by (2.4)

and (2.7) respectively. (It is assumed that PP ,P:,P:)c have densities continuous in Xx's
and, (¢ and n have densities).

PROOF, (i) Suppose (a) holds. First, we show that the process is geometrically
strong mixing. It is well known (see Nummelin and Tuominen (1982)) that if a Markov
chain is aperiodic, Harris recurrent and geometrically ergodic with rate p” , then

lHPACXp...,;.) - n t()Mt(dxd,...,dxk) = 0 (")
and this property is equivalent to strong mixing with rate p™ (see Rosenblatt (1971,
p.199)). Next, we show that the covariance functions of the associated graduate empirical
process (2.2), converge to a function K, but this is a consequence of Lemma 6 of Riischen-
dorf (1974) which remains true for strong mixing conditions with a geometric rate.

Let G. be the distribution function of the k+1 successive random variables of
{Xtn} and let H' be the measure on [0,I]k+* defined by HAy",..AA) =
Gt (ECL(y1)»—rCL(yjchl)) where™ H. is the marginal of  forall (yp-~+i) e
[0,I]k+1 and t>0 (note that we also denote by the distribution function associated
with the measure n”).

We have to show that fHt} >n satisfies the differentiability condition (given in
section 2).

Set 7i?~ H" , and let Fp) be the conditional distribution function defined as

Fp)(uj:;yl,...yj_Lyj+1,..,yk+1) = j Pt(ul,...uk;("»,yk+1])/i{(dul,...,duj_1,duj+1,d«k)

A
— K . : : T
where A= n\(-oo,yJ ] I(~oo,yJ , pi is the measure associated with the distribution
t= 1 ¢=j+

function Ht(up...,uj_pl,uj+1,...,uk,l) if j<k ,and Fpv+1) is the conditional distribu.-

*
tion function associated with P~ . We have
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it (yr ..yk+i) = FHj)(ntl(yj);n;1(y1),....n;1(yi_1),n;1(yj+1),....n-1(yk +1)) .
Also
ft()(yl,-,y k) - < 0(G)(y i.-,yk) =
= IF@[)(n;1(yi);n;1(yD),....n; 1(yj_1),n-1(yj+1),...,n-1(yk+1))
-FO “"o-p”™yij).. n;l(yH ),n-1(yj+1)....n"1Cyk +1))]
+ [FA(n™Uyi);n;1(y1),....n-1yj_1),n;1(yj+1),...,n;1(yk+1))

- () (rilyi)ir 1yl),....irl(yi_1),n;1(yj+1),....,ri(yk+1))] = a + b .
To simplify the notation take j=1 , (for j#l , the method is exactly the same).

Then, we have

A= F(1)(n"1(y1);n-1(y2),....,n;1(yk+1)) - F(1)(n;1(y1);n;1(y2),...,n " yk+1))

= 1 Pt (x1;u2,...,uk;(-™,xk+1])iiJ(du2,...,duk)

n(-00,x,]
1=2 1
-3 p , < , - kL
£=2 1
<€+ 3 /\ <2c
I ..................................... il
n(-t»,x-]
e=2 c

for all (xp....xk+1) 6 Rj(M) .
We also have

B=F(1)(™l(yl);n-1(y2)....n-1(yk+1)) - F(1D)(n;1(y1);r 1(y2),..., n;1l(yk+1))

- Fil)(n;lon,onilyi>;n;lon»ontl”~2)"-n> n,ontl<kt i))

w 1(ri)li lon. < &2)-"-<en,oii;1(yk+i) ¢
Noting that

sup inorrtyii-yii = sup ly,—noir]{y )|
yie[0,i] 0 1 1 1 yi6[od] i t » 1
1
sup noriniy. nt°r;§/’\|
yiel.1]
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we find (using (6.1)) that, B<e for sufficiently large t . Thus 4~ (yp—e”"+1)

ANy p-,yk+1) as t-* uniformly in (ylv-,yk)6Rj(M) for any M>0 and so {Ht}t>0
satisfies the differentiability condition.

(i) Suppose (b) is satisfied. Then the proof follows from Davydov (1973) who proved that
a Markov process which is Doeblin recurrent and aperiodic is geometrically y>-mixing.
Example 6.1. Consider the process {Xn,neZ} where =a™Xn+ gon per T
agcm,i +a4e§+,I + ag where the a's are real numbers and ﬁfn,neZ]j is a white noise with
strictly positive density. Then Mokkadem (1985) has shown that if R + aéE(cR) <1 and
E(e]) < oo, then the process {Xn,neZ} is geometrically ergodic and geometrically strong
mixing. Thus the asymptotic normality of the statistic < based on the ranks of {Xn}
follows.

Example 6.2. Consider the process {Xn,ne2} where Xn_" = -"n) + en+l w'ere the
e's are independent and identically distributed random variables with strictly positive
density, and f: IR-»RR is bounded, nondecreasing and continuous. (This model was studied
by Collomb and Doukhan (1983)). It is easy to check that this model is Doeblin recurrent
and aperiodic, and we deduce, that {X@ is geometrically ¢-mixing and we can apply
Theorem 6.1.

6.2  ARMA processes. Consider a sequence of ARMA (kpkg) processes

J
where UA-= A-, ,Qin)(U) = E2binV , b~ =1 and {c-i€Z} is a sequence of
1 11 k2 £=0 1 0 1

(6.4) nl(- aln)U)Xnii = Q[n)(U)e., iei, nel\N
—1 n ' 2

independent random variables such that E(cj) = 0, and has a density gj(x) ,iel.

Then
LEMMA 6.2. (Gorodetskii (1977), Withers (1981)). Let the sequence {X .ieZ}

satisfy the following conditions:
00

(6.5) sup | |g.(x+/?)-g.(x)|dx <c, |I?| , VP and some c”O
i<Ez) 1 1 1 1

XX)
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(6.6) supElel<c9<mand supsup | (M| <p<1
el 1~ e I<j<k1 ]

where ¢9 and p are son,e costats. Then for any reIN*, the process {X" -jie2} B
strong mixing with rate a(m) — 0 (p™*) foreach p”™> p .

THEOREM 6.2. Let the sequence {Xm—,ie2} ofARMA (kt,k(_9d) process given by
(6.4) satisfy the folloning conditions:

(6.7)  {fpieZ} isa sequence of independent and identically distributed random variables,
each having ) distrilution.

6.8) Vjedl,...k"}, 3£>0 and aj€(—3,1), 3j/O such trat lajn”~gji = 0(n~a), and
VEE{l,... "}, 330, and beR such tat |b * Y = 0(n-2) .

Then for the rank statistic associated with the sequence {Xn p---,Xn n} and
the score junctiions satisfying the assumptiions of Theorem 2.1, (n—k)"2(<”—bn) comnverges
in law to tre ’\(0,02) distribution where bQ and a2 are given by (2.4) and (2.7)
regectinely.

PROOF. To prove this theorem, we first note using Lemma 6.2 that the sequence
{Xn i} is geometrically strong mixing. Let now, Ffl be the distribution function of Xn .,
and F* the distribution function of a stationary random variable X@Q defined by an
ARMA (kpkg) process with coefficients aj, 1<j<k and b”, K&kg ¢ Now we prove the
differentiability condition for Hn(t) defined in (2.1) by verifying (6.1), (6.2) and (6.3).

Let Pj[L be the transition distribution functionof X_ . X, . ,X. . ... X , ,
1, Hj 7' H,jrl

and G—A the distribution function of (X“,\1 e X WA_Q, n>0. Then (6.1), (6.2) and (6.3)

are satisfied in view of the following well known result.

LEMMA 6.3. Let {Gn,n>0} be a sequence ofk—dimensional normal distribution
Junctions each with mean vector $ . Let the covariance matrices of Gn and G* be s | =
((a]*)) and Eo= ((<rY) and assume trat V(n). iy = 0(n @) foreach i/=1,...5k.

Then Gn converges uniformly o G .
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7. Appendix
7.A  Proof of Proposition 3.1.

Q) and (ii) are sufficient conditions; They follow immediately from Proposition 3.2
by using a result from of Billingsley ((1968), p. 151,1 15).

We have only to prove that (i) and (ii) are necessary conditions.

Let i be the a—field generated by the uniform topflogy N k42 -

As P is concentrated on a separable space (C""» N Aehows frem
Wichura ((1970), Theorem 1) that there exists a probability space (0,”,/i) and a
sequence of random variables {Yr’:} : neIN* and a random variable Y* such that
fi(ch) = Pn, n(Y?E) = P and Y?C—*YTlc a.s. fi. Forany 6(>0), we consider the map
T/ : Djc) 2 —*® defined by

TN =sup {|f(t)lI1t-t"11 <
Then, T” is a continuous map for the uniform topology on 2’\+2*-

Now, consider a sequence of random variables {Zfl , reIN and a random variable

*
N *Zﬁ,)( 2Yn  zi= V Y*-
As Yq converges a.s. to Y , it follows that Ve>0 , 3 N'eIN such that

Z" defined as

(7.2) p{1Zn S- ZI > e/2} < f/2, Vn>No

*
As Y is concentrated on >we have also V¢>0 , 3 £50 such that
(7.2 n{\Zs\ ></2}<el2.

(7.1) and (7.2) imply

or
(7.3) Pn[f, o<fi)>e] = M |[ZrPA>"} < «
and from (7.3) we obtain condition (ii). Condition (i) is immediate. Proposition 3.1. is

proved.
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7.B Proof of Lemma 4.1.

Without loss of generality, we can take = n . First, we prove that for any p

(I<P<n)

J-4) E(1 Xn,i]2<,SCq | Pg/\ ~ KK, ,jll/q (h(P.<)XL

where Cq is a constant depending only on q and ip and

h(p,0 = exp| J "~ /2q ([2V/2"+1))J for 2s<p<2s+1 .
i=1
For any (¢,p) (I<Kp<n) , we define S(i,p) by
(i+p-1)A(n+1)
S(\p) = N Xn e« where by convention Xn "=0.
i=M(n+l)
Denote S= S(",p) ,S' = S(Efp+r,p) , R = S(i+p,r) —S(2p+~,r) for r>l,
(/+p-1)A(n+l) 2q i/2q

a(p,q) = sup IE \ XflJ ,and m,= sup |Xn”"
V-1 i=/A(n+l) -J-

Then, after some computations, we obtain the following inequality
(7.5) E(S+S,)2q <2(a(p,a))2q exp{(2q "(r))/ 2" + (2a(p.q-1))2q .
From the Minkowski inequality, it follows that

(si+2p—)A(n+l)

Il 1 Xn,iH2g = i|S+S'+R||2g < |S+S"'[l2q +

£=1

<2l2qa(p,q) expfrr)y2™ + 2a(p,q-1) + 2rmq .
Now take p = 2s,s>l and put r = r(s,q) = [2s/™ g™, ~(s,9) = ((¢>())*2q .
Then, from (7.5), we can write

a(2s,q) <2U/2qa(2s_1,q) exp{"(s,q)} + 2a(2s-1,q-1) + 2r(s,qymq,
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S S
(7.6) a(2s,g) <2s/2q(l + 2 £ 2-1/2qr(i,q)) mqexp{ £ tf(j,q)}

i=I ji=I
S

+2 £ 2(s-i)/2qa(2i-1,0bexp{ £ $j,9)}

i=| j=i+l

w

S
where by convention S  ~(j,g) = 0.
j=s+l

For g=I , we have
a(2s,l) <Kx292 h(2s,I)m1
where IS a positive constant.
We give a proof by recurrence on ¢. Suppose that forall q>2and p = 2’ , We

have
g-1
a(2s,g-1)<K j I 2sI2Ch(2sfim (
(=1
where Kq_j Is a positive constant. From (7.6), we deduce

a(2s,g) <2s/21 (exp{ J N, +2J 2 (1 1+1PnQR+ 2* A~ ] 2s/2V 250ms
i=i j=i e=i
where Aqg is a constant depending only on g and <p. That is,
q
(7.7) a(2s,q)<Kq J 2s/2ih(2s,E)mE.
1=1
Finally, for each p<n, we can write the binary decomposition as
S
p=1 v2l, v.€{0,1}.
=0 1 1
From the equality h(p,") = h(2s,i) for 2s <p < 25*" and (7.7), it follows that
S S
a(p,g) < J Ma(2\q) < £ a(2,9)
i=0 i=0
S q
a(p,q)<Kg I I 2'72/ h2i,m<
i=0 1=1
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(7.8) (a(p,g))2g <Cq I p'l//(li(p,<)mi)d
t=1
and (7.4) is proved.
(4.1) now follows by putting p=n=Nn and by using the following relation
00 00
(7.9 N o(v@ernriza < 400 4=+ N M2 (M )N 2N < 40
£=0 m=|
Lemma 4.1 is proved.

7.C  Proof of Lemma 4.3.
N
For every p,N,r e IN, we define SN = J
i=I
r
%,j = 1 (Yj(N+r)+N+i —YpN+jr+i® for j=0v,P-| « Forevery &N, we denote
i=l

K?= E(1 Yi)2-

1=
From the property of stationarity, we have

K2 = E(S2) = E(Tnj)2 for j=0,...,p—1

and
p—1
(7-10) [E(Sn)2- i1 E( | Tnj)2| <p(tfr))* K2 .
j=0
We have
pN p—1 p—1
SpN= 1| Yi= |1 TN,j+ 1 RN,r
i=1 j=0 j=0
We deduce from (7.10)
(7.12) IB(SN)2 -iE (SpN)2| <pMr))*K2 +4pl<rKN.

From Lemma 4.1, there exists a constant C depending only on ip such that
IR <CrK2 and kJ<CNKkJ.
Now taking r = r(N) = [N*] and using (7.10) for p=2 , we obtain
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m—1

i3 E(s4 “Nf5 E(s? )21-2 k0?2 TEIY kil -JE(V « )
2 s+m-|
<8CKt | ((v*[2k/2)) + 2"k/4)
k=s
It follows that %E(S )2 is a Cauchy sequence. Hence there exists a constant K
such that

E(S J2—»K2 as s'w.
2s 2

We deduce that for every pYelN

sup |[K2— E(S J2|-*0 as s-x».
p>p0 P2 P2

Let | besuchthat pg<I <(p+l)g. Then

Ik E(Spg)2" 1E(S/ 1-2° K?(P+’F\, for gn '
Consequently Ve>0 , BpeN, such that
1P IW E(SP(1/P])2- ~ E(s/ ' < el2 s« Vp>-po

S
Now if we choose so such that 2 0> pO and

sup |K2— i-E(S J2| < &2 forall s>s |,
p<2po p2 p2 0

s
then there exists for every n>n* = p~2 °, an SSQand a p for which PQ<p < 2p" and

p2s <n < (p+l)2s.
We deduce that Vnzn0
Ik2-5e(V 2|1 Ik2-A e(s /1 + I—yEtS S)2-1E(S )2| <f/2 + e/2=¢
n n p2 p2 p p2 n n
which implies
E(Sn)2 —»K2 as n+m

and Lemma 4.3 is proved.
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STATISTIQUE. — Convergence faible de la statistique sérielle linéaire de rang en
condition de dépendance avec applications aux séries chronologiques et processus de Markov.
Note de Michel Harel et Madan Ruri, présentée par Robert Fortet.

Qe statistige sxidke lircaire de rang intraclite par Halllin, Ingerblek et
~ ke prabléme dE un bruit blanc ontre des altaratives ARMA  est éizblie pour une

\ericbles aléatoires O melageantes airsl que fortament melangeantes en utlisat de
Rischendorf. B. Des gplicatias soit domnées pour ks prooessus de Markov et ks processuis ARMA en
sries dvoolagigues.

,fuIW)’?’w.""._v plans ;3
Tl ) |v|-n'
1

J !"V‘

1 Introduction, définitions et hypotheses. — Soient Xnl,.. xme n~1 des
variables aléatoires reelles avec Fn(x) n”l la fonction de répartition supposée continue.
On considére les statistiques :

n

= _ % 1On—(h(Rn, R» D
i=k+

ou les cn sot des constantes connues, a, (¢ - .) sot kes foctios de soores et R,, Tl

rang de Xmparmi (X, X, - - -, X,,B). Notre but est d &tudier ke comportement asymptotique

de 3, quand la suite {Xri} est pmélangeante ol ke coefficient de mélange \érifie :

(@)) <p(m=0 (m 1 ou 8>0 (M™D
ou

®
() £ m -1p/A3+KY(m)<oo

ou fortement mélangeante de coefficient de mélange a verifiant

(©)) £ m2X*+2)af(m)<oo ou ee]o, 12G@+ B

m=1
On note F,,(X) la foction de rgartition enpirique continue de Xm, i=l, .. n;
cestadire P,,(X)=n X£ x. sq OU I(Jest la foction idicatrice. On note G,, k

«=1
fonction de répartition de k +1 \ariables aléatoires suocessives pami (X, B.. ., X,)-
Soit {H,,} une auite de mesures sur [0,If<1 d&finie par :
Hn(t) = Gn(Fr 1(iD), ..., F I'1(ik+1)
pour tout t=(F1, .. ., &[0, IT<+1.
On oconsidere maintenant ke processus empirique gradué W,, dsfini par :

@d rx+l
W.G)-(n-k)-"* X 1 O iicke H,
i=k+1ij=

(RASGO/8703A0E3 $ 2M0 © Acatimie 0 i 0es
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pour tout t=(tQ t)=(to, tif .. ., Fcr)e[0,1]* +2 o [I0] désigne la partie entiére de MO
et on considére le processus de rang gradué L,, défini par
I"» ol j =
LG) =K~ £ \ X (>}
i=fec+ | w =
pour tout t=(tQ t)e[0,I]&+2
La convergence de <§, sera déduite de la convergence de L,, qui sera elle-méme déduite
de la convergence de W,
Flnalement on note par Ck+2 I’'espace de toutes les applications continues

/- [0, I]k+2 =" Ret par CH+l + I’espace de toutes les applications continues
et bornées f : A(f) AU A()=[01]-1x J0,1[x [0.1]*+1.
2. Résultat préliminaire. — On dit que la suite {H,,} satisfait la condition de

différentiabilité si OHJA] existe sur A(]) et appartient a Ck+l(f), 17j~k +1 et
e |j pour la topologie uniforme sur tout compact de A(]) quand NH-oo, et |j
appartient a Ck+L (/).

Propesition. — ST eladite (xm it ndagEteacletax ) al
@Sajm%ireet nda rt%a&:Ie{tzstng)%((z)(S.)Jue?n:oe(c) fatarat nﬂa{;%rte
ag le tax (). 5 cedus ae d lessTadios e maiae ds poEas

INOLES W, aNatat \as Lrefcm]m d qe @ {H.} didat la cadtion e

dalite
Aas a8 d @ al d oznagefatl Iatchcg
uifane \as @M@.Bg%@ @ L'Ire] das%yz
@eL, (| f) cmegepnr Iatqajcg mfonewsmpmes&sgi:ﬂmm(l t)
$Sigeddresp S s cer
3. Normalité asymptotique de la statlsthue sérielle linéaire de rang _S,, —POUF

tout N on définit une mesure signée M concentrée sur {Un, ..., (YN, ITke2 en
posant :

D

Skt Ir

oL 1 :Cnl0 an Ik'H)
pour tout (/5. . ., |k|'])e{l, - n}|<|'2(par convention cBo=0 si /0<fc + ).
On definit un coefficient de centrage D, par :
bn= Hn )k (aty,
iﬂ,lw]ﬁ@

ol Hwest une fonction : [01*+2 u + telle que H,,(t) = ([nid—fe)Hn(p).
ThéOI‘éme 1 —Soit X0 une mesure telle que :

I- .d'kn= our tou e +
@ nl_gc]ojfdk \deXQ P tout feC k+2
d

o sup 3f.d\\n<oo; N={L 12 ..}

alf é e laneLre e vaiaion
la

3 mgige&cj}%ﬁ‘at ISWE(%@ e@a@ (d et(@ al dénbﬁg
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normale avec moyenne nulle et écart type a ou

cr2= | F E[LO(t)LO(t")]dX0(t)dX0(t")(<o00)
J[0,11k+2 J[0,1)k+2
Preuve. — Apreés avoir montré que S,, peut se mettre sous la forme :
& =(n-k)~12\f ha(t)Kn(dt)] + bn
LJ[o,u*+1 J
on utilise la proposition.

Corollaire. — Soit J une fonction sur [0,ITk+2 telle que

J(=> eom>~ ) =Qifin(D> o o > 4+])

pour tout (10, .. ., Ik+De {1, ..., n}k+2, J=Jd+ Jcou Jdest unefonction en escalier prenant
seulement un nombre fini de sauts et ou pour tout le {0, ..., k+ 1}, Jc a une dérivée
continue dlJd(dtj)je,, alors les conditions (4) et (5) sont satisfaites.

4, Applications aux processus de M arkov et processus ARMA. —4.1. On considére
une suite {X,,,; neZ} de processus a valeurs réelles telle que pour tout ie N*, {X(n} est
un k processus de Markov avec pour probabilité de transition P,(xi, ...., xk; A) ou
A s&S la tribu borélienne de IRet (xI5. .., xkKeUKk.

On suppose que le processus de Markov est ergodique avec pour probabilité invariante
m sur IR*et marginale n, sur R.

On note Pj*(.; .) la transition de probabilité de X(n vers Xf t X(_x n définie
par (i(P,= WP*. Vje{1, ... k+ 1}, VM >0, on note

R,(M)=]-00, +00[j~1Xx[M M ]x]-00, + oo[*“i+1
Théoreme 2. — Soit {Xf, neZ} un processus de Markov tel que pour chaque teM*,

{X1B est soit apériodique, Harris récurrent et géométriquement ergodique avec pour taux
O<p(<po, poe]0,1[ soit apériodique et Doeblin récurrent. On suppose qu’il existe une

probabilité [i0 sur R* et une transition de probabilité PO(. ..; .) telle que :
sup |Im (A)-no(A)| = 0(t-a), a>0
Aeld*
sup Ipt  ee-, xi; AT-PQIX!, ..., xk A) | -—--»0
g f =+ oo
ui, .. .A, Xfc) 6 Rj (M)
pour chaqueje{1, .. fe}, VM>0 et
sup  |P*(xk+1; AK-P$(xk+1; AR | - »0
[**+11<M f @

A*

alors, sous les hypotheses (4) et (5) (n—k)12 (8 n—bn) converge en loi vers la distribution
normale de moyenne nulle et écart type a ou bnet a sont donnés dans le théoréeme 1 (On
a supposé que Pr, PO, Pf, P* ont des densités continues en x's et \it et |a0 ont des densités.)

Exemple 1L — On considére le processus {Xn; ne Z} ou
X,+i=atX,+a2Xnen+i +a3sn+tl +ader+l + ab

ou les coefficients al9 ..., a5sont des nombres réels et {s,,, neZ} est un bruit blanc avec
une densité strictement positive. Alors si af +al E(8i)<1 et E(Si)<oo0, le processus
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{X,,, neZ} est géométriquement fortement mélangeant [4] et la normalité asymptotique
de S,, suit du théoréme 1.

Exemple 2. — On considere le processus {X,,, ne Z} ou Xnt1=/(X,)+en+1l ou les e,
sont indépendants et identiquement distribués avec une densité strictement positive et
f : [R—=*IRest bornée, croissante et continue alors {X,,} est géométriguement p mélangeant
[1] et on peut appliquer le théoréme 1.

4.2. On considére une suite de processus ARMA d’ordre (ku k2)

(1-af UIX™ "Q~™Ue,-, ieZ, neN*
i=i

k2

UOIle™" " (U) =1 bnul, be=1
i=0

et {&-; ie Z} est une suite de variables aléatoires indépendantes et identiquement distribuées
ayant une 91(0, a* 2) distribution.

Théoreme 3. — Soit la suite {Xni, zeZ} de processus ARMA d'ordre (ku k2) satisfaisant

les conditions suivantes : Vje {1, ..., kt}, 3a>0 et a™e]—1 1, a,#0 tel que
|af)—aJ\=0 (n~a et Vle {1, ..., k2}, 3p>0 et bte Rtel que |b()—bl| =0 (n_p) alors
pour la statistique de rang S, associée a la suite X, 15..., Xmet les fonctions de scores

satisfaisant les hypotheses du théoréme 1, (n—fc)l/2 (©,,—&,) converge en loi vers la
91(0, a?2) distribution ou b,, et a2 sont donnés par le théoréme 1

Regue le 16 février 1987.
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1. Introduction. Let Xnl,....X , n>| be real—valued random variables with
continuous distribution functions Fn(x), n>I .

Consider the statistics
n
(L1 dh =¥  Ctan{RnideRn
i=k+1
where the Cy are known constants, an@"%/ are the scores, and Rm- denotes the rank of

Xni among (X ”....Xnn).
Our aim is to study the asymptotic behavior of df when the sequence {Xn-} is

(™-mixing with rates

(1.2) JAM = 0(m— €) for some e>0 (m>l)
or
(1.3) I m"V (3+k)(m) < ®

m=I

or strong mixing with rates
00
(1.4) N m2(k"Mare(m) < . for some ee(0,1/2(3+k)) .
m=I
Recall that the sequence {X”"} is A-mixing if

sup{|P(A|B)—P(A)| : B e <(Xnj,I<i<j) , Ae MXA, i>j+m)} = ~(m)i0 f°r positive
integers j and m, and it is strong mixing if sup {|P(AnB)—P(A)P(B) [ , Aea(Xnpl<i<j) ,
Becr(Xnj,i>j+m)} = a(m)J,0 for positive integers j and m. Here cr(Xn-,I<i<j) and
cr(Xni,i>j+m) axe the a—Helds generated by (Xnp...,Xnj) and

(Xn,j+m'Xn,j+m+ 1.... Xnn> respectively.

The asymptotic normality of the serial linear rank statistic <B" in (1.1) was
established by Hallin, Ingenbleek and Puri (1985) for an ARMA process under the null
hypothesis of white noise, and under alternatives contiguous to white noise. In this paper
we show that contiguity is not necessary for the derivation of asymptotic normality, and

we derive the results under (¢>-mixing as well as strong mixing sequences of non—stationary



random variables using Rischendorf (1976)'s approach. In passing, we may also mention

that Harel and Puri (1987b) derived the weak convergence of & when both the score

function and the regression constants c¢” , I<i<n , n>l are bounded. The present paper

also extends the results of Harel and Puri (loc. cit.) to the case of unbounded score

functions as well as the regression constants. In section 6, we provide some examples.
We start with some preliminaries.

Denote by Fn(x) , the right continuous empirical distribution function of
i=l,...,n; ie. let FQX) = nl B s <xj where 1%} denotes the indicator function.

Denote by Gn the distribution function of the k+1 of the successive random variables
among . Let gn denote the probability density function of Gn , and let f
be the marginal density of Gn (equivalently, the density of Fq). Let {Hn} be a sequence
of measures on [0,I]k"™”" defined by

(1.5) Hn(t) = Gn(F, 1(t1),-,F~1(tk+1))

forall t = (tp...,tk*") e [0,I]k+1 , and consider the rank process Lqg (called the

graduate rank process) defined by

i [19%] fkel 1
(1.6) Ln(t) = (n-k)~> Ao res D)

ok 171

forall t = (tQt) = (t0%3p-->ti+i) e [0,1]k4‘0 , Wwhere [ntQ denotes the integral part of

the real number ntQ.

With the above notations, we can rewrite as
(1?) «,“ (n-k)4 f Ln(*)i(7) r(*) % (°) + dn
[0,1]

k4-2 - - -
and where r(.) is a continuous function from

where fi is a signed measure on [01]
[0,1]k*2 into IR*®, called a weight function, and dn is a centering constant. (By conven-
tion |-(t) = 0 if r(t) = 0). The weight function is introduced to deal with the case when
the score functions an(...) are unbounded. We shall verify the weak convergence of the

process L - with respect to the topology of the uniform convergence (i.e. uniform



topology). Since the process Ln*" does not vanish on the upper boundary of [0,1]*""

we shall introduce in section 2 a new process L called the split graduate rank process

Ifio
which vanishes on the boundary of [0,1] and which permits a representation of in
the form
(1.8) c¢n = (n-k)* f Ln(t) j{t)r(t)dAn(t) + bn
[0,11k+2

where An (a certain measure) and bfl (a centering constant) are defined in section 3.

The graduate empirical process defined by

& VRHIEA -H)

is a variant of the multivariate empirical process studied by Harel and Puri (1987a).
(Applications of in ARMA processes in time series as well as in Markov processes are
provided in Harel and Puri (1987b)).
2. Weak convergence of the graduate empirical process, the split graduate rank
process and the weighted split and graduate rank process. We start with preliminaries.
2.1. The spaces DAA ald Ak+2' et A [O,l]v_t_9 “+R e For
17=(p(0),...,/Ak+1))e{0,I}k™*" | define f (t) = lim f(s)  (s,t)e([0,I] ") if it exists,
P Sjitj p(hH=I
Sitj Ki)=0
in which case, call f (t) the />-limit of f at t. Denote by D" or ~ + 2~ fhe space
of all maps f:[0,I]k+”™R such that for all AG{0,1}"+", exists_ and f =f for
p=(0,...,0) . Denote by ~ ~ (1) >the space of all maps f: [0,1]LIO-"1R such that for all
pe{0,I1}k"", existsand f =f for p= (1,0,...,0) .
More generally, for a closed rectangle R in [0,1 k‘i‘o, let D*(R) be the set of all
maps f: R¥R such that #** exists for all p e{0,I}*" and f =f.

¥ k -4-9

Put Dj™g = {f;[0,1] , for all p, restriction f|I(p) has an extension f on

IW with e D\T(p))} where I(p) ="(0)*-*Vk+1) '<={[Jlj if £1 and 1

denotes the closure of the set A .



In what follows, A denotes the space of maps h : [0,1]»0,1] which are
nondecreasing, continuous and bijective and A ”+2) denotes the space of maps
A: [0,I1k+2-[0,lTk+2 Where A(t0,...,tk+1)=(A0(t0),...,Ak+1(tk+1)) , AEA, 0<j<k+l .

ulo
For any bounded maps fg:[01] 4R, we denote

dftg) = jA(k+2) max (ITHoAIM IAA)11}

where N + 2) denotes identity map on [0,1]k+2

[If-goAll = sup  k 2{|f(t)—goA)(®) | }
te[0,I]K+i2

IA_I(k+2)H = 1ik+2{1A®1)-1 (k+2)(D)I} *
We shall call the topology associated with the metric d Skorohod topology.
We say that we have special Skorohod topology on if we have uniform
topology for the first coordinate and Skorohod topology for the other coordinates (for more

details on the Skorohod topology cf. Balacheff and Dupont (1980)).

We define an operator 7 :D "N * by setting
(2-1) 7(f)(H)= I (-HC d 1f((bi)iel .(a™,))
Ic{0,...,k+1}
for all tel(p) where
fay=0 and bj=tj if Xi)=0
i=V an(* =1 if /A()=1

and card | means the cardinal of | .

Finally, denote by Ck+2 , the space of all continuous maps f: [0,1]k—i—9 >R, and
by Ck+1()) , (I<j<k+l) , the space of all continuous and bounded maps f: A(j)) >R
where A(j) = [0,1]j_1x(0,D)x[0,ITk+1_>.

kd-2 -»R: for all /?,f[I(/?) has a continuous extension to

Now put Ck+2 = {f[0.1]
T(?)} . We define a modulus of continuity for any bounded function f: [0,ITk *2=IR*" to be
denoted by a>*(f,f) , (&>0) by setting

(2.2) w*(f.£) = max , 9sup [F(O—F(1) | , ||t-t'||<E.
M{0,1} (L, t)EI(/>)



*

Note that f belongsto C, .0 ifandonly if lim w*(f£) = 0.
k+z <0

The following proposition, which is a variant of a theorem of Dudley (1978) will be

used in section 2.2.a.

PROPOSITION 2.1. Let Yn be a process with values in D:+2 and measurable
with respect to ’\:J_Z '— J—  generated bv the uniform topology on Dk+2 « X& PQ
denote the law of Yn . Then there exists a probability measure P with i = *

for which Pn converges weakly with respect to the uniform topology if and only if

(i) for all finite subsets U of [0,1]k42, Aurn” converges weakly to <Pjj(P) ¢ (“u(”) is

the projection of DE’\_Z QnIRU),
@) lim lim sup P f{fw*(f£)>e}] = 0,Ve>0 .
M Db 4

2.2.a. Convergence of the graduate empirical process.

