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ABSTRACT.

The purpose of this thesis is to introduce some properties of the
relative rearrangement and their applications to variational inequalities
and to partial differential equations of elliptic and parabolic type. The
relative rearrangement comes from the computation of the directional deri-
vative of the monotone rearrangement. This rearrangement is a generaliza-
tion of the classical rearrangement (see Chap. I and II).

Thanks to an integral formula of Federer type (see Chap.IV to VI)
and the properties of this rearrangement, we develop a new method to get a
priori estimates for elliptic ‘and parabolic problems. These estimates lead
to additional regularity for the solutions of P.D.E. (see Chap. IV and VI).
We prove also a regularity theorem for a family of symmetrized functions.
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L'objet de cette thése est de présenter quelques propriétés du ré-
arrangement relatif et 1leurs applications dans les inéquations variation-
nelles et les équations aux dérivées partielles de types elliptique et
parabolique.

Tout d'abord rappelons que le réarrangement relatif est né a partir
du calcul de la dérivée directionnelle de 1l'application u — u*(u* est le
réarrangement décroissante de u). A son origine, il a été introduit de
facon formelle par R.Temam ([28, Chap. VI] pour résoudre un probléme de ty-
pe nouveau apparaissant en physique des plasmas, 3 savoir les équations de
Grad-Mercier appelées Queer Differential Equations par H.Grad. Le calcul
rigoureux a été donné pour la premiére fois par J.Mossino et R.Temam ([6,
Chap. I] dans la direction des fonctions bornées. Ils ont appelé réarrange-

ment relatif la quantité définie pour v € L¥(Q) : Veu =

(u + Rv)* -,
lim , § étant un borné mesurable de R.
A0 A

Dans 1l'article (Chap. I) en collaboration avec J. Mossino, nous
avons étendu ce calcul dans la direction des fonctions v de LP(Q) (1 < p €
+ ®) et nous avons établi des propriétés supplémentaires de cette dérivée.
Entre autres, nous avons montré que le réarrangement monotone est aussi un
réarrangement relatif. Toutefois, il ne présente pas exactement les mémes

propriétés. Par exemple, ce réarrangement n'est pas monotone (on montre que
si F est borélienne alors F(“)*u = F(u*) dés que F(u) € L' (Q)). I1 ne con-
serve pas les normes mais on a :

v |l < vl . (0.1)
*wL Pty LP ()

(Q* = ]0, mesure de Q[ et u est une fonction mesurable sur Q).
L'un des avantages réside dans le fait que la fonction u joue un

réle de paramétre qui n'intervient pas dans le second membre de 1l'inégalité
(0.1) 3

Nous avons considéré des fonctions u(t,x) dépendant d'un paramétre
t . Nous avons montré que si u*(t,.) est le réarrangement décroissante de



du,

u
u(t,.) alors — a un sens dés que — en a un. Plus précisément, on a
t

ot
au* au
= |— (0.2)
ot ot
*u

Il s'ensuit immédiatement le théoréme de régularité suivant :

Siue€e W' (LP(R)) =X (1<€r<+o 1<p<+ o alors

u € WT(P(RY) =X
et

lo,lle € full, (0.3)

X

Une des conséquences de ce théoréme est : si u € X alors pour pres-

te

u
que tout t , 5: (t,.) est constant (presque partout) ol u(t,.) = c¢*'®. Une

telle proposition est a rapprocher de celle donnée par Stampacchia [19,
Chap. IV] pour des fonctions ne dépendant que des variables d'espace.

Dans le Chapitre II, nous avons développé des propriétés supplémen-
taires de ce réarrangement. Le but est de montrer que ce réarrangement gé-
néralise effectivement le réarrangement monotone. Entre autres, nous avons
montré que 1l'on obtient une généralisation de 1'inégalité de Hardy--
Littlewood.

Dans 1le cadre des applications des réarrangements monotones, G.
Talenti [8, Chap. I] a montré que 1l'on pouvait utiliser le réarrangement
monotone dans les équations elliptiques 1linéaires moyennant un choix de
fonction test. L'idée d'utiliser le réarrangement monotone est due semble-
-t-il a H. Weinberger. G. Talenti a comparé la solution de 1'équation el-
liptique (coercive)

) Ju
(- — la, , (x) . —]| = f dans Q@ (ouvert borné de R')
ax1 i3 axl

(0.4)
u € H;(Q)




4 celle de 1'équation dite symétrisée
-fbu=f,uc€E H;(ﬁ)

od { est la boule de méme mesure que Q, f le réarrangement sphérique de f.

C. Bandle ([2], Chap. I) a obtenu le méme type de résultat dans le
cadre des équations paraboliques linéaires mais pour des solutions fortes.
Dans 1le Chapitre I, nous avons étendu ce dernier résultats pour des so-
lutions faibles.

Au Chapitre IV, nous avons montré que pour une classe de problémes
quasilinéaires dégénérés (ou non) de type parabolique, régis par un opéra-
u

teur A du type Leray-Lions, Au = - alax1 al(t,x,u.g— , Vu) satisfaisant & :
t

Vzs= (21) € R, ai(t,x,u,u',z)z1 > 0, on peut donner une estimation de la
norme de la solution dans les espaces L(p,q). En particulier, nous avons
montré que la norme de la solution décroit en temps.

S
Plus précisément, l'application t — IO u*(t,d)dd est décroissante

Vs € Q*. Ceci implique entre autres le comportement 4 t = 0 dans les espa-
ces L(p,q).

L'article de L.Boccardo, F.Murat et J.P.Puel ([3], chap. IV) a mon-
tré que l'obtention (éventuelle) d'une estimation L® pouvait conduire i des

théorémes d'existence dans les problémes quasilinéaires.

Ladyzenskaja et al ([10], Chap. IV) ayant étendu une technique de
De Giorgi ont montré que l'obtention d'une estimation L® pouvait conduire a
montrer des propriétés de régularité supplémentaires dans les E.D.P.

Au Chapitre IV, nous avons considéré une équation quasilinéaire
pouvant dégénérer a 1l'infini avec un second membre peu régulier :

- 9/9x, (a, (x,u,W)) + F(x,u,W) =T dans Q (ouvert borné de R')
(0.5)
uENP@ nLPQ)  1<p+w

avec ai(x,u,f,)i,1 z2 v(ju]) IE|® + (autre terme) ici, v > 0. F a une croissan-
ce au plus d'ordre p par rapport au gradient et illimité par rapport u,



TeEW»¥(Q), r > Np-1. En considérant le réarrangement relatif par rap-
port a4 |u| de certaines quantités liées i a et a T, nous avons obtenu des

estimations a priori dans L¥(Q) (estimation optimale). Ce qui nous a donné
une troncature convenable du probléme (0.5) et permis de montrer que : il
existe une solution de (0.5) et que de plus, cette solution est a-
holdérienne 4 1l'intérieur de Q.

Au Chapitre V, nous avons étendu cette technique 3 des équations
quasilinéaires dégénérées du méme type que (0.5) (od ¥(0) = 0) lorsque
Tew"(Q) nL'(Q) et F a une croissance d'ordre ¢ p. Nous y avons montré
1l'existence d'une solution et de plus, grdce au réarrangement, nous avons
donné une expression explicite de la norme de la solution aussi bien dans L*(Q)
que dans W;’”(Q).

Au Chapitre VI, en collaboration avec R.Temam, en raffinant cette
technique du réarrangement relatif, nous avons montré un théoréme général
d'estimation L®. Nous 1'avons appliqué i des inéquations variationnelles et
quasivariationnelles avec divers types de convexes. Nous avons prouvé dans
le cas particulier d'une contrainte unilatérale, que l'on peut s'en servir
pour des théorémes d'existence et de régularité.



CHAPITRE I

Isoperimetric Inequalities in Parabolic Equations

(Ann. della Scuola Norm. Sup. di Pisa, class. di Sc., série IV,

Vol. XIII, n° 1 (1986), p. 51-73 (Avec J. Mossino).






Annali Scuola Normale Superiore - Pisa
Classe di Scienze
Serie IV - Vol. XIII, n. 1 (1986)

Isoperimetric Inequalities in Parabolic Equations.

J. MOSSINO - J. M. RAKOTOSON

0. — Introduction.
Consider the parabolic equation

%g%—‘l[,(u)—l—cu-——f in @ = (0, T)x 2,

(1)
u =0 on X = (0, T)xo0%2,

u(0,°) = u, for t=0,

where £ is a bounded regular domain in R¥ (¥ = 1),

vy 0 ou
Ay (u) = —z 5‘,;; a;;(t, x) E’L': ’

=1

L3
a;; satisfy the uniform ellipticity condition (with constant one)

N
2 ait, 2)8.8,= |2, VEeRY;

i,i=1

¢, u, and f are non-negative functions; their regularity will be precised
later on.
Consider also the equation

?8—?—AU=J_‘ in § = (0, T)x 03,
(1) U =0 on ¥ = (0, T)x o8,

U(0,") = %,

Pervenuto alla Redazione il 29 Ottobre 1984.
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where Q is the ball of RY, centered at the origin, which has the same mecasure
as 2, and %, (resp. f(t,-)) is the rearrangement of u, (resp. f(t,-)) in £, which
decreases along the radii. This rearrangement is defined as follows.

If » is a real measurable (!) function defined in £, the decrcasing rear-
rangement of v is defined in 2* = [0, |2|], by

(2) y(s) = Inf {0 e R, |v> 0| = s}

where |v > 0] = meas {x € 2, v(x) > 0} (for any measurable set E, we denote
|E] its measure). The spherical rearrangement of v in £, which decreases
along the radii is

(3) v(®) —= vu(an]z|¥), 2for xe .(3,

where ay is the measure of the unit ball of R¥. If v is defined in (0, 7) < £,
‘and is measurable with respect to the space variable x of £, we consider
its rearrangement with respect to «:

(4) vilty 8) = (v(2-))«(s) == Inf {0 € R, |v(¢,-) > 0] = s},

(5) 2(t, ) = ve(ty ax|z|®) .

C. Bandle [2] proved that every strong solution « of problems (1) satisfies
8 8
(6) Vt €10, T], Vs e % fu*(f., o) do §fU*(t, o) da,
(1] (]

which leads to

(7) Vte [0, T'], Vr € [1, oo], ety )]

= [U,-)

IL'(.(:') .

J. L.. Vasquez [9] obtained the same result, if « is a weak solution of a
degenerate parabolic equation, the equation of porous media:

ou __ in Q — ~
(8) el dp(u) in Q@ = (0, co) XRY,

u(0,+) = u, for t = 0,

where ¢: R -~ R* is inereasing and continuous, ¢(0) = 0. He used the

(!) In the whole paper, we consider the Lebesgue measure.
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semigroups theory, and the isoperimetric inequalities for elliptic equations
(see [7] for example).

In this paper, we give a direct proof of (6), (7), valid for every weak
solution of problems (1) (see Section 2).

Our method relies on the calculation of the directional derivative of the
mapping # — us, that is v, , = ]lim (( + Av)y— uy)/A. This calculation was
made first by J. Mossino and R. Temam [6], with a direction » in L2(0Q).
In the first section, we extend their result to functions » in L»(Q)
(L=< p = + o0). Moreover wo prove that, if » belongs to H!(0, T'; L*(2)),
then u, belongs to H!(0, 7'; L*(£2*)) and

Qg (iﬁ) _
ot 0t ) u

Besides, (ou/ot)(t,-) is shown to be constant on every sct where u(t,-) is
constant. The last formula is a crucial point in Section 2.

1. — Directional derivative of the rearrangement mapping.

In this Section 1, we assume that £ is a measurable subset of R¥ (||
< oo, N = 1). For the sake of completeness, we first recall some properties
of rearrangements (see the proofs in [7] for example), and a result of [6].

1.1. Properties of rearrangements.

Let v be a measurable function: 2 -> R and «* be its increasing rear-
rangement, defined by (2) and

(1.1) uF = — (— )y .
An essential property of rearrangement is that v and «* are equi-measurable:
Ve R, |u<0|(= meas {xze 2, ux)<<0}) = |lu*<0],

which implies
(1.2) fF(u) dz =fF(u*) ds ,
2 2

—

for cvery Borel measurable F: R — R*. Here arc somc other properties
of the increasing rearrangement mapping.
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(a) If u,, u, are two measurable functions such that %, < u, almost
everywhere, then u} < u) everywhere.

(b) For all constants C, (v + C)*= u* + C.

(¢) More generally, if ¢ is an increasing function from R into R, then
(p(u))* = @(u*) almost everywhere.

(d) The mapping u— w* applies L?(2) into L*(2*) (1 = p =o0). It is
contracting and norm-preserving.

(e) If u is in L?(Q), v in L*(R2)(1/p + 1/p’= 1), then
(1.3) juv dr < |u*v* ds = uddx) .
fove o oo

This inequality is due to Hardy and Littlewood.
‘We shall use a slight extention of (d):

LEMMA 1.1. Let u: 2 — R be measurable, v in L*»(2) (1 =< p = oo). Then
(v + v)*— u* belongs to L»(£2*) and

[(w + v)* — u*|

= [|Vllzoca) -

This lemma was proved in [7]. For convenience, we reproduce the proof
here.

(1) If p = oo, we have
U— o= u +v=u + [V)ie, ae..
By properties (a) and (b) above,

w— o) poiay = (# + 0)*= u* + [|v] L),
that is

[(w + v)* — w*| L oge) = V] Loy -
(ii) If p < oo, we use the truncation

—n ift=—n,
fa(t) =1{ t i —n=t=n,
n ift=n.
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Then f,(x) and .f,.(u + v) are in L¥(2). By (¢) and (d), (f.(u))* = f.(u*),
(fa(u + v))* = f.((w + v)*), these functions are in L*(2*), and

[1£.((% + 2)*) — fa(u®)|Loae) = || (Fal® 4 0))* — (£u(w))*( Locar)
= |[falw + v) — fu(“)”m(n) Il”[lL’(D)

{(as f, is contracting). Then, using Fatou lemma,
ol lim [ifa((e + 0)%) = fatut)|r ds
n—00

;f lim |f,((u + ©)%) — fa(u*)|» ds

£2e

[(% + v)*— u*|7ds .
Q.

1.2. Directional derivative of the rearrangement mapping. Ielative rearran-
gement.

First, we shall recall a result due to J. Mossino and R. Temam [6].

Consider a couple of functions (u,v), u: £ — R is measurable, v is in
L»(2) (1 = p = o0), and a parameter A > 0. By Lemma 1.1, (u« -} Av)* — u*
belongs to L#(£2*), and we can define

(1.4) 21(8) _f (v + '1”)-*7 ¥ do

Thus, dwa/ds = ((v + Av)* — w*)/A. By Lemma 1.1.,

duu

s = [vlLra) -

LP(82°)

(1.5)

We are going to show that dwi/ds tends (in the sensc¢ of distributions) to
-dw/ds, where

vdr if |lu = u*@)| =0,
u<u®(s)
{1.6) w(s) = s—|u<u*(s)|
vdr + f () peey) * do otherwise ,

u<u®(s)
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V| p(sy 1 the restriction of v to P(s) = {u = u*(s)}. The following was proved
in [6].

THeEoREM 1.1. If w is a measurable function from {2 into R, v is in L*(02),
then w s lipschitz,

and, when + decreases to zero,

duw
ds

gl
pegn = 100E=@,

(i) .-+ in €°([0, [2]]) that is uniformly;

dwr (v + AV)* — u* N dw

(i1) ds ) - in L2(2*) weak x* . O

We shall extend Theorem 1.1 to functions v in L#(2) (1 = p = o0).

THEOREM 1.1bis. Let u, v be two measurable functions from £2 into R, v
in L?(2) (1 = p = oc). Then w belongs to Whr(£2*),

dw

(1.7) s

= l*llzec »
I.v(2°)

and, when 7 decreases to zero
(i) ws—~120 in C°([0, |2]]);

dws  (u + Av)* — u* dw

a . i — =i the sense of distributions:
" dwsr . dw X
Vp € D(2%), f—d'-?—(pds >fdsq)d.s.
e Qe

(In particular, dw,/ds --dw|ds in L»(2*)-weak if 1 < p < oo, tn L=(£2%*)-
weak * if p = oo0). O

Proor. Consider v, in L*(2); w,,,, w, are associated to (u, v,) as in
(1.4), (1.8). We have

|w(8) — w(8)| = |wi(8) — 104, (s)| - [0, () — w,.(s)] 4 |w,.(8) — w(8)] -
By Lemma 1.1,

. 9 Yok 1 o) 3%
lw’..n(s) - 10).(8)! == 1f '(it—:t—%?"?)"—z—'(lli'“I'""-Al)— do é ”'U,‘— v“v(;}) y
0
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and, clearly,
[10.(8) — w(8)] = ||va— v 1ya) -

Then
Sup [wa(s) — 20(3)| = Sup |wa,a(8) — wa(s)| + 2fv.— vfLy0) -
8 8

By Theorem 1.1. (i), w,, tends to w,. in €°(|0, [£2]]). When A dccreases to
zero,

lim Sup [wa(s) — w(8)| < 2], — V|1 a) -

2l0o s

We deduce (i). Evidently (ii) follows, as, with ¢ in D(02%),

d d d .
f—éﬁ‘q»ds = —fw;(—i;—’)ds — — w22 ay (by (i)

ds
2
dw
=f ds @pds.

0

£2° 2

Now, we shall prove that dw/ds is in L»(£2*), and satisfies (1.7). Taking
again ¢ in ®(N*), we have by (1.5)

dy
f Wi s ds

|
$2¢ 0

— | dw,.
T ds

@ ds l = lolpse l@lzs o
(1/p + 1/p’=1). From (i), it follows

do
fw d—8 das

0

= [|[vlsnll@llze(a-) -

If p > 1, L*»(2*) is the dual of L*(£2*), and we get immediately (1.7). In
any case (p = 1), we can use the following argument. ILet v, be a sequence
in I.~°(£2). As previously, one can prove.that

dw,, dw,

(1.8) ds ds

= [[vm— Pallrey
L?(02°)

for any p > 1, and, consequently, (passing to the limit) for p = 1. Now
consider v,,v, in L*(2) (p = 1), v,, (t = 1,2) in L2(N), v,, — v; in L?(2);
w,, w,, are associated to (u, v,) and (u, v;,) respectively as in (1.6). By (1.8),
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dw,,[ds is a Cauchy sequence in L»(02%*). As |w(8) — w.,(8)] = [|0i:n— 0| 11(0y»
w,;, tends to w, in €°([0, |2|1), dw;./ds — dw,[ds in L»(2*), and, by passing
to the limit in » i

‘ dfvxn dwsn

= [[¥1n— VenllLro) »

wdoS'V d&‘— LP(0Q*)
we get
dw, dw,
. e — = — »(Q2) -
(1.9) ds s ||gany = 172 Vel

With », = v, v,= 0, we get evidently (1.7). O

Relative rearrangement.

DEFINITION. According to J. Mossino and R. Temam [6] the function
dw/ds is called the rearrangement of v with respect to u, and is denoted by k.

The usual rearrangement of a function is also the rearrangement of
this function with respect to a constant (u} = w*) or with respect to itself
(u} = w*). More generally, if a Borel function #: R — R, and a measurable
function u: 2 — R, are such that F(u) is in L?(R2), then F(u*) is in L»(2*)
(by (1.2)) and (F(u)):= F(u*). In fact (F(u))}= dw/ds, with

f F(u) do if |u = u*(s)| =0,
u<<u*(s)
w(s) = s—sa
fF(u) dx + f (F(u)|p,)* do otherwise ,
u<ox b

with o = u*(8), Pa= {u = a}, |Pa| % 0, 8a = |u < «f,

fF(u*) do if |u = w*s)] =0,
0

f F(u*) ds + F(a)(s — sx) — f F(u*)ds otherwise
(] o

(by (1.2))

=fF(u*) do .
o
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However, generally, v is not an increasing function, the property of equi-

measurability and properties (¢), (¢) above, for the usual rearrangement, do
not seem to have their analogue for the rearrangement of a function with
respect to another one. But we have, if visin L?(2) (1 =< p < oo), u: 2 —

is measurable

(a') v, = v, a.e. implies (v,)5= (v,)¥ a.c.

In fact, with ¢ in D(L*), ¢ = 0,

- * __
[twaz— wazip as — tim f (e Avt o (e AT gz g
£2°
by property (a).
(b’) For all constants C, (v -+ C)F = o} - C.
In fact, with ¢ in D(£22*),
4 W gk
f(v + C)tp ds = lim (v + A(v. 2_0)2 _____ ¥ o ds
Ao,
ne
* __ gk
=== }ifl; J‘(u + 1’0) — @ds +f0¢ ds

(by property (b))
=f(v,",‘ -+ C)p ds.
D.

(@') If u: 2 — R is measurable, the mapping v -> v¥ is a contraction
from L?(L2) into L»(2*) (1 =< p < o) as we have seen in (1.9).

(/') Besides, the mapping v — v} (L}(2) — L'(2*)) preserves the in-
tegral:

fv ds —f—ds = w(|2]) — w(0) = 10(]|R2]) -fv dr. 0O

2

One can also define another rearrangement v,, which is relative to the
directional derivative of the mapping » — u, (the decreasing rearrangement
of u):

dw .. dw;
m - -

v —_— -
* ™ ds  ii0 ds
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(the limit is taken in the sense of distributions),

dw; — (6 4 Av)s — ux _ :—ﬁ(—u — Av)* + (— u)*

ds A A

(by (1.1)). Thus
(1.10) Vg = — (—0)% .

u

1.3. Symmetrization of a family of functions.

In this Section, %: [0, 7] x£2 — R will be a function defined every-
where in [0, 7], and almost everywhere in 2 c R¥. For all ¢ in [0, T], we
denote by wu(t): £ — R, the function u(t)(x) = u(t, ). (For a fixed ¢, if no
confusion is possible, we shall sometimes write » instead of u(f).). We as-
sume that «(f) is measurable for every ¢ in [0, 77]. Then, we can define the
function w*: [0, T'] X 2* — R, the increasing rearrangement of « with respect
to the x variable in £, that is:

(1L11) Vte[0, T], Vse %, u*(t,s) = (u(t))*(s)(= w*(t)(s)) .

We consider now another real function » defined almost everywhere in
Q = (0, T) <2, such that, for almost every ¢ in (0, 7T), v(¢) is in L?»(2)
(1 =p = + oo). Then, we can define as in Section 1.2, (v(f))r,, which is
in Lr(0%)

(1.12) [ (@) uwllzrasy= 2@ Loy -

We denote by v the function defined almost everywhere in @* = (0, T') x Q*
by ’

(1.13) a.e. t€ (0, T), a.c. s€ 2%, i, s) = (v(8))i(s) -

The aim of this Section 1.3 is to study the reguia,rity of u* with respect
to ¢ (assuming a certain regularity of # with respect to t), and to compute
ou*[0t. We have

THEOREM 1.2. If u belongs to H'(0, T'; L*(£2)) (1 = p =< oo), then u* belongs
to H*(0, T'; L*(2*)), and
(1.14) | u’*“H‘(O,T; L) = I '“”'H!(o,'r; Lo(2)) *

Moreover

au* au *® 810
“(1.15 ov” __[(ery _ 9w o o
( ) ot (at),, os (in the sense of distributions)
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u(t)*(s)] =0,

where
A
u .
¥ dx if |u(t) =

u(t) <u(l)*(s)
(1.16) w(t,8) = - s—lu(®-zu® @) |
cu cu .
— dx - =7 | )do otherwise .
ct ct Te(t) = u(t)*(8)
w(t) -~ w(t)*(s) 0

PROOF. As [[u(t)*||Ls0e) = [|#(®)|Le) (bY (1.2)), We have

i u*”m(o, T: L(2%)) — | “iILf(o,T; Lr(2)) -

Besides, by (1.12), (1.13)

ou\* ou

(—“) (2) < % ,

0t)u “|Leasy T N0t " |Lecn
ou

Ot llL2(o0, 7: LP(12))

L*(0, T:LP(2%)) "

G

Thus, we have only to prove (1.15), (1.16).
lemma (sce its proof in the Appendix).
Let w be in H'(0, T'; L7(£2)) (1 = p = oo),

Our proof uses the following

LEMMA 1.2.
w(t -+ k) — u(t) i}_?_t

Pp = =
h h ot

When h tends to zcro, r, tends to zero in

Consider a firved number & > 0.
L*(Q.), with o« = Min (p, 2), Q== (¢, T — &) X Q2.
Let @ be in ©(Q*), and let £ >- 0 be such that the support of ¢ is included

Ce

Consider 0 < h << e. We have

( (( .(..._)--)— ¢

u(t + h)* — u(t)*
f . @(t) ds dt ==f 3
a‘
1 [ (e - R(@u/0t + 7))* — (u + R(9u/01))*

0.
h pds dt.

Q°*
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T
The first integral in the right hand side is .fA,.(t) dt, where
0

ae. t, A ___J‘.(u(t) + h(9u/0t)(t))* — u(t)* P(0) ds g f(at) @) o(t) ds

h

(by Theorem 1.1 bis), and

ou

[AA(t)] = || =+ (t)“ ll?’(t)llu (2%

with 1/p -+ 1/p’= 1 (by property (d’) above). Using Lebesgue theorem

g u
fA,,(t) dt o> f( ) dt .
o

The other integral is majorized by

T—e

f”rh(t)”L’(Q)“(p(t)”lx"'(ﬂ‘) dt

with « == Min (p, 2), (1/x -i- 1/a’ = 1)

= lIrall Laay ”‘P”Ls'(o;)r
which tends to zero with A, by Lemma 1.2. Thus

t h)* — u(t)* du\*
fﬂj_—)h- u(t) P(t) ds dt =5 f(a—;‘)“q: ds dt .

Q. Q.

But, classically,

fu(t :}j_h)“‘ — u(t)*

h
Q. Q.

@(t) ds dt —> —J-u"‘ %% ds dt .

We conclude that, in the sense of distributions,

ou* ou\*
ot (5{)" - o
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A direct consequence of Theorem 1.2 is the following

PROPOSITION. Assume u belongs to H (0, T; L\ (L2)). Then, for almost
every t in (0, T'), ou/ot(t,-) is constant (almost everywhere) on any set where
u(t,-) is constant (almost everywhere).

Proor. If, in the proof of Theorem 1.2, we consider h << 0, we get

— f (u(t) + R(du/0t)(t))* — u(t)*
_ Hould
el

A,(?) o(t) ds

_ _f(u(t) + (— h)(— 2u/ot))* — u(®)* @(t) ds ,

— h
!)‘
which tends to -—I(— oulot)ke(t) ds. Thus, one has, in the sense of dis-
tributions, at »

ou* ou\* ou\* ou
() (@) )
and
ou\* ow ] ou\* ow’
(E-)u_. B8 (w defined in (1.16)) , — (—— _37)“_ s’
with
?a_*t‘dx it u(t) = w(t)*(s)| = 0,
u(t) <u(t)*(s)
w'(t,8)= 5 s—lu(®) <u(®)*(s)] 5 .
_a%dx+ —(_-a—-:‘ e ) do, otherwise.
u(t)<u(t)*(s) “O =@

The last integral is also

8— lu(t) <u(6)*(s)!
U

37 do (by (1.1)).

u(t) = u(l)‘(S))*

'N_ow, fix ¢ in (0, 7'), such that dw/os = ow’'[ds (in L (£*)) (this is true for
almost every ¢t in (0, 7)), and consider a flat region of w(t): P,(t) = {u(t) = 0},
|Po(2)] 5= 0. Set s, = |u(t) < 0], s, = |u(t) < 0]. As w(t, 0) = 0 = w’(¢, 0), one
has

P * 5w’
w(t, 8) =f§;—’ (¢, o) do =f *é,lg" (¢, o) do = w' (L, s) ,
o 0
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for all s in 2*. Moreover, for all s in [80) s;], one has, by definition of w
and ',

ow ou *

_ ow' ) 5) — (8u

os ot

) (s — sg) .
Po(l)/*

In particular,

) (0) == Sup ess 8_15
Po(t)/ % Po(t) ct

(2
ot

ou * ou
== 0) == Inf ess —
(Ot |I’o(l)) (0) Poty O’

that is (ou/ot)(t,-) is constant almost everywhere on Py(f). 0O

We shall give now the application to parabolic equations.

2. — Isoperimetric inequalities for linear parabolic equations.

Let us consider first the parabolic equation

%_’: + WA(u) +cu=/f in @ = (0,T)X L2,

(2°1) w = 0 : on £=(O,T)><8!2,

u(0,°) = %, in Q,

where £2 is a bounded regular open set in R¥,

y 0 0
W (u) = — . a_x, (ai,(t, x) a—;i‘) .
1,0 = g

We denote by A(= A(t, z)) the matrix (a.;(?, )), as well as the bilinear
form on RY associated with A, and we assume that A satisfies the unifomr
(with respect to (¢, x)) ellipticity condition:

N
A&, &) = z a;(t,x)&.&= |&]%, V& e RV,

i,0=1
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Furthermore, we assume that the data satisfy:

¢, f, u, are non-negative functions; ¢, a;; are in L?(Q);
da,;/0t are continuous in @, f is in L*(Q), and wu, is in H}(Q2).
Then, the solution w« is in L*(0, 7'; Hy(£2)), ou/ot is in L*(Q) (see [5],

pp. 113-114, and [4] if a,; £ a,)).
Let us introduce the problem

_a_a,?_AU::Z in § = (0, T)yx O,
2.1 U=0 on ¥ .= (0, T)x 380,
U0, ) = u, in O,

0, f, 4, are as in the Introduction.
We are going to compare the solution » of (2.1) with the solution U of
(2.1). More precisely, we have

THEOREM 2.1. With the assumptions above,
S ] 8
(2.2) Vte[o, T], Vse O, ju*(t, o) do gfv*(t, o) do gfg(t, o) do
0 (1] o

l .
where ¢g(t, 3) ::ff,..(r, 8) dtr < (uo)x(s). We deduce
(]

(2.3) Vte |0, T], Vre|l, o],
"uaf)

= [U,")

= [|9(%")

(= + o0),

ProOF. For a fixed te |0, IT'], we denote for convenience uw = wu(t),
f=1/(@) ... We argue as for the elliptic problem (sec [8], [7]). By the
maximum principle, we have « == 0. For any 0 > 0, we get from (2.1),

(2.4) J‘A(Vu, V(u—0),) dx =f(f — cu — %—) (v — 0), . dx.
2 2

Thus, as in [8], [7], a simple derivation gives:

(2.5) — dio fA(Vu, Vu) dx =f(f — cu — %) dz

u>0 u=>0
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The uniform ellipticity condition and the Cauchy-Schwartz inequality
lead to

[ f]VuI da:] =u (0 fA(Vu Vu) dx

u>0 u>0

where u(0) = |u >~ 0], and, by (2.5),.

(2.6) [ ‘;z fqu] dw] =—u (6)f(f —ocu — aa—) dr .

u>0 u>0

Using a result of Fleming-Rishel, and the isoperimetric inequality for the
perimeter in the sense of De Giorgi, we find

(2.7) Noay¥ u(6) =" < — d% f[Vu] dx .
u>0

Hence, combining (2.6), (2.7),

(2.8) Nl u(6) < — p!(6) f (f —ou— aa—'t‘) .
u>0
By the inequality (1.3) of Hardy-ILittlewood,
‘ #n(6)
(2.9) f(/ — cu) dw /f/ dw sf;f* ds == F(t, u(0))
u>0 u>0
if we set
S
(2.10) F, s) — f ful2, 0) do .
o
For almost every 0, |u == 0] = 0, and u,(«(0)) = 0 because u, is continuous

in ]0, [22]] (a8 u is in H}(£), » non-negative, then % is in H}(£2), see [7], for

example). By Theorem 1.2

~

ou ou
ot dz = f ot dz = w(t, u(0)) ,

u>6 u>u,(4(0))
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with
ou .
w(t, 8) = £n dx if |u(t) = u(t)x(s)]= 0,
u(t)>u(t)«(8)
ow __ (0w) _ Ouy
os  \0t).. ot
Thus
2 ik ok
w Wy ok
—dr =1 “Fas — ==
ot & ot S ot (t’ ,u(@))
u>-0 0
if we set
8
(2.11) k(t, ) =fu*(t, o) do
(4]

(as (ok/Ot)(, 5) = [(Pus/00)(2, 0) do).
Thus o

ou

ot

u>g9

(2.12) dw — %’j (t, u®), ae 6>0.

From (2.8), (2.9), (2.12), we get

ok
(2.13) 1< — N2z u(0)*™2 [F(t,,u(@)) — % (¢, ,u(O))] u'0).
As F(t,-) — ok/ot(t,-) is continuous in Q*, then, the function H(t,-) defined
in Q% by

H(t, s) = s®¥/™2 [F(t, s) — g—’; (¢, s)]

is continuous in ]0, |[2]|]. By integrating (2.13), we get, for any 0 < 0 =0/,

#(0")
(2.14) 0—6<—-N* oc;zl“'fs‘z/”"z [F(t, s) — %—I; (t, s)] ds .
©(0)

Thus, as in [7], one has for almost every s in 0%,

ok d o1y (232 ok
(2.15) 0= — Her = T ds (w(t))s = N 2az?/¥ s [F(t, 8) — %5 (, s)] .
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Hence, k satisfies .

27.
ok NZa2/¥ g2 8{» =F a.e. in Q* = (0, T) X 2*,
ot os?
- (2.0)=—0, K Q)=0, Vie[o, T
2.16) k(t,0) = 0, ”a;(al l)-‘— ’ telo, T],

k(0, 3) =f(uo)* do = ko(s), Vs e O*.
0

8 .
Let K(t, s) =jU*(t, o) do, where U is the solution of (2.1). We are
0

going to show that the equality is achieved in (2.16) for K instead of k.
By the maximum principle, U(t,-) decreases along the radii in £, and
(2.1) can be written

aU* 0 2 _2/N 2
_8t —'%(N Ay~ S

"
_2/» O U_,._=

as)zf* in.Q*.

By integrating between 0 and s, using the fact that $*-©/"(0U,[/0s) = O(8)
when 8 tends to zero (see the remark below) we obtain

Nae .
alf 2 __2/N ,2—(2/N) ok

. — J— 3 *
ot N2ab/¥s st F  in @*.

REMARK 2.1. Using Cauchy-Schwartz inequality in the first line of
(2.16), we get

ou
a7 (?)

| o
L*(Q)

_ ou e ,
0= — grmem T < r-sagem it [0 e +

Now, setting y = k — K,
0 ., C2
a—f — NZo3/¥ g2~ 2™ %sf <0 a.e. in Q*,

2,17 ¢
(219 x(t,0) =0, %(t,lm):o Vte [0, T],

x(0,8) =0, VseO*.

The first inequality in (2.2) will result from a maximum principle for y:
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LEMMA 2.1. Let x(t,s) = (k— K)(¢, 8) _j(u,,— U,)(t,0) do. One has y < 0
everywhere in Q*.

PrOOF OF LEMMA 2.1. Multiplying thoe inequality in (2.17) by s@/™M-2,
-we get

2

.xx+ a.c. in @* .

(2.18) st2/m=2 3ax xr= N2ay™ © 2

o QO

For fixed t, we shall denote u, yx ..., for simplicity, instead of u(t), x(?) ..
We shall also denote by [ ]a functlon of ¢, independent of s. First we prove
that (c2y/os?)y, is in L'(£2*). In fact, by Remark 2.1,

ou fy—
ds* g [ ] s(z/.\) (3/2) ,
(2.19 , .
) ?2X a?é* e oUy | _ [ ] s@m-wem
0s:| 7| 2s loos | T :

On the other hand

|k §f|“*| do = s'“”““lﬂ(u)"—' L Jst/2

(2.20)
x| = 1xl = |k =+ | K]
x|l =1 1sV2.
Thus,
0%y et (aNy—
Os? X+ = [ )s®7,

which belongs to L!'(£2*). By integrating by parts, we arc going to prove
that J(azx/as’z)x+ds is non-positive. For « >~ 0, as y beclongs to W (e,

12]) by (2.19), the following integration by parts is justified

2]

e
az x+\* 9
(2.21) Dgz X+ ds = —f ( a?) ds — a—f(a)m(a)

(we used the fact that (0x/0s)(|L2]) == 0 by (2.17)). When a tends to zcro,
the two integrals tend respectively to J(o x/¢8?) x,. ds and f(ax+/as)2 as (x4,

as y, belongs to H!(£2*)). Now we prowe that (ox/as)(a)x+(a) tends to zero
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with a. One has

(/x( )' — l f(au*__ a_U*) l( [ ]la(zl‘\) (1/2) __ IQI(Q/N) (]/a)l (by (2 19))

By (2.20),

l ax (a) x+(a) I = [ 1|a*¥ — |Q|@m-am g

which tends to zero with a. From (2.21), we get

fa° g ds == — (?Zt) ds=<0.

From (2.18),

0= 2f f (/M- 8 x4 ds dt —f f g(213=2 (X+) ds dt —f @IN-2 42 ds .
o

It follows 7, =0 in @*. O
Now we shall prove the second incquality in (2.2). Let us consider the

equation satisfied by K in Q*:

oK , oU
F — - = — N? 2/N (2-(2/N) Tk >0.
ot v os

Thus

ff*(t, o) do = % fU,,(t, g) do.
(] 0
By integration, we find
s s { ¢
fU*(t, o) do —fu.,* do g}dajf*(r, o)dr. O
0 (1] (1] (1]

Now, (2.3) is a simple conscquence of a lemma in [2] (p. 174), for all r
in [1, oo[, and then for r = oo.

REMARK 2.2. If f,(¢) is absolutely continuous in [0, |£2|], for almost
every t in (0, 7'), then we can obtain an isoperimetric energy inequality:
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we get from (2.1)

J'(%% v + A(Vu, Vu) 4+ cu’)dw =ffu dx

Q2 2
= f fatx ds (by Hardy-Littlewood inequality)

FoXd

— -f%’- kds + fx(121) k(12])
P

= —f%%* K ds + 14+(|2]) K(]22]) (by Theorem 2.1)
Q‘

=ff,. U, ds

e
=f(%i! U+ |VU|=)dx.
2
Using the uniform ellipticity condition, we have

(2 oU
f(a—‘t‘u + |Vu|2)dm éf(‘a? U+ |VU|2) dx ,
Q2

Q2

and, by integration

%fu(T)’dx+f|Vu|2dwdt§—;fU(T)’dx—}—flVUl’dmdt.
Q Q 2 a

Appendix.

In the proof of Lemma 1.2, we shall use the following lemma, whose
proof is easy (see [1] for example).

LEMMA A. Let v in W0, T) (1 = a=oc). I[f 0 < |h|<<e, we have

—8

T
J‘ x >3
&

at < dv

v(t + k) — v(¢) dv
dat

h

La(e—Al,T—e+[n])
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Proor or LEMMA 1.2. If u belongs to H'(0, T'; L7(£2)), then » and cu/aot
belong to 1.2(0, T'; LP(2)) c L*(Q);

a.e. x, w(.r) and %—1: (x) e L*(0, T),

that is
a.c. x, u(x) e Wha(0, T) .

We can apply Lemma A, with v — w(x). For 0 < |kh| < & we have, with
an(ty ) = (u(t -+- h) — u(t))/h,

«

ou

T—e¢
ae. o, [l ordas |

L*(e—|h|, T—e+|h|)

By integrating over 2, we get

ot

‘au

(A.1) lim [ zeon = .
h—0 L*(Q.)
1) If p > 1 (then « > 1), it is easy to prove that g, — Ju/ot in L>(Q.),
weakly. Then, classically, by (A.1), g, — du/ot in L=*(Q.) for the strong
topology.

2) If p = 1, then o« = 1. There exists a sequence u, in H!(0, T'; L*(£2))
such that %, — « in H'(0, T; L(£2)). Let

. ’b_t,,(t + h) __ un(t) a_up
Tan == h ot

We have, with the L'(Q¢) norms,
[7all = ll7anll 4 l7an—7a]l -

We have just seen (case p > 1) that r,, — 0 in L*Q.) (and consequently
in L'(Q.)). Besides, by Lemma A,

(un"‘ u)(t + h)_?‘ (un— u)(t) < "a(un— u)
h Q) ot L'(Q)
Thus
0(Up—u
[7an — Pl = 2 | 22
L'(Q)

which tends to zero with n. It follows that r, — 0 in L!(Q.), and Lemma 1.2
is proved.
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ANALYSE MATHEMATIQUE. — Quelques propriétés du réarrangement relatif. Note
de Jean-Michel Rakotoson, présentée par Jacques-Louis Lions.

On développe quelques propriétés du réarrangement relatif introduit en (3] et étudié en [1], [2]. Quelciucs-unes
de ces propriétés généralisent des inégalités bien connues telles que I'inégalité de Hardy-Littlewood.

MATHEMATICAL ANALYSIS. — Some properties of the relative rearrangement.

We develop some new properties of the relative rearrangement which was introduced in (3) and further studied
in (1), [2). Some of these properties generalize well-known results as the Hardy-Littlewood inequality.

The aim of this Note is to give new developments concerning the relative rearrangement
({2), [3])). As shown in [2), this notion can be seen as an extension of the usual
rearrangement. Let us recall the definition as it appeared in [3].