PROPOSITION 2.2. Assume that the sequence {X”} is (a) *-mixing with rates
(1.2), (b) stationary with rates (1.3), or (c) strong mixing with rates (1.4). Furthermore
assume that (d) the covariance functions {(CQ n>l} of the empirical process {Wn; n>I}
defined in (1.9) converge to a function C. Then under (a) and (d) or (c) and (d), Wn
converges weakly in the Skorohod topology to a Gaussian process WQ with trajectories
as.in 0”2 « Under (b). W”(l.t) converges in the Skorohod topology to a Gaussian
process WQI,t) with trajectories a.s. in Ck"

PROOF. Consider a sequence Zm-, I<i<m , m>| of IFQ(+l valued random
variables defined by (Xm+k)i,-, X m+k>i+k) = (zW ,... »Z"t1)) , I<i<km , m>| . Then

the (k+1)—variate truncated empirical process Wm associated with this sequence is given

by
, [(MHOt J-k k+1

(2.3) Wm(t0,t) = m ’ 121« [j.:"ll E m_ng\/Zm(i( )) <J‘Jt J-W I'»

and this is the same as the graduate process Wn defined in (1.9) for m+k = n .



For the process Wm , the proof follows from Theorem 3.1 in Harel and Puri
(1987a). We derive the convergence with respect to the special Skoroliod topology by using
Proposition 2.1 to the first coordinate of WA .

2.2b. Convergence of the split graduate rank process. To consider the convergence
of the split graduate rank processes, we need some preliminaries.

DEFINITION. We say that the sequence {Hn} satisfies the differentiability condi-
tionif (i) ° Hnexistson A(j) and belongsto ~k+17 * L<j<k-hl and 00 S3tT™*

the uniform topology on any compact subset of A(j)) as n>» and £; belongs to CAMA()) .
Forgiven ee{0,l} , we define RR by N = ((2)EI™ where 1M is an identity
function. We also define # :[01]-{01] by ~ = e+(—1)a".
For any e€{0,1} , denote by Fn f the distribution function of ~c(Xnj) , and set

Fn f(x) = n—= .E (X "<xj . Forany ¢e{0,I}k+1 , we denote by g£(x) , xelRk+1,

the distribution function of > >Ap(M+i)(Mn k+1N axt by t/te se(llience
of measures on [01}¥*** defined by

Hitt Wl a<* Fn,p:iHCD k+l ~k+l

for any p = (/j(0),p)e{0,I}k+" the process i/ defined by

) _ib fkHl ,
@HL M=K 28 L0l O I kb n Q)

Hg(*; AN (KHiIA+iI»)

where a=k+I , b=[ntq if /2(0)=0 and a = sup{[ntq'+|,k+l} , b=n if /?(0)=1 , and
. ntQ if ntQ is an integer
K

[ntj+1 otherwise.
The split rank process Lq is defined by
0 if tE[l/n+], nin+1]KT2
(2.5) Ln(t) =

LA) if te[l/n+1, n/n+1Tk+2nl(j)



where ti = 57tj if p(j)=0 and tj=~ptj - if />()=I then we have
PROPOSITION 2.3. If the sequence {Xnj} satisfies the assumption (a) and (d) or
(c) and (d) in Proposition 2.2, and furthermore if {Hn} satisfies the differentiability
condition, then converges weakly in uniform topology to a Gaussian process LQ with
trajectories a.s. in . .
The proof is given in section 4.

We now define the nontruncated split rank process Ln as follows

0 if tE[I/n+l, n/n+l]k+1
(29 Ln(t) . .
LA gtY) if te[l/n+1, n/n+1]~ 1 DI(p)
where tj =~ tj if /<}))=0,t =5=%it. if />()=1 and \{p) = Ip(L)x- xIyEKk+1) »

PROPOSITION 2.4. If the sequence {Xnj} satisfies the assumption (b) of
Proposition 2.2, and {H"} satisfies the differentiability condition, then Ln converges
weakly in the uniform topology to a Gaussian process LQ with trajectories a.s. in -

The proof is an easy consequence of Proposition 2.3 because the mixing rate is not
used in the proof.

2.2.c. Convergence of the weighted rank processes. First we define the split weight
function.

DEFINITION. A function r : [0,l]k+2 » IR is called a split weight function if it
satisfies the following conditions:

(i) there exists an ro : [0,lH®* andan_r : [0, 1}¥*"™"*" such that r(d) & r (t )r(t) for
all (to,t)€[0,11k+2,
(i) r belongs to i >
(iii) r=0 on the boundary of [0,1]**2 .
PROPOSITION 25. If (i) the sequence {Xnj} satisfies the assumptions of

Proposition 2.3. (ii) if there exists a distribution function F such that

sup |[F (x)-F(x)| = O(n_i* , <i>0, and (iii)
xIR n



K+l it A
(2.7) gn(xp™ xk+1) $ A1L-"FAXiXI-F~X])) s
J:
where A”>0 . then, for any split weight function r satisfying

(2.8) rit) >A, n t:x n _(1_”3 for all tel(/?)
[i£30>)3 i(3(p)
where A2>0 ,0 < i~f> < 4(k+2) rtand J(>) = {MoO,....k+I}:/>(j)=0} . Ln-j converges

*

1
weakly in uniform topology to the Gaussian process LQ*- with trajectories a.s. in k42
The proof is given in section 4.
PROPOSITION 2.6. If the sequence {Xni} satisfies the assumptions of

Proposition 2.4 and (2.7), then for any split weight function r : [0,1]]"+IR"™* satisfying

\-8
(2.9) r)) >A n  t-xn (1—t.)
jei(?)Jd j*Jos) J,

for all tel(™) where A>0 ,0< $-8< ants A »and J(£) = {je{l,....k+I};/9j)=0} , [n+l

converges weakly in uniform topology to the Gaussian process LQ*%) with trajectories a.s.

* o< 4] e

The proof follows also by Proposition 2.5.

3. Asymptotic normality of linear serial rank statistic For any n , we define a
signed measure A concentrated on {I/n+|,...,n/n+|}k+2 by setting
. t.
L1
' n+1°2" ' e2n+: o k+1
) | J(P) *ii(/H)'~"D=H
|
for all _E+D) 6i(/,)n{_")..Mn_}k+2 (by convention cn/ =0 if QO<k+l).

We also define a centering coefficient bn by

(3.1) _ Hg(t)An(dt)
bn = | K+]

where is a function: (0,1] R such that

(3.2)

Hn<) = (b-M -» (M (MDD (Ci).--~Mk+ 1) itk+1)))
a=k+1 ,b=[(n+D)tj if p(0)=0 ;a=[(n+DtQI] +1 , b=n if /A0)=1 ,tj = n+i tj if

~({)=0 , tj = ”:1 - j if 2G)=1,j>1 ¢
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In the sequel, we will use another measure, called a pseudo measure.
DEFINITION. A measure A on [0,ITk+2 is called a pseudo measure of order
Ic{0,l,...,k+1} if for any feCE+2 >
(3.3) f fdA = [ f(t)A(dt) .
[0,i]k+2 {(V eetk+1);ti=i- Viel}
A will be called a general measure if it is the finite sum of pseudo measures.

THEOREM 3.1. Let r be a split weight function such that for some general

measure AQ we have

(3.4) lim Jf.r dan = Jf.r dAQ for all feCk+2
(3.5 sup ffrd|A | <. ;N= {0,1,2,.}
neiNJ

where |An| denotes the measure of total variation.
If the sequence {XQ} and r satisfy the assumptions of Proposition 2.5, then
(n—k)- *( bQ converges in law to the normal distribution with mean 0 and variance

a2 where
(3.6 = f | E[L ()L (t)]dA (HdA (t') < «.
[0,1]k+2 [0,1]k+2
REMARK. The above theorem is proved under the assumption that the sequence
{Xni} is nonstationary and either ~-mixing with rates (1.2) or strong mixing with rates
(1.4). The theorem does not hold with the ~—mixing rates (1.3) unless one assumes

stationarity and the special case when <~=1 forall i .

Let denote the statistics when cnj=1 forall i, i.e. let
n
(3-7) < =1 an(En . _k,...,Rn.)
i=k+I
and let bn denote the corresponding centering constant i.e.

(3.8) bn= | Hj(t)An(dt)
BE(QyI k+1 I
where fij(t) = (n-K)HE(A (D))o k+1)EEFD) 1 = C25 4 if p(j)=0
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,n+ U
ti= Xi —n if and
r t I x

X ’ = A A ms
n e3(/ K1'2 o n+1 n~l k+1

then we have the following proposition.

THEOREM 3.2. Let r be a split weight function such that for some general

measure A on [0,1]k+l we have
(3.9) lim JfrdAn = JfrdAQ
(3.10) sup frdlA 1< oo.

neiNJ ~ n

If the sequence {Xnj} and r satisfy the assumptions of Proposition 2.6, then

(n—k) 2(<~—b ) converges to the normal distribution with mean 0 and variance a where

(3.11) i ELY D)y r)1dv ddAo(t) < «.
[0,1] [o.11

The proof is similar to that of Theorem 3.1 and is therefore omitted.
Let TW -Jn~ where i,= {{j{ ¥ ¢°

The following corollary gives sufficient conditions under which the conditions (3.4)

and (3.5) are satisfied.

[ £
COROLLARY 3.1. Let J be afunction on [0,IJk+2 such that ceeyi+IN
ki?2
= cnt an™MI-Ak+ 1IN — — (V -V -IMNT- 1 J = Jd+Jc — — Jd isastea

function taking only a finite number of jumps, and where for any 1c¢{0,....k+1} ,J has a

continuous derivate \/\ﬁ which admits a continuous extension on I(p) and satisfies
2jel

(on 1(/>))
- -3 -1 '
a’j . T . S
(3.12) ) <A n _ t:n n. . n (i-t.
<)) je| inJgy iar je I nd())Jje I cndc(p)
for all tGl(p) where A>0 ,c denotes the complement and 0 < 4 sz > tien —

conditions (3.4) and (3.5) are satisfied for any split weight function r which satisfies (2.7)

with 8<6" .
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PROOF. It suffices to prove the above corollary in the case when has only one
jump, say at a=(aQ...,ak+1)e[0,i)
Let A* and A" be measures on [0,1]k 10 defined by

rvi ’ /0 ck+l.
KGIMA  jiawa M —geeer.. ™
and
1° - * e- *bi,
. n+i
f& w A iiwo [ 1)=¥i2¢t’
forali (jfp ee*>Hn~) 6 nin+T "' ’ntli
It is easy to check that
h .
lim - frdhi- | J rptT)i o ka2 1)(dVjel
o0 Ky 1¢{0,....k+i} (0,%)1. : J)jei )( J

for all feCji;| 2 where /?=(0,...,0) and i = card I and similar limits exists if /?7(0,...,0)

Thus we obtain a general measure \'Q satisfying

lim frdA;(t) = [ f.rdA'(t)
EL'*+00 [rbn_uhkmgl J 7 -9 0
Analogously, we obtain
lira f frdANY) = (@) \ (-1)1id((a.-),(an))
D [0,11k+2 Ic{0,...,k+1} iei i*l

for all feCk 2 where 1= card I .
4 Proof of Propositions 2.3 to 2.6.
PROOF OF PROPOSITION 2.3. The main line of proof is as follows: We consider
*

a map Gn ; k+9 where VH isE subs;et of Dk+9 and is such that Ln = GnOWn’

n
n>l . We show that Gn : (*>d-»Dk 2> ) Is a con™nuous maP where d is the special
Skorohod metric and d* is the uniform metric.
Let V Dbe the subset of such that for any veV, v equals zero on the lower
boundary of [01}***2 . It will be noted that r cr for any n>I .
*

Let G : V*Dk_|9 be a map defined by
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k+1
(4.1) G(V)(t) = T(V){H)—2 0N(to) S 7<V)(l,-..dp-..,I) *

A (DD AT (kD (Ek+TD)
for any p = (p(0),p)e{0,I k~2 and tel(p) where ” is the limit of as n*oo.
We will show that V (vn)ngjj* € IIIN*Y’\ and Vve m Cj.2>n"vA
ne

*

GJvn N GN AN phoc-
Now using Lemma 3 of Balacheff and Dupont (1983), we get LQ converges in law

to G(Q) .

We now give a formal proof.

Let = {ye[0,n;(y~\."5 ~) are distinct points of (0,1)} . For Vte{0,l} ,we
define ' [O. IJ"D’\"C’\) by setting

Yn(y)(t) = (n- k)_2 E [n I fi+; k n “N(t)] where a=k+I , b=[nt ] if 6=0
|aj-l[y"1+Jk|<tJ] n-~ 0

and a=sup{[ntq +I,k+1} ,b=n if c=I forall y= (y*,—y”")e”n>
t = (to,t)e[0,l]k+2.
We define the space Y* by ~ = Y°(™n). For any je{l,....k+I} and ee{0,l}
we define an operator rj : as follows.
Let y"A<...<y” be the order values of (y * ,—>y”) (by convention, y*=0 ,
y(n+1)=1) and let \n= Yn " *Then
(4.2) r®(vh(t.) =
¥ N where yM=max{y"m";me{j,... ,Jtn-k-1}} if tj=I
y(q) where y(q)=max{y(m) <y” ;me{0,J, ... ,j+n-k-1}} if
t€i/n,1+l/n) where 1€f0,1,..,n-1}
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(4-3) rHv®)(t.) =
1-y( ~where |y =max{l-y(m;me{j,j+n-k-1}} if tj=I
I_y(q) where I-y*g*=max{l-y*<l-y*n+1l_" ;me{0,j,..., j+n-k-1}} if
t.e[i/n,i+l/n) , ie{0,l,..,n—}
Now the map GQ: i s given by
(4-4) Gn(v)(t) = vrO)(ti® (1) (ve)("()(ti)),.... i+ 1) (v») (" (k+1)(t]i+1))

+ (n-k)*(b-a+ D[Hj(A (D)) (" (D(;),....rg [F1)(v»)

W Ak+D " +i» - HR<w: .. V n ) (tk+i))]
where a=k+I , b=[nt()] if ~0)=0 ;a=[nt"] +1 ,b=n if p(0)=I ;tj = D;l'_ if /2()=0 ,
o<j<k+l ,tj = -5 if /5(j)=I , 0<j<k+l forall p = (p(0),p)e{0,I} k+2 and tel(/>) .

The first thing we have to show is that Gn is continuous for every n. Let {v"} ,
n>l , £51 be a sequence of functions in and let v~Av”™ (g?7) with respect to the
special Skorohod topology. We show that Gn(v*)-»Gn(v®) in uniform topology.

From the definition of the special Skorohod topology we have a sequence
AMnl<j<k+l >l e such that Ve>0 , 3”eIN such that max | Ht: I ~ € and

lvn /tAvMto MMM N+ | Ttk+IMN < €V
and Vte[0,l1k+2 .

Let be the bijection on [0,1] defined by Aj*t)) = 1I-AN—Y) |, I<j<k+]
&N* then we have

LEMMA 4.1. 330 suchthat Vt=iQ, Vje{l,....k+1} and VtG[0,l]

@y re(veh(ty) = ro(ve(t)

D>A [ rj(vni>(V = rj<v2(V

PROOF. It was proved in Harel and Puri (1987b) for (a), it is similar for (b) and
the proof is therefore omitted.

We now decompose Gn defined in (4.4) as Gfl = 7n+<n where 7n(vn(t)) =
= vS(0)(ti. i (D)(V®)K; (i) (td)),-,"ili+1)(v®)("(k+1)(ti+1)) and in= Gn-Tn.
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LEMMA 4.2. (a) 7n: ("~-» (D ~”d ) is continuous
(b) (35‘1,d)-»(Dj’::J_z »d*) is continuous.
PROOF. It was established in Harel and Puri (1987b) for tel(/?) for p=(0,...,0) ,
the proof is similar for tel(p) with ©(o,...,0) and therefore omitted.

*
We now prove the convergence of the sequence {Gn}e Let v er  reN and
*

i To]
suppose that vn®->veckj_2 31 v=® on tlie I°wer boundary of [o,1]*"". We have to

prove that Gn(vn)-*G(v) . The proof is based on the following lemmas.

LEMMA 4.3. Vije{l,... k+I}

@ rj(vh) A in uniform topology

(b) rj(v™) -»1 —djQ ™ in uniform topology

(©) (n-k)*(r?(vn) - id”j) 4- v(l,...,idjo1],...,I)

(d) (n-K)*(rj(vn) - @ - idp3])) *v(l,....idjo ~,...,1) - v(l,...,1) where id"j is
an identity function

PROOF. It was established in Harel and Puri (1987b) for (a) and (c). The proof

for (b) and (d) is similar and therefore omitted.

LEMMA 4.4.
(@) 7n(vn)->(v) in uniform topology
K+1 -
() Vovn)n-A1n (0) (-) A - ex AN (1) () (kD () =~ om

uniform topology on the restriction to I(p) for any kG{o,1} ke 2

PROOF. It was established in Harel and Puri (1987b) for the particular case

>=((),...,0) and the proof is similar for p/(o,...,0) by using the following fact

Tio | r if t < i
7n(vn)(t) = i
0 otherwise

and is therefore omitted.
Now since Gn(yn) = zn(yn) + En(yn),,vvre obtain (}Jsing Lemma 4.4) that

Gnvn NGV = 7(v)+”/v) » The proof of Proposition 2.3 follows.
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PROOF OF PROPOSITION 2.5. We first give three lemmas.
LEMMA 4.5. Assume that the sequence {Xnj} satisfies the assumptions (a) or (c)

of Proposition 2.2, then for any weight function r satisfying
k|

(4.5) r(t) >A[-D0t;]]*'<* te(0,I1k+2 , A>0

and 0 < |~a I%+2) >V {>0 >3 8J4>0 , 3NQ>1 such that Vn>NQ
PLIL wnt) g 9 e

where = {te[0,I]k+2; 3 at least one je{O,....,k+I} such that tXO0} .

PROOF. The proof of this lemma is given in Harel and Puri (1987a) noting that
W, is the same as W, defined in (/2.3).

LEMMA 4.6. Let {Ynj;l<i<n,n>l} be real valued random variables with continu-
ous distribution functions Fn , n>l . Assume that the Ynj's are (.—mixing with rates

S m—e?(m) < ® or strong mixing with rates (1.4).

m>I
Furthermore, assume that there exists >0 and a continuous distribution F
such that
_a
(4.6) sup [F (X)—F(X)] <A(h °) A>0,n>N dN
IR n 0

then V(«,a) where 0<«<a' <(q*Al/3) 31<>0 and N(or,a) such that

(4.7) P [sup|F oFAfxi-xl >K(n-“)J<K(n-1+2%+*
nxlR n n

Vn>N(ft,a") where F” is the right continuous empirical distribution function of
(Ynp-..,Y ) and F~* is the inverse function defined as

"l if se 0,1/n)
F'] (s) Y (i) iFSG i*n,i+l/n)

Y(n) if 8=1
where Y A<...<Y " s the ordered sequence Ynj,...,Ynn

PROOF. See Appendix.
LEMMA 4.7. Assume that the random variables {Ynj,I<i<n,n>1} satisfy the
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assumptions of Lemma 4.2. Then Vc¢>0 and Vr(0<r<l/2) 3afi>2 such that
(4.8) TW 2An17) - /3L 7s>n 1] > I-e Vn>NQIN<.

PROOF. See Appendix.

Proposition 2.5 will be proved if we establish the following lemma.

LEMMA 4.8. Assume that the sequence {Xnj} satisfies the assumptions of
Proposition 2.5, then for any weight r(t) satisfying (2.8) we have Ve>0 , 3 0>0, 3 N@1
such that Vn>NQ

4.9 PJ |
(4.9) Supdll prle

where CA={t€[0,1]"" : 3 at least one je{0,....k+I} such that t.<0 or 1—tx#} .

PROOF. It is sufficient to prove (4.9) for L”|I(p) with /?=(0,...,0) , the case for
¢™0,...,0) will be deduced by symmetrization, and for Lfl follows immediately. We now
suppose p=(0,...,0) . We have Lfl(t) = Wn(t)+Zn(t) where

(4.10) W (t) = iwn' °Fe ‘stFnofnl(tk+1» for te[l/n,n-1/n]k+2
O otherwise.

() It - 070" Hindrae ™ OV 5 10D eV C T N n -T2

Now we show (4.9) for WQ and ZR on I(/>) .
Let Sjff be such that

k+1
r(t) > te[0,1]k+2
(t) =01 [0.1]
and suchthat 1< 6< " 4[i+2) and define r' to be a function by setting

r(t) >AplY]*- 2, te[0,1]k+2 .
j=0 1

Using Lemma 4.5, we have Ve>0,3 07>0 ,3N”eIN ,Vn>NQ

Aﬂfféjé’;"\nl(/é)\ n Fl(\t)/\ <e’

From Lemmas 4.6 and 4.7 and the preceding inequality we deduce that Ve>0 , 3
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3nf£2W | Vn>N~"2)

P[sup* (W (1) - i —i [>f] < c/2
tAdjiflw ANERP{; (“1)'-"FroC (tk1)
and Ve>0,392>0,3N”eN ,Vn>N~"
)F 1r
Plsup- n-pj 51 <

(/0
(take t with 1— > |zfr) setting 6 = (f* K and NQ@&N”2)vN ~* the condition (4.9)
follows for wn on I(p) .
It remains to show (4.9) for Z&.

We define r' as before and note that Zn can be written as

k+1
zn(t) = (n-k)™([ntj-k) 1 H(a<g)-Hn(b())
j=I
where
a@g) = (aP,.-,4+1i) > =(bpM i})
an =thif I>j, bA =t if
4= M °K\)is b2y = VI?2K\) if *<.

We can also write

k+1 dE
Zn(t) = (N-K)-*([nto]-K) 1~ (Fn°Pne(tj)-tj) ™ - (F noFna(tD)>
j=I J
"o Fn°An Aj—H) MW xj+1" tk+])
where R- e {iran{F oF“1".),}, max {Fn°F~1(t-),t.}] and we remark that
Fn>Fn \/ »j= (KAWN(L.LFOf-IE).1,. ) +o(n-1)
We deduce that
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Zn«, A(I“‘O]k>kv1|W n,...,1 o A 1), 1, ..., Do)
ITXFTlSV(n k)t I

0 j|
dEn -1 1
~r3(FnoFn (t)- ’Fnan (t_  ujng+1"“tk+1)x nt ) H
m |
We have
<H . .
ATTAENOFN W r 'IFn n @-1"A g+1™*"tk+1)
i Kl anof’nl(tJ ) rtk+/ +IHn o .o
-J oo J Twy’\<<|k+/V VTN VAR N i k+i>
0 0

dur ..duH ,duj+1..duk+1.

From condition (2.7), we deduce that
dE
m5ir(FnoFn MA*"FnoFn (G-D7ng+l," &+ nt -

L
iy 50 F OFED™  Wvvdi)jvvivAr g
%2 b !
L Jk+1l(n A -1+ w (n.u,ri+rdul..duj_1duj+1...duk+1.

If we apply Lemma 4.7 we have Ve>0,3 07)>0 ,3 N”eIN ,Vn>N~"

FoF~t)) V
(4.12) P[sup mon r/1\240-—— > < I VML, .. k) .

We also have Vt>0 , 3 </2)>0, 3N”eIN , Vn>N"2)
(J-K)tr~ii<(<:/(KFl)>1/(k+2)" vt°"<s@

|t (uir 1+2idu<< (FIk+1)Vk+2 Vitf</2), VCe{l,...k+}

(4.13) P[sup ,2) Fn°Fn (t,luir 1+i+i,du,< (ti T)V(k+2)] >i-| v&{i,.. k+i}
V - 0
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If we apply Lemma 4.5 in the one dimensional case and Lemmas 4.6 and 4.7 we obtain

Ve0 , 3 0,3N%eIN , Vn>NA3)

3sup W (1,..,1,F oF ~(tOjlvil) " [ i//oi j-oF o1 o/a
<414) @1 _E— _ 1< Akl 1> 1" f/4
Vje{l,...,k+1}.
We also have V<0,
P[inf )>(1/n)1+0] = P[Fn(Xni)>(I/n)1+a, Vie{2,...,n}]
tj>I/n J
and

n
PtU {Fn(xni)<(1/n)HEM & V B (%ni)< 1/} = nn—F 8 =n—2
1-1 i=1
which implies Vc¢>0 , 3 02>0 , Vn>N™4)

(4.15) "Tsur o(n™ -cl4
(4°15) P[iI/S<tj< N |7 H.in'“‘K *» Y/(k+2)1" 1- £/4

(for a sufficiently small).

Letting 0 = A0~ and N =V ® . From (4.12) to (4.15) we obtain V 0<6n ,
I<p<4 0 I<p<4 0

V>N
Zn00
& fé&,’:oni(/>)' FRgH > (<
I.e. condition (4.9) for ZR on I(>) .
It remains to prove Proposition 2.5. From Proposition 2.3 we deduce that Ln
verifies the conditions (i) and (ii) of Proposition 2.1. From Lemma 4.4 we deduce easily

Ln
that — verifies conditions (i) and (ii) of Proposition 2.1 which inducts the convergence of

L
— which is Proposition 2.5.

Proof of Theorem 3.1. First we give the integral representation of ¢/n in the

form of (1.8).
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By definition
n
(« (™™ (»-krt 1 cnian(Rni_k,-.,Rni)- bn)
i=k+1
n k+1
-(n kj*( £ cni £ an”™P-Mk+IMHUR . ., =]V
i=k+I I</.J<n J=1 n3+J-k“1 X
1<) <k+l
= (*-k*( | IV ra-iirX 1 nnr <&
Ic{l,...k+1} A i=k+1JEl  n,i+j-k-1 jI
w TTT XT ( i~ 0 k+1\\\
J21 Rnji+j-k -1~ r n (ra...
+ ("N ( I IVvi?25*“TTr)(.I “'PL.L. koL«
Ic{l,....k+1}B i="+ljel  n,i+j-k-1-}J
v ITT k+IN\\\
J?2ilRnji+j-k - i~ rH” W -rnr»)
= j k+,EnM V dt>
[0,1] 5 o
where E is the sum over 1<A < “j—gm i, <i<njel,1<1Q< ™' 5
the sum over 1<¢.<"iiznI j€1l, <l<njfkl, <lQ<n and
PM = KD,-,pk+1))
p(j) = 0 if j€l
p(j) = 1 if j#
From Lemma 2.5 we easily deduce
(n-k)“~("n-bn) = L *7rdA > g,,,-7r<iAO,

. [O,I]HZ nr n [0.1] k+2
It remains to show that a < oo.
For this, we have to prove
(5.2 J | E[LO(t)LO(t")]A0(dt)A0(dt) < ,,
[((U]k+2[0,I1k+2

=
o)

is
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by symmetrization it is sufficient to show

(5.2) J J E[LO(t)LO(t-))A0(dt)A0(dt") < « .
[0,i]k+V ,i]k+2
We have by proof of Proposition 2.3
k+1
v*>=wo<)- 1w ... [ Wijw vV «(0,i)k+2
by assumption (d) of Proposition J22
k+1 k+1
im|EWn(t)- | town(a,...t,...DijOHWn(t)- | t*wn(l....tj,
j=1 j=1
= |E[LO()LO(t)]]
k+1
<lim E{Wn(t) - | y~1,..~ . D« } 2

g

x [EQWn(t) - | tiwn(l,...th,.. IKj(t') } ¥

j=1
= 1lim AnB

n->00
by the Schwarz inequality.

D)

Let now {Xnj} be "“mixing with rates (1.2) or (1.3), then from Lemma 4.1 with

g=I| of Harel and Puri (1987b) we obtain

A*<P{W2(t) + 2]Wn(t)|tO I |WI(l,....t.,....D|/j (1)
k+1 k+1 =
+ 0l 1 i@®)/s()|Wn(l,....t,....DWILL,....t8,....D[}]*
S=1j=I
<c 1KkS 1tm)1/(k+2>+ 2t (kn Itm) 1/ 2(k+ )i, (t)
1 m=0m =1
k+1 k+1 _
+ I I J )t]t ']é (where C, is some constant)



<c, [( n t )]J(k+2)+2At ( nt )V2k+DDtT™+(n

1 m=0m 10 m=Im J lt\1]
k+1 k+1
+ Al | tff(nt/+*( nt/in >
8=1j=1 PiS

by condition (2.7). .

Similarly Bq <some inequality with t's changed to t"s . Thus |E[I:Qt)LO(t')] |
Is bounded by a function which is AQAD integrable and so |E[LO(t)LQt)] | is AQXAD
integrable.

Let now {Xnj} be strong mixing with rates (1.4), then, using Lemma 4.2 with g=2
of Harel of Puri (1987b), we obtain

a* <cl(knlt) (1 e)/(k+2) + 2A,t (knl)(H /2(k+1M +i(n t/)H i
n 1 m=0m 10 m=l J It] 1
k+1 k+1

+8:A\| j_1|f g2 /Zl\*i )"%LJQH¥

and a similar inequality for Bn , and the result follows as in the case of </>-mixing.
6. Examples. For convenience, let us take k=1 .
6.1  Consider a sequence of autoregressive processes
Xn,i = an Xn,i—1 + el * i€l ' M ¢ aneR
where { 1eZ} is a sequence of independent and identically distributed random variables

each having a ~"(0,1) distribution.

126
13 i+26
0< 8<j2,then for the rank statistic ¢§" associated with the sequence

If there exists an a such that |an~a|] = 0(h—a) , «>0 and

{Xn p...Xn n} and the score functions satisfying the assumptions of Theorem 3.1
(n—Kk) I2(e/n119n) converges in law to the J"(O,ag) distribution where bn and a2 are
given by (3.1) and (3.6).

Indeed, from Theorem 6.2 in Harel and Puri (1987b) we have only to satisfy the

condition (2.7). The bivariate random variable (Xflj_pXnj) is gaussian with correlation
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a

coefficient ----" . From Ruymgaart, Shorack and Van Zwet (1977), the condition (2.7) is
K
satisfied if

lal ~ 2(i-5) _ 126
L2 < 22(H) T i+22
n

and (2.7) follows for n sufficiently large.
6.2  Consider a sequence of moving average processes
Xnji = ‘i + bnei—2 1 iel » MW<
where { ieZ} is a sequence of independent and identically distributed random variables,
each having ~ (0,1) distribution.
If there exists a constant b such that |bQ-b| = 0(n—2) , p>0, and

T+iig 0 < j—8<  5then for the rank statistic <n associated with the
1+b

sequence {XQp...,Xn n} and the score functions satisfying the assumptions of
i 0
Theorem 3.1, (n—k) 2(”™ +#n) converges in law to the ) distribution where bQ

2
and a are given by (3.1) and (3.7)

7. Appendix. Proofs of Lemma 4.6 and Lemma 4.7.
The proofs of Lemmas 4.6 and 4.7 are based on the following lemmas.
LEMMA 7.1. Let {Ynjl<i<n,n>I} be real valued random variables which are

(-mixing with rates

@
(7.0) Am VE*(m) < @
m=I
or strong mixing with rates
(7.2) A m2ac(m) < oo, ce(0,) and |Ynj|<I, I<i<n,n>l .

m=I

561 Sn =& Vni «Hnill = « 1Y,, r E(Yni>|2<Pn)2
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HJ £= (<IYnrE(Ym>|2/(1 £)dPn)l e’

Furthermore, assume that there exists a@0, NGN arid fi(|n|<00) such that
n J—

(7.3) In_1 1 E(Yn))—p| <A(n °), A>0,n>NQ
i=l

then V<<(0" ¥3),31<>0 and N(a) such that

(7.4) Pntl“"1S Y .-«l >K(n—t)) <K(iT1+2a)M, vn>N(a)

where M =sup max |Y ;|| if the sequence of r.v.'s is ypmixing and
n I<ikn  m

M= sup max ||Y ¢| ifthe sequence of r.v.'s is strong mixing,
n I<ikn m €

PROOF. Suppose the sequence of r.v.'s is y?-mixing. Using Lemma 4.1 in Harel

and Puri (1987b) with g=I we obtain
n
EKn 11 (YnrE(Yni»]22"CANIMIiT1
i=

where Cj(</?) is a constant depending only on ip. We deduce from the Markov inequality

(7.5) Pn[|iT1 Iil (Yni-E(Yni))| > KOn-°] <(KQV V ACjM M
i=1
From (7.3) and (7.5) we obtain (7.4) for K= maxflI*+A*"KACA*"M } .
If the sequence of r.v.'s are strong mixing, we use Lemma 4.2 in Harel and Puri
n
(1987b) for q=I1 and obtain E[n—4 * (Ynj—E(Ynj))]2 <Cj(a)Mn—L where C"(a) isa
i=I
constant depending only on a , the method is similar and therefore omitted.
LEMMA 7.2. Assume that the random variables {Yn-,I<i<n,n>l) with continuous
distribution functions Fn, n>| satisfy condition (7.1) or (7.2) of Lemma 7.1.