DerinITION 1. — Let Q be a bounded measurable (') subset of RN, u a measurable
function from Q into R and ve L' (QQ). We will denote by us the decreasing rearrangement
of u, that is

ue(s)=Inf{BeR|u>06| <s} ifselo, |Q|] (3, us (0)=Sup ess u.
[2]

We define a function w on Q*=(0, |Q|] by the formula (0. 1).
We have shown in [2] the following theorem:

THEOREM 1. — Let u, v be two measurable functions defined in Q, veL?(Q)
(1=p=< + ). Then
(1) we W! 7(Q*), where Q*=]0, |Q|[.
dw

= ” ””LP(m-
LP (n~)

(ii)

ds
The function dw/ds is called the relative rearrangement of v with respect to u and is
denoted v,

1. CONTINUITY OF THE RELATIVE REARRANGEMENT IN L?(Q) AND ORLICZ-SPACES. — The
Sfollowing theorem insures the continuity of the mapping v — v, in Orlicz spaces in particular

in L7 (Q).

THEOREM 2. — Let @(t), t=0 be a convex non negative and non decreasing function,
(v, v;)e L' (Q) xL! () and u a measurable function. Then

[ etnu-vihdos [ odlo—o;]rax
L] n

2. AN INEQUALITY OF HARDY-LITTLEWOOD TYPE. — We show that the following inequality
generalizes the Hardy-Littlewood inequality.

THEOREM 3. — Let u be a real measurable function on Q, v, in L?(Q) and v, € LY(Q*),
(1/p)+(1/q)=1. Then j v,.uvzdcgj Vs VysdO.
In particular, the following one is crucial in the proof of Theorem 3.

0249-6291/86/03020531 § 2.00 © Académie des Sciences
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LemMMA 1. — Let u be a real measurable function defined in Q and veL! (), then, for
1E| I
all measurable set E in Q* we have J. Ve, (O) dogf v* (o)do=f v« (0)do,
E o IQ1-1E|
where v* denotes the increasing rearrangement of v.
All of the details of the proofs will be given in (4].
(') We use only Lebesgue measure.
(?) For any measurable subset E of RN, we denote by |E| its measure.
0. RAPPEL DE DEFINITIONS ET DE PROPRIETES. — Dans cette Note, nous n’utilisons que la

mesure de Lebesgue sur RN. Pour un ensemble E mesurable dans RN, on désigne par |E |
sa mesure. Considérons Q un ensemble borné mesurable de RN et u une fonction
mesurable de Q dans R. On désigne par us le réarrangement décroissant de u défini sur

*=[0, |Q|] par :
us (s)=Inf {BeR||u>0| <s} si s€]0, |Q]], us (0) =Sup essu.
Q

Le réarrangement croissant de u, noté u*, est alors défini par u* (s)=ua (|Q|—s) pour

seQ*. Pour veL!(Q), u mesurable, on définit une fonction w sur Q* en posant :
/

S f v(x)dx  si |u=us(s)| =0,
(0. l) W(S)—_" ) @ s— |u>us(s)|
(f v(x)dx+j (v,p )= (c)do  sinon.
u>ue (s) o

ol (v, p())» est le réarrangement décroissant de v restreint a P(s) ={u=ux«(s)}.
Le théoréme suivant a été démontré dans [2].

THEOREME 0. — Soit u une fonction mesurable sur Q, ve LP(Q), 1 <p< + o0. Alors
(i) weW! P (Q¥*) avec *=10, |Q](,
.. dw
(i1) - = |lo]lee
ds LP (Q*)

La définition qui suit a été introduite dans [3].
DEFINITION 0. — Réarrangement relatif. — La fonction dw/ds est appelée le réarrange-
ment de v par rapport a u et I’on note ve, = dw/ds.

Les propriétés suivantes sont démontrées dans [1], [2] et montrent en particulier que le
réarrangement usuel d’une fonction v est aussi un réarrangement relatif (de v par rapport
a v ou par rapport aux constantes).

ProprIETES 0. — Si u est une fonction mesurable sur Q, ve L! (Q), alors :

(i;) Pour toute constante ¢, Vs, =Vx, Cx,=C.

(12) Usyp = Ux.

(i3) Si I'on considére le réarrangement relatif v¥ associé au réarrangement croissant u*,
alors nous avons v} = —(—0)w(_,)

(ig) Si v=0 p.p. dans Q, alors v, =0 p. p. dans Q*.

Le lemme suivant concerne I'opérateur moyenne M, , qui a une fonction g mesurable
sur Q* associe une fonction mesurable M, ,(g) définie sur Q et ou (u, v) sont deux
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fonctions mesurables sur Q. Nous renvoyons a [3] pour une définition précise de I'opéra-
teur M, .. Le lemme O suivant se démontre comme dans [1], [3].

LemMME 0. — Soit u, v deux fonctions mesurables de Q2 dans R, veL?(Q)(1 <p=< + o)
et geL1(Q%), (1/p)+(1/q)=1. Alors M, ,(g)eLI(Q) et
(0.2) f gv;“d0'=f M, ,(®vdx.
Q° Q

Si v est seulement dans L' (Q) et que ge C°(Q*) alors la relation (0.2) reste valide. [
Dans la suite, Q désignera un ensemble borné mesurable de RN.

1. CONTINUITE DU REARRANGEMENT REILATIF DANS I.LES ESPACES p'ORrRLICZ. — Nous énon-
¢ons deux théorémes qui assurent la continuité de I'application v — vy, dans les espaces

L? (Q) et plus généralement dans les espaces d’Orlicz.

THEOREME 1. —  Soient ¢ une fonction réelle convexe définie sur R,
(v, v2)EL*(Q) x L™ () et u une fonction mesurable définie sur Q. Alors
(1.1 J (P(Ultu“vz*u)do'éf ¢ (v, —vy)dx.
Q° Q

Si de plus, ¢ satisfait a la condition de croissance: 3a>0, IBeR tel que (VteR),
lo()| sat|r+B (1=p<+), alors la formule (1.1) est valable pour
(v, V)€ LP(Q) x LP(Q).

THEOREME 2. — Soient @ (t), t=0, une fonction convexe positive et croissante,
(vy, v,)e LN (Q) x L' (Q) et u une fonction mesurable sur Q. Alors

(1.2) J‘ (p(]v,,..u—vz*u|)d0§f @ (|v,—v,y|)dx.
. Q

2. UNE GENERALISATION DE L'INEGALITE DE HARDY-LITTLEWOOD. — Nous généralisons ici
I'inégalité de Hardy-Littlewood classique relative a deux fonctions ve L?(Q), he LI(Q),

(/) +(jg =1
(2.1) f hvdxéf h* v*do.
o :

Nous avons le :

THEOREME 3. — Soit u une fonction mesurable sur , v, dans LP(2) et v, € L1(Q*),
a/py+(/g)=1. Alors
(2.2) J‘ v’{‘uvzdcgj‘ vYv¥do.

Le passage du théoreme 3 a (2.1) se fait de la maniére suivante : en vertu de la

continuité de I'application (h, v)e L1(2) x L? (Q) — I:j hvdx, j h* v* dc], il nous suffit
Q2 *

de considérer he C°(Q) et veL! (). On applique alors le théoréme 3 avec u=h, v,=v

et v,=h*. On obtient: J. v,’:‘.h*dcgj v*h*do. Par application du lemme O sur

I'opérateur moyenne M, , on déduit que

J M, u(h*)vdx=f v h*do.
Q *

C. R., 1986, 1°* Semestre (T. 302) Série 1 — 40
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Puisque h est continue, alors M, ,(h*)(x)=h(x), pour x €. Ainsi
f h(x)v(x)dx=f vy h* do§f v*h*do.
Q Q Q

Les lemmes suivants servent a démontrer le théoréme 3. Auparavant, nous introduisons
la :

DerINITION 1. — Soit u une fonction réelle mesurable sur Q; on dira que u n’a pas de
palier si (VteR), |u=t| =mes{xeQ, u(x)=t}=0.

LeMmME 1 (densité). — Soit ve LP(Q) (1 Ep = + o0); alors il existe une suite v, de L?(Q)
n’ayant pas de palier et qui converge vers v dans LP(£).

LEMME 2. — Soit veLP(Q), 1 Ep < + 00, telle que v soit sans palier. Alors :
(i) pour tout aeQ*, il existe un ensemble mesurable E (a) de Q tel que |E(a)| =aetw

définie par (0. 1) vérifie w(a)= v(x)dx. De plus,
E (a)

(i) si a<b, alors E(a) < E(b).

LemMME 3. — Soit u une fonction mesurable sur Q et v dans L' (Q). Alors pour tout
sous-ensemble E mesurable de Q*, nous avons

Q| 1E|
(J v.(o)dcr):f v*(o)d0§f vs,(0)do. O
12| -1E] 0 E

Lorsque u est assez réguliére, on peut donner une expression ponctuelle de vy, comme
le montre la remarque suivante :

Remarque 1. — On supposc que Q cst un ouvert borné de R"; soit ue C*(Q) tel que
1/|Vu|eL'(Q). Alors pour tout ve L' () :

j v(x)dF(x)/qu(x)l
u=ue (s)

Vi, (8)= p. p- dans Q*,

dr (x)/| Vu(x)|
u=ue (s)
ou dI'” désigne la mesurc de Lebesgue (N — 1)-dimensionnelle.
Les détails des preuves seront données dans [4]. [

Remise le 24 février 1986.
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SOME PROPERTIES OF THE RELATIVE REARRANGEMENT

Jean Michel RAKOTOSON
Laboratoire d'Analyse Numérique
Université Paris Sud, Bat. 425
91405 ORSAY

Introduction

The notion of relative rearrangement was introduced first by
J. Mossino and R. Temam [7] . It has been developped in a ;ecent paper [6] ,
and several applications in partial differential equations can be found in
[61 , [71 , [81 s [91 . In a further work [10] , we will use it to get some
optimal bounds on non linear elliptic p.d.e's, when the second member is a
distribution.

Some properties of the relative rearrangement have been given in

[5] , [6]1 , [8] . In this paper, we prove some additional properties, which

generalize well known results for the usual rearrangement.

Section 1 : Definitions and preliminary results

In this paper, we use only Lebesgue measure.
Let Q@ be a bounded measurable set of 'RN . For any measurable

subset E of Q , we denote by |E| 1its measure.
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Let u be a real measurable function defined in @ . We will say
that u has a flat region of value t if meas {x € q, u(x) =1t} = |u=t|
is strictly positive. There may exist a countable family of flat regions

Pi = {u =ti} . We denote P = U P, the union of all flat regions of u .

jep !

Definition 1

The decreasing rearrangement of u is defined on o= [0, |Q]] by :

u s) =Inf {6€R, Ju>8]| < s}

we will also consider the increasing rearrangement of u : d‘(s) =u(]|Q] - s).

Now, we recall the notion of relative rearrangement, as it appeared in [7] .

let v el (Q) , we define a function w in Q" by :
J v(x) dx
if |u=u.(s)| =0
u > u.(s)
w(s) =

S'IU>U*(S)|
J v(x) dx + JO (VIP(S))*(O) do otherwise

(Here the last integrand is the decreasing rearrangement of the restriction
of v to the set P(s) = {u = u,(s)} supposed to be of positive measure).

The following theorem was proved in [6] .
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Theorem 1

Let U be a measurable function defined in Q , VvV 1in

LP () (1 < p < + «o)then :

(i) woe WP (@

(i7) ]L——|l

v
iy < e

where QF = 10, |Q|[ -

Definition 2 : Relative rearrangement

The function gg is called the rearrangement of v with respect to u and

is denoted V*u’

We will need the following properties proved in [6] (see also [5]) .

Proposition 1

If u 1is a measurable function defined in Q@ , v in L](Q) then :

(i-1) for all constant ¢, v, =V, , C, =¢C

(i-2) J Vy, (0) do = [ v(x) dx
Q* Q

(i-3) If we consider the relative rearrangement v: (see [51 , [6])
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associated to the increasing rearrangement, we have :

The following definitions concern the mean value operators

introduced in [7] .

Definition 3

Let g be a measurable real function, almost everywhere defined
in Q* . To the functions u and g , we can associate another function
Mu(g) : Q>R defined by :

g(B(u) (x)) if x € a~P

for a.e. X M, (9) (x) =
S“i
— J g(c) do if x € P,
sl 78ty
;
where s', = [u < t.] ,s". = Ju <t , B(u) (x)=|u <u(x)]

Definition 4

Now, let us consider two measurable real functions defined in Q .

We denote by Vs the restriction of v to a flat region Pi of u.
To the function g defined above, we can associate the function

Mu,v(g) : 2-R by
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Mu(g)(x) if x € Q~P

M, y(9)(x) =

Mvi (hi)(x) if x € Pi

where hi(s) = g(s'i +s) if s € [0, |Pi| ]

Mv is defined as Mu (with @ replaced by Pi)’
i

The proof of the following lemma is given in [5] , [7] .

Lemma 1

Let u, V be two measurable functions from Q 1into R ,
1

- =1 then
q

velP@ (1 < p<te) adgoe L9214
p
*
M, (9) € L9 () and J* g vy do= [ M, (9) v dx (1-1)

Remark 1

If v € L] (), g € (PCYE? ) the relation (1 - 1) holds.
In fact, if we consider first g € EE(Q*) , we can argue as in [7] to get
relations (1 - 1) . As M, belongs to 2”@, L®(2)) (see [5])

and the mapping g € L% (Q*) - j g v: do 1is continuous,we can conclude

*

by density of @(2°) in €C°(")

Remark 2
One can give an explicit expression of Vay when u is a regular

function. (R - 1) assume that Q 1is a bounded open set of IRN and u
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1 1

is an element of @ () such that —— ¢ L (@)
||
then for any v € L] (2)
v(x)dr(x)
I [vu(x)]
u=u,(s) ) *
a.e. 1in 1-2
Vyy (8) = Q (1-2)
dr(x)
J |vu(x) |
u=u,(s)

where dr denote the (N - 1) dimensional Lebesgue measure.

Proof of remark 2

We recall (see [1] ) that a real t is called a regular value
of u if

u'](t) is a compact (N - 1) dimensional manifold on which
Vu (x) # 0.

A real t is said to be a critical value of u if it is not a
regular value.

The set of critical values is denoted by @ . According to Sard's
Theorem (see [1] ) , if u € € 7(Q) then the Lebesgue measure of €
is zero.
We denote by p(t) = |u > t| . We observe that u has no flat region because

1 s in L] (2) and on flat regions Vu(x) = 0 a.e. We then have
|vul

forall s € @ u(u, (s)) =s (1-3)
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The function U 1is_absolutely continuous. In fact, let us take

(a,b) - € R? (a < b) . The function u 1is lipchitz and

is integrable,

| |
we can use Federer 's theorem [2] to get that :
b
d |
wa) - u) = [ e = [ dp [ I ang ey - [ L
a<usb a |Tu(x) | [vu(x)|
- us=p . u=p

These last relations prove that u is absolutely continuous. As absolutely
continuous functions map null sets into null sets, we deduce

meas u(C) = [u(@)| = 0.

Using relation (1-3) , we get that : { s € }?‘, u(s) € €} 1is included
into p(C . Thus, for almost every s in Q" s Uu,(s) is a regular-yalue
of u . In the following, we consider only such points s . The following
computation is then true for almost every s of Q* .

Let h > 0, as u has no flat region, we get :

w(s + h) - w(s) = v(x) dx
uy (s+h)<ugu,(s)

One can check that for small h , vu(x) # 0 for all x in the compact

Kp = {ug(s +h) < u < us)l e (K,) and Y s in L](Kh) .

| vul |vul

We use Federer's theorem [2] to get :

W(s + h) -w(s) _ 1
h h
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Let us write u_(s + h) = u_(s) + R(s,h) where R(s,h) = h.-%gi + o(h)
. s

. du* T e

( — exist a.e as u, 1is decreasing and R(s,h) # 0 since u has no
ds

flat region). Then, we get :

Uy (s)+R(s,h)
w(s + h) - w(s) _ _ R(s,h) 1 J dp v(x) dr
h h R(s,h) |w(x) |

U*(S) U=p

And when h tends to zero :
V*u (S) = -d—w- = - .d_u_t }’ MI: a.e 1in Q*
ds ds | Vu(x)]
u=u,(s)

This last relation is true for all v € L] () . In particular if v =1

(v*u = 1 see proposition 1 ) and thus :

du

* 1 . *
_— = - a.e in @
ds J dr

|vu(x) |
u=u,(s)

These last formulas lead to (1-2) .

Section 2 : General properties of the relative rearrangement

The following is a generalization of the property of contraction

for Vay

Theorem 2
Let p be a convex function defived in R , (vl’VZ) € L7(Q)x L7()

U a measurable function defined in § then :

Q Q
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This last formula is also valid for (v-| ,v2) e LP (Q) x LP (2) (1 <p < +)

if  p satisfies :
3 0 >0, 3geR, vt € R, |p(t)] < o|t|P+8

Remark 3

According to Kranoselskii [4] , the last condition for [ is
necessary and sufficient to insure that the mapping v - p(v) 1is continuous

from Lp(Q) (resp. LP (9*)) into L! (Q) (resp. L! (Q*)) .

Remark 4
Under the assumptions of Remark 2 , if moreover [ satisfies

lo(t)| < a|t] + B s we have the ponctual inequality :

ace in @ p(Vyuy (5) = Vouy (5)) < [o(vy = ¥p)1 4, (s) (1-5)

for any (vy,v,) € L! m)XL](m
In fact, by relation (1-2) :

J (vq - V,) (x) 90.(x)

[vu(x) |
u=u,(s) :
Viky (s) - Vouy (s) -
J dr (x)
| vu(x) |
u=u,(s)
Setting dv = dr (x) . } » One can use Jensen inequality
|vu(x) | J ar
|vu(x) |

u=ux(s)
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and
p(vy - v2) dv = [p(v] - VZ)]*u (s) (by relation (1-2))
u=u, (s) '

This ponctual relation leads to (1-4) since by integration :

[ p(v],.‘u - v2*u) do < I *[o(v] - yz)],,‘u (o) o = { p(V] -v2) dx

Q
Q Q

(by proposition 1 , (i-2))

Remark S

The ponctual relation (1-5) is not valid for any u . To see this,
let us take, u = constante =1, and v, =v € L w(ﬂ) » Vp, =0 . Then,
if it is tfue, we will get :

O(Vﬂ) < I p(V)]*]°

By proposition 1 (i-1) , Vel = Ve o [p(v)]*1 = [p(v)],
thus  piv,) < [p(v)l, . By equimesurability , we deduce
o(ve) = [p(v)l, forany v € L (@) and any convex function p : it is

not difficult to see that this is impossible (for example, take p decreasing).
The proof of theorem 2 needs the following lemma whose proof can

be easily deduced from G. Chiti's result [3] .

Lemma 2
Let p be a convex function defined in R , u and Vv two

measurable functions defined in  , v € L °°(Q) then we have

I o (u + v)* - u*) o < j p(v) dx
Q" Q
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Proof of theorem

I nee 15 3 conve s tuncUyoan, the app e DA Lw ) v)
d | -» elv)

To L.S. (. for the weak stlar topology. Hence, af (v',v,) are two elements of
L7 () , we know (see  [Y) ) that for all A >0 and u wmeasurable

defined in L

and

weak star

we deduce from lenmma 2 and the remark above

do >f p(v],u-vz.u)dn

‘ (urdvi)e - (u+kv2).
J o(v] - v?) dx > lim | p[

1Y '
0
Assume that p satisfies the growth condition in theorem 2. Since the mapping
v € LP () - Ve, € LP (9 ) is continuous (see (6]) , we deduce by

o(v) dx J . o(v, ) do )

remark 3 that the mapping v € LP (Q) - (J u

Q
is. continuous. We can conclude using the density of L™ (Q) into P ()

Collary 1

Let p(t) , t20 be convex , non-negative, non-decreasing,

(V1’V2) in L1 () x L1 () and u a measurable function. Then,

o[V s Vo |) do s [ o[V -v,|) dx.
JQ, 12y"V2%y AR
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Proof
We argue as in [3]). We consider the real lipchitz function Tn
defined by :
n if. z2n
T (z)= z if |z]|sn
-n if z<-n
Then the functions v, =T  (v;) i=1,2 are in L™ (2) and satisfie

[Vin~Vonl s |v4-V,| a.e.. Since the function p is non-decreasing, we

deduce that
p(|v1n-v2n|) dx s [ p({vi-v,|) dx
Q

Q
and that the function p (|t]) is convex, we apply theorem 2 to get that :

[ -
o P NVipr Vo) do jg o([v,-v,|) dx

1

Since the sequence Vin tends to Vs in L (Q) i=1,2 and the mapping

1 . .
velL (Q)- Vi € L1 (9*) is continuous, we can substract a sequenc%f*)

denoted also vy which converges almost everywhere in Q*. We apply Fatou's

n*u
lemma to get that

IQ* p(|v1*u-v2*ul) do £ 1%? ng* p(|v1n*u-v2n*u|) do s fQ p(|v1-v2l) dx

These last results illustrate the convergence of the relative
rearrangement in Orlicz spaces if the original functions belong to L1 (Q)

and converge in Orlicz spaces.

(**) that is from the sequence (Vd‘ )

v
n*¥u’ 2n¥*y
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2.2 : A generalization of the Hardy-Littlewood inequality

Before proving the result of generalization, we will need some lemmas:
‘Lemma 3

Let v € LP () (1 < p < + x) then there exists a sequence

v. ¢ LP () such that Vi has no flat region and v, tends to v in Lp(Q)

Proof :

Let P =uyP; where P, ={v=0,},[P;|]#0 and 6, #0.

ieD
We denote by XA the characteristic function of a measurable set A .
We put N#X¥=J-. 1 for any X € . We observe that :
n 1+ [x]
-2
[{x € Q5 A(x)=0a}] = [{x € Q-e n{X) - B} =0 v (asB) € R?
We define :
vp(x) = e %0 v+ 2 0 x )
{v=0}

One can check that :

v, (x) = v < & (x| + )
n
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So, Vi tends to v in LP () (1 < p < += ).

Let us prove that for all t € R, |[v =t]|=0.We remark that :

v, =t} =(x €a~P, v(x) #0, v (x)=t)u (U {x € P, v (x) = t})
ieD

ui{x €q,v(x)=0, vn(x) =t}
We deduce then :

Vi .

=t] = [{x €a~P , v(x) #0, v(x) = t}| + zDI{x € P, oA (X) _t
1€

+ [{x € Q,v(x) =0, A(x) =t}
By the remark above, each term of the summation vanishes.

Lemma 4
et v € LP(Q) ,1 < p < +w such that v has no flat

region then :

%
(i) for all a € Q , there exists a measurable set E(a) such that

w(a) = I v(x) dx and |E(a)| = a
E(a)

In additiom,

(i2) Zf a <b then E(a) < E(b)

if |u=u,(a)] =0, we set E(a) = {u>u, (a)}
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then [u > wu,(a)| = |u > u,(a)] = a

if  |u = u,(a)]|# 0, we denote v, the restriction of v to the set

{u = u,(a)} then by equimesurability :

a-|u>u_(a)|
(vy) (o) do = [ v(x) dx

0 vy >(¥,), (3 [usu,(a)|)

The set {va > (va)* (@ - Ju > u(a)])} and {u > wu,(a)} are disjoint.

Hence, we have :

[E(a)] = Ju > u@)] + Jv, > (v),(a-Ju > u(a)]) =a
if we set E(a) = {u >u,(a)} u{va> (Va)* (a - |u>uga)])}

(ii) Let a < b

If u,.(a) = u,(b) then Va =V = k we deduce

ke(a - |u > u*(a)l) > kye(b - Ju > wu,(b)]|)

so E(a) < E(b)

If u,(a) > wu,(b) : E(a) = {u > uy.(a)} = {u>u,(b)} <« E(b)

Remark 6
If Ja,bl n lc,d[ = P, if we set
E(a,b) = E(b) ~ E(a)
E(c,d) = E(d) ~ E(c)
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then
E(a,b) n E(c,d) =9

The following lemma is crucial to prove the result of generalization :

Lemma 5

Let u be a real measurable function defined in Q and v € L](Q)

then for all measurable set E 1in Q* , we have :

£l i
J Ve, () do > J vV (o) do (=[ v, (o) do)
E 0 l]-|E]

‘ . .
where v denote the increasing rearrangement of V .

Proof lemma §

As the mappings v € L! (Q) - v; or v,, € L! (Q‘) are

continuous, thanks to lemma 3 , we can restrict to the case when v has
no flat region.
E 3
Let & be an open set of Q then ¢ is the union (at most

countable) of his disjoint connected components : €& = U ]ai, bi[
i€D
b,
I (L] do pX I (14 do
o 4 i€D ds

n

3

According to lemma 4

b.
i dw do

= T J v(x) dx ,

. ds i€D
ieD a; E(ai‘bi)
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Since E(ai, bi) n E(aj, bj) =P for 1 #J (see Remark 5 ) , we deduce

via Hardy-Littlewood inequality :

| U E(a-i’bi)l

" ieD .

e L o Lo
i€D

ligD E(a;» b.)| = iéD (by - a;) =»|@| ,

dw I@l*

dw g v (o) d (1-6)
I ds 9 2 JO o) =e

4

If E 1is a measurable set of Q* , then there exist a sequence 6b of open

set such that : E < Ops1 < 0Oy and Igp] p:;oo[El

Then by (1-6)

|

dw *
J qc do > I v (o) do
Op 0
When we pass to the limit :
) el
I Yy (0) do = J M do > J v (o) do
E E ds 0

The following theorem is the generalization of the Hardy-Littlewood inequality :

Theorem 3

Let u be a real measurable function on Q , vy in LP(Q) and

q ;. * 1.1 _
vy € LI (@) L1, then
* *

Q2 Q
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Remark 7

If we change Vi into - Vi Vo into - Vo and u into - u

using proposition 1(i-3) , we get :

* x X
IQ* Vig V2 do < IQ* Vi Vo do (1-8)

The proof of this theorem needs the following lemma whose proof is in [5] .

Lemma 6

et f € L% (Q*) », a < f < b, g € L] (Q*) then

b

J fg do = b J g do - J dt I g do
Q* Q* a f<t

Proof of theorem 3

We begin with the case v, € LP (o) and v, € L™ (") then

1 *
Viey € L (@) and by lemma 6 :

b
I . Viky V2 do = b J *Vl*u do - I dt J Vixy do
d

Q Q v2<t
By proposition 1 (i-2) and equimesurability :
*
J *v]*u do ) I * v] do
& Q
By lemma 4
lv;<t|
* *
[ v w2 [ @ [ V] (0w
Vo<t 0 v§<t
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Hence

b
* £ 3 %
J *v]*u v, do < b J . vy do - J dt J vy (o) do = J Vi v; do
a
Q Q *
v2<t

The result for q < + « easily follows by density.

Remark 8

If v, > 0 is only measurable, vy 2 0 and v, € L] ()
the relation (1-7) (or (1-8)) remains valid. In fact, there exists

an increasing sequence v, € L™ (@) such that :

1lm Von (o) = Vo (o) and 0 < v, (o) < Y, (o) a.e.

then

( %k 3 3 %
J*vZn (6) Vigy (0) do J* vy V] do j* V3 () v} (o) do
Q Q Q

As vy 2 0 implies Vieg 2 0 (see [6] ) then by Fatou's lemma :

*k  k

J N Visy Y2 do < j *v] v, do
9] Q

Remark 9

-2D-

As a corollary, we recover the well-known Hardy-Littlewood theorem :

Forall v € LP (@) ,h ¢ Lq(Q),%+;—=1

we have :

J hy dx < I h'v *do
Q2 Q*
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- 2% -
Proof :
We begin with the case h ¢ €° () and v ¢ L] (@) . Using
remark 1 and theorem 3 :
J Mo, (h) v dx < I h* v* dg (1-9)
sV - *
Q Q
By definition 4 :
h* (8 (h) (x)) if xeq~P
L 3
Moy (h) (x) =

Then, we have : g(s) = h*(s'i +s) = h*(s'i) = h*(g_(h) (x))

Inany case M__ (h") (x) = h"(8 (h) (x)) = h(x) (since h is continuous).

h,v
By (1-9) , we get the Hardy-Littlewood inequality.

By density, the inequality remains valid for h € L9 () and

1,1 . 1,9 > 1 and then for q =1

e LP (). 2
v (@), 3
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Un modeéle non local en physique des plasmas :

résolution par une méthode de degré topologique

Jean-Michel RAKOTOSON
Laboratoire d'Analyse Numérique
Université Paris-Sud

91405 ORSAY.

INTRODUCTION.

Différents modeles de la physique des plasmas ont été introduits dans
la littérature (cf. par exemple [2],[6]1,[81,[91,[10]1,[141).
On peut les résumer sous la forme générale suivante : trouver une

fonction u définie sur un ouvert borné régulier Q de R (N21) telle que :

(0.1) -Au + g(x,u(x),§ﬁu)(x)) = 0 dans {u<0}
(0.2) Au=0 dans {u20}
0

(0.3) u = constante (inconnue) sur 3f

ou
(0.4) J =—do=1I>0
30 on

avec S(W(x) =mes {y€Q / u®x) <u(y) <0} . I est une constante positive
donnée. L'ensemble {u<0} représente la région occupée par le plasma, tandis
que 1l'ensemble {u20} représente une région vide. Ces régions sont connues
dés que 1'on résoud le probleme (0). Pour plus de détails sur le probléme
physique, on peut consul?er [5],[7] et aussi 1'appendice de [13].

La fonction g est définie sur T xR x [o,|Q|](*) ; sa forme n'est
jusqu'a présent pas précise : c'est 1'une des difficultés physiques. Suivant
la forme de g , les modeéles traités antérieurement peuvent &€tre classés en

deux catégories :

(*) |2] = mesure de @
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M1./ gx,ux),8()(x)) = Agx,ux))
Ag (8 () (X))

M2./ glx,u(x),s(u) (x))

ou A est un parametre fixé.

R. Temam était le premier a prouver l'existence d'une solution pour le
modéle M1 [14], par une méthode variationnelle. Tandis que le second modeéle M2
a été résolu par H. Gourgeon et J. Mossino [4] par un procédé de symétrisation
et les techniques de 1'analyse multivoque déja utilisées dans [8].

Ici nous résolvons un modéle relativement général qui est une forme
affaiblie du probleme (0). C'est le probléme (1) suivant : trouver u € HZ(Q)

vérifiant :

(1.1) M€ gx,ux),8()(x)) dans {u<0}

(1.2) Au=0 dans {uz0}
(M

(1.3) u = constante (inconnue) sur oS

ou
(1.4) J =~ do=1>0
30 on

IA

ot §(W)(X) = [S(WX),5WX)] , S(W ) =mes {y € 2 /ux) £ uly) <0} .

Dans la Section 1, nous précisons les hypothéses sur g et nous intro-
duisons un probléme régularisé (1)8 (¢ parametre positif) associé au probleme
(1). Dans la Section 2, nous montrons l'existence de solutions pour ce probléme
régularisé par des arguments topologiques. Cette méthode nécessite quelques
estimations a priori, ce qui se fait dans cette méme section. Enfin, dans la
Section 3, nous passons a la limite dans le probléme (1)8 pour montrer 1'exis-
tence de solutions du probléme (1).

Ce travail est une partie d'une These de 3e Cycle soutenue a 1l'Université
de Paris XI-Orsay [12] .

Je tiens a remercier J. Mossino de sa généreuse collaboration.
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1. HYPOTHESES - UN PROBLEME GENERALISE.

Considérons le probleéme (1) ci-dessus, o g est une fonction définie

sur Q@ xR x [0,|Q]] vérifiant :

(H1D) g peut se décomposer : g(x,u,8) = g1 (x,u,s) + gz(x,u,6) , avec
g; € @ xRx [o,|0) i=1,2

IA

g1 0 et ngO.

I1 existe deux constantes a2 0 et b>0 t.q

|g1(x,u,6)| <au +b V (x,u,6) 2xRx [o,|9]]

v

(H2) gix,u,0) =0 Yuz0,VXEeEQ

(H3) I1 existe deux constantes Hy > 0, “c') <0 t.q

uou_ + ul < glx,u,8) v (x,u,8)€ ¥ xR x [o,|0]]

o letx,u,8)|
(H4) lim — = 0 uniformément en x et en § avec
|u|>+eo lulP

p = Nli% si N23 , p (quelconque) > 1 si Ns2

Remarque 0 . Ces hypothéses sont vérifiées pour le mod¢le M! ou g(x,u,8) =
Au_  (»>0), tandis que le modele M2 ne satisfait pas 1'hypothese (H3). Il
peut cependant €tre résolu par la présente méthode complétée d'un nouveau
passage a la limite (cf. Remarque 3 a la fin de 1l'article).
Pour €>0 , on associe au probleme (1) le probleme (1)€ régularisé
suivant :
Trouver u_ € HZ(Q) solution de
(1-1)_ -bu, + gle,u (0,6 () () = 0 dans @
(1-2)E = Eonstante @ncomue) sur 3N
€

(1) u. .
(1-3) J = do=1I>0.
€ 30 )

€

n
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ou 66 est un opérateur de LZ(Q) dans L°°(S2) défini par : pour v € LZ(Q),
[ oo - [ oo -]
6. (VI(x) = | o h (-v(y))dy o Fg(v(x) v(y))dy . avec

1 si t2e 1 si t20
i I _ tgi -
}_1€(t) ={ osi 0stse He(t) = {1+ - si estso
0 si t<0 0 si1 ts-¢

Nous notons que 65 (c) = 0 lorsque c est une constante Ge(v) (x) = 0 en tout

point x ou v(x) 2 0 et que

(1.1) 8. o s |9l
L)

2. EXISTENCE DE SOLUTIONS POUR LE PROBLEME (1)&:

2.1. Préliminaires.

On désigne par W = H:)(Q) ® R le sous-espace fermé de H1(Q) défini
par

H;(Q) @R = {v € H1(Q), v = constante sur 90}

On le mmit de la norme de HI(Q).
Soit L 1'opérateur complétement continu (i.e. continu et compact)

de L°(Q) dans W défini par :

-Au +u = £ dans Q

Lf =u e u = constante sur 3N
f %}l{ do =0
N

Soit by 1'élément de HJ)(Q) ® R satisfaisant a

8oy * bg = O

oo EW
a¢
f —2do =1



ITT g,

Alors si nous définissons S€(1,v) = L(V—g(.,v(.),ée(v)(.)) + ¢o R
on remarque que toute solution du probléme (1)8 est un point fixe de
S€(1,.) Pu = S€(1,u€) .

Par ailleurs, 1l'application S€(1,.) est complétement continue de W

dans lui-méme. Pour cela, il nous suffit de démontrer le

Lemme 2.1. L'application v € W~ g(.,v(.),Ge(v)(.)) € LZ(Q) est

continue et bornée (i.e. transforme les sous-ensembles bornés de W en des

sous-ensembles bornés de LZ(Q)).

Dans la suite, les ¢C; désignent des constantes ne dépendant que des

données I, N, Q, g .

IN

2.1 |g(x,u,8)| < ¢ (1 + lul®) v (x,u,8) € TxR x [o,|0]]

Ainsi, pour v €W, Ig(x,v(x),ée(v)(x))l $c 1+ lvx)|?) p.p.
Sachant que Wg LZP(Q) , on déduit que g(.,v(.),éa(v)(.)) € Lz(Q) et que
1'application en question est bornée.

La continuité de 1l'application v € W > g(x,v(.),de(v)(.)) € LZ(Q)
revient a dire que si v tend vers v dans W-fort , alors la différence
gle,v (.,8 (v (.)) - g(-,v(.),8_(vV)(.)) tend vers 0 dans LZ(Q)-fort
lorsque m tend vers + «

Posons wm(x) = ]g(x,vm(x),ds(ym)(x)) - g(x,v(x),ée(v)(x))lz . Par

la relation (2.1), il existe une constante c, > 0 t.q
2 2
0w (X) £c,(1+ lvix) |“P + |Vm(x)[ Py p.p.
Puisque v, >V dans LZPCQ), il existe h € LZP(Q) et une sous-suite (vm,)
de (vm) t.q :
v )| s h(x) p.p. dans @ , (vm')

et
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lim v ,(x) vix) p.p-
ml

Par 1'hypothése (H1), on déduit 11mw ,(x) 0 p.p.dans Q et

0 < wm(x) 2(1 + lv(x) 1 2p , [h(x)]2p> . Par le théoréeme de la convergence
dominée : 1lim J wm,(x)dx = 0 . Nécessairement ,toute la suite W tend vers
m' ‘Q

0 dans L1(Q).
o

Maintenant, nous allons déterminer une boule Bk de rayon k dans W

sur laquelle nous pouvons définir le degré topologique d(I-S€(1,.),Bk,o).

2.2. Estimations a priori.

Définissons pour t € [0,1], 1l'application g Ppar : pour
(x,u,8) € QxR x [o,]|0]]

gt(x,u,s) = tg(x,u,8) + (1-t) Hqu_
ou uy, est la premiére valeur propre du probléme de Dirichlet homogene.
Soit Et 1'ensemble défini par :

E, = lvewWw/j (v =e (V) = 0}

1]

e == T+ | g(5v00,6, ) ()
Q
j ) = IVVliz - IV|aQ - JQ 8¢ (X, v(x),8_(v) (X)) v_(x)dx .

On pose u = min (U ,H{) > 0 .

Proposition 2.1. Il existe une constante k ne dépendant que de I,

N, @, g telle que
VVveE UE lv|H1 <k
telo, 1]
La démonstration de cette proposition utilise toute une série de

lemmes.
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Lemme 2.2. Vv t € [0,1] , E, # 0

-1+ JQ gt(x,u,o)dx . Par (H2), A(u) = - I pour u20 . Par ailleurs, en

utilisant (H3), on trouve que
J g, (x,u,0)dx 2 u [Qlu_ + uétlQl : lim J g, (x,u,0)dx = + = .
Q ur—e /Q

Par continuité de A , il existe u, < 0 t.q A(ut) =0 ; ainsi

I gt(x,ut,ée(ut))dx =1: u, € Et .

2

Lemme 2.3. 11 existe une constante c3 > 0 telle que

VVE UE, (2.2) |V_IL1 S cq
t€lo, 1]

(2.3) lv_| S c (1 + |w]| )
L2p 3 LZ

Démonstration. Par (H3), pour v € Et :

t%lm+glmu1skggnwnﬁgwuna=1

d'ot (2.2).
Pour obtenir (2.3), on utilise 1'inégalité de Sobolev-Poincaré [3] :

Vu € H' (@) |ul 2 < c(|ul 1t |vu| ,) enprenant u = v_ et en utilisant
L L L

la relation (2.2) on obtient (2.3).

Lemme 2.4. Pour tout n>0 , il existe une constante c; ne dépendant

que de n, I, N, @, g, telle que
1
1

1 P
VVEH® g (V02,8 MEN[ G s nlv | 5 * <,
Dans la suite, les c; désignent des constantes ne dépendant que de

n, I, N, @, g .
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Démonstration. Par (H1) et (H4), pour n>0 , il existe cﬁ tel que

1'on ait V (x,u,8) € € x ]==,0] x [0,|2]]

(2.4) 206,801 % 5 0 u?Ps
11 existe cg ne dépendant que de n tel que
(2.5) u? ug <N ugp + ci

Des relations (2.4) et (2.5), on déduit :

4

(2.6) ]gt(x,u,é)l2 <n ugp +c,

Ce qui entraine par (H2) , pour vV € H1(Q) :

f lgt(x,VCX),GE(V)(X))Ide <n [ Iv_(x)l2pdx .
Q o n

d'ou le lemme.

Lemme 2.5. Pour tout n>0 , il existe une constante cg telle que

vve U Et
t€lo, 1]

6
Igt(.,v(.),de(v)(.))qu, <n |v_|sz + Cp

avec

4
2p

Démonstration. Par le théoreme d'interpolation de Riesz (6 = %9

+ a%-= 1.

8 CoV(,8, (D] g 2 Igt(.,v(.),ée(v)(.))|1;9

L

gt(~’V(~)’Ge(V)('3|iz
Sachant que gzzO (par (H1)), nous avons

lgt(.,v(.),de(v)(.))lL1 < tJQ g,(x,v(x),8_(v) (x))dx + u1|V_IL1 +

. JQ £ Ge,v(x), 8, (V) ()| dx

Par (H1) et sachant que et(v) =0,
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J |g1(x,v(x),6€(v)(x))|dx s alv_| 1t b|Q|

Y L

et
t JQ g, v(x),6_ (V)(x)) dx < I + a |v_|L1 + b|Q|

En utilisant le lemme (2.3) :
Igt("V(.)’GE(V)(.))IL‘] S C4

et donc :
ENCORN I I e ° NNCENCIONI

On conclut avec le lLemme (2.4).

. . 7
Lemme 2.6. Pour tout n>0 , il existe Cn tel que Vve U Et
telo,1]

7

2
JQ 8,06 V00,8, (D GOIV_GIdx 5 n W]y + ¢

Démonstration. Par 1'inégalité de Holder :

fIN

JQ B 0V 00,6, () 0OV_00dx £ [8,(-¥(),8, I qulv] o

Ainsi par le Lemme (2.5) :

8
n

IA

2
[Q g, (x,v(x),8_(v) ())v_(x)dx < n |V_|L2p +C

et par le Lemme (2.3) :

7
n

[7a

JQ g, (x,v(x),8_(V)(x))v_(x)dx s n IVV|i2 +c

Lerme 2.7. Pour tout n>0 , il existe cz tel que vve Et
tefo,1]

9

Iv
| n

2
ag SN IVvle +C
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Démonstration. Soit v € E il suffit de démontrer le lemme pour

............. t ’
Y = vlaQ > 0 . Reprenons la relation (2.6) du lemme (2.4), il vient

V(x,u,8) € @ x ]==,0] x [o,|2|] , VvV tE€ [o,1]
lge (x,u,8)| s n uP 4 cr]]0

Alors presque partout dans {v<0} :

YP g, V00,6, (D)) £ 1 ¥P P+ vP
On trouve aprés intégration que :
1

vP I 8, (x,v(x),8_(v)(x))dx s n J ly + v_IZpdx tcp
v<0 v<0

Sachant que et(v) =0 :
YPI < n J |v - y2p|+ c;1 <n I |v - y|2pdx + C;Z
v<0 Q2
donc, par un théoréme d'injection de Sobolev :
YPI < n lelig + c%s
d'ou le Lemme. o

Lemme 2.8. I1 existe une constante c5>0 telle que

vve U Et

t€lo, 1]
(2.7) |Vv|L2 S ¢
(2.8) |v|aQ| < cg

Démonstration. Soit v € Et alors jt(v) = 0 entraine que

| ov| ) = IVIBQ + I gt(x,v(x),é (V) (x)v (x)dx. En utilisant les Lemmes (2.6)
L Q € B

et (2.7), on a la relation (2.7) avec n = % . Par ailleurs, si vlaQ 2 0,
alors la relation (2.8) est une conséquence immédiate du Lemme (2.7) et de 1la

relation (2.7). Si VlaQ < 0, alors on écrit que :



III 44,

[Viaol = Va0l s clv_]| 5 +lw_| ,) s c(v_| , + |W] )
EY EY 12 12 12 12

Par le Lemme (2.3) : |v_| , s c'|v_| < c"(1 + |Ww| ,) , on déduit le
L2 - L2p LZ
lemme en appliquant la relation (2.7).
o

(2.8), 11 nous suffit de prouver qu'il existe c6>0 tqVvve u Et
t€lo,1]

| v| 2 S Cg - Nous déduisons du lemme de Poincaré que

vl 5 s c(fviagl + (V] ) .
12 Kl 12

En utilisant le Lemme (2.8), on a le résultat.

2.3. Calcul d'un degré topologique. Existence de solutions pour le

probléme (1)€ .

Proposition 2.2. Pour tout t € [o,1], le degré topologique

da(I - Se(t,.),Bk,o) est bien défini et vaut -1 (k é€étant la méme constante

que celle de la Proposition (2.1) et By la boule ouverte de W centrée en

O de rayon k).

Avant de démontrer cette proposition, rappelons deux lemmes dus a

H. Berestycki-H. Brézis [2] .

~Lemme 2.9. Si on note A1,A2 (A1<A2) les deux premiéres valeurs carac-
téristiques de L, et M la premiére valeur propre du probléeme de Dirichlet
homogéne, alors

i) A1 = 1 est simple et est associé a des fonctions propres qui sont
des constantes.

ii) )\2>1+u1

Lemme 2.10. Pour Tt € [0,1], on considére 1'application compleétement
continue :

v W =+ W définie par

T
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‘PT(U) = (1 + U_I)Lu - Tu1 L(U+) + ¢o

et soit vy 1'unique fonction propre du probleme de Dirichlet satisfaisant a

BV1
J ?T_-dc = I
q on

i.e. -Av1 = u1v1 dans Q

v1 = 0 sur 9N

av1
. sf—do =1
o o
alors, pour tout Tt € [0,1], vy est 1'unique solution de 1'équation

u - wT(u) = 0.

qui a v € W associe Se(t,v) = L(v - gt(.,v(.),de(v)(.)) + ¢, est complete-
ment continue de W dans lui-méme. Par ailleurs, {u = Se(t,u)} <E <B .
En effet
(2.1)" =-Au + gt(x,u(x),de(u)(x)) = 0 dans @
u = Ss(t,u) e ( (2.2)' u = constante sur 3N
3

\ u .,
(2.3) [39 = do =1

En intégrant la relation (2.1)', on trouve et(u) = 0. En multipliant par u
et en intégrant sur Q@ , la relation (2.1)' donne jt(u) =0, ainsi u € Et'
Par la Proposition (2.1), u € Bk :ou - Ss(t,u) # 0 sur aBk .

Par invariance homotopique, d(I - Sa(t,.),Bk,o) =d(I - Se(o,.),Bk,o)
mais Se(o,v) = L(v - M v.) + ¢o = w1(v) (w1 étant 1'opérateur introduit
au Lemme (2.10)) Ce Lemme (2.10) assure alors que d(I - Se(o,.),Bk,o) =
i(I - w1,v1,o). De nouveau par invariance homotopique, i(I - w1, Vis o) =
i(I - wo’ Vi o). Par le théoréme du calcul d'index par linéarisation [11],

i(I - wo’ Vi o) = (-1)B ou B est la somme des multiplicités des valeurs



IIT .13,

caractéristiques réelles up€ l[o,1] de wé = (1 + u1)L . Le Lemme (2.9) montre

que B =1 . Ainsi nous avons obtenu : d(I - S_(t,.),By,0) = (-1)B =-1.

Proposition 2.3. Il existe u. solution du probléme (1), . De plus

. ) 5 <
u_ demeure dans un borné de W’5(Q) pour tout s € [1,+°[ lorsque € tend

vers 0.

u € B tel que u_ = S€(1,u€) Pug solution du probléme (1)3' Puisque u
reste dans un borné de H1 Q) s LZP(Q) , la relation (2.1) implique que
g(.,ue(.),Gs(ug)(.)) est dans un borné de LZ(Q) . D'aprés S. Agmon-Douglis-
L. Nirembéfg (1, u. est dans un borné de HZ(Q) . Par 1'injection continue
de Sobolev : WZ’Z(Q) <;Lq1($2), qq €tant tel que : si 42N : 1§q1<+oo alors
u_. est dans un borné de LqT(Q).Par la relation (2.1), g(.,ue(.),ée(ue)(.))

€

est dans un borné de L°(Q) . D'apres [1]., u_ est dans un borné de

WZ’S(Q) Vs € [1,+o[. S1 N>4 , on prend q; t.q - . 5 - § - On reprend

le mMéme raisonnement pour montrer que u. est dans un borné de

2,4 q

W P@s L 2(9) avec c—:—Z— = E{% -'I%T si 2q4<pN et 15q, <+ sinon. Les q;
étant 1iés de facon générale par a}— = EP-— - 'IZ\T 3k t.q 2qk>pN .
i Y-

3. PASSAGE A LA LIMITE.

On désigne par u. une solution de (1)€ vérifiant, lorsque ¢ tend

vers 0 :
a) u. >u dans Wz’s—faible (s>N)

b) u_ >u dans C1(§)-fort
c) JQ bﬁ(-ue) (y)dy - o dans R

) gl,u (2,8, @)(.)) > G dans L’-faible * .
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Le passage a la limite dans (1) se fait sans peine et donne

a-»- -Au + G(X) =0 dans fi

(@Hh 1 (1-2)" u = constante sur Sh
9u
1-3)" do =
a-3 4 o0

Nous allons préciser la fonction G , grace au

Lenme 2.11.
) o€ [JuO],[u0]] ()
i) G vérifie les relations suivantes
ii-1) GX) = 0 dans {ufO} p.p
11-2) GOO € g(x,uC).0(W(Y) p-p dans (u<O)
avec W) ) = LW O ,7W) 1]

~monstration.

i) Pour presque tout x dans {u<0} (resp. dans {u>0})

Ilim h Ou )X = 1 (resp- 0); Le théoreme de la convergence dominée entraine
A G

£+0
Iim h (-u )QJYdx = JuO] (resp.- lim h (u)M)dy = 0) sachant que
et0 *u<O e eMB «"u0
hMNi-uJdtyMy < h (-u)(dy £ |uO] + h (-u )(y)dy
u<o e fi u>0 e

le résultat en découle.

i) Posons 8 (V\)(X)
e

T_(v&) - v(¥))dy
e

SO e - v(y))dy = Nevidl

JQ
@r = fonction de Heaveside prenant la valeur 1 en 0O).
Soit eQ>0 fixé mais destiné a tendre vers 0, alors pour tout
O<efeQ :
.9 W< < , cecl entraine que pour tout Xx dans fi
e eo

0*1 Lorsque ECcCE” mesurable, on note IEl sa mesure



ITT .15.

(2.10) E(ue)CX) S B (u)(x) < Bso(ue)(x)

En outre, la convergence uniforme de u. vers u implique qu'il
existe O<e;se  t.q V ese, on ait : Iue(x) -u)| s e,V x € Q) . De

ce fait, nous obtenons que, V x €

2.11) |lu £ ux) - Zeol < E(us)(x)
(2.12) [u€ su (x) + eol < jusgu®) + 3€o|
(2.13) ulx) - € < ue(x) sux) + €

v t) Béo(t) < h(t+e ) ainsi Beo(us)(x) < |uE Su () +e|slusu) + 3¢
Cette derniére relation, (2.10) et (2.11) impliquent :
lu € ux) - Zeol $ B (k) < lu € ux) + 3€0|

ainsi VX E€EQ

IA

(2.14) [JQ h_(-u))dy - lu £ ux) + 3€O|] £ 6 (U)X =

+

+

[
< [JQ h_(-u )dy - lu s uX) - Zsol]

Posons :

A

Sx,e.) = [JusO| - |u g ux) + 3€Ol - g1,

IA

S(x,e,) = [Jus0] - [u s ux) - 2e | +e.1,

Quitte a remplacer €, par €,%€, , NoOus avons, grice a (2.14) et a la relation

i), que
(2.15) $x,e ) < Ge(ue)(x) < Elx,so) (v x €Q) (Vese,)
Soit
Ulx,e) = [ux) - e ,ulx) + €]
et

D(x,eo) = [§ﬁx,eo),31x,eo)] .
Par les relations (2.13) et (2.15), nous avons pour tout X
(2.16) Xe () £ glx,u (x),8_(u)X) < x,. X
o o

~.

ou
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(x) = Min g(x,u,d)
Xeo
(u,8) € U(x,eo)><D(x,eo)
}éo(x) = Max g(x,u,§)
(u,8) € U(x,eo) xD(x,eo) (*)
Mais 1'ensemble {y € L7(Q) tel que ¢ € [Xeo Xe) p.p} est un convexe fermé
. = o .
de L°(Q) donc faiblement-s+ fermé, on déduit de (2.16) que
(2.17) X x) S G(X) € Xe () p.p
Par ailleurs, 11 existe (u(x, €, ) d(x,e )) € U(x,e ) x D(x, € ) tel que
X€O(X) = g(x,u(x,eo),d(x,ao)).

Or u(x,eo) '+ u(x) et quitte a extraire une sous-suite, on peut supposer

ed+o
que : d(x,eo) > 8 (x) € [(W(x),8(w)(x)] . Par continuité (H1) ,
0
Xe &) = g(x,u(x),ém(x)). De la méme facon, nous obtenons que
0 €. Y0 '
O .
Yeo(X) 80-10 glx,u(x), 8, (x)) : §,(x) € [8(w) (x),¥(W) (x)]

La relation (2.17) et ces deux dernitres relations impliquent :
G(x) € g(x,u(x),8() X)) p.p
I1 est évident que dans {u>0} , S(u)(x) = 0 = §(u)(x) donc par (H2),
Gx) = 0 . Dans {u=0} ,onap.p GXx) =0 : en effet, si mes {u=0} # 0
d'aprés Stampacchia, Au = 0 dans {u=0} , 1'équation (1.1)' donne G(x) =

Nous pouvons donc annoncer le résultat principal :

Théoréme 1. 1I1 existe u € C ’ (ED N W2 SLQ) avec 0=ox1 EE 188 ¢+

solution du pfobléme (1 i.e.:

a.mn M € g(x,u(x),8(u) (x)) dans {u<0}
(1.2) Au =0 dans {u20}
(1.3) u = constante sur 9Q

(1.4) J A gs -

o

() }; et x. sont mesurables (cf. Remarque ci-apres).
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Remarque 1. Si les ensembles {u=t} sont de mesure nulle pour tout
t<0 alors u (solution de (1)) est solution du probléme (0). Cette hypo-
thése sera certainement vérifiée pour t<0 , si par exemple

0¢ g(0x 1==,0[x[0,|R|1) (puisque d'apres Stampacéhia, Au = 0 p.p. dans {u=t}) .

Remarque 2. Les fonctions ¥ e et ')ZE sont mesurables. Posons
-0 0

Uy (x,e)) = Ulx,e ) N Q
D1(x,€0) = D(x,eo) nQ

On a
Uy(x,e ) =1 = [Ml_ls% u-e., M%x u+e lnQ
Di(x,e)) = J = [o,]|2]1 nQ

Soit

a= _Max g(x,u,8) + 1
QxIxJ
Puisque I*J est dénombrable, soit ¢ une bijection de N dans IXxJ :
n €N, o) € IxJ. Pour chaque n €N, associons le sous-ensemble mesurable

de Q suivant :
(2.18) M, = {x€Q /o) €UkK,e) xD(x,e )} =
={x €/ o €U kx,e ) xD, (x,e )}

Soit ¥ n la fonction mesurable définie sur £ par :

. glx, o)) si x €
X\x) = "
n -

a si x € Mn .

On sait que x(x) = Inf xn(x) est mesurable. Montrons que x = Xe . Par
0

neN
continuité de g, X x) = Inf {g(x,u,8) : (u,8) € U, (x,e.) ><D1(x,eo)} .
O B
Par définition de ¢ , on peut écrire
Xeo(x) = Inf {g(x,p(n)) ; n €N, o) € U1(x,eo) XD1(x,eo)}

Inf {g(x,o(m)) ; n €N/ x € Mn}

x(x) .

LI}

On ferait une démonstration analogue pour établir la mesurabilité de fg
o)
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Remarque 3. On peut résoudre des problémes du type M2 ol 1'équation
(1.1) du probléeme (1) est remplacée par Au € g(S(W)(x)) oh g est une
fonction continue sur'-'[-.c:>,|Q|] ne s'annulant qu'en 0 . Pour ce faire, on intro-

duit : gu(x,u,ﬁ) = g(é)"_pu_ (u>0) . On résoud alors 1l'équation :

m

(3.1)  Au gu(x,utx),a(u)(x)) dans {u<0}

(3.2) Au =0
(3

(3.3) u = constante (inconnue)sur N

ou ;- _-
(3.4) J —do =1>0.
30 an

Par le Théoréme 1, il existe une solution u, de ce probléme. On peut
montrer sans difficulté que u, demeure dans un borné de H1(Q) (donc dans
WZ’S(Q) Vs fini) 1lorsque. p .tend vers 0 . En définissant u € WZ’S(Q) t.q
u, 3o U dans .W2’~(Q) "faible (s>1). On passe a la limite, pour aboutir
a la solution du mod&le (M2).

Remarque 4. Les mémes résultats peuvent &tre obtenus en remplacant

1'opérateur -A. de (1.1) par un opérateur elliptique du second ordre auto-

adjoint du type
N

_ d ou _ 2
Bu = izj _ij (aij (x) ’é‘ﬁ) avec a;; = a;; €C (@)
et
N - : 2 N
Y oa..(x) E. & 2V[E|°T VEER , (VxED , (wWO),
i,j=1 M

ou encore par 1'opérateur utilisé dans les plasmas [13] dommé en coordonnées

cylindriques par

gu - -2 (1 au)_1 2%
- or \r ° or r'a_rf

De méme, comme dans [8], on peut résoudre un probléme analogue en remplacant
les opérateurs § et § par les opérateurs B, B : B(uW)(X) = |ucu(x)| et

BW (x) = |usu)| -
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EQUATIONS AUX DERIVEES PARTIELLES. — Résultats de régularité et d exis-
tence pour certaines équations elliptiques quasi linéaires. Note de Jean-Michel Rakotoson,
présentée par Jacques-Louis Lions.

En utilisant les techniques du réarrangement relatif ([3], [4]), on démontre des résultats de régularité et
d’existence pour des équations elliptiques quasi linéaires avec des hypothéses minimales sur les données.

PARTIAL DIFFERENTIAL EQUATIONS. — Regularity and existence results for some elliptic quasi-linear
equations.

Using the techniques of the relative rearrangement (see [3), [4]), we prove a regularity and an existence results
for some elliptic quasi-linear equations with minimal assumptions on the data.

In this Note, we are interested in the following problem:
() Findue W} ?(Q2) N\ L= (Q), Au+F(u, Vu)=T in Q,

where Q is a bounded open set of RN, A is an operator of Leray-Lions type [5]. All the
assumptions on A, F and T are given by (H1) to (H4).
One of the main result that we obtain is:

THeEOREM 1. — Assume (H1) to (H4), then there exists at least one solution u of the
problem (£).

Moreover, if r>p’, fo eL"?P" (Q) and a,e L™ (Q), then the solution u satisfies the Hdlder
condition inside Q, for some exponent o> 0.

It is crucial to get an a priori estimate of the L®-norm of the solution u of (). So, we
use the techniques of the relative rearrangement ([3], [4], [6], [7]) and the isoperimetric
inequality of De Giorgi-Fleming Rischel to get such estimate (see Lemma 1).

The proof of the Hdlder continuity is essentially based on the fact that the solution u
belongs to a class of function #,(Q2, M, v, 8, 1/(p— 1) r) introduced by Ladyzen’skaja [2].

If the domain Q is smooth enough, then the solution ue C° *(Q).

The details of the proofs will be given in [12].

0. INTRODUCTION. — On se place sur un ouvert borné Q de RN(N>1) et I’on considére
le probléme (2), trouver ue W3-7(Q NL*(Q), 1<p< +o00 t.q.
Au+F(u, Vu)=T dans Q,

ou A est un opérateur du type Leray-Lions [5] pouvant s’écrire
N

Au=— 3 (9/0x) a;(x, u(x), Vu(x)) pour ue Wy ?(Q) N L*(Q);

i=1
F est une application non linéaire de Q x R x RN dans R a croissance d’ordre p au plus

par rapport au gradient et T appartient a
W~ (Q) avec r>N/(p—1), r=zp/(p—1)=p'.
Les fonctions a; sont de Caratheodory de QxR x RN dans R, c’est-a-dire qu’elles
satisfont aux deux conditions suivantes .
VneR, VEeRN, x — a;(x, N, §) est mesurable,
pP-p- en xeQ, M, &) — a;(x, n, &) est continue.

0249-6291/86/03020567 $ 2.00 © Académie des Sciences
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En outre, on suppose que les a; vérifient les hypothéses suivantes :
(H1) 11 existe deux fonctions réelles continues v, >0 et v, =0 définies sur R, et une
fonction positive k de L"?' () et une constante ¢, =0 telles que :

presque partout en xeQ, VneR, VEe RN
N

Y a,0umEEZV, (InDIEP—va(In]) k)Y |E].

i=1

Inli
avec [v,(|n)PP=v(n|)+co et v(|n|)=j NV @ dr v (+0)=+ . e
o

(H2) 1l existe une fonction croissante a de R, dans R, et un ¢élément a, positif de
L7 () tels que :
presque partout en xeQ, VneR, VEe RN
la;(x, m, &) | =a(In]) [P~ +ao ()]
(H3) Presque partout en xeQ, VneR, V(& £)eRN xRN, £#¢&’

N
Y. (a;(x,M, &) —a;(x, M, &) (§;—&)>0.
i=1
(H4) La fonction F est de Carathéodory et vérifie :
presque partout en xeQ, VneR, VEe RN
() nF(x, n, £)=0;
(i) [F(x, n, &= (n] fo+]|E

ou f, est une fonction positive de L' () et f une fonction croissante de R, dans R,.
L’un des principaux résultats de notre étude est le :

THEOREME 1. — Sous les hypothéses (H1) a (H4), le probléme () admet au moins une
solution. De plus, sir>p’, foe L""?" (Q) et a, dans L' (), alors la solution u est a-héldérienne
a lintérieur de Q pour un certain o> 0.

Notre résultat améliore ceux donnés antérieurement (cf. [1], [9], [10], [11]...) par plusieurs
des propriétés suivantes :

L’opérateur A [voir (H1)] peut dégénérer avec la solution, i.e. on peut avoir

lim v,(n)=0, alors que les travaux précédents supposent v, (n)=v,=Cte. On peut
n = +o

tenir compte des « termes non coercifs » dans le terme contenant v,.

Notons aussi que les travaux les plus récents ([9], [11]) supposent P’existence d’une
sous- et sur-solutions, ce qui n’est pas nécessaire ici.

Par ailleurs, dans le théoréme 2, nous donnons une démonstration directe de la
régularitée L* (Q) des équations du type (£). Les majorations que nous apportons sont
explicites. Nos conditions sur T, i.e. r>N/(p —1), coincident dans le cas linéaire avec la
condition nécessaire et suffisante due a Stampacchia [13], pour avoir des solutions
bornées. Signalons enfin un résultat récent [8] dans le cas p=2 sur des problémes quasi
linéaires, qui donne aussi la méme condition avec une méthode différente de la ndtre
mais toujours dans le cas ou v, (1)) est constante.

Notre démonstration s’appuie sur des estimations a priori des solutions de (£) obtenues
a 'aide du réarrangement relatif qui fait ’objet de la Note [6]. De plus amples détails
sur le réarrangement sont donnés dans [3], [4], [6] et [7].

1. UN THEOREME DE REGULARITE L® (). — On se donne la famille de fonctions
lipschitziennes, notées Sq ,, associée a deux nombres positifs 6 >0, >0 et définies, pour
T€R, par S ,(t)=sign tsi |t|=0+h, 0si|t| <0, affine ailleurs.
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On se donne ue W§' ? (Q2) (non nulle) et I'on note V=S, , (1). On suppose que u satisfait
a:vee]o, sup ess |u|[, Vhe]O0, sup ess [u| —86[; on a

(1.1) Z a-(x,u(x),Vu(x)).g—vdx+f F(x,u(x),Vu(x))Vdx=(T, V>,
Q

i=1 i

ou { ) désigne le crochet de dualité entre W™ 17 (Q) et W§'?(Q). On note

1-A/(p—1)r) N
y= cl@/MN-Dp—Drilp=1r—-1) g onay< +oo, car r> ——
a* p—1

Ao=7v(co ” k ||11,£7P' ot “ T ”pw'/f"'(ﬂ))’

)\‘l—exp()"zyuk”;}/pp @) A, =2%/Nol/N avec 2*=2F/P~ 1+,

a = mesure de la boule unité de RN
Nous avons le théoréme suivant qui est indépendant du théoréme 1 (et est utilisé dans
la preuve de celui-ci) :

THEOREME 2. — On suppose (H1), (H2) et (H4) et I'on considére ue W§: P (Q) satisfaisant
(1.1). Alors :
(i) ue L™ (Q) et la norme de u dans L (Q) est telle que

v(lullod=rorsrs = JuflaSvTiGor A)=M.

On note
a= Min v, (9)"/" B= Max v,(0)?/P,

oséex=M o0=s0=M

Alors nous avons aussi l’estlmatlon du gradlent dans L7 (Q)

(ii) “ Vu ”LP o= —(B ” k I‘i/p(n)+ IQ |(r i )/pr” T “;'v/gl-'(n)) =M,. O
Pour u solution de (1.1), on note v=|u| et 'on considere (g,);-,, ... n» dans L"(Q)
t. gq.
N ag
T=— 3 5;' [ausensde 27 (Q)] et ITw-1r@= 2 |2l @-
i=1 i i=1

N .

p'/2

On pose g =< > g?) et on note gx, son réarrangement relatif par rapport a v et kx,
i=1

celui de k. Par la propriété O de [6], g«, et k«, sont des fonctions positives. Définissons

maintenant deux fonctions K et b par :
pour (z, s) € Q* x Q*,

K (z, s) =exp (Kz j c/M=1 k., (o)t do), b(5)=s5sN"1(cokuy (5)'P + g, ()''7.
t

Le théoréme O de [6] assure que K et b ont un sens. Plus précisément, nous avons
KelL®(Q*xQ*), beL!(Q¥*) et | BlLt @ = Ao | K |l @= x a0y <Ag-
On démontre alors le lemme suivant qui implique la partie (i) du théoréme 2.

LEMME 1. — Sous les mémes hypothéses que le théoréme 2, on a

VseQ*, v*(s)gv‘1<k2jlmK(s,c)b(c)dc) |
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Le lemme fondamental qui conduit au résultat de régularité holdérienne est :

LEMME 3. — Pour 3>0, il existe une constante y ne dépendant que de 8 et des données
a;, F et T, telles que toute solution u de (?) appartient a #8,(, M, v,3,1/(p—1)r) ou M
est le nombre donné au théoréme 2.

(') On n’utilise que la mesure de Lebesgue dans RN, et pour tout sous-ensemble mesurable E, on note |E|
sa mesure. On note Q*=]0, | Q|[.

Remise le 24 février 1986.
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Réarrangement relatif dans les
équations elliptiques quasi-linéaires
avec un second membre distribution:
Application a un théoréme d’existence et de régularité
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Received March 6, 1986

In this paper we are concerned with quasilinear elliptic equations, that is (.#)
Au+ F(u,Vu)=T in Q<=R", ue W5 r(2)~ L " (82). where 4 is an operator of
Leray-lions type which is defined on W "(2)~ 1L " (2)(l < p< +x ), Fis a non-
linear map having a suitable growth, and 7 is a distribution of MW '7(£),
r>N/(p—1)and r= p/(p—1). Using the techniques of the relative rearrangement
(Ann. Scuola Norm. Sup. Pisa Cl. Sci (4), in press), we give a precise a priori
estimate of the solution u of (.#) in L’ -norm. These estimates allow us to prove an
existence theorem for (.#) and to get the Holder continuity of the solution w.

¢ 1987 Academic Press. Inc.

0. INTRODUCTION

Soit £ un ouvert borné de R"™ (N =1), de frontiére I =32 et soit
pe ]l, +x<[. On veut étudier le probléme

A L Viy=r1,
{ u—+ F(u, Vu)=17 (0.1)

ue Wir(@Q)yn L™ (Q);

ou A est un opérateur de type Leray Lions [13] de W/, 7(2)n L’ (£2)
dans W '7(Q) avec 1/p+ 1/p' = 1.

L application non linéaire F de Q2 xR xR" dans R est a croissance
d’ordre p au plus par rapport a Vu et vérifie une “condition d’un seul co6té”
que nous préciserons ultérieurement. -

Le second membre 7T est une distribution de W '"(£2) avec r> N/(p— 1)
et r= p’. Plus précisément, on suppose que l'opérateur A4 s’écrit: Au=
— >N, (0/0x;) a(x, u(x), Vu(x)) pour ue Wk r(2) ~ L *(£2), ou les a, sont

* Université de Nantes, année 1985-1986.
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des fonctions de Cara théodory de 12 x IRx IR™ dans F5, cest-a-dire qu %elles
satisfont aux deux conditions suivantes:

V(@rg, £)elRxIRA", X —ma”x, n, £)est mesurable; ©02)
p-p- en X e ¢2, @G, ¢) —mat(x, i, ) est continue. O 3)

Il existe deux fonctions continues v, >0 et v2”~ 0 définies sur (R+ , une
fonction positive ke L /P (E2) et une constante cQ” 0, tels que p.p. en
xe£2,Vije IR, ViJeR"v,

/)i 1a&x, r, D " VvitD \C\r — v2(JJ> k (x) I/p™\C\1 4
avec
Lv2Q\rP\np/p~vQ\ri\) + c0
et ol
v([i7l) = Jfo"' IvAtnp/padt.
On suppose que v(+00) = + o00.

Remarque. Le terme V2OAWR) Kk(x)Ih |J£] sert a tenir compte des termes
“non coercifs” de lopérateur. Prenons un cas simple:

d
Au= — Au—- X b,-) «©, bie L 2(E2);
/=i GX]j
alors pour presque tout x g 12, Vrcg IR, g IRM,
X a,, i, ) Ci= \C\2+ n ( X 6,(®)E,Y
i=i \/ =i /

Posons b(x:)= 5ZfLi b~"x)2, on obtient via Pinégalité de Cauchy-Schwartz:
nCjr bwx) N = NP\ b (X)) x2\\.

Ainsi

a,x, g, f) \ec\2— N\ b(x) #2\)\.

i- 1

10n notera que le cas le plus intéressant est quand lim”_ +00Vj =0.
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On suppose que les a; vérifient I’hypothése de croissance suivante:

Il existe une fonction croissante a: R, >R, et un élément a, =0
de L7 (£2) tels que p.p. en xe 2, Vne R, VEe RY,

la(x, n, O =a(nLIE1” '+ a(x)]. (0.5)

pp.en xe2, VneR, V(L E)eRY < RY, &#, (0.6)

Z La(x.,n, &)—a(x,n &)L — ¢ 1>0.
i1

La fonction F est une fonction de Caratheodory de £2 x R x R"
dans R vérifiant la “condition d’un seul c6té (one-sided condition)
suivante: p.p. en xe€ 2, Vne R, V& e R",

nFix,n, £)=0. (0.7)

De plus, F admet la croissance suivante: il existe une fonction croissante f
'de R, dans R, et une fonction positive f, de L'(£2) telles que p.p. en
xeR, VneR, VEe RY,

| F(x, n, O = SUnD(Solx) + [S]7).

Comme l'ont fait remarquer Boccardo—-Murat—Puel [3], le fait de
supposer f croissante n’est pas une restriction car on peut toujours la
remplacer par f(s)=Sup,.,<, f(7):

TeW '(2) avec rzp'etr>N/(p—1). (0.8)

La condition r > N/(p — 1) semble &trc unc condition critique pour avoir
une solution bornée. En effet, Boccarde, Murat, et Puel [5] ont montré
que si p=2, TeH '(2), N<2, et v,(|n])=v,>0 (constante), alors les
solutions de (0.1) existent et sont non bornées. L’un des principaux
théorémes que nous allons démontrer est le suivant:

THEOREME. Sous les hypothéses (0.2)—(0.8), le probléeme (0.1) admet au
moins une solution. De plus si r> p’, fo€ L7 (82), et aye L"(82), alors la
solution u est a-holdérienne a Cintérieur de €2 pour un certain o > 0.

La régularité a-holdérienne a été démontrée dans le cas linéaire par
De Giorgi [8] (voir aussi [12]). Pour les cas non linéaires voir [7, 11].

Notre résultat améliore ceux données antérieurement (cf. [3, 4, 6,9]) par
plusieurs des propriétés suivantes:
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e L’opérateur 4 (voir (0.4)) peut dégénérer avec la solution, i.e., on
peut avoir lim, , , v,(n)=0 alors que les travaux précédents supposent
v,(n) = vo, = constante. On peut tenir compte des “termes non coercifs” dans
le terme contenant v,.

e Notons aussi que les travaux les plus récents ([4, 9]) supposent
I’existence d’une sous- et sur-solutions, ce qui n’est pas nécessaire ici.

« Par ailleurs, dans le Théoréme 2, nous donnons une démonstration
directe de la régularité L (£2) des équations du type (£?). Les majorations
que nous apportons sont explicites. Nos conditions sur Te W~ '"(Q2), r=
p/(p—1), r>N/(p—1) coincident dans le cas linéaire avec la condition
nécessaire et suffisante due a Stampacchia [21], pour avoir des solutions
bornées. Signalons enfin un résultat récent [2] dans le cas p=2 sur des
problémes quasi-linéaires, qui donne aussi la méme condition avec une
méthode différente de la nétre mais toujours dans le cas ou v,(n) est
constante.

Le plan de ce travail sera le suivant: La premiére section sera consacrée a
une estimation a priori de la norme de la solution (éventuelle) de (0.1)
dans L™ (£) et de son gradient dans L7”(€2). Nous donnerons alors une
précision sur la dépendance des majorants en fonction des données. Ces
précisions nous permettront de définir de fagon convenable un probléme
équivalent de (0.1).

Dans la seconde section, nous commengons par une troncature des coef-
ficients a, analogue a celle donnée par Hess [9]. On introduit alors un
probléme (0.1’) équivalent au probléme (0.1). On perturbe ensuite la
fonction F en une fonction F, et I'on regarde un probléme approximé (0.1})
de (0.1"). On montre alors que 'opérateur A4, ainsi introduit dans (0.1,) est
un opérateur de type calcul de variation. La solution de (0.1]) est alors
donnée par un théoréme dans [14]. On montre, grice aux estimations de
la Section 1 que la solution u, de (0.1)) reste dans un borné de W 7(2) N
L~ (L) lorsque & varie. On démontre que cette suite de solutions uwu,
converge dans W/ 2(£2) vers un élément u solution de (0.1').

Enfin, nous terminons par une étude de régularité en montrant que toute
solution de (0.1) est «-hoOldérienne a lintérieur de £ pour un certain
exposant > 0. Dans la suite, on désigne par |-/, la norme dans un
Banach V. En particulier, on notera quelquefois |||l o = |||l Lx(s2)-

Un travail récent de Boccardo et Giachetti [27] prouve la régularité de
L~ (£2) des solutions u dans W/ 7(2) des équations du type (0.1) lorsque
I’opérateur est un laplacien (cas p = 2).

La méthode de la premiére section utilise largement la notion de
réarrangement relatif dont nous rappelons briévement les lignes essentielles
pour notre travail. De plus amples détails sont donnés dans [15, 16, 20].
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Rappels. Soit 2 un ensemble borné mesurable? de R”". Pour tout sous-
ensemble E mesurable-de 2, on désigne par |E| sa mesure. Soit u: 2 - R
une fonction mesurable, on appelle réarrangement décroissant de u la
fonction définie sur [0, |Q]|] par

u(s)=Inf{0 e R\|u> 0| <s},
u,(0)=Sup ess wu.
<2

Soit maintenant v e L'(£) et u une fonction mesurable, on leur associe la
fonction w définie sur [0, |€2|] par

w(s)= [ Lpodx st ju=uy(9)] =0,
s — |u>u_(s)) .
w(s)='[ v(x) dx + (V)ps)) 5 (0) do sinon,

u>u,(s) o

ou (vp(s)) 4 €st le réarrangement décroissant de la restriction de v a P(s) =
{u=uwu,(s)}. Le théoréme suivant a été démontré dans [16].

THEOREME 0. Soit ve LP(2), 1 < p< 400, u une fonction mesurable de
2 dans R, alors _
(i) weW"”?(Q*) avec 2* = ]0, |Q|[,
(i) Naw/dsl Loy < 10l ray
La définition suivante a été introduite dans [17].

DEFINITION 0. QOn appelle réarrangement relatif de v par rapport a u, la
fonction. dw/ds et I’'on note

U, = dw/ds.

Ce type de réarrangement jouit de la propriété suivante (cf. [16]).

PROPRIETE 1. Si v=0 p.p. dans 2, alors v, =0 p.p. dans Q%*.

xu =

Remarque 2. Considérons 2 un ouvert borné de R", ve W}-'(£2), v =0,
et fel'(2). On pose u(t)=|v>1t, alors pour presque tout
t € (0, Sup ess v), nous avons

d
E_L}tf(x)dx=#'(t)'f*u(#(t))- (R.1)

2 On n’utilise que la mesure de Lebesgue.
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Et si f est une fonction positive, localement intégrable dans £2* alors:
V(s,s')eRl*=x2* s<s’,ona

[0 ruon—woyn do < [ 7o) do. (R.2)

La démonstration de cette remarque sera faite en appendice, a la fin de
cet article.

Voici une propriété classique des distributions dont nous nous servirons
constamment dans la suite:

Caractérisation dun élément T de W "7 () (cf. [10]).

Soit 2 un ouvert borné de R". Un élément 7 appartient a W~ " () si et
seulement si, il existe N fonctions g,,..., g5 de L7(£2) telles que

Y 0g,

T=—
Ox

(au sens de 2'(£2)) (R.3)

i=1 i

et

N
I 7 w-lrQ)= Inf Z Il g:ll L7($2)>

i=1

L’infinimum étant pris sur tous les N-uplets satisfaisant (R.3).
Le calcul classique de minimisation de fonctionelles montre que

Iinfinimum est atteint. Dans la suite, on considérera (g;);_ .~ tel que
N a N
g
T= — P et “ T” w-lr(Q) = Z ” g:” L7(£2)
X

i=1 i=1

1. REARRANGEMENT RELATIF DANS LES EQUATIONS ELLIPTIQUES
QUASILINEAIRES: ESTIMATIONS A PRIORI

Cette section sera vouée en grande partie a une estimation a priori de la
solution (0.1). Pour ce faire, nous allons considérer une fonction réelle
lipchitzienne S, , associée a deux nombres 6 > 0, 4 > O et définie de la fagon
suivante:

1 si =60+ h,
(t—0)1/h si 0Zt<60+h,
Son(t)=1{ 0 si |t =<6,

(t+06)1/h si —60—-—h=1=< —0,
—1 si < —6—h
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On se donne ue W} 7(2), on note v = Sy ,(u)>. D’aprés Stampacchia [21],
ve W' 7P(£) et vérifie presque partout dans Q:

o 1 ou si O<|ul<6+h,

sinon.
De plus, o € L*(£2). On suppose que wu satisfait a
VO e 10, Sup ess |u|[, Vh e ]0, Sup ess |u| — O,
ona

o b
S [ aix ulx), Vu(x)) - 5= dx

i=1

+f F(x, u(x), Vu(x)-5dx=<T, 5> (1.1)
(o]

{ > désignant un crochet de dualité entre W~ "7 (2) et W} 7(Q).

Remarque 3. (1) Toute solution éventuelle du probléme (0.1) vérifie
I’équation (1.1).

(2) Le produit de dualité entre 7 et ¥ a un sens puisque r = p’ donc
W-1r(Q)= W17 (Q).

L’un des principaux résultats de notre étude concerne la régularité
L. >~(£2) des solutions u de I’équation (1.1).

THEOREME 1. On suppose (0.2)-(0.5), (0.7), et (0.8) et lon considere
ue Wi 7(Q2) satisfaisant a Féquation (1.1); alors

(1) wue L>™(2) et la norme u dans L™>(£2) est telle que

vllull o) S Aodids<=> lull o S v (Aod, 1 4y)=M,>

ou
A"l = exp(iz')’”k” }‘/r,/,p’(g))s

1—1/(p—1)r
y__,['[ o ((1/N) = Dp— 1)r/(p—1)r —1) do.:l
Q‘

* Dans les démonstrations qui vont suivre, on suppose que u est non nulle. Les résultats
sont triviaux dans le cas contraire.

4 L’hypothése (0.7) assure que F(x, u(x), u(x)) 56=0 p.p.

5 Cette estimation est optimale (voir [24]).
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avec 2* = 10, |22|[ (notomns que y < +oo car r> N/(p— 1),

Ay =2%*/Nal/V avec 2*=2/P=1+,

—1 érant l’inverse de la fonction v de

o = mesure de la boule unité de R", v
R, dans R

On note oo =Ming _ o= 4, vi(0)?77 >0, B=Max,- = v2(0)77. M érant le
majorant de ||u|| ., donné ci-dessus, alors nous avons lestimation du gradient
dans L7(£2):

(i) IVull gy < 2*/a(Bllkl o, + 1217 = PP T 5710 n) = Mo-

Li(£2)
On considére ue W 7(£2) satisfaisant a I’équation (1.1) et soit (g,),_, __~
des éléments de L’(Q) tels que 7T = ——Z,_l 0g./0x; et |T|luw-1rno) =

N gl ) On note v=|u| et g= (3N, g2)”7/>. On définit les fonctions
suivantes:

K(t, s) =exp (/12 J.x oM 1k (a)'" da) pour (7,s)e Q* x Q*,

b(s)=s""""1co kyo(5)'7 + guul(s)'7,

Ay =2*/Na ™ avec 2* =2Wr/P)— 1D+

Nous avons alors le lemme suivant qui nous servira de base pour ces
estimations:

LEMMA 1. On suppose (0.2)—(0.5), (0.7), et (0.8) ont lieu. Alors Vse Q*,
121

Ve(s)=v ! (/’»zf K(s, o) b(a)da). (1.2).

Remarque 4. Les termes K et b ont un sens. Plus précisément,

Ke L*(Q2*xQ*)et be L'(2*). En effet, par la propriété 1 (voir Rappels),
on a b=0 et quand on applique I'inégalité de Holder:

0= b(o) do = ’}’||Cok,l.;/p + gl/p” LPIPY(Q*) = Lr—Ir(Q2*)
Q‘

ou
1—(1/(p—1)r)
y=[ o.((x/N)—)((p—l)r/(p-1)r~1)da]
Q.

En utilisant le Théoréme O (voir Rappels):

”Cokl/p l/p“ L= CO”k” ;’/II/,P’(Q)—'- ”g" L’/"(Q)’
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or,
\Y4
ISiLr/P'(iz) = A51 ISi IZr(«)/\ — T Vus_,r(gs).
Ainsi
WNiMc2-2y{cONK\YTRPI* + 17°[|",.(0)) = AO. (1.3)

Pour des raisons analogues, on a:
1M1/ xan* xfi*) = exp(A2y|[*|litn (i2) = ~i- (1-4)
On notera que les A- ne dépendent que de cO,p, r, N, £2k, et T.

L’hypothése (0.6) est inutile dans cette section.

Démonstration du Lemme 1. Pour des raisons de commodité, nous
poserons:

a,(x, u{x), vm(x)) = Oj, F(x, w(a), Vm(jv:)) = F,

\p72
g G sfj et v=\U\.