Furthermore, assume that there exists <~>0 , NCGEAN and a continuous distribution

function F such that
-a.
(7.6) sup |F (X)—F(X)| <A(n °) A>0,n>N
xXdR n 0
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then V(a,a') where O<a<a' <(aQAl/3) < 3K>0 and N@Q'GIN such that

(7.7) P |sup |F (X)-F(x) [>K(@{T“)] <K(n_1+2‘H'a")
xglR
Vn>N(tt,al) where Fn isthe empirical distribution function of {Ynl,...,YnTi} .

PROOF. For any jeIN kAN* such that j<k we denote by u-, GRU{—eo+00} the
element defined by
F(uj;k)=i/k'

From (7.4) of Lemma 7.1 we deduce that KQ>0 exists (not depending on j and k) and
N(c)dN such that
(7.8) P, [if'n(»];k)-F(>ij;k)I>KO0(n_“)] <KOn-1+2a Vn>N(a) .
For j and k fixed, let u be sothat uj j.k<u<uj.k . We have

F(“W k) <F(u) <F(u.k)

Fn("j-1*> < *f n(uj;k)

F(UjK)-F(uH k) = 1/k
which inducts

Fl(u)-F(u) <Fn(uj;k)-F(uH ;k)

“ f <ujk i_F(“j*)+F e T e
= f(§ik)-F (k) + W -
By the same argument we obtain
Fn(u)-F(u) >Fn(uj_1k)-F(uj_21;k) + 1/k
and we deduce

sup |F (u)-F(u) | <1/k + max |Fn(u:.k)-F(u..k)|
ugR n 1< <k Jk JK

we choose’N (a,ald sufficiently large such that for any n>NO(a,or’) we can find k
verifying

KOna <k<KO0On“'.
For this number k we have

(7.9) sup |F (u)-F(u))| <K n~a+ max |F (u..k)-F(u

: k)|
uwR N 1<j <k K IK
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Then from (7.8) and (7.9) we obtain
Vn>N(ar)vN (ar,a’) = N(a,a’)

PJsup IF (u)-F(u) I >2K n~°) <kK n1'2“ <KV 2a
welR n 0 0 0

which is (7.7) for K = max{2KQK2} .
PROOF OF LEMMA 4.6. It comes from (7.6), (7.7) and the following inequality

sup [F oFMuH il <sup |[F oF~ uJ-FoF“1M)!

uel0,1] ue[0,I] n n n
+ sup iFoOF~iu)-?1o0F~(u)| + sup IF °F~\u)— |
uefo,i] n n n UG[0,1] n n

where by definition |FnoF~*(u)—| <1/n .
PROOF OF LEMMA 4.7. Let Un be the empirical process associated with the

sequence {Yaqj} that is
n
(7.10) un(s)=n 2" Ip )<s]—s for™ se[0l] .

Un is the particular case of the process WQ defined in (1.9) for which k=0 and which is
nontruncated.

From Lemma 4.5 we deduce that Ve>0 , 3 #>0 , 3 Ng>1 such that Vn>NQ.
Pn(An) > 1 —e2 where
An = {IUAFAR” 1IN <(FAF”1MN))2-N, O<s<O} where o<f-<fc:E . From (4.7) of
Lemma 4.6 we have Ve-o , 3 N~>1 such that Vn>Nj ,Pn(A") > 1 —e2 where

A tFn > [l \0<5

where P>1 and o<r<I

Now we can write
n

rl 1 I[Fn(Yni)<FnoF;i(s)] - v i';1(s)
i=1

FEY o FLO

“V vitfw)

if n ~<s<0 we obtain on Afl

(7.12) Pn°Fni(s) <FnoFn\s) + n“i(FnoFnl(s))® S<s+ s(FnoFn*(s))” 6
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Put u=s* and z= F oF~\s) , from (7.11) we deduce
z <U2 +uz*-*%
Z*+5<zu
z <22/(1+2£)ul/ (1+25)
or F oF~*(s) </%1— where /?= 22/(1+2" and 1— = I/(1+2<5). At last we have
Vn>N VN ,FAF'As) </%1-r on AMAN if s>1/n and P(AnnA?) > 1-e which is
(4.8) and Lemma 4.7 is proved.
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Statistique/Statistics

Convergence faible de la statistique sérielle linéaire de rang
avec des fonctions de scores et des constantes de régression
non bornées en condition de mélange

Michel Harer et Madan Puri

Résumé — Nous établissions dans [I] la convergence faible d’une classe de statistiques de rang
rielles lindaires avec des fonctions de scores et des constantes de régression bornées lorsque les
variables sont ¢ mélangeantes ou fortement mélangeantes. Cette Note généralise ces résultats au
cas ou les fonctions des scores ainsi que les constantes de régression ne sont pas nécessairement
bormées.

Weak convergence of the serial linear rank statistic with unbounded scores and

regression constants under mixing conditions

Abstract — We established in [1] the weak convergence of a class of the serial linear rank statistics
with bounded score functions and regression constants when the random variables are (p-mixing or
strong mixing. This paper extends these results to the case when the score functions as well as the
regression constants are not necessarily bounded.

1. Introduction,définitions et hypothéses. — Soient X BI, ..., X,,,, «2; 1des variables
aléatoires réelles avec des fonctions de répartition continues F,,(x), n”~1. On considére

les statistiques
n

(D) S, = (C)’g_+lcnian(Rn, i-t> ¢+ ->Rn, i)
ou les cni sont des constantes connues, a,,(. ..) sont les fonctions de score et Rrrjle rang
de Xni parmi (XBI ..., X,,). Notre but est d’étudier le comportement asymptotique de
S,, quand la suite {Xnj} est (p-mélangeante ou le coefficient de mélange vérifie :
(2) <p(nt)=0 (Mm“1_%- ou £>0 (m~™I)
ou
®

3 £ W 1q1/2@3+k)(m)<oo

m=1

ou fortement mélangeante de coefficient de mélange a vérifiant

4 g) . *+2)aE(m)< oo ou ee]0, 1/2(3-hc).
m-—1
On note Fn(Xafonctlon de répartition empirique continue a droite de X n R n
c’est-a-dire F,(x)=n_1 iél °0 I[ ] est la fonction indicatrice. On note G,, la
fonction de répartition ae fc+ 1 variables aléatoires successives parmi (Xnl, ..., X m.

Soient g,, la densité de probabilité de G,, et/,, la densité marginale de G,, (c’est-a-dire la
densité de F,). Soit encore pn la mesure sur [0, I]k+1 admettant pour fonction de
répartition la fonction définie par
5) Hn(t)=Gn(F,,-1(iXXs-..F -1~ 1)) pourtout t=(il5...,fk+1)e[0, I]1k+1

On considere egalement le processus empirique gradué W,, défini par
(6) W, (0= (M—k)=12 | Fl AFnixtisy- osy -0

i—k 1
Note présentée par Robert Forint.

0249-6291/88/03070617 $ 2.00 © Académie des Sciences



618 C. R. Acad. Sci. Paris, t. 307, Série I, p. 617-620, 1988

pour tout t=(t0, t)=(t0, t1, .. .,it+1)e[0, I]1k+2, ou [nt0] désigne la partie entiere de ntO0.
Ce processus est une variante du processus empirique multivarié étudié par Harel et
Puri [2].

1.1. Les espaces Djf+2e£CE£+2. — Soit/:[0, I]k+2— IR Pour tout
p=(p(0), ....p(fe + 1)G{0, 1}1k+2,

on définit
/P(0= Hm  f(s)((s, t)e [0, ITk+2)
SiT*iP(*')= 1
Siltip («)=0

si la limite existe et dans ce cas on appelle fp(t) la p limite de/ en t.

Pour tout rectangle fermé R de [0, I]Tk+2, soit Dp(R) I’ensemble de toutes les applica-
tions/: R - IRtelles que/p existe pour tout p*g {0, 1} k+2 etf¢=1-

On pose D*+2 = {f :[0, 1]*+2— IR pour tout p, la restriction de/a I(p) a une extension
/ psur I(p) telle que/ peD p(T(p))} ot A désigne la fermeture de A et

T\ t v vT f[0, 1/2[sU =0
I(P)-lmo»x --* W i> 1]si/=r

Finalement on note Ck+1(j\ (1~/~fc + 1) I'espace de toutes les applications
continues et bornées ou A(H=1]0, \]j~1x]0, 1[x [0, I]fc+tl~j. On pose
C*+2={/ =10, 1]**2— U: pour tout p, la restriction de/ a I(p) a une extension continue
sur T(p)}.

1.2. Fonction correctrice. — Une fonction r:[0, IJk+2-+IR+ est appelée fonction cor-
rectrice éclatée si elle satisfait les conditions suivantes :

(i) il existe r0:[0, 1] -» IR+ et r: [0, I1k+1-* IR+ telles que
r(t) =r0(t0)r{t) pourtout (t0, t)e[0, ITk+2;

(i) r appartient a Cjf+2;
(iii) r=0 sur la borne de [0, ITk+2.

2. Résultats préliminaires. — On dit que la suite {H,} satisfait a la condition de
différentiabilité si :

(i) dHJOotj existe sur A (") et appartient aCl+1("), 1 "~ k+ let

(i) 6HJdtj -* lj pour la topologie uniforme pour tout compact de A (/') quand n—00
et Ij appartient & Ck+1(/)e

Pour ee{0, 1} donné, on définit WE [R— R par Xe= (—1)Eld, ou Id est la fonction
identité. On définit aussi 19 -*[0, 1] par \|/'=e+ (—I)£ld Pour tout ee{0, 1}, on

note Fne la fonction de répartition de \/E(X,, i) et soit F,, E(X)=n_1 £ 606
Pour tout pe{0, I}k+1 on note GJ(x),xelRt+1, la fonction de répartition de
(1)(X,,, i), »e5™p(*+ (X, £+1) et HU la suite de fonctions de répartition définie par

HS(fi>eee’tk+1)= G{j(Frep (ij), ..., Frrdk+D) (tk+1))
Pour tout p= (p(0), p)e{0, 1}k+2 le processus LE est défini par
b rk=I
L»(t)-(n-krm E 1 n @<  ij—k— (t,)]

—HE(ny i) Whlick 1)Qke+1)
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oua=k+ 1 b=[nt0] si p(0)=0, eta=sup {[«10]*+ |, k+ 1}, b=nsi p(0)=1

fit 1 = £nto si ntoest entier
0 [I[«tQ]+1 autrement.

Le processus de rang éclaté L,, est défini par
si ty[l/(n+ 1), n/(n+ 1)]E+2

7 0

) L0 4US (O si i6[l/(«+1),n/(n+1)f+2ni(p)

ou t et t' sont liés par la relation

(8) tj=(n+I/n)tj si p(/)=0 et ti=(n+1l/n)tj—1l/n si p(/")=I.

2.1. Convergence du processus de rang gradué éclaté.

Proposition 1. — On suppose que la suite {Xﬁ} est soit Pmélangeante avec le taux
(2), soit fortement mélangeante avec le taux (4); la suite {H,} satisfait a la condition de
différentiabilité. De plus, on suppose que la fonction de covariance du processus empirique
gradué W, défini en (6) converge vers une fonction. Alors L,, (a valeurs p.s. dans D*+2)
converge faiblement pour la topologie uniforme vers un processus gaussien LO a trajectoire
p.s. dans C*+2.

Si on définit le processus de rang éclaté gradué non tronqué comme suit

si e[ n+l) ni(n+ pf<t?

9

© nU [1™ (L1t) siie[l/(H-hI), n/(n+D)]* +1ni(p)

ou tett sont liés par la relation (8) et T(p) = Ip(i) x . .. x Ipfc+1), alors on a :
Proposition 2. — On suppose que la suite {Xni} est stationnaire et cp-mélangeante avec

le taux (3) et que la suite {Hn} satisfait la condition de différentiabilité. Alors Ln converge
faiblement pour la topologie de la convergence uniforme vers un processus gaussien LO a
trajectoire p. s. dans CE+1.

2.2. Convergence du processus de rang gradué éclaté et corrigé.

Proposition 3. — Si la suite {Xm} satisfait les conditions de la proposition 1, sdil existe

une fonction de répartition F telle que
(10) sup |F,,(X) —F (x) |[= O (n ), a>o
et si de plus

k+1 -|-1/2+06fk+1
@) ni* Xk+i tnF.ix"I-F.ix,)) N

7=1 J 7=1
ou Ax>0, alors, pour toute fonction correctrice r satisfaisant
12 r t A2 nr2 o
@2) ()g n tfn O-—0) pour tout tel (p),

7ed() jti(p J

ou A270, 0< 1/2—8<lIl/4(/c +2) et J(p) = {/e{0, ..., k+ 1}:p(/)=0}, Ln\jr converge

faiblement pour la topologie uniforme vers le processus gaussien LO. 1/r a trajectoires p. s.
dans C*+2-

Proposition 4. — Si la suite {X,,} satisfait les conditions de la proposition 2 et (11),
alors, pour toute fonction crorrectrice r: [0, 1]*+f1-;‘-2_(§+ satisfaisant

EY R RSl

I S<rT BT i~v I

pour tout tel (p),
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ou A>0, 0< 1/2—b<I/4(fc+2) eti(p)={te{l, ..., fc+ I}; p(/) =0}, L,. 1/r converge
faiblement pour la topologie de la convergence uniforme vers le processus gaussien LO. 1/r
a trajectoires p. s. dans CJ+1.

3. N ormalité asymptotique de la statistique linéaire de rang S,,., — Pour tout N, on
définit une mesure signée X, concentrée sur {1/n+ 1, .. n/n+I1}k+2 en posant
k ( n Ujn+U I/2] n [12, Z>+1]1=0¢,,i0«,(/,, ..., 1k+])
Vi ed( itJ(p) J
pour tout (10/n+\, .. |k+l/n+Del(p)P\{l/n+I, .. n/n+1}k+2 (par convention

cnlo=0silo<k + I).
On définit aussi un coefficient de centrage bnpar

(13) bn= z 1 HW)K (dt)
pe{0, i>*+21Ji (p)

ou HE est une fonction : [0, I]Tk+2 -*« IR telle que

(14) HS(i)= (b-a+ 1)(H 2 (A (Q)(i;), . . il/;¢+1)(5;+1)))
ou a=fc+ 1, b= [(n+ 1)i0] si p(0)=0, a=[(n+1)i0—1]*+1, =nsi p(0)=1, et les tj et
tj sont liés par (8).

Une mesure X sur [0, I]fc+2 est appelée pseudo-mesure d’ordre la {0, 1, .. K+ 1} si

pour toutf e Cjf+2

f fdx= f f{t)X (dt).
J[0, Ik+2 J{(t0..eue...... tk+l); ti=l/2-, Vie®}

X sera appelé une mesure générale si elle est une somme finie de pseudo-mesures.

Théoreme. — Soit r(our) une fonction correctrice telle que pour une certaine mesure
générale X0 on a

(15) lim jf.r.dXn= ¢ -r.dX0 pour toutf e C*+2

(16) sgp \f.r.d\Xn\< 0o ou|xn|désigne lamesure de variation totale.
«

Si la suite {Xni} et r(our) satisfont aux conditions de la proposition 3 (resp. proposition 4),
alors (n—k)~1,2(Sn—bn) (resp. avec cni= 1pour tout i) converge en loi vers la loi normale
de moyenne nulle et variance a2 ou

az2=1 o f E [LO(i) LO(i")] dX0(t) dko (*") < oo.
J[O, I]k+2 Jo, 1J*+2
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L Introduction. Let Xnj, I<i<n , n>l be real—valued r.v.'s (random variables) with
continuous d.f.'s (distribution functions) Fflj(x) , xelR and let cnj (I<i<n , n>l) bean
array of regression constants defined by a function g on [0,1] as

(1.2) cni = g(i/n) , I<i<n, n>l .

Denote by Hn(x) = n'1 5 cnjli™x .<x] e weighted empirical process where |- j
denotes the indicator function and by F (x) = nt By , 1 the usual empirical
n i=1 lAni-X
process.
The corresponding expectations are denoted by
Hn = E(Hn) and Fn = E(Fn) .
We will study the asymptotic behavior of the simple linear rank statistic of the form
,Jr+00 _ » JD>-OO
(1.2) <n(J) = n* Fn(x))dHn(x) - n> J(Fn(x))dHn(x)

—a —@
where J is a score function defined on the open unit interval.

The problem of finding a sufficiently large class of score functions for which the
linear rank statistic is asymptotically normal was first considered by Chernoff and Savage
(1958). Their results were later on strengthened considerably by several authors, mainly
by Govindarajulu et al. (1966), Pyke and Shorack (1968), Hajek (1968) and DupaC and
Hajek (1969) for the independent case, by Fears and Mehra (1974) for the (¢;»-mixing case
with stationary random variables, and by Denker and Rosier (1985) for the A-mixing as
well as strong mixing case but under a stationary set—up. In this paper we investigate the
asymptotic distribution theory of the simple linear rank statistics (1.2) for the case when
the underlying random variables are nonstationarv.

2. Preliminaries. In this section, we give some propositions which are minor variations
of Denker and Rosier (1985) and so their proofs will be either omitted or briefly outlined.

For >0 ,set 4= 6{A+28) 1.



Let /™ denote the measure on [0,1] given by its density (z(l-z)) 2 ”~ relative to
the Lebesgue measure. For a monotone function J , let ||J||* be the L™~pormof J in
Lj(/i™) . By the Jordan decomposition of any right continuous function, J has a unique
decomposition: J = Jj—32 where and J2 are monotone functions and J*(1/2) = 0 .
For such a function, we set

11A=11/11%+ 11321
where and J2 belongto LN(/IM) .

Denote by the space of ail right continuous functions J with ||J||*<o0 and
J(1/2) = 0 and let be the set of all Je<” for which the measure v defined by
J = jdi/ is absolutely continuous with respect to Lebesgue measure. It is well known that
pfj isthe || | closure of C2” : the space of functions with bounded second derivatives.
The a priori assumption of having the space of right continuous functions J with

J(1/2) = 0 is no restriction because J defined by J(x) = J(x+) = 1lim J(y) is a well
y[x
defined right continuous function and if J belongsto ~ , *(J) and e5Y(J) are

asymptotically equivalent (see Denker and Rosier (1985)).

We consider the array Gm- (I<i<n, n>l) ofd.f.'son [0,1] defined by

(D Gt = F0FK1

Denote by Gn the empirical process in [0,1] derived from Hn and defined by
n

(2.2 Gn() =n 1 ~ cni I[Fn(Xni)<t] * tetO’?

and in the empirical process on [0,1] derived from Fn and defined by
n

(2.3) In(t) - n 1 ~ I[Fn(Xni)<t] ’ .
We also denote Gn = E(/Gn?/ and In = Egn}. The linear rank statistic defined in
(1.2) can then be written as

(2.4) @) = n* fI° in@)dGn() - n*J I(In(t)dGn(t).
0 0



The connection between the dependence structure of the processes and the class of func-

tions for which asymptotic normality holds is expressed by the following condition
NE(Gn(t)-Gn(t))2 <CA~"tfl-t))1 2n

(29) InE (in(t)-1n(t))2 <C (t(I-t))1'2"

forall te (0,1) and n>l where 7= (>(4+2<$)~1, A = sup |g(i/n)| for g defined in
I<i<n

(1.1) and C is some constant > 0 .

PROPOSITION 2.1. Let k>0 and ¢>0 be given. Then there exists a constant
such that the following holds: If {Xnj} is an array of r.v.'s satisfying (2.5) and if

{cni} are regression constants defined bv (1.1), we have

(2.6) nE{J+“j(5] | Fn(x))dHn(x) - Fn(x))dHn(x)}2 < CjA2|
— —
(2.7) EC X0 g 9O, Hy o Gy g
“0
(2.8) n {fV nM) - Fn(x)))dHn(x)}2 < CjA2 i
“0
(2.9) nE(~n(J))2 < CjA2|J||2

PROOF. We only prove (2.6) because our method of proof is similar to that of
Proposition 2 in Denker and Rosier (1985). It suffices to consider an increasing function

Je<”. Define
n
1 if nTTFnW ~<5TTFnW
XD = L« nTTFow st <5fTF,W
0 otherwise.
and denote by Fn*(t) = inf {IR : Fn(x)>t} the left continuous inverse of Fn . Since for

n
<
t n+1

n+l X < fl+1
1if V n b 1Fn N

V<xot) Lif F-1(@xlt)<x < FA(O%1.t)

0 otherwise.

. . n
it follows that for fixed t< . .



|3 7v(x,t)dHN(X) | <An J°°| rfx,t) |dFn(x) = An | <Szxit>-Fn(Fn1(ixi t)-)
“@ -00

SV |1 ‘H -~ 11+ 2inf {It})

where <t>=" if* <t<]| .

From the assumption (2.5) on the sequence {X”"} , it follows for t < nﬂl that

(J+°V(x,t)dHI(x))2 <8 A2(I(1 Ant))2 + 2 E(In(Tx 1 t) - In(2£l t)):
_e)
<8 A2(|(I Ant))2+ 2£ A2(t(l1-))1 2,1.

Finally, interchanging the order of integration, and using the Cauchy-Schwarz inequality,

we obtain

NE(f7J(ETT*DV X W - f'j<5Tr W X « )2
) —@
n
pli+l pro0
=nEG | Axt)dHn(x)d(t)"
0 @
n
rll+l proo A 0, f
Al (EG thx)dH(X))2) dI(1)*

n n
T+i o n+1
CiA; 5<1 5 1D.i(t) + n“* (t(1-1))" di(t)2

u

where C, is some positive constant, since n2 (i ant)dJ(t) <C, J*(t(l—¥))2dJ(t) .
1 0 n 10

(2.6) is proved.
PROPOSITION 2.2. Let {Xnj} satisfy condition (2.5) for some ¢>0 , and let the regres-

sion constants cnj satisfy (1.1) and sup < +o00. Assume that KCe” is a subset

possessing the following property: for every JeK , there exists a normal distribution



A(0,cr*) where O<cr<+oo such that <”(J) converges in law to J"(O,az), then the
| [|™norm closure of K has the same property.

PROOF. Let JAK where K isthe closure of K,and JeK . By Proposition 2.1
and the fact that ~(J*) = <n(J) + J) »”™e distributions of and «”(J)
are closed, uniformly in n, in the weak topology for sufficiently small ||J—3JI™- This
proves the proposition.

For two probability measures P and Q on R, denote by U2(P,Q) =
Inf (E(XAK)Z)ﬁ where the infinitum extends over all r.v.'s X and Y defined on the same
probability space and having distributions P and Q respectively.

Let Jf(z) denote the distribution of the r.v. Z .

PROPOSITION 2.3. Let {Xnj} satisfy condition (2.5) for some &>0 and let cnj

satisfy (1.1) and sup* A <+oo. Assume that there exists an operator o : <c-* R which
reIN n 0

is uniformly bounded and satisfies the Lipschitz condition for the || ||* norm.

If for every JeKcJ” , <”(J) converges in law to a normal distribution O(J)),
then the | ||*-norm closure of K has the same property.

PROOF. Let JAgK and JgK . Then, we have

D2(~ (™ (j1))," (.20 1))

< D2(-ii-(M131)), (i (<)) +D2( M (<™M(I» > (0>2(3)))+D 2('(0,22(J)).-~(0,2(J 1)))
<D2("(<"(J)),v™(0,«t™(J))) + C'||J—3. || ¢ for some C’>0 using Proposition 2.1 and the
Lipschitz condition on .

Since the convergence in law from g~(J) to jf(O,aO(J)) implies

lim D2(-"(<"1(J)),~(0,<t*(Jj))) = O (see Denker and Rosier (1985)), the theorem

IHoo

follows.

K Convergence of the linear rank statistic. Recall that the sequence {Xnj} is

y—mixing if sup  sup  {sup {|P(B|A)-P(B)|; Ae<r(X ., I<i<j), Be<r(X ., i>j+m))}}
n>l I<j<n—m m m

= ~(m)|0 for positive integers j and m .



Here <kXnp—Xnj) and a(Xnj| mv>Xnn) are the <fields generated by

Xnr" ' Xnj) “ d (Xn,j+m-"Xnn> respectively.

Also recall that {Xnj} satisfies the strong mixing condition if
sup sup  {sup {|P(AnB)—P(A)P(B) |; Aea(X ., I<i<j, Bg¥¢X ., i>j+m)}} = a(m)|0 .
n>l I<j<n—m m m

Since a(m) <<m , it follows that if {X”"} is ~—mixing, then it is also strong

mixing.
We will study the asymptotic behavior of p(J) when the r.v.'s {Xnj} are

V>-mixing with rates
+00
(3.1) I m *"m ))N /N <., forsome 0<6<2
m=I
or strong mixing with rates
+00
(3.2) A m2a (m)"2™"N < +00 for some (>0 .
m=I
Let Fn e bethe d.f. of (Xnj,X-) , I<i<j<n, n>l . For any sequence of d.f.'s

{GX, i >1} on [0,1] {ith uniform marginals, we denote
n

1 11
(3.3) GG = lim {[ R2(u)du+ 2 3 f f f(U)F(V)G" (uv)}
A g=100 *°
if the limit exists, where
(3.4) fu) = J (ljusvj - V)dI(V) + JU) - I(v)dv
0 0

and JeJfy for some ;>0 .

THEOREM 3.1. Suppose the sequence {X”"} is (/~mixing with rate (3.1) or
strong mixing with rate (3.2). the function g which defines the regression constants in
(1.1) belongs to A the space of functions which admit a derivative of bounded varia-
tion, and suppose th,at for any t>1. there exists a continuous d.f. G”'\c on [0,1]2 with

uniform marginals such that



(3.5 limmax [F ,i(F "(u),F :(v))- G*_;(uv)| =0

n-»00 1l<i<j<n J

for all (u,v) e [0,1]“.

Then, for every with 2>S>0 if we have (3.1). and (>0 if we have (3.2)
(3.6) lim DO9(JT(*n(J)),~(0,~({G!))) =0
where

B7) &G = A{G"N(  (UAV)g'(U)g'(V)dudv - 2 J ug'(u)du + g2(1))
0 0

and < (te 1) < oo.
REMARK 3.1. Let the sequence of distribution functions {F ..} satisfy the
following conditions:

(1) There exists a sequence of d.f.'s FA on B such that

limmax |F ..(xpx’\—Ff ((X,,x2)] =0 forall (xj™M)~n
n-*o0 1 <i<j<n J J
(i) Fnj = Fn for all I<i<n,n>l,

then the condition (3.5) is satisfied whenever the sequence {XQ} is strong mixing.
PROOF. To prove Theorem 3.1, we first need a few lemmas.

For any n (n>l) ,any i (I<i<n) and any JeC2 ", let

B8) ANJQ) = [F (X )<t] -« ni(H)X'()dGni« + I(pn(xni) " f b

It is obvious that E(Anj) = 0.

Now consider for any JeC2 ” |, the process Ln(J)(s) defined on the space of

continuous functions on [0,1] , by
[ns]
(3.9) Ln(Jd)(s) = n“*( 1 Anj + (ns-[ii3])An [ns]+1)
i=I
where [ns] denotes the integer part of the real number ns .
LEMMA 3.1. Suppose that {Xnj} satisfies the eondii unis of Theorem 3.1 and J

belongs to C2 ” <then the process Ln(J)(s) converges weakly in uniform topology to a



Gaussian process LQJ)(s) with trajectories a.s. in Cj with mean 0 and variance
scrj({G"}) where Oj({G"}) is defined in (3.3). and “({G"}) < oo.

PROOF. The process Ln(J) defines a probability measure Pfl on . From
Theorem 8.1 of Billingsley (1968), we have to prove that (i) the finite dimensional distribu-

tion of Pn converges in law to a normal distribution and (ii) Pfl is tight.

P
First we prove (i) which is equivalent to proving that £ Ln(J)(s™) converges in
*

law to a normal distribution for any peIN , any &[0,1] and any AX¥R(I<Kp) . Without

loss of generality, we can take p=2 and suppose that s"<s2 e

We have
2 [nsj [ns2]

(310) I X(La@d)(st)y=n-*11 (AL+A)Anj(J) + J A M)
I—1 i=1 i=[nsj+I

+ Al(nsIMm1DAIli[lISI]+1(J) + A *m ~ns,, ] )] .

We define the sequence of r.v.'s {B~(J)} by

- (A2+A2)Ani(J) if infnsj
(3.11) Bni(J) = ~2mi(J) if [nsl]<i<[ns?] .
-0 if i>[ns2]
As J and J1 are bounded, we deduce
2 n
(3.12) I Xt Ln(J)(sp = if* I Bnj(J) + 0(n-*) .
1=1 i=I
From Corollary 1 of Withers (1975) we have to verify that
n
(3.13) E(J Bni(Jd))2/n- {(Ajtals) + R-~)} AN} ) as nw.
i=1
We have
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n
(3.14) E( | Bni(J))2/a =
i=

[nsj [ns]] [nsj [ns2]
=n-'KA"MA/ I I E(Ani(Q)ANj(J)) + (Al+A2)A2 | I E(ANni(J)Anj(J))
i=l j=I i=l j=[ns1]+lI
[ns2] [ns2]
+ 4 1 I E(A,,i(J>ANnj(J)1

i=[nsj+I j=[ns1]+I
Suppose the sequence {Xnj} is y>-mixing, then from the boundedness of J and J'
and from the well known inequality on the moment of <gmixing r.v.'s (see Doukhan and

Portal (1987), Proposition 2.2), we obtain

[nsl] [ns2]
(3.15)n-1|(AL+A2)A2 ] J E(Ani(J)Anj(J))|

i=1 j=[ns1J+l
[nsj [ns2]
-Mn(1 1  VIip(H))
i=1 j=[ns1]+lI

where M is some constant > 0 and p = (4+2<5)/(2+3£) . From (3.1), the last expression
goes to zero as n*a>.

If the sequence {Xnj} is strong mixing, the left hand of (3.15) is majorized by
[ns,] [nsJ

MDX 1 1 *il(2+)(H))
i=l j=|nSj]+I

where M' is some constant > 0 and from (3.2), this converges to 0 as nx».

It remains to prove that

[nsj [nsJ A
(3.16) n“1n I E(Ani(J)Anj(J))-,s1M({G<}) as ih.
i=l j=I
and
[ns2] [ns9l A
nli | i E(ANIW Anj(J)) - ,(s2-s1),4({A<}) “

~i=[ns1+1 j=[ns1]+I
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We first prove the convergence of (3.16) when J and J1 are replaced by indicator func-
tions. Suppose .

jit> =i a< <b and J' @ <]
Then we can write

Anl) =

= Gt - Gni(ia,VFn(X,,i)}Ab'}>-j “dGni« + Fn <) “ <Gni(b>" Gni(a»

a
= D {Xg) where X5 = F (X )

Let Gn,ij be the d f-of (Fn<Xni>'Fn(Xnj» ¢ Then’ we have
E(Ani(J)Anj(J)) " Dni(usDnj(v>dGn,i,j(u’v)
From condition (3.5) we easily deduce that

(3.17) limmax [E(A iDA .(J) - [ f D@u)D(v)dG?.(u,v)| =0
N> 1<i<j<n m nj J ] J1

where
D(u) = Ifa<ud] “ d-a) + b' ~ {@VjAL} - |(b'-a")2.
We obtain the same result if J and J' are replaced by step functions.
As J and J1 are continuous and bounded, we can uniformly approach them by
step functions and we deduce that
(3.18) limmax E(A .(DA -(D) - [ [ f(wWf(v)dG?_j(u,v)| =0
>0 1<i<j<n 00
where f(u) is defined in (3.4)

rl
Now denote /20) = F(udu and pi) =2 FU)FV)AGj(uY) , >l . Then,

0 00
[nsj] [ns] +0

o | i) - pepn s 1 v
=l j=I i=0
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[nSj] 1[nsj]—+

< |n—nsjldnsj)-1 £ £ E(Anj()ANn j+i(J))
1=0 J=1
[ns] ®
- [nSjJHNns”r1 Y ([nsJ-iMi)! + [ns?n-1 £ \p(i)\
I=0 i=[ns1]+I
[nS]]
+ [nsjn-1 £ £ |1?2(K)
I=0 k=i

= Akt Byt Gy

From (3.18) we deduce that |An|-<0 as n> and from the well known inequalities
on the moment of mixing r.v.'s (see Proposition 2.2 and 2.8 of Doukhan and Portal (1987))
and (3.1) or (3.2) we deduce that Bn=0 and Cn-*0 as n*oo.