Puisque u verifie (1.1), nous avons donc pour Oe ]O, sup ess u[, re
10, sup ess v—0\ \

Lr vj aiY dx+ [ Fsoh(u) dx

'J0< vA 0 4~hj=] @xt Ja
= hfdocvro nif S Bd X (ros)

Puisque SeA0) = 0, nous avons FSOh(u) dx = $u”0u -F- Sej,(u)/u dx. La
fonction SOh étant croissante et s’annulant en 0, on a donc SOh(u)/u” 0.
En vertu de I’hypothése (0.7), uF” 0, on obtient ainsi $a FSeh(u) dx ~ 0.
Compte tenu de I’hypothése (0.4) sur a,, la relation (1.5) entraine alors

'thf)<i . v, (t;)|V«|pdx

:'Il i v2(y) k(x)l/p\Vu\ dx + gt9-dx. (1.6)
vAr  +h {

1
r‘l'[’\0< v~ 6 kh ] CX
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Puisque les fonctions v, sont bornées sur \0, 0+ A] (voir (0.4)), nous
obtenons

in Vi*1) f \'Vu\pdx ~ f Vij(t)|V d 1.7
o-<;'i\|/|é0+h I*1) Je<t)se + A tp ax Je<vs,e+h JE)IVepdx (1.7)
et
f v2(v) k(x)xp\Wu\ dx
A Max  v2(rf)- f K (x)l/p \Vu\ dx. (1-8)
O”Nrj~0O + h JO<v~&-hh

En utilisant I'inégalité de Holder, il vient

ih" /P

f K(x)ilp\Wu\dx~ ([ k(x) dx (f IVw| " dx

JA<ts »+ A VAicSC +A / JO<v”O-t-h /
(1.9)

et

~ ) ifp

f I * . AR S S ( | g(X)dX)l"Yf IVB\—/I dx

J o<t A -l = <7-X*/ VI o<t 0 + h / \VJO< rs ~ -+ h /
(1.10)

Quand /i tend vers zéro, les relations (1.6)—1.10) entrainent que pour
presque tout 0e ]0, sup ess t,

d d w
) (~To 1 >»v<=dx) =['VI(0) (~TeL ,k(x}dx)
\/p-
+ (-1 <" 1Six)dx) 7]
ilp

x(-"L . Murdx)"-
Soit en simplifiant et en tenant compte de la relation (R.l) de la remar-
que 2:
d Ip’
vi@O(-11, aVuPdx)
A Cv2(0) k mv(/x(0))I/p + g*v(rt0))ilp' 1 (-B*’(0))t/p- (1.11)
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Elevons le tout & la puissance p/p=\/(p—1). Deux cas sont a
distinguer: Si p~2i2, alors p'/p-g? 1, en utilisant le fait que (a-~b)p/p”"
apip | bp/p pour a”~ 0, b~ 0. Nous obtenons que

vi<e)'"’[ - é | ~ IVurdx) "
A CV2(0)p/pk*v(MO))Ilp+ g*AMO)y/pl(-M"(0))I/P-

On a utilisé en passant le fait que knmv et g+v sont des fonctions positives
(voir .propriété 1). Si 1< p < 2, alors on utilise I'inégalité (a+ b)pp *
2(p/p)- Yapp + bp/p) provenant de la convexité de la fonction t —tp/p.

On observe alors que dans tous les cas, on obtient, pour presque tout
Oe ]0, supp ess W,

e [ -s Lo A7erx ]
A 2%y 2(0)p/pk*v(n(0)) Up + w W o)W (112)

ou 2* —2<(p/p)~D+. En utilisant I'inégalité de HOolder au niveau des
primitives avant de passer ala limite (h—-0), on trouve:

351 M—/W[—ll:i\w <13)

Par la formule de Flemming et Rishel (cf. [153) nous avons:

_d f \Vuldx = Pa (v>9),
auJv>o

ol Pa (v>0) est le périmétre suivant 12 de {v>0}. Par [Iinégalité
isopérimétrique de De Giorgi (cf. [15]), on déduit:

~4a f  (vm dx=Pa(y> 0)~ Nax"(p(0)y "o (1.14)

cttf jv> 0

ou sN= mesure de la boule unitée de RN
Sachant que 0= v~(n(0)), la relation (1.12) jointe a (1.13) et (1.14)
donne I'inéquation. Pour presque tout Oe ]O, Sup ess t>[,

- il UEYSr B v (8)) plipkAnmylb+ g*MO)y~{-n\o)),

d-15)
ol A. = 2*/N<X\$N.
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Puisque les fonctions vx>0 et v2 sont continues (voir (0.4)) et que les
fonctions k\*p et g]*p sont intégrables (voir Théoréme 0), on déduit que
I’application:

1/iv)- 1

Lk S T [) VP L gx yix, WL

aeq?*

est localement intégrable.
Par application de larelation (R.2) de la remarque 2 on obtient pour
O<s<s ex< |I2]:

Mo(ly) —VE(s + £)
e

CET B ARPR 2LV KMENE + gAY ida.

Quand e tend vers 0, on obtient pour presque tout s dans £2~,
-v IvIs))p/pr £ ~MA 2s(,/">-ttv2(vi(s))p/pk*v(s),/p+ g*As)lipl- d-16)
Par définition de v (voir (0.4)), nous avons viu”s)) = Jo*<q) [v,(/)]/¥ dt.

Comme e IVAP(£2*), il en est de méme de viiNi-s)) et I’on a presque par-
tout en s:

"ov(x(s)) = vitvr(s)plp (1.17)
Par hypothése sur v2 (voir (0.4)),
v2(v*(s))p/p ™ v(u,,(.?)) + "o- (1-18)

En posant V(s) = vit;*(s)), les relations (1.16)—1.18) montrent que V
satisfait a une inégalité de type Gronwall:

V
ds N X25<UW)~ Tk A v(s)tlp V{s) + X2s"'"' ‘'(cok*v(s)ilp+ g*v(s)l/p)- (1-19)

En définissant

AT, 5) = exp {"X2J <t(UjV) Ik jtv(<j)t/p dery pour (t, s) e £2* x £2*

et

¢>(s) = salAl)- LcOk mv{s)Il/p+ g+Vv{s)l/p),
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la relation (1.19) est alors équivalente a

-—-% [K(O, s) V(s)] = 4, K(O, 5) b(s). (1.20)

Ainsi par intégration, nous obtenons que

V(s)g,lzf'g' K(s, o) b(c) do. (1.21)

(On remarquera que K(O,-) - V(-)e W}2(2*) et que V(|2])=0 car
v,(12])=infess |u| =0.)
Comme la fonction v est continue et est strictement croissante de R,

dans R, , elle est donc inversible. La relation (1.21) implique pour tout
seQ*,

124
vels)ysv! (AZI K(s, o) b(a)do). [ |

Démonstration du Théoréme 1. Puisque Ke L™ (2* x Q2*) et be L'(2%*)
(voir Remarque 4), on déduit

1€2]
[ K(s, 0) b(0) do < 11Kl 1xm x ey 18]l Lcg2o-

De (1.3) et (1.4), on a

flgl K(s, o) b(o)do < ApA,.

Ainsi, Vse Q*: v, (s)< v "(Ao4,4,)=M, ie., |lu|l, <M. Pour montrer la
relation (ii), posons

o«= Min v,(0)77, B= Max v,(0)7"7,

0==s60=M O=s0=M

ou M est le nombre établi ci-dessus; on remarquera que o« >0 car v, >0 et
est continue. En reprenant la relation (1.12), on obtient

o [_d;dﬂ L, IVu|? dx]l/p
S2*[ Bk (1(0))'? + g, (u(0)V7I(— ' (0)) V7. (1.22)
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On éleve la relation (1.22) a la puissance p, il vient

d

—_— V4
20 U)gqul dx

2%\ P
é(?) [Bk oo (1(0))'7 + g, (1(0))'P]17(— ' (8)). (1.23)

Psuique la fonction 6 — (,_, |Vu|? dx est absolument continue, une
intégration de la relation (1.23) donne, via la remarque 2 (voir (R.2))

Up
(J 1vuirax) " =22 ipiz + gzl e (1.24)
Q2

Par le Théoréme O,

1Bk YL + 85N ey = Bllkll o)y + 1 81l fia)

Par I'inégalité de Holder,
gl e = 1£2] =P/ gl LriP(£2)-

Comme

N P’
”g||1_'/l"(g)§ Z ”gi“L’(Q)) —"T" W1l

i=1
Ainsi, de (1.24), on aboutit

2*
||Vu||u’(9)§—a—(ﬁ||k|| P+ L1 PP TNE Lo B

2. APPLICATION A UN THEOREME D’EXISTENCE ET DE REGULARITE
D’UNE EQUATION ELLIPTIQUE QUASILINEAIRE

Le but de cette section sera de montrer le

THEOREME 2. (i.1) On suppose que (0.2)—(0.8) ont lieu, alors il existe une
solution ue W§ 7(22) N L=(£2) du probléme (0.1).

(i.2) Une estimation de la norme de la solution u dans W P(£2) N
L=~ (€2) est donnée par le Théoréeme 1.
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(i.3) De plus si r>p’, foe L7 (22) (voir (0.7)) et age L"(£2) (voir
(0.4)) alors toute solution u est une fonction a-holdérienne a lintérieur de €2

pour un certain exposant o > 0.

L’estimation L~ (£2) de la premiére section jouera un rdle prépondérant
au cours de cette section. La démonstration se fera en plusieurs étapes.

2.1. Troncature du Probléeme (0.1)

Comme dans Hess [8], on introduit une troncature des coefficients a;

définie par p.p. en xe 2, Ve R, Vi e R",

a(x,n, &) si |n| =M,
a;(x’ '79 é) - ai(x, M, é) si '] > M,
a(x, — M, &) si n< —M

(M étant le nombre donné dans le Théoréme 1).
On définit aussi une troncature de v,, v, par

vi(inl) si |n| =M,

VneR, vilnl) = 3 v.(M) si |n|l =M,

On vérifie sans peine que si

171 , ,
v'<|n|)=j0" [vi(1)17/7de, alors [vi(In1)1777 < v'(Inl) + co

et que p.p.en xe 2, Vpe R, V(& E)eRY xRN, E# &,

INZE

Lailx,n, &) —ailx,n, &)L, —Ei1>0;

7 1

p.p-en xe 2, Ve R, VEe R"Y,

N

2 alx,n, &) &=z vilnIg” — V’z(lnl)k(X)””'Ifl.

i=1

On considére maintenant le probléme

N
- > % ai(x, u(x), Vu(x)) + F(u,Vu)=T

i=1 4

ue Wi r(Q)n L*(Q).

(2.1)

(2.2)

(2.3)

(2.4)

(0.17)
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LEMME 1. Toute solution de (0.1') est solution de (0.1) et réciproquement.

Preuve. Si u est solution de (0.1’) alors u satisfait a I’équation (1.1). On
applique le Théoréme 1 en remplagant v par v’ alors

vi(llull ) = Aokt Az = v(M). (2.5)

Par définition de v’, on remarque que v(M)=v'(M) et comme v’ est
inversible, on déduit de la relation (2.5) que |u|l., =M. Ainsi, Vv'e
Wy P(£2),

j a'(x. u(x), Va(x)) 2 dx
Q ox

v

= a(x, u(x), Vu(x)) - @ dx
lul = M ax;

= f a,(x, u(x), Vu(x)) - (zi dx.
o] gx;

La réciproque se démontre de fagon analogue.

2.2. Un probléeme approché de (0.1")
Soit ¢ > 0, on définit F, par p.p. en xe 2, Vne R, V& e R":

F(x,n,¢)
1 +e|lF(x,n, &)

Fl:(’r, n, é) =

On remarque alors que
[Fo(x,n, &) =1/ et |Fel = | F]. (2.6)

Considérons 'opérateur

N
Au= — ) 5%— aj(x, u(x), Vu(x)) + F.(x, u(x), Vu(x))

i=1 i
pour ue W/l 7(L2) n L>™(£2). On cherche a résoudre le probleme
Aﬂuli - T’

u, e Wir(22) ~n L=(Q).

(0.1))

Nous avons le

LEMME 2. (i) Pour tout ¢ >0, il existe une solution u, de (0.1}).

(ii) De plus, u, reste dans un borné de W, P(2) N L= () lorsque ¢
varie.
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Démonstration. La partie (i) est un des cas concrets de théoreme
d’existence concernant les opérateurs de calcul de variations (cf. [14,
pp- 182-183, Théoréme 2.87). Pour vérifier que les hypothéses de ce
théoréme sont satisfaites, il suffit de voir que les fonctions a; et F, sont de
Caracthéodory et satisfont (2.3) et que p.p. en xe 2, Vhne R, VEe R":
lai(x, n, &) = a(M)(IE|” ' + ao(x)) (voir (0.6)), et que

N

Yoane, n, &) S,z o |EN— BilE] k()T (2.7)
i=1
ou o, =Ming,_, _, vi(n) et ;; =Max,_, s v2(7). On notera aussi (2.6).
La partie (ii) découle immeédiatement du Théoreme 1: u_y S M et
IVu, |l pric2y < My. On supposera dans la suite que u, tend vers u dans
w/l.r(€)-faible, dans L ~-faible * et simplement quand ¢ tend vers O.

2.3. Passage a la limite

Nous avons la convergence forte suivante:

LEMME 3. u, tend vers u dans W/ r(), quand ¢ tend vers O.

Puisque ||u,.|| , = M, nous pouvons utiliser dans la suite «; a la place de
a;. Pour alléger I'écriture, on note F (x, u(x), Vu(x)) = F.u, A(u, Vu) le vec-
teur de R de composante «,(x, u(x), Vu(x)) ainsi,

N

A
> ax, u(x), Vu(x)) - %{— = A(u, Vu) - Vu.

i=1 i

Démonstration. L’idée de la démonstration repose sur la propriété (S, )
du théoréeéme de Browder [6, p.27]. Pour prouver le Lemme 3, il suffit
alors de montrer que

lim sup [A(u,, Vu,) — A(u, Vu)] - V(u, —u) dx < 0.
L2

& —0

La démonstration qui suit s’inspire de [19]. On définit la fonction réelle
h,(t)=te*” ou Ai>0 est choisi de sorte que

o (1) — (M) |h(1)] = (,/2) (Vi€ R). (2.8)

Ainsi, A ne dépend que de «, et de ¢ =f(M). On remarque alors que

lim, . o,h,(u—u,)=0 simplement et donc dans L9(€2) pour tout gq,

1 =g< +00. Considérons ¢ et 6 deux nombres strictement positifs et
destinés a tendre vers O, u, et uy satisfont a

Au, =T, u,€ W5r(2)aL>(£2) (0.1,)

Asus=T, use Wir(2)NL>=(S2). (0.14)
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En faisant le différence entre les équations (0.1,) et (0.1,), et en mul-
tipliant par la fonction test o, A;(u; — u,), il vient

oy J;) (Z(u(i’ Vu()) - Z(u::a Vu::)) . V(“d - u.‘:) hl).(“d - ue:)

+ JQ (Fsus— F u ) (us—uw,) dx=0. (2.9)

Par I’hypothése (0.7) sur la croissance de F, on déduit (en posant
c=[f(M)):

(Fsus;— F.u,)h(us—u,)dx| =c J- IVus|” Vh (s — )
« 1o}

+(‘J\ lvu.f:lp |,l)_(u($’l‘4:)| ({'Y+2(.J‘ A/'()(>\.) |ll),(ll¢‘}—u4:)| d'\“ (2']0)
Q @

Par I'hypothese (0.4), sachant que f, =Max,-, <, v2(v) on obtient
pour u, (resp. pour u;) que, presque partout dans £:
A(u, ., Vu )Vu, + B k(x)'” |Vu,| = x, |Vu,". (2.11)

De par cette relation (2.11), on majore alors les gradients dans le second
membre de (2.10) pour obtenir

X

j (Fliu(i—Fliuil)ll),(u(i—l‘l,)‘1’\_
Q
=c f A(uy, Vuy) -Vus |h (s —u,)| dx
QL

+ ¢ A(u,, V) - Vu, |h(us;—u,)| dx

Q

+ 3, fg K(x)'? |Vuy| (h(us— u,)| dx
+ c¢f3, L} K(x)'"? |\Vu,| |h;(us—u,) dx

+ 2¢x, j Sl (s —12,)| . (2.12)
<2

Remarque. Dans la suite, on va faire tendre &€ et o vers O. Par le
théoréme de la convergence dominée on note alors que

[ JoGe) 1ty — u)) d — g O
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De méme, puisque |Vu,| (resp. |Vu,|) est dans un borné de L”(£2), on
déduit alors :
K(x)'"" [Vug| |h(us—u)| dx ———=co © (resp. pour u,).
o . )

Pour alléger la démonstration, nous pouvons supposer dans la suite que

fo(x)=k(x)=0.
Compte tenu de cette remarque, la relation (2.9) avec la relation (2.12)

cntrainent:
x ,[ i- (A(us, V) — A(u,, Vi) Vs —u,) hi(us—u,) d.\’J

v

= c[f A(uys, Vuy) - Vuy \h(us—u,)| dx
Q

+Jﬂ /Z(ll(:, Vu!;)vul: 'II}.(llﬁ_un)l (i'Y:I' (2'13)
Q

Ecrivons alors
A1y, Vuy) -V, = A(us, Vus) -Vius —u,)+ A(us, Vuy) - Vu, (2.14)
A(u, ,Vu,) Vu, = —A(u,.Vu,) V(us—u,)+ A(u,.Vu,) Vu,. ’

Ainsi le second membre de la relation (2.13) s’écrit

‘[‘[ Z(lld’ Vu()') ) Vll()' III),(ll(S - ui;)l d'\‘ + -[ Z(un’ Vur,) : Vul: | hi(u(s - uc)) d'Y
(94 QL
= J; [Z(ud’ Vlld)— ‘Z(u::’ Vll:;)] . V(ua‘i - ut:) III),(u(‘i - ur)! dx
2

+ ¢ j A(us, Vus) -Vu, |h (us —u,)| dx
«L

+c f Z(uu’ Vul:) . Vu(i II],"(U‘s - ue:)l (i'Y' (2‘15)
2

Compte tenu du choix de A (voir la relation (2.8)), la relation (2.13)
jointe a (2.15) entrainent que -
-a_lf (/Z(udavuo‘)_‘:i(un,Vu::)).v(u(‘;_ua)d't
2 «Q

é(‘ Z(udavuﬁ).vut: |h/(ua—ur)l d’x

Q

+o | A, Vi) Vus |h(us—u,)| dx. (2.16)
«Q
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Nous avons A(u;, Vus) gui est dans un borné de (L7 (£2))"

extraire une sous-suite, on peut supposer alors que
= dans (L7 (£2))" -faible.

> > O s

A(us, V)
Par le théoréme de la convergence dominée et la définition de la con-

vergence faible, le passage a la limite supérieure quand J tend vers O (pour

¢ fixé), conduit a
al -
X — — E-Vu, dx

'Ti?n_f A(us, Vug) -Vuy dx —
X Yo
x, ~
f A(u,,Vu,,)-Vud.\'ﬁ--———f A(u,.,Vu, )Vu, dx
x Jo

-5
<cJ~ E-Vu, |h (u—u,)| d.\'+cj A(u,,Vu,) - Vu |h(u—u,)| dx
(94 .
(2.17)

A(u,,Vu) Vu, dx

Faisons tendre ¢ vers O dans (2.17), pour obtenir
— llm sup A(u,,Vuy) -V, dx + — 11m sup
o -0 «Q &= 0
gf—'f é-Vud.\'-f—ﬁJ E-Vu dx. (2.18)
x Jo X Yo
(On remarquera que les termes du second membre de (2.17) tendent vers O
quand ¢ tend vers 0O.)
Ainsi,
lim sup A(u,,Vu,) Vu, dx < J. E-Vu-dx. (2.19)
e — 0 «Q QL
Sachant que lim, ., A(u,, Vu)= A(u, Vu) dans (L7 (L2))V-fort (par le
théoréme de la convergence dominée), on déduit
lim sup [A(u‘,Vu ) — A(u, Vu)]}-Vi(u, — u) dx
& — 0
(2.20)

< lim sup A(u,,Vu ) - Vu, dx
& — 0
——f & Vud\—f A(u Vu)-Vudx—+—f A(u, Vu) - Vudx
<«

QL
Par la relation (2.19), le second membre de cette iné¢galité est négatif, ce qui
(2.21)

conduit a
[A(u,,Vu ) — A(u, Vu)]-V(u, — u) dx < 0.

Iim sup
&—0
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Puisque v, tend vers O faiblement dans W/ 7(€), le Lemme 3 résulte alors
de (2.21).

Démonstration de la parﬁe (1.1) er (1.2) du Théoréeme 2. Grace au
Lemme 3, on peut passer a la limite (quand ¢ | 0) dans (O, 1) d’ou (i.1). La
partie (i.2) résulte immédiatement du Théoréme 1.

2.4. Continuité holdérienne des solutions du Probléme (0.1)

Dans cette sous-section, nous démontrons la partie (1.3) du Théoréme 2.
Auparavant, remarquons que si r = p’ et r> N/(p — 1) alors p > N, dans ce
cas le théoréme reste valable puisque W) ?(22) <= C**(£2) pour a=1— N/p.

Dans la suite, nous supposerons que p =N et N =2. L’outil essentiel
pour la démonstration est I'’ensemble 4,(2, M’, y’, 5, 1/q) introduit par
Ladyzen’skaja et Ural’ceva ([ 12, Chap. II, p. 76]). Dans le rappel qui suit,
nous utiliserons leurs notations.

DEFINITION  (Ensemble 4,(2, M’, 7', 5, 1/q)). Etant donnés M’, y’, J,
quatre nombres strictement positifs avec ¢ > N, on définit I'ensemble X =
AB(2, M, ', 5, 1/¢q) par ue X si et seulement si:

(a) ue W' P(Q)ymnL*(82) et |ul|l, <M.

(b) u vérifie: pour toute boule K, de rayon p contenue dans Q et
pour tout o€ 10, 1[, ona

i

Ak p - ap

1

N/
O-I’pl’“ q)

\Vu| 7 dx <3 [ Supess [u(x)—Ak]” + l](mes Ay ) T,

Ak p

(2.22)

lorsque A = sup ess, v — Jo,ou A, ,={xekK,tel que u(x)>k} et K, 6 est
une boule concentrique a la boule K,,.
(c) La fonction — u vérifie la méme hypothése (b) que la fonction u.

Une condition suffisante pour obtenir la relation (2.22) est

LEMME 4. Soit ue W'?(2) L™ (L) vérifiant: Il existe y” >0 tel que
Y e 2(2) avec Support Yy <= K,, 0=y <1, on ait

{ 1Vu|"w”dx§7"[f (u(x)—k)"lwwdw(mesAk.,,)‘—"'/‘“], (2.23)
Ak p Akp

pour k = sup ess g u— o; alors u satisfait a la relation (2.22).

Démonstration. Comme a la remarque faite dans [12, p. 76-77], il suffit
de bien choisir . Il est loisible de construire une fonction Y € 2(£2) telle
que
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— Y =1sur K

p—op>

— 0=y =1 dans @, support y = K,
—  |VyY| = c¢/op ou la constante ¢ ne dépend que de N.

Pour un exemple de construction de ¥, on peut consulter, par exemple [23,
p-1957. §

On montre alors (voir [12, Théoréme 6.1, p. 83]) que si v € X alors u est
a-holdérienne a linterieur de 2 pour un certain exposant x>0 (o ne
dépendant que de AM’, y’, 5, q).

Le lemme suivant nous conduit alors au résultat voulu:

LEMME 5. V& >0, il existe une constante y' > 0 ne dépendant que de o et
des données sur a;, F, et T, telle que toute solution u de (0.1) appartient a
B,(2,M,y,5,1/qg)=X, ou gq=(p—1)r et M le nombre donné au
Théoreme 1.

La partie (a) de la définition de X est satisfaite par la fonction v. Pour
montrer la partie (b) de la définition, il suffit de vérifier le

LEMME 6. Soit 6 > 0 alors il existe une constante c, > 0 ne dépendant que
de 6 et des données sur a;, F, et T et telle que YW € 2(S2) avec support
YooK, 0=y =1, on ait

P>
J- IVul 7y ” dx = ¢, l:f (u(x) —k)?|VyY|”dx + (mes A, ) (F'm:l.
Akp Ak p

Remarque 5. Dans la suite, ¢, et ¢, désigneront des constantes ne
dépendant que de O, des données sur a,, F, 7, et éventuellement d’un
parameétre £ que ’on précisera ultérieurement. Souvent, on fera usage de
I'inégalité de Young sous la forme suivante: Ve > 0, il existe ¢, > O tel que si
a=0, b=0 alors

ab=¢ea” + c b".

On omettra les signes de sommation et l'on écrira: a/u, Vu)=a,,
F(u,Vu)=F, Yy(x)=1y,....

Démonstration du Lemme 6. Soit 6 >0 (fixé), Yy e 2(£2), O = Y =1, et
support ¥ = K, et I'on considére une fonction réelle /;(1) =17, e+, ou 4
est choisi positif et de telle sorte que

o, () — (M) 1;(1) = (24/2) X(i>o0 (V1 #0), (2.25)

avec oy =Ming_,_,, vi(s) et x,, .o, la fonction caractéristique de R, \{0}.
Le réel A ne dépend que de o, et de f(M).
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Pour k = sup ess K, U— o, on définit
up(x)=10;(u—k)(x)
et
Yi(x)=yY?(x) u(x) pour xe£.
Il existe deux constantes ¢,, ¢3 strictement positives t.q. Vk = — M — §,
O=u(x)=cy- (u—k),

et

Ju,
Jx;

cu
ox;

ox,

u . p.p. dans €. (2.26)

1;(u—k)] <

En effet, puisque A= — M —J, on obtient (u—k), =<2M+ 5 d’ou la
relation (2.26). Puisque Yy, e W{7(2) L~ (L), de I'équation (0.1), nous
obtenons

CAu, Y > + (F, ) = <KT, ). (2.27)

< > désignant un produit de dualité entre un élément de W ¥ (L) et d’un
élément de W[ 7(L2) L>(£2).

Introduisons trois lemmes concernant chacun des termes de I’égalité
de (2.27).

LEMME 7. Ve>0, il existe c5,>0 tel que

KT > <& | [Vulryr dx

Ak p

+ s, (f (u(x) — k)?|Vi | Pdx + (mes A, )~ “"/").
Ak p

Démonstration du Lemme 7. Ecrivons T= —> N |, 0g,/0x, avec
N
1T 1= 3, lgllin  ctposons  golx)=— Z g?(x))
i=1 i
Alors
T, Yy, >=Y,+Y,, (2.28)
ou
Ou, oY

Y, = ; 7 d: Y,= =y ! .
1 wa &g ox, ¥ X, 2=D fAk, &g ox, 1 U, dx
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Majorons chacun des termes Y,, puisque Oy <1 et que |Ju,/dx, =<
¢5|0u/Cx,| (voir (2.26)), on déduit:

Su,
lgf 6,‘,"- l//

Par l'inégalité de Young,
¢ 8o(X)|Vul Y < elVu| Y + o, go(X)".

= > 80(x) [Vul - ¢

Ailnsi
Vi <e| IVul™yrdx+co, | golx)" dx. (2.29)

Ak p Ak_;;

Par Iinégalité de Holder,
p/r
f g()(X)P’dx < (J. go(x)rdx) (mes Ak,,,)l —(pir)
Akp A p

ST v, (Mes A, ) — P77,

Il existe donc ¢,,. >0, t.q.

1Y, §aj \Vul Py 7 dx + ¢y, (mes A,_,)" ~ 7/ (2.30)

Ak p

Pour majorer Y,, on constate que

. 5*/’ o
Pgia v’ uy

= ca 8o(X)IVY| - (u—Kk) (voir (2.26)).

Par I'inégalité de Young
Ca 8o X) VY (u—Kk), = go(x)" + cs|VY |7 (u—Kk)T .

Ainsi
Yalses | VI kyrdx + LM go(x)7 dx. (2.31)
On conclut comme ci-dessus avec I'inégalité de Holder,
YalSes [ IVPIfu— k) dx+ cglmes 4,,)' 00 (232)

Le Lemme 7 découle des relations (2.28), (2.30), et (2.32). §

LeEMME 8. {1/ existe une constante co >0, 1.q.

((F, )l S SM) [ [Vl 7y 7L (u— k) dx + co(mes A, )"~ 7.

Ak.ﬂ

Démonstration du Lemme 8. Par I'hypothése (0.7) sur F, nous avons
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(E Ol S /M) [ [Vl 2l (u— k) dix
k.p

+S(M) [ folx) ¥ u(x) dix. (2.33)

Puisque (v —k), <2M + 3 alors u, < (2M + 3) e*2M+37 i existe alors
cg > 0 telle que :

SM) [ folx) yrudx S ey [ folx) dx. (2.34)
. ’ Ak p ) ) Ak.p
Par hypothése, f, € L’/”'(.Q) l’inégalité de Holder conduit a
| fol) dx = ifollrriay (mes Ay,)! 177 (2.35)
k.p

Les relations (2.33 ), (2.34), et (2.35) entrainent le Lemme 8.

I__,EMME 9. Ve>0, il existe cg, >0 tel que

< Au, ¢k>>a1j v [Vul”l’(u—k)d\’—aj |Vl P » dx

Ak p

 Cse (f (u—Kk)’|IVyY|Pdx + (mes A, )" (/"/r)>’
: Akp

ou o, = Minogq_gu vi(n)>0.

Démonstration du Lemme 9. On a

CAu, Y. > =X, + X (2.36)
ou
; — auk a‘/’ 1
X]—J-A‘kv,, ail/,pax d—x‘a X‘)—pf a; a—ll’p uk d.r.

Vi Ak p

On' va minorer chacun des termes X, (i=1,2). On‘ note f,=
-Max0<,7< A V2(n) alors en écrivant du,/dx, = (du/dx,) l:(u — k), lhypothese
(0.4) implique

X,>a,j ¢P|Vu|ﬂl(u—k)dx~ﬁf ka)””IVult/;"l’(u-—k)dx (237)

Ak‘)
Par (2.26), il existe ¢, > O tel que
B k()7 |Vul Y = ciok(x)7|Vul Y p.p.
Par I'inégalité de Young, on trouve c,4, >0 t.q.

c1ok(x)'7'|Vul Y < (8/2)|Vul Y ” + ca.k(x) pP-p-
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v[ k(x)dx =< ||k Lrr(2)(mes Ak.p)l —(p/r)

Ak.p

Ainsi

— B [ k)" |Vl 7L — k) dx

Ak.p

> —ﬁf IVu| "y " dx — cs (mes A, )" 770, (2.38)
2 Ak.p i

Pour minorer le terme X,, utilisons ’hypothése (0.5) et la relation (2.26)
pour obtenir

0
‘pa,-gxiw" 'uk| <Z,+Z, pp- (2.39)

ou
Z,=c|Vul” "W "\WVyYl(u—k),,

Zy=cpY” VY [(u—Kk), ao p-p-
Par I'inégalité de Young, le terme Z, se majore par
£
Zi=3 IVul "y ” + 6, IV | "(u — k)7,

et le terme Z, par
Zy,=cyzaf + el VY| P(u— k)4 p-p-

Par hypothése a, e L'(£2), I'inégalité de Holder entraine

[ ag dax = laolzraymes Ac )~ 77,
Ak.u

Finalement, aprés intégration de la relation (2.39) et compte tenu des
majorations de Z, et de Z,:

&
> — = Vu|?yrdx — ¢,
X,= 5 Lw (Vul”Yy?dx — ¢,

x (L IV | 7(u — k)P dx + (mes A, )" ‘P’/’)) (2.40)

La relation (2.40) jointe aux relations (2.36), (2.37), et (2.38) impliquent le
Lemme 9.

Fin de la démonstration du Lemme 6. De (2.27), on obtient

<Au, Y, > S H(F, Y )l + IKT Y- (2.41)
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Compte tenu des Lemmes 7, 8, 9, il existe ¢y, > O tel que

[ o tiu— k) — £(M) L — k)] #|Vu] dx

Ak‘p

§28f

Ak.p

IVu| "y ?dx + co, (f VY| #?(u— k)?dx + (mes A, )" _""/”>.
Ak.p

Par le choix de 4 (voir (2,25)):

I

Ak.p

Loty L — k) — f(M) i — k)T 47|Vl 7dx 22 [ [Vul 7y dx.

k.p

Ainsi, Ve > 0,

oy
(—2— — 28) L |Vae| s P dx

< cs, (L

En choisissant ¢ = «,/8, cette derniére relation entraine le Lemme 6. |}

IV | P(u— k)’ dx + (mes Ak.p)l — (p'/r))-

k.p

Pour terminer la démonstration du Lemme S, il suffit de prouver que —u
satisfait la méme propriété que u a savoir le

LEMME 6 BIS. Soit 6 >0 alors il existe une constante c,;, >0 telle que
Vy € 2(L2), avec Support Yy < K,, 0=y =1, on ait

[ vargraxzen [

(_u_k)plvwlpdvr+(meSA;(‘p)l p'/r:l,
A/A‘.p
ou Ay ,={xeK,, —u(x)>k}, k=ZSupessy (—u)—2o.

Démonstration. On remplace Y, par Y, définie par Y, (x)= —y”(x)
l,(—u—k). Des considérations analogues a celles données ci-dessus
conduisent au Lemme 6 bis. |}

A PPENDICE

Démonstration de la remarque 2. Puisque ve Wi'(Q), v=0, alors
v, € W' (a, |£2]) pour tout a>0 (cf. [15]). Ainsi on déduit que
(i) t=v,(u(t)) Vte [0,supessv];

(ii) v, est absolument continue sur tout intervalle [a, |€22]], avec
a>0.

Les relations (i) et (ii) assurent que pour tout sous ensemble négligeable
E de 2*, ona
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(ii1) v, (EF) est de mesure nulle (on rapelle qu’une fonction
absolument continue envoie un ensemble négligeable en un ensemble
négligeable).

(iv) L’ensemble {r =0 t.q. u(t) € E} est inclus dans v (F) et donc lui-
méme est de mesure nulle.

Par ailleurs, pour presque tout 7, nous avons O=|v=1t|=|v= v*(u(t))l
Ainsi, en utilisant la fonction w définie au début des rappels (associeé a f
et v), nous obtenons que pour presque tout 7:

[ sty dx=wuto). (R.3)

Les fonctions [,_, f(x)dx, w, et u sont presque partout différentiables.
L’assertion (iv) et la relation (R.3) impliquent alors que pour presque.
tout 7:

d . . dw
S S dx = w0 S5 (u(0) = W (@) fru(D).

Quant a la relation (R.2), si f est continue alors c’est une conséquence
immédiatement de 'inégalité classique (cf. [15 ou 2271):

[ Awonc—wonao=["" fio) do.

H(a)
Si f est seulement localement intégrable, alors pour O <s=s' < |£], i1l existe
une suite de fonctions continues f, = O telle que f,(c) = f“” p-p-enoce[s,s’]

et £, tend versfdans L'(s, s'). L’assertion (iv) assure alors que pour pres-

que tout 6 dans [v,(s'), v,(s)], im,, £, (1(0)) = f(u(6)).
Par le Lemme de Fatou et la remarque ci-dessus pour f, continue, on

déduit que

[ . " 7(uO))(— '(0)) < tim inf [ . | Tau(0))(— w'(8)) df
et

Iim mff

v (s7)

f,.(u(e))(—u(e))d0<hmf f,.(a)da—f f(o) do. (R.4)

Si s ==0 (ou (s’ = |€2]), la relation reste valable par passage a la limite dans
R.4), ie., s > 0 (resp. s" — |€2]).
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Existence of Bounded Solutions of Some

Degenerate Quasilinear Elliptic Equations

ES
Jean Michel Rakotoson
0. Introduction

We consider the equation:

a(ju[™ M) + f(x,u) = 0 (E)
on.a bounded open set o of RN with Dirichlet boundary
condition. This equation is in a closed relation with the

stationary case of the porous media equation ([1], [2], [18],
{191, [20]). - Ju. A. Dubinskii [4], had stﬁdied such equation in
a direct way, when the gro&th of f is at most polynomial with
respéct to u . The problem of uniqueness of solutions has been
treated by J. Spruck [21].

The purpose of this article is to give a direct method to
study a generalization of such an equation (E). That is, we want

to solve the following problem:

Find u e W;’p (2) N L” () 1 < p < + o

o {
Au + F(u,vu) = G in @

*
Laboratoire d'Analyse Numérique, Université Paris-Sud,
Bat. 425, Orsay 91405 France
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Here, A 1is an operator of Leray-Lions type [7] which maps

wi'Pa) n L"(2) into W l'P(q), ¥ + 1 -1 and which

O p pl
degenerates with respect to u . The nonlinearity F will
depend on X , u but also on vu and G will be some element

of W—l'p'(ﬂ) N Ll(Q). A typical sample of eguation that we can

solve is:

—A(Iu]m—lu) + a(x) u ]vu}Q_e + b(x) u =G (0.1)

As in [14], one of the main novelties of this article is to
derive the Lw~estimate of the solution u of (#) . So in
Section I, we use the techniques of the relative rearrangement
(see (9], (10], (111, (121, [13]) to get a priori estimates in
Lw(ﬂ) . This maximum principle will be extended in a forthcoming
work to elliptic inequalities ([17]) and to some elliptic systeﬁs

((161).

A second difficulty is to find, despite the degeneracy, a

solution in 'Wi’p(ﬂ) . To overcome such difficulty, we introduce
in Section II, a family of modified problems (?n)nerN . As for
the problem (#) , we prove (by the same techniques) that the
solution vn of the perturbed problems (?n) are in a bounded
set of Lw(ﬂ) which is independent of n

This estimate provides us a suitable truncation of the
problem (?n) denoted (?ﬁ), the problem (?ﬁ) has the same
solutions as the problem (?n) and satisfies the standard

conditions of Leray-Lions' theorem (see [8]).
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The last section is devoted to the passage to the limit in
(?ﬂ) (using a compactness argument) in order to prove the
existence of solution for (%)

For the Lw—estimate, we use essentially the notion of
relative rearrangement. This notion introduced in [11] is widely
studied and developed in [10], [12], [13]. Further applications
are given in (14], [15], ([16], (17].

For convenience, we begin by recalling the definitions and

some properties.

1. Relative rearrandgement: Definition Properties
Let & be an open bounded set of RN (N>1) and u a real
measurable(l) function from © into K

The decreasing rearrangement of u 1s defined on

— 0
Q = [o,|a|]( ) by :

u,(s) = Inf (6 ¢ R, |u>s| ¢ s} if s e ] o, |2]]

u, (0) = ess sup u
94
E 3
Let v e Ll(ﬂ), we define a function w in  Dby:
J vix) dx if |u=u,(s)| =0
_ u>u, (s)
w(s) = { s- |u>u, (s) |

J v(x) dx + J . (V{p(p))* (t) dt otherwise
u>u, (3) N



Here the last integrand is the decreasing rearrangement of
the restriction of v to the set P(s) = {u = u,(s)} supposed
to be of pqsitive measure.

The following theorem is proved in [10]:

THEOREM 1:

Let u be a measurable function defined on Q , Vv iIn Lp(ﬂ)
(1 < p ¢ + o) . Then
: 1.p,.* . -
(i) we W ( ) where 0 = Jo, |Q|[

. dw
(ii) ”H§"Lp(ﬂ*) < nanp(Q)

Definition 1 : Relative rearrangement (see [11])

The function gg is called the rearrangement of v with

respect to u and is denoted Vg The following properties

are proved in [14].

PROPOSITION 1

Let v be an element of Wé'l(a) , v 20 and f e LI(Q).
Then:
(il) d J f(x)dx = pu'(t) f*v (u(t)) frfor a.e t in
dt ‘v>t
lJo , ess sup v [, where pu(t) = |v > t
2
— *
(12) Let £ be a positive locally integrable function on Q

— X — %
Then, for all (s,s') ¢ . x Q , s < s
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v,(s) s

J f(u(e)) (-u*(8)) ds ¢ J f(o) do a
v*(s')

S

We also need the following proposition (see [10])

PROPOSITION 2:

Let u be a measuréble function defined on R and

v € Ll(ﬁ) . If v > o, a.e. Iin R , then V*u > o a.e. In
*
2
Let E be a measurable subset of RN ; PRN(E) denotes the
perimeter of E (in the sense of De Giorgi [5]) in RN Then,
either
1/N 1-3
(1.1) P o (E) 2 N« [E|" N
N et N
R
‘or
1/N - 1-%
(1.2) P N (E) > N ay ]RN\ E| N
R
where N is the measure of the unit ball of RN
THEOREM 3 : The Fleming-Rischel Formula ([6])
For any £ in Wl'l(ﬂ) , we have

+o00 |

J IVfIdX =J PQ (£>t) dt (1.3)
174 —00
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where Pn(f>t) is the perimeter of - {f>t) in

From Theorem 2 and Theorem 3, we get the

COROLLARY 1

Let u be in Wlép(ﬂ) and v = ]ui Then, for a.e. 6
in Jo , ess sup Vv [
Q
d 1
I J[vu]dx > N op/N juse| 1N (1.4}
v>8
PROOF
Let us observe first that J[vu|dx = J|vv|dx (1.5)
v>8 v>8
In Theorem 3, we choose f = (v-6),6 + 8 , then
+00

r

J oopn(f>t) dt (1.6)

jlvv[dx = j]vf]dx
v>8 2

One can check that:

P_(%)

Q
Pn(f>t) = [
Pn(v>t) if t > 6

o 1if t < 6

Hence, from (1.5) (1.6) and (1.7), we find
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g? J [vu[dx = Pﬂ(v > 0) (1.8)

v>y
Let v be a function defined in R by :

_ v in £

v = .

{o otherwise
Then, we get early P (v > 8) =P (v > 8) and v >
R

9| = |v > 6| for any 6 > o . By Theorem 2, we have

1-1/N

P (v>9):NatNus o (1.9)
N N
R
.and then
d |vujdx = P_(v > &) =P (v >6) >N al/N|v > 9[1_1/N
(Y3 N N
2] R
v>¢
The corollary 1 is used in [9] for u > o . o
2. HYPOTHESES The Main Results
Let 2 be an open bounded set of RN , Wwe consider the
problem () with:
(H.1) Ge w2y ntley , r> 5’;’.1., r > p'
(H.2) The map F 1is a Caratheodory function from 2 x R X RN

into R i.e.
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For all (q,i) fixed in RX IR'EI , X > F(x,rj,i) is
measurable for a. a x fixed in a , (q,i) -* F(x,q,i) is
continuous.