It is also immediate that
+00 +00
[[nsjn— ~ p(i) —s™ ™ [?(3i)] +0 as n>o0.
i=0 i=0
JnSjHnNsJ +00
We conclude that n  E E E(A -(3)A_;(J)) convergesto s,( E p(i)) as nm
=l j=i m nJ 11=0

*

+00 2
where E /(i) isequal to <T({G/,}). Similarly
i J 1

=0
| [ns2] [ns2] #
n_1 I I E(Ani(J)Anj(J)) — (s2-Sj)*({G£}) as n-«
1=[ns1]+l j=[ns1]+I

(3.16) is proved.

From (3.14) —(3.16), we deduce (3.13) and we conclude that E( E ANLN(J)(sM)) 2

converges to {(A"+A2)°Sj+A2(s2-Sj)}<F({G"}) whith impliesthat © E ALn(J)(s")
converges in law to the normal distribution with mean 0 and variance
2, .~ ,
{(AMAQ) Sj+ARA =SV ({G,}) and () is proved.
We now prove (ii).

From Theorem 8.2 of Billingsley (1968) we have to verify that Ve>0,3 q>0,



13

(0<tg<1) and an integer Nqg such that Vn>NQ
(3-19) P[sup IL(J)(s)-L_(J)(s")|>6] <E.
Is—s'l <77
If ns and ns' are integers, by using Theorem 11 for q=4 of Doukhan and Portal
(1987) for the strong mixing case and Lemma 5.1 in Harel (1988) for q=2 for the

«»-mixing case, we obtain for s>§'

(3.20) E(LnQJ)(s) - Ln(J)(s))4 <((s-5-)2 + n-'fs-s'JIMCt/J)
where
+00
(3.21) Clp) = £ m“V [4(m)
m=|
if the sequence {X"-} is y?-mixing, and
+00
(3.22) C/? = 1 m2J3/(2+S)(m)
m=I

if the sequence {Xnj} is strong mixing and M is some positive constant.
If s>s' and ns and ns' are integers, we have s-s' >n—2 and
E(Ln(J)(s) - Ln(J(s"))4 <m (ss')2C(P).
From Lemma 2 of Balacheff and Dupont (1980) we obtain that Ve>0 , 3 j>0 , and an
integer NQ sufficiently large such that Vn>NQ,
(323) P[sup. . . IL (j))(M) _Ln(J)(M) | > f/2] <2MC(fIK,2i"

n n
where K is some positive constant.
From the definition of Ln(J)(s) in (3.9), we obtain

B2 sup 1L ()E) - L (B)(S) 1 <2 max IL (3)(Ifl) - L (3)(M)] .
Is-S' 1<77 IM _inili|<2r7

By using (3.23) and (3.24), we deduce

(3.25) P[sup IL (J)(s) —L (J)(s")|>f] <MC(0)K'P
s-5'|<) 2 »
where K1 is some positive constant and (3.19) is proved. The fact that <7j({G”})<oo s

a simple consequence of b and (3.1) or (3.2).
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Now we consider for any J6C2 ~ the r.v. Vn(J) defined by
n
(3-26) Vn(J) =n >1 cniAni .
=1
LEMMA 3.2. Suppose that {Xnj} satisfies the conditions of Theorem 3.1.

J belongsto C2” and g admits a derivative g'. Then Vn(J) converges in law to the

4 * *

2 2
normal distribution with mean 0 and variance aj({G”"}) where 0)({G"}) is defined in

(3.7) and "j({G"}) < 00.
PROOF. For any n define a measure on [01] by setting

y(s» =cni-cn,i+l” 1-i-n_.1 <md An(« ) = chn
By definition, we have

rl
vn(d) = Ln@)(wAn(du)

We now prove that

327) Ln(3)(u)An(du) converges in law to —  1LQI)(u)g'(u)du + LQI)()g(l) as n-*».
0

Let hfl :  *IR, n>l be defined as hn(f) = J f(u)An(du) and hQ: c, -+R be defined as
0

hQf) = = fg'(u)du + f(1)g(l). Let {fn, n>I} be a sequence of functions in Cj and
0
suppose that fn*fQ in uniform topology as n*t where fGEC” . We show that

hngn) ->h(§\f8. as n-x».
ri

A * ¢« PUIW +fog()

0
1

<1 )TN |+ fomea) + o ) el KD
0 0 C
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n—1
rl

VvV odu)l + ( yW lgO /~-gO +1/n)) + fo(l)g(l)
i=1

- 8@7[6,15 [fn(u)-fo(u>l

+  fO(u)g'(u)du —0(i)g(l) i »0 as n*w

from the hypothesis fn"™0 in uniform topology, g' is an integrable function and

sup* A < oo.
neiN

Consequently h (ffl) >h (f ) as n*o and by Theorem 5.5 of Billingsley (1968),
(3.27) follows.
It remains to show that E(—Qf)"L(J(J)(u)g'(u)du + L, (Ha(1))2 = "{CG}) < @

We have

rl

E(— LO@)(u)s'(u)du + FOJ)(Ng(l)) =

LM [(L0) () (u)(LO)@)(v)]g'(u)g'(v)dudv - 2 E[LOI)(1)LOE)(u)]g'(u)du
00 0
+ E[LOQ)(1NLOE)(1))1g(l) -

As E[LO(JI)(u)Lq(d)(v)] = (u Av)<Tj2({G f\}) < oo, the property follows and Lemma 3.2 is
proved.

PROOF OF THE THEOREM. We first prove that the theorem is true for

JGC2 k « We have the following decomposition

= VnW + An<d>+ B>+ Cn(J>e
where

rl
AL() =™ 3o, )%y D-Th®e ¢ o))
0

Bn@) =-(0+1] T (AN

rl

C.h=21 30 tHlnhwM) ) 240G (1)
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where On(In(t)) GlIn(t)Aln(t),In(t)vin(t)]
Suppose JeC9” . Then the weak convergence of Vn(J) is established in Lemma

3.2. The random variables A(J) , B(J) , X(J) converge to zero in probability and in L2

since
(3.28) E(A2(J)) <I<n—d sup [J'(t) |2 sup* A2C(/?)

n te [0,1] reIN n
(3.29) |IB (J)| <Kn- 2sup [J'(t)|sup*A

n te[0,1] reiN n

(3.30) E(C2(J)) <N\n—d sup [J'(t)|2 sup* A2C(/?)

n te [0,1] relN n
where C(p) = S°°m("(m))(2+3~/(4+2” if we have (3.1), and C(/?) =

m=|

m2 EI (@a(m)r/n2v & if we have (3.2), and K is some positive constant.
m=

We only prove the inequality (3.28) for the </?-mixing case, because the method is
similar to the proof of the three inequalities in Denker and Rosier (1985, p. 66). For any

(i,j/,9) 6 M, we. put

HUM = Qu,(In@)cni(ix xtrFniww'ix .<t]-y )V (In()en{

iV 1" 2"V itV ))-
Suppose i<j<*<q and let p = 2" 2g, then from the condition of £>-mixing, we have the

following three inequalities:

1?0,jXq)< sup  |J'(t)[2A2v(H)
te[o,i)

1300 <@ sup  [3'(0)|2A2)(v(<-]) + 4S1UP(H)*>1/P(<H))
t€[0,1] n

0(i>j/g)< sup [J'(1)|2A2p(g-<)
t€[0,1] ”
If 1,j,~,q are differently ordered, we obtain similar inequalities.

From this, we deduce

PYA~Mjm <41 n-3 filin  LI'it/1 12,]A2 V

te 01, "hiJA
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Put j'=j-i ,mH-j and q'=q-". We have
n
E(A2(J)) <4liT3(sup [I'(D)2)A ™ ( I 2i>(G)+ 1 27"+ I W)

M M i=1 0<r<j’ 0<j'<q 0<j'<f
0<0'<}' 0<f<q' 0<q'<f

+471/p(jV Vp(q)))
and after some computations, we obtain
E(A2(J)) <288 n~3 (sup |J'(t)[2)A2 ( | plp(m))( £ m<//P/m))(n+n2)
tel0,1l m>l I ni_

<Kn-1 (sup |J'(1)|2) sup* C(/?)
te[0,i] relN n

where K is some positive constant and C(/?) = I m(<p(m))"" "+~ (3.28) is
m>|

proved for the 9—mixing case. Hence the theorem is true for JEC2 " o

Following Proposition 2.3 it remains to prove that the operator a: IR defined
by 0-(J) = Oj({G:}) satisfies the Lipschitz condition for the || ||[* norm and the condition
(2.5) is satisfied. The first property follows easily from the definition of <jj({G:}) in (3.7)
and the definition of 0j({G”"}) in (3.3) and (3.4).

We now prove (2.5) if we have (3.1). For p = (4+25)/(2+35) and q= (1l—p—=>)*
we have

nE(Gn(t)-Gn(t))2 =
n n

=“EI*“1 I cni(Iff(Xni)t) - Gm«))2 = | P (F")«] ~Gni«»?2

=m1l | E[cnicnj(I(F (X )<t] - Gni« iR (X )<t] _ Gnjw/J]
I<i,j<n n o ni H nj

<w-ipe | E0F (x - Gi())(I[F fx )<]- GnjO)!
I<i,j<n n m n nj

n—1 n—i
-1 AR
-2n An _lo E|(IFn(xni)<t] Gni(t))(I[Fn(Xnj+i)<t] Gnj+ii*»l

<uam | upay | @ria-enimyvr@ijsma-c i)/
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sa.-1A « ~r0)( | GBIMA-Gnj®)L,,( 1 Gnj+iwdAn.j+ii')))1
i=0 =1 j=i

<2,-*A2 | ~PMD(5 (Gn.«(I-GAt)) 1 J GnJ(t)(I-GnJ(1)))1/q
i=1 j=1 j=1
n—1 n
=n"1A2 | ¢/P()( 1 (GnJ(t)(I-Gn (1))
i=1 j=1
n—1 n n
<2h-1A2 1 ~/P(i)n(i J G~ ttDd-n-1 £ Gnj(t))
i=1 j=1 j=1
n—1 +00
=2An | </ I-t) <2(1 VL/P(i))A2t(1-t)
i=1 =1
which implies (2.5) if we have (3.1).
Finally, we prove (2.5) if we have (3.2). We have

NE(G(1)-Gn(t))2 =

=n1l 1 Etcnicnj(lg

F (X )<t] ~ Gni™)(I[F (X )<t] ~ Gnj I
I<i,j<n n\(/ m)_]J ) gn\(/ nJ?"]J :

-n *An 1 le[(i[f (X )<t]” Gni(t"(I[F (X )<t]_Gn j~»
I<i,j<n n nJ

n—1 n—
-1 A2

12n A” jlo jII ENItFn(Xni>Stl ™ Gni(t))(I(Fn(Xn,j+i)-tl  Gnd+i(t)) 1

<2D"1A2 J(«())F/(2+1) 1(Gnj(t)(1-Gnj(t))) Y (2+i>GII+i(t)(1-GnI+i(t))) 1/ (2+¢)

i=0 =1
n— n—i

<2n“1A2 Mo(i))i/(2+<)( 1(Gnj(t)(I-Gnj(1)))V/(2+/E) *
i=0 j=1

n—i

*(1Gnj+i(t)(1“Gn,j+i(t))1/(?+i)
j=1
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<2,-a2 J(0(i))i/2+i)( T(G nj(1-Gnj()NIR+E)( 1 G,,.j(*)(1-Gnj(*)))1/(2+i)
i=0 =l =1

= 2»-A%  J(O<i))W2+iX J Gnj(t)(I-Gnj(t)))2/ (2+i)
i=0 j=I

<2n-1A2 Jfoi0JA+Anfn-1\ GAtXI-iT1 \ Grk(t))2/(2+i)
i=0 j=I j=I

= 2A2 £(a<i))r2+7(t(l-t))2/(2+n
=0
+00
- 2An J(«(i)) M 2+7(t(1-1))1-2,? for ?7=<5(4+2i) 1 .
i=0
Thus (2.5) is proved if we have (3.2).
COROLLARY 3.1. If among conditions in Theorem 3.1 the function g is replaced

*

by a function for which there exists a decomposition g = gc + gd where gc 6 Cj * and
gd is a step function with p jumps, sav at aj,..,ap such that aj e (0,1) (I<i<p) .then
the conclusion of Theorem 3.1 remains true but <jj({G:}) defined in (3.7) is replaced bv
0j({G"}) where

(3.31) i2({G*}) =

| ” |
= *J({G/}) (j J (uAV)g™(u)gh(v)dudv —2 j (gd(ar )-gd(aj+)) J (uAa}g”(u)du
00 i=1 0

fl . . . . .
- 2j ugj(u)du + 1 (aiAg)(gd(ar ) ~gd(aj+))(gd(aj-) ~gd(aj+))
0 I<i,j<P
P *
+2 1 ai*d(ar) “8d(ait+)) + g2(1) —ere is defined jn (3.3).
i=I
4 Convergence of the two sample linear rank statistic. Let {YII 3, |<i<n1L and

{ZHZJ} : |<j<nP be two independent sequences of weakly dependent random variables with
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continuous d.f.'s Fﬁ‘,)l(x) and F’ﬁZ}(x) respectively, xelR. Given n = niL+n%Lwe set

= - if i - = . if i>n- AN =
Xm. Yn"i if |_<n1 and X Yrn n2l.fl—||q>in' : Defote by FAMN(X) i

nt e v O the empirical process based on the first sequence of r.v.'s {Y .}
1i=lV "n 7 \%

and weighted by the regression constants ¢ L We put pr = E (F’l‘) :

ﬁc
Then QR\J) defined by

r+oo0

(4.1) n(d) = n>G  Jt;L- Fn(x))dF()(x) - | +7j(Fn(x))dF<J)(x))
) —®
Is the two—sample linear rank statistic. We suppose that the regression constants ¢ e

1
(I<i<n,) are defined by a function h on [01] as
cnxi = hO/ni) ’ nl-1
We assume that n*n * AQe (0,1) .

Wehave F =n-1(S1F"l) + E2F"2).
n =1 v =1V

Let f(J)w bethedf of (Y .Y~ and F ~ bethedf of(Z".Z").
THEOREM 4.1. Suppose the sequences {YV } and {Z 25} are <p-mixing with
n

rate (3.1) or strong mixing with rate (3.2). the function h satisfies h = hc+h” with
*
hcGCMk and h” is a step function and if for each p>1 . there exist two continuous d.f.'s

Gp”N and G”"2” on IR with marginals F~ and F ” such that

4.2) I’]\:’L(T) T%Tiljiﬁ I F Ai,j(FnAfth'FAftj)) - Gj’i\iH -’\tiJ.H“"’\Q) | =0
for all (tpt2) 6 [0,1]", £=1,2 where
(4.3) H= AFHNA) &+ M=AYE(2)

Then, for every with 2>i>0 if we have (3.1) and (>0 if we have (3.2).
4.9 lim D2(J'(«*'n*(J)), 40,Sj({G"})) =0

where
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(4.5) ~({G7}) = 52({GWHL(h)

where
(4.6) ciO =
= A" ( AN(uJdiFroH D(u)+2 J.j JfLuwfL(v)d(G(D)(H-1(u),H-1(V))}
p>20 0
+ (I>H R2(u)d(F<2>H V ) +2 I J JIR2(u)f2(v)d(G<2)(H-1(u),H-1(V))) *
p>20 0
Here
fj(u) = () - j'i’tvM fWoH-V))
0
f2(u) = 4(u) - JyvIJdIF*oH-V))
0
with
f*(u) = J(u) + A0 | 1J'(v)d(F(1)oH-"(v))
u
f2(u) = J J'(v)d(F(2)oH_1(Vv))
u
and

@4.7) L(h) = \lA(u)A(v)dudv - 2 \ (hd(ar ) - hd(a.+)) hc(u)du- 2J h™u)du
00 i=I 0 0

+ | (hd(aH ~ hc(ai+))(hd(ar) “ hd(ai+))+2 1 V af) “M ai+)+ & )
I<i,j<P i=1
where a”, I<i<p are the discontinuous points of hd .

REMARK. Let the sequences {Fﬂp I\\/I'.} and {F"%\,-,J-} satisfy the following
pivy)

conditions: (i) there exist two sequences of d.f.'s 0«) on R, £=1,2 such that

limmax [F~. .(xpx2)- G (xpx2)| =0
mo l<igj<n V J 1 z J1 1z

for all (xpX2)lR ,£=1,2
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(}'i) Frll\")i = Fnj‘\ for all I<i<n},and
N - NION 1
(iii) Fnﬂ Fn% for all I<J<nSZ).

Then the condition (4.2) is satisfied when the sequences {Y .} and {Z .} are strong
1 2]
mixing.

PROOF OF THEOREM 4.2. For any n”>| , for any i (I<i<n”) and for any
JeC2,b ’let

(48)B ~J) =n~

-1 iy i)<t] GH] (t)J td &nri(t) + J(Fn(Yni,)

-fjW d G Mjtt)
0] 1
where G*j = FAoF~\ and forany ~>1 ,any j (K j*) ,any JGCg” and any
uef0,1] , let

(4-9) Cnoj(3~ u) = 1

J (IF -G n?jANI' A dGn A A
0 n n2l V4

+nAnr-fAu]) J (I[Fn@ZnYy)<t] “ A~ ~*n "~ n ™M+ |2
where G’\23 = F’\Z)\OF 1.
n2 n2n =«

*

Now consider for any JeC9z| the processes W (J)(s) and Wii2 (J)(s,u) defined

*
respectively on and (= the space of continuous functions on [0,1] ) by

[<1*]
(4.10) W (J)s)=4<1 B

i(Q) + (nIS-(nlS))B
1 i=I

1+1Q))
1 11

x [S2s1
(4.11) Wn2@J)(s,u) = n|( A CnAj)(u) + (n2s-M ) C n2i[v j+1(3)(u)).

By similar techniques as in Lemma 3.1 one can prove that the process W I (J)(s)

converges weakly in uniform topology to a Gaussian process WQJ)(s) with trajectories
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a.s. in Cj with mean O and variance

rl

(4.12) s[rI IrIf2(u)d(F(1)oH ) + 2 | fLU)fL(V)d(G(D)(H"1(u),H"1(V))]
00 P>10
and W (J)(s,u) converges weakly in uniform topology to a Gaussian process WO(J)(s,u)

with trajectories a.s. in Cj with mean 0 and variance

(4.13) sut*uW F~oH-1)") +2 | T1f2(u)f2(v)d(G(2) (H-1(u),H"1(V)))].
0 p>1 0 0
From this and following Lemma 3.2, it is easy to prove that Vn(J) converges in
law to the normal distribution with mean 0 and variance tfj({G”}) where 0j({G"})
P

* P
is defined in (4.5) and Vn(J) is a random variable defined by

(4.14) V*@J) = n>(|+J(Fn(x))d(F("(x) - F<))
_e)

*0
+ IENQEM —FiP*1%)
Since <*(J) = Vn(J) + Un(J) where E(Un(J)) = 0(n 2) we prove Theorem 4.1

following the line of argument in the proof of Theorem 3.1.
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Chapitre 3

Invariance faible de la U-statistique et d’une
statistique de rang en condition dfabsolue régularité.
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1. Inhtroduction

Let Xni, 1</<«, n”Il be real-valued r.v.’s (random variables) with
continuous d.f.’s (distribution functions) Fni(x), jceR. The d.f. of the
IR"-valued r.v. (Xnl, X ,..) is denoted by F,,.

In the first part of the paper, we will study the asymptotic behavior of
the U-statistic

fn
Kk

where the summation 5ZJIV extends over all possible 1</, < eoe </* <«
and g: IR*—3 (R is a Borel measurable function which is symmetric in its k
(Ss 1) arguments.

U{Fr g(J0, X nik) n ko1, (1.1)
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From the study of U{F,,), we will deduce the asymptotic behavior of the
V-static

V{Fn)=n~k X nik) (1.2).
L=1  FP=i

called the Von Mises’ statistic.
We assume that the underlying r.v.’s are absolutely regular with rates

P(m) = 0(m~(2+d)/s) for some <5>0. (1.3)

Recall that the sequence is absolutely regular if

sup max E{ sup \P(A |<r(Xni, 1< i< j)) —P{A)\}=p{m)iO.
mAnl?rjrrt —nt Ae (Xnt,i™Nj-+m)
Here a(Xni, and <r(Xni, j + m) are the cr-fields generated by

(Xni; X nj)and (XnJ+m, Xnj+m+Il, X nn), respectively. Also recall that
{X ni}satisfies the strong mixing condition ifsupm”,,sup —
P{A) P{B)[; Aea(Xni, Bea{Xni, i*j+m)} =a(m)|0. Since
oc(m)*P(m), it follows that if {Xni} is absolutely regular, then it is also
strong mixing.

In the second part of the paper, we will study the asymptotic behavior of
the one sample rank order statistic m

m /7 \
IL Qis(Xni) I\~ A, «NelNl, (1.4)

where J is a score function, s(x) = sgn(x), and the cn are regression
constants defined by a continuous function h(x) on [0, 1] as

c,, =" n>\ (1.5)

and =£71,/[,a,1<h,I’ 1<» m<« where Ic denotes the
indicator function. We assume also that the r.v.’s are absolutely regular but
with rates

P(m) = 0(m -4). (1.6)

The convergence of the U-statistic as well as the V-statistic was
established by Yoshihara [8] and afterwards, for the one sample rank
order statistic also, by Yoshihara [9] but only for stationary r.v.'s. Later,
Denker and Keller [3] proved some limit theorems of the above-men-
tioned statistics for the processes which are uniformly mixing in both direc-
tions of time. In this paper we extend the results of Yoshihara [8,9] from
the stationary cases to the nonstationary cases.
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Our results are the adaptions of some of the ideas of Yoshihara (loc. cit.)
and a new central lim it theorem (Lemma 2.3) for nonstationary unbounded
strongly mixing random variables which is an extension of a central lim it
theorem due to Withers [6] for nonstationary uniformly bounded strongly
m ixing random variables.

To prove the weak convergence of the U-statistic C/(F,) in Theorem 3.1,
we first decompose it as O(F,) + £p=i (*) U fp\ where O0(F,) is a centering
constant and the U @p)'s are some random variables (defined in (2.2)). Using
Lemma 2.3, we prove that for p= 1, nl/2U {p) has a limiting normal dis-
tribution, and for 2, — 0 in probability, as-« — 00 (Lemma 2.2).
The limiting behavior of the Von Mises V-statistic F(F,) is the same as
that of the U-statistic t/(F,), since nl/2 |E/(F,) — F(F,)|] —*-0 in probability
(Corollary 3.1). To prove the weak convergence of rank statistics in
Theorem 4.1, we have to verify that the finite-dimensional distributions of
the process L n(t) defined in (4.7) satisfy the conditions of our Lemma 2.3,
and the probability measure defined by L n{t) is tight.

For reasons of brevity and to avoid repetitious arguments, we have
either omitted or given brief outlines of the proofs that are similar to those
of Yoshihara.

2. Preliminaries

2.1. Definitions

For every p (I*"p k) and n~k, let 1 # eee TNip " n be arbitrary
integers. Put

g% nip{xly .., Xp) = £ A(X,, ..., Xp), (2.1)
{p+ D> € Jp.nU* =*ip)
where
A(X,,..xp)= f g(xt,..., xk)dFm (xp~i) - dF,,k(xk),
JiR*~P
1 PUSS 1* eeex M) {(ip 1» 1A +~1n Ak A

p+ 1 l«sk} and gOn= ¢ (ile..,hero,Jg(-*t, ..., xk)dFnh...dFnik where
lo,n = {(*1>-> ik)\ 1 9% ee ¥Njk <« }e

For every p (1 < p ™ k), set

Uu's'“n-w X f g™n M(x,,...,xp)
l=</,* ... ip" n Rp

X /f_tld{l -Fnh{Xj) <2-2)

where = n{tt — )eee(« — &+ 1).



184 HAREL AND PURI

Also for every p, (0™ p~k), we write

g%n(xly...,xp) = £

i'p+l.../a)€{l ... n}k-p
Xj* g(*i, . r*) dFnipH 1edF,,ik (2.3)

and

WP>=n~k £ e X gZ,(xlI t xp)
h=1  p=I

d(lix 1IEN] %)) (2-4)
7=1

Let pAl and 1" < i2< e% <ip<n be arbitrary integers. For any j
(LiSy's-Sp- 1), is the probability measure defined by

PL 1) x B = PI(Xnii, ..., Xnij)e A (>J
XP[(XnijH,...,XnpeB ~-~
and Ptf* 'ip) is the probability measure defined by
Pow,)M (;>) = p[(Xnit, .., Xnip)e Alp)2
for any AUe<r(Xnix, X nj) 1*j*p) and any Bip-J)e <r(Xnijl, ..., X nip)
{1~j~rp-1).

For any function h. R* 4R, we denote by h<g)h the function h<S)h:
R2A-+ IRdefined by h® h(xx, x2)= h(xy, .., X*)h(xk+x, xZo.

2.2. Basic Lemmas

Lemma 2.1. For every p” 1 and (z7,..., ip) such that </, < eee <ip
andanyj {Q"j~p—\), let h{xx ..., xp) be a Borel function such that

f Ih(xx .., .Vp)l+*dpyi; "M
for some &> 0, then

f h(x,, .., xp)dP%y-vE f /j(y..... V )dPKC ==T>

<AM U2+X 140+ ~ij). (2.5)
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As a special case, if h(xx, ..., jcb) is bounded, say, \h(x",.., xp| < M, then we
can replace the right side of (2.5) by 2M(3(ij+1 —/,).

Proof. Follows from Lemma 1 of Yoshihara £8].

Lemma 2.2. |If there is a positive number S' such thatfor r=2+§’,

sup max f lg(xi, .., xk)\rdFnhreedFnk"M 0<co (2.6)
» o1 »}* JR*
sup maz< v E(N\g(Xnit, Jr,ftyrk M 0<o00 (2.7)
n 1...n

andfor some 5 (0<5<d"), fi(n)=0(n <K+5%)5then we have

E(U¥))2=0(n-1y), 2™ p Nk, (2.8)
E(V\r')2=0(n-1~y), 1 (2.9)

where y = 2(3 —S")/d’(2 + S) >0.
Proof. It suffices to prove (2.8) because the proof of (2.9) is similar.

Also it suffices to prove (2.8) for p =2; the proofs for p=3,....,k are
analogous and are therefore omitted. We first note that

n~ Sgl,i/ih) *1 x2 df.

*12”n
Fni\t 1)) X.,.2s Jtj] AT112(r2))» (210)

so we have
E(UN)2= (n~")2 £ X AOi>%p(yirk)), (2.11)

where

A(h,*Z).O'i.A)):E ng!*‘Z)*l Q duUi « M] AmoL (1))

X - Fa,2(v2))|
* g2/, (VP v-) (vl > - F»,S ¥i))
A FoA>2)) @12
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and
£2 Y *1*X2)= Z J 2~ 1.2.-.%%) dF,,,(*3) *==d F nik(xk).
Q.2 K1
We deduce
a(h, 2 uija)= / /
LoD (B- T2N,1D)
><f£(<1 Jlr*~2 SCi,,*2,

X AFnij(oB) ===d F nik(xk) (d(1dXmli* X2l - F,,it(x1t))

X ¢(1c" 25 j2B — |

X W freo %‘>72» Wan}(y@ ——-d Fnk(yk)
X (diltxAnytj rd(-VI))

Xd(hxm?yiv  Fr2("2))}), 2.13)

since for any (&,,---, /*.)e/0s,,

-1 g(X,,-v2, xk)dF, i (x2)mmmdF nik(xk)
J»*-1

- F 1g(xi ,X2F ., xKk)dFni,(xi) dFnh(x3) *e=d F nik(xk)

+ gC*i. *2, Xk) dFnil(x,) ===/ 7,J.v¥)™ dF, (X)) = O, j= 1,2.
So from Lemma 2.1 we have the inequalities
@ IF1INM L, < RMNy»>I< g2 andy2 — 71 £ — =1 *then
7(C* 1»%*2 ) (Ji »™2))
| M'6 *AU2 -3 )
(3 = e f¥o> 22
nikl

= (/n{“- \)J MH™ +*>P<" R+6""ih-jXx) .1%9
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and similarly if 1~ /, <i2”jl <j2”~n and i2—it" j2—y,, then

[/ nw -\2
A(h,i2),UiejJ X yZfcL"')) + + (2.15)

Thus, using (2.14), (2.15), and (1.3), we obtain

JU 1.2 U\ h)) = <9(«2- (2.16)
1< |
Similarly,
JJ h [Pi 21 =o0(«2-1-) (2.17)
1 <1
X wi, »UILA)) =0 («Z-1-y) (2.18)
I((iv 2 (y *2) =0([izx"2). (2.19)

W
From (2.16)-(2.19) and (2.11) we have (2.8) forp =2

Lemma 2.3. Let {X*} be r.v's (with mean 0) which are strong mixing
with rates satisfying

A (a(m))<d(2+6)< 00 for some 5"> 0. (2.20)
m=>1

Suppose thatfor any K > 0 f/iere exists a sequence {Y*} ofr.v's satisfying
(2.20) such that

sup max |y~ ~ Bk < 00, VAT>0, (2.21)

neNe »<*<"

where BK is some constant > 0;

* - +s"'->
«SelIJ\FI)* 1(2/%)& E\X Y«\2+s"->0 as 00 (2.22)

<?,**)/ n—=C<o00 asn-—*00, where C is some constant > 0; (2.23)

Et (Y- E(Y*))2Zn->CK< 00 VK>0asn-+ooy (2.24)
<1

where CA/j some constant > 0;

r*

C * as AT-+ 00; (2.25)
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then n~12 I X*i converges in law to the normal distribution with mean 0
and variance C 2

Proof. From Corollary 1 of Withers [6], Lemma 2.3 holds if {A™*} is
uniformly bounded. Thus, VAT>0, w- 1227=i ~ 1£(¥%)) converges in
law to the normal distribution with mean 0 and variance C K,

Now denoting Z* = X% — Y% and using lbragimov [5], we represent
the sum Sn=n-12C~‘Q Xi X*) as Sn=S'n+S", where Sn=
n-"12CKI'Zi-x{Y«-E{Y«))CKC -1 and 5" =n~li2C~1 Z7-t(Z*-
E{Z*)). Then, using the well-known inequality on moments of strong
mixing sequences of r.v.’s [4, Proposition 83 and omitting the details of
computations, we obtain

E 5”2 2n~IC~2 o a(/))<S2+8) («-1)22+2s*

|_
x sup max (E |Z£ |2+6")2(2+<).

ne N* K » ««

Let =sup,,e N. max”",-N (E£|Z £|2+*)22+*"). Then, from (2.24), it
follows that

EI5"|2"23+8C -2~ X (a(/))SM2+$8)* Dk —0 as K-* oo.

For any e>0, we can always choose K so large that £|.S"|2<e and

|1 —CR/C 2\<e. If now f,,(t) = E(ei,s”) is the characteristic function of Sn,
then

\fn(t)-e- 227
b= yDCNCY) O Ee i S+ LLE 1M
N e + et2+ |e-("22)(ci-/ci)_ Ee*S')|

from the convergence in law of S,, to the normal law, the last expression
converges to zero as n -* oo.

3. Convergence of the U-Statistic and the V-Statistic

Let F,,,j be the d.f. of (Xni, XnJ), 1~ /<j~n, /I L

Theorem 3.1. |If there are two positive numbers S, S' (0<<5<<5'), such
that (1.3), (2.6), and (2.7) hold, and if, further, for any /, _/eN*, with i< j,
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there exists a continuous d.f F on R2 with continuous marginals F* and F*
such that

lim max IF A", x2)- Fy{xltx2) =0 forall (x,,.x2)eR 2

n—=+o00 171

(3.1)
and
Fy=F +1  forall i<j. (3.2)
Furthermore, if
f \g(xi,....xkK)\r FI dF(Xj)*M 0 < co, (3.3)
JI»’ y-1

where M 0 is some constant >0 and F= F*for all /e N* and g is right con-
tinuous and has left-hand limits (rcll) or left continuous and has right-hand
limits (lcrl), then nl/2(U(F,,) —0(Fn)) converges in lax to the normal dis-

tribution with mean 0 and variance k2a2 if <2>0, where 0{F,,) =n~"gOn
and

a2= £ S2*1, xk)n dF(x,)- d2F)J

2 Z f. 2(Fi» eeen**) S(xk+ 1, A
+ 2 Lz (*i ) S(xk+1, x ~)

xdFli(x],xk+1) n ¢Fix, fl  dF(xp)—02(F)1 < 40, (3.4
( )/:*2" ) N o (xp) ()J go. (3.4)

where O(F) = Jn*g(xt, ..., xk) n#. i dF{x,).

Note. The condition (3.2) implies that the limiting distribution F/"ix, >

of some random variable, say (Xit Xj) is such that the marginal d.f. Ff of
Xi are identical to F,* (= F) for all ie N*

Proof We rewrite (1.1) as

U{Fn)=n-t*1 Zz P w>3%) f
<i...")elo.« >=

:O(F")+ z Q) U“D)_

From (2.8) of Lemma 2.2, it is sufficient to prove that nl 2U Ji>converges in
law to the normal distribution with mean 0 and variance a~.
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From (2.2), we note that Uf@l)=n~1£"«i A'*, where
Jrs - ° («a<”™,))-JRg'&M dF,,,(x,)y

To prove the assertion, we have to show that {X *} satisfies the conditions
of Lemma 2.3. Note that (2.20) comes from (1.3) for 6<06"<6'. Now
define Y * for any K > 0 by

(@-**)€/. ()
x ( f gx(Xni,x2, x k) n dFni.(X])
\ Ixk~1 i-2
- f gK{xXJ...xk) n dFAixJdFAXi)), (3.5)
7—2 /

where g* is defined by

i* if \g\*K
* (0 if |~ > AT (3'6)

Then sup,6N. maxlIsSilSn | Y *| «S2AT which proves (2.21).
We now prove (2.22). Setg~K= g —gK. Then

(E\X*i-Y ~i\2+8')1i2+6>

<W-C*-n £ (rf 21+a ff gK(X}  xk)loa
4...<>/,..t0 V »

+ {R *2. SAfO2+& m (V)
X JI IFn, iv. dF (V,
y-2 /
From (2.6) we deduce

Mr.
(E\x;, - r~ 1~ F>< 22% J- . 0 as Af”roo,

K?2 -

where (2 4-<5")(1+ e)= 2+ <5 and (2.22) is proved.

To prove (2.23) and (2.24) we first prove the following lemma.
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Lemma 3.1. Let h: [R*—=»1Rbe a function such that h is rcll (or lIcrl) and
suppose that

n

sup (’1<13€{j_ *Jfr* Vh(xli..., xk)\r Y{!dF,, i,(Xj)<M<co G.D

J‘g*\h(xly...,lx*)lrn dF (Xj)<M <00, 3.8

where M is some constant > 0, then

lim max (n-v-nyf z £
n—+ao 1< i|<i*+|~n \ (/2~,)e<)€/|(((ll) (I*+2 '2*)€
X  (h®h)(xt, .,*2%

n - dFnij(xj) d¥nduikH(xi, xk+,) )
Ualis

- fipn F®A) (X, ..., Xjfe)
x n  dFE(x/)dFhikd(xI,xk+I) = 0. (3.9)
>J:'°-1-1
Proof. From (3.1) and (3.2) it follows that (3.9) is true if h is a step
function. For any .£>0, we define the function hK by

th if i/.1a
[0 if \h\>K.

As hK is rcll (or lcrl) and bounded, it is well known that hK can be

uniformly approached by a step function. Let e> 0. Choose K sufficiently
large so that

fM2 M 1 e 3.10
K' '"Kr 10)

Then, there exists a step function gf such that

su \hK(xIt..,, .r*)-g*(.xt, ..., xk\ <-£ 3.11
S0P, K )-g*( ) <-£p (3.11)

and there exists NOeN such that Va”™ NOt
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m a X H#Ic*|3)*(
I=Si, <,* +,*£» | \ (2. «*)6/' () (+2.. 12*)G/I (7%+])

(g?®g?){XIt..yX2k)

x 11 dF cFa,  [(PL»*+ 1) 3
ik +1

o+ < Xly. 21

di Ui X h1 <6/3. (3.12)

From (3.7), (3.8), (3.10)—3.12) and the decomposition h®h = h® h—
h® hK+ h® hK—hK® hK+ hK® hK—hK® g* + hK® g* —g* ® g* +
gf ® gf, we deduce that V«” M\,

“max (/i*c*” I])2(
I<ii<(* +iSn \ (2. |ﬂe/ () WK+2... dﬁeﬂqﬂ*+g

xJ(h®h)(x,,...,th) n  dFni{Xj)
j*k+ 1

X +1)j - ft® A)(xI, ..., *2¥)
X n  dFXj) dFilik+i(x1, .x*+))

M 2 Al e
<r -Il+r - 2+ 6/:+ 6 x+£/

As e is chosen arbitrarily, (3.9) is proved.
We now prove (2.23). Denote

P()=f g2-v, .. v¥) I dF(X/)-0 2(F)
JR* /-1

Pdﬁi’f o ) E(<* +1,..., V) I/F,,(V,, VE+ )

xn dF(x) n A )-fl2F), V2
2 J

[=2 p=k+
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sui)=J (N, (N))2dericd)
- ( R(FE(*i> dFM(x,)\,  ViSs 1,
itfhi) =2J (s$(*i) g\ZI(yi) dFAji+I{x,, >>)
-(i"(gVUxidF~x,))

*(J,,g(v Kyi dFn igyi V(,j) e N*J , icy.

Then,

KC?2,*#)"

2z z Msy) - £ o)

= (-1 -13R7 1 ij)—— 1 ("-Op<o

n i=\

+ 7 IpO+1 Z Ip
i-n+1 /=1 k—i
= Mn I+ #»+ Cn-

From property (3.9) of Lemma 3.1, it follows that \A,\ -*0 as n—-co.
From (3.3) and the well-known inequality on moments of strong mixing

sequences of r.v.’s, we deduce [p(/)| ~(a(i))*7(2+*)(jW0)2/(2+*) which implies
B,, =0 and C,, 40 as n—o0 by using (1.3). (2. 23) IS proved.

The proof of (2.24) follows analogously, and is therefore omitted.

Corollary 3.1. Under the conditions of Theorem 3.1,
nl2 |U(F,)) —V(Fn)\ =40 in probability as n—*o0

Hence nl/2(V(F,,) —d(F,,)) converges in law to the normal distribution with
mean 0 and variance k202 where a2 is defined in (3.4).

Proof. From (2.2) and (2.4), we have nil2{U")—VII})= 0 P(n~1/2),
EiVA™n-~gZr, and, from (2.1) and (2.3),

nY2(8(F,,) -n~ ~g~n)=0(n~ ,/2),
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which implies that nl/2(V]J)—O(F,)) converges in law to the normal
distribution with mean 0 and variance a2
On the other hand, since

EIFn)=0(F)+ T Q f< and K(FI=n~~gtn+ f Q v<f\

we conclude (by using properties (2.8) and (2.9) of Lemma 2.2) that
n12|i/(F,) —K(F,)| =0 in probability as n—¥00.

4. Convergence of the Rank Statistic smm

From now on we assume that Fni = F, for any i (1 <i” n). For any real
number x, define //,,(|x|) and ym(x) as

1,7 =F,,(xD)-F..(-1*1), rnU)=/d™"™I]- « noxn-

Let
XIm.,——=-TT {(m- 0 )+ 1}
AlL i
Zn m + | m+ 1 Yn Xni).
11

Let F be a df. on IR and define the df. H on IR+ by //(|x]) =
FAdAD-Fi-Ixl).

For a score function J(u) which is square integrable put

V,,=nAFn)= an 5(.v)y(/In(|x]) dF,,(x). (4.1)

For h defined in (1.4) put

m m /j
Him=Hn E Oi=Hn E MV-" p o Dw<#l, (4.2)
=1 i=1
For any sequence of d.f.’s {F,,; 2} on R2with marginals F, we denote

R({F|.})= Hit "g20) dF()+ QZIIa*E(*) 00)¢ 174, v)  (4.3)
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if the limit exists, where

*<*)y =1 s(y){litx®» My -H (\y\)}J'(H(\y\)dF(y)

+ s (x )/ ))-F s{y)I(H{\y\)dF(y).

For every n” 1, let

0 for t=10
von(t) for t= k/n,k=\,...,n (4.4)
(linearly interpolated for te[k — 1/n, kin~\, k = 1,..., n.

where a is the positive constant defined in (4.3).

The process V,(t) = {Vvn{t), O~/~1} belongs to the space Cx of all
continuous functions on [0, 1] with which we associate the usual uniform
m etric.

Now we give the following theorem which is a generalization from the
stationary case to the nonstationary case of Theorem 3.1 in Yoshihara [9].

Theorem 4.1. Suppose the sequence {X ni} is absolutely regular with rate
(1.6) and the sequence {/',} satisfies the conditions (3.1) and (3.2) of
Theorem 3.1. Let J be a scorefunction having a bounded second derivative. |f
<t2({F u}) defined by (4.3), (below) is strictly positive, then Vn defined in
(4.3) converges weakly in the uniform topology on C, to the process VO =
{Vqu) ' 0" t< 1}, where

Vo(t) —f h{u)dw{u\ O 1 (4.5)

and W = {W(t), 0~/ "1} is a standard Brownian motion process, and

J2({F1/}<00.

Proof We need at first some lemmas. For any n (n” 1) and for any i
(L~ i” n)let

AL —)  O{"AIkI<]¥} Hn(W)}JI (Hn(W)dF,,(x)
+ {s{Xni) J(HN(\Xni\))~ E{s{Xni) I{HM\Xni\)))}. (4.6)

It is obvious that E(Ani)= 0.



196 HAREL AND PURI

Now we consider the process L n(t) defined on C, by
/07 _ N
L,,(t)=n I/2\/)__<1An|-(nt-|>OMnoo +1) (4-7)
where [wi] denotes the integer part of the real number nt.

Lemma 4.1. Suppose that {Xni} satisfies the conditions of Theorem 4.1.
Then, the process L,,(t) converges weakly in uniform topology to a Gaussian
process LO(t) with trajectories as. in C, with mean 0 and variance
[<2({Fw}), where ff2({iri,}) is defined in (4.3).

Proof. The process L,, defines a probability measure P,, on Ct. From
Theorem 8.1 of Billingsley [2], we have to prove that (i) the finite-dimen-
sional distributions of P,, converge in law to normal distributions and (ii)
Pnis tight.

First we prove (i) which is equivalent to proving that z¢_- XilLn(t,)
converges in law to a normal distribution for any peN*, any t, e [0, 1]
and any e R (l</< p). Without loss of generality we can take p = 2 and
suppose that /, <t2.

As J and J' are bounded, the sequence of r..’s {Ani} are uniformly
bounded and we have

2 ron3
I U, (0 =«x-12 Z A,+A2)N
/=1 ( ¢ L i=i ( )7
x2An t nt  n. [n
T 1 [n en. w1
+ (nt2—[h/2])/T, o-27 w15 (4.8)

We define the sequence of r.v.’s {Bni} by

r(A,+A2)™m if »<[«/,]

= < A An if [«/J <IN [«l})] (4.9)
lo if i>[«/2]
and then we have
1w n
t /) =n B> 10PN W2 (4.10)
=i i—

From Lemma (2.3) we have only to verify (2.20) and (2.23). (2.20) is
immediate from (1.6) for <5"">§.
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Now we prove (2.23). We have

I« A2 1 L / C"i3 \
E(Z S*) In=n\}X"+XJ2( | | E("4<Ax»j))
Al ! \
+(A|+A3A2(ZZ [§<_23 £ {AniA n)\
I— y—«/i3+i '
Off7 [e3
+ ai I uni A n) (4-ii)

zZ
«OCB+1 y—C«i3+i

As the { * 4 are uniformly bounded, for any 57> 0, we can find a constant
M >0 such that

:](A,+A3A2(?_(:3 22*7] E(AniAnj)!

ol] 3
- j-0 i3+l

Sy i) MOTL

(4.12)

From condition (1.6), the last expression converges to 0 as n->o00 for &'
sufficiently large.

It remains to prove that (I1/zOSf-i3 Zy-il E(AniAn) converges to some
finite constant.

We first prove the convergence by replacing J”and J in the expression of
An in (4.6) by indicator functions such as J(t)=/[<,<,an™ */'(*)=
/ [fl aSi<fc.3 and we then can write

A, =f d(F,,.H-'U)) - r 1d(F,,-H-"U))

J(a‘v /1,(ljr™l)> a b’ a'
-t d(FnoH:u))

a VI, (Délya b-

Al
HEOIMFnol/* () + soxninti gy s 1x Al

1a

d(F, ¢ ») - "d{F ,°h V)

Ja Ja

where //*(/)=» —=/-+(/).
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Denote

An(-2m) — s{Xni)l[a« //<ilA'mIX A]

T G{ENO/-»(*)) + ] d{FnoHX{t))

and C,,i(|Xni\) = Ari —Dni(Xni).

Let be the d.f. of (\Xni\, \Xn}\) (resp. F~,, of (\Xni\, Xnj) and ¥ \ W of
(X,,it\Xnj\)) and F& (resp. F~ and F?) be the df. on R+ xR+ (resp.
R+x R and RxR +) defined by Fy(c y)=Fy(x, y) —Fi(—X, y) —
Fy(x, -y) +FO(-x, - y) forany x*O, y O (resp. F“(;it, y) = ¥v(X, y) -
Fu(—x,y) for any x*O, ye R, and F£(;c, y) = Fy(x, y) —F"*x, —y) for
any xeR, y”~0) and (/,j) e N*x N*, where /< ]j.

We then have

E(AnAN) = j‘q oe ij ~ Cni(x)Cn)y)dFntU(x,y)

+J f Dni(x) D,,j(y) dFnij{x, y)

— Q0 + — co

+f  f  C,(x)Dn@)dFI,IX, )

Jo J—co

+ f f Dni(x) CnXy) dF8ai J{x, y).

J —oo0 JO

By using properties (3.1) and (3.2) and the following inequality
\FnoH -I(t)-FoH-I(t)\"\F,,oH-I(t)-FoH-\t)\
+ \F° —F°H o1

which implies
sup \FnoH -\t)-FoH - I(t) 0
u

we deduce that
Jim - max \E(AnAR) - f+° P * C(x) C(y) dFO(x, ¥)
-» ] »0
-f row~)dF yQ@cj
+Q
r cx Dy ¢F. y
—@

- f* +OCF+C(Z)(.X)C(y)AF2(.x, y) =0,



U, V, AND RANK STATISTICS 199

where

C(.x)=f d{F°H~1lit))- f* td(FoH~I(t)

(a" v H(x)) a b’

f d(Fo H*{t))+ C td{Fo H*(t))
~a' v /(X)) a b a'

D {x) L, ((9h<i>] - f d(F° H ~1(t)) + \bd(Fo H*(1)),

where H * (t) -H
We obtain a similar property if J and J' are replaced by step functions.

As J and J’ are continuous, we can uniformly approach them by a step
function and we deduce that

lim max \e {AniA nj) -
1

w-*00

(Vo f  Cx{x) C*(y) dFij{x, y)
VO Jo

0w
+  C* *{y) dF)j(x,

Jo Lj_P et briy) dRix. y)

N
poo poo

?*(x) C*(y) dF*>

-0 JO
+ P D*(x) D*(y) tIFijix, y)) 0, (4.13)
J—@ ) - j
where
C*(x)= \+C s(y){Hx<M1-HOYOII'(HOY))dFLy),
and

Z>*(x) = i(ic) 1(/1(1.v]))-£ +° I(H(x)) dF(x)
+ fAJ(H(-x))dF (x)}.

If we denote

p(l)y= f+oe (C*(:t)2iIH(X)+ f+° (D*(.x))21/F(v)
(0] J- en

+ 2 J|'+CQ:C(|.V|) D(x)dF(x)

—00
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p(0 =2"|or* jOHC C*<*) C*(y)dFu(x, y)

# P22 T4 d% (%) H() ¢ F If(x, )

—® —0
+fJ CH(x) D*{y) y)
%2 10+ C*<>dFR(x, ),
we can write
i on] c«'i] rw/,i +*
i £ £ £ ptf)
N =l >«i i= 1
rw i 1 0On3-1
< | I (p(HEUM n,+()
« C«'1] ,=0 y=1
v ] | (C«ii]-0p(0
« C«'i] = P
[« p(oi+ N L3 @ o
M 1=z +1 n =1 k=1
= Mi» |+ + Cmo
where
if 1=0
/
?(r>: if /#0.

From (4.13) we deduce that ~, 1”70 and from the inequality on
moments of strong mixing sequence of r.wv.’s we deduce |p(0I~"
(=x(@))afi2+a’)M for some constant M > 0 which implies that B,, =0 and
C,,-*0 (as n-*00) by (1.6) for 5" > It is also immediate that

cl g PO-f. <(£,g)) 0 as (4.14)

We conclude that (IAOZi"11 XJ"'11 E{AniAni) converges to ii(l,=T P(0)
as n —¥00, where Z,=T P(/) * equal to ff2({Fw}) defined in (4.3).

From (4.8)-(4.12) and (4.14), we deduce that EC"j* t/.,L,,(t,))2 con-
verges to”"U, + A)2tfo2({F 1(}) which implies that X/= 1'-iLn(t,) converges
in law to the normal distribution with mean 0 and variance

NA, +1.2)2KIF({F,,}) and (i) is proved.

<V *i)J
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To prove (ii), we have to verify (cf. Billingsley [2]) that Ve>0, 3rj>0
(0< < 1), and an integer NO such that V«”~ NO,

P\ su L, (0 - 2se] iSe' 4.15
LU 1L ] (4.15)

which follows by using Theorem 10 of Doukhan and Portal [4], Lemma 2

of Balacheff and Dupont [1], and routine analysis.
We now consider the process Ln(t) defined in C, by

[ «3
L. =n~121 € cniam-c,, ,cf + (w/i—[«/])

e ({FAV L (4.16)

Lemma 4.2. Suppose that {Xni} satisfies the conditions of Theorem 4.1.
Then, the process Ln{t) converges weakly in uniform topology to a Gaussian

process LO(/) = h{u) dfV(u) with trajectories as. in CI5 where W is a
standard Brownian motion process.

Proof. From Theorem 1 of Yoshihara and Negishi [7] we have to
verify that Ve> 0

lim limsup P max 4 -1 VAl =0 (4.20
Jim,tim sup P N4, Tu ]=0, (4.20)

where X, is any set of real numbers, n=sWxpit]i and M =

sup,, maxu/in £(ydJ(02({Fu}))-1). By using Theorem 10 of Doukhan
and Portal [4] for g= 2, we have

¢ (z AN C4(a){Mktj + M X 2tj2)
which implies from Theorem 12.2 of Billingsley for r}~"n~2 that
P 1 max N MJn ~Ke~4(M-3+M -2)n32 (4.21)

Since the right side of (4.21) converges to zero as rj—0, (4.20) follows.
Now we proceed as in Yoshihara [9]. As the score function J possesses a
bounded derivative, we have by the Taylor expansion

N I(X m -2 5, N, ] +xZImJ'(nnm), (4.22)
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where

Un 7./ - m, i

We note that

1

m+ 1

I3 t,m,i Hi Xl 1)1

So from (@4, (41D, 46), and (4.22) it follons (omitting the routine
computations) that

&nm —Hn,m ~ Z Crianl SSUNL+M, £ Z%ml+ M2,
i= /=1
where M y and M 2 are some constants >0, M0 =sup,6]0 \J"{t)\ and
J m m r
Nz — r i I Cl 5(™,){/cmii™ Wil
m 1i=17=1 L vl
j*i
Hn( Xni }J\H, (\Xn

JrJ” [I*«l Fun Hn{\x\)}J (H (w) dFn *);
Lemma 4.3. Under the conditions of Theorem 4.1, we have

2?(IKm2) = 0(1), £(|JKml[4)= 0(I). 4.3)
Proof Follows using the same technique as In Lemma 2.2

Lemma 44. Under the conditions of Theorem 4.1, we have

L, 7 om 1) @.2%)

i 0(m -1/2). 4.5

Proo/ Put g;(x, Y)=/Q%*M] - //,.(l.v]). Let IS (~MNM) (r=1,3;
5= 1, 2) be mutually different positive integers. Reorder {/,,} as I<A:; <
K2< eee <K(*'M. "and put £111;=, g(AiA, X gr(XnJ}, X0l =
HLOGIK, X, K =M (/;., A-6) T

Let AU be the cth largest difference among K/+, —Iq (= 1,..., 5). Since
! >') dF,,{X) =0, we deduce from Lemma 2.1 that
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M(klt... k)" K £ Wij'+1-kjJ,
( ) £ J J

where K is some constant > 0 if for someja (1~ ja<5), kUtX —kX = dia)
(L~ a” 3). Consequently,

Loxo MK, KK U 2RI

where K’ is some constant >0. From (1.6) we deduce X/Li (J+ 1)2fi(j)
< + 00.

Using similar arguments we estimate the sums in the other cases and
obtain (4.24). (4.25) follows immediately from (4.24).

Lemma 4.5. Under the conditions of Theorem 4.1, we have

Ve>0, P[ sup 1V, (t)—L,, () >e] =0 as n-—¥o00. (4.26)

re [0,1]
Proof To prove (4.26), it is sufficient to prove

PJ max m-n,,.n, ~ X cniAn ~ 3enl/l2 "0 as « —cCo,
|1 /=1 J

for every e>0, which follows by using (4.23) and (4.25). (Since the method
Is the same as in the proof of the Lemma 3.5 of Yoshihara [9], the details
are omitted.)

Theorem 4.1 now follows from Lemmas 4.2 and 4.5.
Define the score function J,,(u) by

wf =8, 0 e

nfn + 1) otherwise.

Corollary 4.1. |Ifthe conditions of the Theorem 4.1 are satisfied except
that the scorefunction J is replaced hy J,, in the expression of  mdefined in
(1.4) and if J is twice differentiable and satisfies the condition

[3"(W\ A~ Mnli2~d if n—;—lfor some ¢(0 < O< -2, (4.27)

where M is some constant >0, then the conclusion of Theorem 4.1 remains
true.

Proof. Same as that of Theorem 3.2 of Yoshihara [9].
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Statistique/Statistics

Comportement limite de la U-statistique, de la V-statistique
et d’une statistique de rang a un échantillon pour des
processus absolument réguliers non stationnaires

Michel Harer et Madan Pijri

Résumé —La convergence faible des U statistiques et V statistiques fut établie par Yoshihara [2]
pour des processus absolument réguliers et stationnaires. Par la suite Yoshihara [3] a montré la
convergence faible d’une statistique de rang a un échantillon sous des conditions similaires. Dans
cette Note, nous étendons certains résultats de Yoshihara aux cas non stationnaires.

Limiting behavior of Ustatistics, V-statistics and one samplle rank order statistics
for non stationary absolutely regular processes

Abstract — The weak convergences of U and V statistics were established by Yoshihara [2] for
stationary absolutely regular processes. Later Yoshihara [3] also proved the weak convergence of one
sample rank order statistics under similar conditions. In this paper, we extend some of Yoshihara's
results to the non stationary cases.

1. Introduction et notations. —Soient Xn, 15(i3n, n~1 des variables aléatoires
réelles avec des fonctions de répartition continues Fni(x), xe IR La fonction de répartition
de la variable aléatoire (Xnl, ..., X, a valeurs dans R'" est notée F,,.

Dans la premiére partie de cette Note, nous étudierons le comportement asymptotique
de la U-statistique

\ -1/
(1) UF (1) 2> (*nil, ..-, X mg nAkAl
(n)
ou la sommation £ recouvre toutes les inégalités 17ij < ... <ik"n etg : IR"—= IRest une

©
fonction Borel mesurable qui est symétrique dans ses k (kTz 1) arguments.
De I’étude de U (FJ, nous déduirons le comportement asymptotique de la V-statistique

n n

2) V(F,)=n~k Z eee 1 g(Xnil, .. Xnk
H=1 k=1

appelée statistique de Von Mises.

Les propriétés de convergence sont étudiées quand la suite {Xni} est absolument
réguliere avec le taux

(3) P(m)=0 (m~<+s48), 8>0

(pour une définition de I’absolue régularité voir [2]) et quand la fonction g vérifie les
conditions d’intégrabilité suivantes

4) sup sup Is(*  xk 210 Bri g x 00

(5) sup sup E(lg(XmV ..., X m|248")<co
(il ................... . nil n)k

avec 0< 6< 6"

Note présentée par Robert Fortet.

0249-6291/88/03060625 $ 2.00 © Académie des Sciences
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Dans la seconde partie de cette Note, nous étudierons le comportement asymptotique
de la statistique de rang a un échantillon m

() cfSIXJjQ/ +1/ «S

ou J est une fonction de score dérivable, s(x) = sgn (x) et les cni sont des constantes de
régression définies par une fonction continue h(x) sur [0,1] comme

7) ci=h (-\ n™l

et R,,,mi= Jle[x,hJisix,,”]’ * 1N gn &u Jt , désigne la fonction indicatrice.

Nous supposerons aussi que la suite {X ni} est absolument réguliére mais avec le taux
(8) p(m)=0(m-*).

La convergence des U-statistiques et V-statistiques furent établies par Yoshihara [2] et
aprés, pour la statistique de rang, aussi par Yoshihara [3] mais seulement dans le cas
stationnaire.

Par la suite, Denker et Keller [1] montréerent certains théorémes limites des statistiques
mentionnées ci-dessus pour des processus qui sont uniformément mélangeants dans les
deux directions du temps. Dans cette Note, nous étendons les résultats de Yoshihara du
cas stationnaire au cas non stationnaire.

2. Convergence de la U-statistique et de la V-statistique. — On définit gOn par

»

9) g0,,.= Z g(xu .. xKd¥nil. ..dFnk
(il, ..., ik elo,nIMk

~

QJ
lon*“ {Oi? e’ h)i 1= *~" ~“h=n}
et on note F,, ¢} lafonction de répartition de (Xri, X n\ 17i<j~n, n~l.
Théorgne 1. — on suppose que les conditions suivantes sont satisfaites :
(a) 1l existe deux constantes 5, 5/(0<5<8/) telles que ), @ et () soient vérifiées.

(@) Pour tout meN*, il existe une fonction de répartition continue G msur R2 avec des
marges continues F* telles que :

(10) um max |F » X2)-Gj_i(x1 x2)| =0
B-+QO0

pour tout (xx, x2)g !R2,

(H) f olog(x, .. xjl2+8n d¥(xj)<co
JRK =1
ou F=FJ.
(c) g est continue a droite et a des limites a gauche ou est continue a gauche et a des
limites a droite.
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F.) —O(F.)) anageala \as ladsnbuion ande cenoarendle
et \dia®e léa(z s% ct2£0 )%]]O(F,,) = Vnngo,, &

13 2= Xt di , e2
(13) a Tx1°% X _ 910 (FI

2 1 [fs g(xt, .. xtg(xec+y .. )(29CG(X|,)<|('|'i)1r:12<fF(x,)

n dF(xpP-02(F) < oo

p:k+2

ol O(F) — g(Xi, . )®rld|:(x)

NIe — La condition (10) implique que pour tout m2: I, F*= Ff( = F).
coronaire 1 —I1Blsardiiosditreoe®l
nl2|u (F,) —v (Fy | -0 eyadEdliteq.atn-—ow.
Pr cosat nu2(vn(en—o(F,)) anace en la \as la ddrilbuion ronde e

noarerlled aiate k2a2alaZes cHir en(1a).

3. Convergence de la statistique de rang s, M —Maintenant nous supposons que
Fri=F, pour tout i(1™i7n).

Pour tout nombre réel x, on définit H,, (|x|) par

Hn(|x[) = Fn(|x[)-F ., (-|x]).
Soit F une fonction de répartition sur IRet on définit la fonction de répartition H sur

Re par H(|x[) = F(|x|) —F(—{x]). o
Pour une fonction de score J(m) dérivable et de carré intégrable, on note

(14 ()= T 5093(H.( ) HW).
Pour Ndéfinie en (7), on pose

(15) | £ oan=n g oh - m rgn,

) - -

(19 (p(x)= f sO) {I(, |8 yn- H([>[)} I'(H (ly NdF(v) +s(x) I(H([x]))

T sGIH( V) VFE)
Pour toute suite de fonction de répartition {Gm N 1} sur R2 de marges F, on note :
17) s2qGmp)= lim  q2(x) 0Hx) + ZiEi Tsz (PC)(P(Y)dG,(X, )
s la limite existe. |

Pour tout 1, soit
(18) V(1) = (@n) ~R[A, [+ (M- [m) Anl,.,+J
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ou cr est la constante positive définie en (17), Ani= f X et [ni] désigne la partie
entiére de nt.

Le processus V,,(t) = {V,,(r), 0?St5i 1} appartient a I’espace Cx des fonctions continues
sur [0,1], auquel nous associons la métrique uniforme.

Theoreme 2. — Supposons que la suite { x ni} soit absolument réguliere avec le taux (s)
et que la suite F,, satisfasse la condition (10) du théoréme 1. Soit J une fonction de score
ayant une dérivée seconde bornée. Si cr2({Gm}) est strictement positive, alors V,, converge
faiblement pour la métrique uniforme sur Cj vers le processus V0= {V0(f), 0~i<I } ou

VO(i)=\ h(u)dV/(u), O™i™ lei W= {W (1), 0<i<; 1} est leprocessus Brownien standard,

et on a es2({ Gm}) < oo.
On définit la fonction de score J,,(u) par

J(u) si O™Mun
Iy = n+ 1

autrement.
n+ 1
Corollaire 2 — On suppose satisfaites les hypothéses du théoréme 2, si ce n’est que la
fonction de score J est remplacée par J,, dans I’expression de <5,met dans le calcul de ¢ 2,
que J est seulement supposée deux fois différentiable et qu’il existe a(0<a<1/2) tel que
supnx~12 sup |J"(u) | <oo. Alors la conclusion du théoreme 2 reste vraie.
n OMu”rn/n+ 1
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1. INTRODUCTION
Let Xni, I<i<n , n>l be real—valued r.v.'s (random variables) with continuous
d.f.'s (distribution functions) F .(x) , IR, and let F denote the d.f. of the IR—valued
r-v. (Xnp...,Xnn).

Consider the U—statistic

(nl

U(Fn)=® 1 Xni Xnk > (1.1)

n
where the summation (S) extends over all possible I<i, <...<i,<n and g : F§<-’1R is a
(1) 1 k™

Borel measurable function which is symmetric in its k(>l) arguments.

Consider also the one—sample rank order statistic n
1
m R _
. m.ix - .
Yam® 1 cm (Xni)) mg o T 42>

i=1
where J is a score function, s(x) = sgn(x) and the cnj are regression constants generated

by a continuous function h(x) on [01] :

i y m .
cni = »(;) . I<in n>l Rnilsi = 2 I[)x L|<|X ], <i<md] (1-3)

where IFj denotes the indicator function.
In Harel and Puri (1988), we studied the asymptotic behavior of the statistics
U(Ffl) and m when the underlying r.v.s are nonstationary, absolutely regular with
rates
[2(m) = O(m (2+7)/™) for some ¢>0 (1.4)
in the case of the U—statistic (1.1), and
Am) = 0(m~") (1.5)
m the case of the one—sample rank statistic (1.2). In this paper, we provide applications of
some of the results of Harel and Puri (loc. cit.) for some Markov processes as well as
\RM A processes.

For the ease of convenience and easy reference we state the two main results from



Harel and Puri (1988).
THEOREM 1.1. (Convergence ofthe U-statistic). Let Fnjj be the df of
(Xnj,Xnj) , I<i<j<n . Suppose that in addition to the assumption (1.4), the assumptions

(2.6) and (2.7) of Harel and Puri (1988) are satisfied. Furthermore assume that for any

LJSN  with i<j , there exists a continuous ifj FS} ,- < with contin ous marginals ;
and Fj such that
0
limmax [F . .(XMXN-FAXAMXN =0 forall (x™x™elR and  (1.6)
iHool<i<j<n nllJ 1 z U 11 1 z
Fij = Fi,j-i+i f°rau 11-7)
and
f FK
|6(Xp ...,xK) | dF(x-) <M0 < @ (1.8)

Rk jo
where MQ is some constant >0 and F=Fj for all idN and g is right continuous and

has left-hand limits (r.c.t.i.) or left continuous and has right-hand limits (tc.v.t). Then

n2(U(Fn)—O(Fn)) converges in law to the normal distribution with mean O and variance

kV if ir>0 where 0(F)=iTM £ Jbs(xr--.xk)dFm '-dF1li. whm V
........... k>€lo,nR 1 k
= {i1,,ik);I<ii#-.-"k<n} ,
k (ON)
= [J g2(xp-,xk) n dF(x")-~(F)] + 2 £ [ 2kS(x1,-,xk)g(xk+1,...,.x2k) (1.9)
Pk B i=PK
k 2k

dFIi(X4 ' X41) i 12 dFPp Hk + 2dFOR>- A (FM< »

Kk
where O(F) = ~kg(xIr..,.xk)*ndF(x") .