Furthermore, we assume that F satisfies the two following
conditions:

(i) Forae xtfi ,Vot R,V (tRN

q F(x, g, i) >o0

(i) There exists an increasing function f from ir into

IR vanishing and continuous at o , and a positive function fQ

of Ll(ft) , such that for a. < xeSI,quR,VEeRN

|F(x,/7,£)] < f(17]|) [|IC|P_€ + fQ(x)], o <e <p

(H.3) Each a. : B x RXx IRJ\I -+ R is a Caratheodory function
satisfying the following degeneracy condition

There exists a continuous function u from IR into R
such that : ”~(o) =o and u{q) >o if qgq > o and for a.e.

Xed,VgeER, e R

N
z a.(x,/?2,e) tv >v(\nj) Je P
i=I
v(t) 1dt U(t)p ~dt = +00

*0

(H.4) Furthermore, we assume that there exists a Caratheodory

function a™ (i=I,...,N) such that:



For a. e. X e 1 , Vg e R , V(¢£,¢') ¢ RN X RN £ £ €

’

(1) a;(x.,9,6) =v(|n|) a; (x.n.¢)
N — —

(ii) ;_; (a;(x.7.¢) - a;(x,7,8")] [¢; - ¢1]1 >0

(iii) The functions 51 are positively homogeneous of degree
(p-1) with respect to the variable ¢ i.e.,

(vt 2 o) a(x.g.te) = 2713 (x.p.¢)

(iv) There exists an increasing function h from m+ into R

and a positive element h of Lp'(ﬂ) such that:

|a (x.7.8)] < h(ja]) []¢]P7" + n(x)]

Let us consider a few examples of equations for which their
conditions are satisfied:

1st Example:

We consider the equation (0.1), ie

L

—A([u[m—lu) + a(x) u |vu|2"e + b(x) u =G
N+e€

We assume that G e L 1 (@) for some el >o , a and b are
two positive functions with a e Lw(n) , b e Ll(n) and

1 <m < 2

u
m-1 m-—1 .
Let us remark that |[u] u = m J [ t] dt . So, we write:
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V.
m-1 N 9 - m-1 3du
Au = -4(|u] u) = - m.z 3% []u] EE.} . If we set
i=1 i i
m-1 N
ai(x,q,i) =m |n] ¢y for (x,7,§) ¢ . x R x R, then we can
take v(|7]) =m |17|m"1 . All the assumptions on v are
satisfied if and only if 1 < m < 2 . Hence, Si(x,q,e) = ¢, and
F(x,7,¢) = a(x) n |£|2_e + b(x) n satisfy all the required
assumptions.
2nd EXAMPLE:
Let aO be a function of Lw(ﬂ) , ao > o . Consider the
equation
1~e__,u|1/2 p-2 u p-¢
- div -1 |vu| vu| + (e -1)|vu| = G

1+a (x)lu[p

N+p
where G e Lp_1 () . We notice that , for (x,7.,¢%) in
2 x R X RN : F(x,p.,t) = (eq—l) [g[p-—e ; F satisfy the
assumptions (H.2).
One can check that

1/2
1- —'Ol -
a; (x.7,8) = ~ = ¢ Y
1+ao(x)|q|
and
1/2
N eIl o
zZ a, (x,7,8) ¢. 2 [¢]



Hence, we can take v (\q\) = ———————————-

1+l L, JBIP

The assumptions on v are fulfilled since, v(\q\) -~ Jr1t/?
1
as g >0 and v{q)~ -—————————- — as
1+llao"00i"|P

i+1a B Wik_1
q *+0 . The function a. (x,q,i) = —————————- - = |C||o'2

i +*0(x>M p
satisfies the assumptions (H.4).
Other possible examples include a~(x,q,i) = 2j1"2e<i1 |C|P 2 «i
then (el = \n\172 and a. (x,q,t) =ewnf |t]JP 2 el =

0

Similar problems have been treated in [14] in the case that
v >0 but the growth of F 1iIs at most of the order of |wu]P
and G 1s only 1iIn W~1'¥(ft) , r>Nlp-1 r > p*“ while here, we
assume that ~(@©) =0 and G 1is also a function of L")

The main results that we obtain are the following:

THEOREM 4:

rl
We set  k{/7) y(t)P *dt for any q > 0 . Under the
0

previous assumptions (til) to (H4 , any solution v of (@

(H.-D) to (H.4) satisfies the following estimate-.

Mi < 1 Swmr@"" =M

Lo " K N w 1,r(fmJ i
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) 0
where %2_1 is the inverse function of Y mapping R, onto R
et is the measure of the unit ball, and

N

1
1_

2 1 (p-1)r p-1)r

5 = {Jl It(ﬁ - 1){ p-1 r—l}dtJ

o

N

is finite since ¥ > ——s . 8]
p-1

THEOREM 5:

lU/'nder the previous assumptions (H1) to (HA), there exists at

least one solution u of problem () In
wlép(n) n L (2)

These theorems are proved in §3 to 5§

3. A PRIORI ESTIMATE IN Lw(n)

As in [14], we introduce a more general lemma which is
independent of the previous problem (#) and which will prove
Theorem 4.

For this purpose, we consider two real (fixed) numbers

6 > o , h > o and we associate to them the family of real
Lipschitz functions S9 h by setting
. 1 if n > 6 + h
3
4 1 X
. ﬁ(q—o) if 8 < 7 ¢ 8 + h
Se,h(Q) = 10 if |g| < @ (3.0)
1 lig+6) if -6 ~h<n < -
1 n'7 72"




LEMMA 1

For a. e. X In 2 , ¥Vp € R , V§{ e RN vYé > o , vh > o

Se,h () F(x,p,¢) 2 O (3.1)
Proof
If p = o, Se h(o) = o , the relation (3.1) is then true.
Se . h
If n # o, d > o , since Se " is an increasing

7

function vanishing at o and

Sg n(7)
Sg p(7) F(x,7,8) = : n F(x,p,8) 2 o (By H.2)
' n
8}
Now, we consider a function u e Wé’p(ﬂ) and we set
u = SB,h(u) , v = |uf
Moreover, we assume that Ve ¢ ]Jo , ess sup v [ ,
Q
N au
vh ¢ Jo, ess sup v - 6, Z J ai(x,u,vu) % adx +
Q = q i
J u F(x,u,vu) dx = <G,u> (3.2)
2

< > denoting the scalar product between an element of



Va4

Wl'p(n) . Concerning relation (3.2) we make the following
observations:
Remark 1

i) Each term of the equation (3.2) makes sense since

1/h %%Z if e < |ul <6 +h

3 e w'Pa) ana 2% = {
o .
o) otherwise

On the other hand, by (3.1) u F(x,u,vu) > o

ii) Any solution of (?) satisfies (3.2).
iii) We note also that W 1'F(a) < w 1P (q)
s}
In the sequel, we consider gi 3 Lr(n) such that
N agi
G = - £ === (in the sense of 2'(2)) and
. IX.,
i=1 i
N _ N, p'/2 _
nGu _ = Z lig.ll . We set g = [ z g.] P« % is
w ey i=1 ' LM(a) i=1 1 v

]
ol

the relative rearrangement of g with respect to v

LEMMA 2

Assume (H.1) to (H.3) and let u be a solution of (3.2).

Then, v, = |u|, satisfies the following relations:
1. A
N - p
s [g,,(s)]
d x*
Ve (v, (s)) 1P ¢ v (3.4)

1) I~



for a.e. s in 2 = lo , |a|[ ,

ii) For ail s in @

1 1
v.(s) < k"l[_.l_ JIQ'ON l[“ (c) P do] (3.5)
* = Na Iy ‘
N “s
B
Remark 2:
2] §1 _ =
The integral J o) [g*v(o)]p do makes sense. In fact,
o
by Proposition 2 , é*v > o since g > o and by the Holder
inequality, we get:
1 1 1 (p-1)r 1-, >
2] =1 _ 2 |2 (N_l)[(p_l)r r 1] To-17F
[ oM 5., 1017 a0 U o do]
O o
1
ng, ¥ (3.6)
v r/pl Ed
L (2 )
By Theorem 1 and the choice of (gi)i=1 N we have:
- - N p’
g, M , < ligh , < {z ng. i =
VOLE/P () L¥/P" (q) i=1 T 1.¥(n)
pl
NG 1,7 (3.7)
W (52)

By setting
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(p-1)r
?] (& —1) 1- ot
_ “' L P
5§ = te] do
o
(6 1is finite since r > EQT) . From (3.6) and (3.7), we deduce:
1 1 !
|| (1) _ - P
J o [g*v(o)]p do < & ngnP (3.8)
° w T (a)
Proof of LEMMA 2
N
For convenience, we will omit the sign z . From the
i=1
equation (3.2), we obtain:
1 au = _
a J ai(x,u,vu) axidx + J u F(x,u,vu)dx =
8 <v<e+h [}
1 ¥ ax
h J 91 3%, (3.9)
8 <v<6 +h
From (H.3), we get
Min v(n) leulpdx < Ju(v) [vu]pdx < Ja.(x,u,vu) . 2 gy
9<fn<8+h 1 Xy
== -9 <v¢<8 +h 8 <v<8 +h 6 <v<8 +h
(3.10)

By Lemma 1, we deduce:
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J u F(x,u,vu) dx > o (3.11)
Q2

By the Holder inequality, we have:

) . ’ 1/p
1 au 1 - 1/ 1
S L R L N

8 <v<e+h 8<v<8+h
(3.12)
From (3.9) to (3.12)
o ’ 1/pl
Min v(g) (1 p 1 2
sncosn [n ] Ivaifa] o g ] Geoad]
8 <v<8+h 8 <v<#6 +h
1/p
1 p (3.13)
[ﬁ J | vul dx]
<v<#8 +h
After simplification, we find:
. 1/p' 1/p*
Min v(g)(1 P 1 pu
6<n<e+h [h J[vu] dx < s g(x)dx
8<v<6+h 8 <v<6+h
(3.14)
When h tends to zero, we find that for a.e 6 on

Jo , ess sup v [
Q2
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1/p*
_da o) 1/p* [_ 4 -
v(e) [ I5 leu| dx] < [ 35 Jg(x)dx] (3.15)
v>6 v>e
By the Holder inequality:
1/p!*
1 1 p 1/p (1
i leuldx < [ﬁ J]vu[ dx] [E J dx ] (3.16)
6 <v<8 +h 8 <v<8+h 6 <v¢<6+h
When, h tends to zero in (3.16), we arrive to
1/p'
1
- g? leu|dx < {- g? leu]pdx] /P (~p'(9)) (3.17)

v>8 v>6

Here, u'(6) is the derivative (in the usual sense) of the
non-increasing function u(8) = |v > 8|

By Corollary 1 of Theorem 2 and Theorem 3, we obtain

1
1/N 1-=
- gi leu[dx > NaN [H(8)] N (3.18)

v>8
We combine (3.17) and (3.18) to obtain:

]1/p 1/p 1/N 1-1

[_ gi leulpdx (-p*(0)) > NaN [u(e)] N (3.19)

v>8

The relations (3.15) and (3.19) lead to:
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1
1/N 1-= P'/P [ -
Nay  u(e) N (e) ¢ (-u(8)) /P [S; fg(x)dx]l/P
v>8e

(3.20)

We use Proposition 1, (il) to get that, for almost all

& ¢ Jo , ess sup v [,

2
d - . -
- & [s0max = - pe) g, o)) (3.21)
v>86
Since v, e %o(ﬂ) , we have for all 6 € ]Jo , ess sup Vv|[
Q
6 = v, (p(8)) (3.22)

From (3.20) to (3.22), we have

1 %—1 -p/pP' (3
D¢ —7y WD vk PP G, (ule))
N

/Py (ey)

(3.23)

If o (o < |v>o0| , then v,(o) > o : v(v, (o)) > o



oV 13, (0)11/P
The mapping o ¢ Jo , |v>o| [ = is then
v(v,(c))P /P

positive, locally integrable on (o, |v > o|) . We apply
Proposition 1 to the relation (3.23), we deduce that for
0<s <s +ng < |v>of =pu(o)
s+g l—l 2
vels) = vy(s+n) . . o7 [y, (0)1F 4
7 NC‘;/N n L v (v (o)) P /P

When 17 tends to zero, we get for a. e. s on (o,u(o0))

1 1
H —1{_ (s)1P
\ s g s
- Ve (v, (s))P P N (3.24)
ds Na
N
if p(o) = |v > of ¢ s¢ |r] , then wv,(s) = o , thus
v(ve(s)) = o
. dv . . *
Since * exists almost everywhere in and
ds
§*v > o , we deduce that the relation (3.24) is also wvalid for
a.a. s e (p(o) , |2|) . This proves Lemma 2 , (i)
t Ny
To prove (ii), we consider k(t) = J u(q)p pdq for any
o}
t > 0o and we set K(s) = ﬁxv*(s))

Since v, e wl,p (ﬂ*) we have K e Wl'p (Q*) and
* loc ! loc
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dv, . *
- gé = - I u(v*(s))p /P for a.e .s in (3.25)
From (3.24) and (3.25), we have for a.a.s ¢ Jo , Iﬂl[ = Q*
1/N-1
dxK s - 1/p
- < (g, (3)] (3.26)
ds NaI7N *
N
Since v,(|f]) = ess inf v = o , a simple integration of

(3.26) leads to:

1 || 51 1/
= P
K(s) ¢ Na—17ﬁ J o) [g*v(c)] do
N s
for all s e @ . (3.27)

N\

The function ‘1 is continuous and strictly increasing from R+
into R+ , so it is invertible and its inverse ﬁ&'l is'also
strictly increasing. Hencé, the relation (3.27) is equivalent
to:

|2l 14

s < W [y J N 1Gay(0)11/P ao]

for all s e @, . (3.28)
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A consequence of lemma 2 is the -following statement slightly

stronger than Theorem 4:

If u e Wi'p(n) is a solution of equation (3.2), then
u e Lw(n) and u satisfies the estimate:
d?_l 5 pl /p
“u"L“(Q) < h, [;;T7N nGun s ] (3.29)
N W~ ()

where &6 is the same constant as in Theorem 4:

PROOF :

From Remark 2, the relation (3.8) leads to

|2] -1

o < J o [§*V(d)]1/p do < 5 ugnP /P
(@]

W_l’r(Q)

o
Since tz 1 is increasing, we deduce from (3.28)

~.1 —1 [ 5 p'l/p

vels) K} —I7% HGI ]

[Nal N -i,r
N W (2)
— %
for all s e 2 . (3.30)
In particular
vy(0o) = ess sup |u| 1is finite and satisfies (3.30). The
194

proof of Theorem 4 is complete. 8]



APPENDIX TO SECTION 3:

For the convenience of the reader, we give here a brief
summary of F.E. Browder's result that we used in Section 3.
DEFINITION A:

Let T be an operator which maps a separable reflexive
Banach space V into its dual V' . The operator T |is
supposed to be continuous, coercive and maps bounded sets into

bounded sets.

The Browder condition (S+) is defined as follows:
(S+)' if {un} is a weakly convergent sequence in V with limit
u and if Tim < Tun - Tu, u - u > ¢ o , then u, ~ converges

strongly to u

THEOREM A:
1 -1,p"' 1 1
Let V = Wo'p(ﬂ) 1 <p<+e, Vv =W"Pay, p+p=1.
N \ o
T 1is the Leray-Lions operator Tv = - Z ,a; ai(x,v(x), vv(x))
i=1 i
which maps V into V' . The functions a? satisfies the
standard conditions:
(1) a? are caratheodory functions (see (H.2)):
. . N N
(ii) For a.e. X e 0 , YV e R , V ¢ € R , V&' € R
¢ # £
N o p
Z a;(x.q.¢) ¢, 2 01|€| - c, c,>0 , co0

i=1
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N
(o] (] - e

m

(iii) For a.e. X e 2 , Vg e R , Vi ¢ RN

IA

-1 -1
Ia(i)(x,o,s)l cl¢P7" + |2|P + a_(x)]

with ¢ > o (constant) , aO € Lp () then T satisfies the
condition (S+) of Definition A.
Remark:

F.E. Browder shows that the property is satisfied by a more

general operator than in Theorem A.

4. A SEQUENCE OF MODIFIED PROBELMS (¢n)
Before introducing the modified problem (?n) , we derive

some preliminary results.

4.1 PRELIMINARY RESULTS:
LEMMA 3
There exists a function (g e Cl(m) , Such that
d .
g'(n) =g =vilgm)]) in R

g(o) = o , 1lim g(g) = + » and g is odd (4.1)
] ++00

Proof
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7
. _ dt -
Let us consider b(gp) = Jo TTEY for n > o (By (H.3), this
function makes sense). The function b 1is strictly increasing,
continuous on R+ and 1lim b(fg) = + » since 1/v € LI(R+) ;

-+

thus b 1is invertible from R+ onto R+

Moreover, this function is continuously differentiable every

*

where in {gf#>0} = R+ . Hence, if we define the function:

-1 .

b " () if n > o

g(ng) = {_1

-b " (-np) otherwise
We verify easily that g satisfies (4.1) . a
LEMMA 4

Let Sg n be the function defined by the formula (3.0).

Then, for a.e. X in R , VY € R , V§ € RN vir > o, Yh > o

Sg n () Fix.glg), g'(7) - §) 2 o (4.2)
n F(x,g(n), g'(n) -¢) 2 o (4.3)
PROOF
If n = o , S9 h(o) = o , the relation (4.2) and (4.3) are
Then true if g # o , then gln) > 0 (since g 1is a strictly
increasing function satisfying g(o) = o) . For the same reason,
Se ,n(7) . .
— > 0 (Se,h is non-decreasing).
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Let us write
Se,h(”) F(x,g(n), g'(n) - ¢) =

Se ,n!7) .0 g(n) F(x,glg).g'(q)¢) (4.4)
0 g(7) '

By the assumption (H.2) (i) on F
g(n) F(x,g(rl_), g'(n)¢) 2 o (4.5)

Hence, the first inequality follows easily from (4.4) and (4.5) ,

To get (4.3) for np # o , we write:

n F(x,g(n), g'(n) - ¢) =
STy 9(7) F(x.g(n), g'(n) - ¢)
We conclude by the same argument as before. 8]

LEMMA 5

n .
We denote by V(p) = J u(g(t))p dt for any n 2> o

o
Then,
(i) 1lim V(g) = + =
N+ o
(ii) V is & one to one invertible mapping trom R, into
R

+



Proof:
Let us set u = g(t) ; then using Lemma 3 we have:
g(n) p'-1 11,
vig) = [ vwP Trau = Kegin)
o
By Lemma 3, 1lim g(f) = + o and by (H.3), we deduce,
-++
+eo C_q
lim V(g) = J v(6)P 7lat = +
-+ o
To prove the second part (ii) , we remark that V is a
strictly increasing, continous map from R, into R, - The

assertion (i) above insures that V maps R+ onto R+ and then

it is invertible.

4.2 : A SEQUENCE OF MODIFIED PROBLEMS:

For each n e N* , we define the functions F_, F , a. ,:
n n ‘in
For a e. x in 2 , Vo e R , V§ € RN,
F ’ ’ '
Fo(x,0,8) = —prefef) (4.6)
1+2|F(x,0,¢) |
F_ (x,7.8) = F_(x,9(7).,9"' (1) ¢) (4.7)

a, (x,7.6) = 2[¢|P7% + a (x.g(0).9 (1) - ¢)  (4.8)



Remark 3:
The function Fn and s, enjoy the following properties,

for a.e. X e 2 , Vg e R , V(¢,8') € RN x RN . & F £

(Pl) Se,h(q) Fn(x,q,g) > o for any 6 > o, h > o

n Fn(X,r],ﬁ) 2 O

These inequalities follow from Lemma 4

(P2) There exists an increasing function h0 from R+ into
R+ such that
la, (x.g.6)] < h (fg]) []¢]P70 + (o)l
in*7 ! - o
In fact, by the assumptions (H.4) (see (i) and (iv)), we deduce
that:

la; (x,g(7).,g' (n)¢)]| < higl|n])) vig(]|n]))
[la' () [P e P71 + R(x)1 < hig(]a])) vig|a]))
[lg* (7) [P 1106 | P +h(x)]

. . + . .
so, if we define on R , the non-decreasing function
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h(7) = Sup [h(|g(t)]) v(lg(t) ) (g ()P +1)] + 1

| t]|<a

We get early:

la, Geg.e)| < b (o)) []¢]P70 + B(x))

(P i

™M=

1 p
5) Z 2ane) 652 g Ul(lﬂl)] e ]

where v, (|7]) = v(|g@m P = (g' (7)1 (see lemma 3).

To get (P it suffices to prove that:

5)

N
za(x,g(@), g'(g) ¢) ¢; > v, (ln])]e]P (4.9)
i=1
If n = o0 , ul(o) = ai(x,o,o) = o , the relation (4.9) is true
if n # o, then g‘'(p) > o . Let us write:

I ™M

a;(x,g(7),9'(7)¢) g'(q) -¢

1 1

i

L~

ai(X.g(a),g' (7) «s)t:i =

1 g'(7)

i
(4.10)

By the assumption (H.3), we have

a; (x,9(7).9' (7)¢) g' (m)e; 2 v(|glm)|)]g" (@) [P [¢]®
1

™M

i
(4.11)



From Lemma 3, (4.10) and (4.11), we obtain (4.9)

N
(P,) iiltain(x,n,t) - ay, (kg.er)1ley-¢51 > o
This is a consequence of the two following relations:
A p-2
(*) Z ()¢} ¢ — e £1)(65-¢3) > o (4.12)
i=1
N
(*) z [a;(x,g(7).9'(7)¢) - a;(x.g(7),g" (7)¢")]1[¢-¢" ;) 2 ©
i=1
(4.13)
The proof of this last inequality is the same as (P3) using
the assumption (H.4) (i) and (ii). 0
Now we consider the following problem:
. 1,p ©
Find vn € wo () N L () such that
(?n) { N ) a. (x,v_,vv_) + F (x,v,vv_ ) = G in n
- 2 — in n n n n n
. IX,
i=1 i
4.3 : A PRIORI ESTIMATE IN Lw(n) OF THE SOLUTION vy of (?n)

The proof of the following Lemma is the same as in Lemma 2.

LEMMA 6
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Let v be a solution of (wn). e Then, for all sen

1
-1 fi r--1 ( )
v (s i ‘ A o o . . 4.14
n Y 1Q_N1glv7n !]S N [S'llvnh( > |PdoJ
m
V 1 is the 1inverse of the Tfunction V (q) = v (g(t))P dt
(see Lemma 5)
p*/2 N ag -
g ? 2 such that G = - | X"—'.
Azl r=r - |
N
iGil = LR Y VA is the relative rearrangement of
w  r(n) 1=1 L “n-
g with respect to |vnl
THEOREM 6

Ang solu tion v of (9—n) satisfies the following

es tima te :

v < vl > P ’/P = M (4.15)
n —NaT/TI 1T
N W " ©)
where a.’\T , 6 are the same constants as in Theorem 4
0.

Theorem 6 is a direct consequence of Lemma 6 and the relation



(3.8) of Remark 2.

4.4 : A TRUNCATION OF ain AND AN EQUIVALENT PROBLEM

We introduce the following truncation of g

g(ng) if |g| ¢ M

- o
g(n) = { g(M_) if g 3 M (4.16)
g(-M_) if 7 ¢ -M_
This function g defines a truncation 3 of g by
setting:
g'(n) if |n| < M,
J - 3
g(n) =v(|glg)]|) = { g'(MJ) if 7 > MJ (4.17)
g'(-M_) if g ¢ -M
Mo is the number given in Theorem 6
Let us define a'in , the truncation of a:. by setting:
For a.e. x e 2 , Vn € R , V¢ € RN
at (a,p.¢) = > [¢]P7% ¢+ a (x.9(n).80)¢)  (4.18)
int 7 n i ittt ! ! ’
The function ain enjoys the following properties:
[Q1] The function ain (x,7.¢) satisfies the Caratheodory
condition, this a consequence of the fact that g , 8 are

continuous and a; is a Caratheodory function.

The following properties are direct consequences of (P2),



(P3), and (P,)

[Q2] There exists a constant ¢

M , h, , v) such that

For a.e. x in 2 , Vg ¢ R ,

aj (.60 < cl]e|PTh 4 R

[Q3] We denote by vi(q)

For a.e. x in 2 , Vvp

N ™M 2

[Q4] For a.e. X in @ ,

in

([ I~

We then have:

LEMMA 7

(ay _(x,7.,¢)

al (Xr[]rg)

vy

> 0o (depending only on

VEeIRN

u(|é(q)|).p, then:

N

R , V¢ € R

vy

.2
i -

€ R

— a'

(x,v,vv) + Fn(x,v,vv)

vew 'Pa)n 1%e)

(2 + vy(fg)] e P

G in @



Any solution of (®' ) is a solution of (?n) and

conversely.

Proof:

Let v be a solution of (f'n) . As in Theorem C’one can

check that v satisfies the following estimate.

...1 5 pt /p
IRVA1 < (V) [—~_7— nGi » J (4.19)
00 LNa1 N -1,r
N W (2)

7 '
Here, V' (f) = J u'l(t)p /P dt , for any g > o
o

By the definition of u'l, we observe that V'(MO) = V(MO) =
5 nanL{pr
Nal7N 12 T(a)
N
From (4.19), we deduce 1Ivl < MO

o o]

For all ¥ e Wé'p(n)

The proof of the converse is the same as before. 0



4.5 : EXISTENCE OF SOLUTIONS OF PROBLEM (?'n)

LEMMA 8:

(i) There exists a solution Vo of Wé’p(ﬂ) of the

problem (?'n);

(ii) Furthermore, vn € Lw(ﬂ) and
nvnn o < MO (4.20)
L («)
and
1 p
o uvvnn + uvg(vn)u < MO [e]ll (4.21)
LP(a) LP L™ ()

Mo is the number given in Theorem 6

Proof:

The first part of Lemma 8 is a direct consequence of

Leray-Lions' theorem (see [8], p. 182-183 theorem 2.8). The

properties (Ql) to (Q4) and the relation |§ ¢ n insure that

nl

the hypotheses of this theorem are fulfilled.

To show that va is in Lw(n) , we first remark that
vé ¢ ]Jo , ess sup vn[ , Yh ¢ Jo , ess sup vn - 86, the function
2
S = l,p C s .
Vo < Se,h (vn) belongs to wo (1) (The definition of Se,h is

given in formula 3.0) and then:



°Yn - 3 | =, (3)
a' (x,v_,vv_ ) —— + v F (x,v_,vv_) = <G,v_>
in n n IX, nn n n n
174 1 174
So, vn satisfies the same relation as (3.2) with ai replaced
By ain and F by ﬁn . The proof is thus the same as in
Theorem 6. The estimate follows from Theorem 6.

To get the relation (4.21), we multiply by v the eguation

of (#'), we find:
n

1 P ' 2
2 Jaivvnl dx + Jnai(x.g(vn),g (v,) vv) 3;; ax +

j v_F (x,v_,vv_) dx = J Gv_ dx (4.22)
Q" e B

- v
(Observe that we have used the fact that g(vn) = g(vn)) g(vn)

g'(v_) a.e. in a2 , since lv_IIl < M ).
n n o

By th F : F . .
Yy e property (Pl) on Fn Javn Fn(x vn,vvn) dx > o (4.23)

By the property (P3), we have:

Iv
. n
jnai(x.g(vn),g (vn) vvn) S dx > JQU(IQ(Vn)I)p |vvnlpdx

(4.24)

By Lemma 3, g'(vn) = U(IQ(Vn)l). Hence, from (4.24) we get:

v
n

p
Jnai(X.g(vn), g(v,) vv.) %, dx > JQIVQ(vn)I dx (4.25)




. 1
] ]
Since G e L () , and vns . ¢ M
L ()

|J G v dx| ¢ nv i nGu ¢ M_nGn (4.26)
n L (R) L™ (n) L (nr)

o

The relations (4.22) to (4.26) imply:

% nvvnup +nvg(vn)up < MO nGu 1
LP () LP(a) L (%)
5 : EXISTENCE OF SOLUTIONS OF PROBLEM (7)
Let us set u, = g(vn) , then by Lemma 8 and Lemma 3 , we

have u_ e wl'p(n) N Lw(a)
n o

Moreover:

u& o< k_l[ ?/N uGup:;pr =M (5.1)
"N Na g w T ()

(see Theorem 4 for the definition of k ).

C s . 6 P'/p
In fact, by definition V(Mo) = —17w nGu 1o
NaN W ()

g(M_ ) . _ '
I O ()P Tlge - é(g(Mo)) and thus,
(@]

M (5.2)

By Lemma 5, V(Mo)

_ 1
g(M)) = kT (V(M))

On the other hand, nWu I = ug(v_)n ¢ Max |g(t)] (5.3)
n n
oo oo ltl < MO

Since g 1is odd and increasing:



va3s

Max [g(t)| = Max g ([t]) = g (M) (5.4)
[t] ¢ M |t ¢ M
o (o]
From (5.2) to (5.4), we get: Hunu < M 0
00
By Lemma 8, nou 1P ¢ M_ NG (5.5)
LP(q) L' (R)

So, we can assume that u, ~ converges to an element

u e wl'g(n) n L°(r) in:

wl,p (R) - weak

o)
o o]
L () - weak-star
and a.e. in
Furthermore, from the equation of (?n) , we see that u

satisfies the equation:

N 3 - - R
-Z — a.(x,u ,vu ) + F (x,u ,vu ) =
. IX. i n n
1=1 1
1 p-2
G + a v([vvn| vvn) (5.6)
5.1 : A STRONG CONVERGENCE RESULT IN wé‘p(a)

LEMMA 9

For any t e R we set

.
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1
t 5—_—1-

. _ t
k(t) =J vilnP 1dn=J‘u(lr7|) dn
o (o}

v

Then as n - o , un = k(un) converges to

v
u = k(u) in the

norm of wé'p(a)

Proof:

Let us remark first that from the relation (5.1)

v

] !
uunn w ¢ Max |k(t)]| = k(M) (since k is odd and increasing)
L (a) [t] ¢ M
5 p'/p
and k(M) = ngn® =M
Na;?N W l'r(ﬂ) 1
- 1.p . " 1,p .
Moreover, k(u ) ¢ W () (since u_ e W ()) and a.e. in
n o n o
ak(u_) L e v
R, —— =v(|u [)p —— ). Hence, u is in a bounded set
dxi n c)xi n
of wé'p(ﬂ) independently of n . Since 1lim k(un) = k(u) a.e.
n
v - v )
in 2 , then dn = k(un) tends to u = k(u) weakly in wo'p(n)
and in L“(Q)—weak *
Let us construct an operator T which maps wlép(n) into

w—é'p(ﬂ) into w'l'p'(n) by the following way:

We define 53 a truncation of 51 by setting:
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a;(x,7,¢) if |n| <M
53 (x,p,¢) = { 51(X'M'€). if n > M

éi(x,—M,g) if g < -M

© We check easily that the éi are Caratheodory functions and

enjoy the same properties as éi , that is:
- N
(Rl) For a.e. X in 2 , vp e R , V§¢ € R
N - P
-at (x,n,8) €. 2 |¢ (5.7)
i=1 *t 1

In fact, let us take 7 # o

N N
By (H.4), (i) : v(|n]) = as;(x.n,e)8, = Z a;j(x,n,8)¢, and by
‘ i=1 i=1
N
(H.3), Z a;(x,7,¢)e; 2 vi|n]) |¢|P .
i=1
Since. v(|g|) > o for g7 # o , we deduce from the two last

relations that:

™M=

3 p
1ai(x.ry,z)ti > ¢ (5.8)

Each éi is a Caratheodory function, thus the relation
-(5.8) is also valid for 7 = o . A simple argument shows that

(5.8) implies (5.7).

The two following properties of 5& are direct consequences

of the assumption (H.4) (ii) and (iv) on Si



(R2) For a.e. x in Q2 , Vp e R , V¢ e R , V§' e R , ¢ # ¢

N
i [ai(x,o,t) - ai(X.q,t')][ti - fi] > o

i=1

(R3) There exists a constant cO > o such that:

For a.e. xe¢ 2 , Vg ¢ R , V§ ¢ RN

lay(x.7.,8)] ¢ co[lgip_l + h(x)]

Let {L—l be the inverse of tl from R onto R for any

vV e Wlép(a) , wWe set:
N I = -1
Tv = - Z —— at(x,k "(v), vv) . The property (R,) insures
. AX. i 3
i=1 i
that Tv e W—l'p () . The operator T 1is coercive since:

(by R,)
The operator T satisfies all the assumptions of the

property (S+) of F.E. Browder's compactness theorem (see appendix

v -
or [2], page 27). Hence, to prove that u, = k(un) tends to
v
u = k(u) , it suffices to show that
v \Y/ v
lim <Tu_ , u_ - u> = o (5.9)
n n

N— +o°



\Y% \Y% v
Let us compute <Tun e u>
v v v B - R - Y v
- = y ' . i - dx
< Tu  ,u,  -u> f aj(x,u k' (u ) -vu ) 3—(u u)
2 i
_ - - - , Vv v
- - vl S -
= Jaai(x,un,k (un) Tu ) 5Xi(un u)dx (5.10)

We have:

v P1 o - .
k (un) ai(x,un,vun) (by (H.4)(iid))

ai(x,un,k'(un) -vun)

u(|un|) ai(x,un,vun)

a.(x,un,vun) By (H.4) (i)

Hence,

v v v ~ - - v v
(u - u)dx (5.11)

Since the function u_ satisfies the equation:

) " 1
av '(,\"an

p-2

We obtain from (5.11) and (5.12):



v v v v v 1 _7 v v
<Tu_,u_ - u> = <G,u_ - u> - = J |vv ‘p vv_ - v{u_ - u)dx
n’ n n nJj, n n n
- - v v
- JaFn(x,un,vun) - (un - u)dx (5.13)
We then study the convergence of each term of (5.13):
By the definition of the weak convergence
v v
lim <G, un - u> = o (5.14)
n
By the Holder inequality:
v v
1 J AY% ]p~2 vv_ - 9(u_ - u)dx|
nJ, n n n
v v ,
¢ Le(u - w wey 1 P/P (5.15)
n n Lp(Q) n
LP(a)
By Lemma 8, we get:
11
1 p/p’ p' . P
i‘_l "an" < MO "G"Ll(ﬂ) - [ﬁ] n—4+m0 (5.16)
LP(2) ”
Since lv{(u_ - u)n N is in a bounded of R independently"
L™ ()

of n , we deduce from (5.15) and (5.16)



. 1 p-2 v v
1im n J IvvnI v+ v(u_ - u)dx =0 (5.17)
N—e +00 f n n
since Wu i _ ¢ M, then by (H.2) (ii)
L (@)
- - B - - -€
|F (x,u_,cu )| ¢ [F(x,u_ ,ou )| ¢ £(M) [ou [P75 + £ _(x)]
Hence, if we set c1 = f(M)
. - v v
|JnFn(x,un,vun) . (un - u)dx| <
- e V v v v
<, J |vun|p [u, - ufdx + c, J £olu, - uldx (5.18)
74 n

By the Lebesque dominated convergence theorem:

v v

lim J £ (x)|u_ - u|ldx = o (5.19)
o n
n 193
and
\Y v
lim J Iun - u|q dx = o for all aq e [1, +of
n R
Since |vun[_ is in a bounded set of Lp(n) ., we deduce that
there exists a constant c, > o (independent of n ) such that:
- eV v v v
J fvunlp ,un - u| d» ¢ c, Wu_ - ul
Q LY (a)

for some q e (1, + o . We, then have:
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\V/ v
lim J |vu |p—e [u_ - uldx = o (5.20)
n n
n 173
From (5.18) to (5.20), we get:
- - v v
lim J F (x,u_,vu_) (u_ - u)dx = o (5.21)
n n n n
n f
The relation (5.13) together with (5.14), (5.17), and (5.21)
gives the expected result.
In the sequel, we will assume that
vk(un) tends to vk(u) a.e. in Q
and
vk(u ) tends to vk(w) in (LP(2))N-strong
LEMMA 10
We have the two following convergences in Ll(n) , strongly:
lim a.(x,u_.vu_) = a,(x,u,vu) (5.22)
i n n i
N— +o0
lim F (x,u_,vu_) = F(x,u,vu) (5.23)
n n
nN—+oo
Proof

For convenience, we write:
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ai(x,u,vu) = ai(u,vu) , F(u,vu) ‘= F(x,u,vu) ,... etc.
Let us consider:
J lai(un,vun) - ai(u,vu)|dx = J ]ai(un,vun) - ai(u,vu)ldx
Q u#o
+ J [ai(un,vun) - ai(u,vu)ldx
u=o
(6.24)
On the set {u=o0} , v(o) = o and then, ai(u,vu) = v(0)
éi(u,vu) = o , thus
J [ai(un,vun) - ai(u,vu)ldx = J |ai(un,vun)]dx
u=o u=0o
(5.25)
By (H.4) (i) and (iv), we have:

Ju=o|ai(&n,v£n)[dx < J

J

u=o

h(x) u(lﬁn]
u=o

Since h([un[) [vunlp—

lim u([& [)
N4 +00 n

v(o) o on {u=o}

Vitali's theorem:

is in a bounded set of

u(|&n|) h(|&n|) ]vunlp_ldx +

u_;)dx

) nju

1P (2) and

We deduce easily from



lim J u([unl) h(|un|) [vun!p_1 dx =
na+4e Ju=o

lim J h(x) v(]u_[) h(|u_|) dx = o
N +oo u=o )

Hence,
lim J l[a.(u_,vu )|dx = o (5.26)
1 I n
N—s +00 u=o0
As for the term j [a.(u ,Tu_) - a.(u,vu)idx , we will
uro i'n n i

stiow that vun tends to vu almost everywhere in {(u # o} and
the couvergence of this term will follow easily from Vitali's

theoren.

By the continuity of v , lim v([un(x)l) = v(|u(x)|) > o
I+ +o0

for a.e. x in  {uxo} . Then, for a suftficiently large n , we

have for a.e. x (fixed) in {u#o}

_ vi(u (%)) ' vik(u (=)) }
v un (x) = ____,;___1__“_. = - - 5 — l
prlu »x)) V(!un(X)!)' J
-\ vh(uix))
For a.e. ¥ i ( - 11 = BN N 2 euixn!
For a.e. X in {u # o} nii: vun(x) %}(u(x)) TU(X)

Since a, satisfies the Caratheodory conditions, we deduce

lim aj(uq,vun) (x) = ai(u,vu)(x) a.e. x 1in {(u # o} . By

Lee o0

using Vitali's theorem, we get:
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lim J ]Fn(un,vun) - F(u,vu)|dx = o (5.28)
N+ Y2
(We remark in particular that F(u,vu) = o on {u = o} since
f(o) = o , (H.2) (ii)).

THE PASSAGE TO THE LIMIT:

For all ¥ e¢ 2(2) , we get from (?n)

- - AP
J a.(u_,vu_)
Q 1 n n

<G,P> - J |vv |p—2vv vy dx (5.29)
Q n n

From Lemma 10, we get:

. " - ¥ _ ar
lim J ai(un,vun) 5-§—_.dx “J ai(u,vu) I dx (5.30)
N—»+oo 94 1 194
lim J Fn(un,vun) - P dx = I F(u,vu) - ¥ dx (56.31)
n 2 2

By the Holder inequality and the relation (5.5)

IAva |

- 1/p
% [J ]vvnjp 2 vv, - P dx | < [%] M_nGH
L LP(a)

l/p. — (@)
L™ (%)

as n - +o°



Hence, for all ¥ e 2(Q)

IP
I a.(u,vu) - —— dx + J F(u,vu) ¥ dx = <G,¥>
n * Xy Q

Remark 4¢:

The solution u that we found here satisfies the estimate:

1/p
neul < MouGu 1 (5.34)
LP(a) L™ (n) |
where
o1 6 p'/p
MO =V ;ZT7ﬁ G s
N W “'T ()

and V_1 is the inverse of the function V (see Lemma 5)

The author wishes to thank the Instirtute tor Applieod
Mathematics and Screntitic Computing, Indiana Lniversity,
loomington, Indiana, for itls assistance i1n the preparation of

this manuscript.
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FOOTNOTES

(1)

We use only Lebesgue measure.

(2)

For any measurable set E , we denote by |E| its measure.

(3)

In the sequel we sometimes omit the sign Z
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ANALYSE MATHEMATIQUE. -— Une nouvelle méthode & estimation L;e( Applica-
tion aux inéquations variationnelles. Note de Jean-Michel Rakotoson et Roger Temam,

présentée par Jacques-Louis Lions.

Nous donnons ici un théoréme d'existence et de régularité pour un probléme d'inéquation variationnelle
quasilinéaire avec une contrainte unilatérale. Ces résultats utilisent de maniére essentielle unc estimation a
priori L™ de la solution qui est relativement explicite ¢t qui ¢st obtcnue sous des hypothéses assez larges. Cette
estimation fait appel 3 une formule intégrale qui s’apparente au théoréme intégral de Fedcrer [16] et a la
formulc dc Fleming-Rishel [17] (¢f. [21])).

MATHEMATICAL ANALYSIS. — A ncw method for L cstimates. Application to variational inequali-
ties.

We derive here an existence and regularity result for a quasilinear variational inequality with a unilateral
constraint.  These results rely in an essential manner on an a priori L™ estimate of the solution which is somechow
explicit and derived under fairly general hypotheses. This estimate is proved with the utilization of an integral
Sormula related to the co-arca formula of Federer (16) or to Fleming-Rishel formula [17) (sec [21])).