We now assume that = Fn for any i (I<i<n) . For any real number x , define
Hn(|x]) as Hn(|x]) = Fn(|x[)-Fn(-|x]).
Let F bead.f. on R and define the d.f. H on(R+ by FI(|x|) = F(|x])-F(-|x]) .

For a score function J(u) which is square integrable put

= H,(Fa) = |s(x)J(HN(|x | IAF~x). (1.10)



For h defined in (1.3) put

"nm="n1l cni="n1l >()- mSn' (1.ii)
i=1 i=1
For any sequence of d.f.s {F"; i>2} on  with marginals F we denote
n

IR = lim{ @()dF(Xx) + 23 f g(x)g(y)dF1"(xy)} (L12)
"0 R 122 iR
if the limit exists, where

g(x) = SOYL\IXI<Iy [T- HCly DX (H(ly DdF(y) + s)I(H(Ix])  s()I(H(yDdF(y).
R

For every n>l | let
for t=o

-
V,,(t) - (Gnh,k-/in k)/<n* for t=k/n, k=I,...,n (1.13)
L linearly interpolated for te[k-1/n,k/n], k=I,...,n

where a is the positive constant defined in (1.12).

The process V (t) = {Vn(t),o<t<I} belongs to the space Cj of all continuous
functions on [o,1] with which we associate the usual uniform metric.

Then, we have

THEOREM 1.2. (Convergence ofthe rank—order statistic). Suppose the sequence
{Xni} is absolutely regular with rate (1.5) and the sequence {Fn} satisfies the conditions
(1.6) and (1.7) of Theorem 1.1. Let J be a score function having a bounded second deriva-
tive. 1f a ({F-y}) defined by (1.12) is strictly positive, then Vn defined in (1.13)
converges weakly in the uniform topology on to the process VQ= {Vo(t),o<t<I} where

V,,(t) = h(uwdw(u) , o<t<l (1.14)

0
and W = {W(t),o<t<I} is a standard Brownian motion process, and $“({F~} < oo.

2. APPLICATIONS TO MARKOV PROCESSES AND ARMA PROCESSES.
2.1 Markov processes.

Consider a sequence {Xnj;ie2} of IR-valued processes such that for all relN



{Xnj} is a Markov process with stationary transition probabilities Pn(x;A) where Ae$,
3 is the Borel a—field of R, and xR .

Recall that the Markov process is geometrically ergodic if it is ergodic and if there
exists 0</?n<I such that

llp ™(x;-) -/*n(*)Il =0 (0 forall as. xR

where ||| denotes the norm of total variation. (pn is called the rate) and P™ is the
m—step transition probability.

THEOREM 2.1. Let {Xnj;ieZ} be a Markov process such that for every reIN*,
{X i} is either (a) aperiodic, Harris recurrent and geometrically ergodic with rates
0<Pn<P0, /M6(0,1) or (b) aperiodic and Doeblin recurrent.

Suppose there exists a probability measure fiQ on IR and a transition probability PQ
such that

A((—=>X]) — PO((—eox]) as nx» (2.1)

for all xelR .

PN (-">Y]) —p0(->»y]) as n™» (2.2)
for all (xy) 6 R.

Then for a junction g satisfying the conditions of Theorem 1.1 and for a U—statistic
defined in (1.1), the conclusion of Theorem 1.1 holds.

Also for a score junction J having a second bounded derivative and the process Vn

defined in (1.13), the conclusion of Theorem 1.2 holds.

Proof, (i) Suppose (a) holds. From Theorems 1.1 and 1.2, we have to show that
the conditions (1.6) and (1.7) are verified and the sequence {Xn”} is absolutely regular
with the rate (1.4) or (1.5).

From Nummelin and Tuominen (1982), a Markov process which is aperiodic, Harris

recurrent and geometrically ergodic with rates pn , satisfies

NP n(x;-)-Mn(-)l1"(dx) = 0( O -
U



From Proposition 1 of Davydov (1973) we have

. m/
[2(m) = sup* |pm ;dx)
relN n()( Vv K
R
and we deduce that the sequence {Xn-} is absolutely regular with a geometrical rate pQ

which implies (1.4) or (1.5).
We now show that (1.6) is satisfied. For any n>l , it can easily be seen that the
d.f. Fnjj has the same marginals Ffl ,say. For any m>| , let P~1 be the m—step
transition probability of PQ.
Let Gm be the d.f. associated with the probability measure Qm where
QM (Ai XA = PMocdy oy @)V (Ap A2)EA2 .

Al A2
For any (i,j)e(IN )2 with i<j , we consider the d.f. F-j defined by F* = Gj_j . From the

definition of F.J , it is clear that the marginal d.f.s of F.. are identical. We denote them
by F .

Let (x)y)elR be fixed, and note the following inequality

IFnaix’y™ Fi/Xy)1l- Fn,ijixy) “ FnWFnW | + IF,(X)-F(XX)IF,,M

+ FOJIFn(y)-F(y) | + [F x.yHXXMy) | . (2.3)
As the sequence {X”} is absolutely regular with the geometrical rate pQ, it is also
strong mixing with the same rate and from the definition of strong mixing we deduce that

V>0 3m@N such that V(ij)e(IN )2 with i<j and j—+>mQ.

IFn,i,/Xy) - Fn(x)Fn(y)I< o ~e/4 (24)
where A is some positive constant, and from (2.1) and (2.2) we also obtain
IFjj(x>) “ F(X)F(Y) | < e/4 . (2.5)

Now from conditions (2.1) and (2.2), we also deduce that Ve>0 3 nQ such that Vn>nQ
and V (i,j)€(IN )* with i<j and j— < mQ

IFn,i,j(xy) _ Fij(xy) I < f (2-6)
|F (x) - F(x) e/4 (2.7)



|F.(y)-F(y)l < d4 (2.8)

From (2.3)—2.5) and (2.7), (2.8) we deduce that V n>nQ, V (i,j)e(IN )2 with i<j and
j~i >

IFN,i,j(X’y) “ Fij(xy) | < c/4+ €4 + e/4+ €4 = & (2.9)

(2.6) and (2.9) yield (1.6). As the d.f. F- has the same marginals F , we obtain (1.7).

(if) Suppose (b) holds. From Davy;dov (1973), a Markov process which is Doeblin
recurrent and aperiodic is geometrically (p-mixing. This implies that {Xn-} is also abso-
lutely regular with a geometrical rate.

EXAMPLE 2.1. Consider the process iXm-,;ieZh where X 54 = a&n’\xni-+

aznXnici+l + "M i+ 1 ain®e?-|-l where Mie a's are reanumbers and {cj|i€2}

Is a white noise with strictly positive density. Then Mokkadem (1985) has shown that if
(a|n))2 -k (a™n))*E(e™) < 1 and E(e") < 0o, then the process {X"jieZ} is geometrically

ergodic.
If we have
V je{l,....5} 34aR
such that
lima(n"= a
N+ &
and

ar+ a’E(eM) <1
then the conditions (2.1) and (2.2) are satisfied and we can apply Theorem 2.1.

EXAMPLE 2.2. Consider the process {XXXI-;ieZ} where X .

X |

AT XD e,
where the e's are independent and identically distributed random variables with strictly
positive density and f :B\R is bounded and continuous. (This model was studied by
Collomb and Doukhan (1983)). It is easy to check that this model is Doeblin recurrent and
aperiodic and we deduce that {Xnj;ie2} is geometrically (¢»-mixing and if ffl converges

simply to a bounded and continuous function f , we can apply Theorem 2.1.



2.2 ARMA processes.

*

Consider a sequence of ARMA processes {Xn-;ie2} , relN
Xn,i+l “ 4" )x,i+ 4 n>ii+ | (210>
where {Cj;ie2} is a sequence of independent random variables such that E(cj) = 0.
THEOREM 2.2. Let {Xnj;ieZ} be a sequence of ARMA processes given by (2.10).
Suppose {Xnj} satisfies the following conditions:

is a sequence of independent and identically distributed random variables

with strictly positive density. (2-11)
3(apéa2) 6 (-1,HxR (2.12)
such that
lim =a* and lima. n)=az .
n>00 n*oo -

Then for a junction g satisfying the conditions of Theorem 1.1 and for a U—statistic
defined in (1.1) the conclusions of Theorem 1.1 hold.

Also for a score function J having a second bounded derivative and for the process
Vn defined in (1.13) the conclusions of Theorem 1.2 hold.

Proof. Particular case of Theorem 2.1.
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1 Introduction. Let X j, I<i<n,, n>l be real—valued r.v.'s (random variables) with

continuous d.f's (distribution functions) Fnj(x) »

We will study the asymptotic behavior of the one sample rank order statistic * m

where
| R
oD Ggh,m = | °nigXniM~m+T~r-2 .
i=l
J is a score function, s(x) = sgn(x) and the cRj are regression constants defined by a

continuous function h(x) on [01] as

1.2 cni = h(i) , I<i<n, n>l
and Rn,mji = ]r_.gl I”ixnjré}xnw]; I<i<m<n where I[]i denotes the indicator function.
We assume that the underlying r.v.'s are absolutely regular with rates
(1.3 (m) = O(m-24(2-~/5), 6>0.
Recall that the sequence {X".} is absolutely regular if
sup max [E{sup IP(A] a(X - I<i<j)) - P(A) [} = 12(m)jO .
n m  Ae<7(Xnj,i>j+m)

Here a(Xn.I<i<j) and <(Xnj,i>j+m) are the a—fields generated by (Xnp...,Xnj) and
Xnj+m,Xn j+m+j,....Xnn) . Also recall that {Xn-} satisfies the strong mixing condi-
tion if

sup max  [sup {|P(AnB) —P(A)P(B)|; Ae<r(X ;I<i<j, BeCT(X.,I>j+m}] = a(m)|0 .
n 1<j <n—m m m

Since <(m) </?(m) , it follows that if {Xn-} is absolutely regular, then it is also strong
mixing.

The convergence of the one sample rank order statistic was established when both
the score functions and the regression constants are bounded and Fn*= Fn for all i
(I<i<n) in Harel and Puri (1989a) by a generalization from the stationary case to the
nonstationary case of the results of Yoshihara (1978). This paper extends the results of

Harel and Puri (loc. cit.) to the case when the score functions as well as the regression



constants are not necessarily bounded and also for hypothesis of nonstationarity more
general than in Harel and Puri (1989a). Later Harel and Puri (1989b) gave some
applications of the results of Harel and Puri (1989a) for Markov processes as well as
ARMA processes. The conclusions of Theorem 3.1, and Corollaries 3.1 and 3..2 in this
paper hold also for the models given in section 2 in Harel and Puri (1989b). For
applications of unsigned serial linear rank statistics introduced by Hallin, Ingenbleek and
Puri (1985) in time series and Markov processes, the reader is referred to Harel and Puri
(1989c).

2. Preliminaries. For any real x , define Fn(x) , Hn(|x|) and Hnj(|x|) as follows:
n n

Fn(x) = “_1 IV *)" Hni(|x|) = Fni(|x]) - F ni(-|x]) and Hn(|X]) = n“1jH JIx]I).
i=1 i=1

Also for any te[0,l] , define Y ~t) as Y "t) = (|X~)<t] ~ HnioHn /A~ °

and put
Xni = Hnd X,,iD” Hni =, Em°En .

Definition. We say that the sequence {H”} of d.f. is /—bounded if there exists a

finite and positive measure 1 such that for every n>l and I<i<n, the probability
*

measure /inj associated with H” satisfies /*j(B) <//(B) for all intervals B in [01] .
2.1.  Basic lemmas.
LEMMA 2.1. Let ¢>0 and a;(0<a<l) be fixed. Assume that {Xnj} are inde-
pendent real random variables with the same d.f.'s Fnj as Xnj and let
ZmW = I[Hn(|Xnil)<t]_Hm(t)-
If the sequence {Hnj} is //bounded and // is a uniform measure on [0,1] then, there
exists positive constants M* and M2 such that for any I c {l,...,n} such that

card | = m , we have

(2.2) P[ sup Im— £ Zni(t)|] >m“ (1+Q"™ 2u] <M”™ 2
t<cm iel

and



(2.2) P[ sup |m *E Z .(t)|>m (1+a)/2u]<M,e 2".
t>I-cm iel

PROOF. It is sufficient to prove (2.1), the proof for (2.2) is similar and is therefore
omitted.

Without loss of generality we take 1={l,....m} . Since {Znj(t)/(1—Hnj(t)),0<t<I}
m *
Is a martingale, it is easy to see that _£I Z (t)/(I—H .(t)) is also a martingale.
i=l m m

For sufficiently large mQ, we have Vm>mQ

(2.3) P[sup Im 1£ Zjt)] >m~"(1+a)u]
t<cm “ i=l m
<P[sup | E Z i(t)/(I-H™i(t)) I1>m A~ u ]
t<cm i=
<e“ 4" E(exp £ Z .(cm-")/(I-H* (cm*“**)))

<e- *u E(exp (m- ~ 1-~ |_EI Z.(cm~a)\)) .
= m'

Thus
m
(2.4) E(exp (m- *1 S Zni(cm-*)]))

1=

m
=1+ er xP[nT*(1_a) | E Z]];l(cm—a)|>x]dx
|_
0 1

I'+ f°exP[| E Z.(cnra)[>xm~"1-Q;)]dx
m

1=
and by using a Bernstein—ype inequality (see Bennett (1962))

(2.5) E(exp (nT"1-a)| E Zni(cm_a)|)) <1+ 2j°°ex exp(-gm(x))dx
1=1 0
where gm(x) = x2rn'~a/2[ E mH .(cm ~(1—Hnjcm a) + Ixm ™ ~M] for any
1=

* *
constant M which satisfies max [max {H .(cm GI),1—H i(cm—(Y)}] <M.
* 1<i<m m m

As {Hnj} is fi—bounded, we obtain
(2.6) gm(x) > x2m*—€Y2 Acm*- & + lf(m N—A maxicm- Ml-cm-a })



gm(x) >2x for x>xQ and m>m" where xQ and are chosen sufficiently large and
A=/01]) -

From (2.3) —(2.6), we deduce (2.1) for m>m" and we can choose Mj and Mg
such that (2.1) also holds for mcm” . (2.1) is thus proved.

LEMMA 2.2. Let a(0O<a<l) be fixed. Choose a number p (O<p<a) . Assume
that the sequence {XQ} is absolutely regular with rates /?(m) and the sequence {H;j}
is /e=—bounded where p is a uniform measure on [0,1] .

If t isa number such that t<m—Q or t>l—-m~a . I<m<n . then

i ? . -MOu I n
2.7 P(m | £ Yni(t)|>ulexpm{-(I-/?)(I+a)/2}] <M " fe + m pP([mp]+1)}
i=1
where expm(x) = mx , [M?] denotes the integral part of mp , Mj and Mg are some
constants > 0 .

PROOF. Put k= km = [mp] + 1 and write

Kk
(2'8> .Sm,nW = 1 UnlJ(t)
j=1
where
2'9> Un,j« = | Yaj+pk«
p=0
and t is the largest integer such that j+£k <m . Then
(2.10) P[m—11Sm n (t) | >u[expm{—1—+?)(I+a)/2}]
Kk
<P(m—1 [Unjit) |>u[expm{-(I-")(1+«)/2}])
=l

k
< £ P(M* 1 " |Unj(t) |>u[expm{-(1-/9(I+Qi)/2}]).
=l
For any j , I<j<k, define
")
Al = {(yp-.y") -1 | ypl>u[expmHI-p)(H-a)/2}]}
ioop=l



and put
1 if (yi15...,y, )eA,

- N — e J
9(yp--->y j) [0 otherwise.

By using Lemma 2.1 in Harel and Puri (1988),
Pl1Un j(t) [>u expm((I—p)(1—6;)/2] = Eg(YnJ(t),...,YNI+"K(t))
i
-p(l 1 Zn,j+pkWIl-ulexpm A1 /AN1I+QN 2N + 2y A
p=0
-M 9u i

(2.11) <Mxe z + 2m fy([m/>]+l)
by using Lemma 2.1.

From (2.10) and (2.11), we deduce (2.7) and the lemma is proved.

For any n,m (m<n) and any i (I<i<m) let

X-12) <m,i=STTd V Xni)+ 1)
j<m
mid
Rn m,i
13> Znmi= m+l - Xnmi=mTT | Yn<Xj -
J<m

LEMMA 2.3. Under the assumptions of Lemma 2.2 there exists an nQ= nQu)
such that

2-14> P['Zn,m,il>Su[expm{-(I-p)(1+a)/2}], x'xm ~or X A|-nT*)

e -M U i,
<M N -~fe 1 + mi~([m/g+D} .

PROOF. The proof is similar to the proof of Lemma 2.3 of Yoshihara (1978) and

follows by using Lemma 2.2.

LEMMA 2.4. Let {Xnj} be r.v.’s (with means 0) which are strong mixing with

rates satisfying

(2.15) Na(m))nn2=n < @ for some &0 .
m>|
Suppose that for any K>0 . there exists a sequence {X”"} of r.v.'s satisfying



(2.15) and such that

(2.16) sup* max |X”;| <BT'< @ VK>0
nON  1<i<n  ni Y

where Bj* ]s some constant > 0

(2.17) sup* max E|X - X * \ 0 as Mo
neM 1<i<n m ni
n

(2.18) E(l X« - E(X*))2/n C2 VI<>0 as a™»

=l
where Cj* is some constant > 0 .

n
(2.19) E( £ Xni)2/n »C2 < @ as nm
i=I
where C is some constant > 0 .
(2.20) CiE *C as K-too.

_in _ 2
Thenn 2S X~ converges in law to the normal distribution with mean 0 and variance C .

PROOF. See Harel and Puri (1989a).
3. Weak convergence of the one sample rank order statistic
Let F be a d.f. on IR* and define the d.f. H on IR*by H(|x]|) = F(|x]|) —F(—x]).

For a score function J which is square integrable, put

(3-1) [ i = Pj(Fni) = s(X)I(Hn(|x[)dFni(x), i<n.
R
For h defined in (1.2) put
m m
<3-2) \m =1 c¢cn/n,i* 1 h(inK,i>” m-n"
i=1 i=1
0
For any sequence of d.f.'s on IR with marginals F and assuming that J

admits a derivative J' which is also integrable, we denote
n

(3.3) L{Fed) = Llim {|g2()dF(x) + 23 g(x)g(y)dF¢ (x.y)}
n~°° R =2 R

if the limit exists, where



B4 g(x) = fs(y){IxI<lyll —H(yD}'(H(yDdF(y) +s(x)I(H(Ix]))

- Is(y)J(H(YDdF() -

For every n>l | let
(3.5) vn(s) = (K™)MAnN|ns] + (nsHns])An[ns]+1]
where a is the positive constant defined in (3.3) and A , = & ,—U, -

The process V (s) = {Vn(s), 0<s<I} belongs to , the space of all continuous
functions on [0,1] on which we associate the usual uniform metric.

Let ~,(0<”<1) consist of the set of functions L on (0,1) such that

() L is twice differentiable on (0,1)

(i) L is nondecreasing on (0,1)

(iii) As ujO orujl (d™/d™)(L(u)) = O([u(l—)]~2+*"),i=0,1,2 .

Let consist of the set of functions L on (0,1] such that

(1) L is twice differentiable on (0,1] ,

(i"i) L in nondecreasing on (0,1] ,

(i) (d”)/d”)(L(u)) <Au~*—= i=0,1,2 where A issome constant > 0 .

Let Jfp consist of the set of functions L on [0,1] such that

(") L is twice differentiable on [0,1)

(i"i") L is nondecreasing on [0,1)

(i™'im) (d™/(d|™M(L(u)) <A(l—)- ,1=0,1,2 where A is some
constant > 0 .

Let Ffljj be the d.f. of (Xn-,Xnj) . Then, we have the following theorem which is
a generalization from the stationary case to the nonstationary case of the Theorem 4.3 in
Yoshihara (1978).

THEOREM 3.1. Suppose the sequence {Xnj} is absolutely regular with rate (1.3)
where 3/10 < S< 1/2 and the sequence {H;j}* Is ¢bounded where // is a diffuse

measure. Furthermore assume that for anv &N with 1<£. there exists a continuous d.f.



£ On RZ with continuous marginals F such that

(3.6) linl max IF .
oo 1<i <j<n "

for all (tptg) C[0,1]2 and (e,e") € {0,1}2

h hi1 R eH | =0

and
(3.7) max sup, |H .(xX) —H(x)| = 0(n ) where 7>1 .
1<i<n xR m
Let J be a score function which belongs to and let h belongto *

0 < £2 < 2/18) . If R({F}) defined bv (3.3) is strictly positive, then V  defined in
(3.5) converges weakly in uniform topology on to the process VQ= {VQs), 1<s<1}
where

(3.8 VO(s) = h(u)dW(u) , O<s<I

0
0
and W = {W(s), O<s<I} is a standard Brownian motion process, and a ({F'}) < oo.

REMARK 3.1. Yoshihara (1978) in Theorem 4.3 assumes that j£¢f®2 and h
satisfies the Lipschitz condition (which implies the regression constants are bounded).
Here we only assume that Je  and he”} . Thus we have more general score functions
and our regression constants axe unbounded.

REMARK 3.2. Let the sequence {Xnj} be absolutely regular, and let the sequence
of distribution functions {Fr jj} satisfy the following conditions:

2
(1) There exists a sequence {F'} of distribution functions defined on IR such that

(1) lim max |IF . :(x,,x2) - F-~XpX~l =0 forall (xpX"elR2
n-»ool<i<j<n 7 J J

and

(b) Fnj = Fn forall I<i<n, n>| .

Then the condition (3.6) is satisfied, and moreover, the condition (3.7) is not necessary for

the proof of Theorem 3.1.

PROOF. In what follows we assume that the measure // is a uniform measure on

[0,1] and we show that this condition is sufficient.
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If n isonly diffuse, Iet v be the uniform probability on [0,1] and let n = n+v
and Ik = 1+Y([0,1]) . If H Is the d.f. of the measure /i , define the map ip: [0,1]- +[01]

by
#) = H*()/K .
Let n'* = *) and Hn]i. = N/¢nj) , then it is obvious that fi'* Is uniform on
[0,1] and the sequence {H"} is ft'*—bounded.

We then have
(3.9) Yn.(t) = i[Hq(|Xni|)<t] —HNi~» = AHAIX AD Ai)] _Hii(At) = Yr m) o
As if) is a nondecreasing bijection on [0,1] , we can work with Y (”~(t)) instead of
Yni(t) .
We need some lemmas. For any n (n>l) and for any i (I<i<n) let
(31 B A ) = Bni=|sX){[DXni|<|x]|]- Hni(IXI='(Hn(Ix1)dFni(x>
+ {sCniI(HN([XNj |) - E(C<ni)I(HN(] Xni )}

Bri=J Y. jWJIWdAHJIt) + sGni)IDN) - | I®OdHNI(D)
[0,1] [01]
where Hi() = FAhJ «) + FJ-hJ w)-1. Itisobviousthat EfBJ = 0.

Now consider the process Ln(t) defined on Cj by

E-H Ln(s) = n-*( [:]SIB" + (ns-[nshBn, ,+1) .
i=1

LEMMA 3.1. Suppose that {Xnj} satisfies the conditions of Theorem 3.1. Then
the process Ln(s) converges weakly in uniform topology to a gaussian process LQs) with
trajectories a.s. in with mean 0 and variance s<r2({F’\}) where a2({F’\}) Is defined
in (3.3).

PROOF. The process Ln defines a probability measure Pn on cij. From
Theorem 8.1 of Billingsley (1968), we have to prove that (i) the finite dimensional distri-

bution of PR converges in law to a normal distribution and (ii) PQ is tight.
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P
First we prove (i) which is equivalent to proving that S AMnN(s") converges in law
*

to a normal distribution for any pelN , any s"E [0,1] and any A*6 R(I<"<p) . Without
loss of generality we can take p=2 and suppose that s"<s2 ¢ We then have

2 [nsj] [ns9]
(3.12) | =n-*[ 1 (AL+A2)Bni + £ a2e
1-1 i=1 i=[nSj]+1

+ Al(nsr [ns1])Bn [nSi)+1 + A2(ns2-[ns2))Bn [nS2) (1] .

ni

We define the sequence of r.v.'s {Cnj} by
(Aj+AgJB”M if i< [nSj]

(3.13) Cnj =  A2Bni A [nSjcKlInsd .
0 if i>[ns2]
As J belongs to and n is a uniform measure, it is not difficult to prove that
(3.14) sup max E(B .)2""<M<a> for 7<3

neW 1<i<n m
and by the Markov inequality, we deduce
2 n
(3.15) | 0i)=n 21 Cni+ °p(n
1=1 i=1
From Lemma 2.4 we have to verify (2.15)—2.20).

(2.15) comes from (1.3).

We have
n [nsj [ns]
(3.16) E( » Cnj)2/n = i[(Al1+A2)2(~ \  E(BniBnj))
i=1 i=l j=I
[nSj] [ns2] [ns2] [ns2]
+ (AL+ A2)A2( | I E(BniBnj) + AH I E(BniBnj)] .
i=l j=[ns1]+lI i=[nsl]-+l j=[ns1]+I

From (3.14), we obtain



[nSj] [ns9]

B.INDNAL+A)A2 | | ~ E(BniBnj)|
i=l  j=[ns1]+I
[nsJ [nsJ
<(JAl|+ |A2])|A2|M2/(2+T)n~1 (" I #T/(2+TY(j_i))
i=l  j=[ns1]+I

From (1.3), the last expression converges to 0 as nx» for 7=1 .

1 [nsd [nsJ
It remains to prove that - £ S E(BnjBnj) and

,  [nsd [nsJd
- £ £ E(B -B .) converge respectively to some finite constants. Without
ni=[nSjl+I j=[ns1]-I-I m

loss of generality, we only prove this if J' is a nondecreasing function.
For every K>0 , define the sequence {B”} ofr.v.'s from (3.10) with J and J'

replaced by JK and J'A where
J if |J|<K
IK="0 if |1>1<

and
% fJr it (14| J'1 <K
IN="0 it ta—9 |0 |>K
From (3.14), we easily deduce that (2.16) and (2.17) are satisfied.
1 [Esi] [Esil t

< K. .
Now we prove that E(BnjBnj) converges to some finite constant.

We first prove the convergence by replacing J and J' in the expression of Bflj in

(3.10) by indicator functions such that J(t) = I[a<t<b] and J'(® = 1]a'<t<b’] and we can

then write

Bni = ft,i(b") - ftDI(« *yX«DHAD, "IN “Am «) + " (V ~S b ]

-(H ni(b) - H ni(a)).
Thus

r+00pHo@ * *
K W :J(ng grtd:  Y)dF i Xy) _
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From the condition (3.6) we deduce that

li E(B H@P‘f@c C(y)dF =0
m max [E@BB .- COOCHE ()| =

o 1| <i<n Yo Yo
where
rb
C(x) = H*(b") -H*({aVH(|x])Ab}) - I tdH*(t) + sSM(I[&H(|x])<b] - (H*(b)-H*(a))
3
and

H*(@t) = F(H '(t)) + F(-H-\t)) - 1
We obtain a similar property if J and J' are replaced by step functions.
As J and J' are continuous, we can uniformly approach JK and J'K by step

functions and deduce that

+00 0
(3.18) lim max |E( B’Ké”%} g*W (y)dF. (xy)] =0
oo 1<i <jJ<“ J—GD J

where g”(x) is defined as in (3.4) by replacing J and J' respectively by and J'A
Let us now denote
Pii) = J gK(X)dF(x) and /2() =2J J gKXgK(y)dFj(x,y) .
—a - @

Then, we have
[nsJ [ns,] f ] +oo

Is | | <iB “)-M |I*»|
=l j=I i=|

[1S) [nSjHIcSjH [ns) [nsx]
SI-T-InbX I EBniBn,j+i)-——-iTIHO I d-iHWDI
1 i=0 J:| i=1

Ins,] “ (ns.) t“sll »
+ 5~ | W9l + _n“ I 17K “ IAnl+Bn+ Cn"

I
i=[nSj]+I i=l k=i
From (3.18), we deduce that |AR|-+0 and from the inequality of strong mixing
sequences of r.v.'s and (3.14) we deduce that |/>(i)] <a(i)*2""M 2/(2*”~ which

implies that Bn->0 and Cn*0 (as n>a) for 7=1 .
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It is also immediate that

[ns ] +° +»

T />(0 —Sj( I p(i))| -*0 as n-w.
i=l i=I

, [nsJfnsJ K K

We conclude that = £ £ E(B -B.) converges to s ( £ I>(1)) as
ni=l j=i m n> =1

9
where £ p(i) equals <r*{F*}) defined in (3.3) with J and J' replaced by J and
i=1

J'N respectively.

Now from the decomposition

[ns) [ns]J [nsJfasJ [ns) [ns] [nsj  [nsJ [nsd [ns]
I 1 =1 I+ | I + I I+ 1 I
izl j=1 i=l j=I i=1 j=[nsl]+l i=[nsi]+1 j=I i=[ns1]+I j=[ns1]-t-I

and using (3.17) and the preceding result, we conclude that
[ns2] [ns2]

5 1 T E@%En»- («2-»1)4«F/» 38 n"»
i=[nsj+I1 j=[ns1]+I

and (2.18) is proved.
We now easily deduce from this and (3.14) that (2.19) and (2.20) are satisfied.

Finally from (3.12), (3.13), (3.15)—3.17) we conclude that E( £ A°Ln(sp)® con-

verges to {(A"+A2)23’\ + A2(s2-sj)}a ({F*}D Which impli%s that £ ALQSY converggs

in law to the normal distribution with mean 0 and variance
{(Aj+Ag"S] + A"Sg-sNJcrAfF~}) and (i) is proved.

We now prove (ii).

From Theorem 8.2 of Billingsley (1968) we have to verify that Ve>0 ,3 4>0 ,
(0<?/<I) and an integer NQ such that Vn>NQ

(3.19) P[sup IL (s)-L (s')|>g <e.
|s—s' | <rj

If ns and ns' are integers, we obtain the following inequality by using Theorem

2.10 for q=4 of Doukhan and Portal (1987) for s>s'
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+00
E(Ln(s)-Ln(s))4 <((s-s)2+ ~)M 4/(2+7) | m2J ~ 2)/(2+~(m) .
m=0
For 7=3, (1.3) entails
+00
£ m2a'(y-2)/(2+~(m) < MQ +oo.
m=0
If s>s' and ns and ns' are integers, we have s-s' >n—1 and
(3.20) E(Ln(s)-Ln(s"))4 <2M4/(2+"(s-s")2MO .
From Lemma 2 of Balacheff and Dupont (1980) we obtain that Ve>0, 3 4>0 and

there exists an integer NQ sufficiently large such Vn>NQ

plsup IL (1f1)-L (M)] > (/J2]<2M4/(2+T)M , 2K168>
fnsi Ins'
n n

where K is some constant > 0 .
From the definition of Lqg(s) in (3.11) we obtain

(3.21) sup ILn(s)-Ln(s")|<2 max IL(M_W)]|.
| S—S | <7/ n [IM _lTgsl|<2n

By using (3.20) and (3.21), we deduce
(3.22) Ptlup,| |ILn(s)-Ln(s")|>e] <64M4/(2+7"MOK 4 2

and (3.19) is proved. Lemma 3.1. follows.

DEFINITION. A function r : [0,1]-™" is called a weight function if it satisfies the
following conditions:

() r belongsto Cj

(4j)) r(0)=0 and r()=0 .

LEMMA 3.2. Suppose that {Xnj} satisfies the conditions of Theorem 3.1. Then
for any weight function r satisfying
(3.23) r(s) >As* N where A>0,0<i, <"1

Ln(s)-”~j converges weakly in uniform topology a.s. in Cj to the gaussian process

i 1 i
Lo(s) *r(sd * (BI convention g = 0 if r(s) = 0).
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PROOF. At first we prove that Vr}>0,3 0>0 and 3 NQ such that V o

(3.24) Pu?f(?,I-«1 |Ln(S)'fW |-’1- '
By symmetry and without loss of generality, it is sufficient to prove (3.23) for

rs)y=sn"
If ns and ns' are integers, we obtain the following inequality by using Theorem

2.10 for g=4 of Doukhan and Portal (1987) for s'>s
L(¢) L(sA L (s)-L (5) « ,
(s ns) *3E( nT(5ry- ) 4+ sEiysXjr-jr))4a
+0
<32[s-s']148'm4/(2+7) | m2a ™ 2)/(2+"~(m) e
m=0
As 4<S">1 , we deduce from Theorem 12.2 of Billingsley that Vrj>0,V6>0, 3 Nqg

such that Vn>NQ
(3.25) P[sup IL (s)*-2yj >F2] <KI6?7A (26
n r’s

s<2”
ns integer

where K is some constant > 0 .
From the definition of Ln(s) in (3.11) and r is nondecreasing, we obtain also

(3.26) P[sup |Ln(s)-"[j| >)] < 16K ,-4 (2<)4ff |

From (3.25) we easily deduce (3.23).

We now prove Lemma 3.2.

The process Lg-" defines a probability measure Qg on c1 and we have to show
that (a) the finite dimensional of Qn converges in law to a normal distribution and
(b) Qn istight.

(@) is deduced easily from (i) from the proof of Lemma 3.1. We have only to prove
(b). Forany 0>0,set C~A={t;t<0}. Then,

MRy, < F OF G Wyl <
(s,s")eCO



17

1
<sub SUb ILn<s F[fj LiC b\ R o
-3 +7 ¢ W J (Kls)~ Kis'){

+ Ln(s,)IF[T}~f[2]l
<2sup IL () Jjijl +1i sup IL (s)-L (s)1
v’ Is—s

sec« | <?/
+ sup [r(s)—(s")| sup IL (s)] where m = min r(t)
m~ls-s'IA se[0,1] n S g2

and from (3.22), (3.25) and (3.26) we easily deduce that Ve-o , 3 >0, (0<7<l) and an
integer NQ such that Vn>NQ

(3.28) P[’ilg_ps. ’IQ ” IV s) C J - Ln(s')f\[/iY"eI ie -
From (3.27) and Theorem (s.2) of Billingsley (1968) we deduce that Qn is tight and 3.2 is
proved.

We now consider the process ¢n defined on Cj by

(3.29) Ln(s) = iT*( 1 cniBnj + @Q[ns]+1(ns-Ins])Bi [ns]+1)(a({Ff}))'1
i=1
LEMMA 3.3. Suppose that {Xnj} satisfies the conditions of Theorem 3.1. Then
the process Ln(s) converges weakly in uniform topology to a gaussian process

Lo(s) = gsh(u)dW(u) with trajectories a.s. in Ci where W is a standard Brownian

motion process.

PROOF. For any n, define a measure An on [0,1] by setting
\«i» =('d -W YW(F<»rl’ 1* n-1

Vil = (<w (W "y e
By definition, we have

(3.30) Ln(s) = f LB(u)An(du) + Ln(s)cn(nsj+1 = fAW AJdu) + Ln(s)h(M %1).
0 0
We now prove that

(3.31) Ln(s)  (-]*Lo(u)h'(u)du + Lo(s)h(s))(<<{F.1))_1
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in uniform topology.
let gn:ic . be defired by
gn(H(s) = rSf(u)r(u)An(du)-f(s)r(s)h(['ﬂr~'::]+|) Vsl

0

where is the set of functions [0,1]-+[0,1] which are right-continuous and have
left-hand limits (see Billingsley (1968)) for any feC” where r is a weight function satis-
fying (3.23) and gQ: Cj-tCj is defined by

go(M(s) = f(wr(uh*(u)du —f(s)r(s)h(s)

0

for any feC" .

Let {fn;n>1} be a sequence of functions in Cj and suppose that

f f f
(3.32) A  p in uniform topology where f6Cj and p GCj .

We show that gn(fn‘~) gO0(fQ-) as n-*» in uniform topology and we deduce (3.31) by
Theorem 5.5 of Billingsley (1968). We have

I sAFKs>-8o(b7>MI =

= I ffn(*> r(W)An(du) -y s) .~ r(s)h(Mzx) -J*yu)~(ujh~du
0 0
+ fO(s)F(iy r(s)h(s) I

<1 (fn(u)? (id-fo(u)f(ij)ru) y du)l + 1j Ifo(u)?(idr(u) (V II,(u))(du)l
0

o Lis & ron(I +h Vs @t ™kt [fo(s)iy (h(I157£1) _ h(8) Ir(s)

r(u)(An-li*(u))dul

- \%EO,I]! I(fH iy noH (falrM -j r(u)Ann(du) + \S/lé’[)O,I]’ If8rr N q

+sup |h(v)r(v) |sup |(f **)(w) —(fO*F)(w)l
VvE [0,1] wG|[0,1]

+ SUP  |(FOi)(v)|[h (M £1)-h(s)|r(s).
vG[0,1] 01 n

From (3.23), (3.32) and the properties of the function h , we deduce that the last expres-

sion converges uniformly to zero as n»o0, and hence we deduce (3.31) by Theorem 5.5 of
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Billingsley (1968).

We can write

rS

(  Lo(uh'(u)du + Lo(s)h(s))(a({Fj}) 1= h(u)(<7{F}) >LOo(u) = rSh(u)dW(u) :
0 0
From (3,31) we conclude that

Ln(s) j3h(u)dW(u) as n+o
0
and Lemma 3.3 is proved.

LEMMA 3.4. Under the conditions of Theorem 3.1. we have

(3.33) Ve>0 ,P[sup |V ()L (s)|>€] »0 as n-*».
G[0,1] n n
PROOF. To prove (3.33), it is sufficient to prove
m
(3.34) P[max |c/ r —u _ —Yc -B.|>en*]>0 as n-*».
' 1<m<n  n’'m n’m nim’ J

We now proceed as in Yoshihara (1978). Let a = 1—¥3 and define d as the
smallest integer j for which <1/5 holds. Forany n, let

Ei = En,l = {lu T u<n—a or u>|—n—ai
* 1 * " * 1

Ej=Efl, ={u:n— <u<p— or lAea*<u<lsp2 1} j=2..d

and

Ed+1 ” End+1 - {u:na <u<l—ha}.

For every n>l , we define functions Kj(u) = Knj(u) (j=I,...,d+I) on [0,1] by
0 ifnr—a < u < I-n_ft
J(u) if 1/n+l < u<n aor 1A tt<u< n/n+l

Kj(u) = Knl(u) =
I(/n+1) if u < 1n+l

J(n/n+l) if u > n/n+l
K(u) = K .(u) = J(uIE (u) ,j=2,...,d+] where Ig is the indicator function of the set
J n,J j j
Ej. Then for almost all ue[l/n+I, n/n+1],
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d+1 d+1 d+1
Ju) = 1 K(u), JW = 1 Kjlu and J«(u) = J KJI(u)
j: | j: | j: |
and there exist two positive constants Mj and Mg such that
(3.35) Mjlg [expn {(E + i-5)J}] <d~tyd”™ K.(u) <M2IE [expn {(i + i-0)J-1}]
J J J

i=0,1,2; j=1,...,d+1 . Set h"m”~= sup [h(i/n+l)| .
I<i<m

From (3.14), it is obvious that

m
@3'36)7 Ei\‘}sh,m i abn,m - PSP m)2 s (/hrgm))ZMmZ
i=1
where M is some constant > 0. So putting nQ= [expn &V] , we have for any e>0
m
(3.37) P[max Knim- Vm - 1| cniBn,|>«!*]
-m-no i=1
no m
* | pIK m nim 1 cniBm P

m=I i=1
< *(hnno) )2+0) M(h~n°~)2n~(en2)~2 <AM n~n”~cn*)-2 = 0(n~7")
for some 7'>0 .
Thus, to prove (3.34), it is enough to show that for any e>0 , there exists an

integer N=N(e) such that for all n>N,

m
Pfmax |df  —i — Y c -B .|>en*l <e.
nosms<n  nm n'm L, m 1

From (1.1) and (3.10) we have that
m
{7-38) \.LCfn,m “Ynm™ ¥ CriBnh =

i=1
m

-1 ] ais(Xni)(3(x* md) + 2nmir(x* m ) + |\ miiknima(x* m )

i=1
m

_Bn,m —¥ SmBnl
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(where kn m « is defined like kmj in (3.8) of Yoshihara (1978))

m . m

* hr 1 Kn,m,i (X 4>+ 11 cnifs(Xm>Zn,m,iJ'(X,,,ra,i>
i= i=1
d+1 m
- Yni()d-()dH*FI@®] + 1 1 fenijz2m . k(M. (X ;m))

0] i=1 i=I

M T o 20 ] A+ T VKWW

i=| i=| [0,1]

Hyr ?

<m,[IKi(X.,m,i)I

|| —<3

where

) - L .. i
(3-39) ") - | | Qi[s(Xni)YnE(Xni)KF ni)-  Yni‘D Ky» TH 1)
I<i<ml<Km lo,1]
“d k*m,i<u) = kn,m3UuE (U
We remark that if Xnj = Hn(|Xnj|) GEj ,j=I,...,d ,then X@ > 1/2 or

Xni < 1/2 , and so
* * *

Xemi mes *nj Xm)+1)

j<m

“5TT <X Hnj<X,,i)+1>- S+1 HAXnil) + 5+T H<IXni I>
j<m

OTVIXniD +irrHnd"I)
and from (3.8), we deduce

_<X.m + An-7 if Xm->i, where A is some constant > o .

(3.40) X mi _ _
R XN - A if X<

Now also from (3.8),
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m m
(3-«) I B(<,m,i)-JHKd)I= 1 (<,m,rX> (W
i=1l i=1
d+1 m
<B 11 (m+ir I» ~ )

j=1 i=I

where B is some constant > 0 and €[XF>SM X A, X AmiVvX]
From (3.40) and the fact that fi is a uniform measure we deduce for each j=lI,...,d
and i=l,...,m

N el W *PIW Eji*P p » "An"MXA-rTA-ArTT] <On“*
where C is some constant > 0 . And proceeding as in Yoshihara (1978), p. 113, 114 we

obtain for each j=I,...,d
m

(3.42) P[max h~ £ (m+l) IK\(On j)>en*] = 0(n 7).
n_<m<n * J 77
o- _ 1=1
On the other hand for j=d+1 , we have that for any ¢>0
m
(3.43) h(m> 1 (m+ir 1Ki+1(» mi) <Clexpn {|(] - *)}]..*-* <<*
i=1
for n sufficiently large where C is some constant > 0 .
Hence from (3.42) and (3.43), we obtain
m

(3.44) pimax KL s TV mi)-3(yi>“Vo » A
n<m<n on o, LT m

As J belongs to , he«™} | and using the property (1.3), we obtain
m

(3.45) E(CI |enj|d Yni(t)Kj(t)diyt))2<(hr"*M <nl1 2iM
i=1 [0,1]

where M is some constant > 0, which implies
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m
(3.46) P[max 2(m+l) | Y |c -1 vni DIKI oH (1) een*]
N <msn | .
n m
< | P[(m+1) J| I lcnil| Yni(t)Kjt)dH";(t)]>«I*]

m=n. i=l  [0,]

<M(czn) AMA?u ~ m = 0(n logn), j=I,....d+I .

m—no

From Lemma 2.1 in Harel and Puri (1989a) and using the same techniques as in the

proof of Lemma 2.2 in Harel and Puri (1989a), we obtain

EIVilmI4 = 0(n2"41")
and so
n
(3.47) P[max IVAIIm~AMte2l) 2 £ EIVAI“=0(nN) .
no-n-m m=|
Finally let M = expn {ad_j} ,j=I,....d+l . Let {T"m i:nQ<m<nd_j+1},

0
(j=I,...,d) and {Tnmj:n"_j+~<m<n} , (j=I,...,d) be collections of random variables,

defined respectively, by

(3.48) [ﬁ)g'ni_ 1 if 1zn,m,il-(logm)2fexpn H 1_~ (1+~ aj V 2}]
i 0 otherwise.

(3.49) 12’3 1 if 1Zn,m,il-(losm)2texpra~ 1_/2" 1+a" /2"
0 otherwise.

Then, for any j (I<j<d) and for any m (nO<m<n” j+j)
m m
(350) h'm) 1 |Kki%,i(Xremi)|Znjmii<h(m> 1 % (Xn,m,)((10«n>[ N « 2 “ ~ H
i=1l i=l J
- (I-pKl+adai-1}] + 1- ¢ i Xexpjl- 1}~ 1}

Accordingly for each j (I<j<d) ,
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m
(3.51) P(  max ><m) | lenll|k(j3lii(x; m.)|zf)m .>2inil
no-m-nd—-+1 i=1
nd-j+I
<P[ max h<m) | IE (X*imii)(logn)4(exPn{4 -|)ai 1+% W ]
no-m-nd—-+1 i=1 J
Ng+1
m . : _
+PlLe3A ) 1, TE(Xnm,i)(1- Tii, i) (exPn « 1 §Iapeml= 4 | 5.
Since for any i and j (I<j<d) from (3.40)
PSS m,igEp <Cn *
so for any j (I<j<d) , we have
(3.52)
nd-j+I
ri - him)n_i 1  P(XnmifEj)(I0S"AexPttt? 1)< 1+7})
noSmSnd -+ i=1
\, -1 , M
<M  max (log n)MexPn—2 + 1 —<*+ {jl —i3)<"I 1+ /-]
no-m-nd—-+1
= 0o(n(*-i") - "2 18)
where M is some constant > 0.
On the other hand from Lemma 2.2 and (1.3)
nd-j+1 m
(353) 12< 1 Plh<m) I 1E.(<m,i)(2-Ti:ii)[“[Pn{ |-i® _1)]"n4]
m=n0 i=1
d-j+1 m
flx4 1 him)[® P, {f-{* _1] 1 E(IE.(Xnm,i)(Z-Tii,i)
=n, =1 J
ii i 2
AMgnA”™N) | [expn{ (|-")ai-1}Im1-Qi+{e M3(2°g m) + ml-Pp(mp)}
m*“ no

<M2n(*-y) [expn{-\ + (f- ¢)J-1)n"-°+4i= O(n-T)
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for any j (I<j<d) and for some 7'>0 (where Mp Mg and Mg are some constant > 0).

From (3.52) and (3.53) it follows that
m
(354) Plx</M<n I [Cnillki!m,i(<m,i)IZn,m,i>2™4] = O(n" T
V' - d-j+ii=i
for any j (I<j<d) and for some 7">0 .

Similarly, for j (I<j<d)

m
GAPL Y iU 128 m > 2enhy
nd_j+l<m<n j=1
n
<P[ max IE (X* j)(logn)dexp {(|-i)aj_1-(I-/)(1+I)})>£ni]
"dj+1<®<" =1 i 77
n
+ p[ max h<m) | [E.(Xn,m,i)(1_T i;m,i)(expn ((|_ ™ ai_1» >in4l
d— +!-m-n =1 J

=0(n ) forsome 7j>0 .
For j=d+I and for all m (nQ<m<n) it follows from Lemma 4.4 in Harel and Puri
(1988) that

m m

E(1 I<=mllkI*!!(<,ma)lZnm,i)2” him))V pn{2( |- D“d+1»E(I Zn,m/

< Mnl— (expn(5—2")ad)m—

Since from the definition of d, (5-25)ord —1 < 0 so

m
(3.56) PL max | |[cnil 1 mt) | m.>2"M]
0 - i=l
m
<Mn-1nl2"(expn{(5-25)ad}) £ m-1 (where M is some constant > 0)
m=n,,

70
=0(n ) forsome 7g>0 e

From (3.54)-(3.56) we deduce that for any j (I<j<d+l) ,
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@57 L max Y bl ki 0% mWRm 220 = 0 9

0FMN i

for some 73>0 e
Finally from (3.36), (3.38), (3.44), (3.46), (3.47) and (3.57), we obtain (3.34) and

Lemma 3.4 is proved.

The proof of Theorem 3.1 now follows as an easy consequence of Lemma 3.3 and

Lemma 3.4.

REMARK 3.3. Theorem 3.1 works when the function h(x) defined in (1.2) is
unbounded only when x*0 and not when x-> . If h(x) is unbounded when x-»l but not
when x-»0 , then we have the result as stated in Corollary 3.1 below.

For every n>| | let
(3.58) vn(s) = ()-“[An [ns]* + (N*-ns)An [ns|*_1]

where a is the positive constant defined in (3.3) and where

ns A ns_ IS an integer r._ >~
®* J "[ns]+l otherwise N i~ M,i’
m E . m ic
0t = ¥ e Ky G n-ied) ad §ai = ¥ Cnjpn,j -
j=i j=i

COROLLARY 3.1. If among the conditions in Theorem 3.1. the function h |s
replaced bv a function h which belongs to (0 < &< {?/18) ,then Vn defined in
(3.58) converges weakly in uniform topology on G: to the process VQ= {V{s), 0<s<I}

where

VQs) = J1h(u)dW(u)  0<s<l

and ®{F'\}) < 00.
PROOF. Consequence of Theorem 3.1 by symmetrization.
REMARK 3.4. Finally, if h(x) is unbounded both when x-*0 as well as when

x-»l , then we have the result as stated in Corollary 3.2.
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For every n>| let
Vvn(s) if 3<i
(3.59) Vn(.) = _
IVn(s) if S>*
The process Vn(s) = {Vn(s), 0<s<I} belongs to the space of all functions f in [0,1]
for which f/[0,*] is continuous and f/(£,I] admits a continuous prolongation on [j,I] .
COROLLARY 3.2. If among the conditions in Theorem 3.1. the function h is
replaced bv a function h which belongs to (0< S <8/18),then defined in
(3.59) converges weakly in uniform topology on C: to the process VQ: {V (s), 0<s<I}

where

VQs) if s<i
VOo(s) if s>*

\VO(s) =

and a {F'}) < oo
PROOF. Easy consequence from Theorem 3.1 and Corollary 3.1.

ACKNOWLEDGEMENT. The authors wish to express their sincere thanks to

Professor Robert Serfling for some valuable suggestions.



28

REFERENCES

Balacheff,S and Dupont, G. (1980). Normalité asymptotique des processus
empiriques tronqués et des processus de rang. Lecture Notes in Mathematics.
Springer Verlag, No. 821.

Bennett, G (1962). Probability inequalities for the sum of independent random
variables. J. Amer. Statist. Assoc., 57, 33-45.

Billingsley, P. (1968). Convergence of Probability Measures. Wiley, New York

Doukhan,P.and Portal, F. (1987). Principe d'invariance faible pour la fonction de
répartition empirique dans un cadre multidimensionel et mélangeant. Prob. and
Math. Stat., Vol. 8, Fa. 2.

Hallin, Marc;Ingenbleek, Jean- Francois and Pu ri, Madan L. (1985). Linear
serial rank tests for randomness against ARMA alternatives. Ann. Statist., 13,
1156-1181.

Hallin, Marc, and Pu ri, Madan L. (1988). Locally asymptotically rank based
procedures for testing autoregressive moving average dependence. Proc. Natl. Acad.
Sci, U.S.A., 85, 2031-2035.

Hare |, Michel and Puri, Madan L. (1989a). Limiting behavior of U- statistics,

V- statistics and one sample rank order statistics for nonstationary absolutely
regular processes. Jour. Multiv. Anal, 30, 181- 204.

Ha re |, Michel and Pu ri, Madan L. (1989b). Weak convergence of the U-statistic and
weak invariance of the one-sample rank order statistic for Markov processes and
ARMA models. Jour. Multiv. Anal., 31, 258- 265.

Hare |, Michel and Pu ri, Madan L. (1989c). Weak convergence of serial rank statistics
under dependence with applications in time series and Markov processes. Ann.

Prob. (To appear in 1990).



29

YOSHIHARA, K. (1978). Limiting behavior of one sample rank order statistics for

absolutely regular processes. Z Wahrscheinlichkeitstheorie verw. Gebiete, 43,

101-127.

INSTITUT UNIVERSITAIRE DE

TECHNOLOGIE DE LIMOGES

DEPARTMENT TECHNIQUE DE
COMMERCIALISATION

ALLEE ANDRE MAUROIS

87065 LIMOGES CEDEX

FRANCE

DEPARTMENT OF MATHEMATICS
INDIANA UNIVERSITY
BLOOMINGTON, INDIANA 47405
USA.






WEAK INVARIANCE OF GENERALIZED U-STATISTICS FOR
NONSTATIONARY ABSOLUTELY REGULAR PROCESSES

Short Title: NONSTATIONARY ABSOLUTELY REGULAR PROCESSES.

BY MICHEL HAREL AND MADAN L. PURI1

Institut Universitaire de Technologie de Limoges et

U.A. C.N.R.S., Rouen, France and Indiana University, Bloomington, U.S.A.

Abstract. Yoshihara [7] established the weak invariance theorem of the generalized
U-statistic for absolutely regular random variables but only for the stationary case. In

this paper we extend the results from the stationary case to the nonstationary case.

weak convergence * generalized U—statistic * absolute regularity * strong mixing *
Brownian process * Skorohod topology.

Research supported by the Office of Naval Research Contract NO0014-S5-0648.



L Introduction. Let c (>2) be an integer and for each j (I<j<c) consider an

integer nij>l ;let g be a Borel measurable function g:(IRv)mn —»R where mQ=
Mq+...(am and assume that g is symmetric in my (>1) arguments of the j—th set for
j=1,...c , i.e. g is symmetric in each of the ¢ sets of arguments. We consider ¢ inde-
pendent triangular arrays of r.v.'s (random variables) with values in IR and let the
random variables corresponding to the j—th triangular array be denoted by X .. (I<i<n,
n>l) . Let Xfljj have the continuous d.f. (distribution function) Frjj , I<i<n, I<j<c,

n>| .
Cc

Denote n = (n”,...,nc) and assume that for any | ,nJ->m‘]-, let =1l cﬁ\jJ.

where <# j is the set of all the strictly increasing sequences of mj elements in {l,...,nj}

(I<i jje<  ajm-

The generalized U-statistic of degree m (=(nip...,m0)) is defined as

C . -1
Un= n N I o 1Emps 1<j<0) L1
Usi tmjj  rif oSl ' (LD

Generalizing the definition given by Yoshihara [7] in the stationary case, we say
that a triangular array of r.v.'s Ny (I<n,I<i<n) is absolutely regular with rates (3 if

[?2(m)=sup sup E{sup |IP(A| Jcd-t) —P(A))} | 0 as m>00,
m<n <<= Aediy (im ’

where Iy Is the a—Held generated by (>>/HQ,—,7hd§) .
Also recall that [n]li} Is strong mixing if

afm) = sup sup  {sup P|P(AilB)-P(A)P(B)|; ktdcJ.fitdiJ'p, J}PX0 as m*»
m<n I<€<n—m n,i n,«-m

since a(m) </?(m), it follows that if {% i} is absolutely regular, then it is also strong
mixing. |

We now suppose that for each j , the triangular array of r.v.'s fnj . is absolutely
regular with rate /’)J- (consequently, it is strong mixing with rate a: </[%).

J

Our aim is to study the asymptotic behavior of U(n) when the nj-x» such that for



any j,nj/(nj+...+nc) —* A (0<Aj<1), I<j<c.

The convergence of the generalized U—statistic was established by Yoshihara [7] for
absolutely regular r.v.'s but only for the stationary case. In this paper, we generalize the
results of Yoshihara [7] from the stationary case to the nonstationary case. Our methods
are the adaptations of some of the ideas of Yoshihara (loc. cit.) and a new central limit
theorem (Lemma 2.3) for nonstationary unbounded strongly—mixing random variables
which is an extension of a central limit theorem due to Withers [6] for nonstationary
uniformly bounded strongly—mixing random variables.

2. Preliminaries.

2.1 Notations. For each d=(dp...,dc) with 0<dj<mj , I<j<c , we set Jn(d) =
{i; i= (ip...,ic), ij = (ijlv..,ijd.), y #ijd <iij if dj/O and ijd =0 if d-=0, I<j<c}

Let i GJW) exist, and let

(i)
=d.nC =1,.. .c) (21)
— . f cm .
= 2(i) ~Xj;i=l,-m-j=l,...c) n nJ dF j .(x ¢
i 61 i j=1 u=4a\+l Jv J
dn c &
where
(1) ) (2.2)
Vo= fi*x=(@il -0 -ir (ij,dj+1’--ijmj)* 1Sj,dj+ Ll *jmj-nj’ '
C
A S (rrij—dj) J
{ijl,",ijd-}" if dj+ 1™ mj’i~c} "RG(RV =1 and we set go n=gdn for

d=(0,...,0) . By convention if d=(dj,...,dc) where dpi an”™ dpO ,# j, then d will be
denoted by d~ .

For every d, we put

C -fm.I_ r (I) . .
ud) K W - ..,d.j—l,...,c)jéi fﬁ.jd( - ;
J 1 in(d)A



where 1j j denotes the indicator function on I , a<b means a"<b”?, £=I,....k ,
C
15 dj

R=(RYj— ~ and m~*=m(m-1)...(m—p+1) .

Let a=(ap...,ac) with aj>l, I<j<c and denote Ln(a)={i;i=(ip...ic),
ir (tji,-,ijaj) , 1<ji<-.<ijja.<nj,j=1,.-,c}k
i
Let i €L (a) and let for any j (I<j<c) and any tJ (I<£J<a3) , P- A~ n be the

5 j2

probability measure induced by the random vectors
i

Yn,j/j  (-npijpl” ,“niidiaix’-n2>2i1°2” ,"nj-1’3-1a)__ 11, “nj 41~ "V .

and
*j

Ynj,/. “~npijN+1j5--*npija_J*nj+1,1j+1)Pj+ I"-"?nj+1 ica’c”

respectively and defined by
1 1

p. At) A*/» P[Y . '> P[YJ feA*O)]
_’IIVl J ) DJ, 4.] n
and
1
PO,“ = PK?nljiu,r-.? V A (®]
where

b}
A?J. eo<Ynj,O A/J. W n ,J,j . A«C)eff(?nl,ln* cheg ©

and where <r(X) is the a—field generated by X .
m i 2m

i AN

For any function h : (IRY) °tIR, we denote h®h the function h®: (R) -R

defined by h®h Xp xokm h(xls xkm, Dl SIPRRN|

;mo) *
Forany p>l,let f:[0,l]p-€ . For p = (p(l),...,p(p)) €{0,1}P , define
f () = lim f(s) , se[0,l]p , te[O,I]P if it exists where s=(slv..,s ), t=(t1
P T p(i)=I P

Sjltj p(i)=0



and denote by Dr (Dr resp.) the space of all maps f: [0,1]P=R such that for all
/9e¢{0,1}P,f exists and fA=f for /?=(0,...,0) (p=(l,...,I) resp.). We associate on D the
Skorohod topology (for a definition of Skorohod topology see Neuhaus [4] and Balacheff and
Dupont [1]).

2.2 Basic lemmas. We need the following Lemmas:

LEMMA 2.1. Forevery a=(ap...,ac) with aj=bjmj, bj>I, I<j<c let ie Lfl(a)

exist, and for every j (I<j<c) and any  (I<£j<aj) , let

h(Xr---Xpam iZbAmast - Epaning, . .|.1Dcm(/) be a_Borel function such that
\Hj "AF (24)
R, IMil....iblmi+-+bcmc) [1+f<iPi v - M’ (24)
,C
|NXA—Kpjmas o m H1+"0Py - <M forsome &>0 (5
Ra.c
£ bjmj
where Ra?C = (Rk)1 1 . Then
hfel.-_iblm 1+...+bcm c/dPj,ij,n | ktel”""£bim 1+.._+bcm Q<iPo,J
R:

i,c
[L/(2+ M 1+e
iA N (2'6>

As the special case, if h is bounded, sav. |h(xp...xk m + +b m ”* ~ *~en— can
replace the right side of (2.6) bv 2M/2.(. f , i. f).

J J
PROOF. Follows from Lemma 1 of Yoshihara [7].

*
Let <ifJ- be the set of all the nondecreasing sequences of m. elements in {l,...,n.}
J J

I <I [ ) and | F_ Cdfjc [
9<'b1<'3.9§"'5'3,mj§r§)) andlet = = .I:Il ; exist.

*

For any n and any family s = (i*l<"<mj,I<j<c) which belongs to <B' , we

denote

V (h'r) = J Ihfew i<f<,y<j<c)lr .n <> i .7 ) M



bns(h,r) = E(h(Xn...fj)|)r 2.8)

for any r>0 and any Borel function h: (IF!()mn —+R.

LEMMA 2.2. If there eX|sts a positive number 8 such that (i) for r = 4+£' | the
family (al’LO(h’r)’ sG /ﬁL nG(VV )c) and (bﬂdh r, ng(‘IX, nadN )c) are bounded bv a
finite constant M, (ii) for some 8, <0, 8' > 126~1—2, and (iii) the rate of absolute

f C
regularity satisfies max P-(m) = 0(m —) .then
1<j<c J .
E(UM ) 4 =0 forany d suchthat £ d-=2 and max d-=I (2.9)
n =03 I<j<c J
E(UMAN =0~ forany d suchthat £ d-=2 and max d-=2. (2.10)
n j:g J I<j<c J
E(U7d))2 = 0(n”2_c(d)) forMi d suchthat E dj>2 (2.11)

where c(d) = card {jG{l,...,c},dj#0} .
PROOF. It is sufficient to prove (2.9) for d=(l,1,0,...,0) , the proof for
d#(l,1,0,..,0) is analogous and is therefore omitted.

Suppose d=(I1,1,0,...,0) . Then, we first note that

Igd) c m. “ m
u . ; d(l,
- fei. Xn
i=1 N . g h'1 *11
Fniliplfel,D))d(I[X | 2<x1>7 F 2i 2 hj) 12>
2’2
where i=(ipi2,0,...,0) , so that
f 1
E(u(dv = (n B “j)4l J(jf,j=1,2, <=1,...,4) (2.13)

*

where £ is the sum over all I<ij*<nj, j=1,2, £=1,....4 .
J(Uj=1,2, fcl,....4) = E{n f gW (|n Xx<2)d(l,x <
il ¢=1¢2k d’n npijl Al

\ A 2.1
. 2)):
1 1r & I~n2,i2n 2-~A2] 27 2f~ )



Ly - ,m=1,2, Im=0, m/1,2, £=1,...,4 and

| ] . dF 1
- m. T i
« 1 *30a! )%I!'IZ)j:II -2 e Sl V=) i

where e(j)=I if j#1,2 and c(j)=2 if j=1.2.
Suppose nj <n2. If ij~(j=1,2, £=1,...,4) are mutually different, reorder {i"} as
I<k"<k2<...<kg<n and put
J(i.,,j=1,2, ¢=1,...4) = H(kp....kg) . (2.15)
Let m(p) be the p—th largest difference among k., k- (j=I,...,7) if for some |j
(I<jan7,l<Ql<?) , k- ,j —k~ = m(/a). Then, from Lemma 2.1, (2.14) and proceeding as in

the proof of Lemma 2.2, we obtain

H(kL1,...k Y<U ™ i+g\n n M 42 * )4 1 max js|2+<)/(4+{)Kki p K]
a

1 P j=11 1 I<j<c J bl i
and then
I Hfkjj.-.jkg) <2M1/(1+i>(S n ~ iV ~ f4112 AV +1)5
I<kj<...<kg<n2 1 =1
c
4 £ m=6
max  2*tf) ©=0Mi=1 ). (2.16)
I<j<c J

We can use a similar method to estimate the sums in the other cases and so from (2.13)
and (2.16), we have (2.9) for d=(1,1,0,...,0) .
Now suppose d=(2,0,...,0) and then we have
E(u(dv = (H ~"904 1 =,. 4,£=12)

*

1
where £ is the sum over all I<ijj<i-9<np j=l,....4
J(y,j=l.-r (A2 = _|2k8d,nfel,j-i2,j)d(I[Xnij.~SSg] “ Fn,ijl,I(Sl,j))
J=1

d(liv

Y pijzt 2¢ nvhat 2



j = (ir .-Jo), Ji=Cijivije~ <" Jror
If i2(=l,...,4, £=1,2) are mutually different, reorder {ij*} as I<kj<k9<...<kg<n™ and
put

J(ijE >j=1,—4, t= 1,2) = H(klv..,k8) .