Let us consider the following problem (Z)
Find ue x (¢) M\ L™ () satisfying:
CAuyv—u) +(F(u, Vu),v—u)= (T, c—u) forallvex(p) N\ LZ(Q).
Here, Q is a bounded open set of RN, A is an operator of Leray-Lions type and
K(@)={reWs?(Q), t2¢ a.c. in Q, e L=(Q)}. All the assumptions on A, F and T
are given by (Hy) to (H). One of the main results that we obtain is

THeorReM 1. — Assume (Hgy) to (Hg), then there exists at least one solution u of
(#). Morcover, if r>p'=p|lp—1, e WL " (Q), foeL?(Q), ageL (), then the
solution u satisfies the Holder condition inside of Q for some exponent o> 0.

As in (12), the solution u satisfies and L™ estimate (sc& Theorem 2) obtained by means
of the technic of relative rearrangement (see [9], (10]. [11], (13]. {14)).

1. REARRANGEMENT RELATIF. — Notre étude utilise un principe du maximum (voir
th. 2) prouvé a l'aide du réarrangement rclatif. Pour plus de détail sur la notion de
r¢arrangement rclatifl nous renvoyons le lecteur aux références (9], (10), (11], [13], [14]).
Néanmoins nous rappelons ici une formule intégrale qui joue un réle fondamental dans
le travail (¢f. [21)).

Lemme 1. — Soit Q un ouvert borné de R™, ve Wi #(Q) ® R (fonction a trace constante)
avec 1Ep+00 et fel'(Q). On note v. le réarrangement décroissant de v et fo, le

réarrangement relatif de f par rapport a v. Alors
(1) ve€e WL (Q*) avec Q* =10, mes Q[ ().

foc

(11) Presque partout pour te€]inf essv, sup ess vf
¢ Q

on a

g
;‘I—:_[ S(X)dx=p’ (1) fo, (1 (1))
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ou les dérivés sont prises au sens usuel et p(1)=mes{ xeQ, v(x)>1}.

2. Soit Q un ouvert borné de R™ ct on considére A un opérateur de type Lcray-Lions
Au= —é|dx;a;(x, u(x), Vu(x)) () pour ue W' () N L™ (). On supposc quc les fonc-
tions a; sont de Carath¢odory dc Q x Rx RY dans Ri.c. VneR, VEe RY, x = a;(x, n, &)
est mesurable, p. p. en xeQ, (n, E) = a,(x, n, &) est continue, et quc les hypothéses
suivantes de monotonic, bornitude ct croissance sont vraics pour presquc tout x€Q,
VYNneR, VEERN, et VE e RN(E #E).

(Ho) 1l existe une fonction croissante a : R, — R, et un élément age L% (Q) :

la;(x,n, &) Sa(m)[|E]"~" +ao (x)].

(H,) Il existe deux fonctions continues v, >0, v,20 définies sur R, et une fonction k
de L"" (Q), k20 telle que

a;(x, mé)i.-évx(lTll)lf;["—vz(lnl)k(x)”P'[gl

avec vy (1)° [P Sv (1) +¢,

V20, ¢,>0. v(t)= J. v, (1) /Pdt et v(+00)=+o0.

0

(Hy) [ai(x, n, §)—a;(x, n, E)][E;—E]]>0

(H;) On considére F une fonction de Carathéodory de Q x R x RN dans R telle que

(1) nF(x. n, &)=20.

(11) 1l existe une fonction croissante fde R, dans R, et un élément foe LY (Q) :
[Fxn &)=/ (nDIEN+/o ()

(Hy) Soit T un élément de W17 (Q), T= —dg,/dx; avec g;e L" (Q),

’">Nl/"‘l‘ rzp, ||T”--"~'(m= Z ”&'”L'mr
N

i=1. ...

L )

(H)g) On suppose que e L™ (Q),
K(@)={reWg?(Q)v2op. p.} #J.

On considére le probléme () suivant :
Trouver u dans x(@)N\L*(Q) tel que pour tour vex(e)NL®(Q) on ait:
CAu,v—ud +(F(u, Vu), t—=u)2 (T, v—u).

THEOREME |. — On suppose (H,) a (Hy). Alors il existe une solution u du probléme
(2). De plus. si I'on suppose que r>p’, @e WL~ 1" (Q), foe L""(Q) et a, dans L"(Q),
alors toute solution u est a-holdérienne a lintérieur de Q pour un exposant o> 0.

Ce résultat peut s’élendre 2 d’autres convexes ct d’autres inéquations. Pour une telle
extension ct pour la prcuve du théoréme I, nous avons établi deux résultats connexes.
Le premier est un principe du maximum :

THEOREME 2. — On suppose (Hy), (H,) et (H,). Soit ue W'-?(Q) tel qu'il existe aeR,
tel que u=[|u| —a], e Wy ?(Q). On suppose aussi que u satisfait la propriété suivante

; [ =
(A Slmcslxeﬂ,u(.\)>0}aﬁb

) C alors pour tout 8 €0, ess sup i[, he 0, ess supii—0[, ona
o o

J. ai(x,u,Vu).ﬂdxgj g,-ﬁdx
0<uise+h dx; 0<uis6+h ox;
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Alors, w est dans L=(Q) et de plus u satisfait a ||ull, Sa+v, "' (X, X,)=M(a). La
Sonction v, est définie par v,(1)=v(a+1)—v(a) et les constantes k,, ky, X, sont données
explicitement en fonction des données.

Soit >0, >0, on définit deux fonctions réclles lipchitziennes notées H,, S, , par

Hy(1)=0si t =0, =0 si 120, affine ailleurs,

Se.n(1)=0si |1] 26, signtsi|t| 20+ h et affine ailleurs.

Nous avons alors Ic théoréme suivant :

Tuioreme 3. — Soit ue Wh?(Q). Alors la fonction a=Hg(u—@)S,, ,(u) est dans
W2 (Q) N L= (Q) pour 9 L™ (), 8, =0+ || ¢||,, et pour tour 0>0.

Remarque 1. — On peut aussi traiter par les méthodes ci-dessus des inéquations du
genre

CAu,v—u) +(F(u, Vu), v—u)+® (0)—D (u)=<KT, v—u)

avec Dom®=x M L*(Q), ou aussi des inéquations quasi variationnelles [19].

De nombreux auteurs ont traité un théoréme d’cxistence analogue au théoréme 1, mais
a notre connaissance les hypothéses sont en général plus fortes : ou bien p=2 (¢f. par
exemple (1], [5]), ou I'obstacle régulier (c¢f. [2]), ou le sccond membre est plus régulier que
le nétre (¢f. par exemple {3]), ou la croissance de F est plus faible qu’ici (¢f. (7]). Dans le
th¢oréme de régularité on peut supposer a;, F uniquement borélicnne ¢t on peut aussi s¢
passer de la monotonie de A et I'hypothése (H,) (i) sur F. De méme les hypothéses
utilisées pour la régularité holdérienne semblent en général plus fortes qu'ici (¢f. par
cxemple [6])).

L’utilisation du réarrangement des fonctions pour I'obtention d’estimations dans les
équations aux dérivées partielles est due semble-t-il a H. Weinberger [20] (cf. [14], (18]
pour d'autres références bibliographiques). L’utilisation du réarrangement relatif a été
faite pour la premiére fois dans (12] dans le cas des équations. Pour d'autres aspects du
réarrangement, c¢f. [15].

Les détails de ce travail seront publiés ultérieurement.

(') On n'utilise que la mesure de Lebesgue.

N

(’) On omet le signe de sommation ) .

Regue le 2 mars 1987,
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1
Relative Rearrangement in

Quasilinear Elliptic Variational Inequalities

(1) (1)

J.M. Rakotoson and R. Temam

Dedicated to the memory of Harold Grad

Introduction

Our aim in this article is to study some elliptic
variational inequalities and derive results of existence and
regularity of solutions of these problems. The main novelty of
the present approach is the derivation of L” estimates on the
solutions which allow us to consider non-fully coercive elliptic
operators and lead to further regularity results on the solution.
The derivation of the L” estimates is based on a seemingly new
differentiation formula which resembles the Fleming-Rishel
formula and the Federer co-area formula. This formula concerns

the differentiation with respect to t of integrals of the form

J v(x) dx, where t e R , X e R a bounded open set of RN and
u>t
u,v are two real functions defined on 2 . When u is smooth
and t is a regular value of u (i.e. vTu (x) # o ,
YX € u-l(t)) , then it is elementary to check that:

d . _ v(¥x) 4

3t J v(x) dx = J TFHTQTT d hN-l , (0.1)

> -
u>t u ](t)

(1) Laboratoire d'Analyse Numérique, Université Paris Sud, 91405

Orsay, France.
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2
where d ¥, , is the N-1 dimensional measure on the smooth
manifold u—l(t) . A generalization of (0.1) can be derived

under very mild assumptions on u and v by using the concept
of relative rearrangement of functions. This concept has emerged
in [19] in the study of variational problems related to the queer
differential equations of plasma physics due to H. Grad and C.
Mercier. These equations contain a function u defined on
and its rearrangement u, in the sense of Polya and Szego. When
studying variational problems related to these eguations, J.
Mossino and one of the authors were led in [19] to consider the

directional derivative of the mapping:

u — u‘

i.e to study the limit as A - o of the ratio

(u+rv), - u,

A

This limit was called the relative rearrangement of v with
respect to u and denoted Vey - As it then appears in [22],

(0.1) can be generalized in the form

d du(t
It J vix)dx = v, (p(t)) a%i—l, a.e. t ( 0=)
u>t
where u is the distribution function of u i.e. pt) is the
Lebesgue measure of the set {x e 2, u(x) > t). Formula (0.2)
is valid for u ¢ wl'l(n) , U > o , and vV e LP(Q).

o <
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The concept of relative rearrangement and formula (0.2) were
applied in [22] to the study of the existence and regularity of
solutions of nonlinear elliptic equations of the Leray-Lions type
of the second order. Our aim here is to generalize this study to
variational inequalities and free boundary value problems
associated to such operafors.

Let 2 denote a bounded domain of RN and let K be a

convex sef of Wlép(ﬂ) (or Wl’p(n) , 1 < p < ) | The problem

we consider is the following.

To find u e K N L.7(2) such that

(%) ‘For all ve Kn L7(2)

} <Au, v-u> + (F(u,vu),v-u) > <T,v-u>

Here A is an operator of Leray-Lions type which maps

wlép(a) n L°(2) into W X'P'(q) , 1/p + 1/p* =1 , and < .,.>
denotes the scalar product between Wlép(n) and W_l’p'(ﬂ) ;

T belongs to w—l,p'(n) and F 1is a nonlinear map such that

F(u,vu) ¢ Li(2) for ue Kn L%(q).

A typical problem entering into the framework of this

article is the following

N N
fe) 2 au aQ
hu = - E IX [O(WD|Vu|p ] E IR (bi(x)[ul ), 1 < p <=,
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F(u,vu) = u[vu[P , T e w—l,N+e(Q) ,
K=(ve W ' Pa) , vyr ae in a),
with o(u) > o ,V.u > o . Similar problgms have been considered,

in particular when p =2 by [2], [3]1, [4], [6], [13] but the
growth of F 1is less than quadratic with respect to ]vu] and

T is often in Lz(n) (except in [2]1,[4]),[14]1,[15]). In all
these references the operator A is uniformly elliptic, but this
assumption is not necessary in this approach.

Here we consider a general operator of the form
N .
fa) : cls
Au = - E T ai(x,u;vu) whose constant of "coercivity" can
. i
i=1

depend on u , and the growth of F 1is at most of order p
with respect to the gradient. We can also consider different

convex K (see Section 6), but we emphasize on the case where

The obstacle ¥ is discontinuous (only in Lm(ﬂ)) . As
mentioned above, using the concept of relative rearrangement and

(0.2) we are able to derive an Lw estimate on the solutions of

The paper is organized as follows: Section 1 contains a

review of definitions and properties on the relative
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rearrangement. Section 2 contains the general hypotheses and the
main results for the convex K = K(¥) . In Section 3 we state

and prove a general theorem providing an L”-estimate for the

solutions of #* ; this theorem is applicable as well when
K = K(r) and for different convex K . In Section 3 we then
establish the existence of solution of ®» when K = K(¥)

Thanks to the L”-estimate of Section 3, we define a suitable
truncation of the operator A and we introduce a truncated
function Fn of F . This allows us to define a family of
modified problems ?n . n e m* . The existence of solutions un
for *n is given by standard results on variational
inequalities. Tﬁen passing to the limit n - o« , we obtain the
existence of solution for * . In Section 5, we consider various
other convexes, but restrict ourselves to the necessary
modifications for the derivation of the L  -estimate. Finally,

in Section 6, we return to K = K(¥) and show in this case the

Holder continuity of the solutions.
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1 KReview of Properties oS the Relative Rearrangement

Let @ be an open bounded set of RN(N > 1) and let u be

a measurable function from £ into R . We denote by |#] the
Lebesgue measure of @ and |E| denotes more generally the
Lebesgue measure of a set E . We also write |u > t| for the

Lebesgue measure of {x ¢ @ , ua(x) > t}; the definition of
;u > t], [u = t] , is similar.

We recall that the distribution tunction of u is the real
function

te R o p(t) = |u > t

and the decreasing rearrangewment of u  denoted u, 1s the fﬂw B

inverse function of p , defined on Q* , where Q* < (o, |
for every s e [o,]|]]
U, {s) = Inf {6 ¢ R , ju > ¢, i s} ,
We recall that the functions u  and 4, are eguimeasurabie,
i.e
[ > t] = !u; >t .
fu 2 t| = |u, > t] . Vvt e R

which implies that for any Borel function f

. [s2] ;
} £(u(x))dx = J £(u, (s))ds

YA e}
In particular (f(r) = ]f]p, 1 ¢ p < «) , we have
itan P = llu 1 p « ¢« YPp, 1 < p < (1.1)

L°(2) T oL e )
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and the mapping
u £ LP(ft) *u € LP(ft ) (1.2)
is well-defined from Lp(fi) into Lp(tt ) . One can show that
this mapping is a Lipschitz mapping, i.e., for every u,v t LP(ft)
‘U -v oa * < mu —VU (1.3)
LP(fi ) Lp (fi)

The concept of relative rearrangement of a function
vit Lp(@ with respect to u was introduced in J. Mossino-R
Temam [19] in relation with the study of the directional

derivative of the mapping

ufe LP(iD »urt LP(a )

motivated by the study of the queer differential equations of

plasma physics (see [28]).

Let, as before, u be a measurable function from Wl into

R and let v e LP(ft) . The relative rearrangement of v with
respect to u , denoted Y is the function

dW L ] 7

v*u = as |1 -4)

where w (depending on u and v ) is the real function on n

*
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defined by
v(x)dx i f lu = un'is)! = o
u>u”n(s)
VAT A n (1.5)
s- u >U*(S)I
v(x)dx 4+ v pisy (O)do if not
Here P(s) is the plateau of u corresponding to the value

u*(s) oOf U

P(s) = {xe a , u(x) =u+(s)}

and the integral in (1.5) involves the.decreasing rearrangement
of the restriction of v to P(s) ’Vlr(s) . This rearrangement
is just defined as above for u , with n replaced by P(s) , wu

replaced by vIp(S) : note that

Ip(S)1 = Ju > u*(s)] - Ju > un(s)]

This definition of v*u was introduced in [19] in the case
where v e L°°(tt) and then extended in [18] to thé- case
1 <P <@® -~

Let us recall some of the properties of the relative

rearrangement (see [18] [19] [22] [25] for more details):
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p P.o*
If v e LY(2) , then v, e L¥(22 ) and
u
nv, I - < v (1.6)
Y LPa) LP ()
Vayg = Vs o and Vie = Vs Cyuy = C, VC € R (1.7)
Monoton}CJty: v1 < v2 - (vl)*u < (V2)*u
and in particular v 2> o0 - (v*)u > o . (1.8)
P
If vy v, e L= (a) ,
NV, ). — (Vv ), N « SNy = v Il (1.9)
17 *u 27 *u r_'p(Q ) 1 2 Lp(ﬂ)

As far as the initial guestion of the directional derivative of

the mapping (1.2) is concerned, we have:

If v e Lp(a) (and u 1is measurable) then as A - o , A > o

- x
(U+AvV) . —up - Viu in Lp(ﬂ ) weakly
A

(weak-star if p = o)
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The property of the relative rearrangement which will play
an essential role here (as in [22]) is the formula (1.11) below
(see also (1.15)) which resembles the Fleming-Rishel formula [9]
and the co-area formula of_Federer. It is easy to derive this
formula from (1.5) and for the convenience of the reader, we

rapidly recall its proof given in [22].

THEOREM 1.1

Let @ be a bounded open set of RN and let us assume that

u e wlél(ﬂ), u > o and VvV € Ll(n) . Then for almost every
t eR .
d -..
It j vix)dx = v, (pu(t)) pr(t) , (101
u>t
where pu  ix the distribution function of u , p(t) = |Ju>t]|
Proof

M7,

We recall that the rearrangement wu, of u/Ybelongs to a

*
Sobolev space with weight on 2 , namely u, 1is absolutely

cantinuous on (o, |”|] and

N
1/N} du
IN a L] « < wgrad un (1.12)
N ds LP(a) LP(a)
where « is the measure of the unit ball of RN (see, for

N

instance, (31]) . We recall also that
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t o= u,(K(t)) (1.13)

for every t which is not a plateau value of t , i.e.

Ju = t| = o (and there is at most a countable number of such

Consider then the function w in (1.5). Because of (1.4)

1,% *

(1.6), it belongs to W (2 ) , it is absolutely continuous and

R 3
thus differentiable (in the usual sense) except on a set E < @

of null measure. Due to (1.13) p—l(E) < u,(E) and u,(E) has
measure o since u, 1is absolutely continuous. Now if E' is
the union of p—l(E) and the countable plateau values of u ,
then t - w(u(t)) is differentiable on R\E' , w is
differentiable at p(t) , t € E' , and the chain differentiation
rule applies and provides (1.1i1) for such t's (t € Z')

Remark 1.1
i) The relation (1.11) is not valid in the distribution

sense. For example, if to is a plateau value of u then the

distribution derivative of

J v(ix)dx
u>t
will contain in general a Dirac measure 6t which does not
o

appear in (1.11).



VI.17

13
ii) It is easy to compute the left hand side of (1.11) when u
is smooth, say u e %m(ﬂ) and t 1is a regular value of u ,

i.e., w9vu(x) # o on the set u 1(t) . By Sard's theorem, this

happens for almost every t and it is clear that in this case

-1

u (t) is a smooth manifold. An easy computation shows that:
d
It J v(ix)dx =‘J v(x) d ”N—l (1.14)

u>t l_l=t lVU.ZX;]

N-1 is the (N-1) dimensicnal Hausdorff measure.

where d

Another formula which is useful for our purpose is the

following-

If f > o is a locally integrable function

on 7 , then for every s,s', o ¢ s ¢ s' ¢ |r| ,
u,(s) _ s' _
J E(u(e))(-p'(8))de ¢ [ F(o) do . (1.15)
u,(s*) ’s

This inequality follows immediately from a classical argument if

—_ x
f ¢ €¢( ) and it is proved by approximation for a more general

f (see [22]). o
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We now complete this section by recalling two classical

results used in this article, the isoperimetric inequality of

De Giorgi [8] and the (usual) Fleming-Rishel formula [9].

THEOREM 1.2 (De Giorgi (81])

Let E be a wmcasurable subset of RN , and [et P N(E)
R
denote the perimeter ot E In RN Then, either
1-1/N
P (E) > Na 2N |E| (1.16)
N N-
R
or
1/N
N 1-1
P (E) > Na ]R \E| /N (1.17)
N N
R
THEOREM 1.3 (Fleming—-Rishel [9])
o . 1,1 . .
For any f in W (2) ., we have
oo
J |of|ax = J P_(£>t) dt (1.18)
2
Q . —o0

where Pn(f > t) !1s the perimeter of {(f > t) n 2 and Is

an open set of rRN
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2. HYPOTHESES. THE MAIN RESULTS (UNILATERAL CONVEX)

We first describe the precise assumptions concerning the

problem (P) mentioned in the Introduction.
We are given an open bounded set of RN , and we make on
T,F,A, the following assumptions (H.1) to (H.4):
-1,r N P
. ' > —— ' —~ 1
(H 1) T e W () r p=1 r > B-1
(H.?2) The map F 1is a Caratheodory function from 2 x R x RN
into R i.e.
For all (n.,¢) fixed in R x RN , x = F(x,p,¢) is
measurable
For a.e. x fixed in @ , (n,¢) - F(x,n7,¢) is continuous

Furthermore, we assume that F satisfies the two following
conditions:

. - N

i) For a.e. x e 2 , Vnp ¢ R , V¢ € R

nF(x,n,¢) > O

ii) There exists an increasing function f from R, into
R+ and a positive function fo of LI(Q) , such that
For a.e. X €  , Vg ¢ R , V¢ € &N
|F(x,0.¢)] < £(ln]) (£ 0x) + |¢]|P)

The operator A can be written as follows:
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N
Au = - E 3%7 a (x,u(x), vu(x)) for u e wé'p(n) n L= (),

where the functions ay satisfy:

(H.3) Each ai 1 X R X RN -» R is a Caratheodory function

satisfying the following growth property:

There exists an increasing function a : R, - R, and an

element a > o in Lp (2) such that:
For a.e. X e 2 , Vn € R, V¢ e RN

-1
laj(x.n.¢)] < a(|n]) [l€|p + a_(x)]
(H.4) (Coerciveness) There exists two continuous functions
vy > o and v, > o defined on R+ and a positive

function k of Lr/p'(n) such that:

For a.e. X e 2 , Vg ¢ R , V¢ € RN
N
1 L]
> agta,e) g v (o) 6P - wyln]) ke VP |
i=1
with zzz(t)p'/p < v(t) + ¢ , Yt > o . Here, c is a
o o
t v/
positive constant and v(t) = J (ul(r))p P ar .
- o
satisfies:
Aad .
lim v(t) = J (v, (r))P /P qr = 4 o (1)
t » o o

(H.S) (Monotonicity)

For a.e. x e 2 , Vp e R , V (¢£,8') e RN X RN , £ # ¢
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N

} [ai(x,n.u - ai(X.r/,g')] [fi -8y ] > o0 . a
i=1

Before stating our main results, we present a few typical

examples of operators satisfying the classical assumptions above.

1st EXAMPLE : THE LINEAR CASE

We set
N N
_ E) AU a
Lu = } EP [ lj(x) IX, ] 2 AX. (bi(x)u)
. i i i
i=1 i=1
N
a 3 Lw(ﬂ) 2 a (x) ¢ ¢ > alg}z (a>0) V¢ e RN
ij ! ij i>*j - !
ij=1
a.e. Xx e 2 ,
bi € Lr(n) , r >N, F = F(x,u,vu) = c(x)u , cC e Ll(ﬂ) , Cc(x) > o
a.e. and T e W—l’r () , r >N
N
We note that ai(x,q,t) = } aij(x) gJ + r7b1
i,j=1
N N
2
} a ;(x,7.,8) ¢; 2 af¢] +q[§bi€iJ (2.1)
i=1 i=1

By Cauchy-Schwarz inequality:
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Let us set b(XX) =" b)) , then from (2.1), we deduce
i=1

N 1/2
a"x,™ ,$) e >«]|c|2 - |¥71b(x) | e |
i =1
An |
Here, vi1{\q\) =a , u(\gq\) = r2 (t)dt = a{w| and
Jo
A2(kl) =«M , to. bj 'X.)

One can check that there exists c¢q7 o0 such that 2™ ) ~

u(\n\) + CO and we have:

[a1 (/7 ,1) - aA (/7,e*)] [Cx - £~] > al£ - e*]2 > 0
i =1

for any E.£)e RRX ® , £ * £"
2nd EXAMPLE

Au = - div (a(x,u) |vu|p“2vu) , where

a(x,™) = 1 ,aQe L ((®, aQ >0 . One can check
1 +a (X\glpr_1
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that:

1 p-
a.(x,n,¢) = - le | ¢,
1 1+ ao(x)|q|p 1, 1

and

1
1 + uaoumqu
1

1+ uaoum|q

N
i=1

vio(lal) = |p_1

N
1
(a.(x,7,8) — a.(x,7,£€*)) (¢. — ¢+ ) = —
.E . . . 1 1 + a_(x) [q[p 1

i=1

-2 -2 s ‘ .
[1e1P72 ey = e P72 0y ] (5,-31) >0
1

nNAT 2

We notice that in this example, we have 1limv_(gp) = o and
’ 4+

u1(|q|) ~ 1 if a_ # o and vl(q) =1

g+ Ha il |17|p_1 ©

otherwise. This insures that the function

|21 .
vilg|) = J vl(t)p /P 4t satisfies 1lim v(ig) = +

For the function F , there are many possible choices. For

instance, F(x,p.,¢{) = (eq - 1) |§|P + a(x) sign (7) |c—:‘_'7 - 1]

a e Li (2) or F(x,p,8) =n [¢|".

Finally, T e W—l’r(n) r >
N+p

N/p-1 r > p/—-1 , for example T e Lp—l(a)
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3rd EXAMPLE
N
_ . p-2 ) a
Au = - div(a(x,u)|vu| vu) - 2 §§; (bi(x) |a]™)
i=1
Here a(x,p) = a_(x) e‘r/l a (x) > B > o a_ € Lm(a),
’ 0 ’ O p ’ O

[o o]
bi e L () and « > o

We can check that a,(x,7.¢) = a(x,7) ]elp—2 ¢, + b(x) |q|a
N
1 .
} a,(x,7,¢) ¢, 2P el7l e 1P - |2]% k(x) /P |¢] where
i=1
N
k() = [ by 007 cv Ul = el w (al) = |a
i=1
N
> (ajxm.6) - ag(x.g,6)) (£;-63) =
i=1
N
p‘z p-2 . i’ —\") 0
. .- : . -1 o
a(x q)[§0€| £y €] 51)(“‘ g s
i=1
For the set of constraint K , we consider in Sections 2 to

3, the convex set:

(H.6) K(P) = {v e wlép(n) , v> ¥ a.e. in @ }
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We assume that ¥ e Lw(ﬂ) and K(p) 2 O

will be considered in Section 4

In the sequel,

Other convex sets

we will use the following guantities:

For any real a > o, we define:
a+t p'/p
ua(t) = J ul(r) ar , t > o , (2.
a
a p'/p
o
_ (1 _ (p-1)r .
t(N,p) = [N 1][(p—1)r — 1] + 1)(t(N,p) > o since
N
r > F)
1 1
t(N,p) p-1)r
Yy = lE_L(__T_ (2
t(N,p :
Aa = [Ca ukulis , + nTnp‘_/pr ] (2.
LY/'P (a) w T (a)
1/p
A = exp [A A IRNT , ] (2.
1 2 Lr/p (2)
2‘ * )
- . (p'/p-1
A2 = —7% with 2 2 -+ (2
Na
N
a Vis the measure of the unit ball of RN

N

The first main results that we obtain are the following:

2)

3)

4)

5)

6)

.7)
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THEOREM 2.1:

Assume (H.1) to (H.6) and let u be a solution of (P) in

wlép(n) N Lw(u) . Then, u satisfies the following estimate
Hall ¢ NPl + v 2 (A A. A.) = M
o = o a' a” "1 "2 7 ’
where —a* = nen_ u;} is the inverse function of v mapping
R+ into R+ . The constant Aa" Al' A2 are given by (2.5) to
(2.7).

THEOREM 2.2

Assume (H.1) to (H.6). Then there exists at least one

solution u of the problem (?) in wlép(a) n Lw(ﬂ)

1,(p—l)r(
loc

, then the solution u is
CLter, fue LT
Holder continuous Inside @ . a. ¢ L (51),Kze 51))

Moreover, ir ¥ e W )

3. A GENERAL THEOREM FOR L’ - ESTIMATE

3.1 A Preliminary Result
It is convenient for our purpose to present a more general

theorem from which we will derive Theorem 2.1.
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. N agi
In the sequel, we will write T = - E 3% with
. i
i=1
g, ¢ Lr(n), r > N/Jp-1 , r > p/p-1 and
N
nTn = E ng.n (3.1)
w T ia) 1L (n)

i=

There exist functions 9, satisfying these conditions.

THEOREM 3.1

Assume (3.1}, (H.3) and (H. 1), let u be 9 qgiven element in

wl'p(ﬂ) , and let a" e R, such that u - (jul] - a”]+ belongs
to wlép(ﬂ) . We suppose that u satisfies the following
property:
If |u > o] # o then for any 6 ¢ Jo , ess sup uf
174
(Aw) and h e Jo, ess sup u - 6 , one has:
]
du Ju 2
_J ai(x,u,vu) §§: dx < _J g; 3;} dx () (3.2)
| e<uc¢e+h 8 <u<e +h
Then u e Lm(n) . Moreover, u satisfies the following estimate
Hull < a" + v YA AL A_) = M(a") (3.4)
o - a"' a" 1 2 :
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where the Ai's are given by (2.5) to (2.7).

Remark 3.1
i) If |u > o] =o , then |u| ¢ a" a.e. in 2 and the

conclusion of the theorem is true.

ii) We will prove later that any solution of (#)
satisfies the property (Aw) and Theorem 2.1 follows in this
manner from Theorem 3.1. s}

Before proving Theorem 3.1, we introduce some notations.

N
r agi
For (gi) e L () , such that T = - } 3% ¢ we note
. i
i=1

N L}
2 P /2
g = [ } gi] , and gxg is its relative rearrangement with
i=1

respect to u = [|u] - a"] Similarly k*G is the relative

+

rearrangement of k with respect to u

For any (t,s) e n* X n* , Wwe define:
1-1
S N 1/
K(t,s) = exp [A I o k,=(c) p]do (3.5)
2 t u
1
=1 1/p
N 1
bis) = s [e k()P v g,00s) ] (3.6)
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(p'/p-1) a"
_ 2 + - p'/p
and we recall that A, = Nle/N ; Cguw = Cg % Jo Ul(r)) dr
oo * * 1
We note that K e L (. x ) and b e L7 () In fact, by
(1.8), k*ﬁ > o and 9ug > o ({since k > o, and g > o) . By
Holder inequality
1/p 1/p
o ¢ J b(o) do < v "Ca" k*u + 9.3 ] (p-1)r _* (3.7)
* L (2 )
194
where,
1 1 (p-1)r _ 1
, = [J o N (p-1)r-1 dc] (p-1)r
*
194
1 1
Q t(N,p) (p-1)r
[t
With (1.6), we deduce
1/p 1/p 1/p 1/p
te_,, k,- + g,- 1 _ < c_, nku . + g .
a *u *u L(p l)r(ﬂ*) a Lr/p (2) Lr/p
(3.8)
Since
N o
ngh 1] = lp' 3.9
g /p < g.l r nTus (3.9)
L (2) . L (§) W T(R)
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we obtain from (3.6) to (3.9)
nbule*) < v[ca" ‘,|k||;4§.(ﬂ) + "T"f;:’{l')r(rz)] = A_. (3.10)
By the same argument:
”K"L“(n* ) < exp[Az Y “kuzﬁﬁp'(a)}_z Ay (3.11)

The following lemma is crucial for the proof of Theorem 3.1.

Lemma 3.1

Assuwme (3.1), (H.3) and (H.4) and let u be as in Theorem

- %
3.1. We set ¥(s) = ua"(u*(s)) s € 7, where u, Is the
decreasing rearrangement of U . Then, ¥ satisfies the

differential 1nequality of Gronwall type

-1 . 1/ B
- ¢ A, s kon(s) /P w(s) + a,b(s), a.e. in =

(3.12)

3
and for all s € R

||
[Az J K(s,o) b(o) do] (3.13)
s .
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Proof of Lemma 3.1.

Let u be a solution of the inequality (3.2). By (H.4)

Ju P
_Jai(x,u,vu) T dx > Jul([u]) |eu|¥dx -
8 <u¢e +h 1 8 <u<¢e +h
1/p*
J u2(|u])k(x) |vu|dx (3.14)
6 <u<e +h

By setting 91 = 6 + a" , we see that

; p p
Min ul(q) _j |Tu]¥dx ¢ _J u1(|u]) [vu]¥dx (3.15)
elgqgel+h 6 <u<8 +h 6 <u<é+h
and
. 1/p* 1/p*
_J u2(|u[) k(x) [ru]ldx ¢ Max u’}q) _J k(x) |vu|dx
6 <u¢e +h 6 ,¢N¢84+h 6<u¢e+h
(3.16)
By the Holder inequality, we obtain:
1 .
J k(x) [eu] dx < l J k(x) dx] [ J |vu| dx]
8 <u<¢e+h 8 <u¢e +h

6 <u<e +h
(3.17)
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N
1/p° 1/p
2 _J 93 32 dx ¢ [ J g(x) dx] ’ [ J |vu|pdx] (3.18)
i=1 6<uge+h "7 8 <u<e +h 8 <u<e+h
From (3.2), (3.14) to (3.18), we deduce

1/p*
Min ul(q) [ J |vu|pdx] < [Max uz(q) [ J k(x)dx] +
6 <n<6, +h 8 <u<¢e +h 6 <n¢e. +h 8 <u<e+h
1/p* p 1/p
[ J g(x)dx] ] [ J [vu] dx] (3.19)
8 <u<e +h 8 <u<e +h

After simplification, we obtain

1/p’ 1/p’
Min Ul(q) [ J |vu|pdx] < [[ J k(x)dx] - D (
- _ Mgk "
8_.<n<o _+h 8<u<o+h 8 <u<8+h ; 'X.,‘ Mv
1 1 - 8 '.\’hl = L.)i h
1/p* '
+ [ J g(x)dX] ] (3.20)
8 <u<é +h
Let us observe that

|vu|l = |vu| on (6 < u ¢ 6 + h) (3.21)

We multiply (3.20) by [%]l/p" and when h tends to zero,

we obtain (using (3.21)) that for a.e. 2]
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u (0 + a"™) He f vulPdx!1n

HeJ k<x>dx] /b

u>e
d -
+ He J 9(x)dxj i/p (3.22)

u>e

< ¥2@ + a)

By the assumption on u , ue WAP) and u > o0 , we can

apply Theorem 1.1.:

ﬁ'e k(x) dx = AF @) k*~<M(e)) (3.23)
u>e
d X = ih e (3.24)
He g oo (e g*y ih ' B
u>e
where p(9) = ju >¢ . Then we iInfer from (3.22) to
G.24) ,
v (e + a") ge vulPdx 1/p* <
u>e
v2(9 + @D k cw (e »H/PL
g*-"7"))1ip'] (-p* (»))1/p°
We raise relation (3.25) at power P1 pry and observe
that :

- if p > 2 , then E'<1 and (@ + b)P /P < aPp + bP /P,
Va , b >0

if 1 <p < 2, the convexity of the function t *tp F
implies (@ ¢ b)P"/p < 2P™» iap'/p + h?*7?)
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t X ] .
_  in both cases , (a + b)P'/P ¢ 2% (aP'/P , P'/P)
b > o, 2 = (PPl

Ya

Thus

ul(e+a")p./p [— ganjlvﬁlpdx]l/p <
u>e

2*[v2(e+a")p'/p k= (p(e)) /P

1/p
+ g*a(p(O))l/p} (-p*(8)) (3.26)

By the Holder inequality, we have:

- ' _ 1/p
% J |vu|dx < [% J dx]l/p [% J }vu]pdx] (3.27)
@ <u<e+h 8 <u<e+h 8 <u<g+h

and when h > o fends to zero, we find:

1/p
d —~ _ 1/p! d J S|P ]
- dx < - 2] - ; d 3.28
aa;[lvul x & (mpr(e)) [ gs | lvulTax (3.28)

u>8e u>e

Due to the Fleming—-Rishel formula and the De Giorgi isoperimetric

inequality (see Theorems 1.1 and 1.2), we can write:

A\

a - _
- % J [valdx > N aNl/N [u(e)y]i /N
u>e

(3.29)

- * —_
As u, ¢ c%(a ) . we have o = u*(r(e)) and from (3.26), (3.28)

and (3.29), we deduce that for a.e. 8 ¢ ] o , ess sup u [

Q
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UIeJN 1
1 < A = v2(umn(fjoa))+a")p"/p k*-(/i(«))1/P +
(u, {p(0 +a
1,
g (>3 P p (0
Since the functions "IA > o0 and are continuous

. i 1.
(see H.4) and the functions k 1LP anc* g*uP are tnt:e9ra™~e (see
(1.6)), we deduce that the mapping:
|

i
a e ft o N2 (u*(o*+a")P /P k*¢(0)1/P + g*u(o)l/P

v, (M, (©)+a")

is locally integrable.

We apply Inequation (1.15) to obtain that for

o<s<s-i1-fc < HtI

S+t
U*(s) - u=*(s+e ) < a2 N " 1

l/p ,‘
(ut(@)+an)P P k#- (o) + g*== ) 1P] 4o

When t tends to zero, we obtain for a.e. s iIn *ft
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du
_ -~ WP /P *
v,(u,l(s)+a") 3= ¢
1o
N — WP /P L 1/P 1/p
A2 S [uz(u*(s)+a ) k*u (s) + g,.(u (s) (3.30)
By (H.4), the function u2 satisfies:
= p'/p G‘(s)+a" p'/p -
v,y(u,(s)+a") < JO v, (7) dr + Co = Cgn * vaulu,ls))
(3.31)
with
a" o
c_,, = Cc_ + J v (t)p Pyt
a o 1
o)
a"+t Ny t '
ua"(t) = J ul(r)p pdr = J u,(r+a")p ’pdr
a" o
= 3 1,p * ;
If we set ¥ (s) = ua"(u,(s)) , we have ¥ e wloc (2 ) since
u, e wiég (e°) and
d 5 p'/p du, *
_ = - " /7 .
I= 4 ul(u*(s) + a") I a.e. in (3.32)

From (3.30), (3.31) and (3.32), we find:

1 .
d N 1/p
Je Y < A2 s k‘u(s) Y +
1o
N 2 1/p 1/p
A2 s [Ca" ktu(b) + g,a (s)] (3.33)
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Set
1
3 s g~ 1! 1/p Tx Tx
K(t,s) = exp A2 lo} k*a(s) do for (t,s) ¢ 2 x R
t
and
1
N 1 1
b(s) = s [can keg()™ P+ g,50) 1P

We then obtain relation (3.12) of Lemma 3.1 and the relation

(3.33) is equivalent to:

d

- [K(o,s) ¥(s)] ¢ A, K(o,s) b(s) (2.34)
*
By an integration of relation (3.34), we get that for all s e @
- ||
ua"(u*(s)) = ¥(s) < A2 J K(s,0) b(o)do (3.35)
s
" 1,p * .
(We note that K(o,:) ¥ e wloc (2 ) and ¥(|2]) = o since
o = ess inf u = u,(|”]))
The function Yn is strictly increasing from R, onto R

and we deduce from (3.35):

|| -

&
K(s,o) b(o)do} for all s e @



VI.38

34
(3.36)
Proof of Theorem 3.1
From Remark 1.1, relaﬁions (3.10) and (3.11), we deduce

that:

J K(s,0) b(o) do < uKu o X « bl 1 * < Aa" Al
s L (2 x2 ) L (2 )
(3.37)
and then (3.36) and {(3.37) imply
—= -1 -1 8 . .
u,(s) < Ua" (Aa" Al A2) (Ua" is also increasing)
Since u = (ju] - a"]+ > |u| - a", we deduce that:
- . — %
u, > [juj - a"l, = |u|, - a" for all s e R (3.38)

m
el

Then, with (3.37) and (3.38), we see that for all s
|u] L (s) ¢ a" + v 1 (A

In particular, fun_ = [u| . (o) ¢ a" + v (A AL A = M(a").

3.2 Proof of the Lw—estimate
The next step is now to show that any solution u of (?)

satisfies the property (A_) - This will prove Theorem 2.1.
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Lemma 3.2

Any solution of (®) satisfies inequality (3.2).

The proof of this lemma necessitates some preliminary lemmas

that we now prove.

Let 6 > o and h > o be two fixed real numbers; we

associate to them two Lipschitz real functions H_  , Sé h
o ’
/N Heg
o .

i

S i >
6 [

He(r)=9 if r > e , =71 if o ¢ v ¢ 8 , = o otherwise
"Sﬁ,e»(/A\

/
7 et
t T
8 + h , = o if |r| ¢ 6 , and is linear

Se,h(r) = sign 7 if |7| 2

continuous for 6 ¢ |r| ¢ 6 + h

' o0
We consider also a sequence Pn of VO(Q) functions such

that Pﬁ tends to ¥ a.e. in © as n - % , and
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ily> il ;< limi ), V n (3 .39)
Lemma 3.3
Let 9 >0 , h >0 be two feal numbers, and set
91 = e + Iimi00 For any ut Wlép(fi) , wr define
y
n=v u *°V S. h<us> Th*"-
un £EW 1O,p(n)nLa>(B) (3 .40)
and
ou
38U
Xni Hﬂ(u - > ) Sl 7h(u) ex. a.e
(3.41)
N
1 < £ [Ty
i LPr) “i [hr
Proof
We note that S'ej,h(u) t Wlop(B) n Le°°(fl) and H@.(u - Yn)
€ W*, p(B) n L°°(B) , thus u t v~ p(B) n Le°°(fl) and
A O n 0
du
oxz = ot1,, he) HM“"pni) e TP ) i oy gt g g 8y
i | i
(3 +42)

Let us show that Sflj h(u) H'g(u-»>n)dx,\ (u-Y*n) = 0 a.e. in B
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In fact, by the definition of HO , one can check that

0 on {u-jOn_<0} U (u-p
a' *
H&(}j YSn axi. (u \&n 3 (u-y*n) elsewhere
-
If o <u -V < f then u 6 + ¥n Since I
we deduce that

e = - Q - iiyn, < —1I¥ I _ < T < u < 9 + NP _1

1 0 - no ~ n ~ - n <
Thus lu|] < ei , and then from the definition of SQ

1
= 0 . This proves that Sﬂ1 h(u) HO”-1Pn™ IIT* = ° a-e

' i

(0O <u - rp < 9}

Since lSO’ ,hl < E and Il—b,il_< 9 , we deduce from

relation n = s; <u> He(u - r )~ that
N 1 1 1

ou s

1“1 < 2 |£tH _Ja.e.

ax. 1 1 h ax -
a a

Corollary of Lemma 3.3

020}
< < IimiOO

<9
SO0 " (u)

1

- on

the

For any u e W*O'P(fi) , we set u = H {n-"F) Sv’\fK'(u) .

0

Then, “~u e WL'P(n) n L*(jfL) and

R (V> g5 T o <fuj<e poh

0 otherwise

(3.43)



VI.42

38
Proof
A A .
As n - o, u_ tends to u a.e. in (because Pn -~ ¥
AN
a.e. in 2 ) and un remains in a bounded set of Wlép(a) (by
~ AN
(3.41)). We deduce that the sequence u, tends to u weakly in
au
1,p 7 1,p n _ _ , Ju
W o () : ue W ° () . Moreover, % Hg(u ?n) Sg ,h(u) T
i 1 i
tends to H_(u-v) S (u) 22 a.e. in 2 . This implies that
2] el,h axi
~N
au  _ . au
ax. - Helu=¥) Sg () 35— - g
1 1 i
Lemma 3.4
v - -
For any u e K(P), we set, u =u - u, u = H_ (u-*r) S (u).
2] Gl,h

v
Then, u e K(¥)
Proof

v
We infer from the Corollary of Lemma 3.3 that u e wlép(n)

v
and we ought to prove that u > ¥

If o< u-¥Y < 68 , then u « nen o+ 6 = 91 and

> - - . =
u > * > nen > 9, Hence |u| < o, Sel'h(u) o and then
v
u=mu??®

If u-°¥Y > 8 , we note that 6 » Hg (u-v) S, (u) , then

1!
- \Y
=Y + u ; thus u > ¥

U2 P+ 6 2P +H (u-¥) 891'h(u)

Lemma 3.5

For a e. x € v Vg e R , V ¢ e R , VYr € R
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Hy (7) Sel,h(”) F(x,n,¢) 2 o (3.44)
Proof
Se h(o) = 0o . The relation (3.44) is thus true for
1!
- 1
n = o. If p # o , we have 7 Sgl’h(q) > o
= |2
Sy pl7) F(x,7,6) = [9 Se_ n(m)] 7 Fln,e)  (3.45)
1 1
n F(x,p,8) > o (By assumption (H.2)) (3.46)
HQ(T) > o for any 71 (3.47)
From (3.45) to (3.47) , we obtain (3.48) . 8]
Proof of Lemma 3.2
Let u be a solution of () , then by Lemma 3.4, the

function u - Hg(u - ¥) S9 h(u) e K(vr) n Lw(n) is a suitable
1 ’

test function v and we deduce that:

<Au , u> + (F(u,vu), u) < <T , u> (3.48)

h(u) . With lemma 3.5, we see that
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-

(F{(u,vu), u) = J ﬁ F(x,u,vu) dx > o (3.49)
194

By the Corollary of Lemma 3.3 , we obtain then

<Au, u> = ‘J a.(x,u, vu) ou dax
i ax
Q
= 1 . _ au
= & ai(x,u,vu) Hg(u ) 3§I dx (3.50)
91<|u|591+h
and
_ 1 _ Ju
<T, u> J g5 3§— dx = A J giHG(u ¥) giz dx (3.51)
91<[u|gel+h
We observe that if 6 + lrn_ = 91,<“[u| then o < |u| - [*]| <
|lu -~ | = u - and thus Hy(u - ¥) = ¢ and ful - wen = [|u]
. N _ 1,
nvﬂw]+ . If we set u = [[u] - IlPlloo]+ , then u e W OP(Q) and
from (3.50) and (3.51), we find that:
<T, u> J g au dx (3.52)
9<u<9+h i

<Au, u> = dx (3.53)

. J ai(x,u,vu)
8 <u¢<e +h

oo

From (3.48), (3.49), (3.52), and (3.53), we get easily
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au au
J ai(x,u,vu) 3% dx < _J 9; 3% dx

6 <u<e+h 1 g<u<e+h

So u satisfies the property (Am) of Theorem 3.1 , with
a" = wen = a* . By application of this theorem, we have the
estimate:
hul < a' + v_ 1 (A AL AL) a
L ! a' 1 2

4. A SEQUENCE OF MODIFIED PROBLEMS (?n)
4.1 A Problem Equivalent to (7)
In order to ave(d the difficulties related to the possible
growth of ai(x,q,f) as {q| -+ © , we introduce some truncation

ai of ai defined as follows:
‘ . N
For a.e. x in 2, Vp € R , V¢ € R

(4.1)

a;(x,g,¢) if |g| <M
a'i(x,n.i) ={

ai(x,(sign 7) M,g) otherwise
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Here M 1is the number given by Theorem 2.1. The functions a
enjoy the following properties:
(P Each a™ 1is a Caratheodory function and there exists a
constant ¢ = c(M) such that:
For a.e. x € t ,wq € r , VE eiN
la""&/7.£)] < c [I£1P_1 + aQ ()]
This 1s a direct consequence of (H.3) . Then, 1If we

define u (@=1,2) by:
,ui (\g]) 1f \gq] <M
() - | (M) otherwise

and

chl 1
v {\q\) = i())p /p dt ,
Jo
we deduce easily from (H.4) that:
(PY) For a.e. xeft,v/7 €IR,VEEIRN

aniK.q A) > \q\) EIP - vA(w ) k()1/pTE |
I

I <« =

and

D2C)[PIP <y (w]) + ¢4

Moreover, setting a = Minv (q) , fi = Max v (q) we see that:
o</7<M o< 7<M

N
A oan(x,7 LE)ET > ajElp - fi kG)1/pTIE]
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It is easy to check that:

(P3) For a.e. x e , \ij eiR , Vv (E,i*) eiRN XIRN, £ * £m,

N
N anx,7,) —al&x27,C*)] [ - C*1] >0
i=1

We define an operator A" which maps WP @) into W

by setting:

N
A"u = - 2ax . - @ (XUu(x),> vu(x)) for u e WAGP¢m)

Clearly the properties (P1) to (P3) amount to saying that A’
satisfies the same hypotheses as S((H.-3) to (H.5)).

We then introduce the following problem ()

To find u e Kn L () such that

) <A’u, v-u> + (F(u,vu), v-u) > <I, v-u>
for all v € Kn L (f®

PROPOSITION 4.1
Any solution of (T’) 1is a solution of (M and

converse 1y .
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PROOF
t 'y
Let us define ué, = J ui(t+a')p P gt (a* = nen_
o]
t > o); ué, is invertible from R+ onto R+ . On the other
hand,
ué.(M~a') = ua.(M—a‘) = Aa' Al A2 (4.2)
M-a“* ' M ./
In fact, ué'(M—a') = J u'l(t+a')p p dt = J u'l(t)p P dt =
o a'
ua,(M—a')
Let u be a solution of (*) . As in Theorem 2.1, one can
check that:
an < a' o+ (v ) (A A, AL) (4.3)
o = a' a* 1 72 ‘
et
= ‘ p'/p :
(We note c_, = c_ + v:!(t) dt since Pl < M)
a o o 1 oo
From (4.2), we see that (4.3) is eqguivalent to:
. . 1 e M= .
hatt - a*' < (Va') (Aal Al Az) = M-a , i.e., lull < M
Thus, ai(x,u(x),vu(x)) = ai(x,u(x),vu(x)) for a.e. x € 7 and

we deduce that for all v € K n Lw(ﬂ)

<A'u, v-u> = <Au, v-u>

The proof of the converse property is similar.
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4.2 A SEQUENCE OF MODIFIED PROBLEMS .-APPROACHING #°

The difficulties related to the possible growth of the

functions a; (as |g| - «) have been overcome by replacing a;
by the truncated functions a& . For the growth of the functions
F(x,7,¢) as |g| - « , we introduce now another form of

truncation which is more appropriate, but which will necessitate
this time an approximation procedure and a passage to the limit.
*

For any n € N , for a.e. x € 2 , Vp € R , V§ € RN , we

set

F(x,7,¢) (4.4)
1+2|F(x,7.¢) |

Fn(x,n,ﬁ) =

We can deduce easily from (H.2) that Fn satisfies the

following properties:

(Ql) Each Fn is a Caratheodory function from £ x R X RN into
R and for a.e. x € @ , Vg € R , V¢ € RN
(1) 7gF (x,7,¢8) 2 ©
(ii) |F (x,7,8)]| < |F(x.7,¢)]|

(Q,) |F_ (x.7.,6)| ¢ n

Let us introduce then the following approximate problem
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Find un € K(PY) such that

(®

N —_ - < - >
<A un, v un> + (Fn(un,vun),v un) > T,v un)

for all v € K
Then we have the:

Lemma 4.1
(i) There exists at least one solution u of (?n) in K(¥)
Moreover,
(ii) Any solution un of (?n) is In Lw(n) and satisfies the
following estimates:

ha 0 <

where M is exactly the number given in Theorem 2.1.

PROOF
The first part of Lemma 4.1 is a direct consequence of

well-known results concerning the variational inegqualities (see

for instance [17], Theorem 8.2, page 247). The properties (?1)
to (?3) and (Ql) , (Qz) insure that the operator An '

Anu = A'u + Fn (-, u, vu) 1is pseudo-monotone from the
closed-convex set K(¥) into W—l'p'(n) and is coercive in the

sense that:
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There exists vo € K(P)
<Anv, v—vo>
| - o as Itvll 1 - + o
i W (’)p(rz)
W P(a)

We note that this last property of An is true for any

To prove the part (ii) of the lemma, it suffices to show

that w, satisfies the property (A ) of Theorem 3.1 with ay

replaced by a; . For this purpose, we choose a" = WI¥l_ = a'

ard u_ = [lu
n !

[~ wen ]
n @

The proof is then similar to the proof of Lemma 3.2, i.e.,

we consider u_ = H (u_-?) S (u_) with @8 = 6 -+ UPrll and
n ' n el,h n 1 o
then from Lemma 3.4, the function vn = un UL belongs to
K(v). So if we take v = Vo in (?n) we get easily
<A*u_, a_ > + J u F _(x,u_,vu_) dx < <T, u_> (4.6)
n n o o n n n n

As in Lemma 3.5, using the property (Ql)(i) of Fn we get

easily:

r u F (x,u_,vu_) dx > o (4.7)
n n n n

As in Lemma 3.2, we check that:
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<A'u & > = e at(x,u_,vu_) aun dx (4.8)
n’ T _ i "“n’ % :
e<u_<6+h i
nd
- 6 au
<T,u_> = = . d 4.9
T un h ) j g1 éxn X ( )
8 <u_<8+h i
n
From (4.6) to (4.9), we find that:
f fe) 3
J at({(x,u_,vu_) un < J g. Yn dx
. i n n' oso— dx _ i 54—
8<u_<e+h i 8<u_<8+h i
n n
for all 8 « | o , ess sup ﬁn [ and h € ] o, ess sup ﬁn -8
{2 2
We then infer from Thecrem 3.1 that
Hu il ¢ a' + v+ (A AL ALY =M u
n o - a' a* "1 "2
REMARK 4.1
Lemma 4.1 insures that K n L (R) # ﬂ. o
We now study the behaviour of U, as n - ®, and we first show

that the sequence u, remains in a bounded set of

wlép(n) . We have:
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Lemma 4.2
There exists a constant <, independent of Y., such that:
tovu_ it < ¢ (4.10)
LP(a) !
In the sequel, the ci' iike <, will denote various
constants which are independent of n
Before proving‘lemma 4.2, we state two more lemnmas.
LEMMA 4.3
Let p1'> ° ., H, > o be given real numbers. Then there
exists a function o € %l(m) such that
plo‘(t) - Hy jle(t)] =1 in R
{ o : (4.11)
c(o) = o, o is odd
PROOF
We consider the differential eguation
{ylo T H,O = 1 1in R+
c(o) = o
Hok
~ ~ - 1 K1
One can check that o 1is given by o(t) = o [e —1]. We then
2

define o by the following formula:
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o(t) if t > o
o(t) = {_
-c(-t) if t < o
Then, we have
{“1 o' - p2|o‘ =1 in R
u}
g(o) = o

LEMMA 4.4
We consider the function lo} of Lemma 4.3 and let r > o be

defined by

r = Sup IO(E)I (4.12)
|t]<2M

where M is the number given in Theorem 2.1. Then:
1 F N *

Vn,m =u. - F c(un - um) € K(¥) or every n,m € N
Here, un (resp. um) is a solution of (?n) (resp. ?m)
PROOF

. 1,p % 1 . .

Since u, - um € W o () N L () and o € ¢ (R) satisfies
5(0) = o , we deduce that o(u_ - u) € W /'P(e) n L”(2) . on the
other hand, we can check that o' > %— > o . So u > ¥ a.e.

1

implies
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poCy-u)iJo(u-J»)a.e (4.13)
Thus,
vnm—\i">un—1p—;o(un—io) (4.14)

By Lemma 4.1, we get |Jun — P] =un - P< 2M and by the

definition of r
o, -B = B, -ME< Ly - - (4.15)
Finally, from (4.14) and (4.15), we find
\% -P>u, -TP-¢ o(u, -P) >0

n,m n

PROOF OF LEMMA 4.2

We set a = Min vA(rj) , p = Max \n)
o</7M o</7<M
In Lemma 4.3, we choose jj =a >0 ,({ - f(M) + 1 (see (H.2)

for the definition of ¥ ) and 'f 1is the function associated
1
with Al ,f2 e« Let us take v =vn 1 =un “r °™un “ UK 1In

@n) ; we deduce:

<A'un , o(.un - u,i) > + 3ﬁFn (x,un ,vun) a(}Jn - Uy- dx

< <T,o(un - ux)> (4.16)
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We observe that A'u_ = Au since HuHu_ll. ¢ M , and therefore
n n n o
<A' - )> = ( vua_) o'(u_ - u )aun dax
U, .0 (u, Yy - a;x.u,,v4, n 1
Q IX.
i
- J a.(x,u_,vu_) o'(u_ - u )auw dx
n n 1
(7] IAX.
i
3
<T, o(un - u1)> = J g; © (un - ul)___ (un - u1) dx (4.18)
2 IX,
i
Since o' > o , by (H.4) , we have a e. in
au . _ . _ p
ai(x,un,vun) n o (un ul) > a o (un ul) ]vunl
IX.
i
- 1/p! : -
B k(x) |vun[ o' (u_ u,) (4.19)

From (4.16) to (4.19), we deduce (using (Ql)(ii))

. _ p —
Jnac (un ul) |vun| dx < jnlc(un ul) F(x,un,vun)[ dx

+ Jgi o'(u - u;) 3 (u - u) dx

IX.
i
+ J ai(x,un,vun) o'(un - ul)iEE dx
2 IX,
i
1/p!
+ B J k(x) vu g'(u_ - u,)dx (4.20)
0 l nI n 1

We infer from (H.2) that:
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f lc<un - uiH IF<x'un'vun)l dx <P2 f |o(u ~ u )| |vu |P dx
Jn Ja
+ N2 ;Qfo(m) [°(un ™ ULlJI dx (4.21)

Since hyn - uﬂl < 2M , we can find two numbers Fy 1of_ >0

independent of n such that

[°“(un ™ ui}l *ri " i°(un " VI - P2 7 a‘e' in 2
(4.22)

From (4.21) and (4.22), we then find <¢3 > o such that:

Jo(un - V I |F(x,un,vun)| dx <

Jﬂ:"2I0(Un Ul (Un ~ ui)lvunlIP dx + c3 (4-23)
With the Holder inequality, we deduce (using (4.22)), that there

exists C, >0 such that:

jaﬂm 0 ’an ~ Y ¥1“_ (un i ui) dx i i IIv(un ) lLl) "LR(ﬁ)

dxi

(4.24)

1IB3fF k(x)Ilj/p Jvu | o'(un - u” dx | < c4 Illvunl (4.25)
ft LP (ft)

Due to (H.3) and (4.22)
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|| a.(x,u_,vu_) o'(u_ - u )auq dx | ¢ c [vu [p—llvu | dx
i't“V'"n’" "n n 17 0o = 75 n 1
173 IX Y4

i

+ cg J ao(x) |vu1| dx (4.26)
(74
and with Holder inequality:
J jvunlp_1|vu1| dx < nvu WP/P' ou (4.27)
2 LP(n) LP(a)

Hence from (4.26) and (4.27), we deduce:

|J a;(x,u ,vu ) o'(u - u,) "1 . | < c. Nvu WP/P' L
Q : N tP(n)

(4.28)

Now, we combine (4.20) to (4.28), to obtain that

\ _ _ _ p
Jﬂ[pl fo} (un ul) p2| o(un u1)|] |vun| dx
p/p' .
< ¢, lwvu_1l + c_. lvu_ll + C (4.29)
8 n Lp(ﬂ) 9 n Lp(n) 10

By the choice of o (see Lemma 4.3)

J by ot (u_~u) - u,| o(u_ - u )|l |vu |p dx = tvu_nP
Q 1 n 1 2 n 1 n n Lp(n)

(4.30)
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So, (4.29) together with (4.30) give:

p p/p’
ftevu_MIl < cllvu_ it + c livu_ll + C (4.31)
n Lp(n) 8 Lp(ﬂ) ° n Lp(n) 10

A simple application of Young's inequality leads to the desired

result. o
4.3 A STRONG CONVERGENCE RESULT IN Wlép(n)
We now want to pass to the limit n -+ « . By Lemma 4.1 and
4.2 there exists u € Wlép(n) n Lw(n) and a subsequence (still
denoted n ) such that, as n - o« , u converges to some limit
u in the following sense:
X 1,p *® * .
weakly in W o (2),L (2)-weak and a.e. in (4.32)
Our aim is to pass to the limit n - <« in ?n
For convenience, we denote by K(u,vu) the vector of RN
whose components are ai(x,u(x),vu(x)) and we write
N
} a; (x,u(x), vu(x))°%n = E(u,vu) - vu , F(x,u,vu) = F(u,vu)
. IX.
i=1 i
LEMMA 4.5
The sequence u tends to u strongly in Wlép(ﬂ) as n

tends to infinity
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PROOF

The idea of the proof is essentially to use the property

(S+) of F.E. Browder: ([5], page 27, see also [22], [26]).
In order to prove the lemma, it suffices then to prove that:
lim sup J [A(un,vun) - A(u,vu)] - v(un - u) dx < o (4.33)
N—+o 2
As in Lemma 4.2, we choose “1 =« , “2 = f(M) + 1 and let
o be the associated function (according to Lemma 4.3). We
denote by I > o , the number satisfying |o(t)| ¢ |t| - I for
%k
any |t| ¢ 2M . From Lemma 4.4, we obtain Vvn,m € N
v = u_ - 1 o(u_ - u ) € K(¥)
n,m n r n m
(4.34)
v = u_ - 1 g(u_ - u_) € K(r)
m,n m r m n
We replace v by vn,m (resp. vm,n) in (?n) (resp. in ?m)
We find:
<Aun, o(un - um)> + (Fn(un,vun), o(un—um)) < <T, o(un—um)>
(4.35)

<Au ., o(u -u )> + (F (u ,vu ), o(u -u)) < <T,o(u -u )>

(4.36)
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Since o is odd, we have c(um—un) = - o(un—um) . Thus adding
(4.35) and (4.36), we find:
<Au_ - Au , {(u -u )> + <F_(u_,vu_) - F_(u_,vu ), o(u_-u_)> < o
n m n m n' n n m' m m n m
(4.37)
Hence, we find:
yl JQ[A(un,vun) - A(um,vum)] v(un—um) o'(un—um) <
Hq fﬂ[an(un,vun)l + |Fm(um,vum)|] |o(un—um)] dx (4.38)
By assumption (H.2) on the growth of F , we see that
JQ(IFn(un,vun)] 1 ]Fm(um,vum)l) ]o(un—um) | ax <
P P
H, Jﬂ(lvunl + ]vuml ]o(un—um)l dx +
2p, Jnfo(x) ]o(un-um) | dx (4.39)
Due to (H.4) , using the fact that liu_H < M ,(resp. liu_li < M),
n oo m oo
we obtain:
~ ) 1/p' P
A(un,vun) vu_  + B k(x) |vun| > yllvunl (4.40)
A(u_,vu ) - vu_ + B k(x)l/pilvu | 2 u, |vu |p (4.41)
m’ m m m! = 1 m :

We infer from (4.39) to (4.41) that:
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Hq Jn[an(un,vun)| * IFm(um’vum)’] |c(un-um)| ax

< M, K(un,vun) vu_ |o(un—um)| dx

+ H, yaA(um,vum)vum |o(un - um)|dx

+ [ k(x)l/p.|vu | Joe(u_-u )|dx
2 Ja m n m

1/p’
o, B Jﬂk(x) ]vun] |o(un - um)l dx
+ 2y1 Ky Jnfo(x) Io(un - um)l dx (4.42)
[ 4
Hereafter we will let n -+ o and then m - o . Since un - u

a.e. in 2 as n -» o (and also um + 1 a.e. in 2 as m - o) ,

we infer from the Lebesgue dominated convergence theorem that:

¢
lim I fo(x) |o(un—um)| dx = J fo(x)|o(u - um)ldx
mos v Q 94
lim J fo(x)lo(u - um)ldx = 0
m—o Y (2
Similarly, since ]vun[ and |vum| remain in a bounded set of
Lp(n) we can write:

. . 1/p'
lim sup lim sup J k(x) (Jvu_| + Jvu _|) Jo(u_ - u )| dx = o
m -» n o o Q n m | n m |

For the sake of simplicity we will denote symbolically by

enm apy quantity satisfying

lim sup ¢ = 6 i =
P 6 n m’ lim sup em o
n -+ o« m —» o
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With this remark, the relation (4.42), combined with the

relation (4.38) implies:

”1 Jn[x(un,vun) - R(um,vum)] v(un - um) o‘(un - um) dx <

pz[JQA(un,vun) vunlotu, - )| dx s

JQA(um,vum) vum[o(un - u )| dx 4’9”,n (4.43)
Let us write:
K(u ,vu_) - vu_ = K(u ,vu_) ¢+ v(u_ - u_ ) + R(u ,vu_) - vu
n n n n m n m n n m
(4.44)
and
K(u ,vu_ ) - vu_ = - R(u ,vu_) - v(u_-u ) + K(u ,vu_) + vu
m m m m m n m m m n
(4.45)
From (4.43) to (4.45), using the fact that Hq o'(un - um) -
H, |o(un - um)l = 1 (see Lemma 4.3), we obtain

JQ[A(un,vun) - A(um,vum)] - v (u —um) dx

n
< Ho JQA(un,vunL vum|o(un - um)| dx

+ H, Jﬂ A(um,vum) vu |o(un - um)l dx + enm (4.46)
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Since 'K(um,vum) remains in a bounded set of (Lp'(ﬂ))N , We can
extract a subsequence still denoted n such that:
K(un,vun) - U weakly in (Lp'(sz))N , @as n - + o
For a fixed m , we take the 1lim sup as n - «© of (4.46)

and we obtain via the Lebesgue dominated convergence theorem (3):

lim sup A (u_,vu_) vu_ dx - J U vu_ dx
n n n m
n -+ + o Q@ Q

-J K(u ,vu_) vu dx + J K(u ,vu_) - vu_ dx
m m m m m
2 2
< H, Jﬁ U vu |o(u - um)l dx + Ho jﬂA(um,vum) vu |o(u—um)| dx
+ Gm (4.47)
Then we take the 1lim sup as m - + o of (4.56) , and we find:
lim sup z(u ,va_) - vu_ dx < j U vu dx
N +oin n n n o (4.48)

It follows from the Lebesgue dominated convergence theorem, that:

. N
lim A(un,vu) = A(u,vu) strongly in [Lp (Q)] ,
n +« + o

and we conclude easily that:

lim sup [R(u ,vu_) - E(u,vu)] - v(u_=-u) dx
n - + o YQ n n n

limvsup i(u ,vu_) vu_ dx - J U vu dx
= n - + o VN n n n 17

- J E(u,vu) vu dx +J Z(u,vu) vu dx (4.49)
2 2
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From (4.48), the right-hand side of this inequality is negative,

and this leads to the desired result, i.e.,(.33),

4.4 THE EXISTENCE OF SOLUTIONS FOR THE PROBLEM (P):
We conclude the passage to the limit n -+ <« in ?n and the
proof of existence of solution of % . The convergences (4.32)

are now supplemented by the strong-convergence result given by

Lemma 4.5, namely u - u strongly in wlép(ﬂ) as n - o«
Let v e W 'P(a) n L”(a) , and write
3
<Aun,v—un> = J [ai(un,vun) - ai(u,vu)] — (v—un) dx
Q OX .
i
a
+ j ai(u,vu) (v—un) dx
Q OX.,

1

By the Vitali Theorem, we deduce (using Lemma 4.5) that

ai(un,vun) - ai(u,vu) tends to zero in Lp (2)-strongly
and
3 3 _ . P _
% (v un) - gi; (v—-u) in L¥ (%) strongly

Hence,

lim <Au_,v-u_> = J a.(u,vu) - —i— (v-=u) dx = <Au, v-u>

n n i AX.
N—» +00 174 1

We deduce also frqm Vitali's Theorem that:
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F (u_,vu) - F(u,vu) strongly in Ll(ﬂ)
n n n—+oo

and by Lebesgue theorem:

—

. 1
F1 400 F(u,vu)u strongly in L (f)

F(u,vu) un
If we write:

JQ(V—un) Fn(un,vun) dx = Ja(v—un) [Fn(un,vun) - F(u,vu)] dx

+ (v-u_) F(u,vu) dx
o n

we obtain that:

iiTw jﬂ(v—un) Fn(un,vun) = Jn(v—u) F(u,vu) dx

We then conclude easily from (?m) that:
<Au,v-u> + (F(u,vu),v-u) > <T,v-u> , Vv € KN Lw(ﬂ)

This proves the first part of Theorem 2.2. The statement in
the second part of Theorem 2.2 is the same as Theorem 6.1 which
will be proved in Section 6. Meanwhile in Section 5, we derive
several extensions of the results above to other convex sets K
In each case, we restrict ourselves to the proof of the

o0 .
IL —estimates.
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'5. OTHER CONVEX SETS

The L“—estimate can be obtained for other convex sets K .

The principle of the method is exactly the same as before, that

is:

- Prove the property (A ) of Theorem 3.1 by choosing a
suitable tést function v . In general, this test function is of
the form v = u - 4A(u) Se,h(u) the function 4 and fhe

parameter 6 depending on the convex.

We illustrate briefly this method with a few examples.

5.1 CASE OF BILATERAL CONSTRAINTS

[Fa

Case 1: K(P,¥v) = (v € wlép(a) , P < v <Y a.e.in a )

Lemma 5.1

Consider the problem (®) with K K(¥v ,¥), and assume that
v € L°(n) . ¥ is a measurable function and K(P,¥) # ﬂ Then,

any solution of (®) .satisfies

where a' = I¥ll_ . and the Ai are the same constants as before.

PROOF

Let us prove first that the function, v = u - He(u—?).

S9 h(u) , with 91 = nen_ + 8 belongs to K(¥,¥) . In Lemma
1 ’

3.4, we have shown that v > ¥ . To prove that v ¢ ¥ , let us
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check that v ¢ u that is He(u - ¥P) Sgl'h(u) > o . In fact,
u > ¢ implies that u 2-Hfil_ - 6 = - 91 : 891.h(u) > o (by the
definition of S91 h(.)) and Hg(u -~ ?) > o (since He > 0). As
u € K(e,?), v < ug ¥ . So the function v = u - He(u - ¥) -

Sg h(u) is a suitable test function. The proof of Inequality
1’

(3.2) of Theorem 3.1 is then exactly the same as in Lemma 3.2.

a
LEMMA 5.2
Consider the problem () , with K = K(¥,¥) and assume
that Y Is measurable, ¥ is In Lw(Q) . Then the solution u
of () satisfies:
< b + vo T (A AL AL)
o = b b 172
where b' = It¥ll and A A A are the same as before.
o b 1 "2
PROOF
We define H_e by H_9 = - H9 . We set 91 = neu_ + 0
[
v = H_g(?—u) Se h(—u) . As in the Corollary of Lemma 3.3, we

1
have 3 € wlép(n) n Lw(n) and

(=]
av
= H__(¥ - u) S (-u)au
axi 2] el,h S
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o otherwise

o
Let us prove that v = u - v € K(v,¥) , and first that

v < P . In fact, if ¢ - u > 6 then ¢ > u +8 and u + ¢ > u -

H_g(? - u) Sellh(—u) since

|H_9(? - u) S ,h(_u)l < 8 ,
1
and if, o< ¥ —u ¢ 8 then H_g(? - u) = u - ¥,
v.- % = (u-v) [1 - Se ,h(—u)] < o
1
To prove that ¥ ( v , we show that v > u , i.e., H_e(? - u)
Se h(—u) < o . This quantity vanishes if ¢ - u < o ;
1 ’

if ¥ - u2> o, then - u 2> - u¥i_ > - 91 , Sgl’h(—u) > o and
since H < o , we deduce that H _(¥ - u) S (—u) < o .

-0 -6 el,h

a

We choose v as the test function and then we get:

- J ai(x,u,vu) H_g(? - u) du dx

' AX.
91<ju]§91+h i

Ji ax.

< - J g. —u H_,(* - u) dx (5.1)
1
91<[u|591+h
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If 6, < |u|] then 6 < |u| - wPu_ ¢ |u - | =¥ -u
H_e(? - u) =-6 . As in Lemma 3.2, setting u = [|u| - u?ll“]+

we see that the inequality (5.1) is equivalent to:

su Ju
J ai(x,u,vu) % dx < J gi 5§; dx

8 <u<8+h 8 <u<e+h

Thus u satisfies the property (A)

5.2 BOUNDARY INEQUALITIES

Case 2: K(aRr,p,¥) = {v e wi'Pa)y , v < v o

< ¥ a.e. on an}

We assume that a0 is smooth and let ¥,¥ be two elements

of L“(aﬂ) We consider the problem

Find u € K(ar,P,?) n L*(2) such that

'"
(? ) <Au,v-u> + (F(u,vu),v-u) > <T,v-uy

for all v e K(am, ¥, ¥) n L7(2)

-——

LEMMA 5.3

Assume that K(aq, P, ¥) # ¢ . Then, any solution u of

() satisfies

_1‘
al <
ull < m + um (Am Al A2) ,
m = Max [Hrl , el ]
©0

L” (o) L™ (an)
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PROOF
The solution u of (7*) satisfies the property (A7) of
Theorem 3.1. In fact, if we set u = [Ju] - m]+ and we choose

as a test function vV = u —Ho(lul - m) Sg\ H(u) » we check

easily that:

V' an Y las
and
f ai({x,u,vu)> * Taw cdxu <i~ ’ Jg\f—;ér—f(—g— dx
7 i B 1
e<u<e+h e<u<e+h
Case 3:
K @P) = 4 e WLP () , il <1, v>Tae. in ft
* \ ° L@
or
K = iv € W1,p@ ., IMI <M ,q<N
(ol '3 I o Lq(.ﬁ) LA ] J
LEMMA 5.4

(M Let Let KK = Kg@@P) . Then any solution u of (9

satisfies the estimate:

HuII0 < II'PIIm + Va’ \/(Aa’ A,l A2)7 al = II'PII<
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(ii) Let K = Ko q then any solution u of (®)
satisfies:
na < v Y (A AL L)
oo o o 1 2

We prove below the part (i) of Lemma 5.4; the proof of part (ii)

is the same.

LEMMA 5.5

Let u be an element of Wlép(n) and u = Hg(u - P).

S (u) . We consider p > o such that: o < ép <. 1 (8>0,h>0).
al,h h™

Then,

(i) |[Grad (u - pu)| ¢ |Grad u| a.e. in Q

(ii) If u e Kq(?) , p <1, then u - pu € Kq(?)

PROOF OF LEMMA 5.5

From the Corollary of Lemma 3.3, we have u - pu € wlép(n)

-~

and vu = H9 (u - ¥) Sé h(u) vua . For convenience, we set
1'
‘a = Hg(u - P) Sé h(u) , and observe that o < a < e Clearly
1’ h
grad(u - pu) = grad u if |u| < e or |u| > 6, + h while on

1 1

the set 91 < Ju] < 91 + h
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|vu|2 - 2ap |vu|2 + p2a2 |vu|2

1l

|Grad (u - pI;)|2

|vu|2 (1 - ap)2 < |vu|2

To show that u - pu € Kq(?) if p <1 and u € Kq(?) it

suffices to prove that u - pu > ¥ a.e. in  , since from (i)

e (u - p&)n < Ntwvul < 1
19(q) LY (a)

The proof is as in Lemma 3.4, i.e.,:

|
[
h
o

|
~
w
D

then u > Y + 6 > ¥ + p He(u - ¥) Sel'h(u)

since 0 < p < 1 and IHe(u - P) Se h(u)| < Q : u 2 ¥ + pu
ll

-If o ¢ u - ¥ < 8 then u < nen o+ 8 = 91 and

u2 P - PN -6 = - 6, |ul < 91 and Sg h(u) = o0

PROOF OF LEMMA 5.4

We have to check that wu satisfies the property (A ) of
Theorem 3.1. We choose v = u - p& in (2) (that is suitable
by Lemma 5.5) . Thus:
<Au,ﬁ> + (F(u,vu), ;) < LT, ;>

which is exactly the same as relation (3.48) in the proof of

Lemma 3.2. So, we can conclude that u satisfies the property

(A.) - o



VI:74

70

REMARK 5.1

(i) For all these convexes, one can prove an existence
theorem similar to Theorem 2.2 for which these L™ -estimates play
a fundamental role.

(ii) If the growth of F , with respect to the gradient, is

of order less than p one can give a simpler proof of Lemma 4.2

(the estimate of |vun| ) and of Lemma 4.5 (the strong

L
convergence in Wlép(ﬂ)) . In Lemma 4.2, for instance, one can
choose v = u, as a test function in (?n) and in Lemma 4.5,
one can choose v = u as a test function and it suffices to

prove that:

s Q - u> < o

lim sup <Au n <

n
n » + <

5.3 QUASI-VARIATIONAL INEQUALITIES

Case 4: A remark on a Quasi-variational elliptic inequality
The method that we have presented can be also applied to

some quasi-variational probléms. Consider, for instance, the

following problem (see A. Bensoussan ,J.L. Lions [29], L.

Cafarelli-A. Friedman [7]):

Find u € Wlép(n) such that u ¢ Mu a.e. in £ and
(?Q) <Au,v-u> + (F(u,vu), v-u) 2> <T,v-u>
. wl'P o
vv € W o () N L (n) such that v ¢ Mu ,
where M 1is a suitable operator from Wl’p(Q) into R . For

instance, the following operator appears in [29] and [7]:
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Mu(x) = 1 + Inf u(x+t)
¢ 2 0

X + ¢ € R

LEMMA 5.6

Assume that the solution u of (?Q) satisfies one of the

following conditions: There exists uo € L“(a) such that:
(i) u > uo a.e.
(ii) u < u or Mu < u a.e.
o o

Then, u € Lw(ﬂ) and :

-1

lan - < b" + Vi (Ab" Al Az) b" = nuon°°
a
REMARK 5.2
. Q - .
In the linear case and when T = f € ¢ (2) , L. Cafarelli
and A. Friedman proved that u > - 1 (see [7])
a

PROOF OF LEMMA 5.6

It suffices to show that the solution u satisfies the
property (A ) of Theorem 3.1. For this purpose, we choose

u = [|u| - Iluolloo]+ and as test function v in (?)
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— in the case of (i) , v =u - He(u - uo) Sel'h(u) with
6, = b" + 8
)
1 \(\\L\V »(y/
— in the case of (ii) , v =u - H_GY/SG h(—u) with
1’
6., = b" + 8

1

The proof is then exactly as in Lemma 3.2.

6. HOLDER CONTINUITY OF THE SOLUTIONS OF THE VARIATIONAL QUASI-

LINEAR INEQUALITY

6.1 Assumptions - The Main Result

The purpose of this section is prove the HSlder continuity

of the solutions to problems:

o0
ue€e XxKnlUL (7)

(?0)1 <Au,v-u> + (F(u,vu), v-u) > <T,v-u>

oo
vv € KN L ()

Here, as in Sections 2 to 4, K = {v € Wlép(ﬂ) , V2 ¥ a.e. in ﬂ},
K is supposed to be non-empty.
The question of the Hlder continuity of the solutions of

?o has been investigated in particular in [11], [12], [15],



VI.77

73
[10]. The particularity of our study is that the right hand side
is some element of W_l'ﬁ(n) (1/p + 1/p* = 1) , the operator A
possesses minimal regularity properties and the growth of F is
at most of order p with respect to the gradient.
More precisely, the only assumptions that we will need are
the following:

-1,r

(H.1)' T is in W () ., 9 = (p-1)r > Max (p,N)

(H.2)' The function F 1is borelian and has the same growth as in

(H.2), that is

For a.e. x € 2 , for all pn €e R , all ¢ € RN

|F(x.n, 60 ¢ £Cla]) []e|P + £,(:)]

Here, fo is a positive function in Lr/p'(n) , £ is a
non-decreasing map from L into itself.
N 3
As for the operator Au = - Z 3% ai(x,u,vu) , we suppose that:
i=1 i
(H.3)'Each aj is a Borel function such that:
For a.e.x €  , ¥Yp € R , Y¢§ € RN
. be1
la; (x,72,8)| < a(|a]) []¢] + a_(x)]
Here, ag is a positive function of Lr(n) and a 1is a
non-decreasing map from R_  into itself
N ' p 1i/p*
z aj(x,g,¢8)8; 2 v lla]) |¢|7 - v, (|n]) k(x) | €]

i=1
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The functions vy > o , v, > o are continuous and k 1is a
positive function of Lr/p (R) . We then have the following

result restating the second part of Theorem 2.2:

THEOREM 6.1

Assume (H.1)*' to (H.3)* and let u be a solution of
problem (?o)
If the obstacle ¥ is in Wi:3(e) , g = (p-1)r , then u

Is Holder continuous in Q

REMARK 6.1

If r = 5§T and r > E§T then p > N the theorem remains
valid since wlép(a) c ¢ %a)
In this case, ¥ € Lw(ﬂ') for any f*' such that ' c
a
In the sequel, we will assume that p ¢ N , N > 2 and
nan < M . We choose an open set such that 2_ < a ,
o o o
L (R)
e < M (of course, we can choose M satisfying
o o o
L (2)
o
M < M).

o -

As in [22], the main tool for the proof of Theorem 6.1 is

the class of functions %p(QO,M',v',é ) introduced by O.A.

1
'q
Ladyzens'kaja and N.N. Uraltseva ([30], Chapter II, page 81).

For the convenience of the reader, we recall the definition of
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the class and will use the same notations as in [30].

6.2 DEFINITION OF THE CLASS $p(ﬂo,M',v',5,1/q)

Let M',v*, 6, g be four fixed positive numbers with g > N.
A function u belongs to :Bp(no,M',v',é,l/q) = X if and only if
a) uew'Pia)yn it ., nun_ < M
(o] o o) oo
b) u satisfies: For any arbitrary sphere KP of radius
p contained in RO , for any arbitrary o € ] o,1 [, we
have
p 1 P
vu dx < ¢ ess su u(x) - k + 1.
JA A § [op SP(I-N7q) 5%, 5P (i) ) ]
k,p-op . ke
1 -p'/p
(meas. Ak,Q)
for k > ess sup u(x) - 8 ' (6.1)
K .
fe)
Here, A = {x € K , u(x) > k}, K and K are concentric
k,p P p—op P
spheres.
c) the function -u satisfies the same inequality b) as

In the applications, the property b) is replaced by the

following sufficient condition (see [22], for the details)

LEMMA 6.1
1,p A . .
Let u be an element of W o (no) n L (Qo) satisfying the
following condition:

There exists a constant 7" > o such that, for any

Y € w(ﬂo) with support ¥ included in KP , O < ¥ <1 on ﬂo"

one has
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P 4P P P 1-B
A |vu| *P ax ¢ v [I- (u(x)-k) |v?| dx + (meas Ak p) q}
k,p Ak,p
(6.2)
for k > ess sup u - 6 . Then u satistires (6.1) . a
K
fe)
It is proved in [3(] (Theorem 6.1, page 90) that if
u € X = wp (QO,M',v',G,l/q) , then u satisfies the Holder
condition inside of ao . So, Theorem 6.1 is an immediate

consequence of the following lemma.

LEMMA 6.2

Under the same assumptions as in Theorem 6.1, for any
6§ > o, there exists a constant ~*' > o depending only on 6 and
the data aj. F and T , such that any solution u of problem
(?o) belongs to wp(ﬂo,p,v',é,l/q) where q = (p-1)r .and M
is a given number satisfying hun < M (for instance the number
given by Theorem 2.2)

a

Since the solution u of (?o) belongs to K N Lw(ﬂ) 'and

han - < M , the first part a) of the definition is fulfilled.