Then, proceeding as in the preceding case, we obtain

| H(kr ...,k8) <4M1/(1+<’)( n Hjmjl)a(ni(n1-1)1_a nj £V 1)3
I<ki<...<ks<ni Al £=1

max "~ 2+i,)/(a+$)(E)=0(n j=1 ) (2.17)
1<j<c J

and similar results for the other cases. Thus (2.10) is proved for d=(2,0,...,0) .
The proof of (2.11) is similar to that of (2.9) and (2.10) and is therefore omitted.
LEMMA 2.3. Let {Xuj} I<i<n, n>l , ber.v.'s (with means o) which are strong

mixing with rate a{m) satisfying
00
£ (a(m))™/(2"" ) < @ for some : (2.18)
m=I
Suppose that for any Ks>o . there exists a sequence {Y "} ofreal r.v.'s satisfying (2.18)

such that
sup* max IYK.| <Bu < @ VK>0 (2.19)
reIN 1<i<n  ni K
where Bj™ is some constant >o .
sup* mex E|X*.-Y$.|2+i"-*0 , K% (2.20)
nEIN  I<i<n ni 1
n
E( £ X*j)2/n C2 < 00, n->00 (2.21)

i=l
where C is some constant >o .
n
E(l Y?NI-EOfTt))2/» - C2 <», n-» VK>0 (2.22)
i=I
where Cj™ Is some constant >o .



CK+*C, K*a> (2.23)

in * 2
then,n 2 £ X . converges in law to the normal distribution with mean 0 and variance C .
i=l m
*

REMARK. Actually we are considering the sequence {X“Ni} , I<i<n1|\<|| where
*

mtoo as N->oo, but for convenience we are writing {X"} .

PROOF. From Corollary 1 of Withers [6], since {Y”j} is uniformly bounded, we
I n
deduce that VK>0 ,n 2 £ (Ynj—E(Yn]j)) converges in law to the normal distribution

with mean 0 and variance ng‘ :

Now denote 26i = *A(ﬁj and following Ibragimov [5], we represent the sum

Sn=»"‘crlq X as Sn= Si+S" where S; = n"CK‘(| Y* - E(yK))CkC'1

and =n“*C-1(E Z1 - E(Z")). Evaluating E|S”|2, we have
n—1n—i

E1sArn-icT2 | | |E@P-E@zKj)(zKj+rE (zKI+))
i=0j=

<2n-1C-2nY1(M()&/(2+ " )ni 122+27NET1 | 1247 e 1z7j+i 12+ ) 1/(2+70
i=0 j=1
(from the well known inequality on moments of strong mixing sequences of r.v.'s (Doukhan

and Portal, Proposition 2.8, [3]))

<2n—C=2 Y (o(i))tf'/(2+5")(n-1) 22+2S" sup* max E|Z".|2+5".
J7O reN I<i<n ni

Denoting DT, = sup* max EIZ". 122~ | we deduce from (2.18) and (2.20) that
K reIN I<i<n m

00
E|SM|2<23+M C 2(M W )/H 2+*'h»K 0+ F°rany c>0 , we can always choose
i=0 K *w
K so large that
E|S"|2<e and |[I-Cj2/C2| <f .

itS
If now ffl(t) = E(e ) is the characteristic function of the quantity SQ, then
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[fn(tH t2/21 <

< |e-(t2/2)(CK/c2)-e_t2/2) + |e“/y /2" CK/CM-EeltSn|+ |t|E|S;;|'

<|t] fe + £t2 + |e~(t2/2" CK/C"N -E e tSn|

from the convergence in law of to the normal law, the last expression converges to zero

as m>», and Lemma 2.3 is proved.
Let G efe bethedf. of (X «5X f.), I<i<”<n-, I<j<c . In what follows lim

ni
means n.-x»Vj=l,...,c ,and —H------ »A as n=®, j=I,...,c
J £ J J
&1*
r . . *
LEMMA 2.4. Let h: GIJ) -+IR be a function which belongs to or D*m

0 vV 0

*

and suppose that for anv. Ml with 1<1 and any je{l,...,.c} there exists a d.f. G/-

*
II%k with marginals Fj. Furthermore assume that

lim mx max |G .p-(x,,x9)- G*..x,>9)| =0 (2.24)
fl I<j<c I<i<E<n ~L~z ®17-1

for all (prgj"eIRZk. the family (an g(h,r), seO"*, an*)C) is bounded bv a finite con-

stant Mgq, and

T C
aMm = | m |h(x, 2-x )% TE R (xer) < M <@ for r>2. (225)
Or) 0 ¢ o j=le=1 3 J

Then for anv je{l,...,c}
lim -1/ A (X 1A f (X e ) )

max ,
n (i,<)eJ (d<j))|£.]j |'J i EI( | €1fL J2km LA
d”,n d*.nR 0

dGy /j (il7imO+l> dFn,i(i2--ini0) dFn/(im 0+2'--'i2m0>>

“ | 2kd h@h)(il  i2m0)dGi-i j(?pim +1)dF*(i2'-im 0)dF’(?m +2-"22m » 1= 0
9 o
N *

WhereF-jf L. i e A _
r%tj p—l p erpn FIHJ IJPJ 1= ir = (‘rl’- rmr) Tfi

* * *

ni
27 F T )*PJJ

'j:V _W oF -(r/\]
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PROOF. From (2.24) we easily deduce that (2.26) is true if h is a step function.
Without loss of generality, we only prove (2.26) if h is a nondecreasing function.

For any 100 , we denote by h” the function defined by
K _ fh if Ih|<K
h “\0 if |h|>K *

As h belongs to or D"m and is bounded, it is well known that h” can be
0 0

uniformly approached by a step function. Let e>0 exist.

Choose K sufficiently large so that

r Mn | ,
(2.27) max {k™1’kr )< (2'27)

There exists a step function g~ such that

(%,rz\/?,xrrrqd IhK<5I.... S 0 m 0 < '/6K

and there exists NCEN such that Vn>NQ,

~max /N |(n. 1. n. 1)2(Y Y f (S"®&Xxd-->x0 )
(i,/)edn(dw)  Jj=1 1 j«em JE (« W ' -1 ~“mo

dj@,n d'AnR
dGni P aF E’:mO 'V '|'mj2H1n2’- ~2m
“}(gSE£)(il” ~i2m0)dG~ jfe I'5 mO+1)dF*(S2—"11m0)dF*<im0+2" - XamD)l < (3Z8

(¢}

(2.28)
From (2.27)—2.28) and the decomposition
h®h = h®h - h&hK+ h®hK- hKRhK+ liKRhK- hKRgJ + hKRy - ¢\ ®g™ + ,

tr tr

we deduce that Vn>NQ that the left side of (2.28) in which we replace g f®” by h®h is

less than

Mo .
i"F=T+~F=2+% +% +cd3<ce

As e is chosen arbitrarily, (2.26) is proved.
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3i Convergence of the U—statistic.

k
3.1 Definitions. For any double sequence of distribution functions 6 ij on ’
with marginals Fj , 1<£, je{l,...,.c} ,let F = (Fp...,Fc) and G*= (G* p...,G" C),
1 C
where we define
f c mi
0(F) = g(xn,..., X pXj 2,..., X ) n nJdF-iXj .) (3.1)
“mo _il 1 M mcC j=1i=l J 1]

and

(({G.}) = lim {(i(e] (0)20Fj ()-<2(P)] + 2 ' [j (e()ei (@)dG< .(; 2)-02(A)} (3.2)

nj -tQ0 Kk A=2IR2Kk - J J’
if it exists, j=1,...,c where ej:gE. £ ’"ab=1 or 0 according a=b or not and
jl e [
SE d (xi dg=I ) r( i=1 j=1 )C J dF.(x. )
xi M=1,-»dg=l,...,c) = X. ,i=l,...m.j=l,....c) .n n (X)) .
1", C J j*g 13 JJ j=hi=d.+1 ]
c N

For convenience we shall write a- for <5—({G/,}) , If no confusion is possible. For every
J N

t = (tp...,tc) 6 [0,I]c and n = (np...,nc) , denote [nt] = ([njtj],...,[n tj) where [s] is

the largest integer <s.

Let Z(n) = {Z(t;n),te[0,l]c} be the process defined by
z(t;n) - {o(Eotleruiseflltt>~""I)1 f°raU [“t]-m (33>
where for p = (pp...,pc) (pj>0,j=I,...,c) and n = nl+...+n<
Apin) = n~*(\ o-a)(\ JAPjI)
=1 J=l
. o ¢ -imj] :
g is the constant defined in (3.2), O(F*) = (Il nj 7)gQn and a<b means aXbj for
all je{l,...,c}.
Denote by {W.;j=l,...,c} = {Wj(t.);0<t.<l,j=l,...,c} c independent copies of a

standard Brownian motion on [0,1] .



13

3.2 Convergence of the U-statist.ic.
THEOREM 3.1. Assume that there are two positive numbers 6.6' . where
£'> max (128-1—2, 2(5+£)—2) such that the families (aiijg(g,r), sec” , !N )c) and
. .
(bELjS(g,r), se<"n , &(IN ) ) are bounded. c(g,r) is finite where r=4+6" and the rates of

absolute regularity satisfy

max /?;(m) = O(m~" . (3.4)
1<j<c J *
Further assume the condition (2.24) |s satisfied and g belongs to Djm or
0 0

Then, the limits in (3.2) exist.

Q
Furthermore if max a.({Gy.}) > 0.then Z(n) converges in law with respect to
I<j<c J

the Skorohod topology on D to a Gaussian process W = {W(t);te[0,I] } where

C C C
'( £ m(T.A))( E mo-AT* [ E m-<r-AMW-(t )], t>0
w(t) = j=1 3 3 J j=1 3 3 j=i J J3 J J

[0 with probability one if tj=0 for j (I<j<c) .

35

PROOF. We rewrite (1.1) as

c n-_i - r _ cm -
un=n (s 1 o(x. j=1,...,c) n nJ(l(x < )
j=im e, (« j=1-1
15%

C n- i f cm.
-n(y | ox izi..m.j=i...c) N ndd(ifx < |
=1 j  i*el(i) ikno ¢2km0 "J J A j=li/=1

d(®),n
oF .
) I:n”\/ nj’Vv
cm. |/
*Fr>+ | n,(dJuo
del (m) ~ ~
where IQm) = {d=(dp...,dc); 0<dXnij, j=I,...,c, d/(0,...,0)}, d°=(0,...,0) and
I€JIn(d(0)) .
For any je{l,....c} we define the process V :(t-) by
[Mj!

Wj) =1 A,.j} (36)
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c -[m] m
where An,i,f"j§21Inj IKSAG>,iDdA| ™), i,j-1rFnjd(-)) *“= < 1-"*C) *’1=i ~
1j=0,j#|

We remark that Vnj(l) = nju”

First we prove the following lemma.

LEMMA 3.1. Under the conditions of Theorem 3.1 for any je{l.....c} ,V. .»]_(tj_)
converges in law to the Skorohod topology on D, to a Gaussian process V :(t-) with
trajectories a.s. continuous with mean 0 and variance tjan({G"}) where 012({G"}) is
defined in (3.2).

PROOF. It suffices to prove for one value of j and by convenience, we take j=1I .
The process VQ” defines a probability measure Pn on [, _. By Theorem 15.1 of
Billingsley [2], we have to prove that (i) the finite dimensional distributions of Pn con-

verge in law to normal distributions and (ii) Pn is tight.
e\
To prove (i), we have to show that ,\E IA‘NOjI (ti ") converges in law to a normal

distribution for any pelN , any tj*e[0,I]] and any AMR (I<"<p) . Without loss of
generality we can take p=2 and suppose tj" <'t

Then, we have

2 " ISt i Pi
| WM*>=vil (v @i+l mvVvw- 8p
t=1 i i=[n1tjij]+]

We define the sequence of r.v.'s {Bnj by

(Al +A2An,i if i2Tnlt11)]
Boil  A2An,i,1  If Initl 12 (38)
0 if i>[n1tj24]

and we have
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| nj

(I_l“v Cl9d=v 1 it p-9)

From Lemma 2.3 we have to verify (2.18)—2.23). (2.18) is immediate from (3.4) for
S'> 2(5+6) *V(12<$~2) . Now we choose such a for which 6'>6" .
We define +, forany K>0 by

14 C Hmy P T /o
d(i. Fn .. X
=1 or d*.D ¢ a9
where is defined by
K_18if I6l *K
« "10if |g| > K (3.10)
M is defined as in (2.1) in which we replace g by g~ and ., by
d* ',n n’»l
(Ai+A2)ANI i if | < [n~1)]
Bﬁ,“ = A2An,i,lI if fnjtils] <i<[ni4 2)] (3.11)
0 if i > [n”2)]
We have sup max IBPK. , 1 <2(1A 1+ 1A DK which proves (2.19).
n I<i<ni n,1’A 1 1
We now prove (2.20). If g™ = g—g” , then we have
j24< 1/(2 16")
ERB  Bn ° (
<(1AJ+ A2|)ni( n n_[mJ) Jv> (r ' (_g-1r<(rxf.,izl ..... m.j=1....c)
=1 ii(jL H  km<rk J J
d* ',n
vil=i,..,mij=i,...c)n nJdF 1 (z, ))n
Fellml(g (-ej JJ )—I =1 VJi’l**»>J 2|—I
dF + .(x,)11dFn . Axm)¥AK'oF, M ))%>U(2+<<)
j ~ 111
c —fmy P ain TS -
<(|A,|+|AJ)n,(n n, J)T ( 22+1 |gK(x,i,<:I,...,m.,j:I,...,c)|2+$
j=1 i*£1% i kmo
C L1}
A nkFni m 67

j=ie=i Vk J
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If the family defined in (2.7) is bounded by the constant M (<o0), we deduce
g\EHB *| Mn
nl'!

-B %\-i||2+g,,)1/(2+n<22+<\1 -+0 as K-*,.
where e is given by (2+4&"™)(l+e) = 2+/A\ (2.20) is proved.

(k2+6 )e

We now prove (2.21). Note that

bl B
1=
[n 7 1] [njtpi] [njtW]
NI R RN
(njtp)] J [njtp>] [njtp)]
L) E LA A ekl oy | I I L)
=1V T+ HVI V 1lj=[nitj >]+|

As the family defined in (2.7) is bounded by MQ, we deduce from Proposition 2.8 of
Doukhan and Portal [3] that
[njtW] (njtp)]

(AR I E AL A
i=| j=[nitj '1+1

[n t~] [n ™2
LA LI AL ALIN D2t i1 ] Y / (L)), 3.11]
i=1 j=[n1tj 1]+l

From condition (3.4) the last expression converges to 0 as n™n» .

. I
Itremamstoprovethatm iél jél EglAn,i,lAn,j,’l)' and
NI lrﬂ_(z)'
sty e et e b AL Cverge respeotivdy L0 S0me ity

constants as n™»00. Now denote

p(D=F(¢]00vWijWw - vV ),

and
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() = 2 Zk(el.(x)er(z))dG.o,(x,z) - 1(F)] , sz .
| _

Then
[ 11%14 1 111 [Bjtp)] i"
IH7<I i EtVIANnJ,)--ITT" | *Ul
1 i=l =1 1 i=l
Ktw) . ["itpViKtpVi
b h [H t*1% . A A 9E*An,j,lAn,j+i, N
ri =0 J=1
[n.tj1) . Inl © S1)) [n.tf1)] »
1 (ini* hwoi + -i5}— | )i
1 Inl‘l 1 =1 1 i=[n14 1]+l
[n t(l)]!nIle)] i@
+ V1« WHl = |Anll+B +C (3.14)
1 i= 1 k=i 1 1

where wd) = {* $ |=°.

From Lemma 2.4 we deduce that |Ag”| >0 as n™*» and from the well known
inequality on moments for strong mixing sequences of r.v.'s (Doukhan and Portal, Proposi-
tion 2.8, [3]) we deduce

WO I <(*1(>)i'/(2+1") M2/<2+{’) (3.15)

which entails A +0 and Cn" +0 as n, >® by ()3.4).

It is also immediate that

fnt™ 1 _
— lpw tin] )iV O
1 i=1 i=1
We conclude that
i [n, tiN] [n, t (%] +oe
NS j=Ei E(AD /AR - 1 GEM) « nic (3.16)

+0 n
where E p(i) = "({G”}) is defined in (3.2).

Now from the decomposition
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[HIt<2)! [n1t(2)] [njtWuUnjtil)] [n~] (n~» 2y [n~"2)]  [n~1]
izl j=I i=l =l izl j=[nltjD]+l  i=[nltA]+1 j=I
Ty

i t1 g[pll ]+1j-[n”J T+
and using (3.13) and (3.16), we conclude that
[n1t(2)] [n1t{27

nml  m | m o E@nilAnl) ¢ (f'h“l)q 3} as niee (3-17)
Li=[n1tilV 1j=[n 1t(1)]+

From (3.8) and (3.12)—3.16) we deduce that

I
E<ri (Bn,i,l - EBn,i,l)Znl " (Ai+Altib *" 0D +AMN2)MND) )N })
i=I
where crj({G"}) is defined in (3.2), and (2.21) is proved.
To prove (2.22), we replace g by g” defined in (3.10) and proceeding as above we
deduce that

nl

ECI Bn,i,l “ E(Bn,i,In2/nl  {(A+A22t117 + AR@t128 t110 4,KAGM  VK>0
i=|

as n"-too,
where nil is defined in @3-11% and
nl
°\ K«gi» = lim (if (e"(x))2dF (x)-*2(F)I + 2 1 [i(eK(X)eK(2))dG, (x,2)-i"(F)]
NI ¢k /3= - r
el(xIl)= r gv 9 .,i=l,....m.j=l,...,c) n nJ dF.(xj )n dF"XJJ)
1 ~M (kmO-k  ~hi J j=2i=l  J~1Ji=2 1-

A<F>= f sKii4=i,-,mJ=i,....c) n n>dF(X|)
A ¢km0  ~1] J j=li=l

From the definition of 2 jN{G"}) and c/({G"}) , the properties (3.4) and (2.25),
it easily follows that 49\ k({A})Sconverges to <;"({G(‘}) as K-»0o, that is (2.23) and the
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2
fact that "({G”}) < m is also an easy consequence of (3.4) and (2.25). Conditions

2 /8
(2.18)—2.23) of Lemma 2.2 are verified and we conclude that 82 XtV {t; ;) converges

£

in law to the normal distribution with mean 0 and variance
{(Aj+AQ)2" 1) + A2(tp) -t[")}<r2({G"}) . (i) is proved.
We now prove (ii).
From Theorem 8.2 of Billingsley [2] we have to verify that V¢>0 , 3 >0 (0<tj<1)
and an integer Ng such that Vn">NQ,
p[, sup IVnl(tj)-V 1sl)|>i]<E. (3.18)

If n*tj and n”s" are integers and t">s™ , we obtain the following inequality by using

Theorem 10 for g=4 of Doukhan and Portal [3]
1Q

E(Vn,l(tl)-Vn,I(SJ))4-«"\ I2+"\ ™ I “Vo'N V)
where M is some constant >0 .

From (3.4), we have E m2af /(2”")(m) < M, < +00 where M, is some
m=0 1

constant > 0. If tA>s”,and n”~ and n " are integers, we have tj-s® >1/n”". We
deduce

E(Vn,I(‘l) - Vn,I(sl» 4 i SMMA"tj-Sj)2. (3.19)
From (3.18) and Lemma 2 of Balacheff and Dupont [1], we obtain for suffi-

ciently large

, SUP . Ivni(fa>*“ vni(si)l”l
Pl iey VM D

[iii t-il [n.*1~17] 1

<P sup . . :
( [n.s,  n.t. o1 7V 1 "
111 1 -|<22a
[1 I III
where K is some constant >0 , which entails (3.18) for 7 sufficiently small and NQ

Ki)

sufficiently large. This proves (ii) and also Lemma 3.1.
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Now, we prove Theorem 3.1.

For any je{l,....c} ,let W .(t:? be defined by

im-ud () :
im-U . ... <n
“n]) fnr- m,<| thJ J

Wnj<V = tjSfnyldnT1

where t~ = (I,...,1,t},1,...,1) and put
Wjtn) = ~Mntln){m.ajnj/[njtj]} .

Then, since
Cc c

lin, Wy, = (J IyjAJX £ mAATH: 1D-1~ ~ 1 1),
j=1 i=1
C

we deduce (from Lemma 3.1) that -£|Wj(t’n)w ’j(tj) converges in law to W(t) defined
J= n

in (3.5).
As

&)

-HU ] cm,
mjof' = | 11 (> < d>

(n) - «(Fn)— |
j=1 delrm) J-1 J

where Ii (m) = {d:(diLv..,dC);jéldJ»I} , We have only to prove that

lim mex $p;n)| Y Il (;~)ukd)| = Op . (3.20)
n del(m) j=1
Let C(I) and C(2) be defined by
C C
c(l) = {d=(d,....,dc); | 1(=2}, C(2) = {d=(d,....dc), | dr>2}.
1=1 =1

Then, we have the following decomposition

c .
n (™ .
i a- 111 A i
d61j (D) =1 J jzideC(j)al -

(3.21)

We also have

V<p;n)(V<n;n)) 1= 0(1) for p<n (3.22)
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and
C C
W(n) = n*(jj 1 i p J m~AAIrV+0il) e (3.23)
j=1 j=1
Consequently, using (3.22) and (3.23) we deduce that Ve>0 and for n sufficiently large,

we can find a constant K such that

PLmac Npin)] 3 5 Qj)u<d)|>]
dtijW P1 j p
C C cm
<P[n*( I m<rA)( £ mffAT*)-1 max | J D (.ju(d)]>I1<<]. (3.29)

j=i 111 j=i J11 I'&*« delj(m) J=1 )
For convenience, let us write < = ( S m Aj’?)( E m- ajAJ-Z) . Then, from

(3.21), we can write
PIn\ max 1 I S (dj)urd)I>Ke] <J Pla*K  max | J £ ("*)Ud>|rtrfT 1]
mp-Ldelj(mjdJ1 3 J=I1 deC()) 1
(3.25)

From (2.9) and (2.10) of Lemma 2.2, we deduce that

c m
PN KO nx | £ H (dV £ 4)i>2-1K4

mp-“ deC(l) P
<P[n* K mex | J £ (dV<;d)I>4 "iCi]
"*ex> deD(l) 1P
+P[ KO max | | i ("/wWW M-'Kt]

mp-n deC()-D(l) &1 3 P

<*1 "XTV tV r4n2xn2x0(n-«)
ij=I
m
C
+ (41 (2i)4(KOE)~*nVoOTI = Ofrfl) (3.26)
i=1
where D(l) = {deC(l); max d-=I} .
I<j<c J
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From (2.11) of Lemma 2.2 we obtain proceeding as above that

Plo* Ko max | J (dEYUd)I>2 1Kfl=0o(n *) . (3.27)
"-P-" deC(2) P
From (3.24)—3.27) we deduce (3.20). Theorem 3.1. follows.

Let Z (n) = {Z(t;n),te[0,I]c} be the process defined by
Z=(t,n) = [Var (Un)]* *[U([n/t]) - 0(FJ]
where [n/t] = ([nj/td),...,.™]) .
Further let
W* = {W*(t),te[0,I]c} (W*(t)=w'W(t),te[0,l]c) (3.28)

. , _ iV 22-1_1.
be the process defined by w = (Wi,...,WA) W\-] = m.J<rJ.A:].b( L mJa jA‘J ) je{l,...,c} and

W(t) = (Wjitj),...A" 1)) te[0,i]c.
*
COROLLARY 3.1. Under the conditions of Theorem 3.1. Z (n) converges in law
*
with respect to the Skorohod topology on D to the Gaussian process W

PROOF. From Lemmas 2.2, 3.1 and the decomposition

c m- .
u(n) = «(Fn)+ | >uji<|)

delo(m) i= “di

we easily deduce that

2 2

"M
=i c
by showing E(U~d~)2 = o(n z) forany d suchthat E dj= 2.

Var (U(n)) @ +0jl) +o(n (3.29)

Let us now define

(m.<r.) 0<t j<1
) JJ J rn/t.U)l
Wnj<vV= tr o
and Wj(t,n) = [Var (U(n))] 2m<yjnj2 . From Lemma 3.1 and (3.30) we deduce

ic

C % iic
j_Ele(t,n)Wm-]('[J) converges in law to W (t) defined in (3.28). We finish the proof of
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the Corollary by showing that
lim max [Var (U(n))]~*| Y Il (
» =N

which follows proceeding as in the proof of Theorem 3.1.
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Statistique/5Statistics

Convergence Taible de la U-statistique généralisée pour des

processus non stationnaires absolument réguliers

Michel H arer et Madan Puri

Résumé —Yoshihara [5] a établi la convergence faible des U-statistiques pour des variables
aléatoires absolument régulieres. Dans cette Note, nous étendons ces resultats du cas stationnaire
au cas non stationnaire.

Weak convergence of generalized U-statistics for non stationary absolutely regular
processes

Abstract — Yoshihara [9] establihed the weak convergence of the generalized U-statistics for absolu-
tely regular random variables. In this Note, we extend these results from the stationary case to the
non stationary case.

1 Introduction. — Soient un entier c2i2 et, pour toutj(I~j~c), un entier ntj™ 1;

soit g une application de J} (IRYm dans IR symetrique pour tout j [c’est-a-dire que

g(xu ..., XQ est invariant pour toute permutation sur les ntj indices de xj\.
On considere c tableaux triangulaires indépendants de variables aléatoires a valeurs
dans IR\ notées  BI1(l 1N n, a fonctions de répartition continues F} r»
C
Pour tout n (=(«i, ..., ng), tel que, pour toutj, rij*ntp soit &,= O n, ou SAj,n
=i
est I’ensemble de toutes les suites strictement croissantes a ntj éléments dans {1, . . ., nj}
(I™Nij 1<id2< ...<ij m”™rij). La U-statistique généralisée de degré est
définie par
1) Um=[Y1(nj) 2> imj "mp e/3Ac)-

Généralisant la définition donnée par Yoshihara dans le cas stationnaire [5], nous
dirons qu’un tableau triangulaire de variables aléatoires rjnj(1~n, iI"n) est absolu-
ment régulier de taux p si

P(m)= E P(A|Jthad —P(A
(M= 16t aeriam IR TPAN O
ou est la a-algebre engendrée par . s»f5,%)* On suppose que, pour toutj, le
tableau triangulaire des variables aléatoires ~ ,,,(I*n, 1™i”~n) est absolument régulier
de taux noté P-

On étudie le comportement asymptotique de U (n) quand les n} tendent vers I’infini de
telle sorte que, pour toutj, njnx+ ... +«ctende vers Xj (0<X7< 1); les Xj seront fixes
dans toute la suite, et on note lim ce type de convergence.

Note présentée par Paul-André M eyer.

0249-6291/89/03090135 S 2.00 © Académie des Sciences
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Pour tout 1, pour toute application f de [0,1]p dans R, et pour tout
p=(p(), ....p¢/2))e[0, I]P on définit
/pi)= lim f(S), (St)e0\Y
Si 1l 0=1
Sii ti z((i) =0
si cette limite existe avec s= (s .., §), t=(tl9. . ., ).
On note Dp(resp. D*) I’espace de toutes les applications/ : [0, I]p* Utelles gue, pour
tout pe{0, 1}P,/ pexiste etfp:f pour p=(0, ...,0) [resp. p=(I, .. 1]
On associe a Dp la topologie de Skorokhod multidimensionnelle, voir Neuhaus [4] et
Balacheff et Dupont [1].

Soit I’ensemble de toutes les suites croissantes a rt] éléments dans {1, ...«?}
@ ... gj, nKN) et soit SF= 1l e7-
Pour tout n et toute famille S=(jh 1 1"J*C) appartenant & 5, notons
P C
<ns= K(*;, ISm IAyAc)l4+Sn  n dEJ N ijh O 1)
J tc=1 1=1

et

tBs=E(\g&0), i) \r-S

Nous établissons la convergence de la U-statistique lorsque les conditions suivantes
d’intégrabilité sont vérifiees.

(3) 1l existe 8(>0) tel que les familles (ons, SEEF*, ne(N*)¢) et (IIV'S2-TF*, ne(N*)9
soient bornées.

La convergence de la U-statistique géenéralisée fut établie par Yoshihara [5] pour des
variables aléatoires absolument régulieres mais seulement dans le cas stationnaire. Dans
cette Note, nous généralisons les résultats de Yoshihara du cas stationnaire au cas non
stationnaire.

2. Convergence faible de la U -statistique généralisée. —POUF tOUte SUIte de fOﬂC-
tions de répartition sur R2, G~, de marges P\ /> 1, 1”y*C, soient F=(FIs.. . ., FQ et
G=Glix....ca® |=[{>+-  on définit :

P o, 1989 i)

J(RK)MO

ot NO—Ath . -FnTet
@ az{G = lim  f (ei(x))de(x)—OZ(F)Jl

ni ~+ oo (.
+25 [ » @i ei @)acji(X ~TXB]}
si la limite existe, avec, pour tout jO(l 550= X

eio (*fo. |): qulcs X LN, 1IN hi N N dFjxj. i)

J= 1 1=« 54!

N - £1(m 5J. Jo» . . . . .
ou IR = (IRY 1= -t 5 Jo= | ou 0 selon quej =j0 ou j¥=j0-
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Comme dans Yoshihara [5], on définit maintenant le processus suivant :

Pour tout t= toe[0, llcet n=(nl, ...,n¢ on note [nt] = ([nltt), .., [nctj) ou
[s] désigne la partie entiere de s.

Soit X(n)= {X(t; n), te[0, I]c} le processus défini par

X (t. n)= fxl/([nt]; ri)(U([nt]) —O(F,,)) pour tout [nt]*m
1 0 autrement,

ol pour tout p=(px, ...,p0 (pj>0, I1™*j*c), n=nl+ ... +nc
*(Pin)=r-cc (£ <rXj«) (Z Vj\y>pT‘r
cjj est la constante définie en (4),

9(Fn)=(n nrim S,

e I Cc mj
Sn,0= Z s Xj,t, 1g /A mj, 18/'~C) n n dFnj,ij, (*/, iX
<.n)JiiZkmO j= 1 1=1

*

ou la sommation £ recouvre toutes les suites

(n)
(17, 17,27 in*djnj=n1 A~ Q’

a™b signifie a”bj pour toutj= 1, ... .c et m~lpl=m(m—1) ... (m—p+1).

On note également { WA;j—1,...,c }= {W OMtj~ 1, I~j~c } c copies indé-
pendantes d’un mouvement brownien sur [0,1].

Soit Gj ,,i, la fonction de répartition de la variable aléatoire bidimensionnelle
(ij.n.i,

Théoreme. — On suppose qu'il existe une famille de fonctions de répartition sur IR,

Gj , de marges Fj(1~ ¢, I> 1) telle que, pour tout (jcls x2)elR2*
lim max max |GjeMit,(xu x2)—Gj.j-i(x" x2)|=0.

n 1£jSc 1

On suppose que g appartient a DkmQ ou D* mo, et qu'il existe deux constantes & et
avec 5'>68_1—3, telles que (3) soit vérifiée et que les taux d*absolue régularité vérifient

(5) Ir/qja}\xc @AI(M)=0(m"6"8&.

Alors la limite en (4) existe.
Si de plus ]r_nax aj ({G,})>0, alors X (n) converge en loi pour la topologie de Skorokhod

sur Dcvers le processus gaussien W = { W(t), te[0, I]Jc} ou

C
; - 2 - - .
wt)ys (I micomr2 ilii* X I ‘J’ijJ _UZJW(O)] <60
? 0 avec la probabilité 1si tj=0 pour au moins unj, I*j*c

et Oj défini en (4).
Preuve. — On généralise le théoreme 3.1 dans Harel et Puri [3] ou le théoréme 1 dans
Harel et Puri [2].
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Remarque. — La condition (5) est plus faible que la condition (6.11) de Yoshihara [5]
dans le cas stationnaire.

Soit maintenant :

X*(n)= {X*(t; n), te[0, I]c} le processus défini par

X*(t;n)=r-1(n) [U (n/t]- 9(FJ],

ou r~x(n)=Var(U(n)) et [n/t]= ([nVi]], . . -,[ndtd]).

De plus soit

w* = {w=* 1), te[0 IJc} (w*@t)=w'w (t), 16 [0, 1]8,

le processus défini par

w=(wl5..., wo,
/ \-i/2
wj=mjajXxj /2~ £ a? 13 1 ~oc,
w () = (Wx(to, -+, wc(O)te [0 I]e
Corollaire. — Sous les conditions du théoreme, x * (n) converge en loi pour la topologie

de Skorokhod sur Dc vers le processus gaussien W*,
Research of M. Puri supported by the Office of Naval Research contract NOO0O14-85-K-0648.

Note remise le 3 awril 1989, acceptée le 6 awril 1989.
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