To prove the part b) of the definition, it suffices to check

the following:
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LEMMA 6.3:
For an arbitrary & > o , there exists a constant ci

depending only on &6 > o and the data a; F and T , such that:

For any ¥ € w(no) , With support ¢ < Kp, o< ¥ < 1, one
has:
I lou|P #P ax ¢ e, [I (u(x)-k)P |v¢|P ax +
k,p Ak,p
1-p*'/r
(meas. Ak,p) ] (6.3)
for k > ess sup u - 6
K
P

REMARK 6.2

In the sequel, ci and Cie will denote constants depending
on &6 , on the data aj. F, T and on a parameter e (in the case
of c. ) . s}

ie

We will make use of the Young inequality in the following

form:

If a>o , b>> o, theﬁ for any € > o , there exists
c, > o such that : ab ¢ caP + Ce bp' , 1/p + 1/p* =1
We will omit the sign =z , gnd will write ai(u,vu) =a; .
F(u,vu) = F , ?(x) =’? ... The function u is a solution of

(?o) . o
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We set ., = Minv_ (g) , p, = £f(M) + 1 and we consider the
1 1 2
o{n<M
function o associated to “1 r My, as in Lemma 4.3
Let 6 > o be a fixed number ¥ € w(ﬂo) such that
o< ¥* ¢ 1 and support ¢ c Kp c Qo . We denote by r > o , the
number satisfying:
|lo*(t)] ¢ r for |t| < 2M + & (6.4)
LEMMA 6.4
Let k > ess sup u - 6 . Then N
K
fe)
i) o ¢ o((r-k)_ ) < o((u-k),)
ii) o((u—k)+) < r (u - k)+ < T (2M + &8) = M1
c s s def
iii) HP(u - k) _ og(u - k)+ - o(y - k)+ < r'(u - ¥)
PROOF
We have ¥ ¢ u , and thus (¢ - k)+ < (u - k)+ . Since o
is increasing and o(o) = o , we obtain

o ¢ o( - k)+ < o(u - k)+

To prove ii) , we note that: k > - M - 6 , and deduce that

(u - k)+ < (u + M + 5)+ < 2M + &6 . By the definition of r , we
find o(u - k)+ < r (u - k)+
From (6.4) and 1i) , we conclude

0¢o(u=-Kk), ~o(f =k),_ <Tl(u=-Kk),_ - (P -Kk) | <TI(u-r¥)
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(We have used the fact that (v - k) < (u - k)+ < 2M + 8)

+
o
LEMMA 6.5
Let u be a solution of (?O) . Then
v p
v oo
u=u - 5 HP(u - k) €e Kn L (no)
def ,
HP(u—k) - o{u - k)+ - o(r - k)+
s}
PROOF
v 1
Since ¢ € m(ao) , one has u € W ép(n) . We have to check
v v o
u > Y and u € L ()
By the preceeding lemma, since o ¢ ¥ ¢ 1, we obtain
P ' v
o « F (a(u—k)+ - o(?-k)+) ¢ u-¥Y: uy?®y
As r € LV (a d ¢ € 2(2 ) , one h +P u - k) € L(2)
s - o) an ( o) ¢ n as P(uv o
v
00
so u € L ()
o
a
¢P
From Lemma 6.5, we can choose as a test function v = u - F

(HP(u - k)), and we deduce that:
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<Au,V,P Hy,(u - k)> + f F(u,vu) -pPHpiu - k) dxXx
Je

< <T, *pl~(u - k)> (6.5)
Let us estimate each term of relation (6.5)

LEMMA 6.6

There exists a constant c'2 > o such that

|3 F(u,vu) -pPHyiu - k)| < §2 | |"U|P *P(u « Kk)+ dx
n Ak,p

+ c‘2(meas. Ak p)1 p /r, jj2 = f.(M) +
PROOF

From (H.29‘ , since Hulqy« M and f is non decreasing ,

we obtain for a.e. x in s

|[F(u,vu) | </i2 [Ivulp + fQ(x)] (6.6)

From Lemma 6.4,

0 < HMu - k) <o(u - k)+ (6.7)

Hence,
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|J F(u,vu) ?pH?(u - k) dax | < Ko I |vu|p +P o(u - k)+ dx
Q K.p
+ H, J £ (x) o(u - k), +P ax (6.8)
A
k,p

From 1ii) of Lemma 6.4, since o < ¥ < 1

- P ‘
Hoy J fo(x) o(u k)+ 5 dx < Ho M1 J fo(x) dx
A A
k,p k,p
(6.9)

By the HOolder inequality:

£f (x) dx ¢ unuf_n \ (meas. A )
JAk o o Lr/p (2)
P

With (6.8) to (6.10), the proof of Lemma 6.6 is completed.
3 .

"
LEMMA 6.7

For any € > o , there exists cé > o such that:

|<T, *PH,(u - K)>| < ¢ j [vu|P +P ax
A o

+ c! [J (u(x) - k)p |v?|p dx + (meas. A
A
k,p

)1—p'/r
k,p ]
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Proof
N dg N
We set T = - X L = r "gu and
i=1 dXi w == i=l Lr (f)
N 1/2
9 =1 il . Then,
<T, "PHr (u - k)> = H1 + H2 (6.11)
d-1
H-pl o ss-- 7, u 1 dx
H, = - - H, (u-K ¥ dx 6.12
2 « Jﬁ 8| X1 V( ) ( )
o]

Since o0 < HMu - K) <CT(u - k)+ <r(u - k)+ (see Lemma 6.4) and

o< ¥F< 1 ,we have for a.e. X iInn

Ilp g* 8£- »p" 1 Hy (u - k)| < c; gQ |w] <" - k)+ (,6.13)

Hence, we have:

IHil < ci f 9Q hfJ(u - k)+ dx = c; [ go v (u - k)+ dx
Ing JAk,p
(6.14)

By the Young inequality:

C4 gOI'TIfI (U ” k)+ - 90(X)P + °5 IwW>[P(u " k>+ (6.15)
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Therefore, we deduce from (6.14) and (6.15)

|H,| < J g, (0P ax + ¢, J lv¥|P(u - ©)® ax (s6.16)
k P Ak,p

By the Holder inequality:

J g, (x)P dx ¢ ug_ “ (meas. A,_ _)17P'/F
k,p :
p' 1-p'/r
< NTHE _ (meas. A )
W l,r(ﬂ) k,p
From the last two relations, we have:
|H, | < c. (meas. A )l—p'/r + c! |v*P|p (u- k )p dx
1 - 6 y k,? 5 JA +
k,p
(6.17)
As for the term H2 , We can write H2 = H; + Hg where
1 ©du . _ P .
H2 = J g5 3§_'y (u k) I ax ;
(u>k}nao
J 95 ax o' (r - k) ¥P ax (6.18)
{ p>k}na
Since (u - k), ¢ 2M + & , we have |o* (u - kLI < r and
, au P
[o' (u - k)| g;-{—i-l |gi| Y < T |vu| go(x) ¥ a.e. (6.19)
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From the Young inequality:
P P ' p'

r|vu| go(x) ¥ (e |vu|® ¥ + c 2e go(x) (6.20)

So, we find
[H2| < e J |lvu|P #P ax + c: j g (x)P" ax  (6.21)
2 A 2e A o
k,p k,p

By the H51lder inequality, we get as before:

J g ()P ax < uTuP’ (meas. A, )1 7P/T (g .22)
A o W—l,r

k,p

Since (¥ - k)+ < 2M + ﬁ (this stems from Lemma 6.4, and

(p* - k)+ < (u - k)+) we have

|o* (¥ - k) < r and

2

|H3| < 1 J lor| g (x) *P ax (6.23)

(PoknQ

On the other -hand, u 2 ¥ so this last quantity can be

majorized by

J |v?|.go(x) +P ax = J | ve | go(x) +P ax
A

k,p
{u>k}mzo



VI.89

85
By the Young inequality, we deduce:

P 1 J p 1 J p'
Y 5 dx < = ¥ dx + = d
JA |ve | g, (%) x ¢ S . |ve | X B J, g, (%) X

k,p k,p k,p
(6.24)
By the HOlder inequality:

1 f |v?|p dx < 1 oeuP (meas. A )1-p/q (g=(p-1)r)
p p q P }

A L=(a )

k,p o

1 p' 1 p' 1-p*'/r

—_— b 4 dx < =, HITH meas. A

P’ JA Io () BRa w—l’r(a)( - k.p)

k,p

The last two relations combined with (6.23) and (6.24) lead

to:

]HSI.S c, (meas. Ak'p)l—p'/r (6.25)

-From the estimate (6.22) and (6.25), we obtain

)l—p'/r

|<T,?pHP(u - k)>| < e J |vu|p +P ax + ¢ (meas. Ak,p

4e
Ak,p

(6.26)
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LEMMA 6.8

For any € > o , there exists cée > o such that

<Au, ?pHP(u - k)> > Hq J *Pp|vu|p c'(u - k)+ dx
A
k,p

Se

- e J |vu[p +P ax - ¢ [J (u(x) - k)p |v?]p dx
A
k,p . k,p

+ (meas. A )1—p‘/r]

k,p

Proof

. ol _ _
Let us write <Au, ¥ H?(u k)> A1 + A2 + AS + A4

_ 3u
Ay = JAai 3K,
kK,p

#P o' (u - k), dx ,

_ ¥ p-1 _
Az'PJ a; 3= ¥ o(u - k), dx
A i

k,p

>
1
o]
—
0
Q
I %
-G
9
ury
Q
a3
|
-~
(o}
b
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For Al - e have by (H.3)" (i)

al | x(Clu) lvulp - kK(x)1/p  2Clu D Iw] a-e.
6 .27)
So, if we set p = Max u (?) , then
o</?<M
I >/%1 3 |w[P a' (u - k)+ dx
J k’p
- P J‘ kOGO *p ML *p o” (u - k)+ dx (6 .28)
Ai(’p
From the Young inequality, one has:
p F kQOWUA |vul iBo (U -K dx <e i jwlR #8 dx
JA JA
ksp k!p
+ o5, I KOO dx (6 .29)

.P

From the Holder inequality:

T k(x) dx < Kl , (meas. A. D)1 P /r (6.30)
JAk 0 L (i) K,P
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From (6.28) to (6.30), we find

A, > Hq J |vu|p +P o' (u - k)+ dx - e J |vu|p +P ax

1 -
k,p Ak,p

- c'e(meas. A )1—p‘/r (6.31)

6 k,p

For A2 , we use the assumption on the growth of ay (see (H.3)®
(i)) and the fact that than - < M, g(u - k)+ < r(u - k)+ to
obtain
' p-1 p-1
|A2| < cg J |vu] |ve| ¥ (u - k)+ dx
k,p
p-1
+ cg j a_(x) |v¥| ¢ (u - k), dx (6.32)
o +
A
k,p

From the Young inequality, we have:

cg j |vu|_p—1 |v¥ | ?p-l(u - k)
K.p Bk.p

+ ch, JA Iy?lp(u - k)f dx 56.33)

k,p

cg J aq(x) |o¥ | ?p—l(u - k)+ dx < cy J ]v?]p(u - k)g dx

A
k,p Ak,p

. p’ 1-p'/r
+ i Man® (meas. A, ) P (6.34)
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From (6.32) to (6.34), we find:

— p ,P - et 1-p'/r
A2 > e J |vu|® % dx cll(meas. Ak,p)
A
k,p
. p -\ P
- Cge J [ve]|F (u - k)T dx (6.35)
k,p
For A3 , we notice from Lemma 6.4 that o ¢ o(¥ - k)+ < r
(u - k)+ , SO

-1 -1
1851 ¢ e, jA|vu|P e P u - k), ax
k,p

¥ e, J a_(x) |o¥] *P7h(u - k), ax (6.36)

This relation is the same as- (6.32), so we conclude as in A2,

i.e.
A, > — ¢ |vu|p-?p dx - c!_.(meas. A )1—p'/r
3 - 13 Uk, p
A
k,p
- P _ p
Coe J [ve ] (u k)+ dx (6.37)
k,p
For A4 , we use the assumption on the growth of ai (see
(H.3)'(i)) to obtain:
‘ p-1 _p . P
{A4| < Ci, J |vu] ¥® |vr| dx + Clq4 J ao(x) 5 |vp| dx

{(p>k)na_ {P>k}INQ
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(6.38)
(since o' (Y - k)+ < Tr)
Since u > ¥ , one can majorize (6.38) by:
|a,] < ey, I |vu|p_1 »P |or| ax + Cla4 J a_ (x) P |or| ax
{u>k}m2O {u>k}rmO

(6.39)

From the Young Inequality, we have:

j IVqu—l +P |ve] dx < e J |vu]p +P ax + c, J |v?jp dx
A A

14
{u>k}inn k.p k.p
o
(6.40)
1 p 1 p (] p'
Cla J ao(x) ¥Y |ve| adx ¢ Clsg JA]VP| dx + Cls JA aj (x) dx
(w>kyne kop k.p
(6.41)
From the Holder inequality:
c ]v?]p dx + c! lvP]p dx + c! ap'(x) dx
€ A 15 A 15 A o
klP krp klp
' 1-p'/r
< c96 (meas. Ak,p) (6.42)



VI.95

91

From (6.39) to (6.42), we have:

| S o ' 1-p'/r
|A4| < e J |eu|® »¥ ax + cy. (meas. Ak,p)
k,p
A, > — e |vu|p +P ax - c (meas. A )l—p‘/r (6.43)
4 9e K,p .
k,p .

The result of Lemma 6.8 can be easily obtained from the

decomposition <Au, +P HP(u - k)> = A1 + A2 + Aé + A4 and the

relations (6.28) , (6.35), (6.37) and (6.43).

s
PROOF OF LEMMA 6.3
From (6.5), we have:
<Au ?pHP(u - k)> < |<T, ¥PH_(u - k)>|
’ - ’ P
+ |J F(u,vu) va?(u - k) dx| (6.44)
2

From Lemma 6.5, 6.6, 6.7, and relation (6.44), we find

J (g o' (u = k), = pyo(u - k), 1 #P |vuP ax
A
k,p

10,¢e

< 2 J |vu|P #P ax + c [J (u(x) - )P |v?|P ax
A
k,P k:P

+ (meas. A

)l—p'/r
k,p ]
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By the choice of o , pyo'(u - k), - p,o(u~-k), =1 and if

we set e = % , we find:
J |vu|p +P ax < cis (J (u(x) - k)p |v?|p dx
k,p Ak,p

+ (meas. A )l—p'/r] 0

k,p
To complete the proof of Lemma 6.2, we have to check that u
satisfies the same inequality as u . The following lemma leads

to the desired result:

LEMMA 6.3:
For any &6 > o , there exists a constant ci6'> o such that
for all ¢ € w(ﬂo) with support ¥ c Kp' o < ¥ ¢ 1 , one has:

I ‘vulp +P ax < c! [J (-u - k)p [v?[p dx
Al

) 16
: Ak,p k,p

' 1-p. /I‘

+ (meas. A k,p) ]
where:

Ai,p = {(x € Kp , — u(x) > k} , k2 eSSKSup (-u) - &
P

Proof

The proof is the same as for Lemma 6.3, we only replace

Lemma 6.5 by:
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LEMMA 6.5
Let u be a solution of (?o) . Then:
a=u+ e k - - k Kn LY
u=u+ - [o(-u-Kk), -o(-Fr - k) ]e (2)
Proof
Since |o(-u - k)+ - o(~- ¥ - k)+| < '(u - Y) , we have
P v
o< - 5 [c(-u - k)+ - o(-P - k)+] < u - °" u > ¥

V .
As in Lemma 6.5, we have u € K n Lw(n)
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FOOTNOTES

(1) The function ul may be only continuous on Jo , o[ ; it
suffices that ul(‘c)p'/p be integrable at t = o , and
Inf ul(t) > 0 V¥Yr > o
o< ti¢ T !

(2) In the sequel, we sometimes omit the sign Z and summation
is understood when repeated indices appear.

(3) Here we use also the following remarks: if a -~ a
weakly in LP () as n -+ o and bm -+ b weakly in
Lp(ﬂ) as m -» «© , then

lim J a_b_|o(u - u)| dx = J ab | o(u-u)| dx
N v 7

lim ab |o(u-u)| dx = o

m- m m

For the first convergence we notice that by Lebesgue's theorem,

as n -+ ®
b FT(un - um)l - bmkr(u - um)[ strongly in LP(a)
and for the second convergence we observe that

-a |glu - um)} -+ o strongly in Lp'(ﬂ) , M - o
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Abstract.

For a large class of parabolic problems, we give a priori
LP-estimates (1 = p £ + ) of the solution u(t). We show
that these LP-norms may decrease exponentially when time
goes to infinity.
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INTRODUCTION.

Let u be the solution of the heat equation :
u' - Au + cu =20 in ]R+><Q s
u=2~0 on ]R+x o2
u,x) = uo(x) in ¢,

where © is an open, bounded smooth domain of RY . It is well-

known (see [1]1) that the mapping t - |ju(t)|| p decreases for
LY (2) .

all p € [1,+~]. A recent paper [9] shows that for the degenerate
porous medium equation :

u' = A¢(u) in R xQ ,
% dCu) = 0 on R, x 232 ,
u(0,x) = uo(x) in 2,

13
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the same result holds. The method uses the semi-groups theory.
In this work, we generalize such results using totally diffe-

rent methods. More precisely, we consider a regular function u
N

defined on an open bounded set of IR , satisfying
- N du dh, (u)
du [ Ju e
£- h, (wdx + Y ! a..(t,x,u vu) dx +
jQ ot " © i,5=1 Jo 1] A Y S axi ij

Ju , — *
. jg rce,x,u,28,Vuh, (wdx = IQ fhy(Wdx (%)

for a.e. t€ (0,T), for any 6>0, with hg(u) = (Ju] - &), sign u ,
I having a suitable growth property. The coefficients aij are
’ N
measurable and such that Y aij(t,x,u,u',p)gigj z0 ,
i,j=1

ve=()er .
The solutions of the previous equations as well as the solu-
tions of many parabolic equations or inequations satisfy (*).
Here, we give an explicit upper bound of Ilu(tNle(Q) for

all t € [0,T] and p € [1,+=] . If £ = 0 , for a large class of
non linearities T , these norms decay exponentially i.e.
|| uced < e-vct)lluoﬂ where the rate v depends only
LP () LP (o) )

on I . i

We use essentially the rearrangement of functions (see [7]
for example). For convenience, we begin by some preliminary'defini-
tions and theorem. In the first section, we give the proof of the

main result. In the second section, we give some applications.

0. DEFINITIONS AND PRELIMINARY RESULTS.

let £ be a bounded measurable (1) set of ZRN (N21), Vv a real

measurable function defined on £ and let Q* denote (0,]|%|). The
decreasing rearrangement of v is defined on TF = [0,|R]] by

(1) We use only Lebesgue measure.
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v,(s) = Inf {6 € R, |v>6| = s} where |v>6| = meas {x € Q,v(x)>0}
(for any measurable set E, we denote by |E| its measure). If v
is defined on (0,T)x2? and is measurable with respect to the
space variable x of 2, we consider its rearrangement with res-
pect to X : v,.(t,s) = (v(t))(s) for all s € 0F . The follo-
wing result is immediate from [8] (in [8] , u belongs to
H'(0,T,LP(@)) but the proof is the same).

Theorem 0 If u € W' *T(0,T,LP(@)) (%) (1srs+e , 1sps+= ), then
*
u, € W T,T,IP@ ")),

|| < [jull
wl»Tco,T,IP ©*)) w!'»T(o,T, 1P ())
and gﬁ* = %g (in the distribution sense), where

[ 23U gx  if [u(t) = u(t).(s)| = 0
ult)>ult), (s)?

w(t,s) = '
[ du

5tax *

Jucersuced . )

s—|u(t)>u(t) . (s)
+ Jr | léﬂ do

atl
0 u(t)=u(t),.(s) *

otherwise.
(Here the last integrand is the decréasing-rearrangement of the
restriction of 22 to the set {x € Q, u(t,x) = u(t),.(s)} supposed

. ot
to be of positive measure).

1. HYPOTHESIS. MAIN RESULT.

Let 2 be a bounded open set of IRN (N=21), O<T<+>, and let £ ,

u , I' , a (1=i,j=N) be such that :

o ij

) u and-%% € LY¥¢0,T,LP)).
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10, T

I

(H1) ug € L! (R, £ € LZQ) where Q

(H2) T is an operator which maps D = [0 ,T]><Q><R>§{><RN into R and
satisfies the following condition : there exists some functions
A (1 1,2,3) such that >\1 € L (0,T), Ay is measurable on (0,T) and
A220 a.e., >\3 e L! Q) anu: )\350 a.e., and for a.e. (t,x) €Q and
for all (u,u’',p) € RARARY

(sign u) I'(t,x,u,u',p) = )\1 ) |ul| + >\2(t) u'(sign u) + >\3(t,x).

(113) ai. are measurable functions on D such that for a.e. (t,x) €Q

and for all (u,u',p) € RBR-RN

' _ N
i’j=1 aij(t’x,u,u ’p)gigj = 0 v g - (gi) R -
Let u be a real function defined on Q satisfying the fol-
Jowing assumptions :

]
(H4)-a. i) u € LV¢o,T,L9% ), u’ =-%% e .10,T,19" () for same
11
1.

22 and — +
q a q’

ii) u(t) € H1 ($2) for almost every t,
iii) T(t,.,ult), u' (), vulrd)) € LY (@) for a.e. t,
iv) v(t), = |u(t) ]|, € C°@™) for a.e. t .

(H4)-b. For each 6>0 , we consider the real lipschitz function
he('r) = (|T|—9)+ sign T . We assume that for almost every t , the

function u = u(t) satisfies

J 1§ ou ahe
u'h_ (u)dx + . j (t x,u,u’' ,Vu)— — (u)dx +

Jr I‘(t,x,u,u',Vu)h (Wdx = Jf -fhe(u)dx
2 Q
Remark 1. The property (H4)—a i) infers that u € w1 1 (o ,T,L1 )

and thus u € Cc°¢ 0,T ,L (Q2)). As the rearrangement is contracting
from L1 () into L1 (R*) (see [7]), we deduce that the mapping

s
t - Jr |u(t) | (o)do is continuous on [0,T], for all se€[0,|Q]] .
0

We notice that assumption (H4)-a.iv) is satisfied for example if
|luct) | EH;(Q) (see [71) or u(t) € C°).
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In the following, we shall set

t A1(T)
v(t) = I — dt t € [0,T] 1.1)
0 1+Az(r)
| £], (t,s) +(-25) . (t,s)
act,s) = T, e 20 (by (H2)) (1.2)
t v(t)
gCt,s) = |u |, (s) + jo e¥TIg e ,s)ar. (1.3

Remark 2. The function Vv is in Co([O,T]) and g is in Co([O,T],
A
LT(Q*)), In fact, by assumption (H2), |T:%~| = |A1| . On the other
) 2
hand, by (H1) and (H2), £ and A; belong to L'(Q) ; so |f]. ,
(-25). belong to L1(Q*) where Q* = 10,T[xQ* (see appendix for

their measurability) and q € L1(Q*). Let (t1,t2) € [0,T]25t15t2 then

2
I (glt,,s) - g(t;,s))ds = f e\’(T)d—: J q(t,s)dr =
Q* t Q*

rtZ V(™
J HEIGCDRI + [IxgCo || 4 Jdt (by equimesurability).
t, 1+,(1) L () L ()

This last relation shows that g € c°([0,T1, L'(2™)).
Our main result is the following

Theorem 1. Under the previous assumptions , one has vt € [0,T],
vV s € 0%
s _ s
j luCe) |, (oddo s e V(D j g(t,o)do ; (1.4)
o ' o

we deduce

[luce) || s eV g for all p € [1,+=] . €1.5)
LP () LP (*)

A direct consequence of Theorem 1 is

Corollary 1. Assume that AS = f = 0 and A12 0 a.e., then the
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b

s
mapping t - j ju(t) | (c)do decreases for all s € O ; more
o

s -v(t) s
precisely : j [lut)|.(oddo = e I |uo|* (c)dc which leads
o o

IA

to : Jluwdll , s eV
LF(R2)

1 . for all- p € [1,+ e ].
° P

Proof of Theorem 1. For a fixed t , we denote u = u(t)
juted | , ajj = aij(t,x,u,u',Vu), I = I'(t,x,u,u',vu).

s V. =

By (H4)-a.ii), as u € H1(Q) , according to Stampacchia [5],

1 Bhe(u) ) ahe(u) Jdu
}]e(U.) € H () > and —ax. =0 if (Ul =0 , T ax. = 35X h'e(u)
J J J
if |ul#e , with hl (o) = {‘ if |o| >
0 if |o| < e .
By assumption (H4)-b, we deduce then
N
ou Ju
A(B) = f Y a.. +— . — dx =
Jvse 1,5=1 13 9% T 9x _
- £ -2 _rycsi -8)dx
Jyse C 5t J(sign u) (v-0) - a.7
v>
N Ju Ju
By (H3), we have Y a;: 53" -5x- 2 0 a.e., the function A(6)
i,3=1 M 9% 9%

is thus a decreasing function.
the relation (1.7) leads to :

As in (7], a simple derivation of

Ju - dA
jwe(f - ﬁ - F)(Slgn u)dx = - 38— =20 a.e. 6 - (1-8)

s s
Set wp(d®) = |v>o| , k(t,s) = J v, (t,o)do, F(t,s)==j | £C) |« (o) do.
o _ o

By Hardy-Littlewood inequality (see [71]1)

['IV>8|
j £ sign u dx = | ECt) |.Coddos = F(t,u(o)). (1.9
v>0 o

By assumption (H4)-a.iv), v, € Co(Q*), then as in [7] , we obtain
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that for a.e. ©>0 , 6 = v,(u(®)) and |v,= 6 =0 . On the other
hand, by (H4)-a.i), Vv e_W1’1(O,T,L1(Q)). So, using Theorem O as
in [8] , we get for a.e. 6>0

du _ - [ v - I XV ax
=+ Sign u dx = dx =
[v>6 ot Jv>6 ot Jv>v*(u(8)) ot
9k
= 5t (t,uce) . (1.10)

Using the assumption (H2) on I' and the relation (1.10), we get

easily : - I I'sign u dx £ - A1(t)k(t,u(e)) -
v>0
A, (1) 2K (e ucedd) - I A-(t,x)dx . Again, by Hardy-Littlewood
2 at v>6 3
[- "IV>81 .
inequality : - ] As(t,x)dx §J (—AS)*(t,c)dc . Setting
v>6 o

S
ACt,s) = { (—AS)*(t,c)do , we then have
o

3k

- j I'sign u dx £ - A1(t)k(t,u(8)) - Az(t) §f-(t,u(8)) +

>0
+ ACt,u(6)) (1.11M

Combining the relations (1.9), (1.10), (1.11), we get by (1.8)

F(t,u(8)) + A(t,u(®)) AT(t) ok
- k(t,u(®)) - —(t,u(eN=20. (1.12)
1 + AZCt) - 1+—A2(t) 3t

' A ()
Set A(t) = T—:_KETET

F(t,s) + A(t,s) ak
G(t,S) 1 + )\z(tT - )\(t)k(t,S)
3k

s
j q(t,o)doc - A(B)k(t,s) - gf-Ct,s) .
o

[l
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Lemma 1. G(t,.) € C°CcT™) .
Proof : By (H4)-a, Vv € W1’1(0,T,L1(Q)). Hence, by Theorem O,

S
v. € W lo,T,L'@*)). For a fixed t, k(t,s) = J v, (t,o)ds and
o

3% rS AV, o —
— (t,s) = ] 5t do belong to C (2*). By remark 2, q(t,.) €
o

ot

s
L1(Q*) and then I q(t,c)do belongs to c°E™) .
o o

By relation (1.12), G(t,u(8)) 2 0 for a.e. 60 and G(t,0) =0
then we have :

Lemma 2. For almost every t , G(t,s) 2 0O for all s € Q*.
Proof of Lemma 2. up(®) = |v>6| is a right continuous function.
Hence,

G(t,u(®)) = 0 for all © € [0,+ o[ (1.13)

As in [7] , one can check easily that for 6>0 ,

G(t,u()) 2 0 1.14)
where p(8) = |v26]| .

Let P be the union of flat regions of v, that is P = U Pi

ieD

and P, = {v, =865}, 6; € R, , |P;|] # 0, P; is an interval of

the form (s; = Iv*>ei|, sy = |v*zei|).

Let s € [0,[Q]] .
If s € P, by equimesurability, we have uy(v,.(s)) = s and by
(1.13), we get G(t,s) =2 O .
If s € Pi = [si,si] » by (1.13), we always have G(t,si) 2 0 .
AV, '

By Proposition 1 in [8], 3t = Yj = constant a.e. on Pi . So, if

we write :



we

on
We

1)

2)
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s s S 9OV,
G(t,s) = G(t,Si) + js q(t,oc)doc - A(t) js v,.(t,c)do - Js 5t do
i i i
obtain
3G |£], (t,s) + (-15),(t,s)
_— = = A(t)ei - Yi .
s 1 + Az(t) .
|f(t)|*(.)'+ (-23).(t,.) is decreasing, G(t,.) is then concave
[si,si] and G(t,s) 2 Min(G(t,si),G(t,si)) for s € [si,si] .

have to show that G(t,si) = 0 .

If ei # 0 , G(t,si) 20 by (1.14).

If ei = 0 , two cases can occur :
Measure {(t,s) € Q* = (0,T)xQ*, v,(t,s) = 0} = 0 , then the set
of t in (0,T) such that |v(t), = 0| # 0 is negligible.

Measure {(t,s) € Q*, v,(t,s) =0} # 0. As v belongs to
W1’1(O,T,L1(Q)), using Theorem O and the same argument as Stam-

pacchia [5], we obtain gz* =0 a.e. on {(t,s) € Q*,v,(t,s) =01.
We deduce that for a.e. t € (0,T) , gg*(t)-= 0 a.e. on
{v(t), = 0}. We then have &; = v; = 0 and G(t,s) = G(t,s;) +

s
j q(t,oc)doc 2 0 (since g=20).
S.
i o

This Lemma allows us to get the Gromwall inequality :

. s
g% (t,s) + A(t)k(t,s) = f q(t,o)do for a.e. t (1.15)
o

By Remark 2, ev(t)q(t,s) belongs to L1(Q*). So, if we set

t s
L(t,s) = I J eV g (1,00 doar ,
o o

the relation (1.15) implies :

=2 (e¥®k(t,s) - L(t,s)1 = 0 for a.e. t ;
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then, for every t ,

ev™3k(t,sD - L(t,s) £ k(o,s) = J’S Ju |*Ca)da . Cl1.16)
o]

As
5 rs
[ gCt,a)da = LCt,s) + J Ju |*Ca)do,
o] o]

the relation Cl-4) of Theorem 1 follows from CI-16). The relation
Cl.5) is a simple consequence of a lemna in [1] Cp- 174).

Remark 3. If u 1is only in ch,T,LCCMD)  and €
L1CT,T,Lg*CD) for some x€ JO,T[ , g2 ,=+=r = 1 , then the

result remains valid by replacing the origin of time 0 by t that
is

rt: A, x ¢
vt - 1o 1 X a1t »ae ol

l , ft vCtM K Cx’,s) + C-X3)*Ct’s
oct,s) = Jucr) [ecs) + j Te T Tl PSS 3

and then for all t € [X,T] , s € Q*

Jf JuCt)|*Ca)da < e“V(D Jf gCt,chda .
o] o]

2. SOME APPLICATIONS.
1st example : the porous medium equation.
Let us consider the system
uf = ApQuw in
c2.1) { 5 D=0 on JR+X 3P
uCo,x) = uQ in Q

where 4(Uu) = |u m-1,, Cm>1), u €c2 QoD M0 , u SO, 1s asmooth
bounded set of RN
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Lemma 3. Under these assumptions on u, Problem (2.1) admits a
positive unique classical solution.
The proof was given by Ladyzenskaya et al. [6].

Theorem 2. The positive solution of (2.1) satisfies :

. ‘rS s
seET ,vtzo0: J U, @do s [ u, @)do ,
O %
o o
and we get
Haced || s lutd |l 4 vV peE [1,+=].
LP () 19:4¢9))
Proof of Theorem 2. As u 1is a classical solution, all the assum-
tions on the regularity of u are satisfied. As u z 0 , ¢() = dﬂ
we deduce easily that :
N _q ou oh, (u)
- J Aumhe(u)dx = j y m u™! % _—%X—_ dx .
Q Q  i=1 i i
Sq the assumptiors (H3) (H4) are then satisfied with ajj=m Gij]ulm—j,
S = 1 if i = j Here, ' = £ = 0, we apply then Corolla 1
ij 0 otherwise ° > > Py vy ot

Remark 4. Let us consider the porous medium equation with Dirich-
let boundary condition :

u' = ApQu) in (0,T) xQ = Q
u=2~0 on (0,T) x a2 (2.2)
u(0,x) = uo(x) in

with u, € Lw(Q), u, 20, © and ¢ are as in Lemma 3. According

"to P. Benilan (2] , the unique solution u satisfies
i) u=z=z20 a.e.
ii) u € L¥@ n c°cto,T1,Lt @)

iii) e LMo, T, LT @) for any Tt > 0 .

Assume, in addition that u(t) € H;(Q) for a.e. t € ]10,T[ . Then
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u(t) € c°@*) for a.e. t (see [7]1). As u € L1(T,T,Lw(Q)) and

%%-e L1(T,T,L1(Q)) for any t>0 , one can apply Remark 3 to get

S S
J u(t), (o)do sj u(t, (o)do for any t € [t,T] and
(o]

© s € [0,]|]] .

Since u € c°(10,T1,L (@) , by Remark 1, we deduce
S S S
J u(t), (c)do = 1lim f u(r),(c)do = J u(o) ,(oddo ,
o T>0 (@] o

thus Theorem 2 holds.

2nd example. Parabolic inequality.

As previously, @ is a bounded smooth domain of FN R

O0<T<+~ . We consider the functions aij(t,x), ao(t,x) with

(E-1)  a;s,a, € L”@Q , Q = (0,T)xQ
N 2

(E.2) Y aii(t,x)EE. 2 |£]° a.e. inQ, v E ERY

i,j=1 ™ )

aaij aao oo
(E.3) 5t * 3t € L (Q

of 2

(E.a4) f , 3¢ € L Q) .

We denote by

A1(t)v = -

e IZ

) Vv
—— (a..(t,x). —)
i,5=1 °x3 7 3x;
A(t)v = Al(t)v + agv

1
(E.S5) Let ug € Ho(Q) > Uy zZ o, A(T)uo € L2(Q).

Lermma 4. Under the assumptions (E.1),...,(E.5), there exists one

unique solution u of
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r -

M,A-f20 , uzo0 irQ

3Ju _ -

Cgf + Au fl)u =0 in Q (2.3)

u=20 on (0,T)x352

u(0,x) = uo(x) in @
~

Moreover, u satisfies u € ﬁw(O,T,H;(Q)), g%-e Lw(O,T,Lz(Q)).

The proof of Lemma 4 is contained in Bensoussan-Lions [3].

Theorem 3. Let u be the solution of Problem 3 and let

t .
A1(t) = ess inf ao(t,x), v() = f A1(T)dT , then for all
Q2 o

s e, te [0,T] :

s S t
j ult) . (o)do = e VB J [u_ (o) + j eV £, (ordrldo
o o 9= o

which ieads to

Huce) |] s e V®) g . v p €I ,+=] (2.4)

P Po*)

where

T
g(t)(s) = u  (s) + J V(M e | (s)dr .
* o *

Proof. In order to apply Theorem 1, we check all the assumptions.
The regularity on u is satisfied because of Lemma 4. By Remark 1,
u(t), € c°w@*) . The operator I 1is reduced to I' = ao(t,x)v . So,
(sign VIT 2z A4 (%) |[v]l . One can chek that the condition (H.4)-b) is
satisfied. We apply Theorem 1 and get the result.

3rd example. The semi-linear heat equation.

Let g be a function of class C1GR;RJ satisfying
i) There exists >0 , such that xgx) 2z (2+€)GX), V x.eR »

: x
where G(x) = J g(s)ds .
o



VII.14

26 J. M. RAKOTOSON

ii) There exist three constants A, B , and p such that

g | s Alx| + B|x|P v x € R), 1 < p < X*5 if Nz3 ,
1 <p < + if N=1,2.

iii) g 1is non increasing.

The following proposition is proved in [4] .
Proposition 1. Assume that g satisfies i), ii), iii), and m
is a nonnegative constant, then every solution
u € LT _([0,+=f, H (2)) of

Ju -
5 Au + mu = g(u) in R _xQ
u=20 on IR, _x3Q (2.5)

u(o,x) = uo(x) in © for t =0

is such that

a) uce) € 2@, W) € c°@ for any t>0 and
Sup [lu(t)|| , < +~ for any >0 .
t2t>0 C™ (R
b) Sup ]Iu(t)]]2 < + o
t20 L™ () o

Remark 5. The hypothesis on u and g infer that u is weakly

continuous with values in H;(Q).
a

An improvement of the statement b) is the following

Proposition 2. Every solution = € LTOC([O,+m£,Hg(Q)) of Problem
(2.5) satisfies :
O lu@ll _, s e lugll VpE [l,+= 1, vtzo.

P @) LP ()

Proof. Let T be a positive number. By Proposition 1-a) , we have
u and Au in ﬁw([T,T]XQ) for any T>0 . By ii), gu) €L ([t,TIxR)
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and then -%E-= Au + gw) - mu € L7Cl,T xQ). By Remark 1,
[ued) | . € Q*). If we set ' = mu - g(u) , we check easily that
(sign uw)T 2 m|u| (using iii) and g(o) = o). The assumption (H4)-b
can be verified by a simple integration by parts. We then apply
Remark 3 and Corollary 1 to get :

s s
I [ut) | (od)do < e m(t-T) J [lu(t) |« (c)do Vv tz T . (2.6)
o o

By remark 5, we deduce that u € Co([O,T],L1(Q)) and by Remark 1,
relation (2.6) infers (T tends to zero) :

s -mt (S
J [lu®) | (c)do = e f [uCo) |« (o)do;
o o

We apply Corollary 1.

APPENDIX
Lemma. Let € be a measurable subset of IRN (Nz1), whose measu-
re is finite, T>0 and let f be a measurable function defihed on
Q = 10,Tix2 then the decrcasing rearrangement of £ , £, , is
also measurable on Q* = ]0,T[xQ2* . Moreover, if fEZLp(O,T,Lq(Q))
=V (1sps+ =, 1 q s + «). Then f,e€lP,T,L9*)) = W and

€y = fclfy -

Proof. Firstly,if f € L1(Q), then there exists a sequence fn

in C°([0,T],L1(Q)) such that £ tends to f in L1(Q). If we

set
S S
K(t,s) = J £,.(t,0)do , k_(t,s) =I £ (t,0)do
o n o Nx

for s € ©F , then k, € Co(GQ*) and k is measurable. In fact, 1let
us take (t,,s;) € Q , for any (t,s) € QF :
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Ky (eqssy) - Ky (e, )] 5 [k, (Bqusq) = K (Eq,S)]
+ |k, (ty,s) - Kk (t,s)].

Since the rearrangement is contracting from L1(Q) into L1(Q*)

1K, (tq,8) = K (t,5) | j |£, (t;,0) - £ (t,o)|do s
Q * *

IA

A

K (t,) - £ @) || .
I (8 n L'

Hence

S
|%@P%)—%a§ﬂ§|tc%aghwmﬂ+
1

+ | _(t)) - £ ()| . (A-1)
n- 1 n 1(9)
Since £_ € C°([0,T1,L'(@)) then f£_(t;). € L'(@*) (by equimesura-
bility), so the relation (A.1) implies that k € C°@*) . On the
other hand, by the same argument as before, for every s ,
|k, Ct,s) - k(t,s)] = [E@®) - £ (O] ,
L )

L

>
n->+co

a.e. t (since £_ gz £ in L'(Q). Thus, 1lim K (t,5) = k(t,s) :
n-—+oo

k 1is then measurable. As

k(t,s+h) - k(t,s)
1im 5 = £, (t,s) :
h-0
h>0
f, 1is also measurable. Secondly, if £ is only measurable on Q ,

then we consider the real function

n if T z n_
Tn(T) = T if |t| = n’
-n if T £ -n
Tn(f) € ﬁw(Q) and Tn(f*) = (Tn(f))* is measurable according to
the remark avove. Since, 1lim Tn(f*) = £, . We deduce that

n->+
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f, 1is measurable. If f € V , £, is measurable and the relation

lEI]V,= lIE«ll y 1is a simple consequence of the equimesurability.
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Remark 1.

Let u be a measurable function on Q and v € L!(f). Then

dw (u + hv)* -u

A *

ds A

tends to Veu weakly in L' (Q*) as A tends to zero. That is for the topology
o(L', LY.

Proof. We will use the Dunford-Pettis' theorem [a]. Let € > 0 and v €

L®(Q) such that v tends to v in L' (v) as n tends to infinity. By Lemma
1.1 in [b], we have for any A > 0

(u+ Av. ). - (u+ Av)
n % *
do £ v - vj (R.1)
Q* A n Lo
and a.e. in Q*
(u + hvn)* -u,
(s) < nvnll00 | (R.2)
€ 1
Let us choosen € N, |lv. - v| £€/2 and 8 = -, —— |, If A
0 %o IREET)) 2 1+ v, llg

o

is a measurable subset of Q* such |A| € 8, then we deduce from (R.2) and
the choice of & :

(u + hvn ). - u

0 * *x
- 4o € AL,

£ €/2 .

Since,




we then have

(u + Av)* -u,

do £ (v - v If + €/2

A o Y™

€ €f/2 + €/2 =€ .
We conclude with Theorem 1.,1(bis, in [b].
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